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MIXED BOUNDARY VALUE PROBLEMS OF THE SYSTEM FOR
STEADY FLOW OF HEAT-CONDUCTING INCOMPRESSIBLE
VISCOUS FLUIDS WITH DISSIPATIVE HEATING*

TUJIN KIMT AND DAOMIN CAO*

Abstract. In this paper we are concerned with the equation for steady flow of heat-conducting
incompressible viscous Newtonian fluids with dissipative heating under mixed boundary conditions.
The boundary conditions for fluid may include Tresca slip, leak condition, one-sided leak conditions,
velocity, pressure, rotation, stress together and the conditions for temperature may include Dirichlet,
Neumann and Robin conditions together. Relying on the relations among strain, rotation, normal
derivative of velocity and shape of boundary surface, we get variational formulations consisted of a
variational inequality for velocity and a variational equation for temperature, which are equivalent
to the original PDE problems for smooth solutions. Then, we study the existence of solutions to
the variational problems. To this end, first we study the existence of solutions to auxiliary problems
including a parameter for approximation and two or three parameters concerned with the norms of
velocity and temperature. Then we determine the parameters concerned with the norms of velocity
and temperature in accordance with the data of problems, and we get the existence of solutions by
passing to limits as the parameter for approximation goes to zero.

Key words. Heat-conducting fluids, Dissipative heating, Variational inequality, Mixed bound-
ary conditions, Tresca slip, Leak boundary conditions, One-sided leaks, Pressure boundary condition,
Existence.
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1. Introduction. As a mathematical model for steady motion of heat conduct-
ing incompressible viscous fluids with dissipative heating the system

—2V-D+ (v-V)v+Vp=(1—aob)f,
V-v=0 1inQ, (1.1)
— V- (k(O)VO) +v-V((0)) —asD: E(v) =anff -v+g

is used(cf. [18], [30]). Here v, p and 0 are, respectively, velocity, pressure and temper-
ature, and aq - parameter for buoyancy effect, oy - parameter for dissipation of energy
due to expansion, as - a positive real number, f - body force, g - heat source, k() -
thermal conductivity, v() - specific heat of the fluid. The strain tensor £(v) is the
one with the components &;;(v) = 3(0,,v; + 0,v;) and the tensor D usually depends
on v, 6. For two matrices A = {a;;}, B = {b;;} A: B =}, a;;b;;. In the case of New-
tonian fluid D = p(0)E(v), where () is viscosity, and the term D : £(v) represents
the dissipation of energy due to viscosity (the Joule effect). When a; = ag = 0, we
get the well known steady Boussinesq system.

Several papers are concerned with (1.1) and the corresponding non-steady system.

In [9] for non-Newtonian fluid with ag = @1 = 0, under homogeneous Dirichlet
boundary condition for velocity and mixture of homogeneous Dirichlet and Robin con-
ditions for temperature the existence of a solution is studied and the corresponding
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non-steady problem is studied in [10]. In [14] for the stationary problems of a gener-
alized Newtonian fluid with ag = a7 = 0 regularity of weak solutions is proved under
homogeneous Dirichlet boundary conditions of velocity and temperature. In [11] for
the stationary problems of a non-Newtonian fluid with ay = a1 = 0 the existence of
a solutions is proved under homogeneous Dirichlet boundary conditions for velocity
and temperature on a portion of boundary and a generalized Navier-slip and Robin
conditions for velocity and temperature on another portion of boundary. In [31] for
the steady problem of a non-Newtonian fluid with heat sources allowed in L! and
even as measures, under homogeneous Dirichlet boundary conditions for velocity and
Robin condition for temperature the existence of a distributional solution is shown
for sufficiently small data, and the corresponding non-steady problem is studied in
[29]. But all results above exclude Newtonian fluid owing to conditions for nonlinear
terms for strein.

In [25] the steady problem for the Newtonian fluid with ap = a1 = 0 is studied
under homogeneous Dirichlet boundary conditions for velocity and mixture of Dirich-
let condition and homogeneous Neumann condition for temperature, and the corre-
sponding non-steady problem is studied in [26] under homogeneous Dirichlet boundary
condition. In [27] when |agl, |a1| are small enough or o # 0,2 > 1, existence of
a solution to the steady problems for the Newtonian fluid is studied under homo-
geneous Dirichlet boundary conditions for velocity and mixture of non-homogeneous
Dirichlet condition and homogeneous Neumann condition for temperature, and in [28]
the corresponding non-steady problem with |ag], |ay| small enough is studied under
homogeneous Dirichlet boundary condition for velocity and mixture of homogeneous
Dirichlet condition and homogeneous Neumann condition for temperature. All papers
above are concerned with homogeneous Dirichlet boundary condition for velocity.

The Problems with mixture of Dirichlet boundary condition of velocity and out-
let condition for fluid(cf. Introduction in [19]) are studied in [2], [4]-[7]. In [5] for
steady problem of Newtonian fluid on an open channel domain when ay = a3 = 0,
the local existence of a solution is studied under mixed boundary conditions above for
fluid and mixture of non-homogeneous Dirichlet and Neumann boundary conditions
for temperature. In [4] when the viscosity, specific heat and thermal conductivity are
independent of temperature, the buoyancy term (1—caf)f is changed by p(0) f, where
0 < p(f) < p1, and ay = 0, for steady problem on an open channel domain under
mixed boundary conditions above for fluid and mixture of non-homogeneous Dirichlet
and homogeneous Neumann boundary conditions for temperature it is proved that if
the data of problem are small enough, then there exists a unique strong solution. In
[2] when the viscosity, specific heat and thermal conductivity are independent of tem-
perature, for non-steady problem on an open 2-D channel domain the local-in-time
existence of a solution is proved under mixed boundary conditions above for fluid and
mixture of non-homogeneous Dirichlet and homogeneous Neumann boundary condi-
tions for temperature. In [7] when specific heat is independent of temperature, the
buoyancy term is changed by p(#), where 0 < p(f) < p1, and «; = 0, for non-steady
problem on exterior-like domains, which is surround with a solid surface and a disjoint
artificial boundary outside of the solid, local-in-time existence of a solution is proved
under mixed boundary conditions above for fluid and mixture of homogeneous Dirich-
let and Neumann boundary conditions for temperature. In [6] when viscosity, specific
heat and thermal conductivity are independent of temperature and the buoyancy term
(1 — apl)f and a10f - v are replaced, respectively, by p(0)f and a1p(0)f - v, where
0 < po < p(#) < p1, and the data of problem are small enough, for non-steady problem



STEADY SYSTEM FOR HEAT-CONDUCTING INCOMPRESSIBLE FLUIDS 89

on 3-D pipes the existence, regularity and uniqueness of a solution are proved under
mixed boundary conditions above for fluid and mixture of Robin and homogeneous
Neumann boundary conditions for temperature. In the papers with mixed boundary
conditions for fluid above the assumptions for shape of domain is essential because in
such cases the solutions to the corresponding steady Stokes problem belong to more
smooth space than W12(Q), which is used for estimations of approximate solutions.

In [3] when the viscosity, specific heat and thermal conductivity are independent
of temperature, for the steady problem on 2-D bounded domain the existence of a
strong solution is proved under mixture of Dirichlet boundary condition of velocity,
tangent stress and stress condition for fluid and mixture of non-homogeneous Dirichlet
and homogeneous Neumann boundary conditions for temperature.

For the other papers for the non-steady Newtonian fluid with ag = a3 = 0 refer

o [8], [12]-]13], [16].

On the other hand, for movement of fluid (v, p) different kinds of boundary con-
ditions are used and in practice we deal with mixture of some kinds of boundary con-
ditions. On some portions of boundary we can use boundary conditions with stress or
rotation, whereas when there is flux through a portion of boundary, we can deal with
the static pressure p or the total pressure (Bernoulli’s pressure) %|’U|2 + p boundary
conditions. There are many literatures for the Navier-Stokes problem with mixed
boundary conditions(cf. Introduction of [19], [21] and references therein). Recently,
several papers are devoted to problems with Tresca slip boundary condition(condition
(8) in (2.2)) or leak boundary condition (condition (9) in (2.2)). Also, in practice we
deal with one-sided leak condition for fluid (conditions (10, 11) in (2.2) or (10, 11) in
(2.3)). Thus, in [20] and [22], respectively, the steady and non-steady Navier-Stokes
problems with mixed boundary conditions including Tresca slip, leak and one-sided
leak conditions called the boundary conditions of friction type are studied. For mean-
ing and physical backgrounds of friction boundary conditions refer to Introduction of
[20] and references therein.

In the present paper, we are concerned with the system for steady flow of heat-
conducting Newtonian fluids with dissipative heating under mixed boundary condi-
tions. Non-steady problem will be studied in another paper. Boundary conditions for
velocity may include Tresca slip, leak condition, one-sided leak conditions, velocity,
pressure, rotation, stresses together and the conditions for temperature may include
Dirichlet, Neumann and Robin conditions together. According to whether the bound-
ary conditions for fluid include static pressure and stress or total pressure and total
stress, the problems are distinguished, and we are concerned with two problems. Re-
lying on the relations among strain, rotation, normal derivative of velocity and shape
of boundary surface in [19], we get variational formulations consisted of a variational
inequality for velocity and a variational equation for temperature. Then, we prove
existence of weak solutions to the problems with such boundary conditions.

This paper consists of 5 sections. In the last part of Section 1 we give notations.

In Section 2, the problems and assumptions are stated. According to the static
pressure or the total pressure (correspondingly, the stress or the total stress) in the
boundary conditions for the fluid, Problem I and Problem IT are distinguished.

In Section 3, we first get the variational formulations which consist of six formu-
lae with six unknown functions, that is, using velocity, tangent stress on slip surface,
normal stress on leak surface, normal stresses on one-sided leak surfaces and tempera-
ture together as unknown functions. Except friction type conditions, other boundary
conditions are reflected in variational equations as usual (Problems I-VE, II-VE).
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When the solutions are smooth enough, these variational formulations are equivalent
to the original PDE problems (Theorems 3.1, 3.2). Then, we get other variational
formulations equivalent to the variational formulations above, which are consisted
of one variational inequality for velocity and a variational equation for temperature
(Problems I-VI, II-VI). In the end of Section 3, the main results of this paper are
stated (Theorems 3.3, 3.4). Theorem 3.3 for Problem I involving the static pressure
and stress boundary conditions asserts that if the body force and boundary data for
fluid are small enough and buoyancy effect (ag) and energy dissipation effect due to
expansion (o) are small enough in accordance with the data of problem, then there
exists a solution. However, Theorem 3.4 for Problem II involving the total pressure
and total stress boundary conditions asserts that without smallness of the body force
and boundary data for fluid if buoyancy effect (cp) and energy dissipation effect due
to expansion (ay) are small enough in accordance with the data of problem, then
there exists a solution.

Section 4 is devoted to the proof of Theorem 3.3. First in Subsection 4.1 we
consider an auxiliary problem involving two parameters §, ¢ concerned with the norm
of velocity (which is useful when there is fluid flux across a portion of boundary), one
parameter \ concerned with the norm of temperature (which is useful to deal with
buoyancy effect and energy dissipation effect due to expansion) and a parameter e for
approximation. We prove the existence of a solution to the auxiliary problem with the
parameters 8, ¢ A, ¢ (Theorem 4.5). In Subsection 4.2 under a condition oy [v/A < 1
we first get an estimate independent of €, §, ¢ for the negative part of temperature
0= (z) := min{f.(x),0} in the Sobolev space W12(Q) (Lemma 4.6), which is a key
for dealing with the general mixed boundary conditions for temperature. Next, under
smallness condition of the body force and boundary data for fluid we determine the
parameters d, ¢ (Lemma 4.7). Then, under a condition we get an estimate independent
of ¢ for the the temperature 6.(z) in the space W2?(Q), and finally determine the
parameter A\(Lemma 4.8). Therefore, under smallness of the body force, the boundary
data for fluid and max{|ao|, |a1|}, we get estimates independent of e for solutions of
an auxiliary problem which includes only parameter & (Theorem 4.9). Passing to the
limits as € goes to zero, in Subsection 4.3 we get the existence and estimates of a
solution to the problem.

Section 5 is devoted to the prove of Theorem 3.4 for Problem II. To this end, we
consider another auxiliary problem involving parameters ¢, A\, €. Unlike Problem I,
we need not to introduce parameter § concerned with the norm of velocity. Thus,
without smallness of the body force and boundary data for fluid we prove existence of
a solution to the problem under smallness condition of max{|ay|, |a1|} in accordance
with the data of problem.

Throughout this paper we will use the following notation.

Let Q be a connected bounded open subset of R, [ = 2,3. 9Q € C%1,

o0 = U}ilfi = TD UTR,

I'pNlT'r =92, 1Ny =@ fori # 5, I = Uj I';;, where I';; are connected open
subsets of 0Q and I';; € C? for i = 2,3,7 and Iy € C! for others. When X is a
Banach space, X = X!. Let W*?(Q) be Sobolev spaces, H!(Q) = W2(Q), and so
H!(Q) = (' ()}

An inner product and norm in the space L?(f2) are, respectively, denoted by (-, )
and || - ||; and (-,-) means the duality pairing between a Sobolev space X and its
dual one. Also, (-,-)r, is an inner product in L2(T';) or L?(T';); and (-, -)r, means the
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duality pairing between Hz (I';) and H™2 (T';) or between Hz (I';) and H~2(T';). The
inner product and norms in R’ respectively, are denoted by (-, -)g: and |-|. Sometimes
the inner product between a and b in R! is denoted by a - b. For convenience, in the
case that | = 2, y = (y1(z1, 22), y2(x1, 22)) is identified with § = (y1, y2, 0), and so
roty = roty. Thus, for y = (y1, y2) and v = (v1, va), roty X v is the 2-D vector
consisted of the first two components of rot g x .

Let n(x) and 7(z) be, respectively, outward normal and tangent unit vectors at
z in 0Q. When f € H-Y2(Ly), if (f,w)p, > 0 (< 0) Vw € C°(Iy) with w > 0,
then we denoted by f > 0 (< 0) on I';. Also, = = min{a,0}, a* = max{a,0}. For
convergence in spaces, — and — mean, respectively, strong and weak convergence.

2. Problems and assumptions. For temperature we consider the boundary
conditions

(1) Olrp, =09p|r,, 60p — a given function on £,
06 _ _ (2.1)
(2) (/{(0)% + B(x)0) |FR =gr(z), pB(x), gr(x) — given functions on I'g.

Let us consider the boundary conditions for fluid. Stress tensor S(v,p) is the one
with components s;; = —pd;; + 2u(0)e;;(v) and total stress tensor S* is the one with
components st; = —(p+3|v]?)di;+24(0)e;;(v). Stress vector and total stress vector on
the boundary surface, respectively, are o (0, v,p) = S-n and o*(6, v, p) = S*-n. Normal
stress vector and total normal stress vector on the boundary surface, respectively, are
on(0,v,p) = o -n and ot (0,v,p) = ot - n. And o,(0,v,p) = o(0,v,p) — ,(0,v,p)n,
ot (0,v,p) = a'(0,v,p) — ol (0,v,p)n. Note

o (0,v,p) = 03(6‘71}7}7) = 2#(9)&‘”7—(1}),

that is, these are independent of pressure p, and we use notation o, (0,v) = ot (6,v).

According to boundary conditions for fluid, the problems I and II are distin-
guished. Problem I is the one with the boundary conditions

) /U‘Fl = 05

) UT|F2 = 07 7p|F2 = ¢27

) nlry =0, rotv X n|ry = ¢3/u(0),

) vrlry =0, (=p+ 20(0)enn (v)) I, = ¢4,

5) wnlrs =0, 2(p(0)enr(v) + avr)|ry = ¢5, «: a matrix,
) (=pn+2p(0)en(v))|rs = s, (2.2)
)

)
)

ov
vrlr, =0, (—p+ ﬂ(e)% “n)|r, = ¢7,

v =0, |o-(0,v)] < gr, 0-(0,v) - vr + g-|lv-| =0 on I,

vr =0, |on(0,v,0)] < gn, on(0,v,p)vn + gn|vn] =0 on Ty,

10) v =0, vp, >0, on(0,v,p) + g+n >0, (0n(0,v,p) + g+n)vn =0 on ',
11) v, =0, v, <0, 0n(0,v,p) — g—n <0, (60(0,v,p) — g—n)vn =0 on I'iq,
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and Problem II is the one with the conditions

(1) v, =0,
(@) vrles =0, ~(p+ 5o = 62,

(3) valry =0, rotv x nlr, = da/u(6),

(4) vrley =0, (=p — 3ol + 2u(0)emn())les = b1,

(5) wnlrs =0, 2(u(0)ens (v) + avy)|ry = b5, a:a matrix,

(6) (=pn— Lol + 2u(O)en(®)lre = o (2:3)

) el =0, (-p— ol + p(O) 92 - wle; = b1,
8) wn=0, |oL(8,v)] < gr, 0L(0,v) - vr + gr|v-| =0 on T,
Y vr =0, |65(6,0,p)| < gn, 05(0,0,D)Un 4 gnlvn| =0 on Ty,
10) v, =0, vy >0, 0,(0,0,p) + g1n > 0, (07,(0,v,p) + g4n)vn =0 on I,
11) v, =0, v, <0, Uﬁ(e,v,p) —g-n <0, (aﬁ(@,v,p) —g-n)n =0 onTiy,

where &, (v) = e(vV)n, enn(v) = (€(V)n,n) g, Enr (V) = e(V)N—Epy (V)N, v, = v—(V-N)N,
vp = v -n and h;, ¢;, o (components of matrix «) are given functions or vectors of
functions. And g, € L?(Ts), gn» € L*(T'g), gin € L*(T10), 9—n € L*(T'11), g» > 0,
gn >0, g4n >0, g_,, > 0, at a.e. = of the portions of boundary.

Note that in the boundary conditions for Problem II the static pressure p and
stress in the boundary conditions for Problem I are replaced with the total pressure
p+ %|v[? and the total stress.

Figure 1 shows a case of the boundary conditions (2.2). On flat portions of
the boundary, I's, the rotation boundary condition coincides with the Navier slip
boundary condition on I's (see Remark 3.1 in [19]). For small movements of viscous
fluids in an open container, for the open surface the boundary condition on I'y is used
instead of the condition on I's (see Sec. 8.1 in [23]).

T

T

Fia. 1. T'y-stick wall, T'2-inlet where pressure is measured, I's-tube with micro-roughness, I'g-
free surface, I'7-free outlet, I's-surface with Tresca slip, I'g-sand layer penetrable into and out,
T'10-membrane semipermeable out, I'11- membrane semipermeable into.

We use the following assumption.

ASSUMPTION 2.1. We assume the followings.
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)T 4@ andTp # 2.

2) If T';, where i is 10 or 11, is nonempty, then at least one of {I'; : j €
{{2,4, 7,9 — 11}\{2}} is nonempty and there exists a diffeomorphism in C! between
Pi and Fj.

Also, I'y;,1'35,1'7; are conver and

I'r C (Ui=1,35,81%) . (2.4)
3) For the functions of (1.1) f € LY(Q),t >3, g€ L%°(Q) and

pe€CR), 0<p<p() < <oo VEER;
kE€CR), 0<ry<k(§) <kri<ox VEeR, (2.5)
7ECR), Yl <r VEeR.

4) For the functions of (2.1), (2.2), (2.3)

p € WH*(Q),Vbp € L™(Q), 6p >0, gr € LY*(Tg);
Bo > B(x) >0, By — a constant, B(x) — measurable;
¢i S H_%(F’L)az = 2a47 77 ¢i S H_%(Fl)al = 355767

the matriz « is positive, o;; € Loo(I's).

(2.6)

REMARK 2.1. On the T'19(T11) outflow(inflow) only is possible. Thus, to guaran-
tee divu = 0 the first part of 2) of Assumption 2.1 is used. In Theorems 3.3 and 3.5
of [20] for proof of equivalence of variational formulations to variational inequalities,
this assumption was used via Lemma 3.2 of [20]. In this paper this assumption is
also mecessary to guarantee equivalence between Problem I-VE and Problem I-VI, and
between Problem II-VE and Problem II-VI.

3. Variational formulations and main results. In this section for every
problem above we first give a variational formulation which consists of six formu-
lae with six unknown functions, that is, using velocity, tangent stress on slip surface,
normal stress (total normal stress) on leak surface, normal stresses (total normal
stresses) on one-sided leak surfaces and temperature together as unknown functions.
Then, for every problem we get another variational formulation equivalent to the vari-
ational formulation above, which consists of one variational inequality for velocity and
a variational equation for temperature.

Let

V ={uecH(Q):divu =0, ulp, =0,

Ur|(0,Ur,Ur;UTUT UL ,) = 05 Un|(rsursurg) = 0},
K(Q)={u eV :uylr,, >0, u,|r,, <0},

Wr2(Q) = {y € W'(Q) : ylr, = 0}
Since I'1 # @ and I'p # @, by Korn’s inequality and Poincaré’s inequality we use

(Uau)V(Q) = (E(v),f(u)), (yaz)wlfg(ﬂ) = (v y,VZ)
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By Theorems 2.1 and 2.2 of [19] for v € H*(Q) NV, 0 € Wh%(Q) and u € V

( |
= 20(0)20 o)), = 20)e (), — ()G )

+ (1(0)k(z)v, wr, — 2(u(0)enr (v), W)ry — 2(1(0)enn (v), un)r,
- 2(#(9)5nn ('U), un)Fm o 2(/“‘(9)57m (U)a un)Fua

where S is the shape operator of boundary surface and k(z) = divn(z) (cf. (A.1) and
Remark 2.1 of [19]).
For p € HY(Q) and u € V we have

(VP7 U’) = (p, un)u};zn = (p’ un)F2 + (pv un)F4UF7UF9UF10UF11 + (pn,u)p6, (3.2)

where 4, |ryursurs= 0 was used.
For § € W12(Q) and ¢ € Wll 2(Q), by (2.1) we have

(=9 (ROV0), ) = (070, V) ~ (s(0) 5, P)y,
= (5(O)VO, V) + (B0 — gr, #)ry

(3.3)

By (2.4) v, =0 on ', and so for v € V, € WH2(Q) and ¢ € WIEDQ(Q) we have

(v-V(7(0)0), ) = (vauy(0)8, )y — (v(0)0v, Vi) = —(7(0)0v, V). (3.4)

3.1. Variational formulations for Problem I. By (3.1)-(3.4), we can see that
smooth solutions (v, p, ) of problem (1.1), (2.1), (2.2) satisfy the following.

2(u(0)E(v),E(w)) + (v - V)v,u)
+ 2(u(0)k(@)v, w)r, + 2(u(0)S0, @)r, + 2((z)v, u)ry + (1(0)k(@)v, w)r,
= 2(u(0)enr (V) wrg + (P = 20(0)enn (v), Un)reur;our,
= (1 —ad)f,u)+ > ($iun)r,+ Y ($i,u)r, YueV,
i=2,4,7 i=3,5,6
(k(0)VO, V) — (4(0)0v, Vo) — (aap(0)[E(V)%, @) + (B0, 9)r, — (160f - v, )
= (9r. O)rn +(g,0) Vo € Wr(Q),
04(6,0)] < gr, 7+(6,0) - vr +grlor| =0 on T,
|00 (0,0, p)| < gn, 00(0,v,p)Un + gnlvn| =0 on Dy,
on(0,0,p) + g+n >0, (0n(0,v,p) + g4n)vn =0 on I,
on(0,0,0) — g—n <0, (0,(0,v,p) — g—n)v, =0 on 'y,
Olrp, =0p|r, on I'p.
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Define ag(6;-,),a1(+,,-) and f; € V* by

ao (6w, u) = 2(p(0)€(w), E(u)) + 2(u(0)k(x)w, w)r, + 2(u(0)Sw, @)r,
+ 2(a(@)w, u)r, + (u(0)k(@)w,u)r, Yw,u eV, 0 WH3(Q),

al(v,u}7u) = <(’U ’ V)U},’LL> Vo, w,u € V, (36)
(fi,u) = Z (Gis un)r, + Z (pisu)r, YueV.
i=2,4,7 i=3,5,6

Define by(6; -, -) and fo € (W;j(Q))* by

bo (600, ¢) = (k(0)V, V) + (B(2)8, p)r, V0,0 € W(Q), 0 € W2 (Q),

Lo (3.7)
(f2,0) = (gr, )rr + (9, 0) Yo € W (Q).

Then, taking into account

o (0,v) =2u(0)en, (v), on(0,v,0) = —p+ 2u(0)enn(v)
and (3.3), we introduce the following variational formulation for problem (1.1), (2.1),
(2.2).
Problem I-VE. Find (v,,0,,00,01n,0_2) € K() x (mlgmg WLT(Q)) "
L2(I'g) x L*(I'g) x H-Y/2(T';g) x H='/?(I'1;) such that 6|p, = 6p|r, and

ap(0;v,u) + ar(v,v,u) — (07, Ur)rg — (O, Un)Ty
- <U+nvun>rm - <0—nvun>rn —(f —abf,u)=(fr,u) YueV,
bo(6; 6, ) — ((8)0v, Vo) — (az2p(0)[E(v) %, ) — (6] - v, )
= (f2) Vo EWR(Q), 58)
0+ < g7, 07 -0r +glor| =0 on T,
lon] < Gny 0nn + gnlvn| =0 on Iy,

O4n+ Gin 20, (04n + GinsVn)p,, =0 on I,

0n—=09-n<0, (0_p = gn,n)p, =0 on I,

where L2(I'g) is the subspace of L?(I's) consisting of functions such that (u, n)L2(rg) =
0.

REMARK 3.1. Under 4) of Assumption 2.1 the duality products {f1,u) of (3.6)
has a meaning (cf. Remark 3.1 in [20]).

THEOREM 3.1. Under Assumption 2.1 if a solution is smooth enough (v €
H?(Q),0 € W*2(Q), f € L*()), then Problem I-VE is equivalent to problem (1.1),
(2.1), (2.2). In addition, if at least one of {T'; : i = 2,4,6,7,9 — 11} is nonempty,
then p of problem (1.1), (2.1), (2.2) is unique.

Proof. From problem (1.1), (2.1), (2.2) we deduced Problem I-VE, and it is enough
to prove conversion from Problem I-VE to problem (1.1), (2.1), (2.2). By Theorem
3.1 of [20] there exists a p such that (v,p) satisfies (1.1) and the boundary condition
(2.2), and p is unique under the condition above. In a routine way(cf. Section 1, ch.
2 of [17]) we can prove that @ satisfies (1.1) and the boundary condition (2.1). O
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We will find another variational formulation consisted of a variational inequality
and a variational equation, which is equivalent to Problem I-VE.

Let (v,0,0:,0,,04n,0-,) be a solution of Problem I-VE. Subtracting the first
formula of (3.8) with u = v from the first formula of (3.8), we get

ap(O;v,u —v) + a1 (v,v,u —v) — (07, ur — V7)1 — (T, Un — V)T
- <U+na Up — Un>1‘10 - <0_*na Up — vn>1‘11 - <f - Ologf, u— U> (39)
= (fi,u—v) YueV.

Define the functionals ¢, ¢, ¢4, d_, respectively, by
oc) = [ grlnlda e L)
T's

%w=/9mwrweﬁ®%
T (3.10)

o+(n) :/ gynndz V€ L*(Ty),
1o
d’—(ﬂ) = 7/ g—nT dx V'f] S LQ(Fll).
INT

Since if u € K(), then ulp, € L2(Is), un|r, € L*(T9), tn|r,, € L*(T10), tnlr,, €
L3(T'11), in what follows for convenience we use the notation

¢r(u) = ¢r(ulry), dn(u) = dn(unlry), ¢+ (uw) = d4(unlry,),
¢*(u) = ¢*(un|l—‘11) Vu € K(Q)

Define a functional ®(v) € (V — R),R =R U 400, by

o(u) = { Gr () + 6n(u) + &4 (u) + ¢ (u) Vu € K(Q), (3.11)

+ 00 Vu ¢ K(Q).

Then, ® is proper, convex lower weak semi-continuous. Note & > 0 since uy,|r,, >
0, un|r, <0 Yue K(9).
By Theorem 3.3 in [20], under Assumption 2.1 for fixed 6 the problem

aO(e; U,U) + al(v,v,u) - (UT7UT)F8 - (Unvun)rs
- <U+n7un>rm - <U—n7un>rn - <f - a09f> U> = <f17u>7

o7l < gry 07 v +grv-| =0 on Ty,

3.12
‘O—n| Sgna Unvn+gn|vn| =0 on F91 ( )
O4n+G4n =0, <0+n + g+7uvn>rw =0 on I'y,
Oon—9-n <0, (0_p — g—n, vn>ru =0 only
is equivalent to the following variational inequality.
Find v € V such that
ap(0;v,u —v) + a1 (v,v,u —v) + P(u) — P(v) — (f — apldf,u—v) (3.13)

> (fi,u—v) Yu€eV.
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Therefore, we have the following variational formulation equivalent to Problem I-VE
which consists of a variational inequality for velocity and a variational equation for
temperature.

Problem I-VI. Find (v,6) € V x (nlSK% Wl,r(Q)) such that 0, — Op|r,

and

ap(0;v,u —v) + a1 (v,v,u —v) + P(u) — P(v) — (f — aplf,u—v)
> (fr,u—v) YueV,

bo(6: 0, ¢) — (7(0)0v, Vip) — (azpu(0)|E(w)|?, @) — (a10f - v, )
= (fa,) Vi € Wpo ().

(3.14)

2. Variational formulations for Problem II. Taking (v-V)v = rotv x
v+ Sgrad|v|? into account, by (3.1)-(3.4) we can see that smooth solutions (v,p, ) of
problem (1.1), (2.1), (2.3) satisfy the following.

2(u(0)E(v), E(u)) + (rotv X v, u)

+ 2(u(0)k(2)v, u)r, + 2(p (9)517 U)r, + 2(a(z)v, u)rs + (w(0)k(z)v, u)r,

—2(u(0)enr(v), u)rg + (P + 5 |U|2 = 2u(0)enn (v), un)rourury,
(1 —ad) )+ 3 - S (Geur, VueV,
i=2,4,7 i=3,5,6

(K(0)V0, V) — (7(0)0v, Vo) — (azpu(0)|E ()%, @) + (80, @)ry, — (10f - v, )

= (gr,P)rn +(0,9) Vo € Wpo(9),
lot (0, v)|<gT, L(@,v) v, + g- v =0 onTs,
lot (0,v,p)| < gn, 08 (0,v,p)vy + gn|vn| =0 on Ty,
0,(0,0,p) + g4n >0, (0,(0,v,p) + g4n)vn =0 on Iy,
ol (0,v,p) —g_n <0, (c(0,v,p) —g_n)v, =0 on Ty,
Olr, =0plr, onI'p.

(3.15)
Define as(+, -, ) by

as(v,u,w) = (rotv X u,w) Yo, u,w € V. (3.16)

Then, taking into account
1
07(0,0) = 20(0)nr (v),  07,(6,0,p) = —=(p+ S [0I*) + 2u(0)enn (v)

and (3.15), we introduce the following variational formulation for problem (1.1), (2.1)
(2.3).

Problem II-VE. Find (v,0,0%, 0% 0%, ot,) € K(Q) x (mlSK% Wl,r(Q)) x
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L2(I'g) x L?*(Tg) x H~Y/?(T'1y) x H-Y/2(I'};) such that 0|r, = 6p|r, and

ao(0;v,u) + az(v,v,u) — (o4, ur)rg — (05, un)ry

— <Uin,un>rw — < ’in7un>r L (f —apbf,u) = (f1,u) Yu€eV,
bo(650, ) — (1(8)60, Vip) — {aapu(O)|E@)1%, 9) — (016 - v, ¢)

= (f2,¢) Vo € Wp B (),

t
[ops

3.17
|U |<g7'7 UT+gT|U7—|:O on Fs, ( )
|Un‘ < 9n;, Unvn +gn|vn‘ =0 on 1—‘9,

O'in + 9+n > O <O-i’ﬂ + g+nyvn>rm =0 on F107

—n —g-n < O < - g_n,'Un>F11 =0 only;.

Relying on Theorem 3.4 in [20], in the same way as Theorem 3.1 we have

THEOREM 3.2. Under Assumption 2.1 if a solution is smooth enough (v €
H?(Q),0 € W22(Q), f € L*(Q)), then Problem II-VE is equivalent to problem (1.1),
(2.1), (2.3). In addition, if at least one of {T; : i = 2,4,6,7,9 — 11} is nonempty,
then p of problem (1.1), (2.1), (2.3) is unique.

Then, relying on Theorem 3.5 in [20], in the same way as Problem I-VI we get
Problem II-VI equivalent to Problem II-VE which consists of a variational inequality
for velocity and a variational equation for temperature.

Problem II-VI. Find (v,6) € V x (01§r<% WLT(Q)> such that O|r, = 0plr,
and
ap(B;v,u —v) + az(v,v,u —v) + P(u) — P(v) — (f — agbf,u—v)
> (fi,u—v) YueV,
bo(6; 6, ¢) — (7(8)00, Vo) — (a2p(0)[E(v) %, 0) — (6] - v, )
= (f20) Vo e Wp (@),

where as(+, -, ) is the one in (3.16) and ® is defined by (3.10), (3.11).

(3.18)

3.3. Main results. In view of the results above, we will study Problem I-VI
and Problem II-VI. Main results of this paper are the following theorems.

THEOREM 3.3. Under Assumption 2.1 assume that
1) f,¢i,i =2 =17, are small enough in the spaces in 3), 4) of Assumption 2.1 (cf.

(4.37)),
2) max{|ao|, |a1|} is small enough in accordance with f,¢;,i = 2 —17,9,9r,0p
(cf. (4.84)).
Then, there exists a solution (v,0) to Problem I-VI such that
follv < 42,
- Ho
0= @) o < (B0l + lgmloersn +lolon@).  (3.19)

/ V0" dx < cK/ O~ (14 ||0p|[3r2) V(1 <r<3/2),
Q

where K is the one in (4.5) below, K, is the one in (4.77) and o = 2.
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THEOREM 3.4. Under Assumption 2.1 assume that max{|agl|,|c1|} is small
enough in accordance with f,¢;,i =2 —"7,9,9r,0p (cf. (5.13)).
Then, there exists a solution (v,0) to Problem II-VI such that

[ollv < e(X+ 1 fllze + 1 f1llv),
107 (z)lw12) < C(||f||Lf + A1z + N fallve I fllze + Ngrll ass ey + ||9||L6/5<Q))» (3.20)
/ V0" dx < L~ (14 ||0p[3y12)  Vr(l <7< 3/2),

Q

where L is the one in (5.10) below and o = 32

4. Proof of Theorem 3.3. Let us consider a lemma which is an immediate
consequence of Vitali’s convergence theorem (Theorem 1.4.12 of [15]) and corollaries
necessary later.

LEMMA 4.1. Let Q be a bounded domain of R'. If {u,} is such that
{un} is bounded in L=(Q), un(x) = u(x) a.e. inQ,
then
Up — w in LP(Q) Vp,1 < p < 0.
COROLLARY 4.2. Let Q be a bounded domain of R' and ju(€),€ € R, be a bounded
continuous function. If {u,} and {v,} are such that
Up () = u(z) a.e. inQ, v, —=vinLP(Q),1<p< oo,
then

p(tn v, = p(u)v in LP(Q).
Proof. By Lemma 4.1,

11
fi(un) — p(u) in LI(9Q), Sto=tL

Thus, p(u,)v, — p(uw)v in L1(Q), that is,

/Q (1t () () $() d / pu(z)o(@)d(x) dr Vo € C(9).

Since {||p(un)vn||Lr} is bounded and C§°(€2) is dense in L7(€2), from above we get
the asserted conclusion(cf. Theorem 3, ch. 5, in [32]). O

COROLLARY 4.3. Let Q be a bounded domain of R! and (&), € € R, be a positive
bounded continuous function. If {u,} and {v,} are such that

un(z) = u(z) ae inQ, v, —wvin L*(Q),
then

(1(uw)v,v) <liminf (p(ug)vy, vn).

n—oo
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Proof. By Corollary 4.2

V() v, — /p(u)v in L2 ().

Then,
Vil z) < Hminf {|v/p(un)vn 2 (0),

which implies the asserted conclusion. O
To prove the main results, we use the following

PrOPOSITION 4.4. Let A: X — X* be an operator on the real reflexive Banach
space X. Let A be coercive and bounded. If for every sequence such that

T, = x in X,

limsup (Az,, x, —z) <0 (4.1)
n—oo
there exists a subsequence such that
likm inf (Azy, xp, —v) > (Az, 2 —v) Yve X, (4.2)
— 00

then for any f € X* there exists a solution to

Au = f.

REMARK 4.1. If (4.1) implies (not for a subsequence)

linrgigﬂAxn,xn —v) > (Az,x —v) WveE X,
then A is called pseudo-monotone. For the coercive, bounded and pseudo-monotone
operators A the asserted conclusion was proved(cf. Theorem 27.A in [33] or Theorem
2.7, ch. 2in [24]). However, proofs of the facts that A has property (M) (Proposition
2.5, ch.2in [24]) and A is demicontinuous (footnote of (2.27) of ch.2. in [24]), which
guarantee existence of a solution to Au = f, hold with (4.2) for subsequence, and so
we have the conclusion.

For every ¢ > 0, define ®. by

<(y) = inf e +P(u); ueVy, yev,
which is called the Moreau regularization of ®. When 0® : V — 2V is the sub-
differential of ®, let J. = (I +£0®)~! and (0®). := e (I — J.) (the Yosida approx-
imation of d¢) for all € > 0. Then the functional ®. is convex, continuous, Fréchet
differentiable and V&, = (9®). = ¢~ 1(I — J.) for all £ > 0. Moreover

P.(y) = W +®(J.y) VyeV, (4.3)
lim &.(y) = ®(y), P(Jey) <P(y) <P(y) VyeV (4.4)

e—0

(cf. Theorem 2.9 in [1]). The operator V®. is Lipschitz continuous with the constant
e~ 1(cf. Proposition 2.3 in [1]) and monotone(cf. Lemma 4.10 of ch. IIT in [17]).
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4.1. Existence of a solution to an auxiliary problem. Since
lay (v, v,u)| = |((U . V)v,u)| < K|vl|¥lullv  Yv,u eV, (4.5)

define @ (v) € V* by

(@1(v),u) = a1(v,v,u) Yv,ueV.

Define 7. (t) by

_ V()¢
O = a0
Then,
R < 30 b < BOI S0l 26() >0t ase 0. (46)

We first consider an auxiliary problem:

Problem I-VIA. Let 6 > 0, ¢ > 0, A > 0, ¢ > 0 and ¢ € ($,6). Find

(v,0) € V x WH2(Q) such that n =60 — 0p € W;Dz(Q) and
)

max{9, [[a, (v)|

ap(6;v,u) + a1 (v,v,u) + (VP (v),u)

v}

- 17%0 fesu)y = {(fr,u) Yu€eV,
( max (A, 02, )fru) < W

0.0 06,V — (agu(e)JE
b0(6,0,<p) maX{C, ||U||V}<76(0) ,VQD> < QM(0)1+€|5(U)|2,80>

ar A B 1,2
(o o) = Uee) Ve e W@,

where f. € L>(Q) is such that || f — fo]lp: <e.
THEOREM 4.5. There exists a solution (ve,0.) € Vx WH2(Q) to Problem I-VIA.

Proof. Let r be such that
2 1
-+ -=1 4.8
24 (18)
Since ¢ € (12,6), we know that 3 < r < 6. Let J# = V x WIEDQ(Q) Define an
operator & : & — J* by
<.£Z{(’U’77), (u7¢)>

1)
=ao(n+60p;v,u) +

max{J, ||ai(v)|v-}

Oé())\ .
O g 1 0 ki d) g

a1 (v,v,u) + (V. (v),u)

¢ E(v)?
- maX{C, ||UHV} <’Y€(77 + 0D)’U,V¢> - <0l2ﬂ(7l + QD) 1+ E|g(’l})|27¢>

041/\
- <max{)\, Hn—&-@DH%q}(n_'_aD)fE 'U’¢> V(v,n), (u,¢) € H.
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Let us see this operator is well-defined. By definition of ®., ®.(0yv) = 0 and

V®.(0y) = 0. Since V®, is Lipschitz continuous with the constant ¢~ 1,

(VO (v),u)| = (VO (v) — VO (0v), u)| < e Hv]lvullv. (4.10)
By (4.5) we have
)

max{9d, |[a1(v)|v-}

al(v,v,u)’ < 6lullv. (4.11)

By (4.6) we have

C CC
’mﬁs(n +0p)v, V¢>‘ < ZlIgllwre. (4.12)

By inequality ab < max{a?, b},

VA
max{\, [|n +0p|%.}

In+0pllLe < 1. (4.13)

Taking into account (4.8) and (4.13), we have

OZQ)\
max{, [n+6p|Z.}
0&0/\
< >
max{A, [+ 0pl|7.}
< caoVA||felallul

I

(n+6p)fe, u>|

L"

17+ 0p | Lall fllLallul

L™,

Ckl)\
0 e Y,
‘<max{/\, ln+0pl2,} (n+0p)fe-v ¢>‘
Oél)\
< 2
max{A, |+ 0pl7.}

< car V|| fellnes vl || o

(4.14)

17+ Ol Lol fel[Loe [v]lLr [ @]l Lo

Estimation of other terms is easy, and so operator <7 is well defined.
Then, the existence of a solution to Problem I-VIA is equivalent to the existence
of a solution to

o (v,n) =F, F= (f1> .
f2

Relying to Proposition 4.4, we will prove the existence of a solution to the equation
above.
(i) Let us prove that & is coercive, i.e.,
1

T (o ) = 00 as @ )llor — oc.

Since I'y;,T's;,I'7; are convex(cf. Lemma A.3 of [19]) and the matrix « is positive,
from (3.6) we have

ao(n+ 0p;v,v) > 2p0v[3- (4.15)
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Taking into account (4.11), (4.12), (4.15) and the first formula of (4.14), we have

= a ;U U 0 a1 (v,v,v v),v
<<%(U777),(U,77)>_ 0(7]+9D7 ) )+max{6,||61(v)|\v*} (7 ) )+<VCI)5( )7 >
Oto)\
<( - maX{/\,||77+9D\|2Lq}(77+6D)>f€’v> +bo(n+0p;m,m) +bo(n+0p;0p,7m)
{11+ 00)0. V) = (ooiatn + 00) 12Dz )

- max{(, [ollv}

O¢1)\
- 9 e " U,
(oaeiafin o (1 00 vm)

3 . 1
= min{2uo, ko } (||v][ + Hnllivrm) = dljvll = e(llf=la + 18plIZ> + =)
D

cC a1
+<v®€(v)7v>_§”n|‘wr‘1§ _<maX{A,||7]+0D||%q}(n+eD)fEU7n> V(Uvn)eﬁf
(4.16)

Since the operator V®. is monotone and V&, (0y) = 0, we have

(V. (v),v) = (VP (v) — VO (Oy),v — Ov) > 0. (4.17)

Since ((n+0p)f-v,n) = ((n+6p)f-v,(n+0p)) = ((n+6p)f-v,0p), by (4.8),
(4.13) we have

041)\
+0p)f. - v, ‘
‘<max{)\, ||77+9DH%(1}(77 p)fe-v 77>
Alln+0pl13.
=¢c fs o ||V||1,
max{/\,HnJreDH%q}H L= [l s,
>‘H77+0D||Lq

¢ f L ||U||L" eD La
max{)\,||77+9DH%q}H ellLe vl 10p |l

< Al fe e [0l + VA felle ol 100 2o
By virtue of (4.16)-(4.18), it follows that
1.
(o (v,m), (v,m) = 7 min{2p0, wo} ([0l + Il .2
D
«
= llell = S lnlhyze — Al el llollv
— VA fellu= ol v (1001 e
1
— (Il + 100]3: + =) ¥(w,m) € 2,

which implies coercive property of 7.
(ii) Taking into account (4.10)-(4.14), we have from (4.9)

17 (v, 1) | 2+

= s (), ()
[I(w, ) [l s =1
(4.19)

e 1
< c(lollv +5+ 55 + Zlollv + 1 fellws + VAL + 1+ 0l

1
+llolles + = + VALl olv) ) 0) € 2,
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which shows that &/ maps bounded sets of 7 into bounded sets of 7.
(iii) Let {(vk,nx)} be a sequence such that
(vkvnk) - (0777) in %7
lim sup <JZ{(’U/€7 T]k)? (Uk7 nk) - (U7 77)> < 0.

k—o0

By taking a subsequence and denoting with same subindex if necessary, we may
assume

vg — v, nr — nin L*(Q), L°(Q)(1 < s < 6) respectively,

4.20
and a.e. in Q as k — oo. ( )

Since
ao(ni + 0p; v — v, v — v) = ag(k + Op; vk, v — v) — ag(Ne + Op; v, v — V),

bo(mk + Op;nk —n,mk —n) = bo(nk + Op; 1k + Op, Mk — 1)
—bo(nk +0p;1m+0p, Mk — 1),

by (4.9) we have
min{juo, 0} (o = ol + e = )

S <"Q{(/Uk777k)7 (Uk’ank) - (van)>
—ao(nk +0p;v,vp —v) —bo(m + Op;n+0p, K — 1)

S Ty o ek =) = (P =)

i <(1 ~ max{), IIZZA+ Opl2.} (e + 9D)>f6’ Uk ”> (4.21)
m(%(nk +0p)vy, V(g —n))

+ (a0 EE )

T T o O+ 00 e ).

By Corollary 4.2, we have
ao(nK + 0p; v, vp — v)

=2(p(nk + 0p)E(v), E(vg — v)) + 2(u(mk + Op)k(x)v, v — V)1,
+ 2(p(nk + 0p) ST, 0r, — V), + 2(a(x)v, vp — V)1,

+ (o + 0p)k(@)0, vy — V), - 0, (422
bo(nk + Op;n +0p,mx — 1)
= (k(ne +0p)V (0 +0p), V(i — ) + (B(z)(n + 0p), (me = 1), — 0
as k — oo. Also,
)
— al(vk7vk7vk — ’U)
’max{fi ||al(gk)| v+ } ) (4.23)

- a vk ||La[|[Vor||L2[lve —vllps = 0 as kb — oo
(8, T (o) - e Voo = vl
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Since V@, is monotone,

—(V®.(vg),vp —v) = = (VP (vg) — VP (v), v, — v) — (VO (v), v, — v)

(4.24)
—<V<I>€(U),vk — v> —0 ask— oo.
By (4.13) and (4.20), the followings hold.
g ey Uk — ’< All fellnee - 3 ’
ooy e 09t = )] < VAl e = vls =0
011>\
+60p)fe-vg, M —
‘< max{\, an+eD||Lq}(”’“ D) ks ”>‘
< eVl fellues lvelles lmx — nllLr — 0,
¢
— = {~v.(np +0p)vi, V(e —

< {(ve(me +0p) — v=(n+ 0p) ) vk, V(e — )|
+ [(ve(n +0p) (v —v), V(e — )| + [{v=(n + Op)v, V(e —n))|
< el +0p) — ve(n + 0p) || s [|vrllv [l — nllw;g
+ cllve(n +0p) | sl (vx — v)|lLs Ik — 77HWF1§
+ (v(n+6p)v, V(i —n)) =0
as k — 0o, where the fact that by Lemma 4.1 v.(nx + 0p) — Ve(n + 0p) in L3(Q) as

k — oo was used. It is easy to prove convergence of other terms on the right hand
side of (4.21). Thus, by (4.20)-(4.25) we have

hin sup min{yo, o} ([[vx — vl + [lne = 1llyy. 2)
—00

< hinsup <%(’Uk777k)7 (Ukvnk) - (71777» < 07
—00

which implies

(v, M) — (v,m) in S as k — oo,

. (4.26)
v — v, N — 1 a.e. in ) as k — oo.
By the definition of 7, for (u,¢) €
(A (v, mk)s (Vi k) — (w, @)
1)
- ao(ﬁk + 9D7vk7vk - U) + max{(s, Hal ('Uk)”v*}al(vk?vk?vk - U)
Ozo)\
e v =) = (U gy (0 0 )
¢ (4.27)

+bo(mi + 0p, i — &) + ( Yk + Op)vr, V(e — ¢))

max{(, [[vx|v}

€ (v)|?
- <O¢2M(9k)m»ﬁk - ¢>

041)\
_ +40 - S — )
<max{/\, e +0p12.} (m +0p) fe - vk, ¢>
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Taking into account (4.26), by Corollary 4.3 we have

liminf ag(ng + 0p; vk, vi) > ag(n + Op;v,v),
fmree (4.28)
Lim inf o (1 + 003 0k, 1) = bo (1 + Opsi 7, m).-

A . A
The sequence {max{)\,”%:-‘reDHiq} (nx+0p)} converges a.e. in € to Wmm#—

ap
6p) and || e taoTE
verges in L9(cf. Lemma 1.3, ch. 1 in [24]). Then by virtue of this fact and the first
formula of (4.25), we have

}(nk + HD)HLq < apV/\, and so this sequence weakly con-

lim < @0
k—oo \max{\, ||nx + 0pl|%.}
< Ot())\
max{\, ||nx + 0p|%.}
. O(o)\
+ 1
P <max{>\, e+ 0pl174}

Oéo)\
= 9 ey V™ )
oD T ooy 1 oo e = w)

(me +0p) fe, v — u>

= lim (mx +6p) fe, v — U>

k— o0

(4.29)

(me +0p) fe,v — u>

where the fact that owing to (4.8) f.-(v—u) € L3 c LY, % + % =1 was used. Using
the second formula in (4.25), in the same way we get

. 041)\
lim +0 e Uk Tk =
koo <max{A, I7e + HDII%Q}(W Pt ¢> (4.30)
041)\ .
— 0 e Uyl — .
<max{)\, \|77+9D||%q}(n+ p)fe -1 ¢>

It is easy to prove convergence of other terms in the right hand side of (4.27). Thus,
by (4.28)-(4.30) we have existence of a subsequence {(vy,n)} such that

lim inf <'Q{(Uk777k)7 (Ukank) - (ua ¢)> > <427<’U777), (UJ]) - (u’(b)) :

k—o00

Therefore, by virtue of Proposition 4.4 we come to the conclusion. O

4.2. A priori estimates of solutions to the auxiliary problem. Let us
choose ¢ such that

1 1 12
—+-+-<1, —<qo<3. 4.31
qo+t+3_ 5 < (4.31)

Since t > 3(cf. 3) of Assumption 2.1), such a choice is possible. Then, gy satisfies the
condition for ¢ in Problem I-VTA.

LEMMA 4.6. If v € V and |oay|vV/A < 1, then for all 6. satisfying the second
formula of (4.7) and the condition 0. — Op € Wllj(ﬂ) the following estimate holds.

167 @)@y < (15N lolv + gl pasmqray + lgllzors) ) (4.32)

where constant c is independent of .
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Proof. Since 0.|r, = 0p|r, > 0, a function ¢ = min{f.,0} is admissible in the
second formula of (4.7) and we have

(£(0)VO:, VO ) + (B(2)0e, 62 )rr,

R S -y WP,
oy 00 V0 = (0O s 6) )
O£1>\ -\ o
G o ) = Ut
Let us prove
<’YE(95)U7 V9;> =0. (4.34)
To this end, define
t
v() = [ re)ds, ek
0
Then, ¥ € C'(R) and
V¥(0) =~.(0)VO, w(0) € WH2(Q) VO € WH3(Q), (4.35)

w(0)|r, =0 V0 €Wh(Q).
Taking into account VOZ =0 on Qt = {z : 6(x) > 0} and v - n|r, = 0, by (4.35) we
have

(Ve (0)v, VO ) = / V(07 )v - VO da = /Q’U -V¥(6Z) =0,

which means (4.34).
Also,

€ (v)[?
- <042M(9)m,9 > >0,

‘<max{f|1|2€||%qo}eff€ b >‘

- (4.36)
SCIIfsllLf«llvHvH@s w2 <X ||9 [& 12+C||f€||L‘||UHV’

|(£2,62)] < 7 502 13 +c||f2|\2W12
(ﬁ( )96’95) I'r 207

where to get the second inequality (4.13) and (4.31) were used. By (4.33)-(4.36) we
have

107 e < 22 (UFNE ol + 1ale.)
which implies (4.32). O
LEMMA 4.7. If ||V < 1 and

2
) < Lo (4.37)

(17l + 1Aillv) < 2
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where K is the one in (4.5) and ¢y is the one in (4.42) below, then there exist param-
eters 0 and ¢ such that

g ¢
—1, =1 4.38
a8 Jan(e)v] 1 maxdC, o) 3
for all small € and solutions of (4.7) ve. In addition,
[[vellv < % (4.39)
Proof. Since |ag|v/A < 1, we have
Oé())\

—— e e fesu

S Oh [
(4.40)

VA
< — — ||6 < .
< oo Tyl e < ll el bty

Putting u = v, in the first equation of (4.7), we have

1)
max{d, |1 (ve)|v-}

~((1- IMQEHQLQO}@)JM) = (f1,v2).

There exists a constant ¢{, such that

ao(0s; ve, ve) + a1 (ve, ve, ve) + (VP (ve), v

(4.41)

Ifell g +cllfelle < coll felle,

where c is the one in (4.40). Thus taking into account (4.5), (4.15), (4.17) and (4.40),
we have from (4.41)

2p0]|ve [ < ao(be; ve, ve)
0
— max{9, [[ai (ve)[v-}

(- Hmf]ﬁ“%qo}"a)fw“a>

< Klvelly + (coll £elle + [l fillv-)
< K| + coll fellee + [Lfillv+)

|al(va, Ve, 'Ua)l

+ [(fr,ve)

|vellv

|vellv,
where
co = max{cp, 1}. (4.42)
Note that the estimate above is independent of §. This implies
0 < K|lo:|3 = 2u0llvellv + co(ll fellue + [ fillv-)-
Let us consider a quadric equation for > 0 concerned with the inequality above

Ka? — 2ppz 4+ a = 0.
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If 0 < Ka < p3, then there exists a positive minimum root 1 (< £¢) and a maximum
root 5. Thus, we can know that if

/J%
t -+ o) < —
(”fEHL Hf1||\f ) = KCO7
then
vellv < T{O or |vellv > 2. (4.43)

On the other hand, we have from (4.41) another estimate under consideration of &

2p0]|ve 1 < ao(0e; ve, ve) < dl|vellv + co(ll fellLe + I fullve)

[vellv,

which implies
1
[vellv < %(5 + o[ fellue + L fallv-))- (4.44)

In view of (4.43), let us take § = K(“—Ig)2 — B f

I
(I flle + 1 fillve) < Ko

then for all € small enough

2

Ho
t x) < ——.
(IfellLe + [ f1llve) < Keo

Thus, without loss of generality from (4.44) we have
0

1 pd 0
loellv < 5— + 522 = 22

= . 4.4
o 2w K K (4.45)

By (4.45) under the condition (4.37) a1 (ve)|v+ < K||ve|3 < “—Kg(cf. (4.5)), and so
we get the first one in (4.38). Taking ¢ = 42, we get the second one in (4.38). O

LEMMA 4.8. Ifmax{|ag|, |ai|}vVX < 1 and (4.37) holds, then under the parameter
¢ by Lemma 4.7 there exists a \1 independent of € such that

1]l 290 < VA1 (4.46)
In addition, if 1 <r < %, then

3—2r
R

/Q IVO.|" do < KL/~ (1 + ||0p[3r), o= (4.47)

where K, is the one in (4.77) below.

Proof. Using Lemmas 4.6, 4.7 and following the idea in [27], we will obtain the
conclusion. For simplicity of notation, from now on in this lemma we write v., 8. by
v, 0.

Put

do := [|0p |l () = 10Dl £ (a0)- (4.48)
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Then, since (6 — do)™ = max{0,0 — do} = 0 on I'p, the function

1

aro—dy 70 )

p=1-

belongs to W;j(Q) and 0 < p <1 a.e. in Q.
Taking ¢ of (4.49) and ¢ satisfying (4.38), we have from the second equation of
(4.7)

V(0 —do)* V(0 —d
U/QH(Q)( + (6 = do)*)1 e dz + (B0, ¢)ry *0—/978(9)1}' (14 (6 —do)*t)1+e

B EWE |
= / O3 zor (- T E—ae) &
1

011)\
TN /Qafﬁ (- armayr) @

(8 (- graary))

E[1+IQ+I3.

<
+

(4.50)
Note that ¢(x) = 0 at  such that 0(x) < dy, and (5(z)0, ¢)r, > 0. Let us show the
third term on the left hand side in (4.50) vanishes. To this end, define

t
.7 Ye(s + do)

Then, ¥, € C*(R) and
Uy ((0 — do)™)|r,, =0,

VO, (0 — do)*) = ~o(0) 0= o) (4.51)

T+ (0= do) )7

where the fact that if 0(x) — dy > 0, then (6(x) — do)™ + dy = 6(x) was used. Taking
into account that v, = 0 on I'g(cf. (2.4)) and the first equality of (4.51), we have

V(0 — do)+ - -
/Q%(H)v- (AT da:—/Qv~VLZ/g((9—d0)+)—O. (4.52)

It is easily seen that

11| < clloll3- (4.53)
Since max{|ao|, |1 |}V < 1, by (4.13) we have

V2

Ll <——Y2 100l 1 fellLe < |l fellne . 4.54
1) < e Ty Pl sl < ll sl (454)

Also,

|| < evmesQIfell ). < c(lgrllzamwn + I9lzers@)- (4.55)
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By (4.52)-(4.55), we have from (4.50)

a/ Vol dx
(w:02dy}y (14 (0 —do)t)He (4.56)

< el + Nfelluellelly + lgnllzarse ) + lgll ooy )-

Next, taking ¢ = min{f — 0p,dp} admissible in the second formula of (4.7), we
have

ffo/ VO da
{z;0—0p<do}

< / k(x)VO - Vlp dx — B(x)8(z) min{f(x) — Op(z),do} dx
{z:0-0p<do} I'n

+ /Q%(e)v -V(min{# — p,dp}) dx

(4.57)
E@)I*
0)——————— 6 —0p,do}d
+/Qa2:u( )1+ |g( )|2 mln{ D, 0} €L
a1 A
— | 0f. 0 —0p,do}d , 0—0p,d
+Inax{/\ 162 qo}/ fe - vmin{ D;do} dx + (f2, min{ p,do})
=L+1s+ 15+ 14+ 15+ I
By Young’s inequality,
2
IT,| < @/ VO dx + ﬁ/ |VOp|? dx. (4.58)
4 Jiz0-0p<do} ko Jo
Let us estimate [o = — [, f x)min{f(x) — Op(x),do} dx.
If 6(x) — 6p(x) > dop, then <p( ) do and 0(x) > 0p(x) + do > 0. Thus
/ B(x)0(x) min{f(z) — Op(z),do} dz > 0. (4.59)
T'r{z;0(x)—0p(x)>do}
If O(x) — Op(z) < dy, then p(x) = 0(z) — Op(x) and §(z) < Op(x) + do. Thus
/ B(2)0(x) min{é(z) — Op(x),do} dx
T'rN{x;0(z)—0p(z)<do}
- / B(2)0(2)0() dz
TrO{x;0(x)<0p (z)+do}
-/ B()0(2)6p(x) dr
PrN{z;0(x)<0p(x)+do}
>/ B(2)0(x)6p (x) du (4.60)
I'rM{z;0<0(x)<0p (x)+do}
7/ B(2)0(x)0p(x) dx
T'rN{z;0(x)<0}
> —p2dd [ o pudo [ 10 (o) do
FR FR
> —c(l+ ”97(1')”{/1/'1}’;((2))'
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By (4.59) and (4.60), we get
Iy < c(l + ||9_(:E)||Wllg(m). (4.61)

Taking into account (4.6), we have

I3 = / Ye(0)v - VO da — / Ve (0)v - VOp dx
{z;0—0p<do} {2;0—0p<do}

< o |V€\2dac+0'y§/ 10%|v|? dx
4 Jiz0-0p<do} {:0<0<do+0p}

(4.62)
+07§/ |0|2|v|2d+70/ 0||v - VOp| dx
{=;6<0} {z;0<0<do+6p}
Jr%/ |0]|v - VOp| dx.
{z;60<0}
Since 6] < 2dg on {z;0 < 0 < dy+6p},
/ 0%v|* do < 4d§/ lv|? da < c||v)%. (4.63)
{z;0<0<do+0p} Q
And, by Holder’s inequality we obtain
/ 62 |v|? da
{z;0<0} (4.64)

1/2 1/2
< 0 dz / ot de) < 0|2 0],
(/{m;eso} ) ({1;030} ) Wi

/ 0|]v - VOp|dx < 2dollv]|2[|0pllwr2 < cllvlv]0pllwrz,  (4.65)
{2:0<0<do+6p}

/ |0llv - VOp|dx < cll07 [y 12 [lvllv]0pllwr. (4.66)
{z;6<0} P

By (4.62)-(4.66), we see that

T, <™ VO] dw (4.67)
{z;0—0p<do}

+e(lolRr + 1671522 01 + el 19pllwsz + 107 w2 lolv 10pllws.2).-
D

Next, we have

- E(v)]?
T, < / aapu(0)— O
= iwman O TR
E(v)?
v () —_9g da
/{z;ogegdﬁ%} : ()1+5|5(U)|2 0

E(v)[? / €(v)[?
Az;9<0} QM( ) 1+ 5‘5(1])‘2 {z;6<0} ZM( ) 1+ €|8(1})|2 0

< [ aon(®)lE()P2do d < ol
Q

d(] dx

(4.68)
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Taking into account (4.31) and applying Holder’s inequality, we have

- o | A
< |0fe - v|do dx:
max{, H9||%qo} {x;6—0p>do}
ot | A
—_— |0fe - v|2dy dx
max{, HGH%«)} {x;0<0<do+6p} :
041)\
+—_— Of. - v0dx
max{)\, HQH%QO} {z;6<0} : (4 69)
o A 10f. - v|do dz

ma'X{)"HeH%’IO} {z;6<0}
vt A / 1R
<2dy———— [ |0fc - v|do + ———F——
max{\, 0] 4} Jo max{A, [0]1Zq,} Jo
< cllfelluellvllv + el felluellolv (167 w2
< cl[fellpellvllv (X + 167 [[w.2).

Let us estimate I's = (gr,¢)rp + (9,¢), where ¢ = min{f(z) — 0p(z),do}. If O(x) —
Op(x) > do, then p(x) = dy and

|0f: - v||0”|dx

gredr < do/ lgr| dz. (4.70)

ARﬂ{m§9(I)9D(I)>d0} T'rN{x;0(z)—0p (v)>do}

If 0 < 0(x) < dp+60p(z), then |p(x)| = |0(x) — Op(x)| < 2dy and

gre(x)dx < ZdO/ lgr|dz.  (4.71)

/FRﬁ{z;0<0(:1:)<d0+9D(z)} T'rN{z;0<0(x)<do+0p(z)}

And

grp(e) dz = / R0 (2) — do) de (4.72)

/I‘Rﬁ{r;(?(r)éo} T rN{z;0(x)<0}
< dO/ |gR|d$+ HgR||L4/3(FR)||9_HWIE’Z(Q)'
IrO{x;0(x)<0} D

Also, we have

(9,0) < / lgldo d + / lgl2do da + / 90~ - do) da
{:0—0p>do} {:0<0<do+0p} {w;0<0}

< 2dolgllzr () + gl zos @167 w2 o)
< cllgllzers oy (1 + H97”Wl}g(ﬂ))' (4.73)
By (4.70)-(4.73), we get
Is < c(llgrllLarsrp) + 19l Lors @) (1 + ||9_HW11§‘(Q))- (4.74)

Therefore, by virtue of (4.57), (4.58), (4.61), (4.67)-(4.69), (4.74) we have
/ |VO|*dx
{$;9—9D<d0}
< (1100131 + 0l + 1671212 vl ) (4.75)
I'p

+ 0(1 + I elluelolv + lgallzs g + N9llorso) (1 + 107 lwp2)-
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Combining (4.56), (4.75) and taking into account (4.32), we get

vop
/Q< 6 doy)iee

2
g/ Vol T dx+/ \VO|? dx
ze>d0} (1+ (0 —do)*t)tte {z;0<do}

< et ) (14 olly + U felluellolly + lgmllzop) +lgllzoso

(4.76)
x (14 107 ) + (16011 + ol + 1671200 00 )
T'p I'p

1 2
c [(1 ) (U el + e ol + gl oagrn) + 9oy

2
#1801y + 1ol + (1l lolly + lomllzone + lolzssn) 1ol

Since f. — f in L'(Q), we may assume that || f.||p: < 14| f||w: for all . Thus taking
into account (4.45), we have from (4.76) that under (4.37)

/ V6|2 "
o (L4 (0 = do) )+

1 Ho |2 Ho 2
< D1+ G+ 0 1 + larlsosien + lollsone) @77

+c(||9D||%V1,2 - (%)2 +(1+ IIfHLt% FllgrllLars g + ||9||L6/5<ﬂ>)2(%)2]

=K,.

To get boundedness of § € L%(Q) independent of ¢, we will use the property
Whro(Q) C L%, where 7o is such that - — 4 = L. Then, § < rg < 2. To this

3 qo 73
end, take oo > 0 such that
To(l + 00)
— .. — Yo
2 — To
Then, oy = 33*2;;07 and 0 < 00 < 1 Putting o = 0¢ in (4.77), by virtue of Hélder’s

inequality with exponents 2 and an inequality |a+b[P < 2P(|a|P+]b[P), |a]+]b] <

r72r

(\a|" + |b|P) , p € (1,00) we have

ro/2
[Vo|? ’
o™ dx < d
/Q'V | T (/Q (1+(97d0)+)(1+00) v
(2—70)/2

(s
Q
< K/ (1 + (/ |9|3To/(3ro)dx)(2_m)/2) ,

oo o

= 3ro/(3 —rg) was used and K,, is the one with o = g in K, of

where (1 +0¢) 5"
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(4.77). By Sobolev’s embedding theorem and Friedrichs’ inequality,

(/ |9|3T0/(37T0) dx) (2—70)/2

<yt <of / |ve|r°dx+||en||ww

¢ (/ \V0|”’d;v T eplle
Q

Substituting (4.79) into (4.78) and using Young’s inequality and Holder’s inequality
with exponents 2_ on the right hand side, we have

(1400)/2
) ’ (4.79)

1—00’ 1400
/Q IVO|™ dar < cKS‘;/Q(/ Vo[ da;)(HUO)/Q + K2 (14 0p 0 ?)
|ve|7"0 dx + cK 10/ (1=70) 4 cKro/0=00) (1 4 |19p]79, ).
Thus, we get
/Q (VO™ dz < K20/ (14 (|0 1104.0, )- (4.80)

By virtue of (4.80), Sobolev’s embedding theorem and Friedrichs’ inequality, we have

1/ro
10l < cllwnen < e [ 190 do+ 16015,
1/7‘0

IN

¢ (KO L+ 100 l1.00) + 1005500 )
¢ (K377 @+ b llwr0) + 10D w0 )

(KHO= (1 +110pllwrz) + 180 lwr2) = Fo,.

(4.81)

IN

IA
o

K 4, is independent of A, & and depends on || f]l e, [0 llwr2, [|9r ] zarsr ) 9l Lors 0
and ¢;,i =2 — 7, via fi in (3.6).
Putting

VAL =Ko, (4.82)

we have (4.46).

Now, for all r such that 1 < r < % and all € > 0 let us get an estimate of
Jo, IV]" dz independent of e. Putting o = 3=2", we have that 0 < o < §. Repeating

3=
the argument of (4.78)-(4.80), we have

/ V0" dz < K/ (14 0]y,
Q

which implies (4.47). O
When A = A\; and

max{[agl, [ox [}V AL < 1,
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by (4.81), (4.82) we have

A1
max{ A1, [|0c]|74 }

=1 Ve>0. (4.83)

Therefore, summarizing Lemmas 4.6-4.8 we have

THEOREM 4.9. If

max{ |, o[}/ A1 < 1,

4.84)
13 (
(L1 + 105+ < Kigo
then there exists a solution (ve,0:) € V x WL2(Q) to the following problem
ao(eé Ué‘au) +aq (v, Ué‘au) + <V‘I)5(U5>,u> - <(1 - aoee)fsy u>
= {(f1,u) YueV,
, € (ve)? (4.85)
bo(0z; 0c, p) — (=(0:)ve, Vip) — <O‘2/u(9€) 1+¢e|€(v) 2’ ‘P>
- <a105f£ "UE,<,0> = <f2a(p> Vo € WI‘lﬁ(Q)’
0. — 0p € WL2(Q), (4.86)
and the solution satisfies:
Joellv < 22,
167wz < (I locllv + Ngmllzarseny + lgllzoriey)s (a87)
3
/ |v98|rdx§cK;/(1—g)(1+||(9DH12;V1,2) vl <r< 5,
Q
where o = —3312TT.

4.3. Passing to the limit as ¢ — 0. By passing to the limit of solutions in The-
orem 4.9, we will prove Theorem 3.3. Owing to (4.87) we can extract subsequences,
which are denoted as before, such that

Ve =0 in 'V,

ve — v inL%1<g<6, anda.e.in(,
. 1 3 (4.88)

O — 60 inW-"(Q) Vr,1§r<§,

O — 0 in L°(Q) Vs, 1<s<3, anda.e. inf,

as e — 0.

By (4.86), 0|r, = 0plr,-

Subtracting the formula obtained by putting v = v, from the first formula of
(4.85), we have

aO(os; Ve, U — 1)5) + al(v€7 Ve, U — Us) + <V(I)€(’U€), u— 'Ue>

_ <(1704095)f,u7v5> = (fi,u—v.) Vue V. (4.89)
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By corollaries 4.2, 4.3

ag(0c;ve,u) — ag(B;v,u) ase — 0,

lim inf ag(0:; ve, ve) > agp(6;v,v),
e—0

which imply that

lim sup ag(0z; ve, v — ve) < ag(0;v,u — v). (4.90)
e—0
It is easy to prove
a1(ve,ve,u — ) = ay(v,v,u —v) ase — 0. (4.91)

Since ®. is convex, continuous and Fréchet differentiable, we have
D (u) — P (ve) > (VO (ve),u —ve) Yu eV, (4.92)
which owing to (4.4) implies
D (u) — D(Jeve) > (VO (ve),u —ve) Yu € V. (4.93)
Since ®(0v) = 0, by (4.4) ®.(0y) = 0, and so from(4.92) we have
D.(02) < (VO (02),v2) (4.94)
On the other hand, putting u = v, in the first formula of (4.85), we have

ao(0;ve, v2) + a1 (ve, Ve, ve) + <V(I)E(Ua)7ve>
= <(1 - aoes)fsavs> + <f17vs>-
From (4.94) and (4.95) we have

(4.95)

aO(as;Usavs) + al(vsvvsavs) + (I)E(UE) < <(1 - aOHs)fs,U€> + <f1;vs>v
from which we get
(e (ve)] < e((1+ Koo fellue + [ fillve) lvellv + lar (ve, v, ve), (4.96)

where (4.81) was used. By virtue of (4.3), (4.5), (4.45) and (4.96), we have

3
— fo | M
e = Jevell} < [e((1 + Rl felle + L allv-) B2 + £0]2c,
which shows that

Jove —=vin'V ase—0.

Then, by virtue of lower weak semi-continuity of ®(v)

lim inf ®(J.v:) > ®(v). (4.97)
e—0

By (4.4) we have

O (u) » ®(u) ase—0. (4.98)
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Taking into account (4.97) and (4.98), we have from (4.93)

O(u) — @(v) > limsup (VP (ve),u —v.) Yu € V. (4.99)

e—0
Using

(0c fo,ve) — (01, 0)]
= |<95f5’va> - <9f€7v€>| + ‘<9fe,va> - <9f,v5>| + |<9f,vg> _ <9f,11>|

(4.100)
< 10 = Ollz2ll fellue llvellns + 1602l fo — flluellvells
+ 101 prs/7 1 flles lve — vllws,
we can prove
(1 —agbe) fu—ve) = (1= agb) f,u—v) ase— 0. (4.101)
It is easy to prove
(fi,u—ve) = {(fi,u—v) ase—0. (4.102)

By virtue of (4.90), (4.91), (4.99), (4.101) and (4.102), from (4.89) we get
ap(0;v,u —v) + a1 (v,v,u —v) + P(u) — P(v)
7<(170409)f,ufv>2<f1,u7’u> VUGV,

which is the first formula in (3.14). From above we know that v € K(Q), i.e. ®(v) <
+00. Thus putting u = v, from (4.99) we have

0 > limsup (V®,(v.),v — ve) . (4.103)

e—0

We will get the second equation in (3.14). By Corollary 4.2, we have
bo(0c; 0=, 0) — bo(0;0,0) Vo € W™ (Q) ase — 0. (4.104)
Let us prove
(Ve(02)ve, Vo) — (v(0)0v, V) Vo € W;DOO(Q) as € — 0. (4.105)
By Holder’s inequality

(e (0=)ve, Vo) — (7(0)00, Vi)
< [(e(0)ve, Vo) = (1(0)0v2, Vi) + [(1()0ve, Vip) — (7(0)0v, V)| (4.106)
< e (62) = (0)0| LossllvellLe Vel + 1v(0)0] Lallve — vllps [VellLee.

By the definition of ~.(t)
[[7e(6) — ¥(0)0l Loss

- H v(0:)0-
@ +ely(0)) (A +€6e]) Lo/

< [1(8)0= = 7 (0)0l o/5 + € [[VO)O (|7 (0e)] + 18] + el (010 | o5

Then, by virtue of Lemma 4.1, v(6:) converges to () in space LP(Q2) (Vp, 1 < p <
00,) as € goes to zero. Thus, from (4.106), (4.107) we get (4.105).

— 4 (0)0 (4.107)
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Let us consider

pollv = velly < ao(b=3v — ve, v — v2)
= ap(Oe;v,0 —v.) + ay(ve, ve,v — ve) + VO, (v:) (v — ve) (4.108)
- <(1 - aoea)fav - UE> - <fla’U - v€>7

which is obtained from the first formula in (4.85) by putting © = v — v.. By virtue of
(4.90), (4.91), (4.101) and (4.103), the right hand side of (4.108) converges to 0 as €
goes to 0. Thus, we have

ve—v InV ase—0. (4.109)
On the other hand,

042#(95)% - 042#(9)|5(U)|2
_ € (ve)[? _ 2 _ 2
= (0210 T Zgrup — 0 ONEWI ) 4 (1(0:) — (@) EW)]
_ |€(ve) > = [E()[? el€(ve)P[E(v)[?
=l T prop - ) T e o2 — m@)IE@F
= L1+ Lo + aa (p(0:) — p(0))1€(v)]*.
By (4.109)

HIElllLl(Q) —0ase—0.

Since |I.2| < c|€(v)|? and (passing to a subsequence if necessary) I.o — 0 a.e. in €,
by virtue of the dominated convergence theorem we have

[ He2llp1 () — 0 as e — 0.
By Corollary 4.2,
w(0o)ei;(v) = w(@)ei;j(v) in L*(Q) ase — 0,
and so
(s (n(6) — p(8)) [EW)P,0) = 0 Vo € Wp¥(Q) as e — 0.

Thus, we have that

|€(ve)l?
W - 012#(9)|6(v)|2, 80> =0

Vo € erDoo(Q) as e — 0.

<CVQ:U'(0€) (4'110)

Taking into account

(b [z - ve, ) — (a1bf - v, )|

< [ebefe v, p) — (b fe - vey )| + [(@10fe - ve, 0) — (Q10f - ve, )]
+ [(a10f - ve, ) = (b f - v, )|

< cllfe = Ol 2| felluallvellus lollee + ell@ll L2l fo = Flluellvlluellel 2
+ Bl 2] f Lz lve = vllwellellLe-,
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we can prove
(a1l f - ve,0) = (a10f - v, ) Vo € WIEDOO(Q) as e — 0. (4.111)

By virtue of (4.104), (4.105), (4.110) and (4.111), from the second formula in
(4.85) we get the second formula in (3.14).
Estimates (3.19) follow from (4.87) by (4.88). O

5. Proof of Theorem 3.4. First, we look for solutions to the auxiliary problem:
Problem II-VIA. Let ¢ > 0, A > 0, £ > 0 and ¢ € ({2,6). Find (v,0) €
V x Wh2(Q) such that § — 0p € WIEDQ(Q) and
ao (03 v, u) + az(v,v,u) + (Ve (v),u)

_<(1 ao)‘}@)fg,u> ={(f1,u) Yu€eV,

B man{/\v HQH%‘I
| ¢ £ 5-1)
%@&@_BQQWQET Tﬂﬁ@ﬁw>

a1\ - 1,2
- <m9fs 'U790> = (fa,p) Vo € Wr(Q),

(:(0)0, Vo) — (azn(0)

where f. € L>(Q) is such that ||f — f||p: <e.
THEOREM 5.1. There ezists a solution (v.,0.) € VxW12(Q) to Problem II-VIA.
Proof. Let # =V x W;DQ(Q) Define an operator .« : J# — J* by

(e (v,n), (u, 9))
=ap(n+ 0p;v,u) + az(v,v,u) + (VO (v),u)

Cko)\ .

('~ ey T oy 7 9 Jer ) + b+ O+ 00.0)
¢ ()2

- m@s(ﬂ +0p)v, Vo) — <a2u(n + 0D)W,¢>

041)\
- <max{/\, HT} + HDH%(I}(U + eD)'fE ’ ’l),(p> V(’U,’I]), (’U,7¢) S

Note that instead of mal(v, v,u) in Problem I-VIA the term as(v, v, u)

is used for Problem II-VIA.
Using
as(v,v,v) =0,
|az (v, v,u)| < K|[o|3||ullv,
|ag(ve, ve, ve — )| < || Vve|lpellvellLa flve — ullws,
respectively, in (4.16), (4.19) and (4.23), we can verify that proof of Theorem 4.5

for Problem I-VIA is valid for for Problem II-VIA. Thus, we come to the asserted
conclusion. 0

As (4.31) let us choose go such that

L b oy 2 s
w1 3= 5 s
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LEMMA 5.2. If ||V A < 1, then there exists parameter ¢ such that

¢

_ =1 5.2
max(C [oelTv) )
for all small € and solutions of (5.1) ve.
Proof. Since |ag|v/A < 1, we have
040)\
—— e 0 u
a0 101 s
Vo) .

< —— |6 < .
< o oyl sl < ll 2l

Putting v = v, in the first equation of (5.1), we have

ao(as;vsavs) + QQ(UE,UE, Us) + <V<I)5(’U5),UE>

- <(1 - HMMZ\EH%QO}QE)fs’Ua> = <f1,Ua>- (5.4)

Taking into account as(v.,ve,ve) =0, (4.17) and (5.3), from (5.4) we have

QoA
2/10”715”%1 < ao(eeﬂ)ave) < <(1 - Wee)feﬂo + <f17UE>
) ellLao

<cllfellyg + fellue + 1Al

v )|lvellv,

which implies
c
[vellv < %(Ilfs\\u + [1f2llv)-

Since f. — f in L(Q), again we may assume that ||fc|l: < 1+ | f||pe for all e.
Therefore,

c

2u0(1+ [flle + [[f2llv-)- (5.5)

[ve]lv <

Putting ¢ = 55 (1 + || f|[Le + [[f1llv+), we come to the asserted conclusion. O

LeMMA 5.3. If max{|ao|, |1 |}V < 1, then under the parameter ¢ by Lemma
5.2 there exists a Ao independent of € such that

10z < v/ Ae. (5.6)

In addition, if 1 <r < %, then

3—2
1981 o < L0 (1 [0lf). o= (57)

where Ly is the one in (5.10) below.

Proof. By Lemma 4.6 (which is valid for the second formula of (5.1)), we have

10 Wfvs2 < c(lfellellvellv + llgrllLass ) + lgllers))- (5:8)
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Using (5.8) and arguing as (4.48)-(4.76), we have

/ V6. |?
dx
o (L+(0- —do)t)t+e

1 2
<e [(1 ) (U el + eIl lv + lgnllzoqeqy + lgllzors ) ) (5.9)
2
16011 + el + (el lloelly + grlzosscrny + lglzorscey ||vs||2v] .

Using (5.5), from (5.9) we have

/ VO |2
dx
o (L+ (0 —do)t)tHe
1
<c [(1 + g) (1 + (U4 (1 llee + LAl + 1A e (U4 1 F e + 1Al
2 2 2
+lgrllLarsrg) + ||gHL6/5(Q)) + 102 + (X + (| fllee + [ f1llve) (5.10)
2
(1 e U 17+ A1) + llgmlosgrny + oo

x (14 £l + 1A lv-)?]
=L,.

Using (5.10), in the same way as (4.81) we have
0l < ¢ (L= (14 |0pllwa) + 100llwrz) = Ty (5:11)

where L, is the one with o instead of o in L, of (5.10). Putting

Vo = Lg,, (5.12)
we get (5.6).
Now, for 1 < r < % putting o = 33:2;" and repeating the arguments of (4.78)-

(4.80), we have (5.7). O

Fixing A = Ao, under the condition

max{|aol, a1 [}/ X2 < 1, (5.13)
by (5.11), (5.12) we have

A2

=1 Ve>D0.
max{)\g, HQEH%QD}

Therefore, by virtue of Lemmas 5.2, 5.3 we have

THEOREM 5.4. If

max{|aol, [on[} v/ A2 <1,
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then there exists a solution (ve,0.) € V x W12(Q) to the following problem
aO(es;vuu) + QQ(UE,UE,U) + <V(I)€(’U€),U> - <(]— - aogs)fsau> = <f1au> Vu € V7
, € (ve)[?
bo(0c; 0=, ) — (7=(0=)v=, Vi) — <042M(06) 1+elE(w)]? (P>
- <04195f5'1157§0> = <f2a<p> V‘PE erﬁ(9>7
0. — 0p € WE2(9),
and the solution satisfies:
c
lvellv < 5 =+ [ fllee + [l fillv-),
Ho
107 T 2oy < (Ul el v+ gl carscoy + lglzovscen )
3
/ |v0|r dx < CLZ/(l_U)(l + ||9D||%/V12> Vr,l <r < 5,
Q
3—2r
3—r "’

Now repeating the arguments in subsection 4.3 with the solutions of Theorem 5.4,
we complete proof of Theorem 3.4. 00

where o =
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