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AN INTRINSIC APPROACH TO STABLE EMBEDDING OF
NORMAL SURFACE DEFORMATIONS*

ADAM HARRISY

Abstract. We introduce the notion of involutive Kodaira-Spencer deformations of the reg-
ular part Xo of a normal surface singularity, which form a subspace of the analytic cohomology
HY(X0,T1%X(). Examples of involutive deformations for which the Stein completion does not em-
bed in a complex Euclidean space of stable dimension are in fact well-known. Under the assumption
that Xo admits a Kahler metric with L2-curvature, we show that unstable deformations are avoided
if the holomorphic functions which determine an embedding of the central fibre are correspondingly
deformed into functions which can be uniformly bounded on compact subsets.
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1. Introduction. Let X C C¥ be a reduced complex analytic space with nor-
mal isolated singularity at a point zy corresponding to the origin, and let Xy denote
the regular part, i.e., X \ {zo}. If [¢)] € H'(Xo,TXy) is the cohomology class tan-
gent to an integrable Kodaira-Spencer deformation ¢(t) (ie., <% =0 ¢ = ¥) of
complex structure on the underlying (strictly pseudoconvex) locus of Xy, let the as-
sociated complex manifold be denoted Xg}(t) for t € A C C. When dim¢(X) = 2 the
existence of a Stein completion of Xg’ is guaranteed if and only if the C'R-structure
induced on the link X NS2V~1 is itself an “embeddible” structure in CN' (cf. Yau [14],
cf. also [16] and [15] for more recent advances on the problem of interior regularity).
Existence of Stein embeddings of strictly pseudoconvex manifolds was explored in a
seminal article of Andreotti-Siu [1], and a more recent refinement of their methods in
the case of surfaces was obtained by Marinescu-Dinh [10]. Given separate embeddings
of Xy and Xg’ , however, it does not follow automatically that the ambient dimensions
N and N’ are the same, though 1) belongs to a continuously parametrized family of
deformations on Xy. For a stably embeddible family of surface-deformations X (), i.e.,
one for which the ambient dimension is constant, it is well-known that an essential re-
quirement is the t-independence of the geometric genus p, = dimc H*(X'(¢), Oxr 1)),
where X'(t) denotes the fibre-wise resolution of Stein surfaces X (¢) within a given
t-parameter family. If the geometric genus is an invariant of the family this ensures
that holomorphic functions on the central fibre extend to neighbouring fibres, which
entails both stability of embeddings of the X (¢) and “simultaneous blowing-down” of
the associated family of their resolutions. Henry Laufer’s theory of deformation of res-
olutions of isolated surface singularities [8] is developed in the context of simultaneous
blowing-down.

A famous example outside this context, based on a case of unstable deformation
of a CR-structure, is due to Rossi [13]. Another, exposed by Catlin and Lempert [3],
is the following. Consider a simple holomorphic deformation of a one-point divisor,
Y(t) = [kp(t)] € Pick(C), where p(0) is an (isolated) Weierstrass-point on the “Fermat
curve”
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The line-bundle associated with () is very ample for ¢ = 0 only, hence the family
of surfaces X'(t) determined by the total spaces of the dual bundles [—kp(t)] over
C does not permit simultaneous collapse of the exceptional divisor within each fibre,
and the resulting family of normal surface singularities is not stably embedded. In
this respect, at least for dimc(X) = 2, there are phenomena within the intrinsic
(cf. “analytic”) theory of deformation of normal isolated singularities which are not
wholly accounted for by the versal family of flat algebraic deformations of X. In fact,
Miyajima has shown [11] that there is a one-to-one correspondence between members
of the versal space of algebraic deformations and those C'R-deformations induced on
the link of an isolated singularity which are stably embeddible.

From the intrinsic viewpoint we may then ask under what conditions [¢] induces
a stably embedded family of complex deformations of Xy. As explained in section 2,
a O-closed form ) € C>(M, T]%/}O ® (T]?/}l)*) on any complex manifold will be said to
represent an involutive deformation of the complex structure if the Frolicher-Nijenhuis
bracket [, 1] vanishes identically on M. Deformations of this kind were studied in the
context of cone singularities (i.e., M = Xj) in [5]. Note that they automatically satisfy
the Kodaira-Spencer integrability equation and sit directly inside the cohomology
space of infinitesimal deformations H'(M, T1°M), hence ti) defines a one-parameter
family of integrable deformations. It was shown in [5] that the space of involutive
deformations is in fact an infinite-dimensional subspace of H*(Xg, TXy) when Xj is
the regular part of a two-dimensional cone. More generally, we have

THEOREM (cf. section 2, Theorem 1). Let M be a smooth complex surface, and
Z € H°(M,Tyr) a holomorphic vector field. Let

Ly COLTI & (T4)) = C= (LT © (T41))

represent the natural first-order operator defined by Lie differentiation along the anti-
holomorphic vector field Z. Then a sufficient condition for any class [1)] € H*(M, Tyr)
to be an involutive deformation is that it belong to the quotient

. im(Lz) Nker()
7= fm(g)

In this case we note that for any f € C*(M,C) we have the additional properties

AW (f)) = —1(9f) and

The ancillary properties above, which refer to the natural action of ¢ as a deriva-
tion on functions, will be of particular importance to the results of section 3, hence for
the purposes of this article an “involutive deformation” will be assumed, with mini-
mal loss of generality, to satisfy the condition of the theorem above, i.e., there exist
Z and ¢ such that » = Lz¢. Even the unstable examples due to Rossi, or Catlin and
Lempert above, fall into this subclass of involutive deformations of the regular part
of a normal surface singularity.

The analytic approach to the problem of extension of holomorphic functions from
X to X* for t # 0, and hence to the question of stable embedding of the t-parameter
family of deformations, like so many problems in complex analysis, is then a matter
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of solvability of the Cauchy-Riemann equation on X,. Let p : X — [0,00) be a
strongly plurisubharmonic exhaustion, such that p(z) = 0 if and only if z = zy. A
Kiihler metric g on X, will correspond to the real positive form w = i09p and will be
assumed to satisfy the following conditions on

Xoe={zeX|0<p(xr)<c<oo} :

OF L
XO,C

where R, denotes the canonical curvature form associated with g. It will further be
assumed that the Sobolev inequality holds with respect to this metric, i.e.,

<n'></X |f|4w2> <c /X V£ 2w?

for smooth compactly supported functions f. In addition, (¢ii) let §(zg, z) denote the
Riemannian metric distance function on Xy ., and let Bs(zg, ) be the associated ball
of radius r. For some sufficiently small 0 < ¢ < ¢ it will be assumed that there exists
a constant ) > 0 such that

/ W< Qrt forall 0<r<c.
Bg(mo,’r’)

As noted in [6], a strongly plurisubharmonic exhaustion p corresponding to the
Fuclidean norm-squared, or its restriction to an embedded Stein surface always sat-
isfies conditions (i) and (iii). We note also that condition (7) is then equivalent to
having the second fundamental form of the embedding belong to C*°NL*(X,). Under
the assumptions (i) — (ii) we recall,

THEOREM (cf. [6]). For anyn € L>NC>®(Xo., FE® (T?(’Ol)*) such that On = 0,
there exists u € L* N C™(Xo.¢, E) such that Ou = n, and ||u gz < ||n] -

While the holomorphic vector bundle £ — X in the original statement above is
governed by quite general assumptions, for the purposes of this article E can simply be
taken to be either T)I{’[? or the trivial line bundle corresponding to the structure sheaf
Ox,. The proof is derived from the theory of existence, uniqueness and regularity of
solutions to the 9-Neumann problem for the Laplace-Beltrami equation on complete
strongly pseudoconvex domains [7], and its adaptation by Bando [2] to punctured
domains. Specifically, unique solution of the equation Uu. =7 on

Xee={reX |0<e<p(z)<c},

such that the solution . satisfies the 9-Neumann condition on {p(z) = ¢} and the
Dirichlet condition (i.e., e vanishes) on {p(z) = €}, is a consequence of [6], Lemma
1. As shown initially by Bando, the uniform bound |||z < ||n]| L2 entails a uniform
limit po on Xg ., such that 9y = 0 implies 9*dup = 0, and hence u = 9*pg. If f is
now a smooth function on Xy (or any domain containing X, .), the natural action
of v as a complex derivation allows us to choose n = ¥ (f), and express the solution
pe = G(¥(f)), by way of the Green operator. The operator TV (f) := t0*Ga)(f) may
then be applied iteratively to smooth functions defined on any domain containing
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X¢,c. Together with an inductive application of Bando’s method for the O-Neumann-
Dirichlet problem on X, ., this operator is the key to extension of holomorphic func-
tions f from Xy . to fibres Xéfi when 1) is involutive. We remark that the Theorem
cited from [6] above implies moreover that || cannot itself belong to L? (X ) if it is to
represent a non-trivial deformation. An iterative approach to holomorphic extension
therefore requires a more explicit type of uniform L2-bound, as follows. Let h be an
arbitrary holomorphic function on X x A, with a uniformly convergent power series
expansion Eﬁo(—l)khk -t* in the complex parameter ¢t € A, where the functions hy,
are all holomorphic on X, and hg = f. We will make the formal identification

1
———— =202 (- )F(T)R
Ty o (=17 (TZ7)

and hence define the action of the Neumann-Dirichlet deformation operator

1

W(h) =X0lo(—1)" fen - 1" (%)

such that for all n >0

fem = SRoo(T2)* (hnr) -

THEOREM (cf. section 3, Theorem 2). Suppose there exists a positive function
c(p) such that

sup |dfs,n| <clp),
Xo,c

independently of 0 <e < p < candn > 0.
In addition, for all0 < e < p < ¢, and all n > 0, let there be a strictly positive
function C(p) € L*(0,c) satisfying

sup [¢(fen)| < Clp) -

Xp.e

Then the power series corresponding to (*) admits a uniform limit, as € approaches
zero, which s also uniformly convergent on compact subsets of Xo. for |t] < 1.

The corresponding function on X(tff: moreover satisfies the deformed Cauchy-Riemann

equation, i.e.,
= 1
o ———(h) | =0.
(o)

We consequently obtain a holomorphic extension of the function f to the family
of spaces determined by the involutive deformation ¢1). As we will see in section 5, the
criteria of Arzela’s Theorem for uniform convergence on compact subsets can be met
without explicitly assuming the uniform estimate for df., above when the Kéahler
metric form w = i00p is assumed to be flat. On the other hand, when F denotes
the ensemble of holomorphic functions which determine an embedding of Xy . in
CV, we show in section 4 that the same hypotheses provide a sufficient condition
for stable embedding and Stein completion of Xéfi. Here H = X° (—1)*Hy, - tF
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denotes the corresponding uniformly convergent power series of a holomorphic map
H: X x A — CV, for which Hy = F. As above, we will also write

1

W(H) =0l o(-1)"Fep - 1"

THEOREM (cf. section 4, Theorem 3). Consider a normal Stein surface F :
X — CV, with a strongly plurisubharmonic function p and associated Kdhler form
w = 100p, defined in a neighbourhood of the singularity at xo and having curvature in
L*(Xo,) ete. Let v be an involutive deformation of the regular neighbourhood X .,
and H : X x A = CV a holomorphic map with Hy = F, such that there exists a
positive function c¢(p) satisfying

sup |[dFe.n| < c(p)
Xpe

independently of 0 < ¢ < p < cand n > 0. In addition, suppose there is a positive
function C(p) € L?(0,¢c) such that

sup [¢(F: )| < Clp) ,
Xp.e

independently of bothn and 0 < e < p < c. Then each fibre in the t-parameter family
XYV of deformations is stably embedded by the map ﬁ(H) and admits a unique
0

Stein completion in a neighbourhood of the origin in CN for |t| sufficiently small.

The author would like sincerely to thank Professor K. Miyajima for his help-
ful comments and corrections to the manuscript, and in particular for drawing the
author’s attention to Rossi’s example, which is included in the final section as an
illustration of the main hypotheses of these results.

This article is dedicated to my doctoral supervisor and teacher, Henry Laufer, in
honour of his seventieth birthday.

2. Involutive deformations of surfaces. At first, let M be an arbitrary com-
plex manifold, with ¢ € C(M,Ty;" © AU (Ty;")*) written locally in the form
¥ = E()\)Elgagn-i-lsp((l)\)aa & du?(A) .

Here T]b’o, as usual, denotes the holomorphic tangent bundle, with local basis {04 }7_;,
(A) is a multi-index (X;,, ...., A;, ) and ©(y) is smooth in any local chart. The following
calculation, reproduced for the reader’s convenience from [5], is carried out for ¢ = 1,
though the general case is essentially well-known. A vector field €% will be referred
to as “anti-holomorphic” if the Lie bracket [¢”1, 9] = 0 for any holomorphic vector
field ¢, and will be written locally in the form

€1 = 51,670, .
Now consider the contraction

g0 = Y o%€r  such that

3 « _ 8<P§ A « 8€>\
(8L£0’1S0 )y - 2)\ (8@1/5 + SO)\ 81I)y .
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On the other hand,

5oy oy _ 0%
@ = e (o - 38

so that

B 8900‘ 690(1 690(1 8900‘
_ A v 9PN A A L
(LEO,I acp)y = E)\<V 5 (8@)\ 31?)1,) EX>U 5 (alf)l, 8@)\

vy
0wy,

s
=Yz & — Yz @ﬁ ;

and therefore

85’\ Op?
Sy &SP
aw, T 58@

3 3 0 3 v «
(&Eo,l QDQ)V + (Lgo,la(pa)y = (9—;;,,5 + ) o3
A

0
__ 0,1 [e% o4
_5 (QOU)-FE)\ SO)\au—}U :

Writing ¢, = Y,¢%0,, we note that the assumption £%! is anti-holomorphic implies
specifically that

€91, @] = €20(p) -

In addition,

_ OEN _
€01.0,) =~ 5oy
so that
35’\ 0,1 5
E T2 = _—p® ’ v
A 90)\ 6’[17,1 ® ([5 58 ])
implies

(Dtgon goo‘)y + (L50,15<p0‘)y = &%) — (€%, 0,)]) = (Lg(),lsDa)y ,

which recalls the well-known formula for the Lie derivative due to E. Cartan.
In particular, let Z € H(M, T]%/}O) be a holomorphic vector field on M, and
consider

Y€ O%(M, Ty @ (Ty;')")

such that 9 = 0 and ¢ = Lz, for some smooth ¢ € C®(M, Ty’ @ (Ty;')*). Tt

follows from the formula above that ¢ is cohomologous to ¢ ;0.
Writing ¢ in local form as 3, 9§ 0s ® dwy we recall the specific formula for the
Frolicher-Nijenhuis bracket

[, V]l pn = 52 512 (V™ A 0a¥?) 0 = i<acv<n[thr, ¥u]dwy A dd, |

where [1hx, ¥,/] denotes the standard Lie bracket of vector fields. Let € O™ (M, Ty;"®
A’ (Tyi')*) be represented locally as N30 @ dig A diwg. Now

(bzm)} = Ea<)\2a772,>\ - Eﬁ>>\2677;\y,,8 )
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and in particular, n = 2 implies
(5277)'{ = —ZQWin ) (LZ77)’2Y = 2177?2 )
so that
[zm,eznlen = (=Z°ma(ZY) + Z'mi2(Z%))me = 0,
given Z is anti-holomorphic.

We summarize with the following

THEOREM 1. Let M be a smooth complex surface, and Z € H°(M,Tys) a holo-
morphic vector field. Let

Ly COLTY & (T4)) » C= (LT © (T4'))

represent the natural first-order operator defined by Lie differentiation along the anti-
holomorphic vector field Z. Then a sufficient condition for any class [1)] € HY (M, Tar)
to be an involutive deformation is that it belong to the quotient

FIZ . im(LZzﬂLTal;er(a)

In this case we note that for any f € C*°(M,C) we have the additional properties

d(W(f)) = —1(9f) and

Proof. 1f 1) = Lz¢ then [1)] € H'(M,Ty) is also represented by ¢;0¢, which is
clearly involutive when n = 2. The natural action of ¢ as a derivation on functions
and forms of higher degree yields the first of the properties above as an immediate
consequence of the Leibniz rule. For the second, we may write

_ JOUE Joul of
w("/}(f)) - Ea,B,)\,V (1/1)\ 8ZQ - Y, 8—2(1 8—25 dZ)\ A dZV
82
+Sapw (w508 —vguf) o gzﬁ dz A dz, |

The first of these summations is simply [¢,¥]|pn(f), which vanishes by our basic
assumption. The second also vanishes, more specifically as a consequence of the
assumption ¥ = 1z0p. This concludes the proof.

3. Extension of Holomorphic Functions. Let X denote a Stein surface with
isolated singularity at xg, and p : X — [0,00) a strongly plurisubharmonic function,
satisfying the conditions (i) — (4i7) outlined in section 1, such that p(z¢) = 0. Consider
now the surfaces X.. = {p € X | 0 < € < p(p) < c}. It is a consequence of [6],
Theorem 1 that for any n € C*° N L*(Xo.c, (T)l(’oo)®" ® (ngol)*) (n > 0), there exists
a unique (0, 1)-form p., satisfying the d-Neumann-Dirichlet boundary conditions on
X, ¢, such that

Ope =n  and  [Jpellz2x..) < Inllz2xo.) -
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This estimate, together with boundary regularity of solutions derived from the basic
estimate of [6], Lemma 1, implies the existence of a uniform limit pg € C°NLE(Xo,c)-
Let G denote the associated Green-operator of the Laplace-Beltrami equation above,
and for any smooth, complex-valued function f on Xy ., we may then define, for
any 0 < € < ¢, a complex t-parameter family of C-linear operators 7% such that
T (f) = td*Gy(f), relative to an involutive deformation 1. The sequence of succes-
sive iterations of this operation on functions is denoted by (7/¥)*, in terms of which
we define the formal expansion of the Neumann-Dirichlet operator ﬁ, which acts

on a power series of the form h = %2 [ (—1)*hy, - t*, where hy, is holomorphic for all
k, to produce the “deformed series”

1
——(h) =20 (=) fep - "
() = e
such that

fem = SPo(TE) (hns) -

Two key hypotheses assumed in all of the following will be, for a given holomorphic
h, with hg = f € Ox N LE(Xo,.), the existence of a strictly positive function c(p),
such that

sup [dfen| < c(p) ()
Xpe

independently of 0 < e < p < cand n > 0, and a strictly positive continuous function
C(p) € L*(0,¢), such that

sup [¢¥(fen) < Clp) (1),

Xpe

uniformly in both ¢ and n.
Our first task is to show that (1) together with () implies a corresponding in-
equality for e =0, i.e., forall 0 < p < ¢

sup [¢(fo.n)| < Clp)  (2)

Xp.e

uniformly in n > 0. Note first that for each fixed n equicontinuity of the family
{fentocecp on X, . follows immediately, for if + is a distance-minimizing arc joining
two points p,q € X, ., then for any € > 0, the arc-length

8(p,q) = 1ly(p,q) <6 :=

implies, for any fixed n > 0, and any ¢ < p, that

1
Fon(®) — foml@)| = | / Aoy (5)) ds | < 8(p.g)elp) < ¢ (3).

Hence the family of functions f., , 0 < e < p, is equicontinuous at each p € X, ..
Moreover

Hfs,n”é(xs,c) = IT¢ (fem—1) + hn”é(xm)



STABLE EMBEDDING OF SURFACE SINGULARITIES 285

= [|0*GY(fen-D)72(x. .y + 2Re(hn, 0* GO (fern1)) + [ hnllF2(x. ) »

and since h,, is holomorphic, the vanishing of the middle term implies

I fenlZex. )

- /X (55 GO (fomr)s G (fomor)} det(q) + [l

- /X W(fom1)s G(fem1)) det(g) — / 0 (fem ) det(g) + [lhnll?

e,c

SN Fem-DNGYfem—l + 7l < M1 (fem-0lZ2(x. ) + 1hnllZax. ) -

Now,

[0(fen-)llz2x. ) < Ksup [Y(fen1)] < K- Cle)
X .

where K can be chosen as a uniform constant, independently of n and . Hence

K? 7 2 2
[ fenllex, ) < o ) C(s)” ds+ [[hnllz2(x..) )] <oo-
Since h,, is holomorphic on X, and moreover uniformly bounded in X . indepen-
dently of n (given that h is holomorphic on X x A), we conclude
2

K2 [P 3
||fsyn|L2(Xp,c>§<p [ et ds+B) < oo (4),

and hence || fz nllz2(x,..) is uniformly bounded for all 0 < e < p < c.
PROPOSITION 1. For each n > 0 the family {|f-n|}e<, is uniformly bounded.

Proof. Suppose not, i.e., for all M > 0 there exists € < p such that

sup [fen| > M .
Xpe
Let
§:= sup 0(p,q), and L := dc(p) .
Xp,exXpe

A slight manipulation of inequality (3) above implies

inf |fen| > M — L and hence

p,e

/ fonl? det(g) > K(M — L)? .
X

p,c

where K denotes the same uniform constant as in (4). But notice now that (4) is

contradicted when
K [P
M > L+ ?/ C(s)2ds+ B .
0
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This completes the proof.

Uniform boundedness, together with the equicontinuity above, implies that the
family {f.n}e<, contains a subsequence which is uniformly convergent on X, . to
fon, for any n > 0. Moreover

lim df., n = dfo, on X, ,
k— oo

and hence, for any € > 0 we can find k sufficiently large that

sup [ (fon)| < sup [¢(fern)l +€ < Clp) +e.
X, Xoe

This gives the required inequality (2), with which we can now prove the following

PROPOSITION 2. If the smooth functions fon all satisfy inequality (2) on X,
then for all n >0, 0*0GY(fo,n) = 0.

Proof. We proceed by induction. When n = 0, note that 1 (f) € L*(Xo,.) and
0U(f) = ¥(df) = 0, hence the argument of [6], Theorem 1, allows us to conclude that
0*9G(f) = 0.

Suppose now that 9*0G(fo.n) = 0, and note

I (fon+1) = V(0 font1)
= (00" G (fo,n))

= ¢(¢(fo,n)) - w(g*gGw(fO,n)) =0,

due to the involutivity of ¢ and the induction hypothesis. This, together with in-
equality (2) applied to (fon+t1), ensures once more that 0*0GY(fo nt1) = 0. This
completes the proof of the proposition.

PROPOSITION 3. The family {|fon|}n>0 is uniformly bounded on X, ..

Proof. We essentially mimic the argument of proposition 1, noting that the es-
timate (4) also applies to the L?-norm of fg,, for any n. For any M > 0, suppose
there exists n such that

sup |fon| > M .
Xo,e

With the same manipulation of (3) we see that

inf |fon| > M — L, and so

p.c

/X [fonl? det(g) > K(M — L)* .

p,e

With

K [P
M>L+ ?/ C(s)2ds+ B,
0
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we obtain the same contradiction of (4). This completes the proof.

Note that uniform boundedness of fy, on X, . guarantees uniform convergence

of the power series corresponding to ﬁ(h) |§p , for |[t] < 1. Our next step is
E -

to show that for [t] < 1, ﬁ(h) is a holomorphic function with respect to the
0
family of complex structures determined by 1, i.e., it is in the kernel of the deformed

Cauchy-Riemann operator

oY =+t .

Aty 1 _
PROPOSITION 4. 0 (1+T3¢ (h)) =0

Proof.

At 1 /5 0 {1\ o
’ <1+T£”’(h)> = @+ 1) (B (=1) o 1)

=02 ()" {=0fom + ¥ (fon)} " .
From proposition 2 we see that
dfon = 00*GY(fon—1)
=P (fon-1) ,
Hence —0fo.n + ¥ (fo.n_1) = 0 for all n. This completes the proof.

We may summarize the discussion of this section with the following

THEOREM 2. Let f be a holomorphic function on X ., such that there exist, for
all0 < e < p < ¢, and all n > 0, positive functions c(p) and C(p) (C(p) € L*(0,c))
such that

sup |dfs-,n| <c(p),

Xp.e
and
sup [1(fo,n)] < Clp) -
Xpe
Then there exists a holomorphic function f = —(h), defined on the family of

complex manifolds Xéfi , for |t| < 1, such that f |x,.= f.

4. Stable embedding of deformations. Now let f*, 1 < i < N denote an
ensemble of holomorphic functions on the normal Stein surface X, which together
define an embedding F : X. < C¥, such that F(xy) = 0. Up to this point we
have assumed the existence of a strongly plurisubharmonic function p : X — [0, 00)
satisfying the hypotheses required to prove [6], Theorem 1. Though in many instances
p may be identified with the pullback of the Euclidean norm-squared function, it is
not generally the same. Hence we define

o:X —[0,00), such that o(p) := XX, |f (p)|* .
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Just as X(T/g , 0 < a < b < chas been used to denote the smooth domain p~!(a,b)
with the additional complex structure induced by t1, we will now formally distinguish
X;ﬁ as the smooth domain corresponding to o~ (a, b) with the same induced complex
structure.

PROPOSITION 5. Suppose that there exist positive functions c(p), and C(p) €
L?(0,¢), independently of 0 < e < p < ¢, andn > 0, such that

sup |dFen| < c(p) ,
Xpe

and

sup [(Fz,)| < Clp)
Xp,e

Then there is a holomorphic map F, defined on the family of complex manifolds Xé?ﬁ
such that
o I |x0.= F, and
o for 0 < a < b<ec and |t| sufficiently small, the relatively compact coronas
XZ:% and f(ﬁ; are embedded in CV.

Proof. Let m : X¥ — A denote the complex one-parameter family of surfaces
such that t € A implies 77 1(¢) = Xéfi. F will then denote the holomorphic map

corresponding to the ensemble of extensions fl , 1 <1 < N guaranteed by the

previous theorem. Note that for all p € X, (resp. Xqp), rankc(dF), = 2 implies
the function

21§i<jSN|6fi A 8fj(p)|2 >0 fort=0.

Continuity in ¢ and p, together with relative compactness of the domain, then ensures
the existence of an € > 0 such that this function remains positive for all |¢| < ¢, hence
the restriction of £ to fibres Xﬁg (resp. f(ﬁ)) within this local family is immersive.
It remains to show that these restrictions are also injective for sufficiently small [¢].
Choose p € p~Y(a,b) (resp. o~ 1(a,b)) and let p; denote its representative in
relation to any of the complex structures determining Xsfi (resp. X;i) For [t] < e,

we note that F‘l(ﬁ'(pt)) is a finite set, and the union over ¢ forms a covering space
w:V, = Ac.

If I does not restrict injectively to each corona for |t| sufficiently small, then V,, has
a branch point at pg. Note, however, that the holomorphic map p; — (F (pt),t), from
some neighbourhood of pg € X% into CN¥*!, has a derivative of maximal rank at pg
and hence is locally biholomorphic to its image. It follows at once that V), is a simple
cover for sufficiently small |¢|, and Fis locally injective. Again by virtue of the relative
compactness of p~*(a,b) and o~!(a,b), and the arbitrariness of p, we conclude there
is in fact an e > 0 such that £ embeds the corona X;fg (resp. X;i) for each |t| < e.
This completes the proof of the proposition.

According to Milnor’s conical structure theorem there is a natural diffeomorphism
n:T'x(0,b) = F(Xo), assigning to each p € Xy a unique g € I := F(Xoyc)ﬂSQ\][Z_l

and o € (0,b). While there is clearly a Stein completion of F'(X, ;) corresponding to
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F(X)NB 4(0) C CV, the same is not automatically true of (X! ) for t # 0. Tt will
hold as a consequence of Hartogs extension, however, if each embedded corona forms
an open neighbourhood of its intersection with S2]Z 1, for a fixed d € (a,b) (cf. [4]).

PROPOSITION 6. For [t| < € the embedded corona F(X(%) admits a Stein com-
pletion inside the ball B ;(0) C CN

Proof. Define a smooth function ¢ : Xo . x A — R such that

o(p,t) = [F(pe)?

With respect to the conical structure diffeomorphism, let p = 7(q, o) and hence write
d(q,0,t) = &(n(q,0),t). Foreach t € A, fix d € (a,b) and let

Y= {p S XO,c | (b(pvt) = d} = {(Q70) el x (07b)| é(%avt) = d} .

Note that g?)(q, 0,0) = o, hence

9%
= 1.
o o =
It follows from the implicit function theorem that for each ¢ € T", there exists an open
neighbourhood U, C T' x A around (g, 0), and a smooth function h : U; — (0,b) such
that for any (¢',t) € U,

o(q,o,t) =d < o =h(q,t) .

In particular, h(q’,0) = d, hence by continuity we may suppose that for € sufficiently
small a < h(¢',t) < b for all |[{] < e. Once again, due to the compactness of I' and
the arbitrariness of ¢, we may suppose there is a single e for which this boundedness
is uniform in ¢. Hence, for all |t] < €, ¥; C X%} So ﬁ'(f(l%) forms an open

neighbourhood of F‘(Et) inside Sf}z_l \ Sf/]g_l and as such is a closed irreducible

subvariety of a neighbourhood of 0B \/3(0) in CV. The existence and uniqueness of
a Stein completion (up to biholomorphism) is a consequence of [4], Theorem VII D6,
and proceeds in much the same way as [10], Theorem 1.2. This completes the proof.

The uniqueness argument of [10], Theorem 1.2 actually entails that for each [t] < e,
the holomorphic image F (XO ») is biholomorphically equivalent to the regular part of
the above Stein completion, independently of 0 < a < b, hence we have the following:

THEOREM 3. Consider a normal Stein surface F : X — CN, with a strongly
plurisubharmonic function p and Kdhler form w = i00p, defined in a neighbourhood
of the singularity at xo and satisfying the basic properties (i) — (iii) above. Let v be
any involutive deformation of the regular neighbourhood Xo ., such that there exist
positive functions c(p), and C(p) € L?(0,c) , independently of 0 < ¢ < p < ¢ and
n > 0, satisfying

sup [dF; | < c(p) ,
Xp,e

and

sup [(Fzn)| < C(p) -

Xpe
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Then each fibre in the t-parameter family XV of deformations is stably embeddible
and admits a unique Stein completion in a neighbourhood of the origin in CN for |t|
sufficiently small.

5. An example. Let X = C? and X.. = {(z,w) | € < p(z,w) < c}, where
p(z,w) = |z|* + |w|®>. The standard Kihler metric associated with wy = i9dp is
of course flat, and the Laplace-Beltrami equation Ou. = n for (0, 1)-forms reduces
component-wise to the standard Poisson equation on functions. If we retain the
Dirichlet and Neumann conditions for the unique solution to the equation Au. = ¢
we have a formula

’U,E(Z,’LU) = ‘/X @(§7<)G8(§7C727w) dVOl(f»C) ’

g,c

where

GE(Z7 w7 5’ C) = F(Z’ w’ 57 C) + HE(Z7 w7 5’ C)

is an e-family of Green’s functions satisfying the same boundary conditions, and
comprised of the Fundamental solution I" in (real) dimension four together with an
e-family of harmonic functions which offset the boundary values of I'. While it is an
elementary consequence of the modern theory of the Laplace operator, we will take a
moment to review the reasons for uniform boundedness on compact subsets m of
the family {u.}.<, and its partial derivatives.

Without loss of generality, fix &’ € (g, p) and write, for each (z,w) € X, .,

ue(z,w) = / @ -T dVolg +/ @-T dVole e +/ - H. dVoleyy .
X !’ X !’ c

€, e, €,¢

Note that the singularities of T" lie along the diagonal (z,w) = (, (), so for all (z,w) €
X, the Fundamental solution and its partial (z,w)-derivatives are bounded on the
region of the first integral above. If moreover ¢ € C*° N L?(Xj ), then this first term
is easily seen to be bounded independently of €. The region of the second integral
of course contains the singularities, but it is well-known that Holder continuity of
¢ on the bounded region X, . is all that is required to define a function that is at
least twice continuously differentiable in z and w, and the supremum on X, . in each
case provides a bound that is clearly independent of €. The third integral is itself a
harmonic function of z and w, and via the standard estimates for partial derivatives of
harmonic functions, we may assume uniform boundedness on X,/ . for an appropriate
p < p' < c. Differentiating all three terms under the integral sign, we may then obtain
uniform estimates of the form

OFu,

P | atgait| = €0 -

plie

and finally apply Arzela’s theorem to obtain a uniform limit of the u., and their
partial derivatives, on compact sets X,/ ., as € approaches zero.

Now let 1) denote an involutive deformation of the required type on Xg ., and let f
be any holomorphic function on X, such that ¢; = ¢;(f) € L*(Xo.), j = 1,2. From
the above discussion it follows that the family of functions T (f) admits a subsequence
which is uniformly convergent on compact subsets to a function TSZ’ (f) such that
5T6¢’ (f) = ¥(f). This process may clearly be iterated if the family {)(T¥(f))}o<e<p
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is uniformly bounded on relatively compact subsets X, . by a positive function C(p) €
L?(0,¢). Note that in the flat context corresponding to X = C?, there is no need for
an explicit assumption of uniform boundedness of dT¥(f).

Let us instead suppose there exists a holomorphic function h(z,w) such that the
family {W(TY(f) + h)}o<e<, is uniformly bounded by C(p). It follows in the same
way that we can define uniform limits w(TSp (f) + h) and TS (TY (f) + h) on any
relatively compact subset X, . such that 8T (T (f)+h) = »(TL (f)+h). As we saw
in the previous sections, if it is possible to iterate this process indefinitely, or until
¥(fen) =0, then f can be extended holomorphically to all spaces Xéw in the family.

We turn now to the example of Rossi’s unstable family [13] for an illustration (for
a different approach to versal deformation of orbifold singularities via CR-structure,
see also [12]). This corresponds to a deformation of C?\ {(0,0)} of the form

2
0. 0dz+ o, o dz -
p

|2

2W
2 2
p

»= 0. @ did — 220,y @ dib .
p p

For the vector field Z = 20 + w0y we can show directly that Lzt = 0 and hence 1)
is of the required form L;¢, where ¢ = In(p) - 1.

We note that any holomorphic function on C? such that ordp,0)(f) > 2 satisfies
»(f) € L*(Xo,..). In particular, if we consider the map F : C?> — C? such that
F(z,w) = (22, 2w, w?), then it is a direct calculation to show that

P(2%) = % (z*wdz — z|z|*dw) = 0 <—2pr> ;

2 B 2 _ 2
— (z|w?dz — w|z|*dw) = 9 (M> ;

It follows from a direct calculation that
(TP (2%) + ) = p(——) =0,

hence the family (7 (22) + h) is uniformly bounded on compact sets. Moreover,
by a further direct calculation,

(22 —t(TY(z*) + hi)) =0,
hence if we set hy = 0 for all k > 2, then fy o = 22, for = Tép(zz) +hy = —QZT@’,

foo =T (T (2%) + h1) = (T))?(2%) — (T)*(z*) = 0.,
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and, by induction, fon,41 = T(;p(fo,n) + hpy1 = 0 for all n > 1. The same is true
for TSZ’ (zw) and T(}/’ (w?), hence the extension process for all three functions can be
terminated at first-order terms, and we have a map

. 2210 2|22 2wz
F = <22+ %t,zuw— <|w|p|z|) t,wQ - I:Zt> = (C1,¢2,G3)

for which the image satisfies the parametric equation

> > =© U

T X X QEF o

G -GG =t"inC*.
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