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POINT*
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Abstract. Geometric genus is an important invariant in the classification theory for isolated
singularities. In this paper we give a complete classification of three-dimensional isolated weighted
homogeneous singularities with geometric genus one. This is one of important classes of minimally
elliptic singularities. We reduce it to nineteen classes Newton polyhedrons with one inner lattice
point.
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1. Introduction. A list of simple zero-dimensional complete intersections has
been obtained by M.Giusti in [1]. Zero-dimensional gradient singularities were classi-
fied by Alexsandrov and Zuo [2]. The topological classification of simplest Gorenstein
non-complete intersection surface singularities was obtain in [3]. Artin [4] first intro-
duced the definition of rational surface singularity. He classified all rational surface
singularities embeddable in C3. These are precisely Du Val singularities in C? defined
by one of the following polynomial equations:

A, a4+ 42 forn > 1,
D, :x? +y?z + 2" forn > 4,
Eg: z? 4%+ 24,
Er: 2?4+ 9° +y2°,
Eg: 2% +¢% +2°.

It is well-known that any canonical singularity, i.e., singularity that occurs in a
canonical model of a surface of general type, is analytically isomorphic to one of the
rational double points listed above.

In [5] Burns defined higher dimensional rational singularity as follows. Let (V,p)
be a n-dimensional isolated singularity. Let m: V — V be a resolution of singularity.
And p is said to be a rational singularity if R’ﬁr*(ﬁf,) =0forl1 <i<n-—1. In
a beautiful paper [6], Yau shows for Gorenstein singularity that it is sufficient to
require R"~'7,(0p) = 0. Furthermore, it has been proved that R" ', (0y) =
HO(V — {p}, Q") /L*(V — {p},Q"), where Q" is the sheaf of germs of holomorphic
n-forms and L2(V — {p}, Q") is the space of holomorphic n-forms on V — {p}, which
are L2-integrable. The geometric genus pg of the singularity (V,p) is defined to be

pg := dimR" ', (0p), = dimH"(V — {p}, Q") /L*(V — {p},Q").
It turns out that p, is an important invariant of (V, p).
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We shall call an isolated hypersurface singularity defined by a weigthed homo-
geneous polynomial an isolated weighted homogeneous singularity. Isolated weighted
homogeneous surface singularities have been studied by many authors, see Arnold
[7, 8], Orlik and Wagreich [9, 10], Yau and Zuo [11]-[19], Yoshinaga and Suzuki [21],
Yoshinaga and Watanabe [23], and references therein. In [21], isolated weighted homo-
geneous surface singularities (non-degenerate weighted homogeneous polynomials) are
classified under the conditions of their inner modalities < 4. Yoshinaga and Watanabe
showed that the geometric genus p, of an isolated weighted homogeneous singularity
is completely determined only by its weights. The isolated weighted homogeneous
singularities with p, = 0 are the rational double points. Those ones with p, = 1 are
classified as a part of the minimally elliptic singularities by Laufer [22] for surface sin-
gularities, and also as a part of the isolated weighted homogeneous singularities with
inner modalities 1, 2, 3 or 4, by Yoshinaga and Suzuki [21]. Those isolated weighted
homogeneous surface singularities with p, = 2,3 were classified by Yoshinaga and
Ohyanagi in [20, 24]. In [25] Yau and Yu classified three-dimensional rational isolated
weighted homogeneous singularities. These singularities have important application
in four dimensional N = 2 superconformal field theories (SCFT) [26]. In fact, these
singularities give us a large number of new four dimensional N = 2 SCFTs. The next
very important step in classifying singularities seems to be the case of three dimen-
sional minimally elliptic (i.e. isolated Gorenstein singularity with p, = 1) weighted
homogeneous isolated complete intersection singularities. However, the calculation in
[25] is very complicated and is hard to be generalized. In this paper, we develop an
new approach to the classification problem for minimally elliptic weighted homoge-
neous isolated hypersurface singularities, which is mainly based on simple properties
of invariant and deformation theory for such singularities. We extend the results in
[25] to pg = 1. We give a complete list of three-dimensional isolated weighted ho-
mogeneous hypersurface singularities with p, = 1. We state the main theorem here:

MaIN THEOREM. Let (V,0) be a three-dimensional isolated weighted homogeneous
hypersurface singularity with p, = 1. Then (V,0) is defined by a weighted homogeneous
polynomial of one of the nineteen cases of Table 2 such that the corresponding linear
form « satisfies a(x,y, z,w) = 1.

If (i)-(ag,a1,a2,a3) has p; = 1 then (ag,a1,a2,as3) is one of Table (i) where
ie{(), -, (XIX)}.

We only include some short tables at the end of this paper due to the page limit.
We refer the interested readers to [41] for the complete list of tables.

In section 2, we shall give a classification of weighted homogeneous polynomials
of 4 variables with isolated singularity at the origin. This list was obtained first by
Kouchnirenko [27] and Orlik-Randell [28, 29] independently. In section 3, we classify
all three-dimensional isolated weighted homogeneous hypersurface singularities with
pg = L.

2. Classification of weighted homogeneous polynomials in four vari-
ables with isolated singularities at the origin. In this section, we recall some
definitions and theorems for weighted homogeneous polynomials.

DEFINITION 2.1. suppose that (wg,wy, - ,w,) are given positive num-
bers. A polynomial f(z0,21, - ,2n) is said to be weighted homogeneous of type
(wo, w1, -+ ,wy) if it can be expressed as a linear combination of monomials
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DEFINITION 2.2. A weighted homogeneous polynomial f is said to be non-
degenerate if (0,0,---,0) is an isolated critical point, i.e., if its hypersurface has
an isolated singularity at (0,0,---,0).

In this paper, we consider 3-dimensional hypersurface isolated singularities, con-
sequently with 4 variables zg, 21, 29 and z3.

Orlik and Wagreich [9] and Arnold [8] showed that if h(zo, 21, 22) is a weighted
homogeneous polynomial in C* and V = {z € C3 : h(z) = 0} has an isolated singu-
larity at the origin, then V' can be deformed into one of the seven classes of weighted
homogeneous singularities below, while keeping the differential structure of the link
Ky := 85NV constant. Let (wg, w1, ws) = (wt(z0), wt(z1), wt(22)) be the weight type
and p be the Milnor number. The classification of 3-dimensional hypersurface isolated
singularities, keeping the differential structure of the link Ky = S° NV constant has
been list in Table 1.

TABLE 1
The classification of 3-dimensional hypersurface isolated singularities, keeping the differential
structure of the link Ky = S® NV constant.

Class h(zg, 21,22,23) =0 (wy, wo, w3) 7
a a a
I {200 + 271 + 252 =0} (wg, wy, wa) = (ag, a1, az) p=(ag —D(ag —(ag — 1)
(22 (23 (23 aja
11 {200 + 271 + 21252 =0} (wq, wi,wp) = (ag,aq, 0’11_21) w=(ag — 1)(ajag —ay + 1)
a a a w, Wi, W
111 {200 + 27123 + 21252 =0} (a10d2711 31)(12,1 n=(ag —1ajay
=(a0: —go=1T 7 o =17 )
2 1
a a a wQ, Wi, W
v {200 + 27122 + 20252 = 0} (00585%,2) agay nw=agaz(a; —1)+ag —1

= (%0 agay—ag i’ ag—1)

B o B (wp, w1, wa)
v {25021 + 271 20 + 20252 = 0} — (20a1aptl  _agajagtl w=apajag
arag—dsFl’ agag—dgFl’
agajag+1 |
aga;—alF1

ag ay ag b1 by _
VI {200 + 20271 + 20252 + 2,1 2,2 =0}, (wo, wy, wa) = (ag, % %) o= <a0a1—a0+1)(7a0a2*a0+1)
(ag — 1)(ajbg 4+ agby) = agajasg 0 0 ag—1
a a a 5y b
vir [ {76971 + 20271 + 20292 + 211 2,2 = 0}, (wo, wy, wy) _ aglagajaz—agajtaj—az)
aga;—1 agaj—1 ag(aga;—1), "~ ag—1
(a0 = D(arby +agby) =aglapar = 1) |= ("= “ap=T * “aj(ag-1 )

Recall that two isolated hypersurface singularities (V,0), (W,0) in C**! are said
to have the same topological type if (C"*1, V,0) is homeomorphic to (C**1, W, 0) [30].

In [31], the authors proved that the above deformation is actually a deformation
that preserves the weights and embedded topological type. Therefore, any weighted
homogeneous singularity should have the same topological type of one of the seven
classes in Table 1.

If h(20, 21, 22, 23) is a weighted homogeneous polynomial in C* and V = {z € C* :
h(z) = 0} has an isolated singularity at the origin, then Kouchnirenko [27] and Orlik
and Randell [28]observed that V' can be deformed into one of the following nineteen
classes of weighted homogeneous singularities below, while keeping the differential
structure of the link Ky := S7 NV constant. The classification are in Table 2. The
meaning of the linear forms «(z,y, z,w) in Table 2 will be clarified in the proof of
Theorem 3.2 later.

THEOREM 2.1 ([25]). Suppose h(zo, 21,22, 23) is a polynomial and
Vio = {(20, 21, 22, z3) € C* : h(20, 21, 22, 23) = 0}

has an isolated singularity at 0.  Then h(z0,21,22,23) = [f(z0,21,22,23) +
9(z0, 21, 22, 23), where f is one of the nineteen classes (see Table 2) with only an
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isolated singularity at 0, and f and g have no monomial in common. If h is weighted
homogeneous of type (wo,wr, w2, ws), then so are f and g. Let Vi = {(z0, 21, 22, 23) €

C*: f(20,21,22,23) = 0} and let

KfZVfﬂS7,

K, = VhﬂS7.

Then Ky is equivariantly diffeomorphic to Kj,.

Proof.

If none of the monomials in {z(°,20°21,25%%2, 2,°23} appears in

h(zo, 21, 22, 23), then %(20,0,0,0) = 0, 0 < j < 3. This contradicts the fact

that h has an isolated singularity at O.

Therefore, one of the monomials in

{26°, 20° 21, 20" 72, 23" 23} does appear in h. Similarly, one of the monomials in each of
the following sets appears in h : {zg2]*, 21", 21" 29, 21 23}, {70252, 21252, 252, 252 23},
{#025%, 21253, 20253, 25°}. Taking a monomial from each of the 4 sets above, we get
256 polynomials. One can check that these 256 polynomials are equivalent to one
of the nineteen classes above up to permutation of coordinates. Notice that in Type
VIII, for example, the monomial 2527 is added to make sure that f has an isolated
singularity at 0. Obviously if h is weighted homogeneous of type (wq,ws, ws, w3),

then so are f and g.

The proof of Theorem 3.1.4 in [9] shows that K is equivariantly diffeomorphic

to Kh. O

TABLE 2

The classification of 3-dimensional hypersurface isolated singularities, keeping the differential

structure of the link Ky = S™” NV constant.

[Type | 720,71, 72, 73) =0 (wo, w1, wa, w3)p and alw, y, 2, @)
(wg, wy, wo, w3z) = (ag,ay,az,az)
I {200 + 271 + 292 + 233 =0} pn=C(ag —1)(ay — 1)(@3 — D(az — 1)
— I z w
a(x,y, z, w) = ag + oL + o 1,2%
(wg, w1, wa, w3) = (ag, a1, as, 2203
ag ay as a3 _ ap—1
11 {200 + 21" + 25° + 2223° =0} #:(a0*1)<a1*1)[112(‘13*1()4’1%)
_ = Y z ag—Tw
ale y zw) = 4 g 2 02
agaz—1 agagz—1
(wg, w1, wg, wy) = (ag, aq, a2a3—- | A)
aq aq ag ag _ az—1 ag—1
111 {zO +zl +22 Z3+2223 =0} H:(@O—U(@l(— 1>alz)a3 : 5
-z 4 Y a3—2)z ag—)w
oz, y, 2, w) = aqg + aq + agag—1 + agag—1
— agat TS
v ag ay as 4_, (wg, wy, wa, wg) = (ag, 5 —1’a2’a2—1)
{zg" + 2021 + 25% + 2225 =0} W= lag(a] — 1)(+ 1][1(1)2@3 —1) +(1] -
w) = L ag—1y | = as—Dw
a(z,y, z, w) = & + aga, + a21+ oY
_ (aga1—T1 agaj— azag
wp, wy, w9, w = —a, — 3, a9,
v (2901 4 20201 4292 4 2293 g} (wo, wy, wa, wg) = ( ag—1 ag—1 2 a2—1>
0 *1 0% 2 2%3 p = agaqlag(ag — 1) + 1]
_ (@ —Da  (ag—Dy z (ag=Dw
oz, 2 w) = G - a(,a1—11+@ +1 agaz
aga; -1 aga]—1 agag—1 dgaz—
- o - (g wa wy) = (TGTLT GgTIT ST a5
VI {20021 + 2027 + 25223 + 29253 = 0} : 1)“:?0‘11‘;?‘13 : - : -
_ (o —Dx ag—1y az—1)z ag—Dw
oz, y, z,w) = o= + aomf}ljz aza?b;;zt?, agag—T
(wg. w1, wy, wy) = (ag, ay, —A—-2, —A172T3 )
ag , a1 as ag _ a3 -1’ aj(ag—1)F1
VII {20 + 21" +2125° + 22257 =0} n = (ag — 1)[a1a2((a3 —1)1) + “[1 7( 1] —
2. 1 1 N Y a;j—1)= ajlag— w
afe,y 2 w) = A B LTS S2ayan
T T T T aTas aTa
vin {209 + 271 + 21252 + 21235 + 2529 =0, (wo,wl,wz,wS_):(ao,al,alij,#%)
plag—1) g(ag—1) = Leo=Daylap—T)F1la; (ag =T)F1]
plag—1) 4 glag—1) _ 4y a]—
ajag ajag =z Y (a1 —1)z (a1 —TDw
a(”'y‘z’m*ﬁ*E*lmia(Q 1?17“ i
a, a a a 1 alagz— a al1agz— al1agz —
x {200 + 271 23 + 25223 + 21253 + 202 =0 (wo, wy, wy, wy) = (ag, TP, B2, SL )
plaz—1) gay(az—1) ) u = ag—Daglaglajag—Tj—aj(azg—T]]
— — =1 ag—
ajag—1 ' ag(ajag—1) iy e = = 1 (G Dy aj(azg—1)z (ag—Dw
Y2 W =G0 T ajag—1 ' ag(ajag—1) ajaz—1
(wg, w1, wa, wz) = (ag, Miy
+1 a aa3(12171)+1
a a a a ajagas 192
X {200 4+ 271 20 + 25223 + 21253 =0} ai(az—DI1 ag(a;_DiT)
w = (ag — 1)@[10?03 o
-z aglag— Y
oz, y, 2, w) = ag ajagagz+1
lartag=D+1]2 | [ag(ay = 1)+1]
ajagagt1 ajagagt1
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[Type |

h(zg,21.22,23) =0 I

(wq, Wy, Wy, wa),p and alx, y, 2, @)

a a a a
X1 {ZOO +z0z11 +zlz22 + z2233 =0}

— TOaT L)
(wg, wy, wg, wz) = (ag, ag—1" ag(a—DTT’
agajagza3 )
agaj(ag—T)+(ag—1)

u=agajaz(ag —1) taglag —1) +1

s, (a0=Dy

a(z,y, z, w) = &
ag agar
4 laglag —1)+1]= +[a0a1(02*1)+(a0*1)]
agajay

{zgo + zozil'l + zozg2 + zlzgs + zzfzg =0,

XIT
p(ag—1)

q(ag—1) _ 1}
apay -

apaz

(wo, w1, wa, w3) = (ag, g =7
agay agajas )
—1’ agla;—DF1L

ag
(ao(ﬂz—1)+1)(ﬂ0‘11(a3—1)+ao—1)
ag—1

M

= @o=Dy

lagay —1) k1t
agaray

a(z,y, z,w) =

(ag—1)= |
T agay

a a a a
X1 {209 + 20271 + 21292 + 21253 + 2528 =0,
plag(ay —1)+1]

alag(ag —D+1] _ 4y
agalaz

apalaz

+

doaT

(woﬂl/1~w2ww3) = (a0, o=
agajag apaia

ag(ay —DF1’ aglay — D+

[aoal(a2—1)+ao—1lla0@1(a3—1)+a0—11
ag(a; —1)+1

& =Dy
ag aga
[ao(alfllerl]w

a(@, y, 2, w) =

4 laglag —D+1]=

apgajag

{260 + 20211 + 20252 + 20255 + 202 + 2525 =0,
plag—1) q(ar)*l) -1,

apal 0a2
m+m,l}
anga ana

092 093

g
(wg, wy, wg, wg) = (a01 . e )

0
lag(ag —T)FT[[aglag =D FT[laglazg —T)F1]
(ag—1)2

n =

z , (ag=Dy
a aga
(ag—1)z 0(0,071)11;1
+7ana2 + —aras

alz,y, z,w) =

a a a a
XV {20921 + 20271 + 20252 + 2225° + 2028 =0,

plag—1)
agai—1

gaj(ag=1 _ 4
az(aoalfl) ¥

aga;—1
(wg, wi, wy, wgz) = ( 211,1 ag—T

agag(agay —1) )
ag(aga; —1)—aj(ag—1)

ap(agai—1)
a1(ag=1)

_ “0[(12(“'3—1)(‘10“1—1)4-"'1(ao—l)J

a0 —1

Q
lag =Dz lag—Ty
apa;—1 = aga;—1

lag(agag —1)—aj (ag—D]w

agag(agay —1)

(@, gy 2, w) =
ay(ag—1)z
az(aga;—1)

+

{zgozl + 20271 + 20252 + zozg3 + 228 + 2525 =0,

XVI1
plag—1)
apgal—1
ray(ag—1)
az(apar—1)

gaj(ag=1) _

ag(aga;—1) ’
sag(ag—1)_ _ 4y
ag(agay—1)

(wg, wy, wy, wg) = (ﬂaal_)% ﬂ()l(n_;—ll
ag(aga; —1) az(agay—1),

aj(ag—1) ' aj(ag—1)

aglag(aga; —T)—ay(lag—=Dlaz(aga; —T)—aj(ag—T)]
aj(ag—1)

oy =Dz "lag—Dy

apgaq —1 apgay —1
ag(ag—1w

az(aga; —1)

a(z,y, z, w) =

ay(ag—1)z
Tag(agay —1)

{zgozl + 20201 + 21252 + zozg3 + 2023 4 2528 =0,

XVII
plag—1)
agay —1
r(ag—1)
agal —1

gaj(ag=1) _
03(%@1*1)
sag(ag—1) =1}
ag(agay—1)

(wg, wy, wy, wg) = (“3‘171_—11) @231_—117
a2(a0a1*1). a3(a0a1—1))
ag(a;—1) ' aj(a

a—1)
u = Le2legar=T= ao(alfl)][as(aoal*1)*‘11(@0*1)]
(ag—1)(a; —1)

lai—Dz - (ag=Dy
agal—1 aga—1

+egag—1)z  aj(ag—Dw
ag(aga;—1) " ag(agay—1)

ae,y, 2, w) =

a a a a
{20022 + 20271 + 21292 + 2125° + 2528 =0,

XVIII

plaglag —D+1] | gaglag(ag—D+I1] _ 4y
agajaz+1 ag(agaiag+1)

— agajangFl agaiasFl
(wo, w1, wa, wy) = (01(“2—1)4—1 Tag(ag—1D)+1”
agajagtl - aglagajagtl)
ag(ay —1)+1° aglag(aj —1+1]

u = 20a1lagajaglag—T)Fazlag—T)Fag]
ag(ag —D+1

lag(ag =TIz "Japlag =T FITy
agaiant1 ajagt1

an(ay—D ]2+ aplag(ay ~1)41]w

agajag+1 aq(ana1a2+1)

oz, y, z,w) =

41

a a a a
XIX {z0022+z0211 +22223+21z33 =0}

— agajagzaz—1
(wg, wy, wa, wg) = (al[a§(a271>+1]71 ,
a0a1a2a3
f(ao—1)+1]—1’
aoa1a2a3 agajagag—1 )
aglay(ag—1DF1]—1 aslag(a] —D)F1]—1

p = agajaga

3
[aj(ag(a =T FI)—1]z

a(z,y, z,w) =
ajagag—
+[as(«zz(ao—f3+1>—1
agajazaz—
[az(a0<a1*1)+1)*1]w
angajagaz—1

4leglar(ag =D+ —1]=
agajagag—1

We shall use the theory developed in [31] and [32] to show that (V},0) and (V4,0)

have the same embedded topological type.

DEFINITION 2.3.
{(My, Ny)

M}, we say that (M, N¢) depends C* on t and that {(My, Ny)

Given a real manifold B of dimension m, and a family
:t € B, Ny is a closed submanifold of a compact differentiable manifold

it € B} is a C®

family of compact manifolds with submanifolds, if there is a C> manifold M, a closed
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submanifold N and a C* map w from M onto B such that w := w|N is also a C>
map from N onto B satisfying the following conditions

(i) My =w=t(t) D Ny, =w (¢

(ii) The rank of the Jacobian of w (respectively W) is equal to m at every point

of M (respectively N').

THEOREM 2.2 ([31]). Let (M, N), (w,w)) be a C= family of compact manifolds
with submanifolds, with B connected. Then (Mg, Ny) = (w= (t),w1(t)) is diffeomor-
phic to (My,, Ny, ) for any t,ty € B.

Now we fix weights (wyp,...,w,) with w; > 2. Suppose that there is a weighted
homogeneous polynomial f(zo, ..., z,) with the weights (wy, ..., w,) such that f has
n
an isolated singularity at the origin. Let A be the intersection of the plane ) =t =1
= ws
with the first quadrant of R"*!. Let C[A] = {f € C[zo, ..., 2] : supp f C A} where
supp f = {(do, ...,d,) € R : 28024 ... 24 occurs in f}. Let N be the number of

the integer points which are in A. There is a canonical correspondence between C[A]
and CV. Thus we may introduce a Zariski topology on C[A].

THEOREM 2.3 ([31]). Let
U={f €C[A]: [ has an isolated singularity at the origin }
Then U is a nonempty Zariski open set of C[A].

THEOREM 2.4 ([31]). Suppose that f(zo,...,2zn) and g(zo,...,2,) are weighted
homogeneous polynomials with the same weights (wo, ..., wy). If the variety V of f
and the variety W of g have an isolated singularity at the origin, then (C"*1,V,0) is
homeomorphically equivalent to (C"1 W, 0).

COROLLARY 2.1. Suppose that h(zg,--- ,z3) is a weighted homogeneous poly-
nomial with weights (wo, -+ ,ws3) and the variety h=*(0) has an isolated singularity
at the origin. Then h = f + g where f and g have no monomials in common, f
is one of the nineteen classes above and f and g are weighted homogeneous of type
(wo, -+ ,w3). Moreover h=(0) and f~1(0) have the same embedded topological type.

3. Classification of three-dimensional isolated weighted homogeneous
singularities with p, = 1. The classification of rational three-dimensional weighted
homogeneous isolated singularities can be found in [25]. In this paper we shall classify
all three-dimensional weighted homogeneous isolated singularities with p, = 1.

Let f(zo,...,2,) be a germ of an analytic function at the origin such that f(0) = 0.
Suppose that f has an isolated critical point at the origin. f can be developed in a
convergent Taylor series Y., ayz® where 2* = 28‘0 -+- 2z, Recall that the Newton
boundary I'(f) of f is the union of compact faces of I' (f), where I';.(f) is the
convex hull of the union of the subsets {\+ (R*)"*1} for X such that ay # 0. Finally,
let T'_(f), the Newton polyhedron of f, be the cone over I'(f) with vertex at 0. For
any closed face A of T'(f), we associate it with the polynomial fa(z) =Y, a axz.
We say that f is nondegenerate if fa has no critical point in (C*)"*! for any A € T'(f)
where C* = C — {0}.

THEOREM 3.1 (Merle and Teissier, [33]). Let (V,0) be an isolated hypersurface
singularity defined by a nondegenerate holomorphic function f : (C"T1,0) — (C,0).
Then the geometric genus py(V,0) = #{p € Z" NT_(f) : p is positive}.
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The above theorem plays an important role in the study of Yau’s geometric con-
jecture and Yau’s number theoretic conjecture [34]-[40].

COROLLARY 3.1. suppose that (V,0) is an isolated hypersurface singularity dofned
by a nondegenerate weighted homogeneous polynomial of type (wg,wy,ws,ws). Let
Ty = %, i=0,---,3. Then the geometric genus of the (X,x) is given by

8{(X0s A1, A2, A3) € NY |1 — (ro + 71 + 72 +13) > Aoro + A7t + Aara + X313 |,

where N is the set of all non-negative integers.

COROLLARY 3.2. With the same notations in Corollary 3.1, a weighted homoge-
neous tsolated singularity has

(1) pg=0if and only if 1 <ro+r1+ro+7s;

(2) pg=1ifand only if 0 <1 — (ro+r + 72+ r3) < min—g... 37;.

Now we are ready to give the classification of three-dimensional isolated weighted
homogeneous hypersurface singularities with p, = 1.

THEOREM 3.2. Let (V,0) be a three-dimensional isolated weighted homogeneous
hypersurface singularity with p, = 1. Then (V,0) is defined by a weighted homogeneous
polynomial of one of the nineteen cases of Table 2 such that the corresponding linear
form « satisfies a(x,y, z,w) = 1.

Proof. In view of Corollary 2.1 and Theorem 3.1, it is clear that a three-
dimensional isolated weighted homogeneous hypersurface singularity with p, = 1 is
defined by one of the nineteen types in section 2. The equations of the I'_ hyperplanes
of these nineteen types are respectively given by a(x,y, z,w) = 1 in Table 2. O

In order to find all hypersurfaces among these nineteen types with p, = 1,
by Corollary 3.2, we only need to find all solutions of 0 < 1 — «(1,1,1,1) <
min{wio, e ,w%)} among these nineteen types. We have used the MAPLE program
to perform the computations. The solutions are listed as following.

Let h(zo, 21, 22, 23) be a non-degenerate weighted homogeneous polynomial of class
(I) in Table 2 (resp. (II), ---, (XIX)) and denote the locus of it by (I)-(ao, a1, as, as),

HRIN (XIX)—(ao, ai, as, a3).

THEOREM 3.3. If (i)-(ap, a1, az2,as) has p, =1 then (ag, a1, az, as) is one of Table
(i) where i € {(I),--- ,(XIX)}.

We only append six short tables, i.e. Table 3-6 corresponding to Type (I), (VI),
(XIV), (XVII), (XVI) and (XIX), respectively. The complete tables have been put in
[41] due to the page limit.
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TABLE 3
Type I. Assume ap < a1 < az < a3. Total=3814.

ao ar az az| 2 3 1126/ 2 3 16 19| , 0 2 5 1202 7 8 8|,
7 42| 2 3 12 12| 2 3 17 17 2 5 8 8|3 3 4 12
5 5 1ras| 2 4 9 14 344 n
7 2 3 12 : 2 4 5 20 2 4 1010 2 5 8 3 3 4 3455
7 83| 2 3 12 23 ]2 5 8 11| 3 3 4 23 :
8 24/ 2 3 1313/ 2 4 5 ;| 2 4 1015 5 9 9|3 3 5 8|3 45
2 4 5 39| 2 4 10131 5 5 9 19 3 4 59
8 |23 13° |2 46 12/ 2 4 11115 ¢ 5 65| 53 5 5 3 4 6 6
2 4 11 12 3 4 6 7
8 47| 2 3 13 22 > 5 5 10 3.3 5 14 5 4 2 -
9 18] 2 3 14 14| 2 4 6 2 6 6 336 6| 5 = 5 &
2 4 6 23 sl 2 6 6 11 5 5 s o6
9 |2 3 14: |2 4710 g g ? ol 26 7 73 6 35 5 7
9 35| 2 3 14 20 > 5 o s 1336 11| 3 5 6 ¢
1015 2 3 1515 2 4 7 2 6 7 1|33 7 7|4 4 4 4
204 7 18, 2 6 7 10 .
0: ]2 3 15 |2 4 8 8 2 6 8 8|3 3 7 1|y 4 4 4 -
2 5 6 14 :
10 29| 2 3 15 19 2 6 8 913 3 7 10
2 5 7 7 4 4 4 7
11 14] 2 3 16 16| 2 4 8 2 7 7 71338 8|44 5 5
2 4 8 15 2. 7T 7T 81338 9|4 4 5 ¢
2 5 7
11 2 3 16 2 4 9 9 2 7 79 3 4 4 6 4 5 5 5
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TABLE 4

Type VI. Assume ap < min (a1,a2), a2 < as.
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Type XIV. Assume a1 < ag < as.
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TABLE 6

Type XVII. Assume ag < a1, and if ag

=38/
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ayi, then assume az < as.
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TABLE 7

Type XVI. Assume az < as.

=349.
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TABLE 8

Type XIX. Assume ag is the smallest one. Total

=249.
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