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SECOND PROOF OF THE GLOBAL REGULARITY OF THE
TWO-DIMENSIONAL MHD SYSTEM WITH FULL DIFFUSION AND
ARBITRARY WEAK DISSIPATION*

KAZUO YAMAZAKIT

Abstract. In regards to the mathematical issue of whether a system of equations admits a
unique solution for all time or not, given an arbitrary initial data sufficiently smooth, the case of
the magnetohydrodynamics system may be arguably more difficult than that of the Navier-Stokes
equations. In the last several years, an explosive amount of work by many mathematicians was
devoted to make progress toward the global well-posedness of the two-dimensional magnetohydro-
dynamics system with diffusion in terms of a full Laplacian but with zero dissipation; nevertheless,
this problem remains open. The purpose of this manuscript is to provide a second proof of the
global well-posedness in case the diffusion is in the form of a full Laplacian, and the dissipation is
in the form of a fractional Laplacian with an arbitrary small power. In contrast to the first proof
of this result in the literature that took advantage of the property of a heat kernel, the main tools
in this manuscript consist of Besov space techniques, in particular fractional chain rule, which has
been proven to possess potentials to lead to resolutions of difficult problems, in particular of fluid
dynamics partial differential equations.
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1. Introduction. One of the most difficult outstanding open problems in math-
ematical analysis questions whether or not, given an initial data ug that is sufficiently
smooth, the following Navier-Stokes equations (NSE) of fluid mechanics in case N = 3
admits a unique solution for all time:

%—l—(zrV)u—l—Vﬂ'—uAu:O, (1a)
Vou=0, u(x,0)=ug(x), (1b)
where u 2 (uy,...,unx)(z,t),7(z,t) represent the velocity, pressure fields respec-

tively, while v >0 the viscosity coefficient. Due to the scaling property that
ux(z,t) & Nu(Ax, \*t), A € RT, solves the NSE if u(x,t) does, for simplicity here-

i = 0,1 € N, where
8I1‘

.0
after we assume v = 1; moreover, let us also write — = 0,

ot
2= (21,...,7N), and/f /f )dz.

The magnetohydrodynamics (MHD) system describes the motion of electrically
conducting fluids, has broad applications in applied sciences such as astrophysics,
geophysics and plasma physics, and has been studied extensively ever smce the pio-
neering work of [1, 6]. We first introduce a fractional Laplacian A £ (—A) defined
through Fourier transform of

A2F(E) £ ¢ f(€), reR,
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and now the generalized MHD system, which is a coupling of the NSE (1a)-(1b) with
Maxwell’s equations of electromagnetism:

Opu+ (u-Vu+ Vr + A?*u = (b- V)b, (2a)
b+ (u-V)b+ A*Pb = (b V)u, (2b)
V-u=V-b=0, (u,b)(x,0)= (uo,bo)(x), (2¢)

where b = (by,...,by) represents the magnetic field, «, 8 € [0, 1]; let us call the sys-
tem (2a)-(2c) at o = B = 1 the classical MHD system. We remark that at o = 1, the
equation (2a) is exactly (1a) forced by the term (b- V)b. It is obvious that if one ac-
complishes in proving that given an arbitrary initial data (ug, bo) sufficiently smooth,
there exists a unique smooth solution to the MHD system (2a)-(2c), then taking by = 0
deduces by uniqueness, the smooth solution to the NSE (1a)-(1b); therefore, it may
be argued that the proof of the regularity of the solution is harder for the classical
MHD system (2a)-(2¢) than the NSE (1a)-(1b).

For the classical MHD system, the existence of the unique strong solution globally
in two-dimensional (2d) case and locally in three-dimensional (3d) case, as well as the
existence of a weak solution globally in both dimensions were shown in [21]. For the
more general case with fractional Laplacians, it was shown in [27] that if

< 1 n N 5> 1 n N
C=oT e PEa T
then the global regularity result may be attained in RV, N > 2; in particular, in the
case N = 2, this requires « = 3 = 1. Taking L*-inner products of (2a)-(2b) with (u, b)
respectively, and taking advantage of (2¢) lead to

t t
lulIZ> + I)IZ- +/0 ||A°‘u|%2d7'+/0 IA%0][Z2d7 = ||uollZ= + [IbollZ=  (3)

for all ¢ € [0,T], the interval over which the solution exists; this represents the con-
servation of energy and cumulative energy dissipation and diffusion. This threshold

1 N
of 3 + T may be seen as the endpoint of the energy criticality such that if either

power, « or 3, lies below, then the dissipation and diffusion are no longer strong
enough to suppress the non-linear terms unless the better bound beyond those in (3)
are discovered (see logarithmic improvements in [23, 26, 29, 31]).

A remarkable feature of the solution to the 2d NSE due to the incompressibility
condition (1b) is that only in this dimension, the better bound in fact exists, even
with zero dissipation, the case in which (1a)-(1b) recovers the Euler equations. Indeed,
upon applying a curl operator on (1la) without the dissipation, we see that the vorticity
w £ V x u evolves in time over the transport equation of

Ow + (u-V)w =0
so that taking LP-estimate, p € [2,00), using that
1
/(u - V)w|wP 2w = ];/(u -V)|wlP =0
due to (1b), deduces

1
=O||w|F, = 0; 4
ptH 12 (4)
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1 _ _
hence, writing ~;||wl|?, = ||w||?% 9 |Jwl| v, dividing by [[w|?," and thereafter taking

the limit p — oo shows that L°°-norm of w is bounded, which is almost as good as that
of Vu ([38]). It is a natural question to ask whether such a favorable formulation of the
vorticity equation may be utilized to improve the results in [21, 27] that stated that the
global well-posedness of the generalized MHD system (2a)-(2c¢) requires e > 1,3 > 1.
Here, in contrast to (4), the additional difficulty is that upon the LP-estimate of w
where w £ V x u and u solves (2a), p € [2,00), we are faced with

1 0 ip—
“allwll + [ Aulelw = [ D)l e )

(see (12a)) and hence the task of having to estimate /(b V)jlwlP 2w, j &V xb,

while also making use of the fractional dissipative term / A?*w|w|P~?w if necessary.
This explains precisely why many realized that if 8 is sufficiently large so that (b- V)j
within /(b -V)jlw[P~?w has an adequate bound or « is sufficiently large so that

/A2°‘w|w|p_2w can provide adequate support to help estimate /(b V)jlw[P~ 2w,

then the regularity of the solution (u,b) to the system (2a)-(2c) may be attained. We
now review prominent results by those who made significant contribution based on
this observation.

For the case a = 0; i.e. no dissipation term, Tran, Yu and Zhai in [25] showed
that g > 2 suffices to prove the regularity of the solution for all time. Jiu and Zhao in
[13] and the author [30] independently improved to 3 > 3. Thereafter, Cao, Wu and
Yuan in [5] showed that 8 > 1 in fact suffices via Besov space techniques approach;
subsequently, Jiu and Zhao in [14] also obtained the same result by a completely
different approach from [5]. On the other hand, for the case 8 = 1, Tran, Yu and Zhai
in [25] showed that o > 1 suffices. Subsequently, Yuan and Bai in [37], as well as the

2
author in [32], independently improved this result to a > %. Thereafter, Ye and Xu

in [36] improved to a > %. Finally, making use of the propgerty of a heat kernel, the
authors in [11] proved that o > 0 suffices.

Therefore, coming from both directions, a = 0 fixed and reducing the powers
of 8 > 1, or § =1 fixed and reducing the powers of &« > 0, we have come to the
crossroad at which the only case left is @« = 0,8 = 1, which is the extension of
the classical result from [38] (see also [16]). Numerical analysis indicates that the
regularity is more likely than the blow-up (e.g. [24]), and various regularity criteria
have been obtained (e.g. [12, 35]); however, this problem has remained open since,
seemingly asking for a new idea. It is worth emphasizing that the resolution of this
problem should lead immediately to analogous results for various related systems of
equations such as magnetic Bénard problem, and possibly magneto-micropolar fluid
system ([33, 34]). The purpose of this manuscript is to provide a second proof of the
global well-posedness of the system (2a)-(2c) in case a@ > 0,8 = 1 as follows.

THEOREM 1.1. Let a > 0,8 = 1. For every (uo, bo) € H*(R?),s > 3, there exists
a unique solution pair (u,b) to the generalized MHD system (2a)-(2c) such that

u € C([0, OO);HS(R2)) n L2([07 OO);HS-’_Q(R?))u
be C([0,00); H*(R?)) N L2([0, 00); H*TH(R?)).
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REMARK 1.1. The proof follows the approach of [5] that considered 8 > 1
and zero dissipation in (2a)-(2c). Let us already point out the distinctive difference
between their iteration schemes and ours. The authors in [5] obtained the L9'-bound
of w and L?-bound of j (see Proposition 3.1 [5]), and then L%thl—bound of j (see
Proposition 4.1 [5]), specifically

T
. 2 2
[ il drse whaersas ? o 2cscan @

which consequently leads in particular to the bound of

if g < (7)

[OUN RIS

r 2
[VillLedr, 2<g2<

/0 ’ 4-3p

(see Proposition 5.2 [5]). This improvement through the L%thl—bound allows one to

go back and attain L% -estimate of w, j and repeat. It is clear that one cannot readily

extend this strategy to the case § = 1, because if g = 1, then we require ¢ = 2 in

2
(6) which disallows us to find any ¢ such that — < ¢ < 28 — 1, and similarly we will
a1

not be able to find any r € | ) in (7) if B = 1. Moreover, for the authors in

9 2
4 —3p
[5] to make the crucial improvement through this L}thl—bound, it seems 8> 1isa
crucial assumption which is absent in our hypothesis.
However, we can make use of @ > 0 in the L%-estimate of j immediately. In other

words, our iteration cycle will take place as follows: L?'-bound of w (see Proposition
3.2), L=-bound of j where g2 = 1371@ (see Proposition 3.3), the L%FBSQ)l—bound of j

(see Proposition 3.4) which leads to L%-bound of w (see Proposition 3.5) and repeat
thereafter. Here, upon making careful use of @ > 0, in contrast to the approach of
[5], it will be crucial to rely on the fractional chain rule Lemma 2.3 (see the proof of
Proposition 3.5, in particular (49), (50), (51)).

In the next section, we set up notations and state key lemmas. The proof of the
local existence result is standard; we refer to e.g. [20] where by using mollifiers the
local existence proof is shown in the case of the NSE and the Euler equations. The
initial regularity space in the statement of Theorem 1.1 may be generalized in many
ways; we choose to focus on the a priori estimates in this manuscript.

2. Preliminaries. Let us use the notations A <., B, A =, B to imply that
there exists a constant c(a,b) that depends on a,b such that A < ¢B, A = ¢B re-
spectively. The following lower bound on the fractional Laplacian has found many
applications:

LEMMA 2.1 ([10] and Lemma 3.3 [15]). Let r € [0,1], and f,A*"f € LP(R?),p >
2. Then

2 / AT < p / [FP2FA .

We use the following well-known inequalities:

LEMMA 2.2 (e.g. Theorem 3.1.1 [7]). Suppose [ satisfies V - f = 0, Vf €
LP(R?),p € (1,00). Then

p2

\ » <
IV flle <e

IV x fllze.
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LEMMA 2.3 (e.g. Lemma Al [18], Proposition 3.1 [9]). Let F be C' mapping
such that F(0) =0 and

[F'(7f + (1= 71)g)| < h(7)IG(f) + G(9)]

where G € C,G > 0,h € L'([0,1]). Then for § € (0,1),p,p2 € (1,00),p1 € (1,00

e 11 1
satisfying =t

1E o fllysr S NG o fllzonllfllyisps-

LEMMA 2.4 (e.g. Lemma A.2 [17], see also [7, 20]). Let f € WoP1(R?) N
L2(R?),g € WOoP2(R?) n L1 (R?),6 > 0,1 < p, < oo,1 < ¢q <

1 1
0,— +—=—,k=1,2. Then
Pk Q. D

1fgllvirse S Ufllwswlgllza + 1 f Lo ll9llvisrs)-

LEMMA 2.5 ([4]; see also the Appendix [30] for proof). Let f € H*(R?),s > 2,
satisfy V- f =0,V x f € L>(R?). Then there exists a constant ¢ > 0 such that

IV fllze S (Ifllz2 + IV X flleloga (2 + [ fllz2) + 1)

LEMMA 2.6 ([19]). Let f,g be smooth such that Vf € LP1(R?), A*~1g € LP2(R?),
1

1 1 1

ASf € Lp3(R2)7g € Lp4(R2)7p S (1700)7 - =—4+ —=—+ —,p2,P3 € (1700)7 5>
p P P2 P3 P4

0. Then

1A*(£9) = fAgllLe IV F Lo [A gllzes + 1A fllzes [ gl| o)

Let us recall the notion of Besov spaces (cf. [2, 7]). We denote by S(R?) the
Schwartz class functions and &’(R?), its dual. We define Sy to be the subspace of S
in the following sense:

So2{e 5,/ $(x)a"dz = 0, r| = 0,1,2,...}.
R2

Its dual S} is given by S) £ S/Sy- = S’/P where P is the space of polynomials. For
k € Z we define

Ap 2 {€eR*: M1 < g < 2FF1)
It is well-known that there exists a sequence {®;} € S(R?) such that

supp @, C Ay,  Pp(€) = Do(27%)  or  Bp(x) = 2%%®(2%z)  and

S 1 if e R\ {0},
2 q)’“(@_{o if £€=0.

k=—o0
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Consequently,
Z O« f=f forany f €S
k=—o0
We set ¥ € C§°(R?) be such that
=T+ > ®r6), Txf+) Ppxf=],
k=0 k=0
for any f € 8’. With that, we set
0 if k< -2,

Af 2O« f  ifk=-1,
Dpxf ifk=0,1,2,..,

and define for any s € R, p,q € [1, 0], the inhomogeneous Besov space
By, ={f €S :|Iflls;, < oo},
where
17115, 2 {<zz°_1<2’f8||3kf|mq>é, it g < oo,
7 SUP_1<peoo 27| Ak fllze  if ¢ = oo
For any s e R, 1 < p < o0,

B } C W cC B;,max{p,Q} (8)

S
p,min{p,2

(pg. 152 [3], Theorems 2.40 and 2.41 in [2]). The following lemmas will be useful in
obtaining upper and lower estimates:

LEMMA 2.7 (cf. [7]). Bernstein’s inequality: Let f € LP(R?) with 1 <p < q< o
and 0 < r < R. Then for all k € ZT U{0}, and X\ > 0, there exists a constant Cj, > 0
such that

supy 10" flle < CeX 2070 £ 1o if supp f < {€: 1€ < M,
Ci NN F e < supjy 07 flle < Cod*|flleif supp € {€: M < €] < AR},

and if we replace derivative " by the fractional Laplacian, the inequalities remain
valid only with trivial modifications.

LEMMA 2.8 (cf. [8,28]). Letr >0 andp=20r0<r <1and2<p < .
Then for any k € Z, f € §’,

2 A2 Srp / AR f P2 AL A AL,

Moreover, Bony’s paraproduct decomposition (cf. [7]) will be used frequently:

fo=Trg+Tyf + R(f,9)
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where
Trg2> Se1fAeg, R(£9)2 > AnfAwg, Sk 2 D> A (9)
k k,k' s k—k/| <1 11<k—2
Now let us state the basic energy conservation of the system (2a)-(2c) as in (3):
T
sup ([[ullg2 + [1BlI72) () +/ [A%ull72 + ([ VBl 72d7 S 1. (10)
t€[0,T) 0

The following proposition was observed in many previous works (e.g. Proposition 3.1
[32]):

PROPOSITION 2.9. Let a > 0,3 = 1. Suppose (ug,bo) € H*(R?),s > 3. Then its
corresponding solution pair (u,b) to the system (2a)-(2c) in [0,T] has the following
bounds:

T
sup ([[wli2 + [l4]172) () +/ AW 72 + |Af]|72dr S 1.
te[0,7) 0

For completeness we leave the proof in the Appendix. Now in order to clearly
explain the plan of the proof of Theorem 1.1, let us discuss the regularity criteria
that has been observed in the previous work (e.g. Proposition 3.4 [32]); the proof of
Theorem 2.1 would be complete once we attain the following bound:

PROPOSITION 2.10. Let o > 0,3 = 1. Suppose (ug,by) € H*(R?),s > 3 and its
corresponding solution pair (u,b) to the system (2a)-(2c) in [0,T] satisfies

T
/O ] dr 1. (11)

Then

u e C(0,T); H*(R2)) N L2(0, T]; H*+* (R2)),
be C(0,T); H*(R?) N L2(0, T); H* ' (R?)).

For completeness, we sketch its proof in the Appendix.

3. Proof of Theorem 1.1. Let us assume a € (0, §); we explain the reason for

this restriction at the Remark 3.1. Applying the curl operator on (2a)-(2b), we obtain
dw + A**w = —(u-V)w + (b- V)j, (12a)
8tj + A2] = —(U . V)] + (b . V)w + 2[81171(8111,2 + 8211,1) — 81u1(81b2 + 82b1)]. (12b)

The following proposition is similar to but slightly better than Proposition 3.2 [32]:

ProprosITION 3.1.
Let o € (0,3),8 = 1. Suppose (ug,bo) € H*(R?),s > 3. Then its corresponding
solution pair (u,b) to the system (2a)-(2¢) in [0,T] has the following bounds:

T
sup IA%H(0)]2 + / AT 20dr < 1.
te[0,7] 0
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For completeness we leave this proof in the Appendix as well. The next proposi-
tion is also similar to but slightly better than Proposition 3.3 [32].

PROPOSITION 3.2. Let o € (0, 3),8 = 1. Suppose (ug,by) € H*(R?),s > 3. Then
its corresponding solution pair (u,b) to the system (2a)-(2¢) in [0,T] has the following
2(1
bounds: for q1 € [2, #],
-«

sup [0 / ol oy dr S, 1
tel0,T

REMARK 3.1. The reason for the restriction of a € (0, %) is because if o > &

then by Proposition 2.10 and Proposition 3.2, the proof of Theorem 1.1 is complete

214 «) _ 2, . 1
L — > —,
0-a?°a if and only if o > 3

2(1
Proof. Let us assume 2(14+a) < ¢ < @

o
[2,2(1 + a)) can be interpolated once we obtain higher LP-bounds. We multiply
(12a) by |w|® 2w, integrate in space, use divergence-free property of u from (2c)
to obtain (5) with p replaced by ¢;. We use Lemma 2.1, the Sobolev embedding of
H(R?) — L= (R?) to obtain the lower bound on the dissipation as

() [[wl|”" o
Li-

and no iteration scheme is necessary because

below because the case ¢1 €

2
S Al < [ A ulul
« 1

for a constant é(q1) that depends on ¢; so that we can estimate

1
aatllwl Lo + )Wl w

2
SIIbIILooHVJHLgalel‘}?ql IwH o
(13)
« « . 2
<||b||1+ ||AQJH1+ Vil l‘ga lwlZar Ml o
c(qr) )(a1—2)
STI\wIIq14+CIIVJIIQ [|w HLI T

by Holder’s inequalities, Gagliardo-Nirenberg inequality, (10), Proposition 3.1 and

2(1
Young’s inequality. Now for any ¢; € <2(1 + ), w» we may estimate
2(14a)—(1—a)qy L 120+ —(1-a)qy 1
IVill, o S IVl ™ AT . Sa L+ AT (14)

by Gagliardo-Nirenberg inequality while

IVl o = IVl SIAS e if g = 2
LS T Vil S 1+ A e i g =2(1+a),

(15)

by Sobolev embedding of H®(R2) — Lﬁ(RQ) and Proposition 2.9. Therefore, ap-

plying (14) and (15) in (13), subtracting c(ql |w|" ¢ from both sides, Young’s
Ll—«a

inequalities lead to

é(q1)
2

—3t|| ITa + ol oy Sau 1+ A1) (1 + w]| o )-
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Applications of Gronwall’s inequality and Proposition 3.1 complete the proof of Propo-
sition 3.2. O

T
We now show that the bound on / [lw||?* 4, dr directly leads to an L%-bound
0 L1-a

of j for go = 7.
PROPOSITION 3.3. Let o € (0, 3), 3 = 1. Suppose (ug,bo) € H*(R?), s > 3. Then
its corresponding solution pair (u, b) to the system (2a)-(2¢) in [0,T) has the following
2(1
bound: for qa € [2, (1(_7—’—;;2)],

Sup. HJ( N Se 1.
te[0,T

Proof. We consider for simplicity of the proof, ¢ ?(1+(§2) as the lower L%-

bounds may be attained via interpolation. We multiply (12b) by [j]9272, integrate
in space to obtain due to the incompressibility of u from (2c),

1 . e .
Ol + / 712 A2

(16)
:/|j|q2_2j ((b . V)w + 2[81()1(82’[1,1 + 81’[1,2) - 81u1(82b1 + 81b2)]) .
By Lemma 2.1, we have on the diffusive term,
clae) M F - < [ lile2n) (1)
whereas we estimate by integration by parts
Sl 2500 Vw2 = 1) [wb- il
—1)2 a 1 a
S D2 [ vyl
q2 {j#0} sgn(j)
(18)

< 92 21
Saollbllzee lwl[ a2 (V152 (| 22| 5] fa

Tra o H% .92 21
Saallbll 2" 1A% 2" lwll Lo (V15172 | 2 1151 Feo

<5(QQ)
!

92 .
1A= 12 + ellwl|Ze (5] Fe + 1)

where sgn(j) = ﬁ, by Hélder’s inequalities, Gagliardo-Nirenberg inequality, (10),
Proposition 3.1, Young’s inequalities and Plancherel theorem. Moreover, we estimate

/|j|q272j2[81b1(82u1 + 81'“2) - 81’&1(82()1 + 81()2)]
< / 191 Vb] |V

L a2 3 2-2
SN 20 [Vbllze il wlze
La2—2

Az A a1 ¢(gq2) a2 . a2
SIAGIE N 1 wllze < = 172 + el Fae 1wl 722
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by Holder’s inequality, Gagliardo-Nirenberg inequality, Lemma 2.2, and Young’s in-
equality. Applying (17), (18), (19) in (16) and subtracting C(gz) V15 % |22 from both
sides give

c(q2) . a2 ey
—3t||JHLq2 5 1AL 122 S (1 Ee + DwllZe + lwl 2.
Now Gronwall’s inequality and Proposition 3.2 at ¢; = % complete the proof of

Proposition 3.3. O

The next proposition follows the work of [5] closely; however, our proof seems
slightly more straight-forward (see e.g. (29), (43)).

PROPOSITION 3.4. Let o € (0,3),3 = 1. Suppose (ug,by) € H*(R?),s > 3. Then
its corresponding solution pair (u,b) to the system (2a)-(2¢) in [0,T] has the following

_ 2 2(1+«)
bound: for T d—a? pl-o

[ Vil 5o

<g < <<,
(6%

Proof. We fix k > 3, apply A on (12b), multiply by |Ajj]|%272Aj and integrate
in space to obtain

1 . o . .

A% + / TNV TN ICING

/ ARG AL A (—(u - V)] / |ARF =2 AR Ak((b - V)w)
+/|Akj|qz_2Aijk(251b151uz) +/|Akj|q2_2Aijk(2315132U1) (20)

+/|Akj|qz_2Aijk(—231U13152)+/|Akj|qz_2ﬁkjﬁk(—231U15251)
6
2311
i=1
For the diffusive term, by Lemma 2.8 we obtain its lower bound
2 A < [ 1801 A0 A (21)

Now we estimate the nonlinear terms. We apply Bony’s product decomposition (9),
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subtract and add to rewrite I; from (20) as

I, = _/|Akj|q272Akj > Ak, Sicqu- VIA

| k—1|<2

— /lAkjlquAkj Z (Si—1u — Sku) - VARAj

1| k—1|<2

_/lAkj|q272Akj > Swu- VARA

| k—1]<2

- [1ad A Y AuA Sav)

Llk—1]<2
5
- /|Akj|qz_2Akj Z Ak(Alu . Al/Vj) é ZIIIZ

LI>k—1,0:[1-1'|<1 i=1

The advantage of this is that ITy5 = 0 due to (2c¢):

113 = —/|Akj|qz—2Akj > Spu-VAA =0.
Llk—1]<2
Besides, we first estimate

1111 :|_/|Akj|q2_2Akj > Ak Sioau- VIA]

L:k—1]<2
S D 1Ak IR Sirw - VAL 1o
Lk—1]<2
SIAKG N Foe 2"V [V Skt L [ VAR e 2 Po]| 1

83

by (22), Holder’s inequalities, the fact that for all [ such that |k — 1] < 2, we may
replace | by k modifying constants, and standard commutator estimate (e.g. Lemma

2.1 [29]). We may now continue this estimate as follows:

1111 | SN AR 25V VS pmyu]| oo |V Agj | oo |20 11
. I 1 .
SIAG N2 27 F |Vl o 22 ) | Ay e

. — 29 . . — 2
SARFN e w22 255 [ e g ARG 245 0] oo
by Bernstein’s inequalities, Lemma 2.2, (8) and Proposition 3.3. Similarly,

[Tha| SIARINTESY DY 1S 1w — Skul| o | VARA] 1o
Lk—1]<2
SIARGN P I Sk—1u — Skl o [| VAR | o
_ 1 .
AL Ak 1] £ar 202G A oo

. _ k(-2 . 3 _ 2
SN ARG Akm1 V| o2 25| e S |1 AR 125 ]| Lo

(24)

by (22), Holder’s inequalities, (9), Bernstein’s inequalities using that k > 3, (8) and
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Proposition 3.3. Next,

1Thal SIAGIESY DD 1A Lo | VSi-14]| L=
L:|k—1]<2

SIARIN P A oo |V Sk—1 ]| L
<[ Akl 27k IV A VA,
SIARS | Faz IV Agul| ez IVAmJ|l Lo

m:m<k—2
_ 2 _ 2 .
A% ol 2@ 3" 2 ROEE AL (26)
mm<k—2
. — k = k(1
SIAR ] 225 Hlew]| o 250 27 MEFED 11 o

42,00

. 1 2
SIARG] 25 Hlew]| o 25 5] o

92,92
g2 — k(2 k(2
SIARGN 5 Hlewl| o2 25 (5] pae S 180518 25 0| oo
by (22), Holder’s inequalities, Bernstein’s inequality with the fact that & > 3, (9),

Young’s inequality for convolution, (8), and Proposition 3.3. Finally, in particular
making use of (2c¢) we estimate

1Ths| SIARINES Y Y 1AK(IV(AmAL))|| e

1:k<I+3
_ _ 1 3
SIARiIET DT 2 A V| e 20 | A Lo
1E<I+3
SlA 2125 ST 2O Ay s || A s
l:k§l+3
SIAwg£2124 ) S 2 DOmR) A oo |l g, (27)
1:k<l+3
SAjlE 25w S 2% A s [l g,
1:k<I+3
SIA % 28w S 2% D@D A s ]| oo
1:E<I+3
1 k— 1 (=%
SN A2 25 0| pae lw] Loe Saa 18RI 1255 0] e

by (22), Holder’s inequalities, Bernstein’s inequalities using k£ > 3, (8), Young’s in-
equalities for convolution, and Proposition 3.3. Therefore, considering (23), (24), (25),
(26), (27) in (22), we have

1T1] Sap [18k711%5 250 ]| s (28)
1| g2 kJ a2 La2

Next, we rewrite I from (20) as

I = / ALJ =2 AR Ar((b - V)w)

/|Ak]|q2 2A1€]Ak Z Si—1b-VAw + Z Ab-S_1Vw

1| k—1|<2 1| k—1|<2

3
+ Y A ANV | 2T
=1

LI>k—1,1:|1—1|<1
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by Bony’s paraproduct decomposition. Below we will estimate (29) in a more straight-
forward manner than the computations in [5] (cf. Lay, Lo, Las, Loa, L2s in the proof
of Proposition 4.1 [5]). Firstly, we estimate

11| SIAGIEZY D 1AK(SI-1b - VAW)|| Lax
L:|k—1]<2

. -1
SNARGN T ([ Sk—1bll o= [V Agwl| Loz (30)
SIARNFe 1ol 2" Apw] oo
<Al ol 5 AT B o7 2 vl oo 5 (1A 1% 2 ool

by (29), Holder’s inequality, Bernstein’s inequality and Gagliardo-Nirenberg inequal-
ities, (8), (10) and Proposition 3.1. Next,

| SIARGNESY D 1AKdiv(ADS, 1w)]| Lo

I:|k—1]<2
SIARNES D0 28 Al Lol Si-1w]| L
Llk—1|<2 (31)
1
SN A% 127 | ARV Lo |[w] e

1 k = 1 k 2
<A 2725 | ) e ] poe Ko 1Ak 8 255 ]| oa

by (29), Holder’s inequality, (2c), Bernstein’s inequalities with the fact that k > 3,
(8) and Proposition 3.3. Finally,

Ths| SIAGIELY Y (| Akdiv(AbAwW)|| Lo
1h<I+3
SIAiER D0 2 Al | Arw]) Lo
Lk<I+3
SlAwilEz" D 28 Al wll s,
1h<I+3

<Ak 257 Z 2]€||Azb||L°°Hw||1322 v
1h<i+3

,00

_ _ 2 .
Slawg£a12 ) | ST 207w A e | flw]] e
1:k<I+3

. _ 2 . . _ 2
SN A2 25 0| pae | wl poe Saa 118K 2 125 ]| s

by (29), Holder’s inequalities, (2¢), Bernstein’s inequalities with the fact that k& > 3,
(8), Young’s inequalities for convolution, and Proposition 3.3. Thus, considering (30),
(31), (32) in (29) gives

_ 2
1] Sqo 1 ARG %0 (250 + 29) 0] oo (33)

Next, we work on I3 from (20), noting that identical estimates will work for
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114,115, I1s: we first rewrite

1L, :/|Akj|q2_2Aijk(2315131U2)

_2/|Ak]|q2 PAARC D Si10ibi Adus
Lk—1]<2

34
+ Z Ny0101.51-101u2 (34)

| k—1|<2

3
+ Z AlalblAl/al’UQ) é ZIIBi

LI>k—1,00:]1-1'|<1

by (20) and (9). Firstly,

Iz | S[IARG) 2L Z [ Ak (S1-101b18;01u2) || L2
|k—1]<2
e — . 35
snAwu‘qu1Hsk_u|\m||Akw||m (85)
_ . 2
SR 1511222 [ Aol o S 18k 25 0] o

by (34), Holder’s inequality, Bernstein’s inequality, and Proposition 3.3. Next,

I Io| SIARINER" D 1Al o] Si—1 01z Lo
L:|k—1]<2

. —1
SIARGN T [ AkO1br[ Lo [|w]] oz (36)
k2—
SN A1 %025 | Al Lo ] Loa

1 k2 — 1ak
SIARG) 251252 ]| oa [0l 1o San | AR 11%5 1272 0] Loa

by Holder’s inequality, Bernstein’s inequality, (8) and Proposition 3.3. Finally,

[TTss] SIARGIER" Y 1200101 | oo || Asdr s s
1R<i+3

— 1 P S
SHA/C]'H%QQZI Z 2l2(Q2)||Alalbl||Lq22l2(q2(lfa) q2)||Alw||Lq2(17Q)
1:k<I+3

21
SIAil 2t D 220 | Ayl g [[w]] pasa-o)
1:k<1+3
jjaz—1 ST A, 4
SlAilEt Y 2m09 | AL
1:k<1+3

(37)

by (34), Holder’s inequalities, Bernstein’s inequality, (8) and Proposition 3.2; we also
used the crucial hypothesis that ¢2(1 — «) > 2. Therefore, we obtain from (35), (36),
(37) applied to (34),

_ 2 2l .
L] Soo (063018 | 202 |wll e + > 2803 [Ayjllpe | (38)
1:k<1+3
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Considering (21), (28), (33), (38) applied to (20) gives
1 , - .
o Ak + 22" (| Awj F
_ 2 o .
Soo 1Ak 172" | @15 + 29wl + Y 2809 | A] 1o
1:k<I+3

Making use of the fact that q%@tHAkﬂ = 1Ak P || Akjl| Lo, this leads to

- ~ 2 2t .
O (18K 1202 1) Sg e | @) + 2wl + Y 220 | Ajllzn
1:k<1+3

Now integrating in time, we obtain
. —_ 2k .
Ak () Lee Sap €™ H| Argol| Laz
t ~ 2 21
n / e~ (@G L oM w(r)|pe + Y 2009 |Ay(7)|[pes | dr
0 1:k<I+3

where jo £ V x by. Taking L?-norm, using Minkowski’s inequality, taking squares,
and applying Minkowski’s inequality for convolution, we obtain

t
. —_ Qk; .
[ 18k S0l 1N

2 (39)
o2k 2 2l .
+ e 3 ][5 2w @) pe + D 2= A ()] pe
1:k<I+3 L2
t
Now we may compute
e g, S 272, e, S (@) e 2, (10)

that we take this Young’s inequality for convolution specifically as in (39) is crucial;
we will really need this —4k power (see e.g. (45)). Thus, applying (40) to (39) gives
for any k > 3,

t
/0 A2 wadr Sao 22 Aol s

2\ @
2 2 2l .
w2 | 2@l + | D 25 Ayl e

¢ 1:k<1+3

L?
We multiply (41) by 2%%9, bound in particular the case k = —1,0,1,2 by

t 2

|3 2l
0 k=—1
g 5 5
=/ 27| A1l Fee + 12071102 + 27| ALflIT 0 + 2% (| A2 Fandr
0

ST sup HJ(t)H%qz qu T
t€[0,T)
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for all ¢t € [0,T] by Proposition 3.3, and hence we may sum over k > —1 and estimate

t t
[y dr ST+ 3 [ 2901801 e
0 ’ 0

k>3
Sl + Z 22RO Ao |3 e
k>3
_ k(Z ?
+222k(6 2) H(2 (@) 4 2%) |w(t)]| Loz . (43)
k>3 '
2
t
n 22%(6—2)/ Z 2q2<+—a>|\Alj(T)Hqu dr
k>3 0 1:k<I+3

ST+ 1T+ I11,+ 1113

by (42), (41). Again our estimates are more straight-forward here in comparison to
the computations in [5] (see My + Mo+ M3+ My+ M5+ Mg in the proof of Proposition
4.1 [5]). Firstly, we estimate

I Sgp Y 22K D ALjol|7 e ~g ||bt)||1233%2 (44)
k>—1

by (43). Secondly, we estimate

t
111 Sy 3 2467 [ 229 fur) e

re t (45)
2k(5—24 2 -
oy SO £ 200 ) 51
k>3 0
where we used (43), the elementary inequality of
(a+0b)* <4(a®> +b*) Ya,b>0,
and Proposition 3.2. Finally, we estimate
2
t
IIT3 Sg, » 27072 / > oM HE = | A A2 | dr
k>3 0 \ik<i+s
t
Se Y2070 [ 30 Mt ) |5 jantei | ar
k>3 0 \ik<i+s Lk<I+3 (46)
t
S 20 [T S Al | ar
k>3 0 \i>—1

t
<o / A2 dr <, 1

by (43), Bernstein’s inequalities as [ > k— 3 > 0, Holder’s inequality, and Proposition
3.1. Therefore, applying (44), (45), (46) in (43) leads to

t
/0 135, 47 g2 T+ ITL + T + 1105 ST+ [lbolls  +151  (47)
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since bg € H®,s > 3. This completes the proof of Proposition 3.4. 00
We now improve the bound of w in Proposition 3.2.

PROPOSITION 3.5. Let o € (0, 3), 3 = 1. Suppose (uo,bo) € H*(R?), s > 3. Then
its corresponding solution pair (u,b) to the system (2a)-(2¢) in [0, T] has the following
2 21+«

bounds: for qs € (mv m]’

sup [0 O)F + [ 01y dr S0
te[0,T]

Proof. As in the proof of Proposition 3.2, we multiply (12a) with |w|?~ 2w
integrate in space to obtain

1 [0

= O w]| sy + E(g2)[| A w]| T |12

q2
g/—(u~V)w|w|q2_2w+ (b- V)jw|= 2w
- / div(b) [w] 2w

<2|div(by) lypr-ean | [w]= 7]

a2
W az=T

by Lemma 2.1, (2¢) and Hélder’s inequality. We remark here that it is crucial to

make careful use of the dissipation strength here; in particular, if one uses Hardy-

Littlewood-Sobolev theorem ([22]), and continuity of Riesz transform to deduce
1div(bg)llyir -z S VD 20 ST 20m (49)

’2+go

then we will not be able to estimate this Well. The problem is that according to

2 1
Proposition 2.10, we wish to eventually take ¢z * Z; however, lim 2 _ -
o e 22+ @pa o

where o > 0 is arbitrary small, and the best bound we have on b in terms of regularity
is ||[A'Tj||L2 from Proposition 3.1, which cannot bound ||[Vj| _2¢ . Instead we
L 2+qgo

estimate as follows:
”div(bj)HW*a,qz
SIAY () || Lo
SHbll e ATl Loz + [[AT=b| a2 ]| o
<||b||2§" HA“JH;" A=l Loz + [[bllw, quJIIiE"‘ IIA”“JIII*"‘
SIAY G a4+ ([[bll Lo + HJIIqu)IIA”“JH”"‘

SIA ]l + AT 55

(50)

by continuity of Riesz transform, Lemma 2.4, Gagliardo-Nirenberg inequality, (10),
Proposition 3.1, Proposition 3.3, Proposition 2.9, Lemma 2.2. On the other hand, we
set F(x) = x2_%, G(z) & |x|1_% € C and h(z) £ ¢ € L'([0,1]) so that by Lemma
2.3 we deduce

— a2
ol oz =IE (ol ), o2

W a1 Va1

‘Z2
SIG(wl2 )]l ﬁllllwl Flie = loll i 1A®]] 2 e

(51)
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Therefore, applying (50), (51) in (48) we have
1 i S
q;8t||w|\%2q2 + q2) A |w] = 17,

[e3 « [e3 = «@ 22
SOl + (Aol [A®]e] F ] (52)
<Ca2)
= 2

1A% Jw| % |72 + (1 + |AY][70 + [AT251172) (Jw][ e + 1)

T
due to Young’s inequality. By Proposition 3.1 we know / HA1+ajH22dT < 1; thus,

it suffices to show the time integrability of |[A}~%j||2,,. Since a > 0 and g2 >

1-a a’
we may find § € (max{l — ,m}, 1) and estimate by Bernstein’s and Holder’s
inequalities

2
T T
[t [ S 1A A | ar
0 0 \i>y
2
T
5/ > MmN Akl pes | dr
0 \k>-1 (53)
T
S/ Z 22k(1—a—5) Z 22k5HAij%q2 dr
k>—1 k>—1

/ I3 dr <1

due to Proposition 3.4 as 1 — o — § < 0. Gronwall’s inequality applied on (52), along
with (53), completes the proof of Proposition 3.5. O

Proof of Theorem 1.1. Here we explain the iteration scheme. If « > =, as we ex-
plained in Remark 3.1, our proof was complete at Proposition 3.2 because Proposmon
T

2.10 stated that only / H'(UHig dr <1 is needed to complete the proof of Theorem
0 a
1.1; we assumed « € (0, 1) so that
21+a) 2

(1-a)? <

which guaranteed that go in the hypothesis of Proposition 3.5 satisfies g2 < % By
T

Proposition 3.5, we now know that / |lw] 21+e)

. dr <1 for ¢o = ey Thus, we

“ZQ

now consider only a > 0 such that

2(1+a) 2
(1—a)® "o’
go back to Proposition 3.3, Proposition 3.4, Proposition 3.5 to obtain higher L%-
2(1
bound, ¢3 € [2, (1(7—’—6)2] and repeat to deduce in particular
-«
T
2(1+ «) 214+a) 2
a odr <1, €2, >——], VkeZ" such that ——— < =,
/0 Hw”Lﬁ T o € | (1 —a)k] sueh tha 1-—a) "«



TWO DIMENSIONAL MAGNETOHYDRODYNAMICS SYSTEM 91

This implies that because a > 0 has been fixed, for clarity we may denote by A the
first k& such that

2(1—|—04)A 20 +a) _ 2
4 > =
1-—a) (1-a) = «
so that consequently
2(1 + «) < 2 - 2(1 + «)
l1—a)* " a  (1-a)!
and therefore we have the bound of
204a)
[l s 54)
L(l >

It is now straight-forward to deduce by interpolation

(1
[ 1l gt s sup ool [, ar <1
La—aX

afo_ (0= /ML (-
‘T2 21y 2 21+ a)
by Proposition 2.9 and (54); by Proposition 2.10, this completes the proof of Theorem
1.1.0

where

4. Appendix.

4.1. Proof of Proposition 2.9. Taking L?-inner products of (12a)-(12b) with
(w, j) respectively and using the incompressibility of u and b in (2¢), we estimate in
sum

1 ) o .
5O(lwlzz + [151Z2) + 14wl Tz + [AG]Z2
:2 /[81()1 (8111,2 =+ 82’[1,1) — 81’[1,1 (81()2 =+ 82()1)]]
) . ) 1, . )
SIVOl Ll Vaull 2 llill s S iz Vill ez lwlze < 5HAGNT2 + ellillZ=lwliz:
where we used Holder’s, Gagliardo-Nirenberg and Young’s inequalities and Lemma

2.2. Subtracting 1[|Aj||2. from both sides, applying (10) and Gronwall’s inequality
complete the proof of Proposition 2.9.

4.2. Proof of Proposition 2.10. We take L2-inner products of (12a)-(12b)
with (—Aw, —Ayj) respectively, sum to estimate

1 . o .
5O IVwlZz +1VillZe) + [IA*Vwlz + [Aj]17:
S/IVUIIVwIQ + [VOI[Vil[Vw| + [ul[Vi]|Aj] + [Vl VulAj]

SIVull 2 Vel 2 [Vwllzz + [IVO] L[V 2l Vo] 2
+ lullz=IVillz2 1 Adl L2 + [lill s lwll 2+ | Al 2
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where we used integration by parts, Holder’s inequalities. We continue to bound by

1 , . _
3 OIVellZe +[VilIZ2) + 1A VwlZe + [Aj]7
PR 1
Sllwll 2 [A*Vwl L2 [[Vwll L2 + (15112211 Vill 2 171 22 I Vwl| L2
1 PR , I 1 PR
F [ullZ2[IVwll 22 Vil 2 1A7 1 2> + 17121Vl 22 lwll 22 [Vl 72 [ Aj]l 22
1 , . ,
<5 (IA*Vwllze + 1AG117) + e(IVwlZe + [Villze + D(lwl 2 + VillZe +1)
due to Lemma 2.2, Sobolev embedding of H(R?) < L= (R?), Gagliardo-Nirenberg

inequalities, Proposition 2.9, (10), and Young’s inequalities. By Proposition 2.9 and
hypothesis, this implies

T
sup ([[Vwliz +[VilZ2) (1) +/0 [A*Vw][F2 + | Aj]|72dr < 1. (55)

t€[0,T]

This implies by Gagliardo Nirenberg inequalities that

T
| ol + lar
(56)
< s nwn“a / 1AV 557 dr + s ||j|\L2 / NI RS

by Proposition 2.9 and (55). This bound immediately leads to higher regularity. We
denote for convenience X (t) £ [|[A%u(t)||72 + |[A®b(¢)]|72, apply A® to (2a)-(2b), take
L2-inner products with (A%u, A®b) respectively, use (2c) so that

/u-VASu-ASuzo, /u-VASb-Aszo,
/b-VASb-ASu—l—/b-VASu-Asb:O,
to estimate
SO () + ATl + A 0]
=— /[AS((u -V)u) —u- VA u] - Nu+ /[AS((b -V)b) —b- VA®H] - Au

- /[AS((U S V)b) — u- VA®D] - A + /[AS((b - V)u) — b- VA% u] - A%D
SUIVulzee 4+ VO]l ) X (2)
S+ [[wllpee + (17l p) loga (2 + X (£))(2 + X (1))

by Lemma 2.5, Lemma 2.6 and (10). Dividing by 2+ X (¢), Gronwall’s inequality and
(56) completes the proof of Proposition 2.9.
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4.3. Proof of Proposition 3.1. Proof. We take L2-inner products of (12b)
with A2®j to obtain

1 o o
SO 3 + AT

- / (—div(uj) + div(bw)) A**j

. (57)
2/[81b1(82u1 + (91U2) - 81u1(82b1 + 81b2)]A20‘y

< (1A div(ug)l e + |A*Hdiv(bw)| 1) [|[ATF5]| 2
+ [|01b1 (Oouy + Orug) — Dyuy (Daby + O1bo)|| L2 || A2V 2 & I + I

where we used (2¢), Holder’s inequalities. We estimate them separately: firstly,
I = (A div(ug) | g2 + [|A* T div(bw)]| 2 ) [|AT5 ] 2
1 . « . o
<3172 + e (1A% (wh) 22 + [1A” (bw)IZ2)
<A IZe + eIAul el 2 + llullZ [ A%5]72
+ A 2 llwl® = + 1Bl 2 [A%w][72)
1 (6 « a « ( a)
<g At 332 + el 29 | Vul 311715 A e
2(15 o a 2( 7& o
5T A e 5T A 2
Aa b 2(1+o< Al+ab 2<1+%> Aa 2
17 1AWl T + (1Bl 2" A wlz2)

where we used (57), Young’s inequalities, Lemma 2.4, the Gagliardo-Nirenberg in-
equalities, and Sobolev embeddings of H'~*(R2) — L& (R2), H*(R2) — Lﬁ(Rz).
By (10), Proposition 2.9, Lemma 2.4 and Young’s inequalities we continue to bound
by

1 e
L <glIAT 17

(AT 4 Al 1A5]3

(58)
A3 + AT [A%w]32)
1 o (o7 «
<TIATTGIE + e(1 + [[A%w]|Z2) (1 + [|A%5]Z2)-
Next, we work on I from (57):
I &|01b1 (Oaur + Oruz) — Dy (9aby + B1bo)|| 2 || A | 2
SIVOl 2 1Vull, = A% = AT 252
—Q [e] @ [e 3] e] 59
SIS Al A% A1 )

§1||A1+aj||m +e (IAFN1Z2 + 1A% wlf72) (1 +[1A%5]72)

by Holder’s inequalities, Gagliardo-Nirenberg inequalities, Sobolev embedding of
. 2
H*(R?) < L= (R?) and Young’s inequalities. Considering (58) and (59) in (57),
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we obtain

1 o - o
SOlIAG 72 + AT

1 o . o o
SSIATTGIT: + e (14 [AG 1T + [A%wl72) (1+ [A%17:) -

Subtracting £||A*T%j[|2, from both sides, Gronwall’s inequality with Proposition 2.9
completes the proof of Proposition 3.1. O
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