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GLOBAL EXISTENCE AND STRONG TRACE PROPERTY OF

ENTROPY SOLUTIONS BY THE SOURCE-CONCENTRATION

GLIMM SCHEME FOR NONLINEAR HYPERBOLIC BALANCE
LAWS*

SHIH-WEI CHOUT, JOHN M. HONG#, AND YING-CHIEH LIN#$

Abstract. In this paper, we investigate the initial-boundary value problem for a nonlinear
hyperbolic system of balance laws with source terms azg and ath. We assume that the boundary
data satisfy a linear or smooth nonlinear relation. The generalized Riemann and boundary Riemann
solutions are provided with the variation of a concentrated on a thin 7-shaped region in each grid. We
generalize Goodman’s boundary interaction estimates [7], introduce a new version of Glimm scheme
to construct the approximation solutions, and provide their stability by considering two types of
functions of a(z,t). The global existence of entropy solutions is established. Under some sampling
condition, we find the entropy solutions converge to their boundary values in Llloc as x approaches
the boundary. In addition, such boundary values match the boundary condition almost everywhere
in t.

Key words. Nonlinear balance laws, initial-boundary value problem, Riemann problem, general-
ized Glimm scheme, concentration of source, wave interaction estimates, entropy solutions, boundary
regularity.
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1. Introduction. We are interested with initial-boundary value problem (IBVP
for short) of the following n x n hyperbolic system of balance laws

ut + fla,u)y = azg(a,u) + ath(a, u), (x,t) € RT x R,

u(z,0) = uo(x), € RY U0}, (1.1)
P up(t)) = (), t € R* U {0},
where u(x,t) = (uy(z,t), - ,un(x,t)), a = a(x,t) is a given Lipschitz function,

f=0,"fn),9="(91, ygn), h = (h1, -, h,) are smooth functions of (a,u),
ug and up denote the initial and boundary data, and the third equation gives a non-
linear nonhomogeneous boundary condition. Following the idea of LeFloch [14] and
Isaacson-Temple [11], we augment the first equation of problem (1.1) by adding the
identical equation a; = a; and obtain the following (n+1) x (n+ 1) system of balance
laws

U+ F(U), = a,G(U) + a, H(U), (1.2)

where U = (a,u), F(U) = (0, i(U), -+, fa(U)), G(U) = (0,g2(U),+++ , ga(U)), and
H(U) = (1, h(U), -+, ha(U)).
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In this paper, we consider the following IBVP that is a little more general than
problem (1.1):

Ui+ FU), =a,GU) + a,H(U), (x,t) € RT x RY,
U(x,0) = Up(z) € Q, r € RTU{0}, (1.3)
O(Us(t),11(t)) = 0, t € RT U {0},

where € is an open region in R**1, © : R*+1 x R*=F+1 5 Rn=Fk+1 ig 3 given linear or
smooth nonlinear function, and II : R* — R"~**+1 is a given function. Here Uy(x) =
(ao(x),up(x)) := (a(x,0),u(x,0)) and Up(t) = (ap(t),up(t)) := (a(0,t),u(0,t)) de-
note the initial and boundary data of (1.3) respectively. In addition, we assume that
(A1) T.V.a(-,t)] is sufficiently small, where T. V. denotes the total variation.
(Ag) The eigenvalues {Ao(U), A1 (U),- -+ , A, (U)} of Jacobian matrix DF' satisfy

MU) < < M(U) < M(U) =0 < Agpa (U) < - < A(U), U €Q

Let {R§(U),R1(U), -+, R,(U)} denote the corresponding right eigenvectors.
(A3) Each i-th characteristic field except ¢ = 0 is either genuinely nonlinear
(VX (U)-R;(U) # 0) or linearly degenerate (VA;(U)-R;(U) = 0) for allU € Q.
For the genuinely nonlinear fields, we normalize R;(U) by VX;(U)-R;(U) = 1.
(Ay) TI(t) € & for some open region €' € R*~*+1 and T.V.[I] is sufficiently small.
(As) Set Ro(U) := (1,(Duf) ™"+ (9= fa)(U))". For Up € Q and Il € €, the
function O satisfies the following condition:

| | |
Dy,©-| Ry Rpt1 -+ R, has rank n — k + 1,
|

where (A;)—(As3) are also needed in Cauchy problem, while (A5) provides the existence
and uniqueness of the solution for our boundary-Riemann problems (see section 2).
We note that (As) implies the invertibility of D, f, thus Ry in (As) is well-defined.
The conditions for the smallness of T.V.[a(-,¢)] and T.V.[II] are given in the proof of
Theorem 3.3.

An important case of system (1.3) is the 1-dimensional compressible Euler equa-
tions describing the dynamics of nozzle flows in general geometry:
Qg ay

——pv——p,
a a

pr + (pv)s

a a
(p)e + (pv® +p)e = ——=pv® — ;tpv,

(PE): + (pvE + pv)s —%x(va +pv) — %pﬂ
where a = a(x,t) > 0 is the area of the cross section of a variable duct at position x
and time ¢, and p, v, E, p represent the density, velocity, total energy, and pressure
of the compressible gas, respectively.

We review some previous results related to this topic. The entropy solutions to
the Riemann problem of

Uy + F(U), =0 (1.4)

were first obtained by Lax [13]. The solutions are self-similar functions consisting of
constant states separated by elementary waves (rarefaction waves, shock waves and
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contact discontinuities). To the Cauchy problem of (1.4), the global existence of weak
solutions was established by Glimm [6] when initial data is uniformly bounded and of
small total variation.

Comparing with the Cauchy problem, the study of IBVP for (1.4) gains an extra
diffuculty due to the complexities by the appearance of boundaries even if the bound-
ary condition is assumed to be linear. To investigate this kind of problems, there are
at least two classical methods: (1) the numerical approximation methods based on
the Riemann problems, and (2) the vanishing viscosity method. Using method (1),
Nishida and Smoller [16] and Liu [15] studied the piston and double piston problems
for particular systems of gas dynamics and obtained the global existence of weak solu-
tions. The general systems case for non-characteristic boundaries was first studied by
Goodman [7]. Method (2) is interesting which can be generalized to the multidimen-
sional case, cf. [19]. In 1988, Dubois and LeFloch [5] proved that the two formulations
of boundary conditions based on these two methods are equivalent for linear systems
and scalar nonlinear equations. Unfortunately, for the nonlinear systems case, the
first formulation is more stringent than the second one and only the first one leads to
a well-posed problem, cf. [12].

In 2010, Colombo and Guerra [4] considered the IBVP with non-local source and
non-characteristic boundary of the form

U+ FU), =G(U), x> (t),
U(.’L‘,O) = UO(CC)? Tz 7(0), (15)
Ot y()) =11(t),  t=0.

By using the wave front tracking method and the general metric space technique in [3],
they obtained the well-posedness results for (1.5). But the initial data Uj is assumed
in L' (up to a constant) and this setting is not applicable to the problem of nozzle
flow.

In recent papers [1, 10], the IBVP of hyperbolic balance laws for Fanno-Rayleigh
flows and hydrodynamic escape problem were studied. As in this paper, the authors
in [1, 10] also applied Glimm’s method to obtain the global existence of the entropy
solutions. However, they didn’t deal with the boundary regularity of solutions.

In this paper, we wish to establish the global existence of entropy solutions to
(1.3) based on the generalized Glimm’s method with concentration of source [6], and
generalize Goodman’s framework [7] to the boundary regularity problem. In [7], the
author considered conservation laws with non-characteristic boundaries and homoge-
neous boundary condition. We extend the results of [7] to the problem of nonlinear
balance laws with nonlinear nonhomogeneous boundary condition. It is worthy to
mention that, by using a non-staggered generalized Glimm scheme, we simplify the
Van der Corput sampling condition in [7] by conditions (4.5)—(4.6). Since a depends
on t, we are not able to find the global standing waves as a member of solutions for the
Riemann problem. Motivated by [9], to construct the approximate solutions of (1.3),
we consider a version of generalized Riemann problem that concentrates the variation
of @ on a thin T-shaped region in each grid (see sections 2-3). In general, there ex-
ist some technical difficulties to employ the concerntration method to construct the
approximate solutions due to the low regularity of the solutions in nonlinear balance
laws. The results of this paper, together with the ones of [2, 8] indicates that the
source-concentration method also holds in the hyperbolic system of balance laws.

We now give the definition of entropy solutions to problem (1.3) and state our
main result.
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DEFINITION 1.1. For a given vector-valued function U and a test function ¢ €
C3([0,00) x [0,00)), we define the residual Ry(U) of U by

Ro(0) = [ [0+ F©)0r + 0:G(0)0 + aut(0)0) o

+ /0 Uo(z)p(x,0) dz + /0 F(U(0,t))¢(0,t) dt.

Then a bounded measurable function U is called a weak solution of IBVP (1.3) if
Ry(U) =0 for all ¢ € CL([0,00) x [0,00)).

DEFINITION 1.2. Let D C R"™! be a convexr set, and let U : D — R and
F :D — R. We say that (U,F) is an entropy pair of (1.3) if U is convex on D and
(U, F) satisfies

DF = (DU)(DF) onD.

Furthermore, U is called an entropy solution of (1.3) if U is a weak solution and
satisfies

/ h / T{UW)Sy + F(U)bs + DU, G(U) + agH(U)|6) da dt
o Jo (1.6)

+/0 M(Uo(x))¢(x,0)dx+/o F(U(0,8))6(0, ) dt > 0

for every entropy pair (U, F) and positive test function ¢ € C§([0,00) x [0,00)).

Throughout this paper, we assume that a(x,t) satisfies one of the following two
conditions:
(B) a(x,t) is independent of ¢ if ¢ > T for some T > 0, and

lat(z,t)] <v, T.V.[a(-,t+ At) —a(-,t)] < vAt, for some small constant v;

(C) a(x,t) is a smooth function on R x [0, c0), and

oo
/ sup |ag(z,t)|dt <v, |laze||L1(0,00)x[0,00)) < ¥, for some small constant v.
0 x>0

THEOREM 1.3. Consider IBVP (1.3), where a, F, G, H, ©, and Il satisfy
conditions (A1)—~(As). Assume that T.V.[Uy) is sufficiently small and a(x,t) satisfies
one of conditions (B) and (C) for sufficiently small v. Let {U§ A, } be the sequence of
approzimate solutions for (1.3) by the generalized Glimm scheme described in section
3. Then there exists a null set N € ® and two sequences {g;},{Ax;} — 0 such that
if0€d\N,

Up(z,t) == lim Ugip, (7,1)

Ei, AI,,*)O

is an entropy solution to (1.3). If we further assume that T.V.[a(x,")] is continuous
near the boundary and the sampling sequence 0 satisfies conditions (4.5)—(4.6), then
Ug(x,t) satisfies the boundary condition

O(Uyp(0,¢),I1(t)) =0 a.e. int
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in the sense

. _ . . 1
d1_1>I(I)1+ Ue(d, ) - UG(Oa ) in Lige.-

The rest of this paper is organized as follows. In section 2, we consider a new
version of generalized Riemann and boundary-Riemann problems, and construct the
solutions. In section 3, the approximate solutions of (1.3) are constructed by invent-
ing a version of generalized Glimm scheme (GGS for short). We obtain the wave
interaction estimates and the boundary interaction estimates so that the stability of
GGS is established, which leads to the weak convergence of a subsequence of the ap-
proximate solutions. The weak limits of the approximate solutions are shown to be
the global entropy solutions of (1.3) by the entropy inequality. Section 4 is devoted
to dealing with the boundary regularity of the entropy solutions. To show that the
entropy solutions have strong traces, we show the boundedness for the vertical total
variation of the approximate solutions by wave tracing method under the assumption
of sampling conditions (4.5)—(4.6). We also prove that the entropy solutions satisfy
the boundary condition in (1.3) almost everywhere.

2. Generalized Riemann and boundary-Riemann problems. In this sec-
tion, we construct the solutions to the generalized Riemann and boundary-Riemann
problems of (1.3). For x,6 > 0 and (z,t9) € R x R*, we consider a small grid
DR = DO (zg,t0) == {(x,t) : |z —x0| < K, 0 < t—1ty <} Let D™ denote the
interior of D", The traditional Riemann problem of (1.3) centered at (o, ) reads

Ui+ F(U)y = a,GU) + a,HU), (x,t) € D",

Uz, 0) = UL, < o,
’ N Ug, xr > Xg,

where F(U), G(U), H(U) satisfy the conditions (A2)—(A3), Ur, = (arp,ur),Ur =
(ag,ur) € 2 are two nearby constant states, and

( t) ar if x < xg,
a(z,t) =
' ar if z > xg.

However, we observe that, since a(z,t) is not continuous, the source terms a,G(U)
and a; H (U) are not defined in the sense of distributions. The technique of asymptotic
expansion to a in [18] also fails in our case. To overcome this difficulty, Chou-Lin [2]
choose 0 < ¢ < 1, decompose D" into the following six sub-regions:

D; :={(z,t): —k<x—20 < —eK, 0 <t —1g <6 —ed},
Dy = {(z,t) : |[v — x| <er, 0 <t —tg <6 — &6},

D i={(z,t): en <z —x0 < K, 0 <t — 1ty <& — &b},
56 ={(z,t): —k<ax—1 < —eK, § —ed <t —ty <},
D3y = {(z,t): |# —mo| <er, 6 —ed <t—ty < b},

Dy i={(z,t): en <z —a3g <k, 6 —ed <t —ty <8},

and set

D := D5 UD5,UD%,  Di:=DjUD5,UD%,
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see Figure 1.

to + 0
t[) + (s — 66 #
Dj, (2 D
to
Tg— K Lo — '5"""\”30 +ek x0+ K

Fic. 1. T-shaped region DU D5, .

They also reformulate a by

€ L d)g(‘r)v (:l:,t) € D%7
“””“‘{u—mgtﬁﬁm+mgtwux (2,) € D,

where ay, = a(zo—k, to), ar = a(zo+k, to), af = a(xo—k,to+9), ar = alxo+k, to+9),
and

ar, —Kk < x—x9 < —€EK,
¢°(x) = 1 (5 — 2L + (5 + 522)ar, |z — 20| < ek,

aR, ek < x—x9 < K,

ay, —k <x—1x9 < —€K,
F@) = (-5 + (34 52, o] <en,

ag, ek < x —x9 < K,

and consider the generalized Riemann problem on D" (xg,to), denoted by R(zo,to),
as follows:

Uf + F(U®), = aSG(U®),  (x,t) € D*\Dg,

Us = aSH(U?), (z,t) € D5,
R(xo, to) : UL, —k < x—x9 < —EK, (2.1)
(x,t0) ), |z —x0] < ek,

ek < x —x9 < K,

where U® = (a,u®), while ¥¢(z) = ¥e(z)) is a function connecting Uy, =
(ap,ur) at @ = x¢ — ek and UR = (a uR) at x = o + €k, and each component of
1 (x) is monotone. The solvability of R(zo,tp) by the modified Lax method is given
as follows.

THEOREM 2.1 ([2]). Given 0 < ¢ < 1, consider problem R(xo,to) where F and
G satisfy conditions (Ag)—(Ag). Suppose U, € Q, then there exists a neighborhood
N C Q of Uy, such that if Ur € N, R(xo,to) has a unique solution U¢. On D%, the
solution consists of at most n+2 constant states separated by shocks, rarefaction waves,
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or contact discontinuities U7, i =1,---,n, in D}, U D%, and a standing wave U§ on

D5,. The integral curve of U7, i =0,1,--- ,n, starting at U can be parameterized as
2

U (0::0) = U + i Ry(0) + "Ry - VR,(U) + O(n), (2:2)

where g = ¢° — ay,. All the constant states and waves evolve along with the change
of the value of a® for (x,t) € D%; more precisely, if we denote US*(t) = U®(x,t)
for (z,t) € D5 and let U(z) be the solution on Dj restricted to the time section
t=to+ 0 —ed, then the solution curve starting at U = U¢(x) can be described by

due= ~
T = H(U>"), Us*(0) = U®(z), (2.3)
where & = a®(x,t) — a®(x,tg + § — €0), and its Taylor expansion can be expressed as
— — 2 —

U=*(€) = U + ¢H(U) + - H - VH(U) + O(¢%). (2.4)

Fori=0,1,---,n,let T} : Q — R™"! be a one-parameter family of transforma-
tions defined by

T, (U) = U (n;;U),  |m| <, (2.5)

for some n* > 0, which is C? in ;. Let Uy be any given state in © and define
V ={(no, - ,nn) € R : |n;] <n*}. Then Theorem 2.1 states that, if Ur €  and
|Ur, — Ug| is sufficiently small, then there exists a unique (g, - ,7,) € V such that
n k k —
T Tyl oo Ty -+ T, (UL) = U
We now turn to the boundary-Riemann problem of (1.3). For the same %, > 0

as above and some ¢y > 0, we consider a small boundary grid
D =D (tg) == {(x,t): 0< 2 <k, 0<t—ty <},

which can be divided into the following four sub-regions:

Dy i={(z,t): 0<z<ekr, 0<t—1ty<d—ed},
Dy ={(x,t): e <z <k, 0<t—tyg < —ed},
D5y = {(2,t): 0<z<er 6—ed <t—ty <},
D= {(z,t): eh <z <K, 6—cb <t—1y<b},

see Figure 2. We set
s .= D5, UD%
and reformulate a by

)= | B@ (,1) € Dy U Dl
- G () + 2 eR(e), (o) €D,

where ap = a(0,19), ar = a(k, to), a’y = a(0,to +0), a’y = a(k,to +6), and

ngB(x){(l_;;)aB—i_g{aR’ 0 <z <er,
GR, ek <x <R,
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q~55 (z) = (1—-2)a + Zak, 0 <z <ek,
B ag, exk < x < K.
Diy
to-’r(sl 56
t0+5—6(5 R
D1 D%
to
0 er K

Fic. 2. Boundary grid.

Then the corresponding boundary-Riemann problem of (1.3) on D" (ty), denoted
by BR(t), can be expressed as

Ut + F(U?), = asG(U?), (z,t) € DF\Dg,

Uf =asH(U®), (x,t) € [0,K] x (to + 0 — &d,tg + ),
BR(to) : U=(0,t) = U, to <t <to+0d—eb,
ve <zx<
U= (2, to) = { S(x), 0<uz<ex,
Ug, ek < x < K,
(2.6)
where U® = (a%, u®), the boundary data Up satisfies the condition
O(Ug,II) =0, II € Q is given, (2.7)

while U5 (x) = (¢5%(x), ¥5(x)) is a function connecting Up = (ap,up) at © = 0 and
Ur = (ag,ur) at © = ek, and each component of % (x) is monotone.

To solve problem BR(t), we first focus on the region D5, U D%. By the same
argument as problem (2.1) on D5, the solution of (2.6) on the region D%, consists
of constant states separated by rarefaction waves, shock waves, and contact discon-
tinuities UF, i = k + 1,--- ,n. Similar to (2.1) on D5, the solution of (2.6) on the
region D5, forms a smooth standing wave Uj;. For each ¢ = 0,k + 1,--- ,n, the in-
tegral curve of Uf starting at U can also be parameterized as the form in (2.2). Let
Tf}m :Q = R i =0,k+1,---,n, be the one-parameter family of transformations
defined as in (2.5) and set V' = {(n0, Mk41, -+ ,Mn) € R*FFL 1 |n;| < n*}. Similar to
Theorem 2.1, to get the solvability of (2.6), we need to guarantee that, if Ug,Ug € Q

and |Up — Ug| is sufficiently small, there exists a (7o, Ng+1,- - ,7n) € V' such that
. - T,fktll TP (Up) = Ug. In view of (2.2), that is to say
n

Up +nolo(Us) + Z niRi(Up) +O(770 Z 77?) = Ukr. (2.8)

i=k+1 i=k+1
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The relation (2.8) enables us to treat Ug as function of 1o, ng+1,- -+ , N, and Ug:

U = UB(N0s Mieg1, - 777n§UR)

n

=Ur —noRo(Ur) — Z niRi(Ur) +O(770+ > ’71'2>7

i=k-+1 i=k-+1
which implies that
oUp
= —R;(Ugr), i =0,k+1,--- ,n. 2.9
;i (0, ,05UR) (Ur) ' " " (29)

Since IT € Q' is given, the boundary condition (2.7) gives n — k 4+ 1 equations with
(n — k + 2) unknowns g, Dgt1, - ,Mn, and Ug:

@(UB(WOﬂ?kHa Mg UR),H) = 0.

If we denote n = (9o, M1, ,Mn), then assumption (As) and (2.9) yield that the
matrix D, 0 is invertible. Applying the implicit function theorem, we will be able to
solve for 7o, Mk+1,- - , M and hence Up in terms of Ug. Therefore, assumption (As)
gives the existence and uniqueness of the solution to problem BR(ty) on D5, U D5,.
The solution on D is just the same as in (2.3).

THEOREM 2.2. Given 0 < ¢ < 1, consider problem BR(ty), where F, G and
© satisfy conditions (Az)~(As), (As). Suppose that Up € Q and 11 € Q' satisfy the
relation ©(Up, 1) = 0. Then there exist neighborhoods N C Q of Ug and N' C &
of II such that if Ur € N and I1 € N' then condition (2.7) gives a unique boundary
data Ug € Q and BR(ty) admits a unique solution. On D5, the solution consists of
at most n — k + 1 constant states separated by shocks, rarefaction waves, or contact
discontinuities. On DY, the solution forms a standing wave. All the constant states
and waves evolve along with the change of the value of a® for (x,t) € D5

3. Generalized Glimm scheme; global existence of entropy solutions.
In this section, we introduce a non-staggered generalized Glimm scheme for the con-
struction of approximate solutions of (1.3), and investigate its stability. To describe
the scheme, we let z,, = mAz, t, = pAt, m,p € NU {0}, and partition the quarter
plane [0, 00) x [0, 00) into the nonoverlapping union of the grids D*®(z,,,t,) = {(z,t) :
|z — 2| < Az, 0 <t—t, <At} andD”“s(tp) ={(z,t): 0<z <k, 0<t—t, <4},
m,p € NU {0}, where k = Az and 6 = At. We assume that Az and At satisfy the
Courant-Friedrichs-Lewy (C-F-L) condition

A >sup{|\(U)]: U €Q, i=1,2,--- ,n},

At

which avoids the interaction of waves in the same time strip if the parameter ¢ is

sufficiently small. Throughout this paper, we assume the ratio Az/At = p is fixed.
Next, we approximate the initial data and boundary data in (1.3) as follows.
(I)o For m € 2N, the initial data U§(x) is given by

UY 1 = Up(Tm-1), Tm_1 < x < X, — AL,
Us(z) = { 99, (2), |z —zm| < Az,
U791+1 = Uo(Tm+1), T+ eAx < < Xppqa,

where 0 (z) :
UY,_y and UY,

m—

(¢5(),¥5(x)) is a smooth monotone function connecting
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(IT)g If m = 0, the initial data U§(z) is given by

Us(l‘) _ \IIOB(I)v 0 <x<eAx,
0 UY = Ug(), eAr < x < xq,

while the boundary data U&B(t) = Ug, 0 <t < At—eAt, is chosen to satisfy
e(U3,11(0)) =0,

where WY (z) := (¢§ p(x), 9§ p(x)) is a smooth monotone function connecting
Uy and UY.
By solving all the problems R(x,,,0) and BR(0), we get an approximate solution of
(1.3) on the zero time strip.
For p > 1, let UP~!(x,t) denote the approximate solutions constructed by this
scheme in the (p — 1)-th time step. The initial data Uy (z,,) and the boundary data
5.p(t) in the p-th time step are described as follows:
(I)p For m € 2N, Uy (x,t,) is given by
UP = UP N amer + (1 = 0)0pAx,ty), Tm—i1 < < Ty — eAx,
Ut (@) = { W2, (), & — o] < Az,
UP = UP N @mg1 + (1 —0)0pA, ty), Tm + Az <2 < Tygr,

m

where 6, € (—1,1)\{0} is a random number and ¥} (z) = (¢5(x), ¢ (z)) is a
smooth monotone function connecting U}, _, and U}, ;.
(IT), If m = 0, the initial data U (w,t,) is given by

U (1) = Ul (z), 0<z<eAx,
LA UV = U,_1(z1 + 0,Ax, t), eAx < x < x4,

while the boundary data U;B(t) =UR, t, <t <t,+ At —ecAt, is chosen to
satisfy

O(Ug, 1(ty)) = 0,

where 6, is the same as in (I), and Wi (x) := (47 z(2), 95 p(r)) is a smooth
monotone function connecting Uf, and U7
Again, by solving all the problems R(x,,,t,) and BR(t,), we obtain an approximate
solution on the p-th time strip.

Let 0 = {61,602, - -} be a sequence of sampling numbers with uniform distribution
on (—1,1) \ {0}, where 6, and 6, are independent if [p — ¢| > M for some constant
M > 0. This M can be chosen the same as in conditions (4.5) and (4.6). For
convenience, we denote by ® the collection of the sampling sequences. For any fixed
0 € ¢, we repeat the above process for each time step and then obtain an approximate
solution Ug a,(x,t) of (1.3). We call this process as the generalized Glimm scheme
(GGS for short).

Suppose that 8 = {01,0s,---} € ® is any given sampling sequence. For m € 2N,
p € N, we define the mesh points by W' = (zp,—1+(1—¢)0,Ax,t,), W = (@1 +(1—
e)0pAx, t,—eAt), B' = (xmi1+(1—¢)0,Ax,tp), E = (Xmi1+(1—€)0,Ax, t, —cAt),

g (Tm—1+ (1 —€)0p_1Az,t,_1) it9, <0,
(Z‘m+1 + (1 — E)prlAl‘,tpfl) if Gp > 0,
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and

N — (Tm—1 + (1 —€)0p1Ax,t,p1 — eAL) it 4, <0,
(Tmt1 + (1 —€)0p 1Az, b1 — eAL) if 6, > 0.

If m =0, we set Wp,= (0,t, + §t) and Wp = (0,t, — §). To state the wave
interaction estimates and get the stability of GGS, we decompose the (z,t)-quarter-
plane by the boundaries of the following three types of polygonal regions:

(1) the interior hexagonal region centered at (x,,t,), m € 2N, p € N, has vertices

W' W, E' E,S, and N;
(2) if 6, > 0, the boundary hexagonal region centered at (0,%,), p € N, has
vertices Wp, Wg, E', E, S, and N with m = 0;
(3) if 6, < 0, the boundary quadrilateral region centered at (0,%,), p € N, has
vertices Wg, Wg, E', and E with m =0,
see Figure 3.

An unbounded piecewise linear curve is called a mesh curve if it lies on the
boundaries of the polygonal regions going from W’ to N or W, from W to S or W',
from W to N or E’, or from Wg to S or E. If I is a mesh curve, then I divides the
(x,t)-quarter-plane into I™ and I~ parts such that I~ contains t = 0. We say two
mesh curves Iy > I if every point of I is either on I; or contained in Ir. And I,
is called an immediate successor of Iy if Is > I and they differ by a single polygonal
region.

] ]

E Wz

N N
w Nl w /\Yg, W \&
N N
S S

Fic. 3. The hexagonal region, the boundary hexagonal region, and the boundary quadrilateral
region.

The wave interaction estimates on the single interior hexagonal region I' centered
at (x,,tp) were given in [2]. To state it, we let U, = Ug A, (W), Up = U§ 5, (E'),
Up = Ujan,(W), Ur = Uj 5, (E), and Uy = Uj 5, (S). Suppose that (Ur,Ug)
denotes the approximate solution U 5, obtained from problem R(Zm,tp) and con-
sisting of constant states Uy = U}, -+, U, U,f, - U = Up, separated by the waves
with the parameterizations T)0 (Uy) = U,fk, T (Ui—1) = U for i = 1,--- ,k, and
Tgi(Uil) = Ui# fori=k+1,---,n. Then (U;,Uy) can be expressed as

(Ui’U}/%) = [(UO» aUkaUlfv"' 7Uf)/7] = (7707"‘ 77771)] (31)

We call |n;| the wave strength of the i-wave and write || = .1, [7;]. Similarly, we
let

(ULvUM): [(UOa aUk,(j}fﬁa"' 70#)/0‘ = (a0,~-~ aan)]7

~ -~ ~ ~ 3.2
(UMyUR):[(U()a"'aUk,U]:g#a"'7U#)/6::(50a"'7677«)]3 ( )
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denote the approximation solutions Ug », obtaining from the corresponding general-
ized Riemann problems connecting Uy, to Uys and Uy; to Ug respectively, see Figure
4. We say that « and 8 are incoming waves of I',  are outgoing waves of I'; and that
the i-wave o; and j-wave j3; are approaching if either (i) A; > A; or (ii) ¢ = j and at
lease one wave is a shock, cf. [17].

Fi1a. 4. Interior wave interaction.

THEOREM 3.1 ([2]). Let ar, = a*(W'), ag = a°(E’), ar, = a*(W), and ag =
a®(E), where a® is defined in section 2. If (Up,Ug), (Ur,Unm), (Un,Ugr) are the
solutions described in (3.1)—(3.2), then

ni = a; + Bi + O(|ol|B]) + O(I¢r — o) + OW(ICL| + ICrI) ([l + 181)),
where (r, :=ar, —ay, and (g :=ar —ar. As |a|+ |8 = 0,
ni = i + Bi + CoD(a, B) + O(|Cr — Col) + O(([SL| + [CrI) (Ja] + [8])),

where D(c, B) = > |ou| | 55|, the sum is over all pairs for which the i-wave o; and the
j-wave from B; are approaching, and Cy > 0 is a constant independent of the point
(@m, tp).

Next, we provide the wave interaction estimates on the single boundary hexagonal
or quadrilateral region I'p centered at (0,¢,). Since the latter case is included in the

former one, we now present the former case only. Let Up = Uj A, (Wg), Up =
UQE,A:E(E,)? UB = U;,Aw(WB)7 UR = Ueg,Aw(E)’ UM = UGE,A:E(S)7 and

Uy = H(tpfl% I, = 1I(tp). (3.3)

Suppose that (U, Ug) denotes the approximate solution Uj A, obtained from problem
BR(0,t,) and consisting of constant states Ug, Uy, - ,U, = Uj separated by the
waves with the parameterizations T, (Up) = Uy, Ty, (Ui—1) = U; for i = k+1,--- ,n.
Then (Up,Uy) can be expressed as

(U/37 Ull%) = [(U/B7 U, =, Un)/n = (M0 Mkt1, - 5 )], (3.4)
where Uy satisfies the boundary condition ©(Uy,1I,) = 0. On the other hand, we let
(UBa UM) - [(U37 Uk)a R Un)/a = (Oé(), (07 NS PR aan)] (35)

be the solution of problem BR(0,t,_1) connecting Up to Uy and

(U, Ur) = [(Uo, -+, Ux) /B := (B1, -+ , Br)] (3.6)
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be the solution of problem R(z2,t,—1) connecting Uy to Ugr, where Up satisfies the
boundary condition O(Ug,II,_1) = 0. We note that 5 = 0 if I'g is a quadrilateral
region. Similar to the interior case, we say that « and 3 are incoming waves of I'g
and n are outgoing waves of I'g. According to [7], the following theorem is proved by
applying the generalized version of Goodman’s wave interaction estimates near the
boundary.

THEOREM 3.2 (Boundary interaction estimate). Let ar = a°(E’) and agp =
a®(E), where a® is defined in section 2. If (Ug,Ug), (Up,Unm), (Un,Ur) are the
solutions described in (3.4)—(3.6), then

k
‘771 _ai‘ S C_'OZWH +O(|ER| + |Hp _Hp—ll)a 2207k+17 y 1y

j=1

where (g = ap — aR, II,—1 and 11, are given in (3.3), and Co > 0 is a constant that
is independent of (0,t,) and is chosen to be 0 if 8 = 0.

Proof. Suppose first that the incoming waves o and 3 interact and generate out-
going waves 0™ := (15, Mj41, - ,7y,) connecting the right state Ur with the boundary
state U} satifying the boundary condition ©(U},II,—1) = 0, see Figure 5. Since

Up = Up(ao, ak+1,+ san;Un)  and  Up = Up(ng, Met15 M UR)
satisfy the same boundary condition and
k k
Ur = U+ BiR;(Un) +0( 3 82),
j=1 j=1

the implicit function theorem gives that

k
=l SCUR=Un| <CY Bl i=0k+1n. (37
j=1
M Mt s
N = Ug
Up =Ugr Ur

F1a. 5. a and B interact and generate n*.

Next, let n** := (ng*,ni% 1, -+ ;1) be waves connecting the right state Uz with
the boundary state Ug" satisfying the same boundary condition as Uj. In view of
(2.4), we have

Uk = Ur + CrH(Ur) + O(CR).
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Applying the implicit function theorem again, we obtain

We observe that 1 have the same right state Uy, as n** but the boundary state Up
satisfies the different boundary condition ©(Ug,II') = 0. Thus, the implicit function
theorem implies that

[n; — 0| < CII, — 0,4, 1=0,k+1,---,n. (3.9)

Therefore, the triangle inequality together with (3.7)—(3.9) yields that

k
In: — il sC(|<R|+\Hp—ﬂp71|+2|ﬁj|), i=0k+1,-,n,

j=1
which completes the proof. O

We now show the stability of GGS. To this end, we control the total variations of
the approximate solutions by introducing a version of Glimm functional. For given ¢,
0, and Az, we let W be the collection of all waves in the approximate solution U§ Az
and set

OéjEW+ if)\jZO, OéjEW_ if)\j<0,

where a; denotes a j-wave in W. Then W = WHTUW~™. For such approximate solution
Ug’ A, and any mesh curve I, we define functionals £ and Q on each subcurve I "of I

by
L(I') = Z{|a\ s € WT crosses I'} + (1 + Cp) Z{|a| ta €W crosses I'},
o(I' = Z{|a\|ﬁ| :a, B €W cross I' and approach},

where Cj is given in Theorem 3.2. The Glimm functional F(I) of U A, for I is
defined by

F(I)=L(I)+2C,Q(I),

where Cj is the constant in Theorem 3.1. It is easy to see that £(I) is equivalent to
the total variation of Uj 5, on I and Q(I) < L(I)*.

"\t N

Fia. 6. Mesh curves I and J.

THEOREM 3.3. Suppose that I and J are two mesh curves with J > I and assume
that I is in the domain of definition of Ug n,- If L(I) is sufficiently small, then J



GLOBAL SOLUTIONS FOR NONLINEAR BALANCE LAWS 385

is also in the domain of definition of Ug x,. Moreover, if T.V.[U] and T.V.[II] are
sufficiently small and a(x,t) satisfies one of conditions (B) and (C) for sufficiently
small v, then Ug x, can be defined for t > 0.

Proof. Suppose first that J is an immediate successor of I so that they differ by
a single polygonal region I' centered at some (X, tp) or I'p centered at some (0,t,).
Let I =1UI'" and J = I U.J, see Figure 6. If I’ and J’ lie on the boundary of T,
then Theorem 3.1 gives that
L(J) = L(I) < CoQ(I") + CICr — (ol + CLUIN(ICL| + [Cr), (3.10)
(1) — Q1) < —Q(I') + LI{CoQUI") + CICr — Cel + CLI)(CL] + G}, (3.11)
where (1, (g are given in Theorem 3.1 and the constant C' is independent of m and
p. If I’ and J’ lie on the boundary of I'g, then by Theorem 3.2,

L(J) = L(I) < C|Cr| + O[T, — I, 4], (3.12)
Q(J) — Q(I) < —=Q(I') + CL(D{[¢r| + T, — T, _4], }, (3.13)

where (g is defined as in Theorem 3.2, and II,, IT,_; are given in (3.3).

tp

"IN

Fic. 7. The I curve Jp.

Let J, denote the mesh curve located on the p-th time strip t,_; <t < ¢, for
p € N, see Figure 7. If a(z,t) satisfies condition (B), then

Cels [Crl [CrRI < sup ay(,t)|At < vAR,
(z,t)ERXRT (3.14)

ICr = Col < [b(@mt1, tp) — b(@m—1,1p)],
where b(z,t) := a(x,t) — a(z,t — At). Suming up the estimates (3.10)—(3.13) for all
m € 2N U {0} together with condition (B) and (3.14), we have
F(Jps1) < F(Jp) + Co (2CO£(JP) - I)Q(‘]p)
+ C(142CoL(Jp)) T.V.[a(:, t, + At) — al-,t,)]
+ CvAL(1 + 2CoL(Jp)) L(Jp) + C (1 + 2CoL(J,)) 1L, — T,
< (14 CvA)F(J,) + CvAt + C|II, — 11,4 |

(3.15)

provided that £(J,) < (2Co)~!. Let N = [£] + 1. Since a(z,t) is independent of ¢ if
t > T, we then have

F(Jp) < F(Jn)+CT. V. ifn>N (3.16)
and, using (3.15) repeatedly,
n—2
F(Jn) < 1+ CvA)" ' F(Jy) + CvAt Y (14 CrAt)’
() < (1+ Codt) ™ F() + Cut 3 (1+ Cud) )

+C(1+CvAH)"2T.V.[II] ifn<N.
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If £(J1) < (2Co)~ 1, then
F(J1) = L(J1) +2CoQ(J1) < L(J1) +2Co(L(J1))* < 2L(J1) < CT.V.[Up]. (3.18)
In view of (3.16)—(3.18),

L(J,) < F(Jn) < F(Jy) +CT.V.[I]
N—-2
< C(1+ CvA)NTH(T.V.[Ug] + T. V.[M]) + CvAt Y (1+ CrAt)
i=0
< Ce“"T(T.V.[Uo] + T.V.[I]) + C(e" — 1) for all n € N.

Thus, we can choose v, T.V.[Up], and T.V.[II] small enough such that
L(J,) < (2Cy) 7! for all n.

If a(x,t) satisfies condition (C), then, by the Taylor expansion, we get

)
Cr= (At;at(mm%tp) +0((At)?), (3.19)

r = (At)ay(21,t,) + O((AL)?),
Cr — (o = 2(Ax)(At)agi (xm—1,1,) + O((Az)?*(AL)).

Then, similar to (3.15) with condition (C) and (3.19) instead of condition (B) and
(3.14), we obtain

Flhps) € FUp) + CA)AO Y latllw(ogs,)
m (3.20)

+C(AY) sup |as(, tp)|L(Jp) + CIT, — 11, 1| + O((Az)(At))

provided that £(J,) < (2Cy)~!, where Dﬁip = D" (xp,ty) = [Tmo1,Tmi1] X
[tp, tp+1]. By (3.18) and (3.20),

F(Tns1) < F(J1) + C(AZ)(AD) D " lawll e (pys )

p=1 m

+ C(AY) Z sup |ag(z, t,)|L(Jpt1) + C T.V.[I] + O(Ax)

p:lweR
for all n € N. Since
dim D257 e o 2380 = oo
pP= m
(o] o0
lim sup |a¢(x,t,)|(At =/ sup |a¢(x, t)| dt,
dm, 3 suplaa )80 = [ s a0

it follows from condition (C) and (3.18) that

L(Jpt1) < F(Jpy1) < F(J) + C(v+ T.V.[I]) + O(Ax)
< C(T.V.[Up] + T.V.[TM] + v) + O(Ax).



GLOBAL SOLUTIONS FOR NONLINEAR BALANCE LAWS 387

Hence, we are able to choose v, T. V.[Up], and T. V.[II] small enough such that £(.J,,) <
(2Cp)~! for all n as Ax tends to zero, which completes the proof. O

According to Theorem 3.3 and results in [9, 17], the following compactness results
for the approximate solutions {Uj ,} hold.

THEOREM 3.4. Suppose that T.V.[Uy] and T.V.[II] are sufficiently small and
a(x,t) satisfies one of conditions (B) and (C) for sufficiently small v. Then the
approximate solutions {U;Ax} of (1.3) constructed by the GGS satisfy

(i) T-V.[U§ a,(8)] < CL(T.V.[Ug] + T.V.[II] 4+ v), where Cy is a constant

independent of t, €, 0, and Ax;

(il) T.V.[Us oo pAD)] + sup, Ug o, (. pA) < Co(T.V.[Ug] + T.V.[I] + v),

whoire Cs is a constant independent of p, €, 0, and Azx;

(iii) / 1Ug az(®,t2) =Uj ar(z,t1)| dz < C3([ta—t1[+At), where Cs is a constant
0
independent of €, 0, and Ax.

By Theorem 3.4 and Helly’s selection principle, we get the following result imme-
diately.

THEOREM 3.5. Let {U§ 5, } be as in Theorem 3.4. Then there exist a subsequence
{Ugiae,} of {U§ A} and a measurable function Ug(z,t) such that

(1) Upiag, (1) = Up(:,1) in Li. ase;, Ax; — 0;
(ii) for every continuous function f, f(Ugn,. (1)) — [f(Us(-1t)) in Li. as

Eiy AIl — 0.

Following a similar argument as section 4 in [2], one can easily find that Uy(z, )
is an entropy solution to (1.3) for almost every sampling sequence §. We leave the
detail to the readers.

THEOREM 3.6. Let Uy(x,t) be the limits stated in Theorem 3.5. Then there exists
a null set N € ® such that if § € @\ N, Ug(x,t) satisfies the equality Ry(Up) = 0 and
inequality (1.6) for all € C1([0,00) x [0,00)); that is, Ug(z,t) is an entropy solution
to (1.3).

4. Boundary regularity of entropy solutions. In section 3, we constructed
the approximate solutions {Uj A, } by GGS and obtain their compactness in L.
Theorem 3.5 indicates the convergence of a subsequence {Uy's,.} of {UjA,} as
g, Az; — 0. We denote the limit by Up(z,t) and, for almost every sampling se-
quence 0, Ug(z,t) is the desired entropy solution. Under some sampling conditions,
we now prove that those entropy solutions in section 3 indeed satisfy the boundary
condition in (1.3). Moreover, those entropy solutions satisfy the strong trace property.

To get the boundary regularity, we state the existence of wave traces in every
approximate solution Uj . and find the boundedness of the vertical total variation.
The wave tracing means to keep track of the strengths of waves. For any given pg € N,
let W denote the collection of all waves in Uj 5, on [0,00) x [0,pgAt). We observe
from Theorems 3.1 and 3.2 that the strengths of waves begin at the initial time t = 0
or are produced from any wave interaction or boundary interaction. On the other
hand, those strengths end when the waves are cancelled with each other or when they
meet the boundary. To trace the waves completely, we will partition every j-wave a;
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in W into wavelets 072-, I=1,---,hj, such that
hj
sign dé- =signa; and Zdé = qj. (4.1)
1=1

We use the notations a;(m, p) and dé(m,p) to indicate that they originate at (z,,1p).
If d.lj (m,p) is a portion of rarefaction wave, we let A}"(dé (m,p)) and )\?/[(dg (m,p))
denote its minimum and maximum wave speed respectively. Let 7 denote the family
of all wave traces 7 for Uj 1, on [0,00)x [0, poAt). Suppose 7 begins when t = p,, (1) At
and ends when ¢ = ppr(7)At. For py,(7) < p < pu(7), the wave trace 7 maps p to
(4(7), 1, (7), mp(7)) if we track the strength of the wave to the wavelet d;’E(TT)) (my(7), p)
when t = pAt. The traced wavelet can either stays, moves to the left, or moves to
the right, which depends on its eigenspace and whether the sampling point falls to its
right or left. We summarize the rule as follows: For j =1,-- -k,

e () = my(T) — 2 if Az + A} (ak(m,p))At < 0,41z, (4.2)
r my(7) if Az + X7"(ak(m,p))At > 0,1A, )
and, for j=k+1,--- ,n,
o (7) = my(T) if —Az+ )\é‘/[(dé(m,p))At <Op1lAz, (4.3)
P my(T) + 2 if — Az + X7"(al(m,p))At > 0,41 A,

where A;”(&é-(m,p)) = /\é\/[(aé-(m,p)) if o‘zé—(m,p) is a portion of shock wave. One
can partition the wave o (m, p) appropriately such that no wavelet is divided by the

sampling point. In addition, we require that
jaf (m',p+1)| < |af(m,p)|  for p > pm(7) (4.4)

when the two wavelets are on the same trace 7. Then we define |7] by

P Ut
7| == |a; (m, pm (7)) = max o (m', p)l.
7] = 16t (m. P (7)) Pm (T)<p<pur(7) 2 (m'.p)
By a similar argument as in [7, Theorem 3.1], we can extend Goodman’s result to our
case. We leave the proof to the readers.

THEOREM 4.1. For any sampling sequence 0 € ®, consider any approximate
solution Ug p, of (1.3) constructed in Section 3. Then, for any given py € N, there
exists a family T of wave traces for Uj , on [0,00) x [0, poAt) satisfying (4.1)—(4.4).
Every wavelet of a wave in W lies in some wave trace T € T. Moreover, the total
traced wave strength satisfies

> Il < C(T.V.[Uo] + T.V.[] +v).
TET
We now find a bound of the total variation to Ug,Az‘x:zo = Uj po(20,-). We
divide all the cases into two categories: (1) zam, +eAx < xg < Tomi2 —eAx for some
m € NU{0}, and (2) zo,, —eAz < 20 < oy +eAx for some m € NU{0}. For category
(1), the vertical total variation is determined by the wavelets that cross @ = ¢ and
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the variations of Uj A, (%o, -) whenever the line x = xq crosses the top part of each
T-shaped region. Since every wavelet lies in some wave trace, it depends on how
many times that each wave trace crosses © = x(. If the wave trace 7 crosses x = x¢
in the time strip ¢, <t < tp41, then it contributes at most C(|7| + |a(z2m+1,tp+1) —
a(zam1,tp)|) to T.V.[Ug)Aw}w:wo]. Suppose that 7 traces a right going wave. It
might cross & = z in the p-th time strip only if m,(7) = 2m. In view of (4.3), 7 will
stay or move to the right in the next time strip. Once it moves to the right, it will
not cross x = xy anymore. Thus, the crossing number depends on how many time
strips that 7 stays on the region [za,, + cAx, a2 —eAx]. The argument is similar
for the case that 7 traces a left going wave. Let

Amax 1= (sjté% Me(U) and A = [}gg A1 (U).

The crossing numbers for all 7 € T are uniformly bounded if there exists an M > 0
such that

At
max{k cmax{0p, Opi1,- -, Opin} <1+ )\;mXA—x} < M, (4.5)
and
At
max {k’ cmin{6,, 0pt1, -, Oprr} > -1+ AI—i_]inE} <M (4.6)

for all p € NU{0}. Therefore, for category (1),

T.V.[U§ aol <SC(M+1)) |r|+ CT.V.[a(zami1,)]
TET

< C(M +1)(T.V.[Ug] + T.V.[I] + v) + CT.V.[a(z2m+1, )]

$:I0]

By (2.2) for i = 0, it is easy to see that, for Az > 0 is sufficiently small, the vertical
total variation for category (2) is controlled as follows:

T.V.[U§ ro| < Cmax{ T-V.[U§ oy, —cnods T-V-[U§ acl
< C(M +1)(T.V.[Ug] + T.V.[IT] + v)

+ Cmax { T.V.[a(z2m—1,")], T. V.[a(z2m+1, )]}

.’E:ﬁo} m:12m,+sAz]}

We observe that conditions (B) and (C) both imply that T.V.[a(x, )] < oo for all
x > 0. Thus, we have the following vertical total variation estimate.

THEOREM 4.2. Let Uj 5, be any approzimate solution constructed in Section
3. Suppose that a(z,t) satisfies one of conditions (B) and (C) for sufficiently small
v and that T.V.[a(z,")] is continuous at x = xo. If Az > 0 is small enough and
the sampling sequence 6 € @ satisfies conditions (4.5)—(4.6), then there is a constant
C > 0 such that

T.V.[U§ a,| ] < C(T.V.[Up]) + T.V.[] + T.V.[a(xo, )] + v).

T=I0

To get the boundary regularity of Ug, we also need the following vertical local L'
estimate.



390 S.-W. CHOU, J. M. HONG AND Y.-C. LIN

THEOREM 4.3. Let Ug 5, and a(z,t) be the same as in Theorem 4.2. If the
sampling sequence 0 € ® satisfies conditions (4.5)—(4.6), then, for 0 < a < b < o0,
there is a constant C' > 0 such that

/ s o (1,1) — Uf ag (22, 8)| dt < C(J21 — 9] + ). (4.7)

Proof. It suffices to consider the two cases: (1) xa,, — Az < x1, 22 < Ty, +Ax
for some m € NU{0}, and (2) oy +eAx < 21, 29 < Zopm2—eAx for some m € NU{0}.
For case (1), we use (2.2) for i« = 0 and the condition that a is Lipschitz to get

/ |Ug az(1,t) — Ug ap(w2,1)] dt < C/ |a® (xom + eAx,t) — a® (2o, — eAx, t)| dt
< C(b—a)Az.

For case (2), it is sufficient to consider a = tx, and b = ty, for some 0 < Ny < Ny <
oo. We divide the integral on the left hand side of (4.7) by

/\UML £1,8) — Ug a2 )| dit

N3—1 tp+17€At tp+1 (4'8)
-3 ( / [ N Waulort) - U saaa 0t
p=N1 tp tp+17€At
If the line x = x; crosses waves «; and the line x = x5 crosses waves 3;, then
|U§ aw (1, b1 — €AL) = Uj ap (2, tp1 — A < C Y (|a| +[5;]) (4.9)

4,7
and
tp+1 eAt
/ |U§ no(@1,8) = Ug pp (w2, 0)] dt < Clay — w2 Y (Jai +1B5]). (4.10)
ty 7
In view of (2.4) and (4.9), we have
tpt1
[ Ui aelort) = U sz, )]t
tp_*_leAt
< CeAt|UG pp (1, tpr1 — eAL) — U ay (22, tp 1 — Al)] (4.11)
< CeAx > (las| +185).

]

Combining (4.8), (4.10)-(4.11) and applying Theorem 4.2, we obtain

/ 1U§, a0 (1, ) — Ug pg (22, 1) dt
< C(lxg — x2| + sAI)(T.V.[UgAT| _ ] + T.V.[US,AIIIZM])
< C(|lwy — @o| + eAz)(T. V.[Up] + T. V.[I] 4+ T. V.[a(zo, )] + V),

which completes the proof of case (2). O
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We now prove that Uy(z,t) satisfies the boundary condition
O(Uy(0,1),I1(t)) =0 a.e. in t. (4.12)
The construction of Uj 5, gives that
O(Ug A, (0,1),11(t,)) =0 for t, <t <tpp1 —eAt.
Since © is Lipschitz continuous, we have

[ e s s oa s e -me) @)

P tp<t<tp41—eAt

and

/tm 0U§,4,(0, 1), 11(t))[ dt

p+1—6At

< C’eAt( sup ITI(t) — TI(t,))| (4.14)

tp_*_lf&AtStStp_*_l

s U al0,8) ~ Up as(0,8,)])

tp+1—8At§tStp+1

For 0 < a < b < 00, we employ Theorem 4.2 together with (4.13)—(4.14) and conclude
that

b
[ 1007 a0 (0,011
< CALT.V.[U§ a,|,_o) + T V.[II])
< CAz(T.V.[Uo] + T.V.[II] + T. V.[a(zo, )] + v).

(4.15)

On the other hand, Theorems 4.2 and 4.3 imply that the subsequence {U;wai} in
Theorem 3.5 has a further subsequence (we also denote it by {U, ngzi}) satisfying, for
all x > 0,
Uping, (@,+) = Up(w,-) in Li.as g, Ax; — 0. (4.16)
Therefore, boundary condition (4.12) follows from (4.15) and (4.16).
Finally, we want to show that
Up(d,-) — Up(0,-) in L, asd— 0. (4.17)

For 0 < a < b < 0o, by Theorem 4.3,
b
[ 107 80(d.0) = U5 s, 0,0) e < C(d + ).

Convergence (4.16) states that, for any given > 0, we can choose sufficiently small
g; and Az; such that

b
/ Uging, (0,t) = Ug(0,)| dt < 1.
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The triangle inequality gives

b
/ Ui, (A1) = Up(0, D) dt < C(d + Axy) +11.

Letting ¢;, Az; — 0, we have

b
/ |U9(d7 t) - UG(Oat)| dt < Cd+ ,

and hence (4.17) follows since n > 0 is arbitrary.
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