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G2-GEOMETRY IN CONTACT GEOMETRY OF SECOND ORDER*

KEIZO YAMAGUCHI'

Abstract. In [13],[14],[15], we formulate the contact equivalence of systems of second order
partial differential equations for a scalar function as the Contact Geometry of Second Order or as
the geometry of PD-manifolds of second order, generalizing works [3], [4] of E.Cartan. Especially, in
[13], generalizing the famous G2-models in [3], we observed, for each exceptional simple Lie algebra
Xy, we could find the overdetermined system (A;) and the single equation of Goursat type (By),
whose symmetry algebras are isomporphic with X, and formulated this fact as the Ga-geometry.
The main purpose of the present paper is to construct the (local) models for overdetermined systems
(Ap) explicitly for each exceptional simple Lie algebra and also for the classical type analogy for BD
type. We will also give parametric descriptions of the single equation of Goursat type (Bg). Our
constructions are based on the explicit calculation, in terms of Chevalley basis, of the structure of
the Goursat gradation of each exceptional simple Lie algebra and each simple Lie algebra of BD

type.

Key words. Ga2-geometry, contact transformations, Goursat gradation of exceptional simple
Lie algebras.
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1. Introduction. In his famous “Five variables paper [3]”, E. Cartan investi-
gated the (local) contact equivalence and integration problems of two classes of second
order partial differential equations for a scalar function in two independent variables,
following the tradition of geometric theory of partial differential equations of 19th
century. One class consists of overdetermined systems, which are involutive, and
the other class consists of single equations of Goursat type, i.e., single equations of
parabolic type whose Monge characteristic systems are completely integrable. In fact
he reduced the contact equivalence of each class of second order equations to the
equivalence of differential systems ( or Pfaffian systems) on 5-dimensional spaces of
rank 2 and 3 respectively. In generic cases he exhibited that the equivalence of differ-
ential systems on 5-dimensional spaces of rank 2 and 3 are Parabolic Geometries of
Go-type (see [14], [15]). Especially, as the flat models of these Parabolic Geometries,
he found out the following facts in [3]: the symmetry algebras (i.e., the Lie algebras
of infinitesimal contact transformations) of the following overdetermined system (A)
and the single Goursat type equation (B) are both isomorphic with the 14-dimensional
exceptional simple Lie algebra G.
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or in parametric form
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are the classical terminology.

In [13], we formulated the contact equivalence of second order partial differential
equations for a scalar function as the Contact Geometry of Second Order (see also
[14], [15]) and we observed, for each exceptional simple Lie algebra X,, we could
find the overdetermined system (A;) and the single equation of Goursat type (By),
whose symmetry algebras are isomporphic with X, and formulated this fact as the
Go-geometry. We will first recall this observation in §2.

The main purpose of the present paper is to construct the (local) models for
overdetermined systems (Ay) explicitly for each exceptional simple Lie algebra and
also for the classical type analogy for BD type, which will be carried out in §3 and
84. We will also give parametric descriptions of the single equation of Goursat type
(Bz) in §5.

See [8], for the recent development of this subject. In contrast to [8], our emphasis
will be laid on the role of the structure of Goursat gradation of each exceptional simple
Lie algebra or of each simple Lie algebra of BD-type. Throughout this paper, we
follow the terminology and notations of our previous papers [12], [13], [14] and [15].

2. G-geometry.

2.1. Standard Contact Manifolds. Let g be a finite dimensional simple Lie
algebra over C. Let us fix a Cartan subalgebra ) of g and choose a simple root system
A ={ay,...,az} of the root system @ of g relative to h. Each simple Lie algebra g
over C has the highest root 0. Let Ay denote the subset of A consisting of all vertices
which are connected to —6 in the Extended Dynkin diagram of X, (£ = 2). This
subset Ay of A, by the construction in §3.3 [12], defines a gradation (or a partition
of ®1), which distinguishes the highest root 6. Then, this gradation (X,, Ag) turns
out to be a contact gradation, which is unique up to conjugacy (Theorem 4.1 [12]).
Explicitly we have Ay = {a1, ay} for Ay type and Ay = {ay} for other types. Here
g = ao, a1, as for By, Cp, Dy types respectively and ay = aa, aq, o, aq, ag for G,
Fy, Fg, Er, Eg types respectively.

Moreover we have the adjoint (or equivalently coadjoint) representation, which
has 0 as the highest weight. The R-space Jy corresponding to (X, Ag) can be obtained
as the projectivization of the (co-)adjoint orbit of the adjoint group G of g passing
through the root vector of 6. By this construction, J, has the natural contact structure
Cy induced from the symplectic structure as the coadjoint orbit, which corresponds
to the contact gradation (X, Ag) (cf. [12], §4). Standard contact manifolds (Jg, Cy)
were first found by Boothby ([1]) as compact simply connected homogeneous complex
contact manifolds.

For the explicit description of the standard contact manifolds of the classical type,
we refer the reader to §4.3 [12].
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2.2. Gy-geometry. Let (X, Ay) be the (standard) contact gradation. Then we
have Ay = {ap} except for A, type (see above). As we observed in §6.3 in [13], for
the exceptional simple Lie algebras, there exists, without exception, a unique simple
root ag next to ay such that the coefficient of a in the highest root is 3 (see the
diagrams below).
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Fic. 1. Extended Dynkin Diagrams with the coefficient of Highest Root (cf. [2])

In the classical cases, the pair {7, a3} of simple roots plays the role of ag in BDy
type. We will consider simple graded Lie algebras (X, {ag}) of depth 3 and let m =
g_3Pg_oPg_1 beits negative part. We will call this gradationm = g_3Pg_oHg_; the
Goursat gradation of type X,. Moreover we will show that regular differential systems
(X, D) of type m satisfy the conditions (X.1) to (X.3) in §4.3 [14] so that we can
construct PD manifolds (R(X), D%, D%) from (X, D). Our model overdetermined
system (Ay) will be the PD manifold of second order constructed from the standard
differential system of type m, where m is the Goursat gradation of type Xj.
Explicitly we will here consider the following simple graded Lie algebras of depth
3: (GQ’{al})a (F4’{O‘2})a (Eﬁv{a4})a (E77{a3})a (Eg,{On}), (va{alaalS}) (E = 3)a
(D, {a1,a3}) (¢ 2 5) and (D4, {a1,a3,04}). These graded Lie algebras have the
common feature with (Ga, {a1}) as follows: The Goursat gradation m = g_s® g_o @
g_1 satisfies dimg_3 = 2 and dimg_; = 2dimg_5. In fact, in the description of the
gradation in terms of the root space decomposition in §3.3 [12], in each case, we can
check that <I>§f = {6,0 — ap} such that the coefficient of o in each § € ®J is 1 and
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@ consists of roots § — 3,  — ay — 3 for each B € ®F (see §3 and §4 for detail).
Hence, ignoring the bracket product in g_1, we can describe the bracket products of
other part of m, in terms of paring, by

g-3=W, g2=V and ga=WoaV"

where dim W = 2and dim V' = s. Here s = 1, 6,9, 15,27, 2{—4 or 2¢{—5 corrresponding
to X@ = GQ, F4, E67 E7, l;‘g7 Bg or Dg.

Thus let (X, D) be a regular differential system of type m, where m is the Goursat
gradation of type X,. Then (X,dD) is a regular differential system of type ¢*(s,2),
where ¢!(5,2) = g 2@ g1, 9.2 =W, g1 =V OW®V* is the symbol algebra
of the canonical system on the first jet space for 2 dependent and s independent
variables. Namely, there exists a coframe {wy, @, W1, ..., Ws, iy ..., T, Taye oo, T}
around x € X such that

8D:{w1:wQ:0}, D:{w1:w2:w’1:"':w5:0},

and

dwy =71 Awy + -+ 7 Aws  (mod @y, @)
dwy =my Awy 4+ 75 Aw, (mod w1, ws)

Thus (X, D) satisfies the conditions (X.1) to (X.3) in §4.3 [14]. Hence we can con-
struct the PD manifold (R(X); D%, D%) as follows: Let us consider the collection
R(X) of hyperplanes v in each tangent space T, (X) at € X which contains the fibre
0D(x) of the derived system 0D of D.

R(X)= | R. C J(X,35+1),
zeX

R, = {v € Gr(T,(X),35+ 1) | v D dD(x)} = P(T,(X)/0D(x)) = P'.

Moreover DY is the canonical system obtained by the Grassmaniann construction
and D% is the lift of D. In fact, DY and D% are given by

D (v) = p;'(v) > DX (v) = p; (D(2)),

for each v € R(X) and x = p(v), where p : R(X) — X is the projection (see §6.2[14]
for the precise argument).

REMARK 2.1. Let ¢!(s,t) =g o@D g 1,9 20=W, g1 =VE&W®V* be the
symbol algebra of the canonical system on the first order jet space for ¢t dependent
and s independent variables, where t = dim W and s = dim V. Let (Y, C) be a regular
differential system of type c!(s,t). Let F(y) be the subspace of C(y) corresponding
to W @ V* under the symbol algebra identification at y € Y. Then, when ¢t > 2, F
is well defined subbundle of C' (a covariant system) and (Y, C) is isomorphic with the
canonical system of the first order jet space if and only if F' is completely integrable
(see Proposition 1.5 [10]). Moreover, when t = 3, F' is always completely integrable
(Theorem 1.6 [10]). So ¢!(s,2) case is very special and the Goursat gradations give
special structures for F' = D such that C' = 0D.

Moreover, when (X, D) is the model space (Mg, Dy) of type (X, {ac}), R(X)
can be identified with the model space (Ry, Ey) of type (X, {ap,ag}) as follows
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(here, we understand « denotes two simple roots a; and as in case of BD, types
and three simple roots ay,a3 and oy in case of Dy): Let (Jg,Cy) be the standard
contact manifold of type (X, {cg}). Then we have the double fibration;

Ry, ——— J,

wgl

M,

Here (Xy, {ag,ac}) is a graded Lie algebra of depth 5 and satisfies the following:
dimg_5 = dimg_4 = 1, dimg_3 = dimg_» = s and dimg_; = s+ 1. In fact,
comparing with the gradation of (X;,{ag}), we can check that & = {0}, & =
{6 — ap}, @ = @F, ®F consists of roots § — 3 for each B € &5 and ®] consists
of roots ag and 6 — ag — B for each B € &F (see §6.2 [14] for BD,-type). Thus we
see that 0 Ey = (1.)71(Cy), 0P Ey = (1) 1(0D,) and 0E; = (m,);'(D,). We
put D' = 9B F, and D? = 0F,. Then (Ry; D', D?) is a PD manifold of second
order. In fact, we have an isomorphism of (Rg; D', D?) onto (R(Mg);D}Wg,DJQWg)
by the Realization Lemma for (Ry, D', m,, My) and an embedding of Ry into L(Jg)
by the Realization Lemma for (Ry, D% 7., Jy). Thus Ry is identified with a R-space
orbit in L(Jy). Moreover, putting C* = 8(3)Eg and N = 5‘(2)Eg, (Rg;C*,N) is an
IG-manifold of corank 1, which is the global model of (W;C*, N) below.

Let (X, D) be a regular differential system of type m, where m is the Goursat
gradation of type X,. Then (X,dD) is a regular differential system of type c¢!(s,2).
Hence, from (X,0D), we can construct an /G manifold (W (X); C*, N) of corank 1
and a PD manifold (R(X); D%, D%) of second order of Goursat type as is explained
in §5 [13] or Theorem 6.1 [15]. Thus, from the standard differential system of type m,
we can obtain the single equation of Grousat type (By) as in §5 (see Remark 6.2 (1)
and §8.3 [15] for BD,-type).

2.3. Goursat gradations of Exceptional simple Lie algebras. Let m =
g-3Bg_2®Dg_1 be the Goursat gradation of type Xy, where X, is one of the excetional
simple Lie algebra. In order to obtain the structure of m, we will first check, in each
case in §4, the following description in terms of the root space decomposition of m:

<I>§L ={0,0 —ap}, <I>§r ={B1,...,8s}, <I)1+ ={ag+7Y1,- 00+ Vsy Y1y o5 Vs

where 0 — (2a9 + 3aq), Bi — (g + 2a¢) and v; — ag are spanned by simple roots
other than ay and ag of Xy such that 0 =5, +ap+v (i =1,...,5).

Then we will calculate the structure of m explicitly by use of the Chevalley ba-
sis of Xy. By adjusting the Chevalley basis (especially, for Eg, E7, Es, by changing
the orientation of Chevalley basis) suitably (see §4 for detail), we obtain the basis
Wi, Wa, Zy, ..., Zs, Y1, Y, X1, ..., X} of m satistying the following:

g3 = {W,Wa}), g2={Z1,....Zs}), 9-1=({N1,....Ys, X1,..., Xs})
such that
(Z:,Y;] = 65, (Zi, X;] = 0Wo X, X5]=[Vi,Y;] =0 (14,5 <)

In these basis, we calculate [X;, Y] for 1 < j, k < s in §4.
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3. Classical Cases (BDs-type). The structure of the Goursat gradation m of
type BDy,

m=g 3®Gg o2bg_1

is given by the following brackets among the basis
{W17W27Z1a B Zp+1aY717 s aYVp+17X1a s aXp+1} of m ;

9—3:<{W17W2}>7 9—2:<{Zla"'azp+1}>’ g—l:<{Y17"'7YP+1aX17"'7Xp+1}>
such that

(Z:, Y] = 0Wh,  [Z;, X;] = 0Wa,  [Xi,, Ya,] = 5;]:;Z17 [X1,Yi] = [Xy, V1] = Zi,
(3.1)

In fact we obtain these relations through the matrices description of the Goursat
gradation of o(p+ 3, 3) (see §6.2 [14] and §8.3 [15]). The following differential system
(X, D) on X = C3*5 describes the standard differential system of type m

D:{wl = W2 =Wp = " = Wp+1 :0},
where
p+1 p+1
@ =dwy — (21 4+ 3> awye)dyr — > {2k + 3(@ry1 + 2158) } dyi,
k=2 k=2
p+1 p+1
we = dwy — (21 — %Ziﬂkyk) dxy — Z{Zk - %(zkyl + x1yk) } dag,
k=2 k=2
p+1
wi=dz+ 5> (yp dwy — zp dyy),
k=2
w =dz + (1 dog — zpdyr) + S(ypdey — 21 dy), 2<k<p+1),
and (w1, We, 215+, Zp41: Y15+ - > Yp+1: L1, - - -, Tpp1) 1S & coordinate system of X =

€315, In fact we have

dwy = dyy ANwi + -+ +dypy1 Awpyr,

dwy = dxi ANwi + -+ +dTpp1 A wpia,

dwy = dys Ndxo + - + dypr1 A dxpia,

dwy = dyy Ndazg +dyp Ndey 2SS kS p+1),

which is the dual of (3.1). In particular, we have
8D = {w1 = Wy = 0}
Now, utilizing the First Reduction Theorem, we will construct the model equation

(A) from the standard differential system (X, D) of type m constructed as above, which
is the local model corresponding to (BDy, {a1,a3}). Asin §2.2, (R(X); D%, D%) is
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constructed as follows; R = R(X) is the collection of hyperplanes v in each tangent
space T, (X) at € X which contains the fobre 9D of D.

R(X)= ] R. C J(X,3p+4),
rzeX
R, = {v € Gr(T,(X),3p+4) | v D dD(x)} =P

Moreover D' is the canonical system obtained by the Grassmaniann construction and
D? is the lift of D. Precisely, D! and D? are given by

D'(v) = p;'(v) D D*(v) = p; | (D(2)),

for each v € R(X) and z = p(v), where p : R(X) — X is the projection.
We introduce a fibre coordinate A\ by w = w; + Awsy, where

D'={w=0} and 0D = {w; = wy = 0}.

Here (w1, W, 21, -+, Zp41, Y15 - - » Yp+1: L1, - - - » Tp1, A) constitute a coordinate system
on R(X). Then we have

dw = (dyl + )\dxl) N w1+ -+ (dyp+1 + )\dCCp+1) A Wp+1 + d\ N wa,

Ch(DY={w=m=w = =wp1 =dy;
+Adxy = =dypy1 + Mdrpr1 =dA =0},
DP={w=wy=w = =wp1 =0} and D’ ={w=w=0}.

Thus (R(X); D!, D?) is a PD-manifold of seconod order. Now we calculate

w = w1 + A\wa

p+1 p+1
= dwi — (21 + %Z TRyr) dyr — Z{Zk + L(zryr + z1y)} dyr,
=2 k=2
p+1 p+1
+M{dws — (21 — % Zwkyk) dxi — Z{zk — (kY1 + 1yn) t daw ),
=2 k=2
p+1
= dwi + Adws — (z1 + % Z zryr) (dyr + Adx1)
=2
p+1 p+1 p+1
- Z{Zk + 2 (zry1 + zryw) } (dyk + Aday) + /\{(Z Tryk)dr + Z(wkyl + z1yk)der }
k=2 k=2 k=2
p+1 p+1
=d(wy + Awz) — (214 3 Z Tryk) d(yr + Az1) — Z{Zk + 2(zreyr + z1yk) } d(ye + Azk)
=2 k=2
p+1 p+1
,{wz - (2’1 + % Zxkyk) xr] — Z{zk + %(mkyl + $1yk)}$k}d)\
=2 k=2
p+1 p+1
+)\{(Z CCkyk)d?h + Z($ky1 + :clyk)dxk}
k=2 k=2

Moreover we calculate

p+1 p+1

)\{(Z TRYx)drr + Z(»Tklh + z1y)day}

k=2 k=2
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p+1
= {wrd(zr zi) + $Ayid(zr)?}
k=2
p+1
= Z{d(/\xla:kyk + %/\xiyﬁ — rxpd(Ayg) — %xid()\yl)}
k=2
p+1
= Z{dO‘xlxkyk + $X2iy1) — (mizrye + 22hy1)dA — Aayzpdyy, — $A2idy }
k=2
p+1
= Z{d(AmiEkyk + $X2iyn) — (TrzRye + 2aiy1)dA
k=2
—Az1zpd(y + Azy) — 2Aznd(yr + Az1) + Azzpd(Azy) + 2Aznd(Az)}
p+1
— Z{d(/\xla:kyk + 3 2Ry + 2N 2}) — (mizeye + Sy — $Aw1a})dA
k=2
—Az1zpd(yr + Azy) — 2Aand(yn + Aze)}.

Thus we obtain

P12
w =dZ — PydX, - PpdX;
k=2
where
Z = wi + Aws + Ay Zk o Tk + 35 ZPH ziyr) + 322 a Zfr; 3,
P, =wy — ZZ L Tizi — 3A T Zz+§xk,
Py =z + 3 0wy + 32 YR o,
Pep1 =z + 5(@pyn + 21yk) + Azize, 2SkSp+1),
X, =),
Xi+1=yi+)\xi (1§i§p+1).
Thus
p+2
D'={dZ - P;dX;=0},
i=1
and (Xy,...,Xp19,Z, Py, ..., Py,r2) constitutes a canonical coordinate system on J =
R(X)/Ch(D%).

Putting x; = a;, we solve

>\—X17 yl —Xz+1 a; X1 (1=iZp+1),
=P — P ap X1,
2k = Pk+1 - §(akX2 +aXpy1) 25k=p+1),
=P+ a1(P2 -1 Zz—% apXpt1)
+Z ak{Pk+1 — H(anXs + ale+1)} + a1 Zp+1 Xl
=P+ Y05 arPerr + 301 Yhal X Z% ay, X2 — Zk 9 010k Xppy1.
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Then we calculate

p+1 p+1
wy=dPy+ 3> apdXy = apdXy1,
k=2 k=2
wk = dPyy1 + arar dXy — ai dXo — a1 dX 41 (k‘ =2,...,p+ 1),
p+1 p+1 p+1 p+1
Wy =dP + Y apdPer1 + 5y arafdXy — 1Y afdXo = arap dXpi,
k=2 k=2 k=2 k=2
p+1 p+1 p+1 p+1
= Zakwk + dP1 — Z alai dX1 + % Z ai dX2 + Z a1ag ka+1.
k=1 k=2 k=2 k=2
(3.3)
This implies R(X) is given by the following (p + 1)(p +2) + 1 equations;
Py =0,P; =0;jP3 (3=1i,j=p+2),
p+1 p+1
Piu=Pyy Py, Pa=-35Y Pl Pueni = —PuPg (25 kSptl),
k=2 k=2
in terms of the canonical coordinate (X1,..., Xpy0,Z, P1, ..., Ppy2, Pi1,..., Ppyopi2)

of L(J).

4. Exceptional Cases. Let m=g_3® g_o ® g_1 be the Goursat gradation of
type Xy, where X is one of the excetional simple Lie algebra. As in §2.3, we choose
the basis {W1,Wa, Z1,...,Zs,Y1,...,Ys, X1,..., X} of m satisfying the following:

gz = ({W1,Wa}), g2o={Z1,.-.,Zs}), g-1={"1,....Y, X1,..., Xs})
such that
[Z:,Y;] = 6:Wh, (Zi, X;] = 65W5 (X, X3l =1Y3, Y] =0 (1=i,j=s).

Utilizing the bilinear forms f;(z1,...,2s,41,...,ys) for i = 1,...,s, which describes
the brackets [X;,Ys] (see the following subsections), we can describe the standard
differential system of type m as follows: Let (w1, weo, 21, ..., Zs, Y1, - -, Ys, L1, - -, Ts)bE
the linear coordinate of X = m given by the above basis of m. Then (X, D) on
X = C3%%2 describes the standard differential system of type m

D:{’ZD1:WQ:(U1:"':UJS:0},
where
wy = dwy — Z(Zz + %fz) dy;, wy = dwy — Z(Zz - %fz) dz;
i=1 i=1
and

w; = dz; — H{ fi(zr, dyx) — fildoe, ye)} (i=1,...,s).

In fact we have
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and we calculate

dewy =Y dyi A(dzi+ 5dfi) =D dyi Awi+ Y dyi A filwk, dy),
i=1

i=1 =1
i=1 i=1 i=1

Then, from Y ;_, du; A fi(deg,yx) = 0 and Y, dy; A fi(zk, dyx) = 0 (see below), we
obtain

dwy = dy; ANwy + dys ANwa + - - - + dys A ws,
dwo =dxy Nwi +dxo ANwy + -+ +dxg N\ wg,
which describes the structure of m. In particular, we have
0D = {w; = wy =0}.

By the First Reduction Theorem, as in §2.2, our model overdetermined system
(R(X); DY, D%) is constructed from (X, D) as follows:

R(X)= ] R. C J(X,35+1),
zeX
R, = {v € Gr(T,(X),3s+ 1) | v D dD(x)} = P

Moreover DY and D% are given by
Dx (v) = p;*(v) D DX (v) = pi *(D(x)),

for v € R(X), z = p(v), and p: R(X) — X is the projection.
We introduce a fibre coordinate A\ by w = w; + Aws, where

D'={w=0} and 0D = {w; = wy = 0}.

Here (w1,wWa, 21,y 2s,Y1s---,Ys, T1,-..,Ts, A) constitutes a coordinate system on
R(X).

Now we first observe, in each case, that f;(zg,yx) is symmetric in x and yy, i.e.,
fi(xla"'vxsaylv"',ys) :fi(ylv"‘7ysaxl"'ax8) for i = 17"'78 and put

S S
me fi= 22%9@
i—1 =1

where g;(i = 1,...,s) are quadratic polynomials in xy,...,Zs.
Then we can check in each case

gi(x1, ..., x5) = %fi(xl,...,xs,xl,...,1:5),
S S S
Z fidz; = Zyidgi and Zgi dz; = dg,
i=1 i=1 i=1
for a cubic polynomial g in x1,...,xs. Since g; = % and g is a cubic polynomial, we

have

S
39 = wigi
i=1
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Moreover, since f;(zk,yx) is symmetric in xy, and yi, we have

S fidwi =Y yidgi, Y fidy; =Y widhi,
i=1 i=1 i=1 i=1

where h;(y1,...,¥s) = gi(Y1, .-, Ys) = %fi(y;C7 yr). Taking the exterior derivative of
the first equation and from df; = fi(dx, yr) + fi(xk, dyr), we have

Z{fz dxkayk) + fz(mkvdyk } A dxz = Zdyz A dgzy

i=1

This implies Y., dz; A fi(dzg,yx) = 0. Similarly, from the second equation, we
obtain >°7_, dy; A fi(zg, dyx) = 0.

Now, for @ = w; + Aws, we calculate

dw = (dyy + Adxy) Awi + -+ + (dys + Adws) Aws + dX A w2,

w = w1 + Aoy
S S

=dwy =Y (zi + 3 fi)dy; + Mdwz =Y (2 — 3 fi)da;}
=1 =1

i=1 i=1

= d(wy + Mwy) — {wy — Z(xi zi + s fi) YA

i=1

i=1

Moreover we calculate
A fidwi = XY yidg = N _{d(yi gi) — gi dys}
i=1 i=1 i=1
S S S

=dA\Y yigi) — O _vig)dA =AY gidy:
i=1 i=1 i=1

=d(\> yigi) = (3D @i f)dA =X gidy;.,
i=1 i=1 i=1

Azgzdyz = /\Zgz Yi + Arg) — sz gi)d\ — A? Zgzdxz

=\ Zgi d(y; + Az;) — 3gAdA — N2dg

i=1

=AY gid(y; + A;) — AgdA — d(A%g).
=1
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Thus we obtain

s+1
w=dZ — Z P.dX;
=1

where

Z=wi+Awa+A> 5 yigi+Ayg

P =wy — 37 wizi— Ay,
Pii=zi+3fi+ Mg (i=1,....9),
X; = A,

Xiv1 =y + Az (i=1,...,s),

Hence we have

D'={dZ - P dX, - —Py1dX, 1 =0},
and (Xi,...,Xe41,2Z, Py, ..., Psy1) constitutes a canonical coordinate system on J =
R(X)/Ch (D).
Putting z; =a; (i=1,...,s), we solve

A=X1, yi=Xip—a Xy (1=1,...,9).
From fi(ax, Xry1) = filar, yr + Aar) = filar, yx) + 2Agi(ax), we have
zi=Piy1 — 5 fi = Agi = Piy1 — & fi(ag, Xi41) (i=1,...,9).

From >;_, xk(%fk +Agk) = > neq Yk + Azk) g, we have

S S
wy =P+ arPri1+9X1 — > gk Xet1
k=1 k=1

where § = g(a1,...,as), and gp = gx(a1,...,as) (k=1,...,s).
Moreover we calculate

wi = dz; — 2{ fi(zk, dyr) — fildar, yr)}
= d{Piy1 — 3 filar, Xpy1)} — 5{fiar, d(Xpp1 — ax X1)) = fi(dag, Xp1 — axX1)}
= dPy1 — fiak, dXpi1) + 5 fi(ak, ax)d X,
=dP;y1 — filag, dXk11) + gi(ag, ar)d X, (i=1,...,s),

S

Wy = dUJQ — Z(Zz — %ﬂ)d:cl

i=1

S S S S
=d(P, + Z apPry1 + gX1 — ZQkaH) - Z Py y1day, + Z fidx; + X1dg
k=1 =1 =1 i—1

=dP + Z ardPpq1 + gdX, — ZdeXkH
k=1 k=1

= dP + (D apwr +2 ) gudXpq1 — 3dX1) + §dX1 — Y GrdXei1
k=1 k=1 k=1
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= Zakwk +dPy —2gd X + ngka+1.
k=1 k=1

Thus we obtain

wi = dPip1 — fi(ag, dXpp1) + §id Xy (i=1,...,s),

wy = Zakwk +dPy —2gdX, + ngka+17

k=1 =1 (4.1)
=dP + Z ardPyy1 + gdX, — ZﬁkkaJrL
k=1 k=1

We will utilize the above formulae to describe our model system for each X,.

In the following subsections, we wil follow Bourbaki [2] for the numbering of
simple roots and descriptions of positive roots. Let us take a Chevalley basis {z,(a €
®); h;(1 <0 < 0)} of the exceptional simple Lie algebra of type X, and put yg = z_p
for 3 € ®* ( cf. Chapter VII [5]). We will describe the structure of the Goursat
gradation m in terms of {ys}sce+. Moreover we will regard simple Lie algebras Eg
and FE; as regular subalgebras of Eg and utilize the root space decomposition of Fg
to describe the structure of the Goursat gradation of Fg and E7.

REMARK 4.1. In §3, in the case of BD,-type, from (3.1), the bilinear forms
filzr, .., Tpr1,Y1, - Ypyr) for i =1,... p+ 1 are given by

p+1
A= wyn, fe=zppn + oy (k=2,...,p+1).
k=2

Thus fi(xg,yx) (i =1,...,p+ 1) are symmetric in x; and y; and satisfy

p+1 p+1 p+1 p+1

Y fidwi =) yidgi, Y gidu;=dg, 3¢g=) wig,
i=1 i=1 i=1 i=1

where

154 154
gl:?;xi7 gk = T1Tk (k:277p+1>7 and g:§;xlzi

Moreover g;(xy) = %fi(xhxk) for i =1,...,p+ 1. Hence the actual calculations in
§3 are covered by those in §4. Thus we obtain the uniform description (4.1) of Gs-
Geometry, which gives us the parametric form of overdetermined systems (Ay) (see
the following subsections in §4), and also gives us the parametric form of the single

equation of Goursat type (By) in §5.
4.1. Goursat gradation and model system of type F;. Let m be the Gour-
sat gradation of type Fy. For (Fy, {az}), we have
OF = {Bay = 2342, fog = 1342},
D3 = {Boz = 1242, By = 1232, By = 1222, B19 = 1231, 15 = 1221, B = 1220},
OF = {B5 = 1100, Bs = 1110, By = 1120, B15 = 1111, Bi5 = 1121, By7 = 1122,
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B2 = 0100, B = 0110, B9 = 0120, B19 = 0111, B13 = 0121, 514 = 0122}

where ajasasas stands for the root 8 = 2?21 ajo; € O,

We fix the orientation (or sign) of yg as in the following: First we choose the
orientation of y,, for simple roots by fixing the root vectors y; = yo, € g_qn, for
i=1,2,3,4. For 3, € (i = 1,...,24), we put y; = yp, and fix the orientation by
the following order;

=y, v2l,  y6 = [y2,u3ls  vs =[ys,u5), 299 = [y3,Y6), Y10 = [ya,Ysl,
Y11 = [Y1,%),  yi2 = [Ya,ys], Y13 = [U3,v10, 2914 = [Ya,v13], Y15 = [va, y11l,
Y16 = [yz,y11]7 Yir = [yz,y14], Yis = [y4,y16], Y19 = [y37y18], Y20 = [y27y17],
Y21 = [y4,y19], 2y22 = [y37y21], Y23 = [:U27y22]7 Y24 = [yl,y23]-

Then, for example, we calculate

1, y6] = (W1 [y2, y3l] = [[y1. v2], ys] = [ys, y3] = —s.

In this way, by the repeated application of Jacobi identities, we obtain

2y24 = [—2y22,Y5] = [Y21,Ys] = [2y20, y11] = [Y19, —¥y12] = [~ V18, Y15] = [2¥16, Y17],
and
2y23 = [—2y22, ¥2] = [Y21, —¥s] = [2020, Yo] = [y19,Y10] = [—¥18, ¥13] = [2¥16, Y14]-

Thus, putting

Wi = 2y24, Wa = 2ya3,

Zy = =2y, Za =Y, Z3=2Y0, Za=1Y19, Z5=—Y18, Lo = 2Y16,
Yi=ys, Yo=ys, Ys=yn, Ya=-y12, Ys=uy15, Ys=u1r,
X1=y2, Xo=-ys, Xz=vyg, Xa=uy10, Xs=u13, Xe=yu

we obtain the basis {W1,Wa, Z1,...,Zs, Y1, ..., Y6, X1,..., X6} of m satisfying the
following:

9_3:<{W1,W2}>, 9—2:<{Z17"'7Z6}>7 g—l:<{Y17"'a}/65X17---7X6}>

such that

iy Ly

[Z:,Y;] = 5§W13 [Z:i, X;] = 5§W2 [(Xi, X;] =[Y3,Y;] =0 (1=14,j26).
Then we calculate [X;,Y}] for 1 < j,k < 6 and obtain

Zy = 2[X3,Ys] = —[X5,Y5] = 2[Xg, V3],

Zy = [Xo,Ys] = [X4,Ys5] = [X5,Y4] = [Xe, Yo,
Zs = 2[Xy,Ys] = [X4, V4] = 2[ X, Y1,

Zy= [Xo,Ys] = [X3,Yy] = [Xy, V3] = [X5, V2],
Zs = —[X1,Y5] = [X2,Yy] = [Xy, V2] = —[X5, V1],
Zs = 2[X1,Y3] = [X2,Y2] = 2[X35, V1.
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Here we define the bilinear forms f;(z1,...,z¢,y1,...,¥6)(i = 1,...,6) as follows;

J1=2x3Y6 — T5 Y5 + 276 Y3,

Jo=122Ys + Tays + T5Ys + Te Yo,
f3=2x1 Y6 + T4 ys + 276 Y1,
fi=22y5 + T3Ys + T4 ys + T5 Y2,
fs = —T1Yys + T2ys + Tay2 — T5 Y1,
Jo =2w1y3 + w22 + 22391

Observe that f;(zg,yr) is symmetric in xy and y;, for ¢ = 1,...,6. Moreover we put
6 6
dowifi=2> vigi
i=1 i=1
where the quadratic forms g;(z1,...,z¢)(i = 1,...,6) are given by

_ 1,2 _ _ 1,2
g1 =2x3T6 — 5T5, G2 = TaZe+T4Ts, g3 = 271 Te + 577,

_ _ _ 1,2
g4 =2ToXp +T3Ta, g5 =—X1T5+ T2Xa, g = 221T3+ 523

Thus we have g;(x1,...,26) = g;i(xg) = %fi(xk,xk) for : = 1,---,6. Moreover we
have

6 6 6 6
Y fidri =) yidgi, Y gidu;=dg, 3¢g=>) g,
i=1 i=1 i=1 i=1
where g(z1,...,x¢) is the cubic form given by
g =211 x3T¢ + To Ty T5 + %(fxl azg + 2ix6 + x322).
Thus, by (4.1), we obtain

w1 = dPs + (2azas — La2)dX; — 2asd Xy + asdXe — 2a3d X7,
wo = dP;3 + (asas + agas)dX; — agdXs3 — asd X5 — a4dXg — a2d X7,
w3 = dPy + (2a1a6 + 1a3)dX| — 2adXs — asd X5 — 2a1d X7,
wy = dPs + (azas + azaqs)dXy — a5dXs — asdXy — a3dXs — a2dXe,
ws = dPs + (—ajas + asaq)dXy + asdXs — a4d X3 — asdXs + a1d X,
we = dPr + (2a1a3 + %a%)Xm — 2a3d X5 — asdX3 — 2a1d Xy,
Wy = AW + Qw2 + - + AeWs
+dP; — (4ayazas + 2azasas — ara? + aas + azal)dX,
+(2aza6 — 2a2)dXs + (azag + asas)dXs + (2a1a6 + 3a3)dXy
+(azas + azaq)dXs + (—aras + azas)dXe + (2a1a3 + Sa3)dX7.
This implies that our model system R(X) of type Fy is given by the following 22
equations;

—Psg = 2 Py7 (= a1), P37y = Psg (= a2), Pss = 2 Por (= ag),

Psg = Py5 (= a4), P35 = —Pas (= as), Ps3 = 2P (= ag),
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Pay = Pog = Po5 = P3g = Pyy = Pyg = P57 = Po7r = Pr7r = 0,
Pi7 = 2P55Pgg — %Pg?w Pig = —P35 P56 — P3¢ P37, P15 = —P35 P37 — P36 Psgs,
Pyy = 2P33Pss — 5 Pss, P13 = —PsgPs; — P35 Pag, Piy = $Pg; — 2P33Pss,

Pyy = —4P33Ps5Pg + 2P35 Psg P37 + Pis Pog + Py Py; + Pig Pss
in terms of the canonical coordinate (X1,...,X7, Z, P1,...,P7, Pi1,..., Pr7) of L(J).

4.2. Goursat gradation and model system of type FEg. In the following
subsections , let us fix the root space decomposition of Simple Lie algebra Fg and
regard Eg and Fr as the regular subalgebras of Fg.

Let m be the Goursat gradation of type Eg. For (Eg, {as}), we have

_ _12321 _12321
‘I)?,—{’Yss y V37 = }

o] _{736_12%21 735:12%11 ygp = 11220 e = 11210 ) 12210

Ngr = 01221 oo = 11210 ho0 01211 ) 01210}
B = {y10= 00100 5/ = 00110 5 01100 40— 01110 0 00111

oy = L1100 ol 0111 pp 11110 0 11111
yp = 00100 ) = 00110 ) 01100 ) 01110 = 00111
g = L1L00 oy — 0T1TTL oy 11110 o 11111

where @t 3 219596 gtands for the root v = Z?:l a;a; € ®T. Also we put v9 =

00011 and 43 = 113090 for later use.

We fix the orientation (or sign) of y, as in the following: First we choose the
orientation of y,, for simple roots by fixing the root vectors y; = yo, € g_n, for
i=1,...,8. Forv; € ®"(i = 1,...,38), we put y; = y,, and fix the orientation by
the following order;

Yo =[ys, w6, yio =I[y2,0a],  yi1=1[ya,usl, vz =1lys,val, w1z =[y1, s,
Y14 = [y27y11 y o Yis = (Y2, Y12),  Yie = (Y3, Y11, Y17 = y4,y9] Yis = [y4,y13],
Y19 = [y27yl6 s Y20 = (Y2, Y17), Y21 = (Y2, Y18], Y22 = |Y3,Y17], Y23 = [ylyﬁUlGL

[

[

[

] [ ] [ ] [ ;
] [ ] [ ] [ ]
You = [Ya,Y10], W25 = [y2,y22], Y26 = (Y2, Y2s3l, = [y1, Y22,
] [ ] [ ] = ]
] [ ] [ ] [ ]

[y4ay25},
Y20 = [Y2,Y26], Y30 = [Y2,Y2r], Y31 = [Ys, Yas)s Y3, Y29, = [y4, y30],
Y34 = Y1,Y31), Y35 = |Y3,Y33], Y36 = (Y3,Y34], Y37 = |Y4,Y36], Y3g = [y27y37}7
Then, by the repeated application of Jacobi identities, we obtain
Yss = [—y36’y10] = [—Z/35,y14] = [934,%5] = [y33,y19} = [y32,y20}
= [3/31,921] = [—y29,y25] = [_y287y26] = [y24,y30],

Ysr = [_936)94] = [—y35,y11} = [y34,y12] = [y33,y16] = [y327y17]
= [931,918] = [—yzgyyzz] = [_y285y23] = [y24,y27],
Thus, putting

Wi =yss, Wa=uysr,
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Zy = —Yse, ZL2=—Yss, Z3=1UYs4, Za=Y33, I5= Y32,
Ze =ys1, 2= —Y29, ZL3= Y8, ZL9=Yu,
Yi=v10, Yo=wy14, Yz=u15, Yi=y19, Y5=1y20,
Yo =y21, Yr=uw2s, Ys=u2, Yo=yso,
X1 =ys, Xo=yn, Xs=wy12, Xa=vw1s, X5=11r,
X6 =y18, Xrv=vy22, Xg=uy3, Xo=1uyor,
we obtain the basis {Wy,Wa, Z1,..., 29, Y1,..., Yy, X1,..., Xo} of m satisfying the
following:
g = (WL Wa)) o= UZ1.. . Z0})y g1 = UYis... Yo, X0, .., Xo})
such that
[Z:,Y)]=6Wh,  [Zi, X)) =00 [Xi, X)]=[Y,Y;]=0 (1=4,j<9).
Then we calculate [ X, Y] for 1 < j,k < 9 and obtain

Zy = [Xy,Yo| = —[X7,Ys] = —[Xs, V7] = [Xo,Yd],
Zy = —[X3,Yy] = —[ X, Y7] = —[X7,Ys] = —[Xo, V3],
Z3 = —[Xo,Yo] = [X5,Ys] = [Xg,Y5] = —[Xo,Y2],
Zy= [X1,Yo] = [X5,Ye] = [Xg, V5] [Xo, Y1],
Zs = [X3,Ys|= [X4,Ys] = [Xg,Yy = [Xg, V3],
Zg = —[Xo,Y7| = [X4,Y5] = [X;5,Yy] = —[X7,Y2],
Zy = —[X1,Ys] = —[ X, Ys] = —[X¢, V2] = —[ X3, V1],
Zg = —[X1,Y7] = [X3,Y5] = [X;5,Y3] = —[X7,Y1],
Zy = [X1,Ya] = —[X5,Y3] = —[X5, V2] = [Xy, V1]
Here we define the bilinear forms f;(z1,...,Z9,y1,...,%9)(i = 1,...,9) as follows;
fi= wayo —x7Yys — T8 Y7 + Tg Ya,
Jfo=—x3Yy9 — T6Y7r — T7Ys — T9 Y3,

f3=—T2Y9 + T5Ys + T8 Y5 — T9 Y2,
fi= 1Yo+ 2596 + T6 Y5 + To 1,
fs= 3Yys +Tays + T6ys + Ts Y3,
Jo = —Tay7 + T4 ys + T5ys — T7 Y2,
fr=—21ys — T2Ys — T Y2 — T Y1,
fs=—w1yr +T3Ys + T5y3 — T7 Y1,
fo= T1ys—z2ys —T3y2 + T2 Y1
Observe that f;(zy,yr) is symmetric in x and y;, for i = 1,...,9. Moreover we put
9 9
infi :22311'91'
i=1 i=1
where the quadratic forms g;(z1,...,29)(i = 1,...,9) are given by
g1 = 4T9g — XT7T, G2 = —T3T9g— Tel7y, g3 = T5Ig— T2T9g,

g4 =7T1T9 +T5%T6, G5 =T3T8+ Ty, (g6 = T4Ts — T2T7,

g7 = —X12X8 —T2xe, (8 =T3Xs5 —X1T7, g9 = T1T4 — T2X3.
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Thus we have g;(21,...,29) = gi(zx) = %fi(xk,xk) fort = 1,---,9. Moreover we
have

9 9 9 9
Y fidwi = wyidgi, Y gide;=dg, 3g=1 g,
i=1 i=1 i=1 i=1

where g(x1,...,x9) is the cubic form given by
g =T1X4T9 —T1X7TR — T2X3T9 — T2 LTy + T3 T5 T8 + Ty Ts L.

Thus, by (4.1), we obtain

w1 = dPy + (agag — azag)dXy — agd X5 + asdXs + a7d X9 — agd X0,
we = dPs — (asag + agar)dXy + agd X4 + a7d X7 + agdXs + azd X0,
w3 = dPy + (asas — asag)d X + agd X3 — agdXg — asdXo + asdXio,
wy = dPs + (a1a9 + asag)dX; — agdXs — agdXe — asdX7 — a1 X190,
ws = dPs + (asag + agae)d Xy — agd Xy — agd X5 — asdX7 — azdXg,
we = dP; + (agas — asar)dXy + a7dXs — a5d X5 — asdXg + a2 Xs,
wy = dPs — (a1as + asa6)d Xy + agdXs + agdXs + a2d X7 + a1d Xy,
ws = dPy + (agas — a1a7)d X + a7dXs — asdXy — a3dXe + a1dXg,

wg = dPyg + (a1a4 — agaz)dXy — agdXs + asdXs + asdXy — a1d X5,
W = A1W1 + oWz + « -+ + agwg
+dPy — 2(a1a4a9 — a1a7as — aza3a9 — asagar + azasas + asazag)d Xy
+(agag — arag)dXs — (azag + agar)dXs + (asas — asag)dXy
+(a1ag + asag)dXs + (asag + asae)dXe + (asas — asar)d Xy
—(aras + agsag)dXs + (azas — aja7)dXo + (a1aq — azaz)dXig.

This implies R(X) is given by the following 46 equations;

P510 = —Pgo (= a1), Prs = Py10 (= —az2), Pog = —P310 (= a3),
Ps7 = Po10 (= aa), Pag = P57 (= as), Psg = —Pss (= ag),
Pyg = P37 (= —az), Pis = —Pag (= ag), Pas = —P34 (= ay)
Poy = Pog = Poy = Pog = Poy = P33 = P35 = P3¢
= P39 = Pyy = Py5 = Py7 = Pyg = P55 = 0,
Psg = Psg = Psg = Psg = Ps,10 = Prr = Prg = Pr 19
= Py = Py ;10 = Pog = Py, 10 = P1o,10 =0,
Py 190 = —PrgPsg — P5,10F67, Pig = —P5,10P29 — PegPao,
P1g = P5.10P16 — PrsPse,
Pr7 = =P Pog — PsrPag, Pig = —PsgPas — Ps7Pse,
Pi5 = —P5 10 P25 — Pyg Psg,
Pry = —PrgPos — PyoPus, P13 = PeolPas — Psglag, P12 = —PagPag — Po7Pas,
Py = 2(P5 10Ps7Pos + Ps 10P29 Pag + Prs Psg Pas
—Prg Psg Pag + Pog Pag Pis + Ps7Pio Pse).

in coordinates (Xl, ‘e ,Xlo,Z, Pl, N -7P105P117 . .,P10710) of L(J)
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4.3. Goursat gradation and model system of type F;. Let m be the Gour-
sat gradation of type E;. For (E7,{as}), we have

OF = {0 = 234371 eg = 134321,

O = {ygo = 124321 g = 123321 4 = 123321 .0 123221
vy = 123221 qo = 123211 0 122221 500 123211
Ypy = 122210 4o 122100 0 128210 40— 123210
yap = 122210 ypp = 122110 4,0 = 122100 3

q);r:{%?’:110000’718:11(1)000,721:11%0007723:11(1)100’
Yogg = 111100 ypr — 111110 o0 112100 40— 111110
ygz = 112110 o = 112210 0 111111 o — 111111
g = 112IUL g = 112200 L 112221
Y3 = 010000 ) — 011000 4 011000 5 o 011100
Yg = 011100 ) = 011110 ) = 012100 )0 — 011110
Yag = 012110 0y — 012210 )0 011111 ) — 011111
g = 012111 = 012211 ) 012221 3

where @1 @3 0495 96 97 gpands for the root v = 23:1 a;o; € OF.
We fix the orientation (or sign) of y, as in the following: For v, € ®T(i =

39,...,64), we put y; =y, and fix the orientation by the following order;
Y39 = [ye,yu], Ya0 = [y57y39], Ya1 = [y4,y4o], Ya2 = [yz,y41], Ya3 = [y7,y22}7
Yaa = [Y2,Ya3], Yas = (Y7, yorl, Yae = [Ya, Yaal, yar = [Y2,Ya5], yas = [ya, Ya7],
Yao = [y7,Y31], Ys0 = [y7.y3s]s ¥s1 = (Y7, Ys4]s Ys2 = Y6, Yasl, Y53 = [Y5,Ys0),
Y54 = [y6,y51]’ Ys5 = [1/471153]7 Yse = [y67y53], Ys7 = [y2,955], Ys8 = [y47y56}7
Yso = (Y2, s8], Yeo = (U5, Uss], Y61 = (Y2, Y60, Y2 = [ya,¥61], Y63 = [U3, Y62l
Ye4 = Y1, Ye3]-

Then, by the repeated application of Jacobi identities, we obtain

Yes = [—Y62,Y13] = (Y61, y18] = [Y60, —¥21] = [—¥s9,Y23] = [ys8, Y26] = [~¥s57, y27]
= [~¥s6, Y20] = [¥55,Y30] = [~¥s53, Y33] = [Ys0, y34] = Y38, Yas] = [~¥37, Yar]
= [y36, Yas] = [~ V35, Ys1] = [~Y32, Ys4),
Y63 [ y62,y3] [y617 —912] = [960,915] = [_y597916] = [95&?]19] = [—y57yy22]
= [~¥s6, Y24] = [Y55,Y25] = [~¥s53, Y2s] = [Ys0, y31] = Y38, Ya3] = [~¥y37, Yau]
= [y36, Ya6] = [~ V35, Yao] = [~Yy32, Ys2]-
Thus, putting
Wi =ye4, Wa = yes,
Z1 = —ye2, Z2=1Ye1, Z3=0Y60, Za=—Ys9, Z5=1s8, L6 = —YsT,
Z7 = —Ys6, 48 =Ys5, Zo= —Ys53, Z10=1Ys50, <11 =Y3s, <12 = —Y31,
Z13 = Y36, Z14a = —Ys5, ZL15 = —Ys2,
Yi=ws, Yo=uw1s, Yz=—ya1, Yi=uyas, Ys=u2, Ys=uy27, Y7=120,
Ys =ys0, Yo=ws3, Yio=wy3s, Y11=uya5, Yi2=uwar, Y13z = s,
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Yia =ys1, Yis = ysa,
X1=ys3, Xo=-vy12, Xzs=wy15, Xa=y16, Xs5=uy19, Xo=1y22,
X7 =y, Xg=1y25, Xg=228, X10=y31, X11=ya3, X12= Y,
X13 =ya6, X14 =ya9, Xi5 = Ys2.

We obtain the basis {Wy, Wa, Zy, ..., Z15,Y1,..., Y15, X1,..., X15} of m satisfying the
following:

g3 ={Wi,Wa}), g-2={%Z1,...,Z15}), 9-1={V1,.... Y15, X1,..., X15})

such that

(Z:, Y] = 65w, (Z, Xj] = 6We  [Xi, X5] = [Vi,V;] =0 (14,5 £15).

Then we calculate [X;, Y] for 1 = j,k < 15 and obtain

N
|
>
=
I
A
=
=
n
B
S

= [X13,Yi0] = —[X14, Yo] = —[X15, V7],
Zy = [ X5, Y15] = [X3, Y14] = —[X10, Y12] = —[X12, Y10] = [X14, Y3] = [X15, V5],

Z3 = [X4,Y15] = [X¢, Y14] = —[X10, Y11] = —[X11, Y10] = [X14, Y6] = [X15, V4],

3, Y15] = —[X3g, Y13] = [ X9, Yio] = [X12, Yy] = —[X13, Ys] = [X15, V3],

2, Y15] = [Xe, Y13] = —[Xo, Y11] = —[X11, Yo = [X13, Y5] = [X15, 2],

(X7, Yio] = —[X12, Y7] = [X13,Y5] = [X14, V3],

Z7 = —[X1,Y15] = —[X6, Y12| = [Xg, Y11] = [X11, Ys] = —[X12, V6] = —[X15, V1],

Zg = [Xo, Y1a] = —[X4,Y13] = [X7, Y11] = [X11, V7] = —[X13, Ya] = [X14, 2],

Zy = —[X1,Y14] = [X4, Yio] = —[X5,Y11] = —[X11, V5] = [X12, Ys] = —[X1aV1],
Z1o = [X1, Vi3] = —[X2, Y12] = —[X3, V11| = —[X11, 3] = —[X12, Y2] = [X13, V1],
Zn = —[X3,Y10] = —[X5, Y] = [X7, V5] = [ X3, V7] = —[Xo, Y5] = —[X10, ¥3],
Z1g = —[X2,Y10] = [ X4, Yo] = —[ X, V7] = —[X7, Y] = [Xg, 4] = —[Xq0, Yo,
Z13 = [X1,Y10] = —[X4, Y3] = [X5,Ys] = [Xe, V5] = —[Xs, Ya] = [X10, Y1,

Zig = —[X1, Yo] = [Xo, Ys] = [ X3, ¥5] = [ X ] [Xs, Y2] = —[Xo, V1],
Zi5 = —[X1,Y7] = [Xo, Y5] = [ X3, Ya] = [ X4, V3] = [X5,Y2] —[X7, 11l.
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Here we define the bilinear forms f;(z1,...,215,91,...,¥15)(i = 1,...,15) as follows;
f1 = —x7y15 — To Y14 + T10 Y13 + T13 Y10 — T14 Yo — T15 Y7,
fo= 5y15 +T8Y14 — T1o Y12 — T12Y10 + T1a Y + T15 Y5,
f3= @4y15+TeY1a — Tro Y11 — T11 Y10 + T14 Y6 + T15 Y4,
fa= x3y15 — w8 Y13 + To Y12 + T12Yo — T13Ys + T15 Y3,
fs = Tay15 +Tey13 — Toy11 — T11 Yo + T13 Y6 + T15 Y2,
Joe = T3y14+T5y13 — Tr Y12 — T12Y7 + T13Ys + T14 Y3,
fr=—m1y15 — Te Y12 + T8 Y11 + T11 Y8 — T12 Y6 — T15 Y1,
fs= Toyia —way13 + T Y11 + T11Y7 — T13Ya + T1a Yo,
Jfo=—T1Y14 +Tay12 — T Y11 — T11Y5 + T12Y4 — T14 Y1,
Jfio = T1y13 — T2Y12 — T3Y11 — T11 Y3 — T12 Y2 + T13 Y1,
J11 = —T3y10 — T5Yo + T7Ys + Ts Y7 — To Y5 — T10 Y3,

J12 = —Tay10 + T4 Y9 — Te Y7 — T7 Yo + To Y4 — T10 Y2,
f13= T1Y10 — Tays + T5Ys + T6 Y5 — Ty Ya + T10 Y1,
J1a = —T1Yyo + T2Ys + T3 Y6 + Te Y3 + Ts Y2 — Toy1,
Jis = —T1y7 + T2Ys + T3 Ya + T4 Y3 + Ts Y2 — T7 Y1

Observe that f;(xg, yk) is symmetric in x and yy for i = 1,...,15. Moreover we put

15 15
S xifi=2> vigi
=1 i=1

where the quadratic forms g;(x1,...,215)(i = 1,...,15) are given by

g1 = —T7 %15 — T9gT14 + T10T13, g2 = T5T15 + T T14 — T10 T12,
g3 = X415 + Te X14 — T10 L11, G4 = T3 T15 — T X13 + L9 T12,

g5 = T2 15 + X6 T13 — T9 T11, g6 = T3 T14 + T5 T13 — T7 T12,

g7 = —T1T15 — TeT12 + X811, g8 = T2T14 — T4 13 + T7 T11,
g9 = —T1%14 + T4 T12 — T5 11, 10 = T1T13 — T2 T12 — T3 T11,
gi11 = —T3T10 — T5T9 + T7 T, G12 = —T2T10 + T4 T9 — T T,
g13 = 1210 — T4 T8 + T5 Te, J14 = —T1 T9 + T2 Tg + T3 Te,
gi15 = —T1 X7 + T2 X5 + T3 T4.
Thus we have g;(z1,...,215) = gi(xx) = %fi(xk,xk) for i = 1,---,15. Moreover we
have
15 15 15 15
E fidr; = § i dgi, § gidr; =dg, 3g= E i gi,
i=1 i=1 i=1 i=1
where g(x1,...,215) is the cubic form given by
g = —T1X7X15 — T1T9T14 + T1T10T13 + T2 T5 T15 + T2 T8 T14 — T2 T10 T12.

+x324 215 + T3 X6 T14 — T3 L10 L11 — T4 T T13 + T4 L9 T12 + L5 Tg T13 — L5 Tg L11

—Tg X7 T12 + T7 Ty T11-
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Thus, by (4.1), we obtain

w1
w2
w3
Wy
Ws
We
wr
ws
Wy
wio =
w11
wi2
w13
Wi4 =
w15 =

w2

=dP, + §1dX1 — (—a15dXs — a14dX10 + a13dX11 + 610dX14 — a9d X715 — a7dX16),
= dP3 + §2d Xy — (a15dX¢ + a14d X9 — a12d X 11 — a10dX13 + agdX15 + a5dX16),

= dPy + g3d X1 — (a15d X5 + a14d X7 — a11dX11 — a10dX12 + agdX15 + a4dX16),
=dPs + §4d X1 — (a15d X4 — a13d X9 + a12d X109 + agd X3 — agdX14 + azdXyg),

= dPs + §5d X1 — (a15dX3 + a13d X7 — a11dX10 — a9 X12 + agdX14 + a2dX16),

= dP; + g6d X1 — (a14d Xy + a13d X6 — a12dXg — a7dX13 + asdX14 + azdX;5),
=dPs + §7d X1 — (—a15dXs — a12d X7 + a11d X9 + agdX12 — agdX13 — a1dX16),

= dPy + §sdX1 — (a14dX3 — a13d X5 + a11dXs + a7d X3 — a4dX 14 + a2dX15),

= dP1o + God X1 — (—a14d X2 + a12d X5 — a11dX¢ — a5dX 12 + a4d X153 — a1dX;5),

= dPy1 + g10d X1 — (alst2 — a12dX3 — a11dXy — a3d X2 — azdX13 + aldX14)
= dPi2 + g11d X1 — (—a10d Xy — agdXs + agdXg + a7dXg — asdX19 — azdX11),
= dPi3 + §12d X1 — (—a10dX3 + agd X5 — a7d X7 — agdXg + a4dX 19 — asdX11),
= dPiy + §13d X1 — (a10d X2 — agdXs + aedX¢ + a5dX7 — a4sdXg + a1dX11),

= dPi5 + §14d X1 — (—agdXs + agd X3 + agd X4 + a3d X7 + aad X9 — a1dXq9),
= dPig + §15d X1 — (—a7dXs + a5d X3 + a4d Xy + a3d X5 + a2dXe — a1dXs),

= awi + agwa + - - - + arswis + dPy — 2gd Xy + §1dXo. + - - + Gi15d X 6.

This implies R(X) is given by the following 121 equations;

_P&IG = —P10,15 = P11,14 (: 01)7 P6,16 = P9,15 = —P11,13 (= GQ),
Ps16 = Pris = —Piii2 (= a3), Py = —Po1a = Pro13 (= aa),
P316 = P74 =—Pio2 (=as), Piis=Ps1a=—Fsi3 (= ag),

—Ps16=—Pri3=Po12 (=a7), P315=—PFP514= Ps12 (= as),

—Py15 = P513 = —Fs12 (= a9), Pa1a=—P313=—FPy12 (= a10),

—Py11=—Fs10=DPsg (=a11), —Ps11=DP510=—PFPrs (=ai2),
Py11=—PFPs9=Ps7 (=a13), —Po10=DPs9=Pi7(=a14),

—Pyg = P3¢ = Py5 (= ais),

Pro=P3=Py=Ps=Pog=Por=Pg=D13=DP13="3
=P34 =P5=P;7 =0,

Psg=P310=P310=P314=PFPya="FPy6=Pig=Pig=Ps10=FPi3
=Py1a=PF55=0,

Pseg=DPs7=Psg=PFP511=P5120=DL515 = P56 = Pss = P9 = Ps,11
= Ps,13 = Ps,15 = 0,

Prr=Prg=P;10=PFPr11=Pr12="Pr16 = FPg=Pg10=Fs11=Fg 14
= P15 =0,

Pog=Py10=Po11 = Po13= Py 16 = Pio,10 = Pr0,11 = P1o,14 = P1o,16 = 0,

P11 = Pi115 = Pi1,16 = Pi2,12 = Pi2,13 = P12,14 = P12,15 = Pi2,16 = 0,

Pi313 = P34 = Pi315 = Pi3,16 = Piajia = Pia1s = Praie = Pis,15 = Pis 16
= Pis,16 = 0,



Pi16 = P216Ps,16 — P3,16 6,16 — Pa16 5,16,
P14 = P214aPs 16 + P3,15P116 — P3,16F4,15,
P12 = P214Ps516 — P2,15P3,16 + P2,15 P2, 16,
Pi 10 = P210Ps,16 + P3,11 P16 — P3,16Pa11,
P g = PogPs 16 — P2,11P115 + P3,15 P39,
P16 = P28FPs,16 — P2,11Pa15s + Poi6Pait,
P14y = PogPyi6 + P210Pa15 — Po1aPa,
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P s
P s

Pio=PogPsi6 + P210P215 — P11 P2 14,
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= —P>15P3,16 — P3,15F6,16 — P1,15F5 16,
= P>14P5,16 + P2,15P4,16 — P2,16Pa,15,
P11 = P11 Ps 16 — P311FPs,16 + Pa11Ps 16,
Pi g = Ps10FPs,16 + P2,11P116 — P2,16Pa11,
P17 = Ps10Ps5,16 — P2,11P3,16 + P2,16P3,11,
P15 = P2gPs 16 + P2,11P3,15 — P15 P3 11,
P13 = P2sPs16 + P2,10P3,15 — P14 P31,

P11 =2(PagPs16Ps,16 + P210P2,15P8,16 — Po,11P2,14Ps 16 — P23 P3,16P6,16
— Py 10P3,15F6,16 + P2,14P3,11 5,16 — P2,8P1,16P5,16 — P2,10P1,15FP5,16
+ P14 Py 11516 — Poj1P315Pa 16 + Po15P311 P16 + Po11P3,16P415

in coordinates (X1, ..

— Ps15P3 16 P11 — Pa16P301Pa15 + Poi6P3,15 P 11)s

'aXlﬁazvpla“

. Pig, P11, ..., Pig16) of L(J).

4.4. Goursat gradation and model system of type Fs. Let m be the Gour-
sat gradation of type Fs. For (Fs,{ar}), we have

¢’§r={7120=24§543277119—
<I’§r={7118= 24254217%17:
7114:2434321,7113:
V110:23§1432177109:
Y106 = 1234321771052
Y102 = 1333221771002
Yo6 = 1233221a794:
yeg = 1222221 oo
<I>1+={765=008°°“,766=
'769_00%11117770:
Yoz = 01311 gy =
Yrr = 12%1111’7782
Y81 = 11%22117’}’832
Y87 = 12?1’2211,7892
Yo5 = 1233211’%8:
Y7 = 00800107739
742200%11107’}’432
746201%1110,’}’472
Y50 = 12%1110’%1:
V54 = 11%2210’7552
V58 = 12:1)’221077592
Y62 = 1233210,763:
where @1 93 g4 95 96 4748 ofands

a2

for the root v = Zle a;o; € O

2465431}
3 b

24g532177116: 24%4321,,}/115: 24243217
232432177112:2334321;7111: 1324321’
1334321,7108f 13%4321’,}/107: 231213321’
134213321,7104:23%3221,,}/103: 124213321’
12%3321,,}/99: 12%32217,797: 121%33217
12%3221,,}/93: 122232221’,791: 12?2221’
11%22217782:01%22217}7
00801117767:00811117768200(1)1111a
01(1)11117,}/71:01%11117,}/72:11(1)11117
11%1111,,}/75:11%1111’,}/76:01%2111’
11%2111,779:01%221177802 12%2111’
12?21117784: 12%22117786: 12%2111’
12%22117,}/90: 1211532117792: 12%32117
1342132117,)/101:234213211’
200801107,)/4020081110’,}/41:00(1)1110’
01611107744201%11107745: 1161110’
11%1110’,)/48: 11%1110’,}/49:01%21107
11%2110,752:01%22107753: 12%2110’
12:%21107756: 12%22107757: 12%2110’
12322107760: 1251532107761: 12%32107
134213210,,}/64:234213210},



88 K. YAMAGUCHI

We fix the orientation (or sign) of y, as in the following: For v; € ®*(i =
65,...,120), we put y; = y,, and fix the orientation by the following order;

Yes = [Y7,Usl, Yoo = [Us:Yes], Yot = [Us, Yeels Yes = [Ya,Ye7], Yoo = [y2, Yes),
Y7o = [ys,i%s}, Yy = [yz,ym], Y2 = [y17y70]7 Y3 = [y4,y71], Yra = [y17y71]’
Yrs = [ylyym}, Yre = [y5,y73], Yrr = [y37y75], Yyrs = [y5,y75], Yr9 = [967y76]7
Yso = Vs, yr7l, = Y6, yrs],  ys2 = [y7,yrol, vs3 = [y7,ys0l, ¥sa = [Ys, Ysol,
Yss = [y1,y82}, [y2,y83], Ysr = [y67ys3], Ysg = [9372/85], Yso = [y2;y87]7
Yoo = [y5 ysﬂ, [y4,yss], Yo2 = [?/%ygo], Yoz = [:Uwygl], Yoq = [y5,y91],
Yos5 = [y4,y92], Yo6 = [y27y94], Yo7 = [y67y94], Yog = [yg,y95], Yog = [3/472/96]7
Y100 = [y2, Yo7l

Yio1 = [yhygs}, Y102 = [Z/37y99] Y103 = [y4, leoo], Y104 = [y1, y102]:

Y105 = [y37y103]7 Y106 = [y5, Zl/103]7 Yo7 = [yla y105]; Y108 = [95, leS]a

Y109 = [y47y108]; Y110 = [y1,y108], Y1 = [yz,ng], Y112 = [y4,y11o],

Y113 = [yz,ylm], Y114 = [ys,ylm], Y11 [yg,y114], Y116 = [y4,y115],

Yiir = [ys,yne'], Y118 = [ys,yn?]a Y11 [y77yll8]; Y120 = [ys,yng]-

Then, by the repeated application of Jacobi identities, we obtain

Y120 = y118uy65] = [y1177y66] = [—9116,%7] = [y11573/68] = [y1147 —y69] = [—y113,y70]
y112,y71] [y111,y72] = [ylloa *y73} = [y1097 *y74] = [ylos,y75] = [y107,y76]
Y106, —2/77] = [111057 —y7s} = [9104, —y79] = [ylos,llso] = [?J1027y81] = [yloo, —y83]
Y99, —y84] = [y977y86] = [y96,y87] = [y94, —y89] = [y937 —ygo] = [9917992]

Y119 = y1183y7] [y117,y39] = [*y1167y40] = [y115,y41] = [y114,y42] = [fy113,y43]

Y112, y44] = [211117 —y45} = [y11o,y46] = [ylog,y47] = [y108, —y48] = [y107, —y49]
y106a950] [9105,3/51] = [y104ayf)2] = [9103, —y53] = [y1027 —y54] = [y1007y55]
Y99, Ys6] = (Yo7, —Ys7] = [Yo6, —Vss] = [Yo4, Yso] = [¥93, Y60] = [Yo1, —¥e1]

[~
=
=
=
= [yss, —¥os] = [yss, Yos] = [ys2, —y101],
[-
=
=
=
= [yss, Yo2] = [Us5, —Ve3] = [ys2, Yea)-

Thus, putting

Wi =y120, Wa = y119,

Z1 = —yus, Z2=yur, Z3= Y16, L4 =Y115, L5 =Y114, L6 = —Y113,
Z7 =y112, 48 =¥Y111, L9 =1y110, Zi0="Y109, <11 =Yios, ZL12 = Y107,
Z13 = Y106, Z14 = Y105, Z15 = Y104, Z16 = Y103, Z17 = Y102, Z18 = Y100,
Z19 = Yoo, Z20 = Yo7, ZLo1 = Y96, L22 = Y94, L23 = Y93, L24 = Y91,
Zos = Yss, Zoc = Yss, Lot = Ys2,

Yi=yes, Yo=uwes, Ys=yer, Ya=Uyss, Y5=—Yso, Y6=Uyr0, Y7r=uym,
Ys =yr2, Yo=-—yr3, Yio=-ym, Ynn=yw, Yi2=uyr, Yiz= -y,

Yis = —yrs, Yis = —yro, Y16 =yso, Yir=1ys1, Yis= —ys3, Y19 = —Us4,
Yoo =yse, Yo1r =wys7, Yoo = —yso, Yoz = —Yo0, You=y92, Yo5 = —Yos,
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Yos = yos, Yor = —¥101,

Xi=yr, Xo=uwy39, Xz=w10, Xu=ys, Xs=uy12, Xo= a3,

X7 = —yas, Xg=—yss, Xo=ys6, X1o=1va7, X11=—vyas, Xi2= —Ya9,
X13 =950, X1a=1ys51,X15 =152, Xi6=—Ys3, Xi7v=—Us4, X18=Ys5,
X19 = Yse, Xoo = —Ys7, Xo1 = —Yss, Xo2=1Us9, X23=7UYs0, X24= —Yo1,
Xos = ye2, Xoo = —¥Ye3, Xo7 = Y64,
we obtain the basis {Wy, Wy, Z1,..., Zo7, Y1, ..., Yo7, X1, ..., Xo7} of m satisfying the
following:

gz = {W,Wa}), g-2={Z1,...,2Z7}), 9-1=({V1,....Yor, X1,..., Xo7})
such that

[Z:,Y;] = 650, (Zi, X;] = 65W> (X, X5l =1Y3, Y] =0 (1=14,j=27).

Then we calculate [X;, Y] for 1 < j,k < 27 and obtain

Il

|
a
=
n
B
“
I
€
3
>
n
B
=
I
i
&
=

Z1 = —[X13, Yar] = [X1s, Yoe) [ Yos] = [ ] [ Yas]
= —[Xo3, Yao] = [Xo4, Yao] = —[Xas, Y1s] = [Xo6, Yi6] = —[Xo7, Vi3],
Zy = —[X11,Yor] = [X14, Yog| = —[Xu7, Yos] = [X19, You] = —[X21, Yoo
= —[Xo22, Yo1] = [Xo4, Yig] = —[Xos, Y17] = [Xa6, Y14] = —[Xo7, Y11,
Z3 = —[Xo, Yor| = [X12, Yos| = —[X15, Yas] = [X19, Ya3] = —[X20, Yo1]
= —[Xo1, Yao] = [Xa3, Yig] = —[Xas, Y15] = [Xo6, Y12] = —[Xo7, V0],
Zy = —[X7,Yor] = [X10, Yos] = —[X15, You] = [X17, Ya3] — [X15, Y1)
[
[

= —[X19, Yis] = [X20, Y17] = —[X22, Y15] = [Xo6, Ys] = —[Xo7, V3],
Z7 = —[ X4, Yor] = [Xs, Ya5] = —[X12, Yoo| = [X14, Yoo] = —[X16, Y19]

= —[X19,Y16] = [Xo0, Y14] = —[X22, Y12] = [Xos, Y] = —[Xa7, Y4,
Zg = [Xe, Yag| = [X7,Yo5] = —[Xo, Yau| = [X11, Ya3] = —[X13, Yo1]

= —[Xo1, Vi3] = [Xo3, Y11] = —[Xo4, Yo] = [Xos, Y7] = [Xo, Yel,
Zy = —[ X3, Yor] = —[Xs, Ya4] = [X10, Yoo| = —[X14, Y1s] = [X16, Y17]

= [Xi7,Yi6] = —[X18, Y14] = [X22, Y10] = —[Xo4, Y] = —[Xo7, Y3,
Z1o = [ X4, Y] = —[X5, Yo5] = [ Xy, Yao] = —[X11, Yoo] = [X13, Y19]

= [X19, Vi3] = —[X20, Y11] = [X22, Yo] = —[Xos, V5] = [Xo6, Y4,
Z11 = —[Xa,Yor] = [ X3, Ya3] = —[X10, Yao] = [X12, Yis] = —[X15, Yi6]

= —[X16, Y15] = [X18, Y12] = —[X20, Y10] = [X23, Y] = —[Xa7, Y2,
Z1p = [X3,Ya6] = [X5, Yau| = —[X7, Yao] = [X11, V1] = —[X13, Y17]

= —[X17, Vi3] = [X18, Y11] = —[Xo2, Y7] = [Xo4, V5] = [Xo6, Y3,
Z13 = —[X1,Yar] = —[X5g, Yo1] = [X10, Yio] = —[X12, Y17] = [X14, Y15]

= [Xi5, Y14] = —[X17, Y12] = [X19, Y10] = —[Xo1, Ys] = —[Xa7, Y1,



90

K. YAMAGUCHI

Z1y = [Xo, Y] = —[ X5, Ya3] = [X7, Yao] = —[Xo, Yis] = [X13, Vis5]
= [Xi5, Y13] = —[X1s, Yo| = [X20, Y7] = —[Xa3, V5] = [Xas, Y2,
Z15 = —[X3,Yas] = —[ X4, You] = —[Xg, Yoo] = —[X11, Yig] = [X13, Y14]
= [X14, Vi3] = —[Xu6, Y11] = —[X02, Ys] = —[Xo4, Yi] = —[Xo5, V3],
Z1 = [X1, Y] = [X5,Ya1] = —[X7, Yig] = [Xo, Y17] = —[X11, Vis5]
= —[X15, Y11] = [X17,Yy] = —[X19,Y7] = [Xo1, V5] = [Xo6, Y1),
Zy7 = —[X2,Yas] = [ Xy, Ya3] = [ X6, Yao] = [Xo, Y16] = —[X12, Y13]
= —[X13, Yi2] = [X16, Yo| = [Xo0, Ys] = [Xo3, Ya] = —[Xo5, V2],
Z1g = —[X1,Yas] = —[X4, Yo1] = —[ X, Yio] = —[Xo, Y14] = [X11, Y12]

X, Yoy] = [X3, Yas] = —[ X, Yig] = —[X7, Y16] = [X10, Y13]
X13, Y10] = —[X16, Y7] = —[X18, Vo] = [Xos, Y3] = [Xo4, V3],
Zao = [ X1, Y] = —[X3,Yo1] = [Xe, Yi7] = [X7, Y14] = —[X10, Y11
= —[X11,Y10] = [X14, Y7] = [Xu7, Y5] = —[Xo1, V3] = [Xo4, Y1),
Zy1 = —[Xo, Yao] = —[X3,Yao] = —[Xy, Y1s] = [X5, Yig] = —[X5, Y13]
= —[X13, Y5] = [X16, Y5] = —[X1s, Ya] = —[Xo0Y3] = —[X22, Y],
Zyy = —[X1,Ya3] = —[Xo, Ya1] = —[Xe, Y15] = —[X7, Y12] = [ X0, Y10
= [Xi0,Yo] = —[X12, V7] = —[X15, Y5] = —[Xa1, Ya] = —[Xo3, V1],
Zaz = —[X1, Yao] = [X3,Y19] = [X4, Yi7] = —[X5, Y14] = [ X5, Y11]
= [X11,Ys] = —[X14,Y5] = [X17, Ya] = [X19, V3] = —[ X0, V1],
Zay = [X1, Yao] = [X2, Yig] = —[X4, V15| = [X5, Yi2] = —[X5, Vo]
= —[Xo, Y3] = [X12,Y5] = —[X15, Yy] = [X19, Yo] = [X20, V1],
Zys = —[X1,Y1g] = —[X2, Yi7] = —[X3,Y15] = —[X5, Yio] = [X7, Yz]
= [Xg,Y7] = —[X10, V5] = —[X15,¥3] = —[X17, V2] = —[X15, V1],
Zas = [X1, Y1) = [Xo2, Y14] = [X3, Y12] = [X4, Yi0] = [X6, Yz
= [Xs,Ys] = [X10,Ya] = [X12,Y3] = [X14, Y] = [X16, Y1,
Zyr = —[X1, Vi3] = =[Xo, Y11] — —[X3,Ys] = —[Xy4, Y7] = —[ X5, Y]
= —[Xe, V5] = —[X7,Yy] = —[Xo, Y3] = —[X11, Vo] = —[X13, Y1].

Here we define the bilinear forms f;(x1,...,227,y1,...,y27)(i = 1,...,27) as follows;

f1 = —T13 Y27 + T16 Y26 — T18 Y25 + T20 Y24 — T22 Y23 — T23 Y22 + T24 Y20 — T25 Y18

+T26 Y16 — T27 Y13,

f2 = —X11 Y27 + T14 Y26 — T17 Y25 + T19 Y24 — T21 Y22 — T22 Y21 + T24 Y19 — T25 Y17

+T26 Y14 — T27 Y11,

f3 = —Tg Y27 + T12 Y26 — T15 Y25 + T19 Y23 — T20 Y21 — T21 Y20 + T23 Y19 — T25 Y15

+x26 Y12 — 27 Y9,

fa = —T7 Y27 + T10 Y26 — T15 Y24 + T17 Y23 — T18 Y21 — T21 Y18 + T23 Y17 — T24 Y15

+T26 Y10 — T27 Y7,

f5 = =T Y27 — T10 Y25 + T12 Y24 — T14 Y23 + T16 Y21 + T21 Y16 — T23 Y14 + T24 Y12

—25 Y10 — T27 Y6,
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= —T5Y27 + T8 Y26 — L15 Y22 + T17 Y20 — T18 Y19 — T19 Y18 + T20 Y17 — T22 Y15
+T26 Ys — T27 Y5,

= —T4Y27 T TgY25 — T12Y22 + T14 Y20 — T16 Y19 — T19 Y16 + T20 Y14 — T22 Y12
+T25 Ys — T27 Y4,

= T6 Y26 T T7Y25 — To Y24 + 11 Y23 — T13 Y21 — T21 Y13 T T23 Y11 — T24 Y9
+T25 Y7 — T26 Y65

= —T3Y27r — T8 Y24 + T10Y22 — T14 Y18 + T16 Y17 T T17 Y16 — T18 Y14 + T22 Y10
—ZT24Y8 — T27Y3,

= T4Y26 — T5Y25 + To Y22 — T11 Y20 + T13 Y19 + T19 Y13 — T20 Y11 + T22 Y9
—X25 Y5 — 26 Y4,

= —T2Y27 + T8 Y23 — T10 Y20 + T12 Y18 — T15 Y16 — T16 Y15 + T18 Y12 — T20 Y10
+Z23 Ys — Tar Y2,

= X3Y26 + T5Y24 — T7 Y22 + T11 Y18 — T13 Y17 — T17 Y13 + T18 Y11 — T22 Y7
+T24 Y5 + T26 Y3,

= —T1Y27 — T8 Y21 + T10Y19 — T12Y17 T T14 Y15 + T15 Y14 — T17 Y12 + T19 Y10
—ZT21Ys — T27 Y1,

= T2Y26 — T5Y23 + T7Y20 — T9 Y18 + T13 Y15 + T15 Y13 — T18 Y9 + T20 Y7
—T23 Y5 + T26 Y2,

= —T3Y25 — TaY24 — Te Y22 — T11 Y16 + T13 Y14 + T14 Y13 — T16 Y11 — T22 Y6
—T24 Y4 — T25 Y3,

=T1Y26 T T5Y21 — T7Y19 + To Y17 — T11 Y15 — Ti5 Y11 + T17 Y9 — T19 Y7
+X21 Y5 + T26 Y1,

= —T2Y25 + T4 Y23 + T Y20 + T9 Y16 — T12 Y13 — T13 Y12 + T16 Yo + T20 Y6
+T23 Y4 — 25 Y2,

= —T1Y25 — T4Y21 — T6Y19 — T9 Y14 + T11 Y12 + 12 Y11 — T14 Y9 — T19 Y6
—X21 Y4 — T25 Y1,

= T2 Y24 +T3Y23 — T6 Y18 — L7 Y16 + T10 Y13 + T13 Y10 — T16 Y7 — T18 Y6
+T23 Y3 + T24 Y2,

=T1Y24 —T3Y21 + Te Y17 + T7 Y14 — Ti0Y11 — T11 Y10 + T14 Y7 + T17 Ys
—Z21Y3 + T24 Y1,

= —T2Y22 —T3Y20 — T4 Y18 + T5 Y16 — LgY13 — T13Ys + T16 Y5 — T18 Y4
—T20 Y3 — T22Y2,

= —T1Y23 —T2Y21 — T6 Y15 — T7 Y12 + To Y10 + Tio Yo — T12Y7 — T15 Y6
—ZT21Y2 — T23 Y1,

=—T1Y22 + T3Y19 + T4 Y17 — T5Y14 + X8 Y11 T T11Ys — T14 Y5 T T17 Y4
+T19 Y3 — T22 Y1,

=T1Y20 +T2Y19 — T4 Y15 + T5Y12 — T8 Y9 — T9Ys + Ti2Ys — T15Y4
+2T19 Y2 + 20 Y1,

= —T1Y18 — T2Y17 — L3Y15 — T Y10 + T7Ys +T8Y7r — T10 Y5 — T15 Y3

—T17Y2 — T18 Y1,
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f26 = 1 Y16 + T2 Y14 + T3 Y12 + T4 Y10 + T Ys + TeYe + T1o Y4 + T12 Y3
+x14 Y2 + T16 Y1,

for = —T1Y13 —T2Y11 —T3Y9 — TaYr — T5 Y6 — T Ys — T7 Y4 — To Y3 — T11 Y2
—T13Y1-
Observe that f;(x, yx) is symmetric in x and yy for i = 1,...,27. Moreover we put

27 27
Soxifi=2) vigs
i=1 =1

where the quadratic forms g;(x1,...,297)(: = 1,...,27) are given by

g1 = —Z13T27 + T16T26 — T18T25 + T20T24 — T22T23,
g2 = —T11%27 + T14T26 — T17T25 + T19T24 — T21T22,
g3 = —T9T27 + T12T26 — T15T25 + T19T23 — T20T21,
g4 = —T7T27 + T10T26 — Ti15T24 + T17T23 — T18T21,
gs = —TeT27 — T10T25 + T12T24 — T14T23 + T16T21,
g6 = —T5T27 + TgT2e — T15%22 + T17L20 — T18%19,
g7 = —T4T27 + TgTas — T12%22 + T14T20 — T16719,
gs = TeX26 + T7T25 — T9T24 + T11T23 — T13%21,
g9 = —T3T27 — TgT24 + T10T22 — T14%18 + T16217,

g10 = T4T26 — T5T25 + L9T22 — T11T20 + T13219,

g11 = —T2%27 + X8T23 — T10T20 + T12T18 — T15%16,

g12 = T3T26 + T5T24 + T7T20 — T9T18 + T13%15,

g13 = —T1T27 — TgT21 + L1019 — T12%17 + T14%15,

g14 = T2T26 — T5T23 + T7T20 — T9T18 + T13%15,

g15 = —T3T25 — T4T24 — TeT22 — T11T16 T T13T14,

gi6 = T1%26 + T5T21 — T7T19 + T9T17 — T11X15,

g17 = —T2T25 + T4T23 + TeX20 + T9T16 — T12T13,

g18 = —T1T25 — T4T21 — TeL19 — T9T14 + T11212,

g19 = T2T24 + T3T23 — T6T18 — T7T16 T T10213,

g20 = T1%24 — T3T21 + T6T17 + T7T14 — T10211,

g21 = —T2%22 — X3T20 — T4T18 + T5T16 — TT13,

g22 = —T1T23 — T2T21 — Tex15 — T7T12 + T9Z10,

g23 = —T1T22 + X319 + T4T17 — T5T14 + TT11,

g24 = T1X20 + T2T19 — T4T15 + T5X12 — T8y,

g25 = —T1T18 — X2T17 — T3X15 — T5T10 + 73,

g26 = T1%16 + T2T14 + T3T12 + T4T10 + T6Ts,

g27 = —T1T13 — T2T11 — T3T9 — T4T7 — T5T6-

Thus we have g;(z1, ..

. @o7) = gi(xk) = & fi(wp, ) for i = 1,---,27. Moreover we
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have
27 27 27 27
E fidx; = E Y dgi, E gidr; =dg, 3g= E Zi Gis
i=1 i—1 i—1 i—1
where g(x1,...,227) is the cubic form given by
g = —X1X13T27 + T1T16 T26 — L1 T18 T25 + T1 T20 T24 — T1 T2 T23 — T2 T11 T27

+T2 X14 T2g — T2 17 L5 + T2 T1g T4 — T2 T2l T2z — T3 Tg Tay + T3 T12 T26
—T3T15 %25 + T3 T19 T2z — T3 T20 T21 — T4 T7 T2y + T4 T10 T26 — T4 T15 T24
+T4 217 T23 — T4 T18 T21 — Ts T Tay — T T10 T25 + T T12 T24 — T5 T14 T23
+T5 T16 T21 + T Ty Tag — Te T15 T22 + T T17 T20 — T6 T18 T19 + T7 T T25

—X7 X2 T2 + L7 T14 Top — T7 T16 T19 — L L9 T4 + T8 T11 T23 — Ly 13 T21
+T9 10 T2z — T9 T14 T18 + T9 T16 T17 — T10 £11 T20 + T10 T13 T19 + T11 T12 T18

—T11 T15 T16 — T12 13 17 + 13 T14 L15-
Thus, by (4.1), we obtain

w1 = dPy + §1d X1 — (—a27dX14 + a26dX17 — a25dX19 + a24dX21 — az3d X3

— a22dX 24 + a20dX 25 — a18dX o6 + a16d X 27 — a13dXog),
wy = dPs + §2d X1 — (—ag7d X2 + a26dX15 — a25dX18 + a24d X0 — a20dXoo

— a1dXo3 + a19dXos5 — a17dXo6 + a14dXo7 — a11dXog),
w3 = dPy + §3d X1 — (—a27dX10 + a26dX13 — az5dX16 + az3dXo0 — ag1dXo

— az0d X2z + a19d Xy — a15d X6 + a12dXo7 — agdXog),
wg = dPs + §4dX| — (—a27dXg + azedX11 — az4dX16 + az3dX 18 — az1d X1

— a18d X9 + a17X24 — a15dXo5 + a10dXo7 — ardXog),
ws = dPs + §5d X1 — (—a27d X7 — azsdX11 + aadX13 — az3dX15 + az1dX17

+ a16d X220 — a14d X4 + a12d X5 — a10dX26 — asdX2g),
we = dPy + §ed X1 — (—ag7dXe + azedXg — a22dX 16 + a20dX18 — a19dX 19

— a18d X0 + a17dXo1 — a15dXo3 + agdXo7 — asdXog),
wr = dP3 + §7d X1 — (—a27d X5 + az5d X9 — ag2d X 13 + az0dX15 — a19d X7

— a16dX20 + a14dXo1 — a12dXo3 + agdXos — asdXog),
wg = dPy + §sd X1 — (a26dX7 + az5dXg — azsd X1 + azsd X2 — az1d X1y

—a13dXog + a11dXoy — agdXos + ardXos + agdXor),
wy = dPyo + God X1 — (—a27d Xy — a24d X9 + azodX11 — a18dX 15 + a17d X 17

+a16dX18 — a14dX19 + a10dXo3 — agdXos — azdXog),
wio = dPi1 + §10dX1 — (a26d X5 — a25dXe + a22dX 19 — a20dX12 + a19dX14

+ a13dX20 — a11dX21 + agdXa3 — a5dXo + asdXo7),
wi1 = dPi2 4+ §11d X1 — (—ag7d X3 + a3dXg — az0dX 11 + a18dX13 — a16d X6

— a15dX17 + a12dX19 — a10dX21 + agdXos — a2dXog),
wiz = dP13 + §12d X1 — (a26d X4 + a24d X — az2dXg + a18dX 12 — a17d X1y

—a13dX 18 + a11dX19 — a7d X3 + asd X5 + azdXor),
w1z = dP1g + §13d X1 — (—agrd Xy — az1dXg + a19dX11 — a17dX13 + a15d X 15
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+ a14dX 16 — a12d X 18 + a10dX20 — agd X2z — a1dXog),
wig = dPi5 + §14d X1 — (a26d X3 — azsdXe + ag0dXg — a18dX10 + a15dX14

+ a13dX16 — agdX19 + a7dXo1 — asdXoy + asdXor),
wis = dPig + §15dX1 — (—ao5d Xy — a24d X5 — azod X7 — a16d X 12 + a14dX14

+ a13dX15 — a11dX17 — agdXo3 — aadXo5 — asdXog),
wie = dP17 + g16d X1 — (a26d X2 + a21dXg — a19dXg + a17d X190 — a15d X2

— a11dX 16 + a9d X1 — a7dXoo + a5dXss + a1dXa7),
wi7 = dPig + Gi17d X1 — (—a25d X3 + a23d X5 + a20d X7 + a16dX10 — a13d X3

— a12dX 14 + agdX17 + agdX21 + agdXoy — azdXa),
wig = dPyg + §18d X1 — (—agsd X2 — a21d X5 — a19d X7 — a14dX10 + a12dX12

+a11dX13 — agdX15 — agdXo0 — agdXoo — a1dXs),
wig = dPag + G19d X1 — (a24d X3 + az3d Xy — a18d X7 — a16dXg + a13d X1y

+ a10dX14 — a7dX17 — agdX19 + azdXog + azd Xss),
wao = dPo1 + Good X1 — (a24d X2 — a1d Xy + a17d X7 + a14dXs — a1n1dX11

—a10dX12 + ardX15 + agdX 18 — azdXon + a1dXss),
war = APy + §o1d X1 — (—a20d X3 — a20d Xy — a18d X5 + a16d X — a13d Xy

—agdX14 + a5dX17 — agdX19 — azd X1 — a2dXa3),
wap = dPa3 4 §22d X1 — (—ag3d X2 — a21d X3 — a15d X7 — a12dXg + a10d X1

+ agdX11 — a7dX13 — agdX16 — adXap — a1dXoy),
wa3 = dPay + Go3d X1 — (—ag2dXs + a19d Xy + a17d X5 — a14d X6 + a11d Xy

+agdX12 — asdX15 + asdX1g + azd Xz — a1dXs3),
woy = dPos + Goad X1 — (ag0dXs + a19d X3 — a15d X5 + a12dXs — agdXo

—agdX 1o + a5dX13 — asdX16 + azdXo0 + a1dX21),
was = dPag + Josd X1 — (—alst2 —a17dX3 — a15d Xy — a10dXe + agd Xy

+ a7dXy — asdX 11 — azdX16 — a2dX18 — a1dX9),
wag = dPa7 + §26d X1 — (a16d X2 + a14d X3 + a12d Xy + a10d X5 + agd X7

+ a6 X9 + aydX11 + a3dX13 + a2d X 15 + a1dXi7),
wor = dPog + Go7d X1 — (—a13dXs — a11d X3 — agd Xy — a7dXs — agdXg

—a5dX7 — agdXg — azd X190 — aad X2 — a1dX14),
wy = ajwy + -+ + agrwar + APy — 2gd Xy + G1d X + - -+ + gard Xos.

This implies R(X) is given by the following 379 equations;

—Piy28 = Pi727 = —Pig26 = Pa1,25 = —Pa3 24 (= a1),
—Pi998 = Pi597 = —Pig 26 = Pag 25 = —Pa2,23 (= a2),
—Pro28 = P13 27 = —Pi6,26 = Pa0,24 = —P21,22 (= a3),
—Pg 98 = Pi1,27 = —Pig 25 = Pigoa = —Pig 22 (= a4),
—P; 98 = —Pi1.96 = Pi3,25 = —Pi5,24 = Pi7,22 (= a5),

—Pg 98 = Py o7 = —Pig,23 = Pis21 = —Pig,20 (= ag)
—P5 98 = Py o6 = —Pi3,23 = Pis 21 = —Pi720 (= a7),
as)

P77 = Py os = —Pio,25 = Piaoa = —Piaos (=
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—Pyog = —Pyos = Pi123 = —Pis19 = Pi718 (= a9),
P5 07 = — P96 = Pio23 = —Pi2,21 = Pia20 (= a10),
—P308 = Py oy = —P11,21 = P39 = —Pis17 (= an),
Py o7 = Ps o5 = —Pg 23 = Pi219 = —Pia1s (= a12),
—P 98 = —Py 22 = Pi1,20 = —Pi3,18 = Pi5,16 (= a13),
P37 = —Ps 24 = P21 = —Pio,19 = Pia16 (= a14),
—Pyo5 = —Ps5 95 = —P7 23 = —Pig17 = Pia15 (= ais),
P o7 = Ps 200 = —Pg 20 = Pio,18 = —Pi2,16 (= a16),

—P3 06 = Ps5 204 = P71 = Pio17 = —Pi3,14 (= a17),
—P5 96 = —P590 = —Pr 90 = —Pig,15 = Pi213 (= a1s),
P5 95 = Pyoy = —Pr 19 = —Ps 17 = P11,14 (= a19),
Ps o5 = —Py 92 = Pr1g = Ps 15 = —Pi1,12 (= a),
—P393 = —Py91 = —Ps519 = Ps17 = —Po14 (= a21),
—Ps04 = —P3 92 = —P716 = —Ps 13 = Pio,11 (= a22),

—Py 93 = Py oo = Ps18 = —Ps15 = Py 12 (= a23),
Pso1 = P3990 = —P516 = Ps,13 = —Po,10 (= a24),
—P5 19 = *Pg,ls = *P4,16 = *P6,11 = P8,9 (: a25),

P17 = P315 = Py13 = Ps 11 = Prg (= ag),
—Py14=—P312=—Py10=—Fss8 =—Fs7 (= asr),

Pro=P3=Py=Ps=Pg=Pr=Pg=Pg=DPi19g="rn
=Py120 =Py 13 =0,
Pris =P =Po18 = Poog=Pooo=P33=PFP34=P35=Ps6=PFP;7

=P35="P39=0,
P310="P311=P313=P314=P316=DP317=DP319=DP321=1"320="Fsg4
=P;5=P6=0,

Py7=Pyg=Pyg9=Pi11=Pii2=Pi1a=Pi15=Pi17=Pi18 = Psi9
= Py o3 = Py 25 =0,
Pss=DFs6=Ps7=PFPs9=PFP510=P512= D513 = D514 = P515 = Ps 17
= P520=P521 =0,
Psos = Ps 06 = Ps6 = Pss = Fs,90 = Ps10 = Ps,12 = Ps,14 = Ps,16 = FPs,18
= P10 = Ps 20 = 0,
Pso1 = FPs03 = Ps0r = Prr = Prg = Prio=Pri1 = Prio = Prig = Prag
=Pri5=Pr17=0,
Pr o9 = Proy = Pros = Prog = Psg = P10 = P11 = Pg12a = Pyjia = Pyie
= Fg18 = Pg,19 = 0,
Pgoo = Proy = Pgos = Pgor = Pog = Py 11 = Py13 = Py,15 = Py 16 = Py 17
=Py 18 = Py 19 =0,
Py oo = Pyo1 = Py 23 = Pyog = Pro,10 = P1o,12 = P1o,13 = P10,14 = P1o,16

= Pio,20 = Pio21 = 0,
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Pio22 = Pio24 = Pio26 = Pro27r = Pi1,11 = P13 = Piiis = Piijie = Piiar

=Pi1,18 =0,

Pi119 = P10 = P1124 = Pr125 = Pr128 = P12,12 = P12,14 = P12,15 = P12.13
= P20 =0,

P399 = P12 23 = Pioos = Pioos = P27 = Pi3,13 = Pi3,15 = Pis16 = Pisr
= Pi3,20 =0,

P13 21 = P13 20 = P13 24 = P1326 = P13,28 = P1a,14 = P1a17 = Pig,10 = Pra21
= P23 =0,

Piy94 = Praos = Piyos = Praor = Pi515 = Pis17 = Pi5,18 = Pi520 = Pi5,22
= Pi5,23 =0,

Pi505 = Pi526 = Pi5,28 = Pig,16 = Pi6,18 = Pi6,19 = Pi6,20 = Pi6,21 = Pi6,22
= Pig24 = 0,

Pig o7 = Pig,28 = Pi717 = Pi7,19 = Pi721 = Pi723 = P1724 = Pi725 = Pi7.26
= Pi728 =0,

Pig 18 = Pigj19 = Pig o0 = Pig 22 = Pig 23 = Pig o5 = Pig o7 = Pig s = Pig 19 =

Pig 21 = Pig2s = Pigoa = Pig s = Pig o7 = Pig 23 = Pao20 = Pao21 = Pao,22

Psg 93 = Paoo6 = Paogo7 = Paoas = Po121 = Po123 = Pa124 = P16 = Pa127 =
Ps108 = Pog 00 = Pagoq = Pa3 95 = Pa2 26 = Pag o7 = Pag08 = 2323 = 2325 =
Po3 o6 = Pa3 o7 = Pa3 08 = Payos = Posos = Posos = Poaor = Posos = Pos o5 =
Pos 06 = Pas o7 = Pas 28 = Pag o6 = Pasor = Pasos = Paror = Paros = Pogas =

Py o
Py o7
Py o6
Py 25
Py oy
Py o3
Py 99
Py o1
Py o
P19
Py 1s
Py 7
P 16
Py 15
Pi1g
Pr3
Py 12
Py
P11

= P 08 P14,08 + P3,.08 P19 208 + Py 08 P10,28 + P5 08 Pg 208 + P 28 P7 28,
= P 97 P14,08 + P3.207P12 208 + Py 27 P10,28 + Ps .27 P 208 + FPs 28 P7 27,
= P26 P14,28 + P326 P12 28 + Pa25P10,28 — P5,27P7 28 + P5 28 P7 27,
= P 05 P14,08 + P3.05P12 08 + Py 05P808 + Py 27P7 28 — Py 23 P7 27,
= Py 04 P1408 + P3.05P10,08 — P3,06P8,08 — P3,27P7 28 + P3 28 P7 27,
= P 93 P14,08 + P393 P12 208 + Py 25F5,08 — Py 27P5 28 + Py 23 F5 27,
= Py24P1228 — P25 P10,28 + P226 3,28 + P2 27 P7 28 — P2 28 Pr o7,
= Py 01 P14,08 + P3.03P10,08 — 3,065,208 + P3,27P5 28 — P3 23 P5 27,
= Py 21 P12,208 — P223P10,208 + P2,206 5,08 — P2,27P5 28 + Pa 28 P5 27,
= P 19P14,28 + P3.93P3 208 — P53 25P10,28 — P3,27 Py 28 + P3 28 Py 27,
= Py19P12,28 — P223 g 28 + P2,25F6,28 + P27 Py 28 — P2 28 P4 27,
= Py 17P14,08 — P3,03P7 08 — P53 95P5 08 — P3 96Py 28 + P3 28 P4 25,
= Py 19P10,08 — P2,201 8,208 + P2 24 P08 — P2 275 98 + P2 28 P3 27,
= Po17P12,28 + P2 237 98 + P225P5,28 + P2 26 Py 28 — P228Pa,25,
= Py 14P1408 — P3.203P7 07 — P53 95P5 27 — P3 96 Py 27 + P3 27 P 25,
= P517P10,28 + P221P7 28 + P 255 28 + P2,26 P128 — P228 P4 25,
= Py 14P1208 + P2203P7 07 4+ P5 95 P5 o7 + P2 26 P27 — P2 27 P4 25,
= Py 17P3 08 + P19 P7 98 — P2 24Py 08 — Po 25 P3 28 + P3,25P5 23,

= Py 14P10,08 + P2201P7 07 + P 24 P5 27 — P2 96 P3 97 + P2 273 26,
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Py o= P 17P508 — P2,19P5 28 — P2 21 Py 28 — P23 P3 08 + P 03 P3 23,
Py g = Py 14FP3 28 + P219P7 207 — P2 14Pr 27 — P 25 P3 07 + P2 27 P53 25,
P17 = Py 14P7 08 — P2 17P7 97 + P2 24Py 05 + P2 o5 P3 06 — P2 263 25,
P16 = P> 14P5.08 — P2,19P5 97 — Pa21Pyor — PoosP3 o7 + P 07 P3 03,
Py 5 = Py 14Ps5 08 — P2 17P5 27 — Pa 21 Py o5 — P2 23 P3 06 + P 26 P35 23,
Py gy = Py14Ps28 — Po17Py o7 + Po19P425 + Pa 23 P53 95 — P2 253 23,
P13 =P 14P3 28 — P2 17327 — P219P3,26 — P2 213 25 + P2 243 23,
Pio=Ps14P08 — P 17P5 97 + Po19FP2 26 — Po o1 P2 05 + P2 03P 24,

P = 2(P214P228Praos — Po 17 P2 27P1a28 + P2 19 P 26 Pra g — P2 21P2 25 P14,28
+P5 93P 24 P1428 + P2 143 28 P12,28 — P2,17P3.27P12,28 + P2 1973 26 P12,28
— P 21 P3.95P12,28 + P2,24P3 23 P12 98 + P2 1 Py 28 P10.28 — P2.17P127 P10 28
+P519 Py 25 P10,28 + P2.23P3,25 P10,28 — P2 25 P3,23P10,28 + P2,14P5 23 P3 23
—P5 17P5 07 P3.08 — P> 21 P4 205P8, 08 — P2 9233 26 P53 28 + P2 263 3,233 28
+ P 146 28 Pr 28 — P2 195,07 Pr 08 — P01 Py 07 P7 08 — P 203P3 07 Py 28
+P5 97 P393 P7 08 — P 17Ps 28 Pr 27 + P2 24Pa 25 F6 28 + P2 25 P3.26 Ps 28
—P5 26 P3,25P5 28 + P2,19 5 28 Pr o7 — P2 24Py 27 P5 28 — P2 .25 P3 27.P5 28
+ Py 07 P3 05 P5 08 + P2 01 P4 08 Pr 07 + P 033 08 P 07 — P 08 P3 03P o7
+ P> 24Py 28 Ps5 07 — P 26 P3,27P1 08 + P2 27P3 96 Pa 28 + P2 25 P3.08 P5 27
—P5 98 P3 95 P5 o7 + P2 96 P53 28 Py o7 — Pa 273 28 Py o5 — Po 28 P3 26 P4 27
+P5 28 P3 27 Py 25)

in coordinates (Xl, e ,ng, Z7 Pl, ey ng, P1,17 N ,ng’gg) of L(J)

5. Goursat Equation (B;). Now, utilizing the Second Reduction Theorem |,
we will construct the model equation (By) from the same standard differential system
(X, D) constructed in §3 and §4, which is the local model corresponding to the Gourst
gradation of type X,. First (W;C*, N) is constructed as follows; W = W (X) is the
collection of hyperplanes v in each tangent space T,.(X) at € X which contains the
fibre dD(x) of the derived system 9D of D, which is same as R(X)

W(X) = U W, C J(X,3s5+ 1),
zeX
W, = {v € Gr(Tx(X),3s +1) | v D dD(z)} = P

Moreover C* is the canonical system obtained by the Grassmaniann construction and
N is the lift of D. Precisely, C* and N are given by

C*(v) = v, ' (v) D N(v) = v 1(9D(x)),

for each v € W(X) and 2 = v(v), where v : W(X) — X is the projection.
We introduce a fibre coordinate A\ by w = w; + Awsy, where

C*"={w=0} and 0D = {w; = wy = 0}.

Here (w1, wa, 21, ..., 25, Y1y« -+, Yss T1,...,Ts, A) constitutes a coordinate system on
W(X). Then we have

dw = (dy; + Mdx1) Awy + -+ + (dys + Mdxs) A ws + dA A wa,
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Ch(C")Y={w=wmy=w1 = =ws=dy1 + Mda; =--- =dys + Mddes =d\=0 },
N={w=w2=01},
Ch(N)={wm=me=w1 = =wsg=dyy =+ =dys =dry =--- =das =0 }.

Hence (W(X);C*,N) is an IG-manifold of corank 1 (see §2.2 [15]). Then we can
utilize the integration of @ in §4 (and §3). In particular, by the calculation in (4.1)
(and (3.3)), we obtain

w=dZ — %PidXi,
=l . (5.1)
@y =dPy + Y adPey1 + §dX1 — > grdXpi1,
k=1 k=1
where (X1,...,Xs41,4, P1,...,Psy1) constitute a coordinate system of J =

W/Ch(C*) and (Xi,...,Xe41,Z,P1,...,Psy1,0a1,...,as) constitute a coordinate
system of W. Here we note, in the case of BD; type,

p+1
fr=> wyr, fe=myi +2ye (k=2,...,p+1),
k=2

so that

Now our model equation is constructted as follows; Let (R(X);D%,D%) =
(R(W); Dy, D3,) be the Lagrange Grassmann bundle over (W;C*, N).

R(W) = U R, R, ={0C N(w) |dw |;=0, ¢ is maximal},
zeW

where C* = {w = 0}. Moreover D};; and D%, are defined by
Dy (0) = 7. 1(C*(w)) D Dy () = 7 (9),

for o € R(W),w = q(0) and 7 : R(W) — W is the projection. Namely we collect
maximal isotropic subspaces of (N (w), dw). Infact v = ¢.(0) is a legendrian subspace
of (J,C) such that v C t(w) = ¢.(N(w)), where ¢ : W — J = W/Ch(C*) is the
projection and ¢ : W — I'(J) is the canonical immersion (see Theorem 2.1 [15]).
Thus we define a map ¢ : R(W) — L(J) by ((9) = ¢.(9). Then we have

((Ry) = {v € L(J) | v Cw C Cw)} = L(w/a") = U(s)/O(s),

where u = g(w),w = t(w) and L(w/w") denotes the Lagrange Grassmann manifold
of the symplectic vector space w/w"of dimension 2s. Hence our equation ((R(W))
is the collection of legendrian subspaces v = ¢.(0) such that v C @ = g.(N(w)), i.e.
® C N(w), for w € W. Since (X,dD) is a regular differential system of type c!(s,2)
and of Cartan rank s, we can check that (R(X); DX, D%) is a PD manifold of second
order on an open dense subset R of R(X) = R(W) (see Proposition 7.3 [15] for detail)
and ¢ : R(W) — L(J) is an immersion on R.
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Now, substituting dP; — Zji P;;dX; (i=1,...,5s+1) into (5.1) , we obtain the
parametric description of Goursat equation (By)

S S
Pu+Y apPeiin+3=0, P+ axPeijin—3=0 (j=1,...,5). (52)
k=1 k=1

In fact we can describe the immersion ¢ : R(W) — L(J) in coordinates
as follows (see §4.1 [15] for detail); Let (X1, X41,72, Pr, Piyq, A7H BT 8)(1 <
i < s) be the coordinate system of I'(J) induced from a canonical coordinate
(X1,..., X541, Z,P1,...,Psy1) of J (see §2.1 [15]). Then, by (5.1), «(IW) is given
by

AT =—q;,  BT'=yg, S=-g+) ATBT =—45  (53)
i=1

Moreover, following the argument in §4.1 [15], we can choose the cooodinate system
(X17Xi+17 Z7 P17Pi+17aiaP;i|»1,j+1) (1 § 7”] § S) of R(W) so that ( : R(W) - L(J)
is given by

s
* D, i _ * * . _ ok pi+l * * AJ+1
¢ Pz+1,j+1 = f)i+1,j+17 ¢ P17Z+1 =u'B + E :Pi-i‘l;j-‘rlL A ’
j=1

S S
C"Prp=1"S+ Z ZPZ:_L]-_,_lL*AiJ'_lL*Aj'H,

i=1 j=1

where (Xl,XiJrl, Z7 .P17 Pi+17 Plla Pl’j+17 Pi+1,j+1)(1 § ’L,] § S) is the coordinate Sys-
tem of L(J) induced from a canonical coordinate system (X1, X;1, 2, P1, Piy1)(1 £
i< s) of J.

Then, substituting (5.3) into the above, we obtain

S
C*Pyiv1=Gi — E C*Pii1,j+14;5,

Jj=1

S

S S S
C"Pu=—4g+ ZZC*PiJrl,Hlaiaj = —4g — Z(C*P17i+1 —gi)a; = — ZC*PMHW -3
=1

i=1 j=1 i=1

This gives us (5.2).
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