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THE STEADY NAVIER-STOKES AND STOKES SYSTEMS WITH
MIXED BOUNDARY CONDITIONS INCLUDING ONE-SIDED
LEAKS AND PRESSURE*

TUJIN KIMT AND DAOMIN CAO*

Abstract. In this paper we are concerned with the steady Navier-Stokes and Stokes problems
with mixed boundary conditions involving Tresca slip, leak condition, one-sided leak conditions, ve-
locity, pressure, rotation, stress and normal derivative of velocity together. Relying on the relations
among strain, rotation, normal derivative of velocity and shape of boundary surface, we have varia-
tional formulations for the problems, which consist of five formulae with five unknowns. We get the
variational inequalities equivalent to the formulated variational problems, which have one unknown.
Then, we study the corresponding variational inequalities and relying the results for variational in-
equalities, we get existence, uniqueness and estimates of solutions to the Navier-Stokes and Stokes
problems with the boundary conditions. Our estimates for solutions do not depend on the thresholds
for slip and leaks.
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1. Introduction. As mathematical models of steady flows of incompressible
viscous Newtonian fluids the Stokes equations

—vAv+Vp=f V-v=0 inQ, (1.1)
and Navier-Stokes equations
—vAv+ (v-Vo+Vp=f, V-v=0 inQ, (1.2)

are used. For these systems, different natural and artificial boundary conditions are
considered(cf. Introduction of [32] and references therein).

Recently several papers are devoted to problems with Tresca slip boundary condi-
tion or leak boundary condition. All these boundary conditions are called the bound-
ary conditions of friction type, which are nonlinear.

Tresca slip boundary condition (threshold slip condition) means that if absolute
value of tangent stress on a boundary is less than a given threshold, then there is not
any slip on the boundary surface, but the absolute value is same with the threshold,
then slip on the boundary surface may occur. Physical and experimental backgrounds
of such boundary conditions are mentioned in several papers(cf. [19], [7], [5], and
especially [27]). When v is a solution to (1.1) or (1.2), the strain tensor is one with the
components &;;(v) = £ (0,,v;+08,,v;) and stress tensor S(v,p) is one with components
Sij = —pdij + 2ve;;(v). Let n be the outward normal unit vector on a boundary
surface and 7 tangent vectors. Then, stress vector on the surface is o(v,p) = Sn and
normal stress o, (v, p) = o - n. Under such notations Tresca slip boundary condition
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is expressed by
lor ()| < g7, 07 (v) - vr + grlor| =0, (1.3)

where and in what follows o, = 0 — o,,n and v; =v — (v - n)n.

Leak boundary condition means that if absolute value of normal stress on a bound-
ary is less than a given threshold, then there is not any leak through the boundary
surface, but the absolute value is same with the threshold, then leak through the
boundary surface may occur. For physical backgrounds of this boundary condition
refer to [19], [22], [4]. Under notations above leak boundary condition is expressed by

lon (V)] < gn,  on(V)Un + gnlvn| =0, (1.4)

where and in what follows v,, = v - n.

Till now, for the Stokes and Navier-Stokes problems with friction type boundary
conditions rather simple cases are studied. More clearly, one deal with problems with
the Dirichlet boundary condition on a portion of boundary and one of friction type
conditions on other portion.

In [19] existence of solutions to the steady Stokes and Navier-stokes equations
with the homogeneous Dirichlet boundary condition on a portion of boundary and
leak or threshold slip boundary condition on other portion is studied. Also, [20]-
[22] concerned with the steady or non-steady Stokes equations with the homogeneous
Dirichlet boundary condition and leak boundary condition.

When a portion of boundary with Dirichlet boundary condition and other moving
portion where nonlinear slip occurs are separated, existence, uniqueness and continu-
ous dependence on the data are studied for the steady Stokes equations in [43] and for
the steady Navier-Stokes equations in [45]. In [47] when a portion of boundary with
Dirichlet boundary condition and another portion with slip condition are separated,
existence of strong solution to the steady Stokes equations is studied. In [48] when a
portion with homogeneous Dirichlet boundary condition and other portion with non-
linear boundary condition are separated, for the steady Stokes equations a relation
between a regularized problem and the original problem, regularity of solution are
studied.

In [45] for the steady Navier-Stokes equations, existence, uniqueness and contin-
uous dependence on the data are studied when a portion of boundary with Dirichlet
boundary condition and another moving portion where nonlinear slip occurs are sep-
arated. In [46] local unique existence of solution to the steady Navier-Stokes problem
with homogeneous Dirichlet boundary condition and one of friction boundary condi-
tions is studied. In [3] existence and uniqueness of solution to the steady rotating
Navier-Stokes equations are studied when boundary consists of a portion with ho-
mogeneous Dirichlet boundary condition and other portions where there is flow and
threshold slip. In [40] under similar boundary condition the steady Navier-Stokes
problem is studied.

In [4] existence of weak solution and local existence of a strong solution to the non-
steady Navier-Stokes problem are studied when boundary consists of a portion with
homogeneous Dirichlet boundary condition and another portion with leak condition.
In [30] existence of a strong solution to the non-steady Navier-Stokes equation is
studied when boundary consists of a portion with homogeneous Dirichlet boundary
condition and another portion with nonlinear slip or leak condition.

For other kinds of non-steady fluid equations with friction slip boundary con-
ditions and Dirichlet condition, refer to [9], [10], [11] and [15]. Numerical solution
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methods are studied for the Stokes and Navier-Stokes problems with friction bound-
ary conditions. For the 2-D steady Stokes problems refer to [5], [28], [38], [39], [41] and
for the 3-D steady Stokes problems [29]. For the 2-D steady Navier-Stokes problem
refer to [2], [35], [36] and [37]. For the 2-D non-steady Navier-Stokes problem refer to
[34].

In practice we deal with mixture of some kinds of boundary conditions. Es-
pecially, when there is flux through a portion of boundary, we can deal with pres-
sure boundary conditions. There are many papers dealing with the total pressure
(Bernoulli’s pressure) $[v|? + p (cf. [13], [14]) or static pressure p (cf. [1], [44]). It
is also known that the total stress o’(v,p) on the boundary is a natural boundary
condition, where of(v,p) = S'n, and total stress tensor S? is one with components
St =—=(p+ 3[v*)di; + 2vei;(v). (see [17], [18]).

Also, in practice we deal with one-sided leak of fluid. The condition (1.4) means
that according to direction of normal stress, fluid penetrates out or into through
boundary. If the fluid can only leak out through boundary when —o,,(v) is same with
a threshold g1, (> 0), then we can describe that by

U >0, 0,(V)+gen >0, (0n(v)+ gin)vn =0. (1.5)

In contrast, if the fluid can only leak into through boundary when —o,(v) is same
with a threshold —g_,,(g—, > 0), then we can describe that by

U, <0, 0,(0)—9g-n <0, (0n(v)—=g_n)v, =0. (1.6)

For one-sided flow condition depending on a threshold of total pressure refer to [12].
For similar one-sided boundary conditions of elasticity refer to [31], Section 5.4.1, ch.
3 in [16].

In the present paper, we are concerned with the the systems (1.1) and (1.2)
with mixed boundary conditions involving Tresca slip condition (1.3), leak boundary
condition (1.4), one-sided leak boundary conditions (1.5) and (1.6), velocity, static
pressure, rotation, stress and normal derivative of velocity together. And also with-
out discussing whether static pressure or total pressure (correspondingly stress or
total stress) is suitable for real phenomena which is over our knowledge, we consider
the problems with total pressure and total stress instead of static pressure and stress.
Relying on the result in [32], we reflect all these boundary conditions into varia-
tional formulations of problems. Overcoming difficulty from one-sided leak boundary
conditions, we get variational inequalities equivalent to the variational formulation
for the problems. We study some variational inequalities concerned with the Navier-
Stokes problems. Using the results for the variational inequalities, we prove existence,
uniqueness and estimates of weak solutions to the Navier-Stokes problems with such
boundary conditions. Also using the previous results for elliptic variational inequality,
we get some results for the Stokes problem with such boundary conditions.

This paper consists of 5 sections.

In Section 2, some previous results for variational formulation of our problems are
stated. Also, three problems to study are described. For the Navier-Stokes equations,
according to the pressure or the total pressure (correspondingly stress or the total
stress) two problems are distinguished.

In Section 3, for the stationary Navier-Stokes and Stokes problems with mixture
of 11 kinds of boundary conditions we have the variational formulations which consist
of five formulae with five unknown functions, that is, using velocity, tangent stress on
slip surface, normal stress on leak surface, normal stresses on one-sided leak surfaces
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together as unknown functions. Except friction type conditions, other boundary con-
ditions are reflected in a variational equation as usual(Problems I-VE, II-VE, III-VE).
When the solution smooth enough, these variational formulations are equivalent to
the original PDE problems(Theorems 3.1, 3.4). Then, we get variational inequalities
equivalent to the variational formulations above, which have one unknown function-
velocity(Theorems 3.3, 3.5). In proof of equivalence, to overcome difficulties from the
one-sided leak conditions Lemma 3.2 is used.

In Section 4 we study 3 kinds of variational inequality which are for the problems
in Section 3. With an exception [46] studying local unique existence, in all previ-
ous papers dealing with friction boundary conditions one approximate the functionals
in the considering variational inequalities with smooth one resulting to study of op-
erator equation and it’s convergence. Owing to the one-sided leak conditions such
approximation for our problem may be complicated. Without such approximation
we first get existence, uniqueness and estimates of solutions to the variational in-
equalities(Theorems 4.1, 4.2). In addition, for a special case excluding flux through
boundary we also show approximation way of the functional(Theorem 4.3).

In Section 5, relying the results in Section 4, we study existence, uniqueness and
estimates of solutions to the Navie-Stokes problems with 11 kinds of boundary condi-
tion. For the Navier-Stokes problem with boundary condition (2.7), which is includ-
ing static pressure and stress, local unique existence is proved(Theorem 5.1). For the
Navier-Stokes problem with boundary condition (2.8), which is including total static
pressure and total stress, existence and estimate of solutions are proved(Theorem
5.2). For a special case of the Navier-Stokes problem with boundary condition (2.7)
in which there is no any flux across boundary except I'1, I's, existence and estimate
of solutions are proved(Theorem 5.3, 5.5). Also, relying the previous results in el-
liptic variational inequality, we study unique existence, an estimate and continuous
dependence on data of solutions to the Stokes problem with the boundary condition
(2.7)(Theorem 5.6).

Throughout this paper we will use the following notation.

Let Q be a connected bounded open subset of R', | = 2,3. 9Q € C%! 90 =
UL T, T;NT; =@ fori # 4, T; = U, Tij, where T';; are connected open subsets of
O and I';; € C? for i = 2,3,7 and I';; € C! for others. When X is a Banach space,
X = X!. Let WE(Q) be Sobolev spaces, H(2) = W4 (), and so HY(Q) = {H*(Q)}\.
Let Ox be the zero element of space X and &);(0x) be M-neighborhood of 0x in
space X. Compact continuous imbedding of a space X into a space Y is denoted by
X —<=Y.

An inner product and norm in the space Lo (Q) are, respectively, denoted by (-, )
and |- ||; and (-,-) means the duality pairing between a Sobolev space X and its dual
one. Also, (-,-)r, is an inner product in the Lo(T;) or Lo(T;); and (-, ), means the
duality pairing between Hz (I;) and H™2 (T';) or between Hz (I';) and H~2(T;). The
inner product and norms in R!, respectively, are denoted by (-, )z and |-|. Sometimes
the inner product between a and b in R! is denoted by a - b. For convenience, in the
case that | = 2, y = (y1(x1,22), y2(x1,22)) is identified with § = (y1, y2, 0), and so
roty = roty. Thus, for y = (y1, y2) and v = (v, v2), roty X v is the 2-D vector
consisted of the first two components of rot g x v.

Let n(z) and 7(x) be, respectively, outward normal and tangent unit vectors at x
in Q. When for u € H'(2) such that u, = 0 on I';, sometimes for convenience we use
notation u|p, instead w,|r,. If when f € H=Y2(T;), (f, w)p, >0 (<0) Vw € Cg°(1)
with w > 0, then we denoted by f > 0 (< 0). '
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2. Preliminary and problems. Let ' be a surface (curve for [ = 2) of C?
and v be a vector field of C? on a domain of R! near I'. In this paper the surfaces
concerned by us are pieces of boundary of 3-D or 2-D bounded connected domains,
and so we can assume the surfaces are oriented.

THEOREM 2.1. (Theorem 2.1 in [32]) Suppose that v - n|r = 0. Then, on the
surface T' the following holds.

(e, T) g = %(mtv Xn,T)gt — (S0, T)gi-1, (2.1)
ov .
(rotv X n,T) g = (8,7’> + (S0, 7T)gi-1, (2.2)
n Rl
1 /0v 1o -
(E('U)n,T)Rl = 5 <8n,7-> . — i(SU,T)RL—l, (23)

where €(v) denotes the matriz with the components £;5(v), S is the shape operator of
the surface T' (the matriz (A.1) in [32]) for | = 3 and the curvature of T for 1 = 2,
and U, T are expressions of the vectors v, T in a local curvilinear coordinates on T'.

REMARK 2.1. Assuming I' be a surface of C?, let us introduce a local curvilinear

coordinate system on I' which is orthogonal at all points each other. Then, the shape
operator S is expressed by the following matriz

L K
5= (i %)

L= (eh@) ; K = (62,@) ) M = (617@> ) N = (62,@)
861 Rl 861 Rl 862 R! 862 Rl

and e;,i = 1,2, are unit vector of the local coordinate system. The bilinear form
(S0, 1) gi—1 for vector u,v tangent to the surface is independent from curvilinear co-
ordinate system which is orthogonal at all points each other(cf. Appendiz in [32]).

THEOREM 2.2. (Theorem 2.2 in [32]) On the surface T' the following holds.

= (Gon) . (2.0

Ifv-7|p =0, then

(e(v)n,n)p = <@,n> = —(k(z)v,n)p — divr v,y + divv, (2.5)
on R

where k(x) = divn(x), v, is the tangential component of v and divr is the divergence
of a tangential vector field in the tangential coordinate system on I'.

DEFINITION 2.1. (Definition A.2 in [32]) If a piece of boundary on a neighborhood
of © € O is on the opposite (same) side of the outward normal vector with respect
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to tangent plane (line for 1=2) at x or coincides with the tangent plane, then piece of
the boundary called convex (concave) at x. If at all x € T C IQ the boundary convex
(concave), then T' called convex (concave).

LEMMA 2.3. (Lemma A.3 in [32]) If T';; are convex (concave), then quadratic
forms (Sv,0)|r, and (k(z)v,v)r, are positive (negative).

i

DEFINITION 2.2. A functional f : X — R = RU 400 is said to be proper if it is
not identically equal to co. If f(x) € (—oo, +00) Vo € X, then it is said to be finite.

We are concerned the problems I and IT for the Navier-Stokes equations
—vAv+(v-Vo+Vp=f, V-o=0 inQ, (2.6)

which are distinguished according to boundary conditions. Problem I is one with the
boundary conditions

(1) vlr, = ha,

(2) vrlr, =0, —plr, = @2,

(3) wnlry =0, rotv X n|p, = ¢3/v,

(4) UT|F4 = ha, (_p + 2V€nn(v))|F4 = ¢u,

(5) wvnlps = hs, 2(vens(v) + avs)|r, = ¢5, «:a matrix,

(6) (~pn-+ 2020 (), = g, o
(@) vrle, =0, (-p+ v ol )y, = o,

(8) Un|Fg = hg, |UT(U)| < gr, UT(U) " Ur +gT|UT| =0on I,

(9)  vrlre = ho, on (V)] < gn, 00 (v)Vn + gnlva| = 0 on Do,

(10) v, =0, vy, >0, 0,(V) +gin >0, (0n(V)+ g+n)vn =0 on T'yg,
(11) v, =0,v, <0, 0,(V)—9g-n <0, (on(v)—g—n)v,=0o0n T,

and Problem II is one with the conditions
(1) vlr, = ha,
Lo
UT|F2 = 07 _(p+ §|’U| )lrz = ¢27

Un|ry = 0, rotv X n|p, = ¢3/v,

)
Q0

(@) vrle, = ha (=p— Glol? + 2enn(v))le, = 64

(5) vnlr, = hs, 2(wens(v) + avs)|ry = ¢5, @ : a matrix,
()

1
(—pn = 5ol + 200 (0)) Iy = do.

1 v
UT|F7 =0, (_p_ §|U|2 + V% ’ n)|F7 = ¢,

)
8) Unlrs = hs, |O.‘tr(v)| < 9rs O.‘tr(v) “Ur + gr|vs| =0 on I,
)

vr|ry = ho, |Ufz(v)| < Gn; Ufz(”)vn + gnlvn| =0 on Ty,

10) v, =0, v, >0, (V) +gen >0, (05(v)+ gin)vn =0on Iy,

11) v, =0,v, <0, 04(v) =g n <0, (0L(v) —g_pn)vn=0o0nTy,
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where £,(v) = e(v)n, epn(v) = (e(V)n,N)pi, enr(v) = e(V)n — epn(v)n and
hi, @i, o (components of matrix «) are given functions or vectors of functions. And

ol is the normal component of total stress on surface, that is, ! = o' - n. Also,

or(v,p) = o'(v,p) — op(v,p)n and g- € L*(Ts), gn € L*(T9), g4n € L*(I'10),
g-n € L*(T11), g >0, gn >0, gyn >0, g, >0, at a.e.

For Problem II the static pressure p and stress in the boundary conditions for
Problem I are changed with the total pressure and the total stress. Note

o-(v,p) = oL(v,p) = 2ven, (v).
We also consider the Stokes equations
—vAv+Vp=f, V-v=0 in{ (2.9)

with the boundary conditions (2.7), which is Problem III.

3. Variational formulations and equivalent variational inequalities. In
this section we give variational formulations for Problems I, II, IIT above and get
variational inequalities equivalent to the formulations.

Let

V(Q) = {u S Hl(Q) cdivu = 0, u|1"1 = 0, uT|(F2UF4UF7UF9UFmUF11) = 0,

u’ﬂl(FgUF;gUFg) = 0}7
VF237(Q) = {u S Hl(Q) cdive = 0, UT|(F2UF7) = O, Un|F3 = 0},

and
K(Q)={ueV(Q):uyr,, >0, uplr,, <0}
By Theorem 2.1 and 2.2 for v € H?(Q) N Vra37(Q) and u € V()

—(Av,u) = 2(e(v),e(u)) — 2(e(v)n, w)uu, r,
=2(e(v),e(u)) + 2(k(z)v,u)r, — (rotv X n,u)pr, + 2(S0, ),
= e )ty — 2enr (0), w)r, — 2en(v)sw)r, — (%u) (3.1)

+ (k(x)v,u)r, — 2(enr(v),u)rs — 2(£nn(V), Un)ry
- 2(57”1(’0)7 un)Fm - 2(57"1(’0)7 un)Fn'

Also, for p € H*(Q) and u € V(Q2) we have
(Vp,u) = (p,un)uir,r, = (P, un)r, + (P, Un)r,ur,ureurieurs, + (P0,u)rg, — (3.2)
where u,, |rsursurs= 0 was used.
We assume that the following holds.
ASSUMPTION 3.1. 1) There exists a function U € HY(Q) such that

divU = 0,U|r, = h1,Uz|r,ury) = 0,Unlr, = 0,Ur|r, = ha,
Unlrs = hs,Ulrg = hsn, Ulr, = hg, Ulr,, =0, Ulr,, =0.
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2) f S V(Q)*u (bl S H_%(FZ),Z = 274777 (bl S H_%(Fl)vz = 375767 Q5 S
Loo(FS); and 'y # .

3) IfT';, where i is 10 or 11, is nonempty, then at least one of {I'; : j € {2,4,7,9—
11}\i} is nonempty and there exist a diffeomorphisms in C* between I'; and T';.

Having in mind Assumption 3.1 and putting v = w + U, by (3.1), (3.2) we can
see that smooth solutions v of problem (2.6), (2.7) satisfy the following.

v—U=we K(Q),
2v(e(w),e(w)) + (w- V)w,u) + (U - V)w,u) + ((w - V)U, u)
+ 2v(k(z)w,u)p, + 2v(Sw,0)r, + 2(a(x)w,w)r, + v(k(x)w,u)r,
—2(wen (w+U),u)ry + (p — 2vepn(w + U), Un)reur,oUrs,
= —20(e(U),e(w) — (U - V)U,u) — 2v(k(z)U,u)r, — 2v(SU, @)r,
2(e(@)U,u)r, — v(k(@)U,u)r, + (f,u) + i:;j@buunm 33)
+ (¢isu)r, Vu € V(Q),

+ J+n Z 07 (Un(v) + ngn)Un - O on F107
—g-n <0, (0n(v)—g—pn)v, =0 onTly;.

Define ag1 (-, -),a11(-, -, ) and Fy € V* by

ao1 (w,u) = 2v(e(w), e(u )) (U - V)w,u) + ((w - V)U,u) + 2v(k(z)w, u)r,
+ 2v(Sw,a)p, + 2(a(z)w,u)r, +v(k(x)w,u)r, Yw,u e V(Q),
a1 (w,u,v) = {(w-V)u,v)y Yw,u,v € V(Q),
(Fryu) = =20(e(U), e(w) = (U - V)U,u) = 20(k(x)U, u)r, — 2v(SU, @)r,
—2(a(@)U, w)r, — v(k(@)U,u)r, + (f,u) + D (@i un)r,

(
4,7

(3.4)

+ Z (bi,u)r, Yu € V(Q).

i=3,5,6
Then, taking into account

or (V) = 2wen:(v), op(v) = —p + 20, (V)

and (3.3), we introduce the following variational formulation for problem (2.6), (2.7).

ProBLEM I-VE. Find (v,0,00,044,0_y) € (U + K(Q)) x LZ(I's) x L*(T'g) x
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H~'2(Ty9) x H-'/?(T'1;) such that
v—U=we K(Q),

ap1(w, u) + a1 (w, w,u) — (07, ur)rg — (On, Un)ry

—{Ttny Un)p,, — (O—nsUn)p,, = (F1,u) Yu € V(Q),
lo-| < gry 07 -7 +grlvr| =0 on Ty, (3.5)
lon] < Gny 0V + gnlvn| =0 on Dy,

O4n + 9+n > 07 <0+n + g+navn>rm =0 on F107

—9-n <0, <0—n — 9—n; 'Un>pn =0 onlIy,

where L2 (I'g) is the subspace of L?(I') consisted of functions such that (u, n)L2(ry) =
0.

REMARK 3.1. Ifu € H'(Q), then vlr, € H=(Ty), however if ulpo = 0 on
O(T;)\T';, where O(T;) is an open subset of O such that T; C O( i), then ulp, €
1

H\(Ty) (cf. (¢) of Theorem 1.5.2.3 in [26]). Since HOO(F ) — HO (T;) and H2 (T';) =
1
HE(T;), (c¢f. Theorems 11.7 and 11.1 of ch. 1 in [42])

Hy () = HE(Ty) — H3(Iy) = (Hg(Ty)).

Thus, under condition ulpq = 0 on O(I;)\I';, for ¢; € (H(J%O(I‘i))' a dual product
(¢i, u)r, has meaning. But, without knowing that ulpg = 0 on O(I;)\L;, for ¢; €
H~=2(T;) the dual product (¢;,u)r, has meaning. Therefore, under 2) of Assumption
3.1 the dual products on T'; in (3.3) have meaning.

THEOREM 3.1. Assume 1), 2) of Assumption 3.1. If a solution smooth enough
(e H*(Q), f € L*(Q)), then Problem I-VE is equivalent to problem (2.6), (2.7). In
addition, if among T';,i = 2,4,6,7,9— 11, at least one is nonempty, then p of problem
(2.6), (2.7) is unique.

Proof. Tt is enough to prove conversion from Problem I-VE to problem (2.6),
(2.7).
Let v is a solution smooth enough to Problem I-VE. From (3.4), (3.5) we have
2v(e(v),e(u)) + ((v- V)v,u) + 2v(k(z)v, u)r, + 2v(S0, u)
+ 2((1(,@)’0, U)Fs + I/(k(l‘)’l), u)F7 - (UTa UT)FS (Una un)rg

- <0+n7un>Fm - <U—n7un>Fn - Z <¢i7un>ri - Z <¢i7u>Fi (36)

i=2,4,7 i=3,5,6

I's

=(f,u) YueV(Q).
From (3.1) we get

2v(e(v), £(u))
= —v(Av,u) — 2v(k(z)v,u)r, + v(rotv X n,u)r, — 2v(S0, 4)r,

+ 2u(enn(v),u-n)r, + 2v(en (v),u)r, + 2v(en(v), u)rg + v (%, u)F (3.7)

— U)o, w)rs + 20(Enr (0), w)ry + 20(Enn(0), W)y
=+ 2”(67"1(’0)7 U)Flo + 21/(57”1 (U)a U)Fn'



338 T. KIM AND D. CAO

From (3.6), (3.7) we have

(—vAv+ (v-V)v — fu) + v(rotv X n,u)r, + 2v(epn(v), u - n)r,

+ 2v(en, (v), w)r, + 2(a(x)v, u)r, + 2v(e, (V),u)rs + v (%, u)F

+ 2’/(5717'(“)7 u)rg + 2”(57171(“)7 Un )Ty + 2”(57171(“)7 Un )Ty + 2”(57171(“)7 Un )Ty, (3.8)

- (UT) uT)Fg - (Un; un)Fg - <O'+n7un>1"w - <Ufn7un>1"11

= Y Gewdr — Y (@oup, =0

i=2,4,7 i=3,5,6
Taking any u € C§° with divu = 0, we have
(—vAv+ (v-V)v — fu) =0,
which implies existence of a unique P € H*(Q) such that [, Pdxz = 0 and
—vAv+ (v-V)v— f=-VP. (3.9)

(cf. Proposition 1.1, ch. 1 of [49]).
Substituting (3.9) into (3.8), integrating by parts and taking into account (3.2),
we have
(=P — ¢2,un)r, +v(rotv X n — ¢z /v, u)r, + (—P 4 2000 (V) — ¢a, un)r,
+ (2uen, (v) + a(x)v, — d5, u)ry + (—Pn + 2ve, (v) — dg, u)rg

ov
+(_P+V%'n_¢7aun)r7+(2uan7’(v)_UTvu)Fg (310)
+ (=P 4 2venn (V) — o, un)ry + (—P + 200, (V) — 0pn, Un)Ty,
+ (=P + 2ven,(v) — 0—pn,un)ry, =0,

where (v,u)r, = (vr,u)r; and (V%,u)r7 = (Vg—z -n,un)r7 were used.

Taking any u € V such that u,|aq = 0, ulgg = 0 on 9Q \ T';, respectively, for
i=3,5,8, from (3.10) we get

rotv x n = ¢3/v on s,
2ven-(v) + a(z)v; —¢5 =0 on T, (3.11)
2ven,(v) —or =0 onTs.

If for all 4+ = 2,4,6,7,9 — 11, I'; = 0, then putting p = P + ¢, where ¢ is any
constant, we get a solution (v,p) to problem (2.6), (2.7).
Assume that among I';,;i = 2,4,6,7,9— 11, at least one is nonempty. Taking any
u € V such that u,|sn = 0,ulsga = 0 on 9N\ T;, respectively, for ¢ = 2,4,7,9 — 11,
from (3.10) we have that for some constants c;, respectively,
—P—¢2:CQ Onl—‘g,
— P+ 2ve,,(v) — g =cq4 on Ty,
v

—P4+v— -n—¢r=cy only,
on

— P+ 2ven,(v) — 0, =cg on Ty,

(3.12)

— P+ 2ven,(v) — 04n =c10 on Iy,

— P+ 2ve,,(v) —o_,, =c11 on I'yy.
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Taking any u € V such that ulspo = 0 on 9Q \ I's, from (3.10) we have that for a
constant cg

—Pn+2ve,(v) — ¢g = cgn  on Tg.

Let us prove that all ¢; are equal to one constant c. For example, assume that I's
and 'y are nonempty. Taking any u € V such that u|sqg =0 on 92\ (T'y UTy), from

(3.10) we get
02/ und:10+04/ Uy dx = 0,
F2 F4

which implies ¢; = ¢4 = ¢ since [}, u,dr = — [, u,dz. Thus, from (3.9), (3.12), we
know that uniquely determined p = P + ¢ satisfies
—vAv+ (v-V)+Vp=f, (3.13)
and
—p=¢2 only,

—p+2uenn(v) = ¢4 on Iy,
—pn+2vey(v) = ¢ on L,

0
—p+va—z-n=¢7 on I'7, (3.14)

—p+2ven,(v) =
—p+ 2wen,(v) =
—p+ 2ven,(v)

o, only,
o4n on I'qg,
o

—_n On Fll

together. By virtue of (3.5), (3.11), (3.14), all conditions in (2.7) are satisfied. There-
fore, (v,p) is a solution to problem (2.6), (2.7). O

We will find a variational inequality equivalent to Problem I-VE.
Let (v,0,,0n,04n,0_5) be a solution of Problem I-VE. From the second formula
of (3.5) subtracting the formula putted v = w in the second formula of (3.5), we get

aor(w,u —w) + a1 (w,w,u —w) — (07, Ur — Wr)rg — (On, Un — Wy )Ty

3.15
—(Ogn, Un — wn>1‘10 — {0, Uy — wp)p, = (F1,u—w) Vue V(). ( )
Define the functionals j,, j,, j+, j—, respectively, by
Jr(n) = / grlnldz V€ L7 (Ts),
I's
Jn(n) = / gnlnldz ¥ € L*(Ty),
to (3.16)

Jeln) = / ginnde € L*(Tyo),
Tio
Jj-(m) = —/ g-nndz Vn € L*(Ty).
T

Since if u € K(f), then u|r, € L3(Is), un|r, € L*(T9), tn|r,, € L*(T10), unlr,, €
L?(T'11), in what follows for convenience we use the notation

Jr(u) = jr(ulrs), jn(w) = jn(unlrs), j+(w) = jt(unlrig), j-(u) = j-(unlry,) Vu € K(Q).
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Define a functional J(v) € (V(Q2) — R) by

) = {Mu) ) G () + - () V€ K(Q), (5.17)

+ 00 Vu ¢ K(9).

Then, J is proper convex lower semi-continuous.
By Assumption 3.1, w, = v; on I's and w, = v, on I'g ~ I';;. Taking into
account the fact that g, |v;| + o - v, =0, |o| < gr, we have that

Jr(u) — j‘r(w) + (U‘H UT)Fg - (UvaT)Fg

= /rg (9r|ur| + 07 -ur) da —/ (9r|wr| + 07 - wr) do (3.18)

I's

:/ (gr|ur| + 07 - usr) da:—/ (grlvr| + 07 vr) de >0 Yue K(Q).
I's

T's

Taking into account the fact that g,|v,| 4+ oy - v, = 0 and |0, < gy, in the same way
we have

]n(u) - ]n(w) + (Unu un)rg - (O'm wn)f‘g > 0. (3.19)

Also,

J+(u) = ji(w) + <U+nvun>rw —{04n; wn>1“10

(3.20)
= <g+n + U+n7un>F10 - <g+n + U+"7Wn>rlo 20,

where the facts that u,, >0, o4, + g4n > 0 and (o4, + g+"vvn>rm =0, w, = v, on
I'1o were used. In the same way, we have

J- (u) - ],(u}) + <Ufn7un>rn - <Ufn7wn>pn > 0. (321)
By virtue of (3.17)-(3.21), we have

J(’U,) - J(’U}) 2 _(U‘H Ur — w‘r)f‘g - (Unaun - wn)f‘g

3.22
— {0y Uy, — w”>F10 —(0_py Uy — w”>F11 Yu e V. ( )
Therefore, from (3.15) and (3.22) we get
apr1(w,u —w) + a1 (w,w,u —w) + J(u) — J(w
01( ) + a1 ( )+ J () = J(w) (3.23)

> (F,u—w) YueV(Q).

Thus, we come to the following formulation associated with Problem I by a variational
inequality.

ProBLEM I-VI. Find v = w + U such that

ap1(w,u — w) + a1 (w,w,u —w) + J(u) — J(w)

> (Fi,u—w) Yue V(Q), (3.24)

where ag1, a1, Fy are in (3.4), U is in Assumption 3.1 and J is in (3.17).

To prove equivalence of Problem I-VI and Problem I-VE we need
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LEMMA 3.2. For ¢ € C3°(I';),i = 10, 11, there exists a function @ € V such that

Un

r: = ¢, @l < Cilldll gz,

where C; are independent of 1.

Proof. By 3) of Assumption 3.1 if I'yg UT'11 # &, then, for example, I'y # @ and
there exists a diffeomorphysm y = f;(x) € C! from T'; onto I's. Define o(y) at point
y € I’y corresponding to point x € I'; by ¢(y) = %w(fi_l(y)), where Df;(x) is
Jacobian of the transformation f;. Then,

! —1 i(zr)dx = x)dx
/F ol)dy = /F BT IDs@dr = [ vE e (32)

and

1
le@)l 3y < HW

W@ty < lb@lyh ey (326

c(Ty)
When ¢ € C5°(T;), define a function ¢ € H'/?(8Q) on 99 as follows.
5 X n|F2UFi =0, Enh“z = -y, gnh“w =1, 6|(ui:1,379,111¥) = 0.

Thus, by (3.25) [, ¢, ds = 0. Then, there exists a solution T € WH2(Q) to the
Stokes problem

— Au+ Vp =0,
divu =0,
ulgo = ¢

and

[llvie) < clldllmzon)-

(cf. Theorem IV.1.1 in [24]). Taking into account (3.26), we come to the asserted
estimation with C; = 1 + ¢;. Thus u is the asserted function. O

Problem I-VE and Problem I-VI are equivalent in the following sense.

THEOREM 3.3. If (v,0,,0n,04n,0_y) is a solution to Problem I-VE, then v is
a solution to Problem I-VI. Inversely, if v is a solution to Problem I-VI, then there
exist 07, Opy Oqn, Oy, Such that (v,0r,0p,04n,0_y) is a solution to Problem I-VE.

Proof. We already showed that if (v,0.,04,04n,0_,) is a solution to Problem
I-VE, then v is a solution to Problem I-VI. Thus, it is enough to prove that if v is a solu-
tion to Problem I-VI, then there exist o, 0y, 0, 0y such that (v,0.,0,,04n,0-7)
is a solution to Problem I-VE.

Since the functional J is proper, from (3.24) we have

v—U=we K(Q) (3.27)

because if w ¢ K (), then the left hand side of (3.24) is —oo which is a contradiction
to the fact that the right hand side is finite.
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Let ’lﬁ € Vg_ll(Q) = {u S V(Q) : U|F8UF9UF10UF11 = 0} (C K(Q)) Putting
u=w+ ¥, u =w — Y and taking into account

Jr(w) = jr(w +9), jn(w) = jn(w + ), jr(w) = ji (w+¢), j-(w) = j—(w+ ),
from (3.17), (3.24) we get

aOl(wa 1/}) + all(wa w, 1/}) Z <Fla 1/}>5
aOl(wu _w) + a/ll(waw7 _dj) 2 <F17 _Q/J> VQ/’ € V8—11(Q)7

which imply
ao1(w,¥) + a11(w,w,v) = (F1,¥) V¢ € Vg_11(). (3.28)

When v € Vip_11(2) = {u € V() : u|r,,ur,, = 0}(C K()), the set
{(u|rg, un|ry)} is a subspace of L?(T'g) x L?(I'g), where w,|r, is u|r, - n.
Define a functional ¢* on the set by

(0", (u|rg, unlry)) = aor(w,u) + a1 (w, w,u) — (Fr,u) Vu € Vig_11(2). (3.29)

This functional is well defined. Because if w,u; € Vip—-11(2) are such that
(u|p8,u|p9) e (u1|p8,u1|p9), then since u —uq € V8711(Q), by (328)

apr(w,w —up) + a1 (w,w,u —uy) — (Fr,u —uy) =0,
that is,
apr(w, u) + a1 (w, w,u) — (F1,u) = apr(w, u1) + a1 (w, w,uy) — (F1,u1),
and so by (3.29)

<U*a (u|Fsvun|F9)> = <U*7 (u1|F87u1n|F9)> .

This functional is linear.
Putting u = w + v, where 1 € Vi19-11(f2), and taking into account

J+(w+9) =jr(w), j-(w+v)=j-(w),
from (3.29), (3.24) we have

— (0", (W|rs, ¥nlry)) = — aor(w, ) + a11(w, w, ) — (F1,v)]
< J(w+1) = J(w)
= jr(w+ 1) = jr (W) + jn(w + ) = jn(w) (3.30)

S/ Qr|¢|r8dx+/ Gn|¥|ry dz Vi) € Vig_11(92).
Ts To

Putting u = w — 1, in the same way we have

<0—*7 (¢|Fsvwn|l“9)> = [a01(w7¢) + all(wvwvw) - <F17¢>]
< Jr(w =) = jr(w) + jn(w — ¥) — jn(w)

(3.31)
< / goltle, do + / uldlry de V0 € Vig11(Q).
Fg 1—‘9
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By (3.30), (3.31), we can know that o* is a bounded linear functional with a norm
not greater than 1 on a subspace of L_}]T (Ts) x Ly (Ty), where L}]T (Ts), L} (To)
are, respectively, the spaces of functions integrable with weights ¢,, g, on I's and
I'yg. By the Hahn-Banach theorem the functional is extended as a functional on
L;T (Ts) x L; (T'g) norms of which is not greater than 1. Therefore, there exist the
elements o, € Lgl (Ts), lorllLe gy <1 and oy, € L% (T'g), [[onlL= ry) < 1, which

an

9r an

imply
07l < g7y |on| < gn; (3.32)

and
(0, (ulrg; unlry)) = (o7, ulrg)p, + (00, Unlrg ), Vu € Vig—11(€2). (3.33)

When u € V(€2), the set {(un|r,,, un|r,, )} is a subspace of Hz (') x Hz (I'yy).
Define a functional o} on the set V() by
<0'>1k7 (un|F107un|F11)> = ao1 (w7 u) + all(wv w, u) - (U‘H u|F8)Fg

3.34
— (o, ulry)p, — (F1,u) Yu € V(Q). (3.34)

This functional is also well defined. Because if u,u! € V(Q) are such that
(uryy, ulry,) = (ullr,,, ullry, ), then since u — u' € Vig_11(Q2), by (3.29), (3.33)

aor(w,u —u') + ayy (w,w,u —u') — (o7, (u— ul)|r8)r8
— (O’n, (u— u1)|pg)Dg — (Fr,u—ul)
= (0", ((u = ub)lrg, (w = u)ry)) = (o7, (w = w)lrg) p, = (00, (= u)|ry ), =0,
and so by (3.34)

<UT7 (un|F10aun|F11)> = <UT7 (u111|F10au711|F11)> .

The functional o7 is linear. Let us prove continuity of this functional.
Let w is the function corresponding to ¥ € C§°(I'19) by Lemma 3.2. Then, by
Lemma 3.2 from (3.34) we have

[ (o7, (1,0)) |
< C[llwlivlaly + llwlR v + (lor ]l 2o

Hor o)l + 1Pyl v] (3.35)
< Clwlvl + 1wl + (Hlorllzowe) + lorlzame) + 1Fllv-] - 1144 -

Also assuming that 7 is the function corresponding to ¢ € C§°(I'11) by Lemma 3.2,
we have

| (o1, (0,4)) |
< C [lwlivlaly + l[wlR @y + (ol o)
Horll o) 1l + [Py 17l v] (3.36)

< Clwlv + [wl¥ + (lorllzaws) + lorllawe) + 1F1lv] - [
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1

Since Hy/*(I;) = H3(I';),i = 10,11, (cf. Theorem 11.1 in [42]), (3.35) and (3.36)
show that the functional o} is continuous on the subspace of H2 (I'yo) x Hz (')
mentioned above. Thus, by the Hahn-Banach theorem the functional is extended as
a functional on H? (') x Hz ().

Therefore, there exists an element (04,,0_,) € H™'/?(T'19) x H~/2(I';;) such
that

<0'>1k7 (ulrmvulru» = <U+n7u|F10>Fm + <0—n7u|F11>F11 Vu € V(Q) (3'37)

When 1 > 0 is such that ¢ € C5°(T'1p), let @ € K(£2) be the function asserted in
Lemma 3.2. Putting u = w + @, by (3.24) we have

apr (w,w) + a11 (w, w,u) + J(w +u) — J(w) — (Fy,u) > 0. (3.38)
On the other hand, by (3.34), (3.37) and property of @,
aor(w, u) + avy (w, w,u) — (F1,0) = (040, Y)p
and so from (3.38) we have that
(O4n,)p,, +J(w+7) — J(w) > 0. (3.39)
By (3.16), (3.17) and property of u,
J(w+w) = J(w) = (gn, V)r,, »
and combining with (3.39) we have
(04, ¥)r,y + (G40 ¥)rye = 0,
that is,
Opn + gyn > 0. (3.40)

When ) < 0 is such that ¢ € C5°(T'11), let w € K(£2) be the function asserted in
Lemma 3.2. Then, in the same way we have that

(0n,=¥)p,, = (g=n, =¥)ry, 20,
that is,
Ton —Gon < 0. (3.41)
From (3.34), (3.37), we have

ao1 (w, u) + a1 (w,w,u) — (07, ur)rg = (T, u)ry (3.42)
— {04 U, — (O—n,u)p, = (F1,u) Yu € V(Q). '
Putting v = 0 in (3.24) and taking into account (3.42) with u = w, we have

(UTu w)Fs + (Una w)Fg + <U+n7 w”>F10 + <0—n7 w">F11

+ Jr (W) + jn(w) + j4 (w) + j-(w) <0,
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that is,

[ (orwr  grlunlyds+ [ @+ galun)ds
I's Lo

+ (040 + Gin Wa)p,, +(0—n = g—n,Wn)p,, < 0.

(3.43)

Since on I's,I'g, T'1g and T'1q, respectively, w, = v,, w, = v,, w, = v, > 0 and
wy, = v, < 0, taking into account (3.32), (3.40),(3.41), by (3.43) we have
oV + g7'|v7'| = 07 OnUn + gn|vn| = 07

3.44
<U+n + 9+n, vn> - 07 <O.7n —G9—n, Un> = 0. ( )

Therefore, by virtue of (3.27), (3.32), (3.40)-(3.42), (3.44), we come to the conclu-
sion. O

Taking (v - V)v =rotv x v+ %grad|v|2 into account and putting v = w + U, by
(3.1), (3.2) and Assumption 3.1 we can see that smooth solutions v of problem (2.6),
(2.8) satisfy the following.
v—U=we K(Q),
2v(e(w),e(u)) + (rotw x w,u) + (rot U x w,u) + (rotw x U, u)

+ 2v(k(z)w, u)p, + 2v(SW,0)r, + 2(a(x)w,u)r, + v(k(x)w,u)r,

1
—2(venr(w+U),u)rg + (p+ 5|U|2 = 20enn(w +U), tn) 1 op,oors,s

(
—20(e(U),e(u)) — (rot U x U, u) — 2v(k(z)U,u)r, — 2v(SU, @)r,
- 2(04(ZE)U u>F5 - V(k(x)Ua U)F7 + <fa u>

+ (i, un)r, + Y (diu)r, Vue V(Q),

i=2,4 i=3,5,6
(W) <gr, 0

lot (v)] < gn, 0% (V)Vn + gnlvn] =0 on T,

05, (0) + g4n 20, (07,(v) + g4n)vn =0 on Ty,
ot () —g-n<0, (c(v)—g_n)v, =0 onTy.

Define aga(-,-),a12(-, -, -) and F» € V* by

7
f— Ur +gT|UT| =0 on Fg,

(3.45)

agz(w, u) = 2v(e(w),e(u)) + (rot U x w,u) + (rotw x U, u) + 2v(k(z)w,u)r,
+2v(Sw,a)r, + 2(a(z)w, u)r, + v(k(@)w,u)r, Yw,ue V(Q),
a2 (w, u,v) = (rotw x u,v) Yw,u,v € V(Q),
(Fy,u) = —2v(e(U),e(u)) — (rot U x U, u) — 2v(k(z)U,u)r, — 2v(SU, @)r,
- 2(a($)U7 U)Fs - V(k(‘r)Uv U)F7 + <f7 u> + Z <¢i7 un>Fz‘

1=2,4,7

+ > ($iur, YueV(Q)
i=3,5,6
(3.46)
Then, taking into account

0L (0) = e (), 04 () = ~(p+ [of?) + 2wenn(v)
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and (3.45), we introduce the following variational formulation for problem (2.6), (2.8).
ProBLEM II-VE. Find (v,0%,0t,0%,,0%,) € (U+ K(Q)) x L(I's) x L*(T'y) x
H~2(T'y0) x H-2(I'y;) such that
v—U=we K(Q),
ao2(w, u) + ar2(w, w,u) — (oL, ur)ry — (0h, un)r,
— <U§rn,un>rw - <Uin,un>ru = (Fy,u) Yue V(Q),
lot| < gr, oL -vr + gr|vr| =0 on Tk, (3.47)
|| < gns 730 + gnlvn| = 0 on T,
o+ 9in >0, (o, + gin, ”">rm =0 onT4,

Ut—n —g-n <0, <Ut_n - g_n,vn>rn =0 onlI;.

In the same way as Theorem 3.1 we have

THEOREM 3.4. Assume 1), 2) of Assumption 3.1. If a solution smooth enough
(v e HX(Q), f € L*(Q)), then Problem II-VE is equivalent to problem (2.6), (2.8). In
addition, if among I';,i = 2,4,6,7,9—11, at least one is nonempty, then p of problem
(2.6), (2.7) is unique.

Then, in the same way as Problem I we get Problem II-VI formulated by a
variational inequality and can prove that the problem is equivalent to Problem II-VE.

PrOBLEM II-VI. Find v = w + U such that

agz(w,u —w) + a2 (w,w,u —w) + J(u) — J(w)
> (Fo,u—w) Yue v(Q), (3.48)

where agz, a1z, F2 are in (3.46) and J is defined by (3.16), (3.17).

THEOREM 3.5. If (v,0k,0},,0%,,,0%,) is a solution to Problem II-VE, then v is
a solution to Problem II-VI. Inversely, if v is a solution to Problem II-VI, then there
exist o, ol ol 0, such that (v,ot, 0, 0%, ,0",) is a solution to Problem I-VE.

REMARK 3.2. Boundary condition I/g—z —pn = 0 often called “do nothing” or
“free outflow” boundary condition, results from wvariational principle and does not
have a real physical meaning but is rather used in truncating large physical domains to
smaller computational domains by assuming parallel flow (cf. [8]). The condition (7)
in (2.7)(corresponding (7) in (2.8)) is rather different from “do nothing” condition.
Assuming that the flow is orthogonal on 'y and applying Theorem 2.2, we get a
variational formulation, and so to convert from the wvariational formulation to the
original problem we use such a condition. (For more detail refer to Remark 2.1 in
[33].) If the flow, in addition, is parallel in a near the boundary, then condition (7)
in (2.7) is same with “do nothing” condition. In point of view of pure mathematics,
to reflect correctly “do nothing” condition in variational formulation we can use other
variational formulation assuming T's = (). Bellow we show that.

Now, we consider the cases that I's = @ and for convenience h; =
0,i = 4,5,8,9, in (2.7). Let Vr7(Q) = {u € HY(Q) : divu = 0,ulp, =



THE STEADY NAVIER-STOKES SYSTEMS WITH LEAKS CONDITIONS 347

0, ur|(ryur,ureuriouryy) = 0, u - nfryursurg) = 0} and Vriz(Q) = {u € HY(Q) :

divu = 0, ur|(r,ur,urgurioury,) = 0, u - nf(r,ursurg) = 0. By Theorem 2.1 and 2.2
for v € H2(Q) N'Vr17(Q) and u € Vr7(Q)

—(Av,u) =(Vo, Vu) — (%,Q

Uzgzri
=(Vu,Vu) + (k(x)v,u)r, — (rotv X n,u)pr, + (S0, 4)ry; — (Enn(v),u - n)r,
o 0
= 2ewr (w0~ (50,0, — (o) = 2ewrlw) e,
n r,
- (Sﬁa ﬁ)rs - (Enn(v)a un)FgUFmUFn'
(3.49)

Using (3.49), (3.2) we get a variational formulation for problem (2.6), (2.7) with
(—=p-n+v2)|r, =¢r € H~2(I'7) instead of the condition (7) of (2.7):

PROBLEM I'-VE. Find (v,0+,00,04n,0-,) € (U + K()) x L2(T's) x L*(T'y) x
Hﬁé(rlo) X H’%(Fu) such that

vlr, = ha,
v(Vo,Vu) + (v- Vv + v(k(z)v,u)r, + v(S0,0)r, + 2(a(x)v, u)r, — v(S0,4)r,
—v(80, @)1y — (0r, Ur)rs — (T Un)Ty — <U+mun>1‘m - <0—mun>1‘11

= <f7 u> + Z <¢i7un>ri + Z <¢i7u>Fi Vu € V(Q)7
i=2,4 i=3,5,7
|UT|§97707'UT +QT|UT|:O Oana
|Un| Sgny Unvn+gn|vn| =0 on F97

Otn+G4n =0, <U+n + 9+n, 'Un>f‘10 =0 on I'np,

Oon—9-n<0, {(0_,— g,n,vn>Fll =0 onlI.
(3.50)

In the same way as Problem I we get the below equivalent formulations of Problem
IIT for the Stokes equation with boundary condition (2.7).

ProBLEM III-VE. Find (v, 07,00, 04n,0-) € (U+ K (Q)) x LZ(I's) x L*(I'g) x
H~2(T'y0) x H™2(I'y1) such that

v—U=we K(Q),
aoz(w,u) = (07, Ur)s = (T, Un)Ty = (Ons Un)p,, — (T—ns Un)p, |
= (F3,u) YueV(Q),
lor| < gz, 0r -7 + g-|v-] =0 on Ty, (3.51)
00| < Gn, OnVn + gnlvn| =0 on Ty,
O4n+094n >0, (04n+ gin,vn) =0 on Ty,
On=9g=n <0, (0—n—g-n,vn) =0 onliy,
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where
aoz(w, u) = 2v(e(w), e(u)) + 2v(k(x)w, u)r,
+ 2v(Sw, a)r, + 2(a(z)w,u)r, + v(k(z)w,u)r, Yw,u € V(Q),
(Fs,u) = =2v(e(U), () — 2v(k(x)U, u)r, — 2v(SU, @)r, — 2(c(x)U, u)r,
— v(k(@)U, ), + (f,u)+ Y (birun)r, + (@i u)r, Vu € V(Q).
i=2,4,7 '

(3.52)
PrOBLEM III-VI Find v such that

v—U=we K(Q),

3.53
apz(w,u —w) + J(u) — J(w) > (F3,u —w) Yue V(Q), (3:53)
where the functionals J is defined by (3.16), (3.17).

4. Existence, uniqueness and estimates of solutions to variational in-
equalities. In this section we study some variational inequalities for the problems in
Section 3.

THEOREM 4.1. Let X, X1 be real separable Hilbert spaces such that X —— X1,
and X* be dual space of X. Assume the followings.

1) J € (X — [0,+00)]) is a proper lower semi-continuous conver functional such
that J(Ox) =0.

2) ap(+, ) € (X x X — R) is a bilinear form such that

lao(u, )| < Kllullxlvllx  Vu,v € X,
ao(u,u) > allull% 3Ja>0,Vu € X.

3) ai(,-,-) € (X1 x X x X — R) is a triple linear functional such that

ar(w,u,u) =0 Yw e X1,Vu € X,
lay (w, u,v)|] < K|w||x, lulxlv]x, Ywe Xy, Vu,ve X.

Then for f € X* there exists a solution to the variational inequality
ap(v,u —v) +ar(v,v,u —v) + J(u) — J(v) > (fu —v) YueX (4.1)

and all solutions v satisfy the estimate

1
[ollx < =[[fllx-- (4.2)
«
In addition to, if
Kc
2 Ifllx- <1, (4.3)
then solution is unique, where ¢ is a constant in || - ||x, < ¢|-||x

Proof. Fixing w € X1, let us consider a variational inequality

ap(v,u —v) + ar(w,v,u —v) + J(u) — J(v) > (fyu—v) Yue X, (4.4)
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where f € X*. There exists a unique solution to (4.4) (cf. Theorem 10.5 in [6]). Let
v1, U2 be the solutions corresponding to f1, fo instead of f. Then, under consideration
of condition 2) it is easy to verify that

1

lor = v2llx <l = follx- (4.5)

Now, let us consider the operator which maps w to the solution v of (4.4)
Te (X1 —X):w—T(w)=w.

Taking into account condition 1), we can easily verify that the solution corresponding

to f = 0x+ is Ox. Thus, from (4.5) we have
1
lollx < llfllx- Vw € X (4.6)

Note that this estimate is independent from w.
Denote by v; and va, respectively, the solutions to (4.4) corresponding to w; and
ws. Then

ap(vi,u —v1) + ar(wy,vr,u—v1) + J(u) — J(v1) > (f,u—v1) Yue X,

ag(ve,u — va) + a1(wa, va,u —v2) + J(u) — J(ve) > (f,u —v2) Vue X. (47)

Putting v = vy and u = vy, respectively, in the first formula and the second one of
(4.7), and adding two formulae, we get

ao(v1 — Vg, Vg — 'Ul) —+ a1 (wl, VU1, Uy — 'Ul) =+ al(’LUQ,’UQ, v — 1)2) > 0. (48)

From (4.8), the conditions 2), 3) of Theorem and (4.6), we get

1
|vg — v1 % < &|G1(w1,U1,U2 —v1) — a1 (w2, v1,v2 — V1)

+ a1 (wa,v1,v2 — v1) — a1 (w2, v, V2 — V1)

1 1

< E'al(wl — wa,v1,v2 —v1)| + a|a1(w2,v2 — U1, U2 — V1)
K

< E”wl — wallx, [[v1]| x[[ve — vl x
K «

< %le — w2 x, [lve —villx  Vwi,we € Xy,

which implies

HU2_U1HX < le —’LU2HX1 le,wg € Xi. (49)

K[ f]lx-
o2
By (4.6), (4.9) and Schauder fixed-point theorem(cf. Theorem 2.A in [50]) there exists
a solution to (4.1). And any solution is a fixed point of operator T, and by (4.6) all

solutions satisfy the estimate (4.2).
If (4.3) holds, then the operator T : w € X — v € X is contract, and so we come
to the last conclusion. O

Let us study variational inequalities when the condition 3) of the above theorem
is weakened.
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THEOREM 4.2. Let X be a real separable Hilbert space. Assume the followings.
1) Condition 1) of Theorem 4.1 holds.

2) Condition 2) of Theorem 4.1 holds.

3) ai(,,+) € (X x X x X — R) is a triple linear functional such that

a1 (w, u,v)| < K||w||x|lullx||v]x, Yw,u,veX.

If f is small enough, then in Oy (0x), where M is determined in (4.18), there
exists a unique solution to the variational inequality

ap(v,u —v) + a1 (v,v,u —v) + J(u) — J(v) > (f,u—v) YueX. (4.10)

Proof. Fixing w € X, let us consider a variational inequality
ap(v,u —v) + a1 (w,w,u —v) + J(u) = J(v) > (fiu—v) VueX, (4.11)
where f € X*. Defining an element a1 (w) € X* by
(a1 (w),u) = a1 (w,w,u) Yue€ X,
by condition 3) we have
lar (w) | x+ < Kllwl%  Vw € X, (4.12)
Then, (4.11) is rewritten as follows.
ap(v,u —v)+ J(u) = J(v) > (f —a1(w),u —v) VYue X. (4.13)

By the same argument as Theorem 4.1, there exists a unique solution v,, to (4.13)
and

(£l + Kwl%), (4.14)

Q|

[owll < =(I[fllx+ + llar(w)]x+) <

Q|

where (4.12) was used.
Now, let us consider the operator which maps w to the solution of (4.13)

TeX—-X):w—=T(w)=v

Denote by v; and vs, respectively, the solutions to (4.11) corresponding to wq,ws €
On(0x), where M is determined bellow. Then

1
lor = wellx < —llas(wr) = ar (wz)|1x-- (4.15)
By condition 3)
lai(wr) — a1 (wa)|| x+ < K (JJwe — wr || x||wa2||x + [Jwi ]| x||Jwi — w2 x) - (4.16)
Thus, by (4.15), (4.16)
K
[v1 —vallx < — ([[we — wilx [lwa|[x + [Jwi ] x[lwr — w2l x)
y (4.17)
2KM
< THU& —wi||lx Vwi,ws € Opn(0x).
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Therefore, if M is taken satisfied (If « is large and || f||x+ is small enough, then such
choosing is possible.)

1
M = —(Ifllx- + KM?),
2KM

«

(4.18)

<1,

then by (4.14), (4.17) the operator T on O);(0x) is contract, and so there exists a
unique solution to (4.10). O

THEOREM 4.3. Let X be a real separable Hilbert space and X* be its dual space.
Assume that

1) J € (X — R) is a finite weak continuous convex functional, J. € (X — R) is
convex such that

Je(v) = J(v) wuniformly on X as e — 0,
Gateaux derivative DJ. = A. € (X — X™) is weak continuous and A.(0x) = 0x~;

2) a(--,-) € (X x X x X = R) is a form such that

when w € X, (u,v) = a(w;u,v) is bilinear on X x X,
a(v,v,v) > aljv]|% Ja>0,Yv e X and
when vy, = v weakly in X, a(vm, Vm,u) = a(v,v,u) Yu € X and
1}33?5 (Vs Uy Um) > a0, 0, 0).
Then for f € X* there exists a solution to a variational inequality

a(v,v,u—v)+ J(u)—JW) > {(fiu—v) YueX (4.19)

satisfying an estimate
1
lvllx < ~lfllxe (4.20)

Proof. First let us prove existence of a solution to a variational equation
a(v,v,u) + (A (v),u) = (f,u) Vue X. (4.21)

We will do it as Theorem 1.2 in ch. 4 of [25]. Let {w,} be a base of X and denote
by X, the subspace of X spanned by w1, - , Wy.
We find v, = >0, viw; € Xy, satisfying

(U, Vs ) + (Ac(m), u) = (f,u) Yu € X, (4.22)
Define @,, € (X, = Xn) by
(P (v), w;) = a(v,v,w;) + (Ac(v),w;) — (f,w;), 1<i<m. (4.23)

Since Gateaux derivative of convex functional is monotone (cf. Lemma 4.10, ch. 3 in
[23]) and AE(Ox) = OX*,

(Ac(u) — A:(0x),u — 0x) = (Ac(u),u) >0 Yue X.
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Thus,
a(u,u,u) + (Ac(u),u) > allulk%  Vu e X. (4.24)
From (4.23), (4.24) we get
(@m(v),v) = (allvllx = [fllx-)lvlx Vo€ X (4.25)

Therefore,

(D, (v),v) >0 Vo€ X with ||Jv]x = £ 1lx-
Q

And @, is continuous in X,, by virtue of the assumption 2). Thus, there exists a
solution v, to problem (4.22). By (4.25) for all solution v, to (4.22)

0 = (@ (vem), Vem) > (aflvemllx = I fllx ) vem |l x5

which implies

1
[vemllx < —[fllx- (4.26)

Note this estimation is independent from e, m. Thus, from {v.,} we can extract a
subsequence {vep,, } such that

Vem, — Ve Wweakly in X as p — +o0.
By the assumptions of theorem
a(Vem,, > Vemy > ) + (Ac(Vem, ), u) = a(ve, ve,u) + (Ac(ve),u) Vu € X. (4.27)

From (4.22), (4.27), (4.26) we know that v. is a solution to (4.21) and satisfies

1
loelle < Il (4.28)
Subtracting the following two formula which are got from (4.21)

a(ve,ve,u) + (Ac(ve),u) = (f,u) Yu € X,
a(ve, ve,ve) + (Ac(ve), ve) = (f, ve)

and taking into account that
Je(u) = Je(ve) = (Ac(ve), u — ve)
which is due to convexity of J., we come to the following inequality
a(Ve, Ve, u — ve) + Jo(u) — Je(ve) > (fyu —ve) Vu e X. (4.29)
By (4.28) we can choose {v., } such that
Ve, = v°  weakly in X as e, — 0. (4.30)
By virtue of assumption 1)

[Jei (vey) = J(0)] < [ ey (ve) = J(ve,) + [T (ve,) = J(7)| = 0 as ep =0,
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and so
Jep (Ve,) = J(v*) as e, — 0. (4.31)
Also
Je (u) = J(u) Yue X asep— 0. (4.32)
By virtue of assumption 2)

a(Vey, Vep u) = a(v*, 0%, u) Yu€ X,

liminf a(ve, , v, , Ve, ) > a(v™, 0™, v). (4.33)
k— o0
Taking into account (4.31)-(4.33), from (4.29) we get
a(v*, v u—v*) + J(u) — J*) > (fu—v") Yue X.
By (4.28) we have
. 1
I llx < Il Fllx- (4.34)
a

REMARK 4.1. The estimate of solutions in Theorem 4.1 is for all solutions of
the problem, but one in Theorem 4.3 is for the solution guaranteed existence by the
theorem.

5. Mixed boundary value problems of the Navier-Stokes and Stokes
equations. In this section relying on the results in Section 4, we are concerned with
problems in Section 3.

THEOREM 5.1. Let Assumption 3.1 hold, the surfaces I'a;, I'sj, I'z; be convex
(cf. Definition 2.1), o positive and ||U|g1(qy small enough. Then, when f and
¢i, i = 2 ~ 7, are small enough, there exists a unique solution to Problem I-VI

for the stationary Navier-Stokes problem with mized boundary condition (2.7) in a
neighborhood of U in H!(£2).

Proof. Define a functional J(u) by (3.16), (3.17). Trace operator is continuous
and sum of convex functions is also convex. Thus, the functional satisfies condition
1) of Theorem 4.2.

Let w = v — U, U be a function in Assumption 3.1 and api(+,-),a11(+,+,-) and
Fy € V(2)* be as (3.4):

apr(w,u) = 2v(e(w),e(w)) + (U - VIw,u) + ((w - V)U,u) + 2v(k(x)w, u)r,
+ 2uv(Sw, )y + 2(a(x)w, u)r, + v(k(z)w,u)r, Yw,u € V(Q),
a1 (w,u,v) = (w- V)u,v) Yw,u,v € V(),
(Fy,u) = —2v(e(U),e(u)) — (U - VU, u) — 2v(k(z)U,u)r, — 2v(SU, @)r,
—2(a(@)U, w)r, — v(k(@)U,u)r, + (fyu) + > (diun)r,
i=2,4,7

=+ Z <¢i7u>Fi Yu € V(Q)v

i=3,5,6
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By Korn’s inequality

2v(e(w), e(w)) > §||w|f3- (5:2)
On the other hand, applying Holder inequality for w € V() we have
(U - V)w,w) + ((w - V)U, w)| < yl[w][3 - U]l - (5.3)

Therefore, if 6 — ||Ul|g1(0) = f1 > 0, then by (5.2), (5.3), Assumption 3.1 and
Lemma 2.3 we have

aor (u,u) > Bi|lulli Yu € V(Q). (5.4)
It is easy to verify that
a1 (u, v)| < ellulvllvllv Vu, v e V(Q). (5:5)

By (5.4) and (5.5), ag(u,v) satisfies condition 2) of Theorem 4.2.
By Hoélder inequality we can see

lan1(w,u, )| < cllwllvllullvivlv Vw,u,v e V(). (5.6)

which means a1 (w, u,v) satisfies condition 3) of Theorem 4.2.
Also

IFlve < M (101 + 01 + £ -
(5.7)
D D [ PREURE S[1 IEO

i=2,4,7 i=3,5,6

where M; depends on mean curvature of I'7, shape operator of I's, v and «.
By Theorem 4.2, if || U], || f]lv+, |¢ZHH,§ L =2,4,7, and ||¢1H 0=

i)’
3,5, 6, are small enough, then there exists a unique solution w € K(2) to

ap1(w,u — w) + a1 (w,w,u —w) + J(u) — J(w)

> (Fr,u—w) Yue K(Q). (5.8)

Since v = w + U is solution, we come to the asserted conclusion. 0

THEOREM 5.2. Let Assumption 3.1 hold, the surfaces I'y;, I's;, I'z; be convez,
a positive and ||Ul|g1(q) small enough. Then, for any f ¢;, i = 2 ~ 7, there erists
a solution v to Problem II-VI for the stationary Navier-Stokes problem with mized
boundary condition (2.8) in a neighborhood of U in HY(Q) and all solutions satisfy

M,y

—Ulgp £ ————

— (10l + 1010 + 17l

3 Mol a ey D il )

1=2,4,7 i=3,5,6

where §,v, My are as (5.11), (5. 12) (5.20).
IF U g || fllve, H(blHH’?(F =2,4,7, and ||¢;||.. 1 i = 3,5,6, are small

H™ 2(I)’
enough, then the solution is unique.
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Proof. Define a functional J(u) by (3.16), (3.17). Then, this functional satisfies
condition 1) of Theorem 4.1.
Let agpa(-,-),a12(-, -, ) and Fp € V* are as (3.28):
agz(w,u) = 2v(e(w),e(u)) + (rot U x w,u) + (rotw x U, u) + 2v(k(z)w,u)r,
+ 2v(Sw,a)r, + 2(a(z)w,u)r, + v(k(x)w,u)r,,
ar2(w, u,v) = (rotw X u,v),

(Fy,u) = —2v(e(U), e(u)) — (rot U x U, u) — 2v(k(z)U,u)r, — 2v(SU, @)r,
- 2(a($)U7 U)Fs - V(k(‘r)U7 U)F7 + <f7 u> + Z <¢iuun>l“i + Z <¢i7u>l“

i=2,4,7 i=3,5,6
(5.10)
By Korn’s inequality
2v(e(w), e(w)) > 6wl (5.11)
On the other hand, for any w € V(§2) we have
(rot U x w,w) =0,
(5.12)

[(rotw x U, w)| < y[|wl3 - [U]lm20)-

Therefore, if 6 — y||U||g1() = f1 > 0, then by (5.11), (5.12), Assumption 3.1 and
Lemma 2.3 we have

aga(u,u) > Bil|ul|3 Vu € V(Q). (5.13)
It is easy to verify
laoz (u, v)| < cllullvllvllvie Yu,v e V(Q). (5.14)

Then, (5.13), (5.14) show that agz2(u,v) satisfy condition 2) of Theorem 4.1.
By a property of mixed product,

arz(w,u,u) = (rotw X u,u)y =0 Yw € Vg(Q),Vu e V(Q), (5.15)

where V%(Q) = {u € Hi(Q) : divu = 0, ulp, = 0, Ur|(r,ur,uryury) = 0, u -
nl(rsursurg) = 0}. On the other hand, by density argument we get

a12(w,u,v) = (rotw X u,v) = —(rotw, v x u). (5.16)
When u,v € V(), v x u € H%(Q) and

[[o X uf < alloxuf < clvllv lullvie)- (5.17)

H3 () H2(Q)

(cf. Theorem 1.4.4.2 in [26].) Also, if w € V& (€2), then rotw € Hf%(Q) and

|lrot w]| <cllwl.. 2 (5.18)

H™3(Q) — H Q)
(cf. Proposition 12.1, ch. 1 in [42].) Since HO% (Q) = H3(Q)(cf. Theorem 11.1, ch. 1
in [42]), by (5.16)-(5.18) we get

|ar2(w, u, v) < Klwll 3 o lullveylvllvie) Yo e VE(Q),Yu,0 € V(Q).  (5.19)

VS(Q
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Since V(Q) << V3(Q), setting X = V(Q), X; = V3(Q) by (5.15), (5.19)
a11(w, u, v) satisfies condition 3) of Theorem 4.1.
Also, we have

1Bellv- < 4 (10 e + 100 + 11w+
(5.20)
> il g+ 2 19l ):

i=2,4,7 i=3,5,6

where M; depends on mean curvature, shape operator, v and «.
Therefore, by Theorem 4.1, we have existence and an estimate of solutions to

ap2(w,u — w) + ar2(w,w,u —w) + J(u) — J(w) > (Fo,u —w) Yu € V(Q).

Since v = w + U is solution to the given problem, we have existence of solutions and
the estimate (5.9).

110 171, 1911
enough, then the solution is unique.

= 2,4,7, and ||&;]| ,i = 3,5,6, are small

,% )
Let us consider a special case of the Navier-Stokes problem with boundary con-
dition (2.7) in which there is not any flux across boundary except I'1, I's.

THEOREM 5.3. Let Assumption 3.1 hold, T; = 0(i = 2,4,6,7,9—11), the surfaces
I's; be convex, o positive and ||U||g1 (o) small enough. Then, for any f and ¢;, i = 3,5
there exists a solution v to Problem I-VI for the stationary Navier-Stokes problem with
mized boundary condition (2.7) and all solutions satisfy

M;
o=l < g (W0 + 170+ 32 Uoillgos ) (s2)

1=3,5

where §,v, My are as (5.2), (5.3), (5.7).
In addition, if | fllv-, 6]

18 UNLqUe.

_1, 1= 3,5, are small enough, then the solution
H 2 ()

Proof. Define a functional J(u) = j;(u) by (3.16), (3.17). Then, the functional
satisfies condition 1) of Theorem 4.2.

Let w = v — U, U be a function in Assumption 3.1 and ap1(+,-),a11(, -, ) and
Fy € V()" be as (3.4):

ap1(w,u) = 2v(e(w),e(u)) + (U - V)w,u) + {(w - VU, u) + 2v(Sw, 4)r,
+ 2(a(z)w,u)r, Yw,u € V(Q),
arr(w,u,v) = ((w- V)u,v) Yw,u,v € V(Q),
(Fr,u) = —2u(e(U),e(u) — (U - VU, u) — 20(SU, @), — 2(a(z)U,u)r,
+(f,u) + (gi,u)r, Vu € V(Q),

1=3,5

We can see that the condition 2) in Theorem 4.1 are satisfied(cf. proof of Theorem
5.1).
By the condition of theorem,

arr(w,u,u) = (- V)u,u) =0 Yw € V3i(Q),Yu € V(Q). (5.22)
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By Holder inequality we can see

a1 (w, u, v)| < Klw]] lellviylvllvie) Yw € V3(Q),Yu,0 € V(Q).  (5.23)

2
v3(Q)
By (5.22), (5.23), a11(w, u, v) satisfies condition 3) of Theorem 4.1.

Applying Theorem 4.1 to
apr(w,u —w) + a1 (w,w,u —w) + J(u) — J(w) > (F1,u —w) Yue K(Q),

we come to the asserted conclusion. [
REMARK 5.1. Assumption T'; = @,i=2,4,6,7,9—11, is only used to get (5.22).

Relying on Theorem 4.3, again let us study the problem concerned in Theorem
5.3. This is generalization of methods used in previous papers relying on smooth
approximation of functional in variational inequalities(cf. [40]).

LEMMA 5.4. Let X,Y be reflex Banach spaces, an operator i € (X — Y) be
completely linear continuous, j € (Y — R) be convex and Gateauz derivative Dj(y) =
a(y) fory € Y. Then, J(v) = j(iv) € (X — R) is convezr, DJ(v) = A(v) = i*a(iv),
where i* is the operator adjoint to i, and A € (X — X*) is weak continuous.

Proof. 1t is easy to verify convexity of J.

 JwHtu) = Jw) . ji(v+tu)) — jiu)
(A(v), u)x = }g% , = tlgr(l) .
= (a(iv),iu)y = (i*a(iv),u) x Yo, u € X,

which means A(v) = i*a(iv).

Let v, — v weakly in X. Since Gateaux derivative of a finite convex functional
is monotone and demi-continuous(cf. Lemmas 4.10, 4.12, ch. 3 in [23]) and iv, — v
inY,

(A(vp),u)x = (" a(iv,), u)x = {(a(ivy),iu)yy — (a(iv),iu)y = (I*a(iv),u) x Yu € X,

that is, DJ = A € (X — X*) is weak continuous. O

THEOREM 5.5. Let Assumption 3.1 hold, T; = 0(i = 2,4,6,7,9—11), the surfaces
'z be convex, a positive and ||U||g1 (o) small enough. Then, for any f and ¢;, i = 3,5,
there exists a solution v to Problem I-VI for the stationary Navier-Stokes problem with
mized boundary condition (2.7) and the solution satisfies the estimate (5.21).

Proof. Define an operatori € (V(€2) — L2(I's)) by iu = u|r, and a functional J €
(V(2) = R) by J(v) = jr(iv), where j, is as (3.16). Since the trace operator (V(§2) —
Hz(09Q)) is continuous and H2 (99) < L2(dQ), the operator i is compact, and by

Lemma 5.4 J € (V(2) — R) is weak continuous and convex.
Define a functional J. € (V(Q2) — R) by

JE(U) = j‘ra‘(iv)u
Jre(n) = /F grp=(n) ds,

el = {Inl —</2 Il >,

n?/2e  In|<e.

(5.24)
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Since
lire(m) = ()| < g | ¥ € L2(Ts)
(cf. Lemma 2.1 in [40]), we have
[Jo(0) = J()| < Slg.] Vo € V(Q). (5.25)

Also, j,c is convex, and so its Gateaux derivative is demi-continuous. Thus, by Lemma
54 DJ. = A: € (V(2) — V(Q)*) is weak continuous. By this fact together (5.25),
condition 1) of Theorem 4.3 is satisfied.

Under Assumption of theorem ao1(-,-),a11(-,-,+) and Fi € V* of (3.4) are as
follows.

ao1(u,v) =2v(e(u),e(v)) + (U - V)u,v) + ((u- V)U,v)
+2v(S%, 0)ry + 2(a(z)u,v)r, Yu,v € V(Q),
a1 (w,u,v) = ((w-V)u,v) Yw,u,v e V(Q),

. (5.26)
(F1,u) = =2v(e(U),e(u)) — (U - V)U,u) — 2v(SU, @)r,
- 2((1( ) )Fs + < > Z <¢i7u>Fi Vu € V(Q)7
i=3,5
By Korn’s inequality
2w(e(u), e(u)) > 6|jull3. (5.27)
On the other hand, for any w € V() we have

(U D))+ (- V)V, < Al - [Vl o (5.25)

Therefore, if 0 —v||Ul|g1(0) = $1 > 0, then by (5.27), (5.28), Assumption 3.1 and
Lemma 2.3 we have

aor (u,u) > Bi|lull3 VYu € V(Q). (5.29)
Under condition I'; = (),7 = 2,4,6,7,9,10, 11, it is easy to verify that
a1 (v,v,0) =0 Yo € V(Q). (5.30)
Let
a(w,u,v) = ap1(u,v) + ar1(w, u,v).
Then, by (5.29), (5.30) we have
a(v,v,v) > Bi|ulli; Vv € V(). (5.31)
Let us prove that when v, — v weakly in V(€), for a subsequence {vy,,, }
a(Vm,, Vm,,u) = a(v;v,u) Yu e V(Q). (5.32)

To this end, first let us prove that when v,, — v weakly in V(Q), for a subsequence

{Ump}
a01 (U, ) = ap1 (U, u) Yu € V(Q). (5.33)
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Since Uju; € L*(Q),i,j = 1 — 3, and d;v,, — v in L(Q)?, we have
(U - V)vm,u) = ((U-V)v,u) asm — cc. (5.34)
By Hoélder inequalities
{((vm =) - VU, u)| < cllom = vllLs@) VU2 llullLe o)

Since H'(Q) < L*(Q), we can choose a subsequence {vp,,} such that vy, — v in
L3(Q). Then, we have

((m, - V)U,u) = ((v-V)U,u) asm, — oo. (5.35)
It is easy to verify convergence of other terms. Thus, using (5.34), (5.35), we have
(5.33).
Using Holder inequality and aq1 (v, u, w) = —aq1 (v, w,u), we have

|a11(vmvvm7u) - all(v, v, U)|

< @11 (Vm, Vs u) = a11(V, v, w)| + |a11 (v, U, w) — a1 (v, v, u)|

< c(llom = vlls@)lIVomlliz @) lullus @)
+ vllLs (o) I VullLz @) llvm — vllLs@))  Yu € V(Q).

Thus, we have
a11(Vm, » Um,,, u) = a11(v,v,u) Yu € V(Q) asm, — oo. (5.36)

From (5.33), (5.36) we get (5.32).
Let us prove that

lim inf a (v, , Vm,,, Um,) > a(v,v,v). (5.37)
m—r o0

By lower semi-continuity of norm

lim inf 2v(e(vp ), e(vm)) = 2v(e(v),e(v))  as v, — v in V(Q). (5.38)

m—r oo

It is easy to prove that
20(SVp, U)ry + 2((X) O, W, — 20(ST, @)r, + 2(a(x)v,u)p; Yu € V(). (5.39)
Using Holder inequality and aq1 (v, vy, u) = —a11(v, u, vy, ), we have

|a11 (Vi Ui, Um) — @11 (v, v, 0)]
< a11(Vm, Vm, Vm) — a11(0, U, U | 4 @11 (0, Uiy U3n) — @11 (0, Uy, V)|
+ |a11 (v, v, v) — a11 (v, v,v)|
< C(||Um - U||L3(Q)||va||L2(Q)HUmHLﬁ(Q) + HU||L6(Q)||va||L2(Q)||Um - U||L3(Q)
+ vl

Lo@) Vol lvm — vllLs@)),
which implies
a11(Vm, s Um,, Um,) = a11(v,v,v) as m, — oo. (5.40)

From (5.37)-(5.40), we have (5.37).
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By virtue of (5.31), (5.32) and (5.37), condition 2) of Theorem 4.3 is satisfied.
Therefore, by Theorem 4.3 we have existence of a solution w € V() to

aOl(wvu - w) + all(wa w,u — w) +.]T(u) - ]T(w)

> (Fi,u—w) Yu€V(Q) (5.41)

and an estimate. Since v = w+ U is a solution, we come to the asserted conclusion. O

REMARK 5.2. The estimate of solution of Theorem 5.5 is not for all solutions,
and so Theorem 5.5 is weaker than Theorem 5.3.

Let us consider Problem III for the Stokes system.

THEOREM 5.6. Let Assumption 3.1 hold, the surfaces I'a;, I'sj, I'z; be convex
and « positive. Then, for any f ¢;, i = 2 ~ 7, there exists a unique solution v to
Problem III-VI for the stationary Stokes problem with mized boundary condition (2.7)
and

My
o=Vl < 55 (W 171w+ 3 16l
i—2.4,

+ 0 ol b))

1=3,5,6

(5.42)

where §, My are as (5.11), (5.20) (for F5 instead of F).
If  wvi,v9 are  solutions, respectively, to  Problem-III-VI  with

ngvgnlangnlag*nlvflvhzlv(bzl and 972, 9n25 94+n2, §—n2; f?ahzlad)?; then

My
o1 — vz < 5 (HU1 = Usllm + || f1 = fallv + llgr1 — gr2ll2 (ry)

+ 1191 — gn2llz2(rg) + |9+n1 — Gn2llz2(r.0)

+1g-m1 = g-nallzi) + Y 61 = &Il oo (5.43)
1=2,4,7
+ 0 16 =y br,) + 10— Vel
i=3,5,6

where Uj, j = 1,2, are the functions in Assumption 3.1 with hz instead h;.

Proof. By arguments similar to proof of Theorem 4.2 we can apply the well known
result for variational inequality

apz(w,u —w) + J(u) — J(w) > (F3,u —w) VYue X, (5.44)
where J(u) is defined by (3.16), (3.17) and apz(v,u), F3 are as (3.34):
):&(w)) + 2v(k(z)w, u)r,
+2v(Sw, 0)r, + 2(a(x)w, u)r, + v(k(x)w,u)r, Yw,u € V(Q),
(F3,u) = —20(e(U), e(u) — 2v(k(2)U, u)r, — 20(SU, @)r, —2(a(2)U, u)r,
—v(k(@)U,u)r, + (fru) + D (i un)r, + (i, u)r,  Vu e V(Q).

i=2,4,7 i=3,5,6

aps(w,u) = 2v(e(w

Thus, we have a unique existence of solution and estimate (5.42).
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If v1 = wy + Uy, v3 = we + Us are solutions corresponding to the given data, we
get
aog(’wl, U — ’LU1) + Jl(u) — Jl(wl) > <F31,u — w1>,

(5.45)
aps3(wa, u — wa) + Jo(u) — Ja(we) > <F32,u —wy) Yu e V(Q),

where Jj(u),Fg,j = 1,2, are one corresponding to Uj, g+, Gnj, G+nj> 9—nj> fj,hg,qbz.
Putting u = ws, u = w1, respectively, in the first and second one in (5.45) and adding
those, we have

&03(101 — Wa, Wy — ’LU1) + Jl(UJQ) — J1(’LU1) + JQ(UJl) — JQ('LUQ)

> (F) — F2,wy — wy). (5:46)
By Korn’s inequality and Lemma 2.3 we have
ap3(w — wa, wy — wz) > §|lwy — wa|3. (5.47)
From (5.46), (5.47) we have
l[wr —wa 5
(5.48)

< %(|<F31 — FZ wy — wy)| + | J1(wa) — Ji(wr) + Jo(wy) — JQ(wQ)')'

Since wy, wy € K(£2),

gn1(|wan| — |win]) ds
9

Tu(ws) — Ty (wy) = / g1 (jwzr| — Juns) ds +

I's

—

9—ni (w2n - wln) dS,
" (5.49)

gn2(|w2n| - |wln|) ds
9

+/ g+nl(w2n - wln) ds —
INTH

S—

~

Jo(wz) — Jo(wr) = / gr2(|wer| = |wir|) ds +

I's

g—n2 (w2n - wln) ds.
11

—

+/ g+n2(w2n - wln) ds —
IBTH

Subtracting two formulae in (5.49), we have
| Ji(wz) = Jy(wr) + J2(w1) — Jo(ws2)]
< |lgr1 = grallLe () lw2r — wirllL2rgy + [19n1 = gn2llL2(ro) lwen — winllL2(r)
+ 1g+n1 — g+n2llL2(r10) |wn2 — wat |l L2(ry0)
+19-n1 = g—n2llL2.) lwen — winllL2(ryy)
< M (llgr1 = grallrz gy + l19n1 = gn2llL2re) + 19401 — 91n2ll2(r0)

+ 9-n1 = g-n2llL2iy)) lwe — willv(q)-
(5.50)

By (5.48), (5.50) we have
M 1 2
w1 —w2v < T(”FB = F5llvi)- + lgr1 — gr2llLz rg) + 19n1 — gn2llz2(ry)

g1 = gl i) + 19-n1 = 9-nll o )

from which we get (5.43). O

REMARK 5.3. The estimates of solutions (5.9), (5.21), (5.42) are independent
from thresholds gr, gn, §+ns G—n- (cf- (8) in [3], (25) in [40].)
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