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ON MICROLOCAL SMOOTHNESS OF SOLUTIONS OF FIRST
ORDER NONLINEAR PDE*

ABRAHAM HAILUT

Abstract. We study the microlocal smoothness of C? solutions u of the first-order nonlinear
partial differential equation

Ut = f(l',t7 uvux)

where f(z,t,(0,() is a complex-valued function which is C°° in all the variables (z,t,(o,() and
holomorphic in the variables (o, ¢). If the solution v is C2, ¢ € Char(L*) and \/liflcr([L“, Lv]) <0,
then we show that ¢ ¢ WF(u). Here WF(u) denotes the C>° wave front set of u and Char(L")
denotes the characteristic set of the linearized operator

m

LY = g — Z ﬁ(gv,t,u,um)i.
ot = 6<j 8:cj
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1. Introduction. In this paper we study the regularity of C? solutions of the
first order nonlinear PDE

up = fla, t,u,uy) (1.1)

where f(z,t,(p, () is complex-valued, C*° in all the variables (z,t, (o, (), and holo-
morphic in ({p,¢). The variable x varies in an open set in R™, ¢ in an interval of R,
and ((p,¢) in an open set in C x C™ = C™ "L, If u is a C? solution of (1.1), it was
shown in [8] and [2] that the C'*° wave-front set of u is contained in the characteristic
set of the linearized vector field

0 =9 )
LY = f_zi(x,t,u,uz)f (1.2)
J

In Hanges and Treves [10] it was shown that under the additional hypothesis that
f is analytic in the variables (x,t,(y, (), the analytic wave front set of u, denoted
W F,(u), is contained in the characteristic set of the linearized operator L". In [4] it
was proved that when u is a C? solution of (1.1), f is real analytic, ¢ € Char(L*) and
ﬁa([L“,E“]) < 0, then 0 ¢ WF,(u). The work [4] only established a result that
involves two brackets.

In this paper we will prove theorem 3.1 . We were motivated by the linear result
of Berhanu and Xiao ([7]).

We first recall some of the known results concerning the C°° and analytic wave
front sets of solutions of first order linear and nonlinear PDEs. The reader can find
more results in the articles [1], [3], and [12]. Let

- 0
L= Z aj (35)%
j=1 J
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384 A. HAILU

be a complex vector field.

THEOREM 1.1. If L is real analytic and Lu = 0, then WF,(u) C Char(L) (see
[11]).

THEOREM 1.2. If L is smooth and Lu = 0, then W F(u) C Char(L)(see [11]).

THEOREM 1.3 (N. Hanges and F. Treves, 1992). If f is real analytic in (z,t, (p, ¢),
holomorphic in (Co,¢) and wy = f(z,t,u, uy), then WE,(u) C Char(L").

THEOREM 1.4 (J. Y. Chemin, 1988). If f is C™ in (x,t, (o, (), holomorphic in
(€o,¢) and uy = f(x,t,u,uy), then WF(u) C Char(L").
Asano gave a simpler proof of the latter result using the standard FBI transform

(see [2]).

THEOREM 1.5 (S. Berhanu, 2009). Suppose f is real analytic in (x,t, (o, (),
holomorphic in (¢o,C) , ur = f(x,t,u,uy), and o € Char(L"*). If

1 T
\/7__1 <O', [L 7IJ > < 0,
then o & WF,(u).

THEOREM 1.6 (S. Berhanu and Ming Xiao, 2014). Suppose L is a smooth vector
field and u is C* solution of Lu = 0. If o € Char(L) and —*=o([L,L]) < 0, then

Va1
o ¢ WF(u).
2. Some preliminaries on first-order linear PDEs. We will use the follow-
ing lemma whose proof is found in [2].

LEMMA 2.1. Let Q C RY be open, J C R be an open interval centered at 0 and
let N C CM be open. Let

0 AR 0

where the coefficients a; and by are C™ in the variables (z,t,() € @ x J x N and
holomorphic in the variable ¢ € N. Let f(x,¢) be a C* function defined on Q x N,
holomorphic in (. Then there exists a C* function u(z,t,() defined on Q x J x N
holomorphic in ¢ which is an approzimate solution of Lu = 0 in the sense that

Lu(z,t,¢) = O(t"), k=1,2,... (2.1)

and such that u(z,0,¢) = f(x, ).

Let Q C R”" xR, be a neighborhood of the origin and consider the complex vector
field defined on €

0 " 0
L= +;aj(x,t)%j,

where a; € C1(Q) for j =1,2,...,m.
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To L we associate another vector field

Ly = 9 ++v-1L
s
where s € R is a new variable. Then L; is a C' complex vector field on Q x R.

Suppose that there exist C functions Wq(x,t,s),..., ¥,,(z,t,s) defined on 2 x J
(J C R is an open interval centered at 0) such

Zij(x,t,s) =x; + sV (x,t,8),j=1,...,m

are approximate solutions of L1Z;(x,t,s) = 0 in the sense that L Z;(x,t,s) is s-flat
at s =0, i.e

Vk €N, 3C,>0:|L17Z(x,t,8)| < Cxls|",V(x,t,5) € Q x J. (2.2)
To get m + 1 functions of the above type, we let

Uppi(x,t,8) = =vV—=1 and Zppa(z,t,s) =t —svV—1=t+ sV, 11(x,1,5).

Then
L1 Z i1 = 2—I—\/—_l g—i—iaj(x,t)i (t —sv/—1) = 0.
0s ot = Oz
Set
U=(Uy,...,P,11) and Z=(Z1,..., Zm+1)-
Then

Z(x,t,8) = (x,t) + sU(x,t, s).

LEMMA 2.2. Let L, = % ++/—1L. Suppose h(z,t,s) is C such that Lih(x,t,s)
is s-flat at s = 0. Assume there exist C* functions V1(x,t,5),...,Vi1(2,t,8) defined
on Qx J (QCR™L JCR both about the origin) such that Z = (z,t) + s¥(x,t,s)
is an approzimate solution of L1Z = 0 in the sense that L1Z is s-flat at s = 0. If
o =(0,0;¢°7% € CharL and ﬁa([L,L]) < 0, then o ¢ WF(w) where w(z,t) =
h(z,t,0).

Proof. As in [7], we may assume that
0 — 0
L= g + v _1J:E . bj((E,t)a—xJ,

where the b; are C'! and real valued functions near (0,0) € R™*1. We then get 70 = 0
since o = (0,0;¢°%,7%) € Char L. A simple calculation shows that

LD)=-2vT) %(:v,t)a%.
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Thus, the assumption that

1 _
\/—_—1 <(§Ou 0)7 [Lu L]O> <0
implies
ob

—5(0 0)-£% <o. (2.3)

Since L1 Zk(xz,t,s) = O(s™), n=1,2,....,k =1,...,m+ 1, we have for any
k=1,....m

__|_\/_ Zb (z, t (xk + sVi(x,t,9)) 20(52)

and so

U (x,t,s) + sﬂ(x,t, s)+ \/—15%(3@, t,s)

0
Os

m

- ij(:v, t) ((5Jk + Sgijk (x,t, s)) = 0(s?). (2.4)

j=1
For each k =1,...,m, let

L (a:,t,s)—k\/is (a:ts)

Ak(I,t,S):\Ijk($,t,S)+ a

m

— ij(:v, t) ((5Jk + Sgik (x,t, s)) (2.5)

j=1
Then for s # 0,
Ag(x,t,8) — Ap(z,t,0)

= 0(s). (2.6)
s
Since Wy, is C! letting s — 0 in (2.6) gives
8\I/k (9\Ifk " a\IJk
2—(x,t vV—1—(z,t,0) — b, t,0) =0. 2.
(98 ({E, 50)+ 8t ({E, 50) Z J(Ia &rj ({E, 50) 0 ( 7)

j=1
Evaluating (2.4) at s = 0 we have for each k =1,...,m

Uy (x,t,0) = bi(z,t). (2.8)
Since Sby(x,t) =0,V k=1,...,m, we have from (2.7) and (2.8)

oWy,
Os

Let o’ = (x,t). Since Z,/(x,t,0) = I, there is a neighborhood € of (0,0,0) in R™*2
such that Z,/(z,t,s) is non singular on Q. Let

1 Oby, B
(2,t,0) = 28t(:vt) V k=1,...,m. (2.9)

SV (z,t,0) =0 and

(13 (2,8 8)) (1) x (m 1) = (Zo(z,t,8) ", (w,t, ) € .
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Then

m—+1
Z
Zuijt (xts)—éjr
forall 1 <j,r <m+1. Let
c(x,t,s) = (pjr(z,t,8)", (A" denotes transpose of a matrix A).
For j=1,2,...,m+1, set
1

0
M]: 1Cjk($,t,8)a—x;€.

3
T

E
Il

Then M; are continuous vector fields satisfying

m—+1 m—+1

M;Z, = Z cik(z, Z pig(x,t,s) = 0jp.

k=1
If ZmH AjM; + ALy = 0, then evaluating at the functions s,Z1,..., Zy41 shows
that the vector fields {Ll,Ml,... M,,+1} are linearly independent on 2. Thus,
{Li,My,..., M,,+1} is a basis for the complexified tangent space CTR™*2 on Q.
Recall that for o’ = (z,t), Zp(z,t,5) = x) + sUi(z,t,5), k =1,2,....m+ 1.
Since dZy(x,t,0) = dz},, and

{dxq,...,dxy,dt,ds}
are linearly independent, by contracting €2 if necessary, we get that
{dZy(x,t,8),...,dZmi1(x,t, 8),ds}

is a basis of CT*R™*2 on Q.
For any C' function g,

m+1
dg =Y A;dZ; + Bds
j=1
for some continuous coefficients A; and B. Evaluating at the vector fields
Ll, Ml, . ,Mm+1 giVQS

m—+1 m—+1
dg = Z My(g)dZy, + <ng - Mg lek> ds. (2.10)
k=1

Using (2.10), we have

d(gdZy N ... NdZpmy1) =dgNdZy N ... NdZpp 1

m+1
<ng - Z My(g Lle> dsNdZy A ... NdZpmyr  (2.11)

since dZ; NdZy N ... NdZyi1 =0, Vj=1,2,....,m+1
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For (¢, 7) € R™H\ {0}, (2/,¢') € R™*! and for K > 0 to be determined later, let
E(Il,t/,g,T,.I,t, S) =V _1(577-) ’ ({E/ - Z/({E,t, S)at/ - Zerl('rvta S))

— Kl [0 = 2@, 4,9)° + (' = Zumsa(@,t,5)°]
where Z' = (Z1,...,Zy) and (z/ — Z'(x,t,5))? = =@ = Zi(,t, 5))2. Let r >0
such that B = {(z,t) e R™ ™ : 22 +1? <2r} cC Q. Let ¢ € C°(B), ¢ = 1 on
{(z,t) e R™T s 2|2 + 42 <r}. Set dZ = dZi A ... N dZps1. Apply (2.11) to the
function g(a’,t', &, 7,2, t, s) = ¢(x, t)h(z,t, s)eE(z/*t/’f”"x’t*s) to get

m—+1

d(gdZ) = <ng - Z M (g Lle> ds AdZ

m—+1

- <L1(¢heE) -y Mk(gbheE)Lle) ds A dZ. (2.12)

k=1

Fix |s1| small. Let J = [0, s1],s1 > 0 or J = [s1,0], 51 < 0. Set
D = {(z,t,5) e R™?: (z,t) € B,s € J}.

Since ¢(z,t) = 0 for (x,t) € OB, we have by Stokes’ theorem

/g(x’,t’,g,T,:c,t,O)dscdt:/g(a:’,t/,{,T,:zr ,81)dZ (x,t, 81) // (9dZ)
B B
=L 1,6 71)+ L(a' 1€, 7). (2.13)

We will estimate the integrals I3 and Iy for (z/,#') near (0,0) in R™*! and (&, 7) in
some conic neighborhood I' of (£2,0) in R™*!. We will take s; > 0 when 7 > 0 and
s1 <0 for 7 < 0in (2.13).

Recall that Z = (Z/, Zy11) = (x,t) + sU(x,t,8), U = (¥, ¥,,11) where Z' =
(Zy,...,Zm) and ¥ = (¥y,...,T,,). Then

RE(2', V', &, 7,2,t,5)

=R (V-1 (2" — 2 — sRY'(2,t,5) — sV—1SV' (2, 1, 5))))
+ R (V=17(t' — sRYpp1 (2, L, 8) — sﬁ%@m+1))
— K|, )R (¢ — 2 — sRV' (2,1, 5) — sV =1V (, t, s))2

— K& )R —t — SR, i1 (2,1, 8) — sV/—1SV, (2,1, 5))”
= s&- QU (z,t,8) + sV, 11 (2, 8, 8)

— K|(& 7)) (|x’ —x — SR (1, 5)|" — |sSW (2, £, s)|2)
— Kl (It =t = Ry (.8, 8))° = [59W i (2,8, 5)2) (2.14)
Since Z,,+1 =t — sy/—1, equation (2.14) becomes
RE(2' ', &, 7,2,t,5) = s& - SV (2,t,8) — sT
— K167 (]2 — o = RV (1, 5)* — |53V, ,5)|?)

(
- K&l (I =1 - )

(2.15)
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From (2.9) we have

o’ 10b
((E, t, 0) = —55(!@, t)

SV (z,t,0) =0 and

Therefore, since ¥’ is differentiable at s = 0 for s near 0 we have

SV’ (,t,5) =W (2,t,0) + 885 (z,t,0)s + o(s)
:83;11’ (x,t,0)s + o(s)
=~ 3 D 1)s + ofs)
~ ;glz(o 0)s + M (x,1)s + ofs),
(x,t) near (0,0) (since %(m,t) is continous) (2.16)

where 20— 0 as s — 0 and M(z,t) — 0 as (z,t) — 0. Plugging (2.16) into (2.15)
results in

RE(2', V', &, 1,2, t,8) = if (%(O 0) + 826 - M(x,t) + s& - o(s) — s
— K|(&,7)] (|x —x — sRV' (2,1, s)| — |sSW (w, t, s)|2)
— Kl (1 -t - ).

Suppose 7 > 0 and so take 0 < s < 51 < 1,81 > 0. If 7 < 0 we take s; < 0. In any
case we have —7s < —7s2. Then

RE(2', V', ¢, 7,2,t,5) < 8 <(§,7’), ( ;gi(() 0),— >> + 82|€| M (z,t) + s|€|o(s)

— K| )| (1o = 2 = sRY(w,t,5)[ — s (2,1, 9)]?)

AGHIEETE
(2.17)

Using (2.3) we have

(2,0) ( 10b
—-—=(0,0), -1 0.
<|(§070|7 2at( ) )7 <
By continuity there is a neighborhood Uy of ‘EEO"O)I in S™ such that for some A > 0
100
<(7750)7 ( 2 8t(0 O) >> < _Av v (7770> € UO-

Let

L'={\(n,0): A>0,(n,0)€Up.}.
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Then T is a conic neighborhood of (£°,0) and
19b
<(§7T)7 <_§5(070)7 _1)> < _A|(§7T)|7 v (577-) el (218)

Since M (z,t) — 0 as (x,t) — 0 and @ — 0 as s — 0, taking » and s; small we get
that

[M(,1)] <

]

A
and |o(s)] < 75 V(x,t) € B,0<s<s. (2.19)

Plugging (2.18) and (2.19) into (2.17) and using |¢] < [(&, 7)| yields
)

RE(2' ' 6,1, s

s2

< S AlE )| - KIE | (I — o — R (a1, 5) ~ [sSW (ot 5)P)  (2.20)
_K|(§7T)| (|t/_t|2 _82)7 v (577-) € F,(l’,t) € B7O§ s < 81
Set

C= sup (IS (2, t,8)]* + 1) .
(z,t)€B,0<s<s1

Then (2.20) becomes
%E(I'/,tI,g,T,(E,t,S)
2 -4 / / 2
< (S KCHK) 6 - Kl (1o 2= RV @ ,9)]°)  (201)
~ Kl (I =), V(&) €T, (@8) € BO< s <.
Choose K = 4(07%. Then (2.21) becomes
RE(x',¢,&, 7, 2,1, 5)
< - ésﬂ({ )| — LK{ ol (|:17' —x — sRY/(z,t S)|2 +(t' = t)z) (2.22)
— 4 ) 4(C+ 1) 3 T
Y (&,7) €T, (x,t) € B,0 < s < s, (2, ') € R™TL,

We now return to the integrals in (2.13).
Consider I1 (2, t',&,7) : For (2/,#,&,7) € R™T! x T we have using (2.22)

|Il($lut/7§77—)| = “/Bg(l'/,tl,g,T,(E,t,Sl)dZ((E,t,Sl)

< De_%szﬂ(g’ﬂ, for some D >0
k!

< Dﬁa
(45l )
Therefore, for each £k =0,1,2..., there is C,? > 0 such that

k=0,1,2,...

Cy
(& m)IF”

| (2, &, 7)] < V(2 ¢ 1) e R X T (2.23)
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Consider

Ir( x v ,E,T) // d(gdZ)
:// hLl(qS)eEds/\dZ—i—//SquLl(h)eEds/\dZ

s1 m—+1

/ / hoLy(E)ePds N dZ — / / Z h(Myp) Ly ZxeFds A dZ
$1 m—+1

/ / Z (Myh) Ly ZePds A dZ
s1 m—+1

/ / Z h(ME) Ly ZePds A dZ

= Ji(@ 1,6 7). (2.24)

j=1

Consider

Ji(2 €, T) // hLi(p)eFds N dZ

Since

Lioant) = (5. +V7IL) ol
=vV-1Lp=+~-1 (%(x,t} + ﬁ;%@,t}%@,t})

and ¢(x,t) = 1 for |z|*> +¢? < r, we have L1¢(z,t) = 0 for |z|?> + > < r. In this
particular integral we only need to focus on r < |z|? + 2 < 2r. Let

V= {(:E’,t’) eR™M 22+t < 2}

From (2.22) we have

RE(x ¢, €,7,2,,8) < — 4(07/:1)“”)' (|:c' — oz — SR (2,8, 8)] + (¢ — t)2>
—— a6 (1 ol + (¢ = 0?)
4 Wﬁl)um)ps(m' 1) R (a1 5)
- eI )
< o6l (o=l + @ -0?)
A e el — 2R (2,1, 5). (2.25)

4(C+1)
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Let
A = sup (2" = 2||RY' (2, £, 5)]) -
2’2 <r
r<|z]?+t2<2r
0<s<sy
For |z|? 4+ t2 > r and for (2/,t') € V we have

|$/ _ $|2 4 (tl _ t)2

Y%

Then (2.25) becomes
RE(2' ' 6, 1,2,t,8) < —
(.’I] s UG, Ty T,y ) ]6

Choose s; small such that

281A1A < TA

WO+ Saern o

Thus

RE(2', V', &, 1,2,t,8) < —C1|(&,7)], V(&,7)eT, (@, t)eV, |z +t>>7r0<s<s;.

Therefore,

|J1($/7 t/7§7 T)l =

S1
hLi(¢)eFds NdZ
0

< B'e &N for some B’ > 0.

But then for each k = 0,1,2..., there is C} > 0 such that
Ci
(& 7)[F

For the remaining integrals we will use

|J1(I t/ 5) )|

RE( ... 2,1,5) < - 4 2/(€.7)].

Y (&,71) €T, (x,t) € B,0<s < sp,(a,t') € R™TL

Consider

Jo(a' t',€,7) // éLy(h)ePds N dZ.

By assumption for any k = 0,1,2..., there is Ay > 0 such that
|Lih(z,t,5)| < Aps® ¥ (z,t) € B.
Therefore, for each k = 0,1,2..., there is C7 > 0 such that

Ci
(&, 7l

|J2({E/.t/,€,7')| <

, V(@ ¢ T)eV x .

, V(26 1) eV x T

(2.27)

(2.28)
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Consider
s1
Js(:v’,t’,éﬁ)=// Oh(L1E)ePds A dZ :
B Jo

Since Z is an approximate solution of L1 Z = 0, at s = 0 for each k£ = 0,1, ..., there
is By > 0 such that

|L1 Z(x,t,5)] < Bps?+Y,
Then
LB = Ly (V=1(E7) - (@, 1) = Z(x,t,5)) = K|(§, )[{(2, ) = Z(x,,5))?) |
< B, s?"V|(¢,7)|, some Bj > 0.
Thus for each k =0,1,2..., there is C} > 0 such that
Ci

J / !
| 3(.’[] 7t 7§7T)| S |(§,T>|k7

V(2 t,&T) eV xT. (2.29)

Consider

Ja(2' ¥ € T) = _”il/ /51 h(M;¢)L1Zje ds N dZ -
=1 /BJo
By assumption, for each £ =0,1,2, ..., there is Ai > 0 such that
|L1Zj] < Als?*, j=1,2,....m
Therefore, for each k = 0,1,2. .., there is C}} > 0 such that

Ci
(& m)IF”

Likewise, for each k =0,1,2..., there is C} > 0 such that

|J4($/,tl,§, T)| <

V (&t ¢, 1) eV xT. (2.30)

m—+1 s1
|Js (2", t',€,7)] = —Z/B/O d(Mjh)L1ZjePds A dZ
Jj=1
< G
)k

. V(2 t,¢7) eV T, (2.31)

Consider

m—+1 s1
Ja(x’,t',S,T)Z—Z// Sh(M,;E)L Z;jePds N\ dZ
=1 /BJo
We note that

IM;E| = [M; (V=1(,7) - (&', ¢) = Z) = K|(&, T)[{(",1) = Z)?)]
< B|(,7)|, for some B >0
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and for each £ =0,1,2,..., there is Ai > 0 such that

027 < AR j=1,2,.m

Hence for each k =0,1,2..., there is C{ > 0 such that
CG
(I&m)*

Combining equations (2.13), (2.27) — (2.32) we have for each &k = 0,1,2..., there is
C > 0 such that

ozt €,7)| < Y (2, ¢, 6,7) eV xT. (2.32)

S
(& m)IF”

where w(z,t) = h(z,t,0), T is a conic nighborhood of (£°,0) and V' is a neighborhood
of (0,0) in R™*L. Thus, by the FBI characterization of the C°° wave front set (see[6]),

Fule ¥, 6,7 = \ [ ot &7t 0ot < V@t Er) €V X T

(0,0:¢%,0) ¢ WF(w).
.
3. Application to a nonlinear PDE. In this section we will apply the pre-
ceding linear results to a nonlinear equation. We will follow very closely section 4 of
[2] and [4].
Let Q € R™*! be a neighborhood of the origin, N' C C x C™ be open and suppose
u(z,t) € C?(Q) is a solution of the first-order nonlinear PDE.

up = fla,t,u,uy) (3.1)

where f(xz,t,¢p, ) is a C* function in all variables and holomorphic in the variables

(C0,¢) € N and (a,w) = (u(0,0),u,(0,0)) € V. Let
3 0
Z (2,1, o, C) By (3.2)

Then L is a C* vector field on © depending on the parameters ({o, ¢).
Let

d
Z 3G, (z, t,u,um)a—xj. (3.3)

Then L* is a O vector field on € and it is called the linearization of the given
nonlinear PDE at the solution u. We choose €2 small enough such that

(w(z,t),uz(z,t)) € N, ¥V (z,t) € Q.
We now state and prove our main theorem of this paper.
THEOREM 3. 1 Suppose u is a C? solution of the nonlinear equation (3.1). If
o € CharL™ and F o([L*, L"]) < 0, then o ¢ WF(u).
EXAMPLE 3.1. Let u(x,t) be a C? solution of the semi-linear equation

ou ou
N +a(z,t) 9 = g(z,t,u) on the rectangle (a,b) X (—c¢,c)
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where a(z,t) and g(x,t,(y) are C*°, and g is holomorphic in (y. Assume that a(0,0) =
0 and Im (22(0,0)) > 0. Then by Theorem 3.1, at the origin, (1,0) & WE(u).

Proof of Theorem 3.1. Differentiating both sides of (3.1) with respect to xj, for
each k =1,...,m, we have

8ut - 8f
6:1% T Oz

(x,t,u,uy) + %(x,t,u Ug ) Uy, + ; SZ_;(x,t,u,um)um].gc,C (3.4)

Set v = (u, uy). Then using (3.1),

_mﬁx U ﬂ: x U—mga: v)u
;8<3( atv 9 I)axj f( atv ) ]:Zlacj( ,t, ) xj

Likewise, using (3.4) we have for each k =1,...,m
u Ouy = of of of
Lu,, = 8tk —j; G (2,8, 0) Uz, = 8—3%(96,1%,1}) + 8(0(96 t,0) Uy, -
Let

go(x7t7<07c) 1’ t C07 ZC]a X t7<07c)

(3.5)
_ of of _
gk(‘rut7<07<-) - —($7t7<07<-) + Ck (x7t7<07<-)7 k= 17 ceey, M.
8:Ek C
Then
L%u = go(x,t,v), and L"u,, = gr(z,t,v), k=1,...,m. (3.6)

Set g = (90,915---,9m). Then g is C* in (x,t) and holomorphic in ({y, (). Clearly
v = (u, uy) solves the quasi-linear system

L% = g(x,t,v). (3.7)
Consider now the principal part of the holomorphic Hamiltonian of the system (3.7)

0

9 m
H=L+go—+3 gjr.
gOaCO J;gJaCJ

For ¥(z,t,¢p,¢) a C* function in (z,t) € Q and holomorphic in ({p,¢) € M and for
any C! function h(x,t) with h(0,0) = (a,w), we set
U (z,t) = U(x,t, h(x,t)).

For any C*! function p(z,t), let £P denote the vector field in Q obtained by plugging
p(z,t) for (o, () in the coefficients of L. That is,
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Then

Let now ¥(x,t,(p,¢) be a C* function in (x,¢) € © and holomorphic in ({o,() €
N and let h(z,t) = (ho(z,t),h1(z,t),..., hy(z,t)) be any C! function such that
h(0,0) = (a,w). Then with the understanding that some of the functions are evaluated
at (z,t,h), we have

6 " Of 3}
hgh
L =5 U(z,t,h) 228 (x,t,h) IJ\II(xth)

axp A dho Z O dhy,
o6 ot <0G, Ot

Z ov 8\11 Ohg Z oV Ohy,
<0G dx; 8(0 dx; < O dx;

af 8\11 Ohg af Ohg
Z (’“)@ (9967 8{0 ( Z (’“)@ 8:10])

k= j=1
h aqf)h - (aw)h "
_(cq/)+(8<0 ch0+; o, L hy,
B L AN o ow\"
= o= (52 P <a<) +<6<> e

+Z(8Ck> L hy, <smce L=H — go Z k )

= (HO)" + (21:)) (L"ho — gfy) + zm: (6@) (LMhy — gi). (3.8)

=1

But for h = v = (u,uy), we have using (3.5)

96 = go(z,t,v) = f(z,t,v) Zu%ac (x,t,v)

ﬁ(m,t,v)—i—uwkgg (xz,t,v), k=1,...,m.

and gi (e, t,v) =
Tk

Plugging this into (3.8) and using equation (3.1) for hg = w and hy = u,,, k =
1 m we have

ﬁvu—gé’:@_za—f'(xj,v)uxj (z,t,v) —|—Z’UJI]8< (x,t,v)
J

goeeey
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Similarily, for each k = 1,...,m, using (3.4) we have
E%m—¢:%? g;zumm%m i&,m)uwgwtm
_ (;—Z (@£, 0) + %(I,t,v)uzk +§ gg (2,8, 0) a0,
E:ag Tyt V) Uy E%%CEtv) 1@kag(xt10 0

Therefore, equation (3.8) becomes
LYY = LY0° = (HD)". (3.9)
Since
($7C07C)'_>xj7 j:17"'7m and (‘TuCOuC)HCku k:0717"'7m
are C*° and holomorphic in (¢p,¢) € N, by lemma (2.1) there are C*° functions
Zj(x,t,¢0,¢), 7 = 1,2,...,m and Wy(z,t,(o,¢), &k = 0,1,2,...,m, holomorphic in
(Co0,¢) € N such that
Zj($707<07<) =Ty, j: 17"'7m and Wk(x707<-07<) :Cku k:Ow"um

and

|HZ](x7t7C07<)| = O( t
|HWk(x7ta<07<)| = O(

™), n=1,2,..., Yji=1,...,m,
"), n=12,..., Vk=0,1,....m

Set
Z=(Z1,....Zm) and W = (W,...,Wn).

Since Z(x,t, (o, ¢) and W (z,t, (o, () are C* in x, they have almost holomorphic exten-
sions denoted respectively by Z(z,t, (o, ¢) and W (z,t, (o, ¢) (z = z+iy € R @iR™ ).
That is, Z(z,t, (o, C) = Z(x,t, (o, ¢) and W (x, t, o, C) = W (x,t, (o, ¢) for all (z,t) €
and for all k = 1,2, ..., there exists Cy > 0 such that for j =1,2,...,m we have

‘azz(zvtaCOac)‘ S Ck|gz|ka

5 ! (3.10)
’a—%w(zaf,Co,C)‘ < ChlSz|".
Recall that

Z(2,0,60,¢) = Z(2,0,(0.¢) =« and W(z,0,(,¢) = W(,0,¢,¢) = (¢o,C)-

We have
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0 (2(2,0,G0,0). W (2,0,65,0))

det 0,0,a,w
(27<07 ) ( )
9 1o} 9
=det (0707@7“})
%(C()v C) ai(COa C) BQ(C(% C)
% mxXm 0 1
0 TIimg1)x (m+1)

By continuity of the determinant,
oz, W)
8(25 CO) C)

is non-singular near t = 0. We note that Z(0,0,a,w) = 0 and W(0,0,a,w) = (a,w).
Therefore, by the Implicit Function Theorem, we can solve the system

?(27t7<—07c) = Z:a

with respect to (z, (o, ) in a neighborhood of (0, a, w). That is, there are C*° functions
P=(P,...,P,) and Q = (Qo,. .., Q) holomorphic in ({y, () such that
{ z = P(Z,t,W),
(CO,C) = Q(Z7 t, W),

with P(0,0, ¢y, ¢) =0 and Q(0,0,a,w) = (a,w).
Substituting these in to the system (3.11) gives

Z(PZ W), LQZEW)) =2,
{ (3.12)
Since G(Z,W) = Z is holomorphic in Z, we get that g_% =0 and % = 0 and so
differentiating the system (3.12) with respect to Z and using the holomorphic version
of the chain rule we obtain
0z
8(25 CO) C)
. 0Z
(Z COu C)

0z (3.13)
(P(Z.t. W), QZ. 1)) O 74 vy = 0.

0Z

(P(Z tW) 1 Q(Z,t, W))

and

8(28,?;,4) (P(Z,t,W),t,Q(Z,t,W

oW
(2,0, )

02 (3.14)
(P(Z,t,W),t,Q(Z,t,W)) 2274 W) = 0.
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Combining equations (3.13) and (3.14) gives

HLW) (piz 11y 0z.air)) 2P 7.1 7

(.60 €) (P21 ),1,Q(Z,1, 7)) =2 W) .
A2 W) ; a(P,Q) :
6(274‘_075) ( (Z,t,W) Q(Z;t7W)) a? (Z7 , ) =0

Let A(z,t,¢p, () denote a generic entry of the matrix
oNZ, W)
8(27 COv C)
Since Z(z,t,(o,¢) and W(z,t,(o,¢) are holomorphic in ({y,¢) and using (3.10), for
each k =0,1,..., there exists C > 0 such that

(Zat7<07<)'

|A(Z, t7 <07 <)| S Ck|32|k

Therefore, for each k =0, 1,. .., there exists C}, > 0 such that
8(Z W) B
(2,1, G0, Q)| < CrlSz|". (3.16)
| ( COv C) i
Let » > 0 such that
o(Z,W)
6(27 <07 <)

is nonsingular on

B = {(tha<07<) : |(Z’t7<07<)| < T}'
Set

A= (P(2.00) 0.0 (Z17)).

Then from (3.15) and using (3.16) we have on B

J9(P,Q)
— (Z,t,W)‘
RIEA LR AN XY)
- (a<z,<o,<> “”) a0 W oy (O W)|
R AR (2, W)
- (a<z,<o,<> “”) | (A)‘
Vap (5 i [ AZ,W) ) AP.Q)
< DC (Z,t,W)’ (D sup (mm)> ~ ( W)D
In particular, for each k = 0,1, ..., there is C}/ > 0 such that
9% 7 1 vin| < cr %P(Z,t,W)‘k, Vi=1,2...,m. (3.17)
0Z;
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We now define
\Ij(zut7<07c) QO( (Z t <07<)707W(27t7C07C)> .

Then ¥ is C™ in (z,t) and holomorphic in (¢, ¢) since Qo, Z and W are C™ in (z, 1)
and holomorphic in (¢, ¢).
We observe that

U (z,0) = ¥(x,0,v(x,0))
= U(x,0,u(x,0),u,(x,0))
= QO( (z,0,u(x,0), ux(a:,())),O,W(x,O,u(x,O),uz(x,O)))
= Qo (Z (x,0,u(z,0),uz(x,0)),0, W (x,0,u(x,0), us(x,0)))
(

= Qo (x,0,u(x,0),u,(x,0))
= u(x,0).

We recall that
HZ(x,t,(0,¢) and HW (z,t,(p,()
are t-flat at ¢ = 0. Hence
HZ(x,t,(0,¢) and HW (z,t, (o, ) (3.18)
are t-flat at ¢ = 0. Since
W(w,t,60,¢) = Qo (Z(2:,60, ). 0,W (2,60, €) ),
by the holomorphic version of the chain rule,

HY =" LQOHZj + 8@1{2 +)° 990 pryir, + 990 (3.19)
= 8Zj 62 k=0 oWy, OW,

J

We will show that HV is t-flat at ¢ = 0. Since P (Z, t, W) = z, we have

P(.TE,O,CO’C) = P(Z(I507<07<)507W(x705<07C))
- P( (,0 CQ,C),O,W(x,O,QO,C)) =z
Hence

3P (Z(:z:, 0,605 ¢), 0, W (z,0, Co, C)) =0.

Since &P (Z(a:,t,(o,C),O, W(z,t,(o,o) is O, by Taylor’s theorem for ¢ near zero
there is a point t' = /(x,t, (o, ) between ¢ and 0 such that

9P (Z(4,60,0), 0,W (8,60, ) | = [P (2(2,0,60,€), 0, W (0,0, )
+ OSP (2.t 0,0, 0, W (w60, ) ) ]

‘&JP( (1! go,g),o,W(:c,t’,go,g))t}
< clt|
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where
¢ = sup ‘6tgp (Z(:I:a tu C07 <)7 07 W(.’I], tlu 4-07 C)) ‘ .
B

Thus using (3.17) we have for all V j =1,2,...,m,

99 (N(x ¢ CO,Q,O,W(x,t,CO,Q) <crlsp (Z(:c,t,go,g),o,W(x,t,go,g))‘k

0Z;

< otk
This shows that

9Qo

( N(x t C07 <)7 07 W(I',t, C07 <))
07,

is t-flat at t =0 for all j = 1,...,m. Similarly, we can show that

9Qo
oWy

(Z(,1,60,0), 0, W (1,60, )

is t-flat at t =0 for all k =0, 1,...,m. Thus going back to equation (3.19) and using
(3.10) and (3.18) we have

|HU(z,t,(o, )| = Z <8QOHZ + Z%HZ ) +y <§Q0 HW; + 8@1{%)
=0

=1 (9ZJ j Wi 8Wk

< Z aQOHZ + %oy 25 0 HWk + 29 i,
= 07; = oW,
- 0 " 0
Z Aj|HZ| + A 9% +Z By|HW,| + B, o
et . ~ oWy

which is t-flat at ¢ = 0, where
A; =sup (’“)Cgo , By, = sup (’“)C?O , B =sup ’HW_k’ )
B f B | OW; B

But then
L'WY = L'WY = (HV)"

is t-flat at ¢ = 0.
Let

h(z,t) =0 (x,t) = V(x,t,v(x,1)).
Then h(z,t) is a C! function such that

L' = L"0" = L0 = (HV)"
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is t-flat at ¢ =0 and
h(z,0) = ¥(x,0,v(x,0)) = ¥’ (x,0) = u(x,0).

Therefore, if u is a C? solution of the PDE u; = f(z,t,u, u,) and if L* is the associated
linearized vector field of this PDE, then we have found a C'*! function h(z,t) such that
h(z,0) = u(z,0) and L*h is t-flat at t = 0.

To finish our proof, let s € R be a new variable. Since u(z,t) is a solution of
us = f(x,t,u,u;) and is independent of the variable s, we observe that u(z,t) is also
a solution of

s = —V/—1 (us — f(z,t,u,uz)) . (3.20)

This equation is of the same kind as equation (3.1). We recall that the vector field
associated to the PDE

up = fla,t,u,uy)
is
8 0
Z (z,t,Co,C) axj'
Our plan is to apply what we did so far but use s in place of t. So, let 2’ = (z,t) and
let
u' (2, 8) = u(x,t).
Then v’ is a solution of (3.20). Indeed, equation (3.20) is written as
CACRDES MCRERTNTME
where
f'(',8,60,¢,7) = =V=1(7 = f(z,1,0, ()
is C* in (2, s) and holomorphic in
(€o,¢,T)EN XCCCxC™xC.

For a vector field M in (z,t), we write

M, = ﬁ +Vv—-1M
Js

where s € R is a new variable. With this notation, if we denote the associated vector
field to equation (3.20) by £’ as in (3.3), then

o oS 9 :
E/:%_Zaé-](x SCDuC? );_éf(x § CO’C7 )

OF (2.1, 6orc >—+F—

0
:%‘ﬁza@

0 P of P

= g-ﬁ-\/—lﬁzﬁl.
ds
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Similarly, if we denote the corresponding linearized vector field of the new PDE by
(L) then

W 0 of' a _of
' 0 hd
(L) = 54 ;8CJ(:E su,um,ut)ax] a7 ——(, Svuaumvut)at
0 - Of 9
%—ﬁ;agj(xtuuz)——i-v—la
0 0 L of 0
854_\/ 5 Z Cj(xtuum)aj
Jj=1
0
-2y
Js
:(Lu)1

Therefore, by what we saw, there exists a C! function h/(x,t,s) such that

’

(L), W = (L)
is s-flat at s = 0 and
B (z,t,0) = h'(2,0) =o' (2',0) = u(x,t).
In order to apply lemma (2.2), we need to find C! functions
Uy (x,t,8), ..., Uz, t,8), Upyi(x, t,s)
such that
Z =21,y Zmy1) = (x,t) + sU(x,t,8) = (,t) + s(V1,..., Vppt1)

is an approximate solution of (L*);Z = 0 in the sense that (L"), Z(z,t, s) is s- flat at
s =0. Take ¥,,,; = —v/—1land so Z,,+1 =t — sv/—1. Then

0
(L)1 Zms1 = (g + v—lL“) Zmi1

(o a of o B
= g_1-\/—_1 — Za@ (t —sv/—1)=0.

Hence it suffices to find C! functions Wy (x,t,s),..., ¥, (x,t,s) such that
Z; =x;+ sV (z,t,s)

is an approximate solution of (L*);Z; = 0 in the sense that (L") Z;(x,t,s) is s- flat
at s=0forallj=1,...,m

For 2/ = (z,t), let v = (v, ul,) = (u, ug, ut). Then as we saw before v” solves the
quasi-linear PDE

’

(LN v =g¢'(2',5,0") (3.21)
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where ¢ = (g0, .- -, gppy1) With
!/

m , 9
96(17/, Sa(DanT) = f/(xl,S,<0,<,7'> - chaié(x/7s7<07<,7) - Taif_(x/757<07<57—)
j=1 J

!

0 0
g;u',s,co,cm):a—gi;(x’,s,co,c,mck L 5,60, Cr) k=1,..om

9o

/ /!

0 0
g:n-i-l(‘r/u 87C07C7T) = 8_C(x/7 87C07C7T) + Ta_go(x/787<07<77-)'

Then the corresponding holomorphic Hamiltonian of the system (3.21) is

0 - 7] 0
HI — El /_ /__ ! .
+ 90 8(0 + ;:1: gJ 8@ + Im+1 or

By lemma (2.1) for each j = 1,...,m, there is a C° function ®;(z,t,s,(o,(,T)
holomorphic in ({o, ¢, 7) such that

Wj(xvta S, COv Ca T) =Ty + S(I)j(xvta S, CO? Ca T)

is an approximate solution of HW;(z,t,s, (o, (,7) = 0. That is HW} is s-flat at s = 0.
For each j = 1,...,m, define

Zi(z,t,8) = W;’/ (z,t,5,(,C,7) = Wiz, t,s,0' (2, 8) = Wj(a,t, s, u, ug, ur)
and
U,(x,t,s) = <I>;-’/ (@, t,8,0,C,7) = @j(x,t, 8, U, Uy, Up).

Let 2/ = (Z1,...,Zy) and W' = (¥y,...,¥,,). Then Z’ and ¥’ are C! functions such
that

Z'(x,t,8) =z + sV (x,t,5).
Since H'W’ and so (H’W’)UI is s-flat at s = 0 and since
(E/)v’ _ (L/)u’7
we have using (3.9)
(Lu)l 7 — (L/)u’Z/
_ (E/)v’ (W/)v
= (HW")" (3.22)

’

is s-flat at s = 0.

Therefore, for a C2 solution u(x,t) of uy = f(x,t,u, u,) if L* denotes its linearized
vector field, we have obtained C! functions Wq(x,t,s),..., ¥,i1(7,t,s) such that
Z(x,t,s) = (z,t) + s¥(x,t,s) is an approximate solution of (L*);Z = 0 in the sense
that (L)1 Z is s-flat at s = 0. We also found a C' function h/(z,t,s) such that
R (z,t,0) = u(z,t) and (L“)1h is s-flat at s = 0. Therefore, by lemma (2.2) we
conclude that o ¢ W F(u) and the proof of theorem 3.1 is complete. O
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