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ON LOWER BOUNDS FOR THE SOLUTION, AND ITS SPATIAL
DERIVATIVES, OF THE MAGNETOHYDRODYNAMICS
EQUATIONS IN LEBESGUE SPACES*

TAYNARA B. DE SOUZA', WILBERCLAY G. MELO*, AND PAULO R. ZINGANO?

Abstract. In this paper, the authors establish lower bounds for the usual Lebesgue norms of
the maximal solution of the Magnetohydrodynamics Equations and present some criteria for global
existence of solution. Thus, we can understand better on the blow-up behavior of this same solution.
In addition, it is important to point out that we reach our main results by using standard techniques
obtained from Navier-Stokes Equations.
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1. Introduction. In this paper, we consider the three-dimensional Magnetohy-
drodynamics (MHD) equations for incompressible flows:

w, +u-Vu+ V(p+3|/b[?) = pAu+ b- Vb,
b; + u-Vb = vAb + b-Vu,

V.u=V-b =0,

u(,0) = uo(-), b(-,0) = bo(),

(1)

where u(z,t) = (u1(z,t), ua(x,t), us(z,t)) € R? denotes the incompressible velocity
field, b(x,t) = (by(z,t),ba(x,t),b3(x,t)) € R? the divergence free magnetic field and
p(x,t) € R the hydrostatic pressure. As usual, z € R3 denotes the space variable
and t € [0,T] the time variable. The positive constants p and v are associated with
specific properties of the fluid; more precisely, x is the kinematic viscosity and v~ is
the magnetic Reynolds number. The initial data for the velocity and magnetic fields,
given by ugp and bg in (1), are divergence free, i.e., V- up =V - by = 0.

The existence and uniqueness of solutions for the system (1) have been extensively
studied in [1, 2, 3, 5, 13, 15, 16, 17, 18]. It is important to recall that the existence
of smooth solutions for the equations (1) is still an open problem. However, one can
ensure the existence of a maximal time 7% > 0 for which the MHD system (1) has a
classical solution (u,b)(x,t) defined for (z,t) € R? x [0, 7*). The discussion presented
above is related to the incompressible Navier-Stokes problem. In fact, in the absence
of a magnetic field, the MHD equations become the classical Navier-Stokes equations.

In this paper, the authors present extensions for most of the results obtained in
[12]. More specifically, J. Lorenz and P. R. Zingano [12] show how to establish, by
using standard arguments, properties at potential blow-up times; as well as, global ex-
istence, for the solution of the Navier-Stokes equations by proving some lower bounds
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considering the usual Lebesgue norms. Our interest is to demonstrate that these
techniques can be adapted to the case of the MHD equations.

Now, let us be straight and list our main results whose statements are presented
and established as propositions in Section 3 below.

THEOREM 1.1. Let (u,b)(t) be the strong solution for the MHD system (1)
defined in the maximal interval [0, T*). Let 0 <T < T*. Then, it holds:

i) If My := sup ||(u,b)(t)||ec < 00, we have Z [(D*u, D*b)(t)||3 < Ki;
0<t<T

|a]=n
i) Let 3 < q < 2. If My = sup [(Du,Db)(t)|, < oo, we obtain
0<t<T
sup_[|(u,b)(t)[|oc < Ky;
0<t<T
i) Let 3 < q < 2. If M3 := sup |[(Du,Db)(t)ll; < oo, we conclude
0<t<T
sup 4 (w,b)(1) oo < K
0<t<T
iv) Let 3 < q < oo. If My = sup [(u,b)(t)l|, < oo, we infer
0<t<T
sup |[|(Du, Db)(t)]|2 < Ky,
0<t<T
for all n € N; where Ki = Ki(n,M,T,pu,v,|(u,bo)|gn), Ko =

KQ(”(ﬁOaBO)”laM%ana p*al/)a K3 = K3(||(u07b0)H27 M37Qa,u7V7T) and K4 =
K4(M47H(Du07Db0)”27annu‘7V)‘

As a result, from Theorem 1.1, we can write the following corollary which estab-
lishes sufficient conditions to assure global existence in time for the system (1).

COROLLARY 1.2. Let (u,b)(t) be the strong solution for the MHD system (1)
defined in the maximal interval [0, T*). Assuming that T* < oo, we obtain:

i) For 2 < q<2, one has sup |(Du,Db)(t)|q = oc;
0<t<T*

it) For 3 < q < 0o, one concludes sup ||(u,b)(t)|l; = oo.
0<t<T*

We present right below all the lower bounds obtained in this paper for (u, b)(t)

and (Du, Db)(t) when one considers that the time of maximal existence for the solu-
tion (u, b)(t) of (1), t = T™, is finite.

THEOREM 1.3. Let (u,b)(t) be the strong solution for the MHD system (1)
defined in the mazimal interval [0,T). Assuming that T* < co and 0 <t < T*, it
holds the following statements:

i) Leray’s Inequality: ||(Du, Db)(t)||2 > Cyi (T* — ),
q—3

it) Let 3 < g < oo. Then, [[(u,b)(t)|q > Ks(T" —1t)" 2 ;
ii) Let 0 < e < 1. Hence, |[(Du, Db)(t)||s > Ke(T* — t)—%“;

2q—3

) Let 3 < q<3. Thus, ||(Du,Db)(t)|lq > K7(T* —t)” 27 ;
v) Let 3 < r < 0o and 2 < q < oo. Therefore, |[(Du, Db)(t)|, > Ks(T* —

r+3 —
_(=8)(5a-6)
t) 6q(r—2)
where v = min{u,v}, C is a positive constant, K5 = Ks(q,u,v), K¢ =

K6(€7Ma v, ||(u0a b0)||2); K7 = K?(Qa 1y V) and K8 = KS(Tv q, 1, v, H(uO?bO)H?)'

REMARK 1.4. It follows directly from Theorem 1.3 the limits below:

1. tl/l‘I;I* [|(a,b)(t)]|q = oo, for 3 < ¢ < o0;
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2. (Du, Db)(t)|lq = oo, for 2 < g < occ.

lim ||
t /T

Let us enunciate all the lower bounds, in this paper obtained, related to
(D™u, D™b)(t), n > 2, when we consider that the maximal time of existence for
the strong solution (u,b)(¢) of (1), t = T*, is finite.

THEOREM 1.5. Let (u,b)(t) be the strong solution for the MHD system (1)
defined in the mazimal interval [0,T). Considering that T* < co and 0 <t < T*, it
holds the following statements:

i) Let 1 < q < 3. Then, ||(D*a, D?b)(1)|, > Ko(T* — 1) %1 ;
i) Let n > 3,3 < ¢ < oo and 1 < r < oo. Hence, |[(D"ua, D"b)(t)||, >

_ (¢=3)(3r+2nr—6)

Kuo(T* — ) w5,
iii) Let 3 < q¢ < oo and r > 2. Thus, ||(D*u, D*b)(t)|, > Ky (T* —

2q+3°
_ (4=3)(1r—6)
t)” @
where Ko = Ko(q,p,v), Kio = Kiolg,r,n pmv,|(u,bo)l2) and Ky =

Kll(qara,u7 v, ||(u0’ b0)||2)

REMARK 1.6. It follows from Theorem 1.5 that:

Ll [(D*u, D*b)()[lq = o0, for 1 < ¢ < o0;
AT
2. tg% [[(D™u, D"b)(t)|q = oo, for 1 < ¢ < oo and n > 3.

In the next theorem, we expose a way to compare the blow up criteria presented
in Theorem 1.3; items ) and 4i).

THEOREM 1.7. Let (u,b)(t) be the strong solution for the MHD system (1)
defined in the mazimal interval [0,T*). Assuming that T* < co. Then, for all 0 <
t < T*, it holds the statements below:

‘ [[(u, b)(®)]| . p_r=8.r=a
i) Let 3<q<r<oo. Then, j————— > Kio(T" —t)"7—2""a;
oL
.. u, t 2 _6—gq
ii) Let 2 < q <6. Thus, —————~—— > K13(T" —t)” 8,
[[(u, b))l

where K1o = Ki2(q, 7, i1, v, || (00, bo)|2) and K13 = K13(q,7, i1, v, || (10, bo)][2)-

REMARK 1.8. From Theorem 1.7, we can guarantee that:

o |[(u, b))l
. lim 5 =00, for 3 < ¢ < r < oo;
LT (B b)l()tz)llq
2. limM:oo,forQngG.

t T* ||(11, b)(t) ||q

The result written below establishes two sufficient conditions in order to obtain
global existence, in time, for the strong solution of the system (1).

THEOREM 1.9. Let (u,b)(t) be the strong solution for the MHD system (1)
defined in the mazimal interval [0,T*). Let 3 < ¢ < co. Then T* = oo, provided that
29-6 _a N
i) [I(uo, o) [1* " [l (0, bo)[l4"~* < 2y(4CCp) ™" or
b)(t)]| b)(t)]|:
9 ap (JEDOIL @Ok
oS Ul b))l (w b0,
where v = min{y,v}; Cy and C’; are given in (43) and (45), respectively.
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REMARK 1.10. It is important to point out that Theorem 1.9 i) is going to be
proved after we assure that || (u, b)(t)||; (3 < ¢ < 00) is decreasing in [0, 7). Actually,
we can also prove (see Lemma 3.13) that ||(u, b)(t)||5 is decreasing if it is assumed

4
(o, bo)lls < 57C5 ™, (2)
where v = min{y, v} and Cj is the constant given in (43).

REMARK 1.11. By recalling that the MHD equations (1) admit a unique local
solution in time (u,b)(t) for any given data (ug,bg) € H*(R3) (:= {f € S'(R?) :
Jrs (1 + €19)2] £ (€)|? d€ < oo}, where S(IR?) is the set of tempered distributions) such
that V- ug = V- by = 0, with s > 3 (see [15]), it is important to point out the
statements below:

e Y. Zhou and J. Fan [19] proved that if T > 0, (ug,bg) € H*(R?) and u(t)
satisfies one of the following items

[[u(®)]r~
i) / dt < oo, for some r > 3;
1+1In(e + ||u( Dlloc)

22)/ [ Du(t) ||2T3 dt < oo,  for some r > 3/2
1+ In(e + [[Du(t)[|) ’ ’

then this solution can be extended for 77 > T'. Under the same assumptions, if
it is considered that p(t) is the pressure associated with (u,b)(t) and satisfies
one of the assumptions below:

0]
iii) / dt < oo,  for some r > 3/2;
1+In(e +||p()|| )
|Dp)IIF
1w dt < oo, for some r > 1,
) / Tt + 10T
then ( is smooth at t = T. These authors also proved that the case

r =00 in m) and iv) may be replaced by

[p(t) [l oo
111’) / dt < oo, for some 1 < g < oc;
1+ 1In(e+[lp(t)llq)

| Dp(t)l
w dt < oo, for some 1 < g < oo,
) / T+ (e + [Dp{]) !

respectively. The paper [19] also establishes logarithmically improved regular-
ity criteria in the multiplier spaces and the space of the functions of bounded
mean oscillation (for more details see [19]);
e X. Jia and Y. Zhou [7] proved that if (ug, bg) € H*(R?) such that V- ug =
V- bg =0, with s > 3, and
i) ug,b; € LET(R3)(i = 1,2,3), with 2 + < 1,3 < v < oo and
Dsuy, Dug € LT (R?), with 2 s+ 3 < 2 % < ~v < 00 or
i) uz,b; € L3 (R3)(i = 1,2,3), Wlth 243 s <34+t P <y<ocoor
iii) |lus|| .10 and ||b]| . 10 are small enough on [0,T] or
L 3 (RS L 3 (RS)
i) ||U3HL;°‘3(R3)’ ”bHL;O’S(]R?*)’ ||D3“1||L;<>,%(R3) and ||D3U2|| 0,3 (&%) are
small enough on [0, 77,
then (u,b)(t) remains smooth on [0,T]. Here LEI(R3?) =
LP(0,T; LU(R%)),1 < p,q < o0.
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By recalling that G. Duvaut and J.-L. Lions [2] proved that (1) admits at least one
global weak solution (u,b)(t) for every divergence free initial data (ug, bg) € L?(R?)
and it has a (unique) local strong solution, if additionally, (ug,bg) € H*(R?), with
s > 3, it is important to emphasize the following statements:
e X. Jia and Y. Zhou [9] proved that the solution (u, b)(¢) is smooth on (0,7
provided that M € L37(R3) with

. 3 2 3 _
i)l < a < o0,5 < v < 00 2 + Z = 2 and
_ 1 - _ 4 4
M - B[i,i] (Z - 1’273)’U[1,1;1,2;2,1;2,2]7U[1,1;1,3;3,1;3,3]’
4 4 4 4 .
Ua,2:2,3:3,2:3.3) Bliaz33,13.20 Bl zeasap O Blian sz s

i 3 2,3 _ _ 773 3
i) 1< a<oo,3 <7y<oo, =+ 2=2 and M = U[172;2,1;373]7 U[173;371;272], or

U3 .
(2,3;3,2;1,1]
2 |, 3
i) 2<a<4,2<y<3, 2+ =2and M = Bﬁ71;172;1)3],B§71;2)2;273], or
3
B[3,1;372;3,3]'

Here

. Dby Dibs  Dibs Dby Diba  Dius
U[2,2;2,3;3‘2;3,3]: D3by Dauz  Daus ) Ua,3:3,1;2,2]: D3by Dauz  Dybs )

D3b1 D3u2 D3U3 D3u1 D3b2 D3b3

Dqby Dius  Diug Diuq D1bo Dqbg
Bjy ) = ( Douy  Dauz  Daug ) Bli2:1.8:2.18.1] _< Dsby  Dous  Dous )
D3suwy Dsus Dsus Ds3bq Dsus  Dsus
The other matrixes above are defined in a similar way.
e X. Jia and Y. Zhou [8] proved that the solution (u,b)(¢) is smooth on (0,7
provided that
i) (Dyu1, Djusg, Dyug) € L7 (R®)(i 5,k = 1,2,3), 24+ 2 <1+ 2 and
2<vy< o0
Moreover, these authors demonstrated that any component (respectively com-
ponents) of (D;u1, Djus, Dyus) in the criterion determined in ¢) above can
be replaced by the corresponding velocity component (respectively compo-
nents) which is (respectively are) in the space L7 (R?), with 2 + % <1 and
3 < v < oo. Furthermore, X. Jia and Y. Zhou [8] obtained a Ladyzhenskaya-
Prodi-Serrin type regularity condition involving two components of the gra-
dient of pressure (see [8] for more details).

An outline of the paper is as follows: In the next section, we list the notation
that will be used throughout the paper and recall lemmas that play an important role
in the proofs of our main results. The rest of the paper is concerned with the proof
of Theorems 1.1, 1.3, 1.5, 1.7, 1.9 and Corollary 1.2.

2. Preliminaries. Here, we introduce some notations and state the results that
we will use in the rest of the paper.

2.1. Notations. First of all, we establish some notations that we use in this
paper.

e The Euclidean norm of a = (ay,...,ay) € RY (N € N) is denoted by |a|* :=
Zi\[:l a?. The scalar product between the vectors a = (a1, ...,ax) and b =
(by,...,by) € RN is given by a- b := Zil a;b;;

e Let f € LP(RY) (usua} Lebesgue space). The LP-norm of f is given by
1£llp == (Ja | f(@)IP dz) 7 if 1 < p < 00, and || floc = esssup,epx {|f(x)[} for
b =00,
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e We define the L?- inner product by (a,b); := [sa(z) - b(z) dz, where a,b :
R? — RY (N € N) are mensurable functions;

e For any multi-indices «, we denote |a := Z?Zl a; where o = (ap, g, a3) €
N3, We also denote D* = D{*D3?D5?, where the partial derivatives are
given by D; = 8%1';

e Define [|Duf3 == N, D3 and Jul = max{ufl : 1< < NV,
where u : R® — RY (N € N) is a mensurable function that is written by
u= (ula Uz, ..., uN)v

e Denote J2(t) = > laj=n (D%, D“b)(t)||3, for all n € NU {0}, where

p

3 3 3
D™l o= { > > > Dy, - Dy us(@)Pda |

i=1j1=1  ju=1

for 1 < p < o0, and ||[D™u||s := supess {|D%;(x)| :x € R, 1 <i <3, |a| =
n};

e Let u = (ug,us,...,uny) and v = (v1,v2,...,un) (N € N) be mensurable
functions. Assume that j € N. Let (u,v)gy; := Zfil > laj<j (D%, Dv;i)o

denote the H7- inner product; and [lul|%,; := Zfil 2lal<i | D%u;||3 the norm
associated with this product;

e Counsider that Au = (Auy,...,Auy), Vu = (Vuy,...,Vuy) and V - v =
E?Zl D,v;, where u = (uy,..,uny) (N € N), v = (v1,v2,v3), Au; =
Yiy D}uj, Vuy = (Druj, Dauj, Dswj) (j =1, ..., N);

e Fourier Transform of u = (uq,us,....,uny) (N € N) is given by u(k) :=
(2m) "% [y e u(z) da.

e The constants may change line to line; however, they have the same notation.
We also write Cy,, s in order to denote the constants that depend, at least,
on ¢, r and s, for instance. Here C' is always an absolute positive constant.
At last, we sometimes drop the dependence of x and ¢ as, for example, ||u|2
or [lu(#)[lz mean [lu(:,?)]l2.

2.2. Preliminary results. In this paper, we will apply some results related to
the following Cauchy problem:

u, = cAu, t>0,zecRY,
_ 3)

u(z,0) = ug(r), =eRVN.

Here 0 > 0 and ugy € LP°(RY) (for some py € [1,00] and N € N).
The next two lemmas will play an important role in the proofs of our main results.

LEMMA 2.1. Let u(t) be the solution for the problem (3) defined for all t > 0.
Assume that 1 <r < q < oo. Then,

Zl

[u(t)ll, < (4xt) o 207 F 3 ugl,, Vi >0,

where A = %[%—%]

Proof. The proof of this result is only a slight adaptation of Theorem 7.1 in [12]. 0

LEMMA 2.2. Let u(t) be the solution for the problem (3) defined for all t > 0.
Assume that 1 < r < q < oo. Then,

lo]

IDu(t)]lg < Ca o ¥ 1=F04] =525 g1, v >0,
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where A = % [% — %] ; and Co N depends only on o and N.
Proof. Lemma 2.2 follows directly of the proof of Theorem 7.1 in [12]. O

The next two lemmas will also play an important role in this paper and are related
to Gronwall’s Lemma.

LEMMA 2.3. Let A>0,B>0,0<w<1 and ¢ C°[0,T)) satisfy

t
O§¢(t)§A+B/(t—s)’“qﬁ(s)ds, VO<t<T
0

Then, ¢(t) < 2Aexp{2BC,, gT}, for all 0 <t < T, where C,, g > 0 depends only on
w, B.

Proof. See Lemma 3.1 in [12]. O

LEMMA 2.4. Let W € C1([0,T)) be a positive function satisfying the inequality
W'(t) <CW(t)¥, VO<t<T,

where w > 1 and C' > 0 are positive constant. Moreover, if T < oo and
SUPg<¢<T W(t) = oo, then

1 -1
W(t) > —————— (T —t)s1, VO<t<T.
[Clw = D)=
Proof. See Lemma 3.3 in [12]. O

The last two lemmas written in this section will be applied in the proof of Theorem
1.1 4).

LEMMA 2.5. Let (u,b)(t) be the strong solution for the MHD system (1) defined
in the mazimal interval [0,T*). Assume that m > j + 2. Then,

(D7, D7b)(#)]le < Cj(Jm(t) + Jo(t), Ve [0,T7),
where C; relies only on j.
Proof. See inequalities (2.2) and (2.3) in [12]. O
LEMMA 2.6. Let m > n. Then, the following inequality holds:
Ta() < Cu(J0 () + J5(1), Vt=0,
where C, relies only on n.

Proof. See remark after (2.3) in [12] and also Appendix in [6]. O

3. Proof of the main results. In this section, we establish the proofs of our
main results. These ones are presented, with more details, into propositions.
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3.1. Proof of Theorem 1.1 ¢). Supposing that sup ||(u,b)(t)| o is finite, we
0<t<T
are interested in showing the boundedness below:
> (Du, Db) (1|3 < K, YOSt <T.
|al=n
In order to prove the statement above, let us examine the next lemma.

LEMMA 3.1. Let (u,b)(t) be the strong solution for the MHD system (1) defined
in the mazimal interval [0,T). Then,

1d %
Sl b)(B) < (D, DB)W) 3 ¥o<t<T" @

In particular, we have

t
1
[(w, B)(#)[l2 < [I(ao, bo)ll2 and / I(Du, Db)(s)|[3ds < %”(u()vbO)H%v VO<t<T
0

()
Here v = min{p, v}.

Proof. By applying the inner products (u,-)2 and (b,-)s in the first and second
equations of the system (1), respectively, one obtains

1d

5ol + pl Dull3 = (b - V), (6)
and also

1d 2 2

5 g Pl +#[[Dbllz = (b, b - Vu), (7)

since V - u = 0. Thus, by adding the equalities (6) and (7), we get

1d
5 771 D)3 + | Dull3 + v || Db3 = (u,b - Vb)s + (b, b - Vu)s. (®)
By using the fact that b is divergence free, we conclude that the right hand side of
the equality (8) is null. Hence, if we consider that v = min{u, v} > 0, one infers

1d "
S 2 b)E < Al (Du, DB)3, VO <t<T 0
The inequality above proves (4). As aresult, by integrating over [0,¢], with 0 < ¢ < T,
the inequality (9), we establish the two inequalities given in (5). Consequently, the
proof of Lemma 3.1 follows. O

By applying Lemma 3.1, we are going to show that the L2-norm of all the spatial
derivatives of the strong solution for the system (1) is bounded provided that the sup
norm of this same solution can be bounded as well. More precisely, we present the
next result.

PROPOSITION 3.2. Let (u,b)(t) be the strong solution of the MHD system (1)

defined in the maximal interval [0, T*). Assume that

My = sup ||(u,b)(t)|lec < 0. (10)
0<t<T
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Then,
Jn(t) < K,, VO0<t<TenecN,

where K,, depends only on n, My, T, u,v and ||(ug, bo)| g~ .
Proof. Fist of all, notice that
1d

3 > D%l = > [w(D%u, D*Au)z — (D%, D*(u- Vu))s + (D%u, D*(b - Vb))s

lal=n lal=n
— (0w, D" (V(p + 5[b))):].

Therefore, by using the fact that V - u = 0, one concludes

1d N
>0 doIDMulz+p Y (ID%ul3
laj=n |Bl=n-+1
= Y [-(D*w,D*(u-Vu)); + (Du, D%(b - Vb))s]. (11)

|a|=n

Similarly, we can obtain

1d N
> Do IDbls+v > |DPb3
laj=n |Bl=n-+1
= Y [-(D"b,D*(u- Vb))z + (Db, D%(b - Vu)),]. (12)

|a]=n
By adding (11) and (12), one gets

1d

where v := min{y, v} and

Su(t) == > [~(Du,D%(u-Vu)); + (D*u, D*(b - Vb)),
|a|=n

—(D*b, D*(u- Vb))s + (Db, D*(b - Vu))a).

Now we are ready to prove that J,(¢) bounded in [0,T), for all n € N. The proof of
this statement is going to be given by mathematical induction.

At first, we establish that Ji(t) is bounded in [0,7). To this end, the inequality
(13) lets us know that it is enough to estimate S (t). More specifically, by checking
the definition of S1(¢), we can see that the boundedness of .Ji(t) follows from the
term (Du, D(b - Vb))s since the other ones contribute at a similar way in the next
estimates. With this in mind, note that

3 3
(Du,D(b-Vb))y = — > ((D;Du)Db;,b)> + Y _(Du,b;DD;b)s,
i=1 i=1

because V - b = 0. Thus, it is sufficient to analyse the terms that have the forms
(Db, bD?*u); and (Du, bD?b),. By using Hélder’s inequality and (10), we conclude

(Db, bD*u)2| < [[bllc[| Dbll2[[ D*ullz < My Ji(t)J2(2).
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Analogously, one obtains
|(Du, bD?b)y| < My Jy(t)Jo(t).
Hence,
|(Du, D(b - Vb))a| < CMyJy(t)J2(t).
In a similar way, we get
[(Du, D(u - Vu))sl, |(Db, D(u - Vb))sl, |(Db, D(b - Vu))s| < CMyJy(t)Ja(t)-

Consequently, from (13) and Young’s inequality, we infer
Y _
3T + 55 (1) < CMEy LR ().
As a result, by applying Gronwall’s Lemma, we obtain
J(t) < exp{CMIy~'T}||(ug, bo)||%:, VO<t<T.

Now, let us estimate J5(t) in the interval [0,7") (this boundedness is important in
the process of induction). By (13), one has

1d

52 + I3 (1) < Sa(t).

In order to estimate Sa(t), it is enough to prove that the term (D?u, D?(b - Vb)), is
bounded (this statement was already discussed above). Thus, we infer

(D*u, D*(b - Vb)),

3
2 2
— Z { (0) (D?D;b,b;D*u)y — (1> [(D?’u,biDDib)g + (D?D;b, biDQu)z}
i=1

— (;) (1)1‘1)2117 bD2bi)2 },

since V - b = 0. Therefore, it is sufficient to analyse the terms that present the forms
(D®*b,bD?u), and (D3u,bD?b),. By using Holder’s inequality and (10), one gets

|(D*b,bD?*u)s| < My Jo(t)J3(t) and [(D*u,bD?b)y| < My Jo(t)J5(t).
So, it is easy to see that
|(D*u, D*(b - Vb))s| < OM; Jo(t)J3(t).
Analogously, one obtains
|(D*u, D*(u - Vu))s|, |(D*b, D*(u - Vb))s|, |(D*b, D*(b - Vu))s| < CM;Ja(t)J5(t).

Then, by Young’s inequality and (13), one infers

——J3(t) + =7 J5(t) < MRy~ I3(t).
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By applying Gronwall’s Lemma, we have
J3(t) < exp{C My~ T}||(uo, bo)[[F, VO<t<T.

Now, we consider that J,(¢) is bounded for all ¢ € [0,7) and n > 3. Our interest
is to verify that .J,+1(¢) is also bounded in this same time interval. We saw in (13)
that

3 dtJQ 1(8) +7T0 15 (t) < Snsa (). (14)

In order to estimate S,yi(t), it is enough to show that the term
(D"*tlu, D"*(b - Vb))y is bounded since the other ones follow from a similar
argument. Thus, notice that

(D" 1u, D"*(b - Vb)) ZZ( ) (D"*2u, DIb; D" D;b),.

=0 i=1

Consequently, it is sufficient to analyse the term of the form (D"*2u, D’bD"*1=/b),,
where 0 < j < n. Let us examine three cases:
1°Case: At first, assume that 0 < j <n — 2.
By using Hélder’s inequality, one has
(D", DB D™ 7b)s| < [ D7bl|o | D" 2ul2||[ D™ b2
< Kn[Jn-i-l(t) —+ JO(t)]Jn+2(t)v

where in the last passage we used the induction hypothesis and Lemmas 2.5 and 2.6.
2°Case: Secondly, consider that j =n — 1.
By applying Holder’s inequality again, Lemma 2.5 and the fact that Jo(t) is
bounded, we get

(D" 20, D""'bD?b)s| < || D" 'b|lo|| D" ?ul|2]| D?bl|2
S Cn[Jn+1(t) + JO(t)]Jn+2(t)~

3°Case: Assume that j = n.
Once again, apply Holder’s inequality in order to obtain

(D" *?u, D"bDb)s| < || Db|loe | D" ull]| D"blla < K[ Jnra1(8) + Jo(t)] Jusa(t),

where in the last inequality we have used Lemmas 2.5 and 2.6, and the induction
hypothesis.
By observing the three cases above, we conclude that

(D™, D" (b - Vb))o| < Kn[Jps1(8) + Jo()] Jus2(t), YO<t<T, (15)
where K,, depends on n, My, T, u, v, ||(ug, bo)|| g~ Analogously, one proves that
(D", D" (u - Va))a, (D", D" (u - Vb))a, (D", D" (b - V),

can be bounded by the same limit given in (15).
Thus, by using Young’s inequality and Lemma 3.1, (14) becomes

d
a‘]n-‘rl( ) + PYJrH-Q( ) = nry [‘]2 ( ) + ||(110,b0)“§}
At last, by Gronwall’s Lemma, we obtain
J2 () < exp{K2y T} [[|(wo, bo) || 3nsa (1 + K2y~ 'T)], VO<t<T.

Therefore, Proposition 3.2 follows. O
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3.2. Proof of Theorem 1.1 ii) and Corollary 1.2 i). Now, let us assume
that the solution (u, b)(¢) for the system (1) in [0, 7™*) presents blow up at t = T* < oo
in order to prove that

3
sup [[(Du, Db)(t)llg = 00, 5 <g=2. (16)
0<t<T*

It is important to point out that if ||(u,b)(t)||s is bounded in [0,7), for some
T finite, then (u,b)(t) can be continued smoothly beyond 7. This statement
plays an important role in the proof of (16). More specifically, we assure that
SUPg<se- || (W, B)(t)]|oc < 00 if (16) does not hold and, thereafter, this result leads us
to a contradiction.

PROPOSITION 3.3. Let 3 < ¢ < 2. Let (u,b)(t) be the strong solution for the
MHD system (1) defined in the mazimal interval [0,T*). Assume that

My := sup |[(Du, Db)(t)|, < co.
0<t<T

Then

sup [[(u,b)(#)[oc < K24,
0<t<T

where Ko ; depends only on ||(ﬁ0,go)||1,M27 q, T, p,v. In particular, if T* < oo, we
have

sup_[[(Du, Db) ()]}, = oo.
0<t<T*

Proof. By applying Fourier Transform to the first equation of the system (1), one
obtains

= —plkPi+Q, (17)

where Q := —u-Vu+b-Vb—V(p+ 5|b|?). Notice that,
—_ — ~ 1
u-Vu—-b-Vb=-Q—[(V(p+ i\b\z)]/\

is the orthogonal decomposition of the vector u-Vu—b- Vb into a vector orthogonal
to k and a vector parallel to k, respectively. Thus,

IQ| < |a-Vu|+ [b-Vb|.

Consequently, by using the heat semigroup e~ HlkP(t=9) to (17) and integrating over
[0,t], we conclude

t
4| < e—u|k|2t|ﬁ0| +/ e—mk\z(t—s)‘qu
0

t
< |t +/ e M E=9) |y Vu| + [b - Vb|] ds.
0
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By integrating over R? the inequality above, one infers
1 —~
/ |u| dk
R3
t ) - .
/ / e HEEE=9)(|lu". Vu| + |b - Vb|] dkds.
0o Jr3

Ullo <
1

! [[do|
Up|j1 +
g ol (QW)%

<
(2m)2
~ 1 ¢ — [
Dol (2)/ / e [0V + [b -Vl dids,
)2 Jo Jrs

Analogously, we get
1
bllec < —

(2m)’

As a result, one obtains

LIRS L R B e B
||(u07b0)H1+W L€ [lu-Vu|+ |b- Vb|]dkds
o Jr
1 ¢ — —
— e V=) |0 Vb| + [b - Vul] dkds.
(2m)> Jo Jms

)2

I Bl <
Let us estimate the integrals on the right hand side of the inequality above. At first,

by Holder’s inequality, we reach
1 a
/ e VIH*(t=9)|q . Ub| dk < (/ eIk (i=s) dk) ’ (/ lu- Vb|? dk) ’
R3 R3 R3
= Cyv %t —5) % [u- Vb,

1. Hence, by Hausdorff-Young’s inequality (or Parseval’s identity in

1 _
L =

where %-&- p
the case ¢ = 2), one has
/ e~V (=) |0 Vb| dk < Cyr~ % (t — 5)" % u- Vb,
RS
< Cqv™ % (t — 5) 2 [|ul|oo | Db -

Similarly, we conclude
/ e BTl dk < Cov B (t — 5) 73 ||b] || Dul,
RS

[, e e < Copr (¢ = )l | Dl

/Rg e M) B Vb| dk < Cop % (t — 5) % |[b]loo | DD

Thus,
t
[[(u, b)lse < CI[(o, bo)l|1 +Cq7’27M2/0 (t —s)" 2| (u,b)|[cds,

where v = min{y, v}. By applying Lemma 2.3, one gets
(0, b)(D)llse < (G0, o)l exp{Cyr~ # LT}, VO <t <T.

In particular, if 7% < co and Ms < oo, then by using the inequality above, we
assure that the solution for the system (1) can be continued beyond T*. This fact

contradicts the maximality of 7. O
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3.3. Proof of Theorem 1.1 #ii). By adapting the proof of Proposition 3.3,
it is possible to guarantee that t%||(u, b)(t)||s is bounded in (0,7") provided that

sup [|(Du, Db)(t)||q < oo, where 3 < ¢ < 2.
0<t<T

PROPOSITION 3.4. Let 3 < q < 2. Let (u,b)(t) be the strong solution for the
MHD system (1) defined in the mazimal interval [0,T*). Assume that

Ms := sup |[(Du, Db)(t)|, < oo,
0<t<T

then

3
sup 11|, b)(t)]|oc < K24,
0<t<T

where Ko, depends only on ||(ug, bo)|l2, Ms, ¢, p, v, T.

Proof. Apply sie 1**(t=9) (0 < s <t < T) to (17) and, thereafter, integrate the
result over [0,¢] in order to obtain

t t
S S%/ S—ie—mk\%—s)‘ﬁ‘dﬁ/ st erlhP =910 ds
0

0
t t
< §/ s’ie*‘”k‘rz(t*s)\ﬁ\ds—i—/ ste M=) g Vu| + |b - Vb]] ds.
0 0

Now, by integrating over R3, one reaches

3 i .
t4uf| < /s—i/ e M9 |G| dkds
0 R3

4(27r)%
1 t — _—
+ (2#)% /0 51 /D@ e*H\kP(t*s)“u -Vu| + |b - Vb|] dkds.

By using Hélder’s inequality, we infer

t L 1

5 3/8—% (/ e‘Q“W(t‘S)dk) ( |ﬁ|2dk) ds

4(2m)2 Jo R3 R3
1 : a

+— / st (/ e~ arlk] <t—5>dk>

(2m)2 Jo RS
x [(/ [|u/.%|}q’dk>q +</ [b/.ﬁnfdk)"] ds,

R3 R3

where 1 + X = 1. By following a similar argument applied in the proof of Proposition
3.3, one concludes

t5uf <

t
3 _3 _1 _3
ulle < Co o bo)la [ 57— s) s
0

- t -
Oy My~ / (t— )" % 54|, b) o ds,
0
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where we used Parseval’s identity and Lemma 3.1. It is easy to prove that

¢
1 : 1

/ sTH(t— s)_% ds < —6

0 3

Then,
3 _3 s [ _3 3
ti|lulloc < Cpu™4|(uo, bo)ll2 + CqMsp™ > / (t—s)"2as1][(0,b)]oo ds.
0
By applying a similar argument to the second equation of the system (1), we obtain
3 _3 _s [! _3 3
t1]bllec < Cv71||(uo, bo)ll2 + CqMzr™20 [ (t —s)"2151[|(u, )| ds.
0
Therefore,
t
: _3 _3 3
A b)) o < 07 0, bo)lla + Oy [ (¢ = 5 Fs 1, b)) o s,
0

where v = min{yu, v}. At last, by Lemma 2.3, one reaches

3]/ (w0, b)(t) [l < Cy~ 7|1, bo) |2 exp{Cy M3y 2 TT}, VO<t<T.

The proof of Proposition 3.4 is done. O

3.4. Proof of Theorem 1.3 i). Now, we are going to prove the well known
Leray’s inequality related to the MHD equations (1), established by Leray [10] who
studied the classical Navier-Stokes equations. Considering this aim, we present a
result that presents a differential inequality involving ||(Du, Db)(t)||2. More precisely,
we write the next lemma.

LEMMA 3.5. Let (u,b)(t) be the strong solution for the MHD system (1) defined
in the mazimal interval [0,T*). Then,

d
2 1(Du, Db)()[[3 < Cy~7[[(Du, Db)(t)]l3, VO <t < T,
where C' is a positive constant and ~y = min{y, v}.

Proof. First of all, notice that the first equation of (1) allows us to obtain

3 3
1Dul3 + pllD?ull3 = = (Dju, Dj(u- Vu)z + Y (Dju, Dj(b- Vb))a, (18)

j=1 j=1

Ld
2 dt

since V - u = 0. Analogously, by examining the second equation of (1), we conclude

3 3
1d
L L IDBIZ + VDB = — 3Dy, Dy (- Vb))s + 3 (D), Dy (b Vu)). (19
Jj=1 j=1
By adding (18) and (19), one has

(1
1d 2 2_.112 21112
3 g I(Pw, Do)z + u| D7ullz + v[[ D7Dl

[~(Dju, Dj(u-Vu))s + (Dju, Dj(b - Vb)),

M-

Il
—

J

—(Djb, Dj(u . Vb))z + (Djb, Dj (b . Vu))g] (20)
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Let us study the terms on the right hand side of the equality above. Thus,

(Dju, D;j(b Z/ DukaDbkdaH—Z/ Djub;i D; Dby, da

i,k=1

<c/ | Du||Db|? dz + Z/ Djugb;D;D;by, da.

i,k=1
Hence, one infers

Z/ D;byb; D; Dyuy, da

3
(D,b, D;(b Z/ Dby D;b; Dyuy, da: +
i,k= i,k=1

< Z/ | Dby || D;jbs|| Dyuy| da: — Z/ Di(D;bybi) Djuy da

i,k=1

<c/ |Db|? |Du|d:c—Z/ (D;D;by,)b; Djuy, da,
i,k=1

since b is divergence free. Hence, we reach

(D;u, D;(b- Vb)) + (D;b, D;(b - Vu)), < o/ \Du|[Db[2dz. (21
R3
Consequently,
3
—(D;b, Dj(u-Vb))y =~ Y [ DjbpDju; Diby da < C/ |Du||Db|* dz, (22)
ik=1"R? R?

since V - u = 0. Similarly, one has
(Dju,Dj(u-Vu)), < C’/ |Dul? da. (23)
R3

By replacing (21), (22) and (23) in (20), we obtain

1d

5 710w D) + pl|D*ul3 + v D*b||3 < C|[(Du, Db)]5.

By using Gagliardo-Nirenberg’s inequality
1 1
lolls < Clloll3 1Doli3, Vv e C5°(RY),
one infers

3 3
thll(Du Db)|3 +~[(D*u, D*b)|3 < C||(Du, Db)|3|(D*u, D*b)]|3,

where v = min{y, v}. The result follows by applying Young’s inequality. O

The next proposition shows us how to obtain a lower bound to the L?-norm of
the gradient of the solution for the system (1), in its maximal interval of existence,
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assuming that this solution presents blow up in finite time. It is important to point
out that Proposition 3.6 below refers to Leray [10] in the particular case b = 0.

PROPOSITION 3.6 (Leray’s Inequality). Let (u,b)(t) be the strong solution for
the MHD system (1) defined in the mazximal interval [0, T*). Assume that T* < oo,
then

[(Du, Db)(t)|]2 > CyH(T* — )75, VO<t<T",

where C' is a positive constant and ~y = min{y, v}.

Proof. Apply Proposition 3.3, Lemma 3.5 and Lemma 2.4 in order to obtain

1
43

|(Du,Db)(t)2>(O ) (T* —t)"%, YO<t<T*

Therefore, Proposition 3.6 is proved. O

3.5. Proof of Theorem 1.1 iv) and Corollary 1.2 4i). Now, we are interested
in proving that the solution (u,b)(¢) for (1) has L9-norm (3 < ¢ < oo) unbounded,
if (u, b)(t) presents blow up in finite time. More precisely, allow us to enunciate the
next result.

PROPOSITION 3.7. Let (u,b)(t) be the solution for the MHD system (1) defined
in the mazimal interval [0,T*). Let 3 < g < oco. Assume that

My = sup [[(u,b)(t)[q < oo.
0<t<T

Then,

sup [|(Du, Db)(t)||2 < Ka g,

0<t<T

where Ko 4 depends only on My, ||(Dug, Dbo)ll2,q,T, p,v. In particular, if T* < oo,
s0

sup ||(u,b)(?)|lq = oo.
0<t<T*

Proof. First of all, consider that g < r < 2 is such that % + % = % On the other
hand, by using the fact that V- u = 0, we get

1
V-(u~Vu—b-Vb+V(p—|—§\b\2)):—V~(ut—uAu):O.

Consequently, Helmontz’s projector Py (see Section 7.2 in [12] and references therein)
is well defined and

1
PH(u-Vu—b-Vb):u~Vu—b-Vb—|—V(p+§|b|2).

Hence, by applying the heat semigroup e#2(=#) to the first equation of (1), integrating
over [0,t] and considering the operator D;, one obtains

t
Dju = DjetAtug + / D;jet2 =) Py(u- Vu —b - Vb)ds.
0
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Thus, by using Lemmas 2.1 and 2.2, we conclude

3 1

t
IDjull2 < | Dyuolla + Cpu3lE 7] / (t—s)"*"%||Pg(u- Vu—b- Vb)|,ds,
0
where \ = % (% — %) . Then, by using Theorem 7.2 in [12], we have
3 317 1 t k
D5l < it [Dyuolls + CoptEH [0 9) - Tu b b, ds,
0

where k = % (% — %) + % Notice that, by Holder’s inequality, one obtains

lu-Vu—b-Vb| < C,flu-Vul; + [b- Vbl]]
< Cy[lully]| Duls + G Il Dbl
< G ll(u. b)|[7[|(Du, Db) 5.

Consequently,
|[u-Vu—=D>b-Vb|, <C,.My||(Du, Db)||>.

Thus, one reaches
|Dull> < ju# [[(Dug, Dbo)lz + Crpi2 6710, / (1) (Du Db ads. (24)
Now, aply the same argument to the second equation of (1) in order to obtain
|ID,bll2 < v?||D;bolly + Crp2le—+] /Ot(t —5)*|u-Vb—b-Vul,ds.
Once again, by Hoélder’s inequality, one has
[u- Vb —b-Vu| < Cllulgl|Dbll; + Crllbllgl[ Dull; < Crll(w, b)[g]|(Du, Db)|l5.
By using the hypothesis, we get

[u- Vb —b-Vul|, < C,M,||(Du, Db)|.

Therefore,
; t
1Dbl2 < v3 [[(Dug, Dby)|ls +cry%[%—%1M4/ (t— ) *|[(Du, Db)|ads.  (25)
0

From (24) and (25), we infer
I(Dw, Db) |5 < (1 + v2)||(Dug, Dby)]|5
t
+C (u2lEr ¢ u%[%*ﬂ)m/ (t — s)%||(Du, Db)||2 ds.
0
By applying Lemma 2.3, one writes
[(Du, Db)(#)||2 < C(u? + v3)|(Dug, Dby)||2 exp{Cy (2~ 4+ w230, T},

V0 <t <T. Inparticular, if T* < co and M, < oo then the inequality above leads us
to a contradiction because of Proposition 3.3. This finishes the proof of Proposition
3.7.0
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3.6. Proof of Theorem 1.3 4i). Now, our goal is to study the norm
[[(u,b)(t)]l4, 3 < ¢ < o0, at potential blow up time. To this end, let us introduce a
result that establishes an integral inequality which is going to be useful in the search
for a lower bound for ||(u, b)(¢)||,-

LEMMA 3.8. Let (u,b)(t) be the strong solution for the MHD system (1) defined
in the mazimal interval [0,T*). Let 3 < ¢ < o0 and k = % + 1 < 1. Then,

1w, b)(E)lq < (1F +v3)](u,b)(to)llg
FC ('3 v ) / (t— )"/ (w,b)(s)|2 ds, (26)

whenever 0 <ty <t <T™, where Cy depends only on q.

Proof. Assume that r = 1. Hence, k = = <7 — 7> + . Furthermore, by applying

i
the heat semigroup e#A(t—s ) to the first equation of (1) and considering the L9-norm
in this same equation, one obtains

t
lully < [le"2¢"u(to) |, +/ #2072 Py (a- Va—b - Vb)|, ds
to

t
< 1 uto)llg + C, / [#4¢=9) (w- Vu — b - Vb)), ds,
to

where we have used Lemma 2.1 and Theorem 7.2 in [12]. By using the facts that
V-u=V-b=0and Lema 2.2, we conclude

3
e 2= (u- Vu —b - Ub), < 3| Die 207 (wu — bib) |,

i=1
3
< C,ul_* t—s)"2 Z lu;u — b;b|-
i=1
< Cp' | (u, b)[2(t - 5)7F,
since ¢ = 2r. Thus,
t
3 _ 3 _
[ully < w2 [[(w,b)(to) [l + Cqp' 2 /t (t— )", b)|[3 ds.
0

Analogously, one reaches

t
bllg < [le"2Ib(t) |4 +/ le" A=) (—u- Vb + b - Vu)|, ds
to

t
<A blto)l,+ [ e (~u- Vbt b Va ds
to
Once again, by using the equalities V-u =V -b = 0 and Lemma 2.2, we have

3
||euA(tfs)(_u Vb +b-Vu)|, < Z ||Die”A(t73)(—uib +bu)|l,

i=1

3
< Cul_%(t —5)A3 Z || = u;b + b;ul|,
i=1
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where \ = % (l — l) . Then,

r q

le2¢=9 (—u- Vb + b - Vu)|l, < Cv' % (¢ — )7 (u, b) 3.

Consequently,

t
bl < vl b))l + Ov [ (= s) b3 ds.

to

At last, for all 0 < ¢ < T*, we infer

(0, b)()]lg < (u%+V%)ll(u,b)(to)||q+0q(u1*2%+V1*2%)/ (t=5)""[l(u, b)(s)]7 ds.

to
O
Proposition 3.9 below shows us a lower bound for ||(u, b)(t)||4, 3 < ¢ < 0o, when

(u,b)(t) is the solution for the system (1) which is supposed to present blow up in
finite time.

PROPOSITION 3.9. Let (u,b)(t) be the strong solution for the MHD system (1)
defined in the maximal interval [0,T*). Assume that 3 < q < co. If T* < oo, then

C a—3
B O)|lg > =—L— (T —t)" 20, VOL<t<T*
0. D)O)ly = gt (T ), V0 <
where Cy depends only on q. Here B, , = (1+u% —&—u%)z and D, g = p' 720 + 0! 3

Proof. Let k = 2% + % and

. (1= k) — 1) ]
T =min T tg + [ - ) 27
{ ° G2, oDyl (0 B) 0], (#1)

=% 417 % and A, = 14+C; L

e

where C, is given in (26), C\., = p? +v3, Dy g =
We assure that

[(w,b)()llg < AuwCruvll(a,b)(to)llg, Vio <t < (28)

In fact, suppose, by contradiction, that there exists to € [tg, 7) such that

(0, D) (t2)llg = Auw Crvll(w, ) (o) 4
By definition of A\, ,, we have

AuwCppll(a, b)(t0)llg > [|(a, b)(to)llq-
From the continuity of ||(u, b)(¢)||,, we conclude that there is ¢; < t3 such that

[(w, b)(t1)llg = Ao Cpuw [l (0, b) (o) 4 (29)
and also

1, B)Olly < M Cra | (D) (1) s Vo <t < 1.
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By applying Lemma 3.8, one reaches

ty
1w, b)) g < Cuwll(@,b)(t0)llg + CqDpwg i, Cr Ll (1, b)(t0)||3/t (tr — )" ds.
0

Thus, by (29), we have
A Cpll (1, B) (t0) g < Cpuw [l (0, 0)(t0) g
2 2 o (1 —to)'*
+CQDM7V7Q)‘M,VCN7V”(H’ b)(tO)Hq 1—Fk
This is an absurd because of our choice of 7, (see (27)). This completes the proof of
(28).

Note that Proposition 3.7 informs us that ||(u, b)(¢)]|, is unbounded in [0,7*). On
the other hand, by continuity, this same application is bounded in [0,¢o]. Therefore,
[I(u,b)(t)]|4 is unbounded in [to, T*). Hence, by (28), ||(u, b)(t)|4 is bounded in [tg, 74)
with 7, <T™. This means that

(1 - k)()‘mu — 1) =F
Cuyv)‘i,quDuw,qH(ua b)(to)llq 7

T = to +

see (27). Thus,

(1=K)Aur = 1)

(T —to) R vVo<ty<T*
Cuvu/\;%,uquu,wq

1(w, b)(to)llq =

It completes the proof of Proposition 3.9. O

3.7. Proof of Theorem 1.3 iii), sv) and v). The result below establishes
lower bounds for ||(Du, Db)(t)[lq (2 < ¢ < 3).

PROPOSITION 3.10. Let (u,b)(t) be the strong solution for the MHD system (1)
defined in the mazimal interval [0, T*). Assume that 0 < € < % If T* < oo, then
[(Du, Db)(t)l3 > CcCr o (T* — )75, VO <t < T, (30)

where C¢ depends only on € and ||(ug,bo)ll2; Cepr = [(1 + pE + y%)2(u$ +

1+e -
v THae )}_(“'45). Moreover, for % < q < 3, one has

[(Dw, D))y > CyCopun(T* = 1)~ 5, VO <t < T, (31)

3g—3

where Cy relies only on q; and Cy ., = (14 p3 + v + v )7k

Proof. Let 0 < e < 1. Consider that r = ¢ (3 < r < c0). In order to prove
(30), it is sufficient to use Gagliardo-Nirenberg’s inequality

2 1-2 00 (T3
[oll- < Crllolls [|1Doll; 7 ¥ v e G (R),

Lema 3.1 and Proposition 3.9.
On the other hand, the inequality (31) follows from an immediate application of
Proposition 3.9 and Sobolev’s inequality below:

ol 2o < CyllDvlly, ¥oveCFR?Y. O
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Another result that assures lower bounds for ||(Du, Db)(t)||, is the following:
PROPOSITION 3.11. Let (u,b)(t) be the strong solution for the MHD system (1)
defined in the mazimal interval [0,T*). Assume that 3 <r < oo and T* < co. Then,
_(r=3)(54-6)

[(Du, Db)(t)[lq = CrqCrog e (T* = 1) F0=2, VO <t <T7, (32)

provided that 7"3+TS < g < o0, where C,. 4 depends only on r,q and ||(ug, bo)||2; and
_ 2r(5¢—6)

Crapw = [(1+p? +v2) (=3 01730700,

Proof. Notice that (32) follows directly from Lema 3.1, Proposio 3.9 and
Gagliardo-Nirenberg’s inequality below:

lollr < Crgllolls I Dullg, Vv e C3°(R?),

6q(r—2) 0

where 6 = 5 (53=0)

3.8. Proof of Theorem 1.9 7). Now, we are interested in proving a sufficient
condition in order to guarantee that the solution for the system (1) exists globally
in time. Let us start considering a differential inequality that will paly an important
role in this subject.

LEMMA 3.12. Let (u,b)(t) be the strong solution for the system (1) defined in
the mazimal interval [0, T*). Assume that 3 < g < co. Then,

(g=1)

d q _g+3 e .
D)D) < Cy™ = [(wb)@)ll" , Vo<t <T7,

where Cy depends only on ¢; and v = min{y, v}.

Proof. Notice that, by considering the divergent operator in the first equation of
(1), we can write

1
~A(p + 5|b|2) =V (u-Vu-b-Vb),

since u is divergence free. Then,

3
1
-Alp+ §|b|2) = Y DiDj(uiu; — bidy),

ij=1
since V-u = V -b = 0. By applying Calderon-Zygmund’s theory to the Poisson

equation above (see [4, 11] and references therein), one has

3
> fwiy —bibi]| < Gl b, (33)

i,j=1

1
o+ 5B < C.

where 1 < r < oo. Given ¢ > 0, let Ls(-) be a regularized sign function (see [6] for
more details) and ®;() := Ls(-)9. By multiplying the ith line of the first equation of
the system (1) by ®%(u;(t)) and integrating over R, one obtains

/R3 O (u;)ui do — ,u/]R3 D% (u;) A de + / %5 (u;)(u- V)u; do

R3

- [ tud o Dpida+ [ ) Ditp+ b do =0, (34)
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Analysing each integral on the left hand side of the equality above. Thus, passing to
the limit, as 6 — 0, and using Dominated Convergence Theorem, one reaches

. d
tim [ @ dr = 0 (35)

Now, notice that

/ (I):;(ui)Auidxz—/ Y (u;)|Vu; | d.
RS RS

Passing to the limit, as 6 — 0, and using, once again, Dominated Convergence Theo-
rem, one concludes

lim [ ®(u)Auidz = —g(q — 1) / s 92 Vs ? dr. (36)
0—0 Jps R3

It is easy to check that

/ B (ui) (1 - V)us d = 0, (37)
RS

since V - u = 0. Moreover,

3
/Ra (i) (b V)bido = = /Ra @ (ui) Djuibjb; da,
j=1

since b is divergence free. Passing to the limit, as § — 0, and applying Dominated
Convergence Theorem, we have

3
lim &% (u;)(b-V)bjde = —q(qg—1 / wi|972(Du;)b;b; da.
tin [ ()b ) =03 [

From Cauchy-Schwarz’s inequality, we get
3
—qlqg—1) Z/S w72 (Dju;)bjbi da < q(q — 1) /3 w972 [Vug|[b|[bs] dax.
—i/r R

Furthermore, by Holder’s inequality, one infers

-2 2 z2 —2 2, \?
[l bl do < bR ol T ([ fud 5190 o)
Therefore, passing to the limit, as 6 — 0, we obtain

lim [ ®(u)(b- V)b de
0—0 Jp3

< ala = DB ol T ([ lr29uf de) (38)

The last integral to be studied in (34) informs us that

1 1
[ @@Dito+ 51bP)dz =~ [ i) (Daus)(p + 3 1bP) da
R3 R3
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Once again, by taking the limit, as § — 0, and using Dominated Convergence Theo-
rem, one has

1 1
jim [ )i+ 310 de = alg = 1) [l D+ 3 1bP) d
0—0 JRr3 2 R3 2

From Hélder’s inequality, we obtain

_ 1 1 a2 _ 3
— [l D)+ 310 do < ot bRl B ([ stV )
R3 R3
By using (33), we reach

1
lim 5 (u;)Di(p + *|b|2) dx
6—0 JRrs3

< ala =GBl [tV i) (39)
By replacing (35)-(39) in (34), one has

d -2 2
Gl +ate =D [ st Vs da

1
2

< (g — DC,ll (0, B) 2z il o / sl Vg da) (40)

Now, let us apply the same argument to the second equation of (1). Thus, multi-
plying the ith line of this equation by ®}(b;(t)) and integrating over R?, one obtains

R3

R3

R3 R3
By (35) and (36), we conclude

d
. / Y _ . |1g
(%lﬁné R3 (I)&(bZ)blt du dt Hbl Hq

and also

lim [ ®%(b;)Ab; dx = —q(q — 1)/ b7 2| Vb |* dax.
0—0 JRr3 R3

We are going to analyse the last two integrals on the left hand side of (41). Note that,

/W@g(bi)( V)b; da = — Z/Rgcb )(D;b;)u;b; dz,

since V - u = 0. Taking the limit, as § — 0, and using Dominated Convergence
Theorem, we have

3
lim 9 (b)) (u- V)b de = —q(q — 1) jZ/R 04|~ 2(D;b; )u;b; da.
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From Cauchy-Scharwz’s inequality, one reaches
3
—q(g—1) Z/S |67 (D;bs)usbi dx < q(q — 1) /3 6|72 |V |(u, b)|? dx.
j=1"% R

By using Hélder’s inequality, we obtain

alg—1) / 12|92V (1, b) [ da
R3

< qlg — DIl (b 2,2 ]3] 2 (/ b2V, |2dx)

Therefore,

iy [ @00 9t < ala = Dl ([ o)

6—0 R3

In order to estimate the last integral in (41), we write

/Rs@g(bi)(b Yug do = — Z/Rs@ )(D;b)bju; de,

since V - b = 0. Passing to the limit, as 6 — 0, and using Dominated Convergence
Theorem, we get

3
; ' (b. . ) _ _ |a—2 Y
lim 9 @5 (b;)(b - V)u,; dz = —q(q 1)2/}1@ |bs|7=2(D;b;)bju; da.

By applying Cauchy-Scharwz’s inequality, we have
3
“ala- 1Y [ Db < ala 1) [ |67 Vbl b da.
— IR R
J=
From Hoélder’s inequality, we infer

tin [ 05006+ yusdo < ala = DIl ( [ 102wnPar )
—0 R3

Thus,

d -2 2
G+ o= [ s

< 2400 - Dl bl [ 2onan) (2)

By adding (40) and (42), one obtains

d _ _
Gl bl + ala = D [l 2Vl do+ afa = O [ 12 Vb da

< glg - DGl b)|2,allui]l T ( / 2|V |2dx)

s2ula - Dl BBl E ([ )
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Let v(t) = (v1(t),v2(t),v3(t)) and w(t) = (wy(t), wa(t), w3(t)) be given by
vi(t) == |us ()7 and  wg(t) = |bs(£)|2, 1<i<3.

Consequently,
d
Sl wl + (1= 1) 19ulE+ av (1 3) 19

<2 (1 - 7) ol B sallusl 2 V0]l + 4 (1 - f) 1, )2 1] 2 Vi o

Then,

d 9 1 9 1 at2

(v w)llz +4y (1 . [(Vv, Vw)[lz < ¢ (1- . Coll(v, w)llg" I(VV, Vw)ll2,
where 8 := 2+ % and v = min{y, v}. By using Gagliardo-Nirenberg’s inequality

lolls < Calloli 190113, Vv e Co(®?),

where C'z depends only on /3, we have
d
Ll w3+ 47 (12 ) 19, Vw3

Sq(l—q)cm wla™ [(Vv, V) o7 (43)

(Note that the proof of (43) given above is valid for 2 < ¢ < 00). The proof of Lemma
3.12 follows directly from Young’s inequality. O

The next result shows us that if the initial data for the solution (u, b)(t) of the
system (1) has L3-norm appropriately small then [|(u, b)(t)||5 is strictly decreasing in
its interval of existence.

LEMMA 3.13. Let (u,b)(t) be the strong solution for the MHD system (1) defined
in the mazimal interval [0,T*). Assume that

4
||(u07b0)||3 < 5703 1a
where v = min{u, v} and Cs is the constant given in (43). Then, ||(u,b)(t)|s is
decreasing in [0,T%).
Proof. Considering ¢ = 3 in (43), we have

d 8 2 .

SNV WIE + 27[(Vv, Vw5 < 2Cs)|(v, WIS II(VV, Vw)[l5, YO <t <T". (44)
By hypothesis, we get

%
vl < (57057

By applying a continuity argument, there exists ¢; € (0,7%*) such that

3
2

4
Iv.w)®ll < (50¢5) 7 vo<e<t.
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Replace the result above in (44) in order to obtain
d 2
v w) Oz <0, vO<t<t.
Then, ||(v,w)(t)|]2 is decreasing in [0,¢1]. Therefore,

v el < v w)O)l < (33651)

Once again, by continuity, there is to € (¢;,7%*) such that

w0l < (39057)', va<i<t,
By replacing the estimate above in (44), one has
d 2
v w) O]z <0, Vi <t<ts.
Thus, |[(v,w)(t)||2 is decreasing in [0,t3]. Following this process, we can prove

that ||(v,w)(¢)||2 is decreasing in [0,7*). This means that ||(u,b)(t)||3 is decreasing
[0,7%). 0

The result below allows us to establish another sufficient condition in order to
obtain global existence in time for the solution of (1). To this end, we will apply
Gagliardo-Nirenberg’s inequality

, 1 sa=¢ 39-6
loll2 < Cyllolly [ Dvll3™, Vo € G5 (R?). (45)
(Here 2 < g < c0).

PROPOSITION 3.14. Let (u,b)(t) be the strong solution for the system (1) defined
in the mazimal interval [0,T*). Assume that 3 < g < co and

'27_ =g /N —

[I(ao, bo)ll5*~° | (w0, o) "~ < 27(aC4Cy) ™", (46)
where v = min{u,v}, Cy and C’; are given (43) and (45), respectively. Then,
[|(u,b)(t)|lq is decreasing in [0,T*). In particular, T* = co if (46) holds.

Proof. Notice that, by (45), one has

q—3

Dy, Dw)3-

Qe

ot a2 ' Tos
(v, w)ll2* [(Dv, Dw)[l,* < Cyll(v,w)ll3"* [[(v, w)]
By applying (43) and Lemma 3.1, we get

d 2 1 2
il 0w+ 49 (1= ) I(Dv, Dw)l

q

-3
(D, Dw)ll3

1 / 2
<a(1- )Gl Wl v w)l

IS

2q—6

1 ' 56 525
< (1= ) CuCllmo, bo) 3 [ BT (D, Dw) 3
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For the same reason exposed in the proof of Lemma 3.13, one concludes that
[|(u,b)(t)]l4 is decreasing in [0,T*) provided that

29—6

110, o) 12"~ || (uo, bo) |

a0 < 29(aCCy)
At last, suppose, by contradiction, that T* < co and (46) holds. Then, we obtain

[[(a0, bo)llg > [[(w, b) (Bl

VOo<t< T
It is an absurd because of Remark 1.4. O

3.9. Proof of Theorem 1.5. The result below establishes a lower bound for
I(D2u, D) (B)], (1< q < 2).

PROPOSITION 3.15. Let (u,b)(t) be the strong solution for the MHD system (1)
defined in the maximal interval [0,T*). Assume that 1 < q < % and T* < oco. Then,

_3g¢=3
I(D*u, D*b)(t)llg = CqClpn(T™ = 1) 7

VO<t<Tr
3 3 49—-3 4q—3
where Cy depends only on q; and Cy = [(1+p2 +v2)% (2 +v 2 )71
Proof. This proposition follows directly from the inequality

1, )| 2g < Cyll(D*u, D*b)]l
and Proposition 3.9. O

We will show, as follows, lower bounds for ||(D™u, D"b)(t)||,, where n > 2. More
precisely, let us enunciate the next proposition.

PROPOSITION 3.16. Let (u,b)(t) be the strong solution for the MHD system (1)
defined in the maximal interval [0,T*). Assume that T* < co. Then,
||(Dnu7 Dnb) (t)”"" Z Cq,T,an7T’7n,/L,V(T* -

_ (@—3)(3r+2nr—6)
) 6r(q—2)

VO<t<Tr
where n > 3, 3 < g < 00, 1 < r < o0 and Cy,n depends only on q,7,n and
1(a0. bo)ll2; and Cornp = [(1+ p> +v2)2 (!
holds the following lower bound:

H )
[(D*u, D*b) ()], > CorCorpp(T* =) &=

_ a(3r+2rn—6)
3r(a=2) It also
(4-3)(7r—6)
t VO<t<T*  (47)
where 3 < q < 00, r > %, Cy,r depends only on q,r and ||(ug, bo)||2; and Cq r 0
3 3.0, 1_8 13 _air=6)
(Lt d o2 ) S
Proof. Recall Gagliardo’s inequality:

lolly < Corllvlla=?1D" 0|7,

Yo € C5°(R?),
11
where 6 = ljﬂil,r > max{l,nsj_g},n >2 and 3 < ¢ < oo, if (n,q,1) #
2 3 r
(27007 %) and (n,q,r) 7é (37007 1)
By Lemma 3.1, we have

(0, )l < Cq.r

(19, bo)[lz~*||(D"u, D"b)]7.
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Thus,

1 o—1 3
D", DB, = D)1 e Do) 57 2w {1, 2

If n > 3, we obtain

o1 1
1D, D"B)lly > Cornll(uo,bo) 57 (D). vr > 1.
If n = 2, then, by (48), we get

2 2 a3 —ipa—Srise 3q
[(D*u, D*b) |, > Cyr|l(u, b) [ [[(uo, bo) [l ™, Vr> 243

Therefore, (47) follows from Proposition 3.9. O

3.10. Proof of Theorem 1.7. Now, we are interested in proving the relation-
ship between the blow up rates presented by ||(u, b)(¢)|, and ||(u, b)(¢)|, provided
that 3 < g <r < .

PROPOSITION 3.17. Let (u,b)(t) be the strong solution for the MHD system (1)
defined in the mazimal interval [0,T*). Assume that T* < oo and 3 < g < r < 00.
Then,

[Ca, b)) —r=girms
MDY Oll 5 ¢, € (10—, VO <t
1w, B)(B)lg = "
where Cyy iy depends only on q,r, v and ||(ug, bo)lla; and Cyppy = [(1+ p2 +
2(r—q)

y%)Q('u/l_?% + 1/1_2%)]_ a(r—2)

Proof. By using interpolation inequality and Lemma 3.1, we have

[(w, b)|-
[[(u, b))} < H(Uo,bo)H;\m, (49)

11
where A = +—F (the inequality above holds for r = o). Therefore, by Proposition

3.9, we comf)le‘ge the proof of Proposition 3.17. O

Now, we are going to show a relationship between the blow up rates of
[[(Du, Db)(#)[|2 and |[(u, b)()[lq (2 < ¢ <6).

PROPOSITION 3.18. Let (u,b)(t) be the strong solution for the MHD system (1)
defined in the mazimal interval [0, T*). Assume that T* < 0o and 2 < q¢ < 6. Then,
I(Du. D)), s

[[(u, b)()lq

where Cy depends only on q and ||(ug, bo)||2; and v = min{u, v}.

(T* —t)" 5, YOo<t<T",

Proof. Consider Gagliardo-Nirenberg’s inequality
lollg < Collollz™° 1 Doll3, Vo € C°(R?),
where 0 = 3(%(1 2) and 2 < ¢ < 6. By using this inequality, Lemma 3.1 and Proposition
3.6, we obtain
[(Du, Db)(#)]l2 C
[(w, D)D)l [[(uo, bo)|

Therefore, Proposition 3.18 follows. O

=" 100 — =100 v <t < T
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3.11. Proof of Theorem 1.9 i3). The next result informs that the solution
(u,b)(t) for the system (1) is global in time if
[(w, b)@O)]l%  [I(w,b)D)]3
: < 00,
{ [1(u, b)(1)]13 ||(u7b)(t)||§o}

sup
0<t<T*

where 3 < ¢ < 0.

PROPOSITION 3.19. Let (u,b)(t) be the strong solution for the MHD system (1)
defined in the mazximal interval [0,T*). Assume that T* < oo and 3 < q < co. Then,

[(w,b)@®)[IE, [[(u,b)(D)]3
My := sup { = }: (50)
ost<r U [[(a, D)D) [I(u,b)®)[1Z
Proof. By the first equation of the system (1), we have
1d
gaﬂung = M/Ra [u|??u- Audr — /RS lu|”?u- (u-V)udzr
1
+/ [u/??u- (b-V)bdx — / [u|??u-V(p + =|b|?) dz.
R3 R3 2
Let us examine the integrals on the right hand side of the equality above. Thus,
3
/ [u|?2u- Audr = —(q — 2) Z/ lu|?"*(u- Dju)?dx
R3 =1 /Re
—/ 2| Dul? d < 0. (51)
R3

Moreover, we can write

3
- /R3 lu|%u- (u- V)ude = Z /RS D;([u|9?)uiu; dx

i,j=1
3
+ Z / \u\q_QDj(uiuj)ui dz.
ij=17R
Then, by using the fact that V- u = 0, one obtains

[u|7%u- (u- V)udz = 0.
R3

Notice also that,

3
lul2u- (b-V)bdz = —(¢—-2) > /R [ul*"*ug (Djur) (u - b)b; dz

RS jk=1

3
- /Rg [a|*"*(Dju;)b;b; dz,
ij=1

where we have applied the equality V - b = 0. Consequently, by Cauchy-Scharwz and
Holder’s inequalities, we get

/RS [u?"u - (b V)bdz < Cql[ull %) Dull2b 3.
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Hence, by Gagliardo-Nirenberg’s inequality
1 1
[vlla < Clloll3 [[Doll3, Yo e C3°(R?), (52)
we infer

[ [l (b V)bda < Cyll(a B2 B) s | (D, DB).

Once again, by using the fact that u is divergence free, we conclude
1 & 1
— [tV bR e = (=2 [l Dy o+ b7 do
: P

By applying Cauchy-Scharwz and Hoélder’s inequalities, (33) and (52), one obtains

_ 1 _
—/Rg [ul”"?u- V(p + 5 |b*) do < Cyl|(u, b) ||| (Du, Db)|2]| (u, b)|I2
< Cqll(u, b)[472]|(u, b)||5[|(Du, Db)| 3.

Consequently, one has
1d p -2 9
5£Hullq < Cqll(u, B)[[E7[(a, b) [[3[|(Du, Db)|f5. (53)
Checking the second equation of the system (1), we can write
1d —2 —2
——I|bl|lg=v [ |b|?“b-Abdx — [bl?"*b - (u-V)bdx
q dt a R3 R3
+ [ bl ?b-(b-V)udz. (54)
R3
Let us to analyse all the integrals on the right hand side of (54). By (51), we have
v [ |b|??b-Abdz < 0.
R3

Notice that,

3
_ /R bl*2b - (- V)bdz = (¢ —2) Z/Rg b4 (b - D;b)u, b[? da
=1

3
+ Z As |b|q_2(Djbi)’Lij7; dz.

4,j=1

By using Cauchy-Scharwz and Hélder’s inequality, we conclude
*/ﬂ@ [b]?™%b - (u- V)bdx < Cq|[b]| 2% Dbz ]| (u, b)|13.
Thus, by applying Gagliardo-Nirenberg’s inequality (52), we get

- / Ib|?"2b - (u- V)bdz < Cyl|(u, b)[| 2] (u, b) 3] (Du, Db)|[3.
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Analogously, one proves that
/R3 [b]*™?b - (b V)udz < Cql/(u, b)[|257||(u, b) |3 ]| (Du, Db)]3.
Hence, we obtain
1d 9 2
gt Pli = Call(w, B)IIE =, B)ls [ (D, Db)3. (55)

Then, adding (53) and (55), one obtains

4y e ol b
L ey W STE AT SR

1w, )2l (Du, Db)]3.

Suppose, by contradiction, that M5 < co. Thus,

<, b)|

= 1 < CyMs]|(u,b)[|¢[|(Du, Db)][3.

3
At last, by using Gronwall’s Lemma and Lemma 3.1, we conclude
||(u7 b)(t)Hq < ||(u07 bO)”q exXp {CQM5'7_1H(u07b0)H%} , V0<t< T*,

where 3 < ¢ < co. It is an absurd because of Proposition 3.9. Therefore, (50) holds. O

4. Conclusions. It is important to point out that the results presented in this
paper can be extended if we assume that the limit

Jim |, B)(O)ls = o0, T < ox, (56)
is valid and Lemma 3.8 holds in the case ¢ = oco. However, it has not been proved
in the literature for the knowledge of the authors. Recall that these statements were
established in [14] and [10], respectively, by considering the case of the Navier-Stokes
equations.

More precisely, we could add the cases ¢ = 3 in Theorem 1.9 i) (see Remark 1.10
and (56)) and ¢ = oo in Theorem 1.3 4) (see Lemma 3.8 with ¢ = oco) and Remark
1.4, item 1. In order to verify that Theorem 1.3 ii) also holds for ¢ = 3, it is enough
to use a contradiction argument and apply (44) and (56). Moreover, Theorem 1.3 iv)
is valid for ¢ = 3/2 by using the inequality [|¢[ls < C|[D¢| 3, for all ¢ € Cs°(R3),
and Theorem 1.3 i) (with ¢ = 3). In addition, Theorem 1.3 4) holds for ¢ = 1/2

by using the inequality |¢]ls < Cllo|lZ 1 Ds|s~ %, for all ¢ € C3°(R?), Theorem 1.3
it) (with ¢ = 3) and Lemma 3.1. Theorem 1.5 i) can be extended to the case ¢ = 1
through the inequality ||@||z < C|D?¢]1, for all ¢ € C5°(R?), and Theorem 1.3 i)
(where ¢ = 3). This previous inequality and (56) assure that Remark 1.6, item 1, is
valid for ¢ = 1 as well. By analyzing Theorem 1.7 i) and applying (49), we guarantee
that this result also holds for r = co (see Theorem 1.3 4i) with ¢ = c0); as a result,
Remark 1.8, item 1, is valid for r = oc.

Some results can be also reached by admitting the veracity of (56) and Lemma
3.8 in the case ¢ = co. In fact, from the inequality

I8llee < Cqllollz~°I1Dgllg. Vo € C5°(R?),



LOWER BOUNDS FOR THE SOLUTION OF THE MHD EQUATIONS 165

where § = 2L 3 < ¢ < oo, Theorem 1.3 i) (with ¢ = oo) and Lemma 3.1, one
concludes

5q—6"

29—6

L 59—6
I, b)(#)llg = Cll(wo o), ™ (T =) &, 0<t<T,

T* < oo and 3 < ¢ < co. Moreover, by using (49), with » = oo, and (56), one infers

[, b)O)ll& [ (w, D) O)]ls _
[(w, b)(O)IZ][(w, B)D)Z,

m
t T

where T* < o0 and 3 < g < 0.

[17]

(18]

[19]
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