METHODS AND APPLICATIONS OF ANALYSIS. (© 2016 International Press
Vol. 23, No. 1, pp. 035-118, March 2016 002

A SPECTRAL REPRESENTATION FOR SPIN-WEIGHTED
SPHEROIDAL WAVE OPERATORS WITH COMPLEX ASPHERICAL
PARAMETER*
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Abstract. A family of spectral decompositions of the spin-weighted spheroidal wave operator
is constructed for complex aspherical parameters with bounded imaginary part. As the operator is
not symmetric, its spectrum is complex and Jordan chains may appear. We prove uniform upper
bounds for the length of the Jordan chains and the norms of the idempotent operators mapping onto
the invariant subspaces. The completeness of the spectral decomposition is proven.
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1. Introduction and Statement of Results. The spin-weighted spheroidal
wave equation arises in the study of electromagnetic, gravitational and neutrino-
field perturbations of rotating black holes when separating variables in the so-
called Teukolsky master equation (see [2, 22] or the survey paper [7]). In the
spin-weighted spheroidal wave equation, the spin of the wave enters as a parame-
ter s € {0, %, 1, %, 2,...}. We are mainly interested in the cases s = 1 of an electro-
magnetic and s = 2 of a gravitational field. If s is an integer, the spin-weighted wave
equation is the eigenvalue equation

AT =\, (1.1)

where the spin-weighted spheroidal wave operator A is an elliptic operator with
smooth coefficients on the unit sphere S?. More specifically, choosing polar coor-
dinates ¥ € (0,7) and ¢ € [0,27), we have (see for example [24])

Am— P Gnzyg 2 +L(Q in2 9 40 — 19)2
T T hcosv " Y Beosv sin? ¥ o Z&P oo '
Here Q € C is the aspherical parameter. In the special case 2 = 0, we obtain the
spin-weighted Laplacian on the sphere, whose eigenvalues and eigenfunctions can be
given explicitly [14]. In the case s = 0 and Q # 0, one gets the spheroidal wave
operator ([13, 8]). Setting Q@ = 0 and s = 0, one simply obtains the Laplacian
on the sphere. We consider A on the Hilbert space H = L?(S?) with domain of
definition D(A) = C*(5%). We remark that A clearly is an elliptic operator on
the sphere. However, even in the case s = 0 and for real 2, in general there is no
Riemannian metric on the sphere which realizes the spheroidal wave operator as the
Laplace-Beltrami operator. Thus the spheroidal wave operator cannot be be identified
with the Laplace-Beltrami operator on a Riemannian manifold. For general spin, this
means in particular that the methods used for spin-weighted spherical harmonics
in [17, Section 4.15] do not seem to generalize to the spheroidal situation.
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As the spin-weighted spheroidal wave operator is axisymmetric, we can separate
out the p-dependence with a plane wave ansatz,

VW, ) =e ™ OW) withkeZ.

Then A becomes the ordinary differential operator

A = 9 in? (Qsin®¥ + k — scos 19)2 . (1.2)

- sin“Y — + ——

0cosV dcos?¥  sin?4

This operator acts on the vectors in H with the prescribed ¢-dependence, which we
denote by Hy,

Hy, .= LA(SH) N {e "™ O0W)|O0:(0,7) = C}.
The domain of definition reduces to
D(Ag) = C(S*) NIy, .
The Hilbert space 3} can be identified with
Hy = L*((0,7),sin 9 do)) .

Also, one can consider Ay as an ordinary differential operator on this Hilbert space, for
example with the domain of definition C°*°((0,7)) N L2((0, 7). However, when doing
s0, one still needs to specify boundary conditions at ¢ = 0, 7. As will be explained in
detail in Section 2 below, the correct boundary conditions are that the limits

lim ©(¥) must exist . (1.3)

v—0,7

In this formulation as a pure ODE problem, the spheroidal wave equation (1.2) can
also be used in the case of half-integer spin (to describe neutrino or Rarita-Schwinger
fields), if k is chosen to be a half-integer. Thus in what follows, we fix the parameters s
and k such that

2s € Ny and k—seZ. (1.4)

We are interested in the case that € is complex. Then the potential in (1.2) is
complex, so that the operator Ay is not a symmetric operator on Hy. As a conse-
quence, the spectral theorem in Hilbert spaces does not apply. The spectrum will
in general be complex. Moreover, the operator need not be diagonalizable, because
Jordan chains may form. The main task of the present paper is to control the length
of these Jordan chains to obtain a decomposition of the Hilbert space into invariant
subspaces of Aj. This is our main result:

THEOREM 1.1. For any s and k in the range (1.4) and any ¢ > 0, we let U C C
be the strip
Im Q| < c. (1.5)

Then there is a positive integer N and a family of bounded linear operators @, (£2)
on Hy, defined for all n € NU {0} and Q2 € U with the following properties:
(i) The image of the operator Qo is an N -dimensional invariant subspace of Ay.
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(ii) For every n > 1, the image of the operator Q is an at most two-dimensional

mvariant subspace of Ay.

(111) The Q, are uniformly bounded in L(Hy), i.e. for alln € NU{0} and Q € U,

for a suitable constant ca = ca(s,k, c) (here ||-|| denotes the sup-norm on Hy, ).
w) The @, are idempotent and mutually orthogonal in the sense that
Y ¢
QnQn = 0nn Qn for alln,n’ e NU{0} .
(v) The @, are complete in the sense that for every Q € U,
> Qn=1 (1.7)
n=0

with strong convergence of the series.

Note that the operators @,, are in general not symmetric (i.e. QF # @,). This corre-
sponds to the fact that for non-symmetric operators, the eigenvectors corresponding

to different eigenvalues are in general not orthogonal.

2. Reformulation as a Sturm-Liouville Problem. We first bring the oper-
ator (1.2) to the standard Sturm-Liouville form (for more details see [12, Section 2]).

To this end, we first write the operator in the variable u =9 € (0, x),

1 d

d 1
Ap = — —sinu—+—2(Qsin2u+k—SCOSU)2

sinu du du = sin®u

Introducing the function ¢ by
¢=Vsinu®,
we get the eigenvalue equation
Ho= Ao,

where H has the form of a one-dimensional Hamiltonian

2

d
H=-2 4w
du2+

where W is the complex potential

2
1
- _Z -4+ Qsin®u + k — scosu)?
4 <sin?y 2 SiDQU( )

1 1 1
—stin2u—|—(k2—|—52—) — + 20k — 52— =
4 ) sin®u 4
— 2sQcosu — 2sk C.OS;L .
sin” u

(2.1)

(2.2)

(2.4)
(2.5)

(2.6)

For what follows, it is usually most convenient to write (2.2) as the the Sturm-Liouville

equation

d2
(—erv)qs:o,

(2.7)
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where V is the potential

cosu

1 1
V =02 sin®u+ (k2+52— ) —5— —25Qcosu — 2sk —5— — u, (2.8)
4/ sin“u sin” u
and p is the constant
1
p=A—20k+ s>+ . (2.9)

4

The transformation (2.1) from © to Y becomes a unitary transformation if the in-
tegration measure in the corresponding Hilbert spaces is transformed from sinu du
to du. Hence the eigenvalue equation (1.1) on Ky, is equivalent to (2.7) on the Hilbert
space L?((0,7), du).

If the potential V' were continuous on the interval [0, 7], we would get a well-
defined boundary problem by imposing Dirichlet or Neumann or more general mixed
boundary values at 0 and 7 (for details see [3, Chapter 12]). In our situation, there
is the complication that the potential (2.8) has poles at the boundary points. As a
consequence, the fundamental solutions will also have singularities, so that it is no
longer obvious how to introduce suitable boundary conditions. In the case when s
is an integer, the correct boundary values can be determined by going back to the
eigenfunctions on the sphere (1.1), as we now explain. Due to elliptic regularity
theory, the eigenfunctions ¥ of the angular operator (1.1) are smooth functions on
the sphere. Therefore, we obtain (1.3) as a necessary condition. In view of the
transformation (2.1), this implies that the limits

lim w2 ¢(u) and lim (7 — u)*% o(u) must exist . (2.10)
u™N\,0 u 7
These boundary conditions can also be understood by looking at the asymptotics of
the solutions of (2.7) near the boundary points. Namely, expanding the potential (2.8)
near the boundary points, we obtain

V(u) = #)2 ((k L) i) L O((m—u) ).

(m—u
If the factors k + s are non-zero, the solutions have the asymptotics
d(u) ~ u2FFS (14 0(w)  and  élu) ~ (7 —u) 2 EEHS (14 0(r —w)) . (2.11)

If on the other hand, the factors k & s are zero, the asymptotic solutions involve an
additional logarithm (for detail see [12, Sections 7 and 8]),

d(u) = c1 Vu+ caVu logu + O(u) ifk=s (2.12)
p(u) =c1vVr—u+ covVm —u log(m —u) + O(r — u) ifk=—s. (2.13)

In each case, the boundary conditions (2.10) single out one of the two fundamental
solutions. In this way, the conditions (2.10) give mathematically reasonable boundary
conditions. We remark that in the case (2.11), our boundary conditions are equivalent
to Dirichlet boundary conditions. Alternatively, these boundary conditions could be
implemented simply by demanding that the eigenfunctions must be square integrable
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(note that, in view of (1.4), the parameter k — s is always an integer). In the excep-
tional cases (2.12) and (2.13), however, both fundamental solutions satisfy Dirichlet
boundary conditions and are square integrable. Thus in these cases, it is essential to
state the boundary conditions in the form (2.10).

In order to bring the boundary conditions (2.10) into a more tractable form, it
is convenient to work with solutions of the corresponding Riccati equation: For any
solution ¢ of the Sturm-Liouville equation (2.7), the function y := ¢'/¢ satisfies the
corresponding Riccati equation

y =V -y, (2.14)

Using the results and methods in [10, 12], we can construct a solution y of the Riccati
equation with rigorous error bounds. With this in mind, let us assume that a solution y
of the Riccati equation is known. Then a particular solution of the corresponding
Sturm-Liouville equation is obtained by integration,

¢o(u) = exp (/“ y) (2.15)

uo

The general solution can be constructed by integrating the equation for the Wronskian.
Namely, if ¢ is another solution of the Sturm-Liouville equation, the Wronskian

w(e,d) = ¢’ — ¢¢’

is a constant, and thus

d(u) = ¢(u) <¢(u0) - /u wlé, ¢)> . (2.16)

P(uo) ,  ??

In particular, this relation can be used to construct solutions of the Sturm-
Liouville equation (2.7) which satisfy the boundary conditions (2.10). We denote
these solutions by ¢} and ¢} (where the subscript D refers to “Dirichlet”, and L/R to
the left and right boundary points at © = 0 and v = 7, respectively). To this end, we
let ¢1, and ¢r be generic solutions which do not satisfy the boundary conditions (2.10),
ie.

Vulogu (14 0(u) ifk=s

1

br(u) ~ { (m—w)2~ [k+s]| (1 +O(m — u)) if k#£ —s

uz ksl i s
¢L(U)N{ (1+0(u) ifk#

Vi —ulog(m —u) (1+0(r—w)) ifk=—s

Then, using (2.16), the solutions which do satisfy (2.10) are given (up to irrelevant
prefactors) by
D ¢ 1 D T 1
or(u) = or(u) vl and Pr(u) = —¢r(u) PO
o 91 u PR
If ¢ is a solution of (2.7) subject to the boundary conditions (2.10), then this
solution must be a multiple of both ¢} and ¢%. Hence ¢} and ¢% are linearly
dependent, and their Wronskian vanishes,

w(¢?, %) =0. (2.18)

(2.17)
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Fia. 1. Typical plot of the potential V.

In this way, we have reformulated the existence problem for solutions satisfying the
boundary conditions (2.10) in terms of the vanishing of the Wronskian (2.18). More
generally, the Wronskian can be used to describe the spectrum of the Hamiltonian.
Namely, we just saw that if the Wronskian vanishes, then there is an eigensolution
which satisfies the boundary conditions (2.7). Conversely, if the Wronskian is non-
zero, we may introduce the Green’s function by

1 { ¢’2<u/) Q) ifu<d (2.19)

!/
syx(u,u ) = —F/——= X .

) = e ) dhle) i <.
By direct computation one verifies that the Green’s function satisfies the equation

(H — ) sx(u,u') = §(u—u').

Thus taking sy (u,u’) as the integral kernel of a corresponding operator sy on Hy =
L?((0,7),du), this operator is a bounded inverse of the operator (H — ). Thus A
is in the resolvent set, and sy is the resolvent. We conclude that the spectrum of H,
defined as the complement of the resolvent set, is given as the set of all A for which the
Wronskian (2.18) vanishes for non-trivial solutions ¢} and ¢}, satisfying the boundary
conditions (2.10) at « = 0 and u = m, respectively.

3. The Qualitative Behavior of the Spectrum. We now explain qualita-
tively how the spectrum of the angular operator looks and how this qualitative be-
havior can be understood. This will also motivate and explain the statements in
Theorem 1.1. Before discussing the effect of the imaginary part, we consider the sit-
uation that 2 and A\ are real, so that V is real-valued. Then the spectrum can be
understood most easily by considering the Sturm-Liouville equation (2.2) as a one-
dimensional Schrodinger equation with Hamiltonian (2.3). As shown on the left of
Figure 1, the potential looks typically like a double-well potential. This potential is ap-
prozimately symmetric (because the quadratic terms in  are symmetric around 7 /2
according to (2.5), but the terms (2.6) are anti-symmetric). If instead of a double-well
potential we had a single-well potential, the n'® eigenvalue could be computed approx-
imately for large n by the Bohr-Sommerfeld-Wilson quantization condition (see [16,

§48] or [19, eq. (2.5.51)])
ygpdq =271,
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where one integrates momentum along a closed classical path of the particle. Thus,
denoting the zeros of V.= W — X by u, and u, (with uy < u, < 7/2), we obtain

/ T2\/)\n—Wdu:27rn. (3.1)

¢

From this formula, the expected eigenvalue gaps can be computed by

ur(n+1) ur oy Y
A \//\nH—Wdu—/ \/)\n—Wduz:/ Lntl 2 gy,
/ug(n—i-l) wg(n) [ 2V =W

wp (1)

so that

/\n+1 — /\n ~ 2T (32)

([ )
——du .

w VA=W

In particular, for the large eigenvalues we obtain Weyl’s asymptotics (see [21, Sec-

tion 11.6])

Ap = n?, Angl — Ap =1 (as n — 00) . (3.3)
Another spectral region of interest is if A lies near the minimum of the potential.
Approximating W by a quadratic potential and using that W” ~ Q2 in this case we
obtain the scaling

M=, A=A Q] (fl<n< Q). (3.4)

These formulas describe the behavior of the eigenvalues if we had a single-well po-
tential. The eigenvalues of the double-well potential can be understood by considering
two Hamiltonians with a single-well potential and by weakly coupling them together
via a potential barrier (see for example [20, Section 3.3]). If our double-well potential
was symmetric about 7/2, the two single-well Hamiltonians would have degenerate
eigenvalues. Coupling them together slightly removes the degeneracy, leading to the
well-known eigenfunctions with even and odd parity (similar as considered for example
in [20, Sections 3.4 and 3.5]). In this way, we would end up with pairs of eigenvalues.
These pairs would be separated by spectral gaps having the behavior (3.2). Since in
our situation, the double-well potential is not symmetric about 7/2, we do not know
a-priori whether the eigenvalues of the two single-well Hamiltonians are degenerate
or not. But we can conclude that the eigenvalues of the double-well Hamiltonian can
appear at most in pairs, separated by gaps which again scale according to (3.2). If A
is chosen much larger than the potential barrier, the eigenfunctions no longer see a
double-well potential. Therefore, Weyl’s asymptotics (3.3) should again hold for the
large eigenvalues.

These simple qualitative arguments already allow us to understand the statement
of Theorem 1.1 in the special case of a real potential. Namely, the operator Qg is
the spectral projection on all the small eigenvalues, for which the Born-Sommerfeld
rule is not a good approximation. The operators 1, @2, ... are spectral projection
operators corresponding to one or two eigenvalues (depending on whether there is a
spectral pair or not).

Before moving on to the complex potential, we remark that in the case k = *+s,
the potential at the pole goes to minus infinity (for a typical example see Figure 2).
However, it turns out that, using the known asymptotics of the wave functions near
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the pole, the above qualitative arguments still go through if we choose uy ~ |Q|7%
close to the inflection point of the potential.

We next discuss the situation for a complex potential. One potential method is
to treat the imaginary part of W as a slightly non-selfadjoint perturbation (see [15,
V.4.5] or as the application to the spheroidal wave operator in [8, Section 8]). For this
method to be applicable, the imaginary part of the potential must be small compared
to the gaps, i.e.

T W] < Aps1 — A - (3.5)

For any fixed €2, this condition will be satisfied for sufficiently large n in view of Weyl’s
asymptotics (3.3). But the inequality (3.5) cannot be satisfied uniformly in Q, as the
following argument shows: Using (1.5) in (2.4), one sees that

sup | ImW| 2 ¢|Q]

0,7

with a constant ¢ which may be large. Therefore, the inequality (3.5) is in general
violated if we are in the asymptotic regime (3.4). By choosing 2 large, one can arrange
that this asymptotic regime includes arbitrarily many eigenvalues. We conclude that
Im W cannot in general be treated as a slightly non-selfadjoint perturbation. This
means qualitatively that the imaginary part of W shifts the eigenvalues considerably
on the scale of the gaps. The eigenvalues will typically move into the complex plane.
Moreover, degeneracies and Jordan chains may form.

In order to locate the spectrum in the complex plane, for a complex potential
whose real part has a single well one can again use the Bohr-Sommerfeld condi-
tion (3.1), which now makes a statement on both the real and imaginary parts of the
integral on the left (3.1). Treating the imaginary part of A — W as a perturbation, we
thus obtain to first order

/ur Re (A, — W) du = mn (3.6)

Im(\, — W)

v RO ) u=0. (3.7)

We will prove that these relations really make it possible to locate the spectrum in
the complex plane. Applying these relations naively, we find for the Hamiltonian with
the single-well potential that the real part of the eigenvalues behaves just as discussed
for the real potential. The imaginary part of the potential, however, must be adjusted
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such that (3.7) holds. In particular, we again find that the spectral points form at
most pairs, separated by spectral gaps which scale similar to (3.2). If the two spectral
points of the pair coincide, a Jordan chain of length at most two may form. In this
way, one can understand all statements of Theorem 1.1.

4. Overview of the Proof of the Main Theorem. Making the above quali-
tative arguments precise requires an intricate combination of different mathematical
methods. In order to facilitate reading, we now give a short overview of the proof
of Theorem 1.1. In Section 5, we collect general statements on Sturm-Liouville oper-
ators with a complex potential. We show that the spectrum is purely discrete, and
that the Hilbert space can be decomposed into a direct sum of invariant subspaces.
Moreover, idempotent operators mapping onto these invariant subspaces can be con-
structed using contour integral methods. In Section 6 we introduce a useful method
for analyzing the oscillatory behavior of solutions of the Sturm-Liouville equation
of the form (2.17). These estimates are essential for locating the spectrum and for
making the Bohr-Sommerfeld condition (3.6) precise.

Our proof involves a deformation argument where we continuously deform a real
potential to our complex potential (Section 16). Moreover, in our proof we will some-
times be able to treat the imaginary part of the potential as a perturbation (cf.
Section 8). The starting point of these methods is to have detailed information on
the spectrum and the spectral gaps for a real potential. These estimates are worked
out in Section 7.

In Section 8 we employ the method of slightly non-selfadjoint perturbations to
obtain the desired spectral representation provided that € lies in bounded set (see
Proposition 8.1). Therefore, all the subsequent sections are devoted to the problem
of getting estimates for large ||, uniformly in the spectral parameter \.

In Section 9 we derive an a-priori estimate for the imaginary parts of all eigen-
values. The method is to evaluate an expectation value (see (9.1)) giving an equation
which makes the Bohr-Sommerfeld condition (3.7) precise. This a-priori estimate
is needed in order to distinguish the different cases and regions in Section 10. In
Section 12 we shall return to the method and refine it considerably.

For the remaining estimates we shall construct approximate solutions of the
Sturm-Liouville equation by glueing together WKB, Airy and parabolic cylinder func-
tions as well as asymptotic solutions near the poles at © = 0 and v = w. Moreover,
we derive rigorous error bounds. In Section 10 we give an overview of the different
cases and regions and explain how to locate the spectrum. The detailed estimates are
worked out in Section 11.

Section 12 gives refined integral estimates of the imaginary part of the potential
(see Propositions 12.1 and 12.2). These estimates make use of the specific form of our
potential and will be needed several times in the subsequent sections.

In order to show that the Jordan chains have length at most two, our method
is to show that if Ao is an eigenvalue, then there is an annular region around Ao
which contains at most one other eigenvalue (see Figure 7). In order to construct this
annular region, we differentiate the equations with respect to A and use an implicit
function argument. The \-derivatives are computed and estimated in Section 13. The
construction of the annular regions is given in Section 14.

Section 15 is devoted to estimates of the Green’s function. Here the main task is
to estimate the Wronskian w(¢7, ¢3) of the fundamental solutions in (2.17).

In Section 16 we continuously deform the potential from a real potential to our
complex potential. Combining all the results from the previous sections, we can track
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the eigenvalues and control the spectral gaps. We also derive uniform norm estimates
for the operators @, and show that their sum converges strongly to the identity.

5. General Functional Analytic Results. In order to get into the standard
functional analytic framework, we consider the Sturm-Liouville operator (2.3) as an
operator on the Hilbert space L2((0,)). As the dense domain of definition we choose
those function in C%((0,7)) N L?((0, 7)) which satisfy the boundary conditions (2.10).

LEMMA 5.1. The spectrum of the Hamiltonian (2.3) is discrete and has no limit
points.

Proof. For Sturm-Liouville equations with a continuous potential, this is proved
in [3, Chapter 12]. Since the potential (2.8) has poles at u = 0 and u = 7, we give the
proof in detail. For any A € C, we choose non-trivial solutions ¢ and ¢r with the
generic asymptotic behavior (2.17). These solutions can be chosen to depend locally
holomorphically on A in the sense that every Ao € C has an open neighborhood U such
that the functions ¢, and ¢ are holomorphic in A € U (these holomorphic families
can be constructed for example by taking the solutions of the Sturm-Liouville equation
for variable A but fixed boundary values at some u € (0,7)). Then the functions ¢?
and ¢, defined by (2.17) as well as their Wronskian in (2.18) are also holomorphic
inAeU.

Let us show that the function w(¢}, ¢%) does not vanish identically. If this were
the case, by analytic continuation we would conclude that w(¢?, ¢%) vanishes iden-
tically for all A € C. Thus for every A € C there would exist a non-trivial solution ¢
satisfying the boundary conditions (2.10). On the other hand, the computation

d? 2 712 2
w|¢| =2|¢'|” +2[¢|* Re(W — )

shows that if A is large and negative, then the absolute square of ¢ is convex away
from small neighborhoods of the poles at 0, 7. But this convexity is incompatible with
the asymptotics near the poles in (2.10), a contradiction.

The result follows because holomorphic functions which do not vanish identically
have isolated zeros. O

For a self-adjoint operator, one can construct the spectral projection operators
by integrating the resolvent along a closed contour. In our non-selfadjoint setting,
where the operator need not be diagonalizable, we cannot expect to obtain a spectral
decomposition. But we can detect invariant subspaces:

LEMMA 5.2. Let T" be a closed contour which lies entirely in the resolvent set and
encloses points in the spectrum with winding number one. Then the contour integral

Qr = _1 sy dA (5.1)
r

27
defines a bounded linear operator whose image is the invariant subspace corresponding
to the spectral points enclosed by T'.
The operator Qr is idempotent. Moreover, the product of two operators Qr
and Qrs is given by

QrQr = Qr, (5.2)

where T is any contour which encloses precisely all the spectral points enclosed by T’
and I, all with winding number one.
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Proof. We first show that Qr is idempotent. Multiplying the identity
(H=—XN)—(H-X)=XN -\
for A # )\ from the left by s, and from the right by sy, one obtains the resolvent
identity (see for example [18, Theorem VI.5])

1
SX Sx = PN (sx—sxn)-

We let IV be a contour obtained by continuously deforming the contour I' in the
resolvent set such that every point of I" is enclosed by I with winding number one.
Then, using the resolvent identity,

(sx = sx)

1 1
QrQr=QrQr =—— d Szg aN
r &r r &r 2 P A / A S

1 ax 1 d\ ,

Carrying out the inner contour integrals with residues, the integral in the first sum-
mand gives —27¢, whereas the integral in the second summand vanishes. We conclude
that Qr Qr = Qr.

In order to prove the more general formula (5.2), it is convenient to deform the
contours and to decompose each contour integral into a finite sum of integrals where
each contour encloses only one spectral point. Then, in view of the idempotence of
the @), it remains to prove (5.2) in the case that T and I enclose different points of
the spectrum. By continuously deforming I'" without crossing spectral points we can
again arrange that the contours I" and I do not intersect. As in (5.3), we obtain

1 dN 1 dA ,
e =—qm b (f55)nn e f (F305) v 6o

Since the contours enclose different points in the spectrum, no point of I' is enclosed
by IV and vice versa. Hence the inner integrals in (5.4) vanish, proving that Qr Qr» =
0.

It remains to show that the image of Qr comnsists of the invariant subspaces
corresponding to all the spectral points enclosed in I'. Let @ C C be the open set
enclosed by I'. Since the spectral points are isolated, we may decompose €2 into a
finite number of subsets such that the boundary of each subset is a closed contour
enclosing only one spectral point. Thus it suffices to consider the situation that I'
encloses exactly one spectral point \g. Since the Wronskian in (2.19) is holomorphic
in A, the resolvent sy at A\gp has a pole of finite order n. Iterating the identity

21

1 1
HQp = ——gﬁ(xsk 1) dr= ——,y§Asde,
T 21 r

we obtain

1

(H—)\()) QF:_%é(A_AQ) Skd)\zo,

where in the last step we used that the integrand is holomorphic. Hence every vec-
tor in the image of Qr is contained in the invariant subspace corresponding to Ag.
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Conversely, let 1) be a vector in this invariant subspace. Then there is N € N such
that (H — X\o)V¢ = 0, and thus

N
— (H=X)+ (=) o= Z() N=k (H — )k .
k=0

Multiplying by s, and solving for sy, we obtain

N

s\ = —Z <JZ> A=) " (H = N1y

k=1
Taking the contour integral, a computation with residues yields

N

Qror = iZ(k)?g%‘”:§(ZZ)?§ﬁ‘”
N
—Z() DF 1y = — Z() Yry=4¢—(1-1)Np=1.

Hence 1 really lies in the image of ). This concludes the proof. O

This lemma also shows that the dimension of the invariant subspace is at most
the order of the pole of the resolvent.
The next lemma bounds the resolvent away from the real axis.

LEMMA 5.3. If

inf [ImV]>0, (5.5)
(0,m)

then the Wronskian in (2.18) has no zeros. Moreover, the resolvent is bounded by

-1
syl < inf |[ImV
” >\|| = ((0,77)' |>

(where || - || denotes the sup-norm on Hy,).

Proof. Since Im V' is continuous, the condition (5.5) implies that Im V' is either
always positive or always negative. We only give the proof in the first case because
the second case is similar. If the Wronskian in (2.18) is zero, there is a non-trivial
solution ¢ of the Sturm-Liouville equation (2.7) with the asymptotics (2.10). In the
case k + s #£ 0, differentiating the asymptotics (2.11), one sees that

b(u) ~ uz ksl (1+0(u)) and ¢ (u) ~ u~ 2 sl (1+0(w).
As a consequence, we do not get boundary terms when integrating by parts as follows,

0= (| (=02 +V)¢)r2 = (0ud| Oud)r2 + (& V)12 . (5.6)

Taking the imaginary part, we conclude that

_ T 2
0_/0 mV g2, (5.7)
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Fi1Gg. 3. The contour T.

in contradiction to (5.5). In the case k = s, the situation is a bit more subtle because
differentiating the asymptotics (2.12), one sees that

O = eru+ O and 9w = 5=+ O(u)

This implies that integrating by parts in (5.6) we get real-valued boundary terms, so
that (5.7) again holds. The remaining case k = —s is treated similarly by differenti-
ating (2.13).

Next, setting ¢ = sy¢ and again integrating by parts, we obtain

[ 18]l > [(]d) 2| = [(W[(—=02 + V)W) 2| > [Im(p V) 2| > 0| (%r_lj)lmv,
implying that
[l = lIsaell (%1)17{) ImV .

Since this inequality holds for all ¢ € Hy, the result follows. O

We are now in the position to state a general completeness result. The method is
based on an idea in [1, proof of Theorem 2.12] and was used previously in [9]. First,
we write the potential (2.8) and (2.9) in the form

V=W-=-2A

with W independent of A. For given R > 0, we consider the two contours I'y and T’y
in the complex A-plane defined by

Iy = 9Br(0)N {Im/\ <~ nf [T W - \/E}

s = 9BR(0) N {Im/\ > inf |Tm V| + \/ﬁ} ,

and set I'(R) = T';y UT'y (see Figure 3).
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THEOREM 5.4. For any ¢ € CgO((o,w)),

¢(u) = —=— lim / (sad)(u (5.8)

271'2 R—o0

Proof. Since the length of the contour Sy U Sy := dBr(0) \ T'(R) only grows

like V/R,
n_f oo
0Br(0) A Jrr) A

% A / (5.9)

Since our contours lie in the resolvent set, we know that for every A € T'((R),

1 o
< 7/ ) =3 0.
R S1US2

As a consequence,

d=sx(—0>+W =\ ¢.
Dividing by A and integrating over I'(R), we can apply (5.9) to obtain

b(u) = —— lim /F(R)%(S,\(—55+W—)\)¢)(U)

271 R—oo

g dm [ o - 5o caemaw o,

But the second term in the curly brackets vanishes in the limit, because by Lemma 5.3,

[t mow S <
T'(R)

/ C ld _ 27C
I'(R) N \/R '
Thus (5.8) holds. O

This theorem shows that the operators Qr defined by (5.1) converge to the identity
if I' tends to a contour which encloses the whole spectrum. The advantage of this
method is that it does not require a functional analytic framework, but only uses
properties of the Green’s function sy (u,u’). The drawback is that one obtains strong
convergence only on a the dense subspace of test functions. In order to prove strong
convergence on the whole Hilbert space, we will rely on the theory of slightly non-
selfadjoint perturbations (see Section 8 and Section 16.4).

6. An Osculating Circle to the (-Curve. In order to locate the spectrum, we
need to find the zeros of the Wronskian in (2.18). The main difficulty is to understand
the behavior of the integrals in (2.17). To this goal, we now develop a method referred
to as the “osculating circle method.” For ease in notation, we only consider the
solution ¢7 and omit the subscript L. We denote the integral in (2.17) by

“ 1

C(u) == E (6.1)
Then

P°=Co, (6.2)
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F1G. 4. The osculating circle to the curve ¢(u).

making it possible to relate the behavior of ¢° to properties of the function ¢(u).

In order to clarify the evolution of the function ¢(u) in the complex plane, it is
useful to consider the osculating circle to the curve ¢ at a point ((u) (see Figure 4).
The curvature K of the curve {(u) and the radius R of the osculating circle are given
by (see for example [4, Theorem 5.1.6])

Im(¢” (') 1

R=— . (6.3)

K=-—2=
¢ K|

The center p of the osculating circle is

HDSINS

Moreover, we introduce the angle ¢ as the argument of ¢,

¢ =lo|e”. (6.5)
Then
¢ 6P _
¢ ¢? ’
so that (6.4) becomes
C=p+ % e~ (6.6)

In order to simplify the computations, we always choose the phase and normalization
of ¢ such that

B(up)? Tmy(ug) =1 (6.7)
for some uy which will be specified later. Moreover, we set
Yo = y(uo) - (6.8)

Using the definition (6.1) of ¢ as well as the differential equation (2.7), we obtain
useful formulas for ¥, K, p and their derivatives.

LEMMA 6.1.

¥ =Tmy. (6.9)
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Furthermore,
_ 2 = ( = 77;
K(u) =26 Ty, P =~ 5z (6.10)
!/ _ 2 / . Z
and
R'(u) = tm V (6.12)

C2[¢P2 Imy|Imy|

Before coming to the proof, we point out that for a real potential, this lemma shows
that K, p and R are constant. Thus for a real potential, the curve ((u) lies on a fixed
circle with radius R centered at p. The position of { on the circle is described by the
angle 9, and its evolution is described completely by (6.9). Moreover, we point out
that |p’| = |R’|, which can be understood from the fact that the point ¢ stays on the
circle as the osculating circles move.

Proof of Lemma 6.1. A direct computation yields

! 1 1 ¢I 2
1 d 1 1 /
¥ = 5 I Imlog ¢ = ) Im %/ =TIm <¢2 ¢3) =Imy
"= Imy
I N = 92 < .
m(¢" (") 2 BE

This gives (6.9) as well as the formula for K in (6.10). Using this formula in (6.4), we
obtain the second equation in (6.10).
Next, we write out the real and imaginary parts of the Riccati equation (2.14),

Rey’ =ReV — Re?y +Im?y (6.13)
Imy =ImV — 2ReyImy. (6.14)

Using (6.14), we obtain
K' = 2/¢]Tm(y) + 4Rey 6[2 Tmy = 2 Im V' |62,

giving the formula for K’ in (6.11). Moreover,

L, 1 P2

pu— —I —_— o

PO Ty M) T Sy
1 i 1 i

= 4+ ' (ImV —2Reyl )7 oz
¢2+2Im2y(m CUIY) 52 T 2 my g2
1 iImV i ) iImV

i
— ey + = .
¢2 2¢2 Im2 y ¢2 Im Y Y ¢2 Im Yy Y 2¢2 Im2 y
Finally, we differentiate (6.3),
, KK’
K5

and using (6.10) and (6.11) gives (6.12). O
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7. Estimates for a Real Potential. In Section 16 we shall consider a homo-
topy of the potential which joins the potential V' with its real part. In preparation
for this analysis, we now derive eigenvalue estimates for a Sturm-Liouville equation
with a real potential. More precisely, we replace the potential in the Sturm-Liouville
equation (2.7) by its real part,

d2
(=, +ReV)s=0, (7.1)

where V is again given by (2.8) and (2.9). We can assume that A is real, so that the
equation can be written in the Schrédinger form (2.2) with the Hamiltonian

d2
H=——— +RelW. (7.2)

This Hamiltonian has a unique self-adjoint extension, as the following consideration
shows: In the case k # s, the asymptotics in (2.11) shows that one of the fundamental
solutions is square-integrable near u = 0, whereas the other fundamental solution is
not. Using Weyl’s notion, the Sturm-Liouville operator is in the limit point case at u =
0 (see [3, Sections 9.2, 9.3]. In the case k = s, on the other hand, according to (2.12)
both fundamental solutions are square integrable. This is the so-called limiting circle
case (see [3, Sections 9.4]). In all of these cases, our boundary conditions (2.10) give
rise to a unique self-adjoint extension (for details see [3, Sections 9.2, 9.3, 9.4] or [5,
Chapter XIII.2]).

For ease in notation, we denote the selfadjoint extension of (7.2) again by H, and
its domain of definition D(H). For the analysis of the spectrum, it is again useful to
consider the Riccati equation corresponding to (7.1), which we write as

Yy =ReV —y?, (7.3)

where we again set y := ¢’ /¢. We consider complex-valued solutions of this equation.
A direct computation (see also [8, eq. (3.8)]) shows the product |¢|? Imy is a constant,

w := |¢|> ITmy = const . (7.4)
This implies in particular that the function y cannot cross the real axis.

7.1. A Node Theorem. The classical node theorem (see for example [23, The-
orem 14.10]) states that the n'™® eigenfunction of a Sturm-Liouville operator has ex-
actly (n — 1) zeros. We now state and prove this node theorem in our setting. In the
subsequent Sections 7.2 and 7.3, we will apply the node theorem to obtain eigenvalue
estimates and the Weyl asymptotics. There are two reasons why we decided to give
the proof of the node theorem in detail. First, due to our singular boundary con-
ditions, the proof given in most textbooks does not apply to our problem. Second,
our proof works with osculating circles and complex solutions of the corresponding
Riccati equation. It can be used as an introduction to the methods needed later in
this paper.

PROPOSITION 7.1. The spectrum of the Hamiltonian (7.2) is a discrete subset
of R which is bounded from below. Numbering the eigenvalues in increasing order,
Ao < A1 < ..., the eigenfunction corresponding to A\, has exactly n zeros on the open
interval (0, 7). Moreover, choosing A = A, any solution y of the Riccati equation (7.3)
with Imy > 0 satisfies the relation

/Flmy:(n—l—l)w. (7.5)
0
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Proof. We let ¢1 and ¢2 be two real-valued fundamental solutions of the
ODE (7.1). Since their Wronskian

w = P2 — P1¢h

is a non-zero constant, the functions ¢; and ¢, cannot have common zeros. Hence
the complex solution ¢ := @1 + i¢2 has no zeros. By choosing suitable fundamental
solutions, we can arrange that the corresponding solution of the Riccati equation (7.3)
satisfies (7.4) with w = 1, so that

|p|> Tmy = 1. (7.6)

The relations (6.2) and (6.1) define a solution ¢° which satisfies the boundary
condition at v = 0. The boundary conditions at ©u = w are satisfied if and only
if {(m) = 0. Hence the condition for an eigenvalue can be stated as

((m) =0. (7.7)

In order to control the behavior of the function {, we again use the osculating circle
method of Section 6. For a real potential, the relations (6.11) show that the center
and the radius of the osculating circle are fixed. Moreover, combining the first identity
in (6.10) with (7.6), one sees that K = 2. Hence the formula (6.6) simplifies to

) =p+ 5 e, (79)

where ¥ satisfies the differential equation (6.9). As a consequence, the eigenvalue
condition (7.7) can be written as

/ Imy € 7Z . (7.9)
0

The above formulas are valid if we let y be any solution of the Riccati equation
in the upper half plane and if we satisfy (6.7) (and consequently also (7.6)) by letting

u

o(u) = m exp (/u y) . (7.10)

0

We now consider in particular a family of solutions y parametrized by A € R such
that

lim ¢*(u) Oay(u) =0 forall A e R. (7.11)
u 7
Such a family exists in view of the asymptotics near v = 7 as worked out in [12,
Section 8] (namely, one chooses ¢ with the asymptotics as in [12, Section 8] with
coefficients adjusted such that the leading asymptotics is independent of A, implying

that 0y vanishes to leading order).
Differentiating (2.14) and (6.8) with respect to A and using that 9,V = —1 gives

Y\ =—1-2yyx, yx(uo) = Oayo - (7.12)

Solving this linear ODE by integration, we obtain

&w:&ww&m—/¢%
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so that

. ¢2(u0) _ 1 “ 2
ya(u) = 52(u) Yo peTon /uoqb . (7.13)

Integrating this differential equation with respect to A yields

/OF yx = ¢*(uo) Oayo ¢ — /OF <¢21( j / ¢2) : (7.14)

In the last integral we perform the transformations
/du/ dv---:/ dv/ du
uo uo uo v
uo u uo uo uo v
/ du/ dv---:—/ du/ dv---:—/ dv/ du ---
0 ug 0 u 0 0

/o (¢2<>/ ¢2>d“—/ ¢*(v) dv—/ouoef(v)dgdv.

Taking the limit ug /7 and using (7.11), the relation (7.14) simplifies to

/Owaxy—/ouosbzc—/ouowfﬁ

The representation for ¢¢® derived in Lemma 7.3 below shows that the function ¢¢®
has a non-negative imaginary part, and that its imaginary part is even strictly positive
on a set of positive measure. Therefore,

to obtain

/ OxImy >0 for all A € R,
0

showing that for our family of functions y, the integral (7.9) is indeed strictly increas-
ing in A.

Combining this strict monotonicity of the integral (7.9) with the continuous de-
pendence on the parameter A, the intermediate value theorem gives rise to eigen-
functions A,, which are uniquely characterized by their number of zeros. Since the
integral (7.9) is strictly positive, converges to zero as A — —oo and tends to infinity
as A — oo (using the WKB asymptotics), we conclude that there is a sequence of
eigenvalues \g < A1 < ... and that the eigenfunction corresponding to A, has pre-
cisely n zeros in the open interval (0, 7). Moreover, we conclude that (7.5) holds for
the family of functions y satisfying (7.11).

In order to show that (7.5) holds for any smooth family of solutions y with Imy >
0, we use the following continuity argument: For any fixed A = \,,, we denote the
solution satisfying (7.11) by yo, and let y be any other solution with Imy > 0. For
any 7 € [0, 1], we let (y,) be the family of solutions of (7.3) with initial conditions

y-(5) =7wo(5) + (1 =7)y(5) .

Then the condition (7.9) is satisfied for any 7,

/ Imy, € 7Z.
0



54 F. FINSTER AND J. SMOLLER

By continuity, this integral is independent of 7. We conclude that (7.5) holds for
any 7 € [0, 1], and in particular for 7 = 1. O

REMARK 7.2. We remark that for a real potential, the eigenvalue condition (7.9)
can also be understood without going through the osculating circle estimates, as we
now explain. Since the real and imaginary parts of ¢ form a fundamental system, the
solution ¢” can be represented as

o° =c Im(e_io‘@ (7.15)

for a suitable phase a and a complex prefactor c. The zeros of ¢ are then determined
by the phase of ¢,

o° =0 — argp € a + 7.
In particular, for ¢* to satisfy the Dirichlet boundary conditions, it follows that
arg ¢|g Sy v/

Differentiating gives

d _d B ¢
@arg¢—almlog¢—lm E—Imy7 (7.16)
and applying the fundamental theorem of calculus again gives (7.9). Moreover, one
sees again that the integral in (7.9) gives 7 times the number of zeros on (0, 7) plus
one. Using the osculating circle method has the advantage that with (6.2) we have
an explicit formula for ¢, making it unnecessary to think about how the angle «
in (7.15) is to be chosen.

We append the lemma which shows that the integrand Im(¢¢®) has a definite
sign.

LEMMA 7.3. For every solution ¢ satisfying the normalization condition (6.7)
(for any ug € (0,7)),

Hf ),

Im (¢(u) ¢°(u)) = % [¢(u)? (1 T @) 0 )2

Proof. Clearly, ¢® is a linear combination of the fundamental solutions ¢ and ¢,
ie.
P =adp+B¢ (7.17)

for suitable coefficients a, 3 € C. In order to compute these coefficients, we compute
the Wronskians of ¢° with both ¢ and ¢. First, using the ansatz (7.17), we get

w(¢a ¢D) = ﬁw(gbaa) ) w(av (bD) = - w(gbaa) :

Next, using the representation (6.2) and (6.1), we obtain
w($,¢°) = ¢' o — b (9¢) = —¢* (' = ~1
w(@,6°) = 39~ 6 (60) = ~w(6,8) ¢~ 9* ¢’ = ~w(,§) ¢ ~ .
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Comparing these formulas, we can compute o and 8. We obtain that for any v € (0, ),

0
w(¢,9) ov)* " w(o, P)
Finally, the normalization condition (6.7) implies that w(¢,¢’) = 2i. Computing

Im ¢¢® using the above relations, taking the limit v \, 0 and using that lim,\ o {(v) =
0, we obtain the result. O

=)+

7.2. Lower Bounds for Small Eigenvalues. In order to obtain eigenvalue
estimates, we need to count the number of zeros of the function ¢°. Our method is
to decompose the domain (0, 7) into subintervals on which the potential Re V' has a
definite sign. On every interval where Re V' is positive, the number of zeros is a-priori
bounded:

LEMMA 7.4. If I is a closed interval with ReV|; > 0, then ¢ has at most one
zero on I.

Proof. Assume conversely that there is more than one zero on I. We choose two
neighboring zeros u; < wy. Then, possibly by flipping the sign of ¢ we can arrange
that ¢°|(,, u,) > 0. As a consequence, the function ¢® is convex on [u1, us] (for details
and other estimates using this convexity property see [8, Section 5]). This implies that
@ is non-positive on (u1,us), a contradiction. O

LEMMA 7.5. Let y be any solution of the Riccati equation (7.3) with Tmy > 0.
Then the number Z of zeros of ¢° on an open interval I C (0, ) is bounded by

1 1
—1+—/Imy < Z < 1+—/Imy.
™ J1 ™ Jr

Proof. One method of proof is to consider the osculating circle for a real po-
tential (7.8) and to note that the change of the phase ¢ is given by the differential
equation (6.9). Finally, the representation (6.2) shows that the zeros of ¢" coincide
with the zeros of . An alternative method is to use the representation (7.15) with ¢
according to (7.10), and to make use of the fact that arg¢ satisfies the differential
equation (7.16). O

Combining the node theorem of Proposition 7.1 with the last two lemmas, we
obtain the following corollary.

COROLLARY 7.6. Let I1,..., I, C (0,7) be open intervals such that ReV is non-
negative on the complement of Iy U---U I. On the I, we choose any solutions yy of
the Riccati equation (7.3) with Imy, > 0. Then for the N** eigenvalue Ay,

k
T(N—-2k-1) < Z/J Imy, < 7(N+E) .
=171

We now apply this corollary to the spheroidal wave operator. We restrict attention
to lower bounds for the eigenvalues, but remark that upper bounds could be derived
with similar methods.

ProposiTION 7.7. For every constant c3 > 0 and any parameters k, s, there is
N = N(cs,k,s) € N such that for all  in the range (1.5) with |Q] sufficiently large,
the N* eigenvalue is bounded from below by

An > ]9 (7.18)
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Proof. In order to prove (7.18) we consider A < ¢3 |Q| for large |Q]. Then, due to
the summand Q2 sin? v in (2.8), the real part of the potential is non-negative except in
a neighborhood of v = 0 and u = 7. By symmetry, it suffices to analyze the behavior
in a neighborhood of v = 0. Then the estimate

1 2 , 2 0,3
shows that the potential is positive if

w>upi=2(cs+1) Q77 . (7.20)

We begin with the case k # s. In this case, the estimate (7.19) is improved to

3 Q2

In particular, we conclude that for large ||,
ReV > —2(c5+1)|9] (if k # s) . (7.21)

We choose a (possibly empty) interval (u—_,u,) such that Re V' is negative inside and
non-negative outside this interval. In view of (7.20) we may choose u_,uy < uj. In
order to count the zeros of ¢ on the interval (u_,uy) we can assume that the mini-
mum ugy of ReV lies in the interval (u_,uy) (because otherwise the interval (u_,u.)
is empty, and there is nothing to do). We consider the solution y of the Riccati
equation (7.3) with initial conditions

y(uo) = iv/|Re V(uo)| - (7.22)

We now apply the T-method (see [12, Theorem 3.2] or [6, Lemma 4.1]), choosing oo =
0. Then U =ReV, 0 =0 and

~ ReV’

=3

(see [12, eqns. (3.3)—(3.5)]). Using that ReV is monotone increasing on [ug, uy) and
monotone decreasing on (u_,ug|, we obtain

Re V(uo) |2

Tu) = ReV(u)

)

giving rise to an invariant disk estimate with center m(u) = i8(u) and radius R given
by

Blu) = 5

R(u) = % (| Re V(uo)|? — |Re V(u)| |ReV(u0)|—%) _

(IReV (uo)|> + |Re V()] | Re V (uo)| )

In particular, one sees that

Imy < +/|ReV(up)| on (u_,us) .
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As a consequence,

U4 3
/ Imy < /|ReV (uo)| Juy —u—| < /[ReV(ug)lur < (2(cs +1))? ,

where in the last step we applied (7.20) and (7.21).

In the case k = s, on the other hand, the function Re V' tends to minus infinity
as u N\, 0. We choose u_ =0 and uy < uy with ReV(uy) = 0. We first apply the
invariant disk estimate near the pole as worked out in [12, Section 8.1]. This estimate
applies up to some @ < |Q|_%. Choosing @ such that Re V' is monotone increasing on
the interval (@, u), on the remaining interval [@,u;] we can again use the T-method
with a = 0. Again, this gives rise to the estimate

Uy
/ Imy < C(cs) -

Working out similar estimates near © = m, we can apply Corollary 7.6 with k& = 2.
We conclude that we can choose N such that for all sufficiently large |€2|, the chosen A
is smaller than the N*® eigenvalue. This concludes the proof. O

7.3. Weyl’s Asymptotics. In the next lemma we show that our boundary
conditions (2.10) give rise to the usual Weyl asymptotics.

LEMMA 7.8. The spectrum of the Hamiltonian (7.2) with boundary condi-
tions (2.10) lies on the real axzis and consist of points A\g < Ay < ---. For large n, the
eigenvalues and gaps have the asymptotics

A =n? + 0O(n)
A+l — An =2n+ O(no) .

Proof. We consider the family of solutions y of the Riccati equation (7.3) with
initial conditions

y(3) =iV for A € RT.

Asymptotically for large A\, the potential ReV becomes nearly constant according
to (2.8), except at the poles at u = 0 and u = . In the case k # s, one can control
the behavior near the poles by using the T-method similar as explained after (7.22).
We thus obtain asymptotically

/Oﬂlmy_ﬁw+o(\%). (7.23)

In the case k = +s, one can use the asymptotics of the fundamental solutions as
worked out in [12, Sections 7 and 8] to again obtain (7.23).
Combining (7.23) with (7.5) gives the result. O

8. Slightly Non-Selfadjoint Perturbations. We now prove Theorem 1.1 un-
der the additional assumption that €2 is restricted to a bounded set:

ProrosiTION 8.1. Let U C C be a bounded set. Then for any s and k in
the range (1.4), there is a positive integer N and a family of operators Q,(2) on Hy
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defined for alln € NU{0} and Q € U which has the properties (1)—(v) in the statement
of Theorem 1.1.

This proposition differs from Theorem 1.1 by the fact that here the parameter N
may depend on the set U, whereas in Theorem 1.1 the parameter N is to be cho-
sen uniformly for all € in the unbounded strip (1.5). This uniformity in € is the
main difficulty of the present paper; its proof will be the concern of the remaining
Sections 13-16.

Proof of Proposition 8.1. We again consider the Hamiltonian (7.2) with a real
potential with boundary conditions (2.10) Choosing contours which enclose each of
the eigenvalues Ao, A1, ... with winding number one, the contour integral (5.1) defines
idempotent operators @, n € 0,1,.... Since H is formally self-adjoint, these oper-
ators are symmetric, implying that the @, are orthogonal projection operators onto
mutually orthogonal subspaces. For any A € C\ {\o, \1, ...}, we define the resolvent
of the self-adjoint problem by

2=3 5059

Here the sum converges absolutely in L(3(). Moreover, the resolvent satisfies the
identities

d? > 1
+ReW — Al )sy=1 and Qxl= sup —r.
< du du? neNU{0} |/\ - /\n|

Our method for treating the imaginary part of the potential is to use the theory
of slightly self-adjoint perturbations (see [15, V.4.5]), similar as worked out in [8,
Section 8] or [3, Chapter 12]. We first note that, since the poles in (2.5) are real-
valued, the imaginary part of the potential is bounded,

[ImW(u)| <C  forallue (0,7) and Q e U (8.1)

(where the constant C' clearly depends on U). Next, using Weyl’s asymptotics of
Lemma 7.8, we can choose N so large that

(A1 — An| > 4C foralln > N .

We choose contours 'y, (for n > N) as circles centered at \,, with radius 2C'. Moreover,
we choose I'g as a circle which encloses the eigenvalues Ag,...,An_1, and whose
distance to the spectrum is at least 2C' (see Figure 5). Then for any A on one of these
contours,

< —. 8.2
Isxll < 56 (52)
This makes it possible to define the resolvent for the Hamiltonian (2.3) with the
complex potential, which we denote for clarity by a tilde, via a Neumann series,

oo

Z — S ImW (8.3)

k=0
We now integrate this resolvent along the contours I';,,
~ 1

Qn::__. §AdAa TLG{O,N,N—Fl,} (84)
211 T
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/(\F]\H-l mN—lﬂ

Fic. 5. Contour integrals for slightly non-selfadjoint perturbations.

As explained in [15, V.4.5], these operators are idempotent and map onto the invariant
subspaces corresponding to the spectral points enclosed by the contour. Moreover, it
is shown in [15, V.4.5] that the spectral projections are complete. The bound (1.6)
follows immediately by estimating the contour integral (8.4) and the Neumann se-
ries (8.3) using (8.2) and (8.1). O

9. An A-Priori Estimate for Im V. Assume that A € C is an eigenvalue. We
let ¢ be a corresponding eigenfunction. This function satisfies the Dirichlet boundary
conditions at u = 0 and v = 7w. Therefore, the corresponding functions ¢7 and ¢%
as defined by (2.17) are both multiples of ¢°. Multiplying the differential equation
for ¢P by ¢P and integrating, we obtain

D _iQ p () 71’<_d2 >DD " _ V) &P AP
o= [(o(qa V) [ (-gatT) e = [ -Tee, o

where in (x) we integrated by parts and used the asymptotics for the decaying solution
n (2.11) and (2.12), (2.13) to conclude that the boundary terms vanish. We thus
obtain the relation

/ﬂImV|¢D|2 =0. (9.2)
0

This identity immediately gives rise to the following a-priori estimate.

LEMMA 9.1. Suppose that A\ € C is an eigenvalue. Then
Tm |, [Tm V] < [0

with a constant C which is independent of \ and €.

Proof. Using the explicit form of the potential (2.8) together with (1.5), one sees
that

|ImV —Im A| < 2¢[Q + const . (9.3)

The integral equation (9.2) implies that the function Im V' must change sign on the
interval (0, 7). As a consequence, the absolute value of Im X is bounded by the right
side of (9.3). This gives the result. O

10. Overview of the Estimates for a Complex Potential. We now enter
the general estimates. Recall that our equations involve the parameters k, s, {2 and .
We always keep k and s fixed. The parameters 2 and A\, however, may vary in a certain
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parameter range to be specified later on, and we must make sure that our estimates
are uniform in these parameters. In order to keep track of the dependence on 2 and A,
we adopt the convention that

all constants are independent of 2 and A,

but they may depend on k£ and s. Moreover, in order to have a compact and clear
notation, we always denote constants which may be increased during our construc-
tions by capital letters €y, Co,.... However, constants with small letters ¢y, ¢o, ... are
determined at the beginning and are fixed throughout. We use the symbol

5 for Sc

with a constant ¢ which is independent of the capital constants €; (and may thus be
fixed right away, without the need to increase it later on).

When increasing the constants C;, we must keep track of the mutual dependences
of these constants. To this end, we adopt the convention that the constant €; may
depend on all previous constants Cq,...,C;_1, but is independent of the subsequent
constants C;11,.... In particular, we may choose the capital constants such that €; <
Gy < ---. This dependence of the constants implies that increasing €; may also
make it necessary to increase the subsequent constants €1, Ciya,.... For brevity,
when we write “possibly after increasing €;” we implicitly mean that the subsequent
constants €41, Cj42,... are also suitably increased.

10.1. Different Cases and Regions. In view of Proposition 8.1, it suffices to
consider the case that || is large. Thus in what follows we always assume that

Q] > €.

Since the imaginary part of Q is bounded by (1.5), by increasing C4 we can always
arrange that

IRe Q2> 2 |QP2.

W] W

Furthermore, Lemma 9.1 gives us an a-priori bound on the imaginary part of the
eigenvalues,

| mag|o. | (10.1)

Moreover, in view of Proposition 7.7, we know in the case of a real potential that by
choosing N sufficiently large, it suffices to consider the case that X is real and A > [Q].
With this in mind, in our estimates we may restrict attention to the case

| Rex>e500. | (10.2)

This inequality will be justified a-posteriori by showing that if we deform the potential
continuously starting from a real potential and ending with our complex potential V',
then the inequality (10.2) will be preserved for all spectral points A, with n > N (for
details see Section 16.3).



SPIN-WEIGHTED SPHEROIDAL WAVE OPERATORS 61

For large ||, the real part of the potential looks qualitatively like a double-well

potential (see the left of Figure 1). More quantitatively, in the region [F, %’T] away

from the poles at u = 0 and u = 7, according to (2.8) we have

ReV = Re(Q?) sin®u — Re A + O(Q) (10.3)
ReV’ = 2Re(Q?) sinu cosu + O(Q) (10.4)
Re V" = 2 Re(Q2) cos(2u) + O(Q) . (10.5)

In particular, one sees that ReV has a unique local maximum at a point near 7,
which we denote by .y,

Re V' (Upax) =0 and T—— g +0(Q).

Moreover, the real part of the potential is concave near this maximum,
|2 {F 27‘1’}
- on |-, —|.
2 373
As the intervals (0, Upay] and [U.., 7) can be treated similarly, we mainly restrict

attention to the interval (0, u,...]. The value of the real part of the potential at its
local maximum distinguishes different cases:

—2|Q)? <ReV” < (10.6)

WKB case if Re V (Unay) < —C1 |
parabolic cylinder case if —C11Q] < ReV (Upa) < C1 (9 (10.7)
Airy case if ReV (tUmax) > €119

Here €; is a new constant which later on we will choose sufficiently large.

In each of the above cases, we estimate the solution by considering different
regions, as we now explain. First, we distinguish the pole region as the interval (0, uy)
with

€y
Uy JRex (10.8)
To the right of the pole region, there is a (possibly empty) WKB region (us, u,). The
definition of u, depends on the different cases. In the WKB case, we simply set u, =
Umax- 10 the parabolic cylinder case, the fact that the function Re V' is concave (10.6)
implies that there is a unique point u, € (5, Un.) with ReV(u,) = —€1[Q[. In the
Airy case, we make use of the following result.

LEMMA 10.1. In the Airy case, there are unique points wu,,uy in the interval
u < u < min (U, W) (10.9)
with
ReV(u,) = —v, ReV(uy) =v, (10.10)

where w, W and v are defined by

VRe A VRe A
u= . u=4 (10.11)
219 9]
. 1 2 2 1 1 2 2 1
v = min (1(65 |Q]* Re A)?, 5((‘31 1Q]* Re V (tyna)) 3) . (10.12)



62 F. FINSTER AND J. SMOLLER

Proof. We first show that ReV is strictly increasing on the interval (w, ty,..)-
First, according to (10.4), by increasing C4 we can arrange that the function ReV is

strictly increasing on the interval (%, %”) Moreover, the concavity of Re V' implies
that ReV is also monotone increasing on the interval [ s Umax)- On the remaining

interval (u, g], we have the estimate

2 2
Rev' > 20, >(ﬂ—i)u
ud =

2 2 ut

1 16¢|92\ .., 1 16c 2, o 19P
> (2o PR g2, s (2 0 K 10.1
> (3-8 oz (315 )iere= w00 oy

where in the last step we possibly increased (‘35. We conclude that ReV is strictly
increasing on the whole interval (w, t,,.,)-
Next, at u we have the estimate

Rel  4c|Q)?
< 2,2 i — e -
ReV(u) < |Q°u” + w2 Re A 4 Re A ReA
Re)\ 4c Re A

< — < —
<= 62 Re A — Re 5

where in the last step we possibly again increased C5. Moreover, if @ < u,,,,., we have
the estimate
4c|Q)?

Ro\ —Re A

1
ReV(@) > |Q|2g2_ui—ReAz4ReA—
>4 Rel\— 62 ReA—ReA > ReA,

where in the last step we possibly again increased Cs. Next, it follows from the
definition of v in (10.12) and (10.2) that v < Re A/4. Hence

ReV(u) < —v and ReV(min(E, umx)) >v.

Now the existence of solutions u, and u of (10.10) follows from the intermediate value

theorem. Uniqueness is an immediate consequence of the above strict monotonicity
of ReV. O

To summarize, the point u, is defined by
Ur = Upax in the WKB case
ReV(u,) = —C1 |2 in the parabolic cylinder case (10.14)
ReV(u,) = —v in the Airy case .

In the Airy case, the interval (U4, Un.,) with u4 as in (10.10) is another WKB region
to the right of the zero of Re V. We thus obtain the following regions:

pole region (0, up) in all cases

WKB region (e, ur) in all cases

parabolic cylinder region (u Umax)  in the parabolic cylinder case
Airy region (Ur, uy) in the Airy case

WKB region with ReV >0 (uy,Un.) in the Airy case.

(10.15)
The different cases are illustrated in Figure 6.
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V —— — — — — — ]
———————————— G| - ——_——_— . — — -
Uy Uy TN\
> Unax > U+ umax)
——————————— -9 --f-—-—-——=-A\-—-—-—--
WKB case parabolic cylinder case Airy case

FiG. 6. The different cases.

10.2. Locating the Eigenvalues. Our general strategy is to construct a spe-
cial solution y, of the Riccati equation (2.14) on the interval (0, u,,.,], and a special
solution yr on the interval [u,,.,, 7). These solutions are defined by the initial condi-
tions

yr(ud) =vé . yr(ul) =y, (10.16)

where u} and ufl are chosen near the poles at u = 0 respectively u = 7 (for details
see Section 11.2 and 11.3 below). We choose these special solutions in such a way
that our estimates become as simple as possible. This means in particular that these
solutions have no singularities. Then we introduce corresponding smooth solutions of
the Sturm-Liouville equation (2.7) by integration (cf. (2.15)),

$1.(u) = exp ( / y>  n(w) = exp ( | yR) | (10.17)

both normalized according to (6.7). These solutions will not satisfy the Dirichlet
boundary conditions (2.10). By introducing the functions ¢7 and ¢% again by (2.17),
we obtain solutions which do satisfy the Dirichlet boundary conditions. In order to
locate the eigenvalues, we must analyze the eigenvalue condition (2.18). It is most
convenient to evaluate the Wronskian at wu,,,.,

w(op, ¢7)| =0. (10.18)

Umax

Similar to (6.1) and (6.2) we set

vl
Co(u) = / 7 08 = b1 (1, (10.19)
Crlu) = — é , 5 = br Cr. (10.20)

Differentiating these relations, we obtain

(02) _ ¢L <L _ 1
® et e
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and thus
D DY) _ 4D D (¢E)/ _ (QS]}D%)I)
w(¢L7 (bR) ¢L ¢R ( Qb?/ ¢D
D D — 1
= %L %% (yL*‘¢L< o %cR)

1
= ¢ CL 9rCR (yL + oy YR — %> . (10.21)

Therefore, the eigenvalue condition (10.18) can be written alternatively as

1 -
01CL  OCr
Indeed, in this form the eigenvalue condition is most suited for our analysis. Our

main task is to analyze the behavior of the functions y;, and yr as well as the derived
functions ¢y, g and (1, (r (obtained by (10.17) and (10.19), (10.20)).

11. Estimates in Different Regions.

(yr —yr) + (10.22)

11.1. Estimates in the WKB Region (us,u,). The name “WKB region”
suggests that in these regions the WKB solutions should be a good approximation.
This really is the case, in the following sense:

ProproSITION 11.1. For any § > 0 and for sufficiently large C1, the WKB con-
ditions

|V/| |V//| |V///|

VIEVE

< (11.1)

5
2

hold in the WKB regions (ug, uy) and (U4, Unmay) (see (10.15)), uniformly in Q and X.

For the significance of the inequalities (11.1) we also refer to [12, eq. (4.1)] and the
estimates in [12, Section 4].

The proof of this proposition is split up into several lemmas. The proof will be
completed at the end of this section.

LEMMA 11.2. Possibly by increasing C1, we can arrange that in the region u > g,
the potential and its derivatives are bounded by

Re A Re\)?2
Wl < 0P+ 52 V| S lePu+ T
1
(Re )2 (Re \)2
V' S 197 + o V" S 19+ o
1 1

Proof. Using the explicit form of the potentials in (2.5), (2.6) and (2.8), we obtain

W < |Q|2u2—|— < |Q|2u2+ & Re )\ < Q% u? + ReA
é
Re A\
|V’|g2|9|2u+i35|9|2u+( 63)2
Uy Ci
1 Re \)? Re))?
v giops L <iops BNy <igp g © < jgp g BeNE
Uy (& Up Ci
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where in () we possibly increased C;. O
LEMMA 11.3. The statement of Proposition 11.1 holds in the region
u <u<u, (11.2)
where u is again defined by (10.11).
Proof. Using (2.8), we obtain

Re A

|V (u)] > |Re | — |[W| > —|Q2u? > —= 1 >Re. (11.3)

Re A
2

Hence

V] < (0P u+ ﬁ“)ﬂmw +m“)
1

/
sl lsdrd
V|E “Rea T €~ es el

vi_oler 111
VR~ WRea? @~ e

L R W 1

V2 ™ (ReA)2 (T?Neé f+e5’

giving the result. O

It remains to consider the complement of the region (11.2). This complement is
empty unless

]
w|>1

Re
219

Therefore, in what follows we can assume that

<

Re) < Q2. (11.4)
Moreover,
_VReX  (Re] |
=200 <20 2ﬂﬁ R
LeEMMA 11.4. Under the assumptions of Proposition 11.1,
v v
VR V]S

(11.5)

Proof. From (10.10), (10.12), (10.1) and (10.2) we know that
[V > v 2 min (C5[Q,€1]Q]) =€y |Q].

Combining this inequality with (11.4) and (11.5), the derivatives of the potential can
be estimated by

1
V' S10P + — S 191 + 10 S 10

VISP + < S 1P+ 10 S0k
U
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OF 1 v el
VIE ™ el o)l ’

==,
el
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As a consequence

1
vl
VP~ &P

completing the proof. O

It remains to estimate the term involving the first derivatives in (11.1)
LEMMA 11.5. The statement of Proposition 11.1 holds in the region

u>u,

where W is again defined by (10.11)
Proof. We can bound the potential from below by

O 2
o .

QQ
it u? —Re\ > 5

ReV > —
Hence
V' o 19Puw | (ReN): _ [Q 11
3 5 + 3 N + _3 < 5+ 03
QPud  CJQPud ~ ReX €} Cs €
(11.1) in the

V]2

sult. O
It remains to estimate the term involving the first derivatives
(11.6)

giving the result

u<u<u.

region
We begin with a lemma in the Airy case
LEMMA 11.6. The statement of Proposition 11.1 holds in the Airy case if
1 1
(C2|Q> ReA)® <2 (€T Re V() ® . (11.7)
(11.8)

Proof. In view of (10.12), the assumptions imply that
1
((3’2 1> Re A)F

Moreover, according to (10.10), we know that |V| > v. Hence
)

2

3 <9 u (1+ Q2o
(10.11)

|2 VRe A

V| S0P u+ —
u
02 (10.2)
sioru(1+ ) e S
v |Q|\/Re aLs 1
|V|2 1/§ N 65'

This concludes the proof
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Thus in the Airy case, in what follows we may assume that (11.7) is violated.
Since in the WKB region under consideration, we stay away from the zeros of Re V'
in the sense that |Re V| > v with v as in (10.12), it follows that

1
3

|ReV|> = ((‘32 121> Re V (Upnas) ) in the Airy case. (11.9)

We now return to the analysis of the region (11.6), without specifying whether we
are in the WKB, the Airy or the parabolic cylinder case. As a consequence of (11.6),

VIS |Q|21hL <19/ VReA S 1O,

where in the last step we again applied (11.4). From this inequality, we obtain the
desired estimate provided that one of the following two inequalities holds:

2
Vu)| > Co |02 3 or ReV(Upar) > ﬂ . 11.10
¢
1
Namely, the first inequality implies that
! Q? 1
V] < itl = — (11.11)

VI: Teiap e

On the other hand, if the second inequality in (11.10) holds, we are in the Airy case
(possibly after increasing C4), so that (11.9) yields the estimate

= ol
ol

Wl
Vv

V| > (€T 1Q]* Re V () * > €7 |Q
1
This implies that the first inequality in (11.10) again holds (for C; = €} ), making it
possible to again use the estimate (11.11).
It remains to consider the case that both inequalities in (11.10) are violated, i.e.

V()] <G5  and  ReV () < —— .

In this case, | Re V(u)—Re V ()| < [2]?/Cy, implying that u 2 u,,., (more precisely,
by increasing C; we can make |u — w,,.,| arbitrarily small, uniformly in  and ).
Since Re V' is concave near u,,., (10.6), we may integrate this inequality to obtain

|
—— U = Upax

. < V)] < 19 [u—

2
e (U — Upax)? <RV (Upax) — Re V(1) <

Q 2
127 (U = Upae)? -

Hence

V()] S 19 V/Re V (tr) = Re V() < 101 (VIR V (1) [ + VIV (w)])

In the case | Re V (Un.)| < [V (u)], it follows that
V' (w)
[V (w)]

219 19| 1

| <
7= |V()|N61|Q| e
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giving the result. In the remaining case | Re V(. )| > |V (u)|, we know from (10.14)
and (10.7) that we are in the Airy case. Hence, again using (11.9), we obtain

V()] _ 219] VRe V(Upa) _ 22 Q| /|Re V(upo)| 23

V() ~ |V (u)|? ~VEIQPRe V(una)] €1

This concludes the proof of Proposition 11.1.

11.2. Estimates in the Pole Region in the Case k& = s. In this section,
we analyze the pole region (0,u,) in the case k = s. We consider the solution ¢;, as
defined by (10.16) and (10.17). For ease in notation, we omit all subscripts L. The
parameter ug in (10.16) is chosen as

1
up = 3 Q72 . (11.12)
Possibly by increasing Cs, we can arrange that ug > wug (cf. (10.8) and (10.2)), so

that ug lies in the WKB region. We choose the initial values at ug in (10.16) equal
to the value ¢l /dwke for the WKB approximation,

yo = /V(ug) — V(y0) and Im+/V(ug) > 0. (11.13)
4V (yo)
We expand the potential near u = 0,
1
V(u) = ——5 — p+ Qv+ 0(|Q?) + 0| u?) . (11.14)

4u

LEMMA 11.7. For any § > 0, we can arrange by increasing Cs that
Uy 1
DA} S 5 ’
i e

Proof. Using the asymptotics as worked out in [12, Section 7.1], on the inter-
val (0, ug) the solution ¢ has the form

uniformly in Q0 and .

d(u) ~ —cvu (KO(\/;_LU) + (arg /p — log(2) + v + 1) Io(\/ﬁu)) , (11.15)
where ¢ is the constant (see [12, eqn. (7.3)])
) Nes
arg /p—log(2) + v+

(and p is related to A and by (2.9)). As specified in [12, Section 8.1], the error
in (11.15) becomes arbitrarily small for large |2|. Note that ¢ is bounded uniformly
in p. For small u, the function ¢ has the asymptotics (see [12, Section 7.1])

$(u) = —c (v log || + iv/u + O( /i) . (11.16)

In particular, using that

/0 W (Lt log? () reren (log(Viu)) + 5,
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one sees that 1/|4|? is integrable. Hence

v
lim / — =0, uniformly in g .
wNO Jo 9]

In view of (10.8), by increasing Cs we can make /jue as small as we like. This gives
the result. O

11.3. Estimates in the Pole Region in the Case k # s. We now analyze
the pole region (0, us) in the case k # s. We again consider the solution ¢, as defined
by (10.16) and (10.17) and omit all subscripts L. The parameter ug in (10.16) is
chosen as the minimum of Re V',

ReV'(up) =0. (11.17)
Introducing the abbreviation
1
A=(k—s)?-=
(b=s7 -7,
the potential near © = 0 has the expansion
A
Vu) = — — 4+ 2+ 0(|Qu?) + 0(1Q7 u?) . (11.18)
Computing the zero of the derivative, we obtain
up=A11Q72 +0(|Q]72), (11.19)

so that for large Q2 we have the estimates

[N
vl

AT Q|72 <up < 207073 . (11.20)

N | =

Possibly by increasing the constant Cs in (10.2), we can again arrange that ug > ug, so
that ug lies in the WKB region. We again choose the initial values at ug in agreement
with the WKB approximation (11.13).

LEMMA 11.8. For any 6 > 0, we can arrange by increasing Cs that
Uy 1
T 0 S 6 )
|

Proof. Using the asymptotics as worked out in [12, Section 7.2], the solution ¢
has the form

uniformly in Q and .

o(u) ~ c\/ﬂKw_s‘ ( - \/ﬁu) , (11.21)

where ¢ is the constant



70 F. FINSTER AND J. SMOLLER

As specified in [12, Section 8.2], the error in (11.21) becomes arbitrarily small for
large |Q|. For small u, the function ¢ has the asymptotics (see [12, Section 7.2])

n— U 3~ ks
o= U2 (V) arow)

V2 Vi 5+|k—s]|
_c|k_5|!‘u<1;( 9 ) (1+O(u))

(11.22)

In particular, one sees that |¢| has a pole at v = 0 and is thus bounded from below
near v = 0. Hence

Y1
lim / — =0, uniformly in g .
N0 Jo |92

In view of (10.8), by increasing €5 we can make /i u as small as we like. This gives
the result. O

11.4. Estimates in the Parabolic Cylinder Region. In the next proposition
we estimate the Riccati solution in the parabolic cylinder region.

PROPOSITION 11.9. Assume that in the parabolic cylinder region [ty Um..], one
of the following two conditions hold:

(a) The potential has a positive imaginary part, Im Vp, ., > 0.

(b) The imaginary part of the potential has a zero on [uk, uf].
Moreover, assume that the Riccati solution begins in the upper half plane, Imy(u,) >
0. Then there is a constant Co (depending on C1) such that for large |Q|, the solution

on the interval [u,, un,..] can be estimated in terms of y(u,) by

ly(uw)] < Caly(ur)|
Imy(u,)
Ca

< |o(u)| < C2]o(ur)]

Imy(u) >

|p(ur)
Ca

Proof. We set v = C1]Q]. Using that the function ReV is concave near u,,.,, we
obtain

2 v

< P (11.23)

(Umax — Ur)

and thus
V (Upnare — 1) S CF

Our strategy is to estimate y using the T-method as introduced in [12, Section 3.2]
choosing

o =2 and B8=0. (11.24)
Hence

V=a’=2v and U=ReV-0a?<-v. (11.25)
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In case (a), our method is to apply [12, Theorem 3.3] for ¢ = 0. The

terms F1, ..., E4 are estimated as follows,
Ey,=FE;=0
R \%
By |ReV — Re V| ¢

B
< [mv] ¢ o)
SRS

where in (%) we used (10.1) as well as the fact that

| B3

a - 15)
| Im(2%)| < 9| Im Q| 9]

As a consequence, we can apply Lemma 11.10 to obtain

Umax 1 [ tmex Q
/m (|E1|+|E3|) VV (Uax — 0 )+ULT ReV’+|\/_|(umax—ur)

=V = ) (ReV (1)~ Re V() + 2 5 (=)

Q
§€1+2+61u§61+3.
v

This concludes the proof in case (a).

In case (b), the imaginary part of V' could be negative. Therefore, in order to
apply [12, Theorem 3.3] we need to choose the function g positive in accordance with
the inequality

g>T—1. (11.26)

We choose a and {3 as in (11.24) and g = |Q|2. Then the error terms E;, Ey and Es
estimated just as above. Estimating Im V' with the help of the mean value theorem
by
I V| < (uf —uy) sup [V S 19 (uf —uy)
[wf ]

(where in the last step we used the explicit form of the potential (2.8)), the error
term Fy, is estimated by

/Umax |E4| _ g/umax |Im V| <4 /umax |Q| (uﬁ — UTL)

9190 n_ 2 0T gV VE
SO IR/

This can be made arbitrarily small by increasing ||, implying that the inequal-
ity (11.26) holds. This concludes the proof. O

3

< ()

B

11.5. Estimates in the Airy Region. We proceed with estimates in the Airy
region. We first recall that it remains to consider the interval (10.9). For this interval
to be non-empty, we can again assume that (11.4) holds,

ReA < QP2 and thus  |ReV|<(Q)?. (11.27)
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We begin with a preparatory lemma.

LEMMA 11.10. In the Airy region, the function ReV is strictly monotone. More-
over,

viug —un)* = C2. (11.28)

Proof. The strict monotonicity was already shown in the proof of Lemma 10.1.
In preparation for the estimate (11.28), we recall that the region (u,, u4) is contained
in the interval (u, u) (see Lemma 10.1), and thus

vRe A

- (11.29)

Uy, Ug ~

We consider the regions (u, %) and [3F,u,,..) separately. In the region (u, 3,
we know from (10.13) that Re V' 2 |©2|?u. Moreover, the method in (10.13) also gives
the reverse inequality,

c 1

= (1 + 2 ) 19)%u < |Qfu,
Re? ) ~

where in the last step we used (11.29) and (10.1). We conclude that
Re V' |y, ) = |Qu= Q] VRe A
As a consequence, the mean value theorems

(uy —u,) inf ReV’' <2v < (uy —wu,) sup ReV’

(uryuy) (ur,uy)

give rise to the estimate

Uy — Uy

v
Q[ VRe
and thus

3

v(ug —uy)?

In order to estimate this further, we need to determine the scaling of v. Using the
estimate for the second derivative in (10.5) with the fact that Re V' has a maximum
at U,... and no zero on the interval (‘%”, Umax ), We conclude that

Re V (Unmax) 2 |Q|2 .

Combining this inequality with the first inequality in (11.27), we find that the first
term in (10.12) can be bounded in terms of the second term. More precisely, we obtain
the inequality

v® = min (€3, C3) |Q° Re XA = CF |
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Using this inequality in (11.30) gives
vug —u)? = €3,

This concludes the proof on the interval (u, %’T)

It remains the consider the region (%’T,umx). We make use of the concavity

of ReV, (10.5). Denoting the zero of Re V' by w1, we obtain
Re V (Unar) = QU (U — 11)* - (11.31)

On the other hand, for the potential to have a zero near 7, the spectral parameter

must scale like A = |[©2|2. Therefore, the second term in (10.12) can be estimated in
terms of the first, so that
v® = min (€1, €3) Q]* ReV (tnax) = €T |Q* Re V (Upar) - (11.32)

Since v < Re V(Upay)/2 (cf. (10.12) and (10.7)), the estimate (11.31) can be extended
to

Re V (tpay) = [ (thnar — 1)? for all u € [u,,uy]. (11.33)
Moreover,
ReV'(u) = |Q? (o —u)  for all u € [u,, uy]. (11.34)

We now combine the estimates (11.32), (11.33) and (11.34) to obtain

o 1%
T Y Revy
3 2 2
o 3 G2 ReV (Unax)
e O A

_ GO (timar — u)?

=C?.
1201 (Yo — u)? !

This concludes the proof. O
We now estimate the Riccati solution in the Airy region.

PROPOSITION 11.11. Assume that in in the Airy region [u,,uy], one of the
following two conditions hold:

(a) The potential has a positive imaginary part, Im V|, .1 > 0.

(b) The imaginary part of the potential is small in the sense that

|ImV| < Q' for a suitable constant 6 > 0.

Moreover, assume that the Riccati solution begins in the upper half plane, Tmy(u,) >
0. Then there is a constant Co (depending on C1) such that for large ||, the solution
on the interval [u,,uy] can be estimated in terms of y(u,) by

ly(u)| < C2 |y(us)] (11.35)
Imy(u) > fmy(ur) (11.36)

Co
9] < p(u)] < Calo(ur)| . (11.37)
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Proof. As in the proof of Proposition 11.9 we use the T-method choosing o and 3
as in (11.24). Then V and U are again estimated by (11.25).

In case (a), we apply [12, Theorem 3.3] for g = 0. The error terms Ey, ..., E, are
estimated as follows,

FEy=FE,=0

ReV | ReV’
|E1|<7
|E3|5M<M

NZEESINA
As a consequence, we can apply Lemma 11.10 to obtain
[ (B im) s o -w v [ revi B <
ur v S, Yz
= Vv (us —up) + %(Re V(uy) — Re V(ur)) 1o f(qu — Uy)

1]

<C +2+C —.
v

Finally, by combining (10.12) with (10.1), (10.2) and (10.7), we conclude that v = |Q].
This concludes the proof in case (a).
In the remaining case (b), we choose g as

5
g=19.
Then the error term Fy is estimated by

Umax u . / s
/ |Ba| = 9/ TV g pops L) B s YO mL 2

™ r

This concludes the proof. O

In the next lemma we compare the imaginary part of the potential on the two

Airy regions [u, u] and [uf, uf].

LEMMA 11.12. In the Airy case, one of the following three statements holds:

(Z) Im V| > 0 and Im V|[uﬁ7ui] Z 0
(ii) Im Ve 2 <0 and ImV|jr 5 <0
[u'r ,u+]

Proof. We first consider the case that the Airy regions are near the poles in the
sense that v, (7 —ufl) < || %. Then the factor sin® u in (2.8) is bounded by |Q| 2,
implying that Im(V + )) is bounded by +/|Q|. Therefore, depending on the value
of Im )\, we are in one of the above cases (i)—(iii).

It remains to consider the case that the Airy regions are away from the poles. Then
the factors 1/(sin?u) in (2.8) is bounded by /|Q. As a consequence, the imaginary
part of V' can be related to its real part by

2ImQ
Re (2

ImV = ReV + (const) + O(/[€]) .
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The function ReV has a zero vp/g in each of the intervals [uf, u] and [uff, uf]. Tt

follows that at these zeros, the imaginary part of the potential has the form

Im V(vr/r) = (const) + O(\/W) .

It remains to show that on each of the intervals [ul,u%] and [u%,u%], the total

variation of the function ImV is < /€|. By symmetry, it suffices to consider the
interval [uZ, u%]. For ease in notation, we omlt then index L. We then obtain

TV uy IV < (uf —uk) sup |ImV/|

T
[uf ,u+]

0 29 0] /9
< L _ L L < <
~ \/;(’LL_,’_ ur) \/; ~ \/; ~ 61

&

This concludes the proof. O

11.6. Estimates on the Interval [u, u,...]. It remains to estimate the solution
in the Airy case on the interval [u4, tUn.,] (see (10.15) and (10.10)).

LeEMMA 11.13. For any € > 0, by increasing C1 one can arrange that
/uu)ax 1 <
s <€
U4 |¢|2

— el .
(Re V(u))1

Moreover,

[P(u)] 2 (11.38)

Proof. In Proposition 11.1 it was shown that the WKB conditions (11.1) are
satisfied on the interval [u.y,u,,..]. Thus the solution is well-approximated by the
WKB solution

zll(o iV Loy e I ) (11.39)
(ReV)x

with error terms which are under control in view of the estimates in [12]. Note that
one of the fundamental solutions in (11.39) is exponentially increasing, whereas the
other is exponentially decaying.

Combining the estimate of Proposition 11.1 at u = u,- with the estimates (11.35)
and (11.36) on the interval [u,, u4] and taking into account the normalization (6.7),
one sees that the coefficient of the exponentially increasing fundamental solution
in (11.39) is bounded away from zero, and that |¢(u;)| =~ |Re V(uy)| 5. This
gives (11.38). Next, we increase C5 to a new constant C3. Denoting the corresponding
boundary of the Airy region by 4, we obtain
ef"+ ReVV i, ReVV

[ P Re1)]

As a consequence,

tmax ] 2 RevT [ d 2 ¥ RevV
RS ‘
U

o 6_2fu+ Re V'V (1 —e j;j:‘dx Re \/V) —2 fu+ ReVV ) (1140)



76 F. FINSTER AND J. SMOLLER

The integral in the last exponent can be estimated from above by /v (44 — uy).
Applying Lemma 11.10, this term can be made arbitrarily large by increasing €
(and consequently Cs). As a consequence, the last exponent in (11.40) can be made
arbitrarily small. This gives the result. O

12. Integral Estimates of Im V. In this section we shall derive the following
estimates.

PROPOSITION 12.1. For all eigenvalues X, the following inequality holds,

/ “r | Im V| -
w VIV

PROPOSITION 12.2. For any § > 0, by increasing C1 one can arrange that that
for all eigenvalues \ in the WKB case and the parabolic cylinder case the following
inequality holds:
“r ImV

N (12.1)

12.1. Elementary Estimates of the Potential. We begin with integral esti-
mates of our potential.

LEMMA 12.3. The function ReV is monotone increasing on the interval [ug, u.,].
Moreover,

we 1
< . 12.2
/uo |ReV|z ™ €1[Q (122)

Proof. In order to prove the monotonicity of ReV, we first recall that in the
proof of Lemma 10.1 we already showed that ReV is monotone increasing on the
interval (W, Uma,). On the remaining interval [ug, u], we need to consider the cases k =
s and k # s separately. In the case k = s, the monotonicity of ReV is obvious
from (11.14). In the case k # s, we see from (11.18) that Re V is convex. Combining
this with the fact that ug is chosen as a minimum of Re V' (see (11.17)), we conclude
again that ReV is monotone increasing on the interval [ug, .

For the integral estimate (12.2), we first consider the interval (us, us) with

ug = min (uT,\/€—1|Q|_%) . (12.3)

Then the desired estimate is obtained by using that the integration range scales
like [2|~2. On the remaining interval (us,u,) we consider the regions (uz2, §)
and (§,u,) separately. In the first region, we approximate ReV by the quadratic
potential

|ReV|>a—c(u—us)?, (12.4)

with parameters a,c > 0 to be specified below. Applying Lemma 9.1, it follows by
explicit computation that

min(u,, ) 1 min(u,,§) 1
ey
(& V]2 w2 (a—c(u—uz)?)

U — us < U — U

a\/a— c(u - u2)2 min(u,, %) Ca V C1 |Q| min(u,,§) ,

e
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where in the last step we used that we are in the WKB region (see (10.15), (10.14)
and (10.12)). Since the quadratic polynomial a — c(u — uz)? is positive, we know that

a
u—uz <4/ —,
C

implying that

/min(ur,g) 1 1
< .
s VIz = /CraclQ

Using that a > €1 |Q| and ¢ = |Q|?, we obtain the desired estimate.
On the remaining interval [, u,], we estimate Re V' on the interval [ug, u,] by the
quadratic polynomial

|ReV|>a+b(u —u) +c(u, —u)?, (12.5)

where the values of the positive coefficients a, b and ¢ will be estimated below. It
follows by explicit computation that

Uy 1 Ur
—< a+bu, —u)+c(u, —u)?
/uo |Re V|2 /u ( ( ) ( ))

0

U _3 2
< b(uy — - 2) S
_Lm(a+ (ur —u) +c(uy —u) Jabt 20y
It remains to analyze the coefficients a, b and c. In view of (10.12), (10.14) and (10.12),
we can choose a > C5|Q2|. Moreover, the expansions (10.3)—(10.5) show that we can
choose either b = || or ¢ = |©2|?. This concludes the proof. O

3
2

LEMMA 12.4. For any 0 > 0 there is a constant C = C(0) such that the following
inequality holds,

/min (uT,%—6) 1 C

< . (12.6)
. VIVI T 19
Moreover, there is a constant C such that
o1 log ||
<C . (12.7)
/utz VIV 1€

Proof. As in the previous lemma, we first consider the interval (ug, u2) with uso
according to (12.3). Then, according to (10.7) and (10.15), (10.14), (10.12) and (11.3),
we know that

ReVll(,,.,) 2 €110

ul7u7‘) ~
and thus

w2 1 < U2 — Up
uo Y/ |V| - \V4 e1 |Q|

The desired estimate is obtained by using that the integration range scales like |Q|_%.
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It remains to consider the interval (uz,u,). We consider the regions (uz, §) and
(%, ur) separately. In the first region, the first and second derivatives of Re V' are
non-negative. We again estimate ReV by the quadratic polynomial (12.4), where
the values of the positive coefficients a and ¢ will be estimated below. It follows by
explicit computation that

/min(umg) 1 /min(ur,g) 1
— <

v YT e Vaemwr

(Yot

a—c(u—ug)?

1
= — arctan

Je

Since the arctan is bounded, it suffices to note that ¢ ~ |©2|? to obtain the desired
1/]€| behavior.

On the remaining interval (%, u,), we again estimate Re V' by the quadratic poly-
nomial (12.5), where the values of the positive coefficients a, b and ¢ will be estimated
below. An explicit computation yields

min (-, §)

Uy 1 Uy 1
—— <

/uz VIVl ‘/uz Vat b(u, —u) ¥ e(u —u)?

= % log (b—|—20(ur —u)+2veva+b(u —u) +c(u, —u)2) "

It remains to analyze the argument of the logarithm. From the explicit form of the

potential (2.8) we know that we may choose b,c =~ [Q%. If a > |Q|? is large, the

logarithm in (12.8) is given approximately by log(2/c /a). As a consequence, the

difference of the logarithms at the upper and lower boundary points is uniformly
bounded. Using that ¢ = |[Q2|?, we obtain the desired estimate.

It remains to consider the case that a < |Q2|2. Then the arguments of the logarithm
scale like |©2|?, both at the upper and lower boundary point. As a consequence, the
logarithm is again uniformly bounded, giving the desired estimate. This concludes
the proof of the inequality (12.6).

In order to prove (12.7), we first note that the estimate (12.6) fails to hold in
general if 6 = 0. The problem is that in this case, the parameter b in (12.8) could be
small, leading to a factor log|€|. This gives (12.7). O

(12.8)

Applying Lemma 9.1 to (12.7), we obtain the estimate

Unfortunately, the factor log | is not good enough for our purposes. The next lemma
shows that, if Im V' vanishes at the right boundary point, then we get an estimate
without such a logarithmic factor.

LEMMA 12.5. Assume that @ € (ug,u,) is a point where ImV (@) = 0. Then

/ |ImV|§1.
w VIV

Proof. Combining Lemma 9.1 with Lemma 12.4, it remains to consider the
case u, > 5 —0. Moreover, it remains to estimate the integral over the interval (§, u,).

E
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We again estimate Re V by the quadratic polynomial (12.5) with positive coefficients a,
b and c¢. Moreover, we estimate Im V' by

TV (w)] 192 (@ = u).

We thus obtain

/" | Tm V| Q] (@ — u) / |2 (ur —u)
w VIV T Jus Va+b(uy —u) + ¢ (uy —u) Va+b(u + ¢ (uy —u)?

Q r 2¢ (uy — b
< clur —u) + :—\/a—i-b(ur—u)—i—c(ur—u)2 °
20 w Va+b(u, —u)+clu —u)2 ¢ w,

The result follows because ¢ = |Q|? and the argument of the square root is bounded
by < Q2. O

12.2. Estimates on the Interval (0,u;). LEMMA 12.6. For any 6 > 0, we
can arrange by increasing Cs that

Uy 2 -
| mvifer <3,
0

uniformly in € and .

Proof. We begin with the case £ = s. Using the asymptotics as in the proof of
Lemma 11.7, we find that on the interval (0, uy),

|62 (u)] < 2e Vu log(y/pu)

1 T 1
o)l < gz (arctan (log( V) + 5) S s

uniformly in p. As a consequence,
|62 12 < w uniformly in p .
Applying Lemma 9.1, we obtain

)@2|Q| (10.2) e2
ImV N < .
e s e "< ST L

This gives the result.
In the case k # s, we work similarly with the asymptotics (11.22),

|¢| ~ "%zt

u
L L
/ |¢|2 ~ |/L| U2

L 1
EAR T ER T
(10.8) G%IA—Q |Q| (10.2) e%L—l—Q

“ I V D2<Q L 2L+2 <
| 1mviiezr <1l T

This concludes the proof. O
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12.3. WKB Representation of ¢?. We again let ¢? be the solutions (2.17)
with ¢, defined by (10.17) and (10.16)). In this section, we shall approximate ¢7
on the interval (ug,u,) by a suitable WKB wave function. Our starting point is the
WKB approximation of ¢r,

C u
O dun =~ eho V. (12.9)

In order to comply with the initial conditions (6.7), we must choose

2 _ V(UO)
Y Im/V (u)

In the next proposition, we compute what this approximation means for the osculating
circles as introduced in Section 6.

PROPOSITION 12.7. On the interval [ue,u,], the radius and center of the oscu-
lating circle are given by

N 1 1 ot ey
p ~ C(UO) + m and R ~ 5 € Y y (1210)
where the error can be made arbitrarily small by increasing Cy.
Proof. Using the WKB approximation (12.9), we obtain
¢I VI
= — =X V _
Y= 4V
and thus
) — o) = ¢2 ~ o [V ar
o Cinco (12.11)
g [ R gL (.
203\/}(3 dr 262,

It is remarkable that the integral can be carried out explicitly, giving a simple expres-
sion for ¢(u). O

We next compute ¢7. Using (12.9) and (12.11), we obtain

1w = o) ) = on [ 55+ (6w~ g(aw)
g <0 @‘m(_”u )

Hence

Pr(u) =

1 « f“ VvV 1 — [“ \/V)
— e’wo — =€ ' ; 12.12
2¢wkn <W W ( )

where « is the constant

) 1
a=1+2¢ / —.
WKB 0 ¢2
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LEMMA 12.8. By choosing Cs sufficiently large, we can make the expression
lot =1

arbitrarily small.

Proof. Choosing Cs sufficiently large, we can arrange that the potential at ug is
approximately real and negative (cf. (11.12), (11.14) and (11.19), (11.18)). Hence

implying that

n) 1
o] ~ ‘1+2i/ ?‘ — |1+ 2i¢(uo)| , (12.13)
0

with an arbitrarily small error. Next, using the initial conditions (6.7) in (6.10), we
obtain

plun) = Cluo) — 5 and  Rlug)=

Solving for ((ug) and substituting into (12.13), one finds that |a| = 2 [p(uo)|, and thus
[lal = 1| < 2lp(u0)| - R(uo)| -

Since ¢(0) = 0, we know that |p(0)] = R(0). Hence

l15(0)] — R(uo)| < / U R

In view of (6.10) and (6.12), we know that |p’| = |R’|. Hence our task is to show that
the total variation of R on the interval (0,uq) is arbitrarily small. Since R(ug) = %, it
suffices to show that the total variation of log R is small. Thus, according to (6.12),
it remains to estimate the integral

/uo |R| /u |Tm V|
0 R 0 Imy '

In view of the estimates in Sections 11.2 and 11.3, we know that
Imy = Rep.

Hence

/”°|ImV|< u |
o Imy ~Rep ™~ Rep’

By choosing G5 sufficiently large, we can make this expression arbitrarily small. O

Using this lemma in formula (12.12), we obtain the estimate

162 ()2 S ¢|17| cosh <z / :Re\/V> | (12.14)
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12.4. Integral Estimates of WKB Solutions.

LEMMA 12.9. Assume that @ € (ug,u,) is a point where ImV (@) = 0. Then

[ mviiee <.

¢

Proof. We can work with the WKB approximation (12.14). According to
Lemma 12.5, we know that

’/ Re\F’ V'Sl,
\/IVI

giving uniform control of the absolute value of the hyperbolic cosine in (12.14). As a
consequence,

[mviees [ <
Uy Ug |V|

where in the last step we again applied Lemma 12.5. This concludes the proof. O

Next, we take the absolute square of the WKB approximation (12.12),

T |af? L ofu Rev? 1 1 o Rev
U N —F ——— € "o +——- ——€ “o 12.15
’¢L( )’ 4|CWKB|2 \/|V| 4|CWKB|2 |V| ( )
1 1 2 [* Tm VV
+ ———— —— Re (a e o ) . 12.16
2|CWKB|2 \/|V| ( )

The integrand of the last term is oscillatory. As a consequence, the resulting integral
is small, as quantified in the next lemma.

LEMMA 12.10. For any 6 > 0, by increasing C1 one can arrange that that for all
eigenvalues A the following inequality holds:

/’u.'r | Im V| o2 I ImVV
w VIV

<94.

Proof. Since on the interval (0, §), the function Im V' changes signs only once, it
suffices to show that for any s, s € [ug, u,],

P Im V. gp
B il YV o5
V|
Integrating by parts,
BV o vV /“ my 1 200 VY
VIV \/|V 2i Im V'V du

_ImVe 1 i v
VIV 2i Im vV

_/“2i ImVo 1) i mvy
a  Ja du \/]V] 2i ImVV ’
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we obtain the estimate

712 s LU
Im V 621 f“o Im \/V
VIV
|Tm V| | Im V| iz g ImV
< + + —
2Vl s, 2V e, Ja |du\2/|V]|ImVV
< |ImV]| | Im V| /ﬁ2|1mV’| /112|1mv'|2 /ﬁ2|ReV'||1mV|
~ReV| |y, [ReV]| [, o |ReV]| o |ReV|? |Re V|2

u

1 U1

All the terms except for the last summand can immediately be estimated in the desired
way using the explicit form of our potential. For the last term we use the monotonicity
of ReV (see Lemma 12.3) to obtain

“ReVIlnV] o IR -y
5 <@
[ ireve S0 ey < s V10

1 [UI)UQ]

This gives the result. O

Keeping track of the constants, we now write ¢° as
cp P fu<Z
Puy={ " ¢§ L2 (12.17)
crop ifu>7,

where ¢, and cp are non-zero complex numbers (and ¢} and ¢} are again the solu-
tions (2.17) with ¢ and ¢g defined by (10.17) and (10.16)).

LEMMA 12.11. If |ep/cr| < 1, then
/ﬁ T V] [6°F < Jerl? (12.18)
2

Proof. We again denote the zeros of ImV by 4y and 4. Lemma 12.6 and

Lemma 12.9 imply that
ar 3
[ [ ) iR Slenk
0 iR

Moreover, using the representation (12.17) in (9.2), we obtain

UR
/,r Tm V] 6°P < Jerl® .

2
This gives the result. O
LEMMA 12.12. If |c/cr| < 1, then

/ " Im V| <1
w VIV

E
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Proof. The strategy is to combine Lemma 12.11 with the fact that the potential
is approximately symmetric with respect to reflections at v = 7. In order to make

this approximate symmetry precise, we consider the homotopy
Vilu):=7V(u)+ (1 —-71)V(r—u) for T€10,1]. (12.19)

Then the mean value theorem implies that

d
— ReV(u)

T

|ReVi(u) — ReVa(u)| < sup
T€[0,1]

)

and similarly for the imaginary part. Using that the function sin® u in (2.8) is reflection
symmetric, one finds that

|Re Vi(u) — Re Va(u)| <19 and | Im Vi (u) —Im Va(u)| S 1. (12.20)

This implies that the WKB approximation holds on the “reflected WKB-region” [ —
Up, ™ — up]. Using the WKB approximation (12.15) and (12.16) in (12.18), the oscil-
latory contribution (12.16) was estimated in Lemma 12.10. Noting that one of the
factors exp(£2 f;o Re+/V) in (12.15) is greater than one, Lemma 12.11 implies that

T—UQ
/ [Im V| <1
T—Ur V |V|
Again applying the reflection argument and the mean value theorem, it remains

to show that
[l )
wo |dT V-

Again using the explicit form of the potential (2.8),

i(ImVTN_’Im&VT (0-Vo) V| 1 |0
dr \ VV- VVr v, “Ve e

Integrating this inequality from ug to wu,, we can apply Lemma 12.3 to obtain the
result. O

Proof of Proposition 12.1. Tt suffices to consider the case |cr,/cg| < 1 and to show
that

uL uR
/ |ImV|+/l |ImV|51
o VIVE Jur VIV

Then case |cr/cr| > 1 can be treated similarly by exchanging the left and right
subintervals with the reflection v <> m — w.
On the interval [uZ, uf'], we argue as in the proof of Lemma 12.11 to obtain

/“lR|ImV|<1
ut VT

=

On the interval [uX, ul] we consider different subintervals: The region from wu, to g is
estimated in Lemma 12.4. The region from ug to u,, on the other hand, is estimated
in Lemma 12.12. This concludes the proof. O
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12.5. Estimates in the WKB and Parabolic Cylinder Cases. We now
give the proof of Proposition 12.2. Our strategy is to refine the method of Section 9
and to combine it with the “reflection argument” which was already used in the proof
of Lemma 12.12. Another ingredient is Proposition 12.1 (whose proof was completed
in the previous section).

We will apply Proposition 12.1 in the following way. In the WKB region, we know
from (10.1), (10.2) and (10.14) that

[Im V| < |9| and ReV < —€1 |9
and thus

[Tm V| <1
ReV|~ €

in the WKB region .

As a consequence, we may expand the square root of the potential as

ImV

74_...7
VIReV]|

VV =vReV +iImV =i/|ReV|—iImV =iy/|Re V]| +

showing that

Re V'V = %(1 + o(i)) . (12.21)

In particular,

| Im V|
VIV

and applying Proposition 12.1, we conclude that

‘Re\/ﬂﬁ

/ [ReVV| <1, (12.22)
Ug

This shows that that the exponentials and hyperbolic cosine in the WKB approxima-
tion (see (12.9), (12.12), (12.14) and (12.15), (12.16)) are uniformly bounded.

We again assume that A € C is an eigenvalue and ¢® the corresponding eigen-
function. Moreover, assume that we are in the WKB case or the parabolic cylinder
case (but not in the Airy case, which is excluded in Proposition 12.2). Using the
representation (12.17) in (9.2), we obtain the identity

z m
|cL|2/ ImV|¢E|2+|cR|2ﬁ ImV |¢R)? =0. (12.23)

0 —

2

Denoting the integrands by f,

D2 ;
fw) ::{ ImV |p?]* ifu<

ImV |¢%|* ifu>

INERNIE]

we decompose f into its even and odd parts,

F=Fevi with o fa(u)i= o (700 £ ). (12.24)
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Then we can rewrite (12.23) as
0=l [ * (et £+ |cR|2/g (F4+10)
e 3 2 L
=tk [P 10+ lenl 7= 1)

= (jerk +lenl) | “ret (leul ~ ) / T

Since the constants ¢, and cg are non-zero, we obtain the inequality

VSRV

Combining this estimate with (12.24), we obtain the inequality

’/ ImV |$7]? ’/ (fe+ f- ’<2‘/ f‘ (12.25)

We now estimate the right side of this inequality obtain the following result.

LEMMA 12.13. For any § > 0, by increasing C1 one can arrange that that for all
eigenvalues X in the WKB case and the parabolic cylinder case the following inequality

holds:
[ v jop
ug

Proof. We introduce the “parity transformation” P which reflects at the point §

P (0,7) = (0,m), Pu=7m—u.

Then (12.25) can be written as

[

On the interval (0,uy), this integral can be estimated by Lemma 12.6, where we
choose § = § /16. Moreover, in view of the estimates of Lemma 11.9, in the parabolic
cylinder case we may estimate the functions ¢® and ( at the point u,,,, in terms of
their values at w,. This shows that the integral over [u,,F] can be made smaller
than /8. We conclude that

[

We next specify the wave functions ¢} and ¢%. Using (12.15) and (12.16) together
with Lemma 12.8 and Lemma 12.10, we know that in the integral on the right side
of (12.26), the factor |#2|? may be replaced by the function

2\ﬁ cosh< / Re\/V),

‘/ (V|67 ~ (v o P) |05 0 P|")|.

)
— 12.2
+5. (1220

‘/ ImV|¢D|2—Im(VoP ) [¢% o P| )
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making an error which can be made arbitrarily small by increasing C; (here we use
Proposition 12.1 to conclude that a small pointwise error gives rise to a small error of
the integral). Moreover, using (12.21), we may replace Re vV by Im V/,/]V], again
making an arbitrarily small error. Therefore, setting

1 “ImV
pL(u) ;= ——=— cosh (2/ —) , (12.27)
2vIV| w VIV

]/ V(o3 = [ mV o}
Up Uy

Using the same argument on the interval [T, 7], we conclude that

3
’/ ImV |g3
0

g’/ "Im (V - Vo P) b
g

we can arrange that

5
<<, 12.28

<

/ T(ImVp]Z—Im(VoP) (p%op)>’+g

¢

(12.29)

+ ‘ /uj Im(V o P) (p]z - (p%oP))‘ + g. (12.30)

We next estimate the integrals in (12.29) and (12.30) after each other. In order
to estimate (12.29), we first note that, from the explicit form of the potential (2.8),
it is obvious that

|Im (V-VoP)| 1.

As a consequence,

Uy U Uy 1
Im (V = Vo P)||p? 5/ B 5/ —
/u’Z ‘ m( o )’ |pL| w |pL| w \/m

where in the last step we again used Proposition 12.1 to conclude that the hyperbolic
cosine in (12.27) is uniformly bounded. Using the estimate (12.7) in Lemma 12.4, we
conclude that
log |€2]

Q]

[ v -ver) s

£

which tends to zero for large || and can thus be made smaller than ¢/4.
In order to estimate (12.30), we again use the homotopy (12.19). Setting

uo(T) = Tué +(1- T)ué%

1 “ ImV,
pr = cosh 2/ ) ,
2¢/|V7| ( uo(r) /| Vr

we again use the mean value theorem to obtain

d
D _ (,0 6 P)| =P — P < } 71?
o2 = (PR o P)| = |pY = rf)| R NPl

a7' V‘l’ I VT “ 87' I VT 87' I VT 87' VT
AL Y C mV;| , |9, Im U)

1
P ( VT VIV i)\ VIVE] vol?
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(where we again used (12.22) to conclude that the hyperbolic cosine is uniformly
bounded). Using that (see also (12.20))

1
|0, Re V| S |9, |0, ImV| <1 and |0-uo(T)] S \/ﬁ ,
a straightforward computation shows that for any 6 >0, we can arrange that

lp2 — (ProP)| <

=

Hence

‘/ m(V o P) (pL (pRoP ‘<5/TWW§S,

Vil

where in the last step we again applied Proposition 12.1. By choosing ) sufficiently
small, we can arrange that

‘/ m(V o P) (o7 (pRoP))‘

This concludes the proof. O

ﬂk\cq

Proof of Proposition 12.2. The remaining task is to estimate the integral in (12.1)
from above by the integral in the statement of Lemma 12.13. Applying (12.28), we

obtain
‘/ ImV |42 |? ‘/ ImV p7| —

Moreover, using (12.27), we obtain

wr Y ImV “ImV 1 [ d “ImV
IranE:/ —cosh(2/ _>:_/ —sinh<2/ —)
/w ue 2¢/|V]| uo V|V 4 Jy, du uo V|V
1 Y ImV 1 “ ImV
~ L inn (2 > ~ L < )
4 w VIV 4 VIV
In the last summand we can use the estimate

/W mV| _ |9 w) < 1
VIVE ™ fensf s e

to conclude that this summand can be made arbitrarily small. In the first summand,
on the other hand, we apply the inequality |sinha| > |z|. This gives the result. O

—9.

13. The A-Dependence of the Osculating Circles. In view of the result of
Proposition 8.1, it remains to consider the situation for large |2|. In this regime,
Weyl’s asymptotics as worked out in Lemma 7.8 is of no use, because we have no
control of how the error terms O(n) and O(n°) depend on €. In particular, we
cannot expect that the gaps between the eigenvalues for a real potential are so large
that the imaginary part of the potential can be treated as a slightly non-selfadjoint
perturbation. As a consequence, we must analyze the spectrum of the Hamiltonian



SPIN-WEIGHTED SPHEROIDAL WAVE OPERATORS 89

with the complex potential (2.3) in detail. As a technical tool, we will again work with
the osculating circle estimates as developed in Section 6. As a refinement, we need to
analyze in detail how the osculating circles depend on the spectral parameter A. In
view of (2.8) and (2.9), we know that

W=V =-1. (13.1)

Moreover, we choose ug in (6.8) independent of A (where yq clearly depends on \).
In the following computations, we treat Re A and Im A as two independent real
variables. Then for any function f(\) which is complex differentiable, we have

o . . fO+ih) = fN)
DTmx ]~ A h

8Re)\f f)\u :sz

In the next lemma we compute the \-derivatives of ¢.

LEMMA 13.1. Choosing the initial conditions (6.7),

0 _ Reyr(uo) . [
mlogqﬁ(u)— ‘H/u Y -

Proof. Differentiating (6.7) and (2.15) with respect to \ gives

1 Imyx(up)
TRex o8 dlu) = =3 T 0
1 Reya(uo)
ATm \ log ¢(uo) = — 2 Tmy(uo)
o 0 0
Ju IReN log p(u) = my(u) = ya(u)

o 0 0
90 9Tm log ¢(u) = my(u)ziy,\(u).

Integrating the last two differential equations from wug to u gives the result. O
We next compute the second mixed derivatives of K and p.

LEMMA 13.2. Choosing the initial conditions (6.7),

o 0 ~ImV Imyy
log K (u, A _— 13.2
TRen gy e KA =—— 5 13.2)
o 0 o ImV  (Imyyn  Imyx(ug) /u

_9 90 = _ 13.3
TRen gu PN = #2Tm2y ( fmy  20my(uo) | Ju ™ (133)

o 0 1 ImV Reyax
log K — 13.4
atma gy KN =g m? y (184)

o0 9 (u /\)f_#.
Im A ou Y T 2¢2Im?y

ImV Reyn  Reyr(uo) /“ )
— — + . 13.5
¢ #2Im?y ( Imy  2Imy(uo) ! wo I ( )
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Proof. Comparing (6.13) and (6.14), one sees that

0 ImV
—log K =—.
6” Og ('LL, A) Imy
Differentiating with respect to A\ gives
o 0 0 ImV
log K
9Rerau B KN =GR X Ty
o 0 0 ImV
log K =——
aTmaau 8 KA = 5r STy

and using (13.1) gives (13.2) and (13.4). In order to derive (13.3) and (13.5), we first
apply (6.10) to obtain

o 0 ) i tmV
K Rerau PN = K 5Rax <2¢2 Im2y>

oy IMmV 0 Im yy
_ 249 o 1 )
Imy < ORe A 089 Imy
g 0 0 i ImV
v Y - K
o1mou P dTm \ (2¢2 Im2y)

o 1 B
=i62“9—( —2ImV ———log¢p —2ImV

Reya
Imy dTm A Imy /)’

Applying Lemma 13.1 gives

o 0 . _op ImV (Tmyyx  Imyx(ug) /”
K22 plu,\) = —2ie~20 -
dRe ) du p(u, ) ' Imy ( Imy  2Tmy(up) + wo A
o 0 ie— 210 o ImV (Reyn  Rewyx(uo) “
K2 Y \) = — 902 B / '
OIm \ du P, A) Imy ' Imy ( Imy  2Imy(ug) T w y>\)

Using (6.10) and (6.5) gives the result. O

13.1. General Estimates in the WKB Region. In the previous section,
we derived general formulas for the A-derivatives of the center and radius of the
osculating circles. We want to use these formulas in order to control the behavior of
the osculating circles in the WKB region (ug, u,). We now work out the corresponding
estimates in general, stating the assumptions needed for the estimates to work (see
egs (13.6), (13.7), (13.8) and (13.9) below). We also derive explicit formulas for the
error terms (see eqs (13.11)—(13.13) below). The remaining task will be to justify the
above assumptions and to control the error terms. This will be done subsequently in
the different cases in the following Sections 13.2-13.3.

Consider an interval I = [uq,up] C (0,5]. We assume that on I the following
inequalities hold for suitable constants C,c¢ > 1,

“ [ImV
/ [m V] _ . (13.6)

Imy

a

VIR
| Re |<Imy<C\/|ReV (13.7)

C
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LEMMA 13.3. Assume that ug € I and that (13.6) and (13.7) hold. Then the
function K(u) (cf. (6.10)) is bounded on the interval I by

where ¢ = e€.

Proof. Comparing (6.10) with (6.7), we know that K(up) = 2. Moreover,
from (6.10) and (6.11) we obtain

Integrating and using (13.6) gives the result. O

We now estimate the terms appearing in Lemma 13.2. We again consider an
interval I = [ug, up]. We assume that on I the inequalities (13.6) and (13.7) hold and
that the following inequalities hold for suitable constants C,c > 1,

“ |Revy] c
13.8
we VReV] ~ /TReV(w) 155)
|ReV (u)| < C? [inf] |[ReV|. (13.9)

LEMMA 13.4. Under the assumptions (13.6)—(13.9), there is a constant ¢; =
c1(e, C) such that on I,

1
u)| < ¢ | ———=+10 .
e e )
More precisely,
1 1 v/ |ReV
Un(u) = sx——=| < e | ———= + 19w VIReVI
2Imy(u) VIRe Vo «/|R Vol (13.10)
[ReV (u (|ImV| +|Rey|)
Im

Proof. We integrate by parts to obtain

L2 Imy ) du \ |$]?
/ d(_1eP N\ &
v du\ 20 Tmy(w) ) ToP

v / ¢? ImV
Rey = my )

~ 2i Imy(u) Imy

2 Imy
Using this relation in (7.13) gives

_ ¢2(ua) 1
00 = i) (990 gt

1 2 /“ 2 ImV
_ - Rey — ") .
2 Imy(u)  ¢?(u) /,, Imy 4Imy
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We now estimate the resulting terms:

¢* (uq) _ Imy(u) 2. |Oxyol 3
0 <¢——210 <(Cfe ———— ReV <C?¢|0
’ 2w Y| = ) |Oxyo| < C*¢ Revi] [Re V(u)| < C*¢[0xyol
»*(uq) 1 _ Imy(u) Cc3e Co¢
- < < VIReV < —F/—
¢?(u) 20 Imy(u,) “ m? y(ug) ~ |Re Vg | Sl VIReV (u)]
’ 1 - g 1
2y(u)| — 2 1/|ReV(u)|'

Moreover,

2 [ g2 Im V B | Im V
2 ~ ) <28 — -
‘qs?(u)/ua Imy<Rey 41my)‘— ‘ my/u 1m2y‘Rey 1Tmy

v m 'V
< 203 |ReV(u)|/ |ReV|‘Rey n

B 4Imy
- §00362 V| ReV (u)] <5 cCo¢?
—2 infr [ReV| = 2 \/[ReV(u)|

Combining all the terms gives the results. O

PROPOSITION 13.5. Under the assumptions (13.6)—(13.9), the following inequal-
ities hold,

Up 1

d u
log K ’ <
‘(’ﬂmx\ ©8 (u’)\)’“a—i_/ua Imy s¢

0 up
log K <
‘6Re/\ ogK(u, )| 1=¢€
Op(u, ) ] (Dol )] _
8Re)\ Ugq 8Im)\ Ugq - ’
where the error term & is given by
“ [ ITm V| |ImV(ub)|)( 1 >
E=c / ( + + |0 13.11
oo et irevin) \rrevay 1 1
Ca “ |Rey|
_ 13.12
*Reven 2, mew 1342
/“b{ Im? vV |ImV’|+|Rey||ImV|}
+ c2 3
uw. U|ReV|2 |Re V|
“ 1
X ——+10 >} du 13.13
(e 1o (1.1

with a constant co = ca2(c, C).

Proof. We integrate the formulas of Lemma 13.2 from u, to u,. Possibly after
integrating by parts, we apply (13.7)—(13.9) and Lemma 13.4. More precisely, we
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estimate the individual terms as follows:

w “ | m V| 1
<(C?%¢ / | ( + |0 )
/ua Tm2y = ! v, |ReV]| [Re V (u)] 19xzol
/“” ImV <Imy>\ Imy)\(ua))‘

#?Im?*y \ Imy B 2Tmy(ug)
" ImV (Tmyy  Tmys(ua) ) / Tm V| 1
< _ <C o
_C/ua Imy <Imy 2imy(us) )| = ). TReVI\/[ReV] + [Oxyol
Y| ITmV Reyn Rey,\(ua))’ . /ub |ImV|( 1 )
- <C<¢c +10

/ua $2Tm?y (Imy 2Tm y(uq) ! w, |ReV] ReV| [N
[ o= [ W 2 (W)
Ua ¢2Im*y wa |9 Im*y ¢? u, 2|02 Im?y du @?

_;'ub_i/ubi(é>ﬁ
292yl 2/ ., du\|g]2ImPy/) ¢?
i e 32/ 1 (ImV 4 )

=% 3 Y Rey

2¢? Im*y |, @Im’y \Imy 3

w1 02 (1+C?) 1 | Im V|

< 20%¢ R

/% 2Imly| = 2|ReV(w)| /u ReV] ( my | ey')
wo Iy / /“ [¢> ImV /“
e Ty 0 JePIm?y .,

/“b d <|¢|2> iTmV /“

ua du 2|¢[2Tm” y

 iImV(up) / /“” |62 d ( ilmV /“ )
202 (up) Im® y(up) ¢2 du 2|2 Tm® y A
B 7/“*’ ImV Imy,
2 )., ¢?Im’y

Z/“b3lm2V—ImyIrnV’ —41mVImyRey/”
2 ). ¢21m4y Y

/“b ImV /“ <0102 [Tm V (u |/ + 9xs0l
L emiy NS T Rev |RV W

+0102E /"*’ [Tm V| ( 1 +|6,\y0|)
2 ), TRV \TRevm)

c10%¢ /“b " 3CIm*V  |ImV/| +4|ImV||Rey|
2 |Re V|3 |Re V| |Re V|

></uj (m—i-w,\yd).

Combining all the terms gives the result. O

ImV Imyy

=

=

+

13.2. Estimates on the Interval [ug,u,]. We shall now apply the estimates
of Section 13.1 on the interval [ug,u,] (see (10.14), (11.12) and (11.17)). Our task
is to show that the inequalities (13.6), (13.7), (13.8) and (13.9) hold. Moreover, we
need to estimate the error terms £ in (13.11)—(13.13). We begin by collecting a few
properties of our potential.
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LEMMA 13.6. At the points uy and u (see (11.12), (11.19) and (10.11)), for
sufficiently large Cs the potential satisfies the inequalities

|ReV(uo) —ReA| S (9 (13.14)
V(o) S 1912, [V (uo)| 19 (13.15)
ReV(uo) < g ReV(u) <0. (13.16)

Proof. The inequalities (13.14) and (13.15) follow immediately from (11.12),
(11.14) and (11.19), (11.18). Combining (13.14) with (10.2), we find that for suf-
ficiently large Cs,

15
ReV(ug) < ~1 Re\.

Moreover, similar as in the proof of Lemma 10.1, again for large C5 one obtains

16 Re XA 4c|Q)?

16
ReV(u) *|Q|2Q2—%—R6A:—7_7_Re)\
17 U

Y]

13 Red 4|0 14

17 4 ReX — 17
Combining these inequalities gives (13.16). O

LEMMA 13.7.  Assume that the condition (13.6) holds.  Then the condi-
tions (13.7), (13.8) and (13.9) are satisfied on the interval [ug, u,]. Moreover, choos-
ing ¢1 and co sufficiently large, we can arrange that the error terms € (13.11)—(13.13)
are bounded by

1 [ 1

< — —
T 20 /4, +/|ReV]|

Proof. The inequality (13.9) follows immediately from Lemma 12.3. Since the
WKB conditions are satisfied by Proposition 11.1, we know that
V/
~ _ 13.18
yeVV - (13.18)
The results of the analysis in [12, 11] gives us rigorous bounds for the error of this
approximation. This implies (13.7) for sufficiently large C.
In preparation for proving the other inequalities, we need a few estimates for the
potential. First, from the explicit form of the potential (2.8), it is obvious that

e (13.17)

VLIV <197 and  [Im V| < Q). (13.19)

Estimating the potential without derivatives is a bit more subtle because the con-
stant A comes into play. We first note that by construction of u, (see (10.14), (10.12),
(10.7) and (10.2)), we know that

ReV < —€ (9. (13.20)

Moreover, using (10.1) in (9.3), the imaginary part of the potential is uniformly
bounded,

Im V| < |9 . (13.21)
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Therefore, by increasing C; we can arrange that the real part of the potential domi-
nates its imaginary part in the sense that

|ReV|
[Im V| ~

(13.22)

We now come to the proof of (13.8). We first need to estimate the real part of y.
Using (13.22), we may express (13.18) in terms of the real and imaginary parts of V'
to obtain

ImV v’

~iv—ReV —11 V—— iv—ReV —
eV —rim T TRev AV

Hence

[Tm V| [V’
vV—ReV V]

(where the errors are again under control in view of (13.22) and the fact that the
WKB conditions are satisfied). The last estimate implies that

u u !
[Rey] |ImV|+/ Vi (13.24)

o VIReV] ™ Juy [ReV] [y V]2

In the first integral on the right, we apply (13.9) to obtain

|Rey| < (13.23)

/“|ImV|< C ‘O ImV| 1
o IReV] = \/[ReV(w)] Juy /TReV] ™ /ReV(w)]

where in the last step we again used the WKB approximation (13.18) together with
the inequality (13.6). The second integral in (13.24) can be estimated by

u |V/| u |V/| u Rev/ u |Imv/|
wo |V|2 uo |ReV]|2 uo |ReV]|2 uo |ReV]|2

<13<19>/( 1 )/+ e - 1 19|
~ Jus \W|ReV] IReV(u)]2 ~ /|ReV(u |Q|«/|ReV

where in the last line we also used again the monotonicity statement of Lemma 12.3
together with (13.20). Combining the obtained inequalities gives (13.8).

In order to prove (13.17), we first estimate the term Jyyp. Differentiating (11.13)
and using the monotonicity of Re V' as well as the results of Lemma 13.6, we obtain

Oyl < —m .
1930l 5 ReV(a)]

For this reason, we may disregard the term dyyp in (13.11) and (13.13). In order to
estimate the integral (13.11), we simply bound the first bracket in the integrand by

[Tm V| (1322) 1
[ReV| ~ €

(13.25)
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The first summand in (13.12) can be the estimated with the help the monotonicity
of ReV by

1 - 9 8 (1326) 9 9
|ReV(ur)| = |ReV(ur)|  [ReV(w)| = |ReV(ur)| [ReV(uo)

79/“?( 1 )/79/“ ReV’< “ro 10 [V

w \“ReV w ReVZ2 = Lo /ReV] |V|Z'
where in the last step we used again that the real part of V' dominates the imaginary
part and that ReV is monotone. Now the factor |V’|/|V|? is small in view of the

WKB property established in Proposition 11.1.
To estimate the integrand in (13.12), we fist use (13.23),

| Rey| - [Im V| [V - 2 [|ImV| |V’|}
|[ReV| ™~ |ReV|: |ReV[IV]™ /[ReV] [|ReV| |V|3]

Now the square bracket can be made arbitrarily small by applying again (13.25) and
Proposition 11.1.

It remains to estimate the nested integral (13.13). We first exchange the orders
of integration,

/“rdu{ Im? vV N |ImV’|+|Rey||ImV|}/“ dr
o |Re V|2 |Re V| uo /| Re V(7)|

Im*V  [ImV’| + |Rey||Im V|

_/UT dT /’uq{
w VIReV(D)[Jr ||ReV|2 |Re V|

} du. (13.26)

Now we estimate the inner integral term by term. The first term can be estimated
with the help of (13.21) and Lemma 12.3,

Uy 2 Uy
[y el L
+ |ReV]|2 - |ReV]2 T G

Next, using (13.19) and (13.20), we find that

4 Im V' 1 1
R
- | Re V| Gl G'1
In order to estimate the remaining term involving Rey in (13.26), we first ap-
ply (13.23). Then the first summand on the right of (13.23) gives rise to a contribution

which is precisely of the form of the first summand in the curly brackets in (13.13).
Hence it remains to consider the term

“r | Im V] |V /“T [ImV’| 4+ Re V'
< ImV| —mrir——
/T Rev) v =) VT e

where in the last step we applied Lemma 12.3. The first summand on the right can
be estimated with the help of (13.21) and (13.19) by

/urllmw [Tm V7] </ur 0P 020 Q1 L
. Vi~ Ve T Vel viE T aled
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where in the last step we again applied Lemma 12.3. The remaining second summand
on the right is estimated as follows,

ur ReV’ ReV’ |
[ v st [ gt <
, |V| (ReV) |ReV(uT)|

A

1
G’
where we again applied Lemma 12.3. This concludes the proof. O

13.3. Estimates on the Interval [us,uo]. In preparation, we note that, us-
ing (10.1) in (9.3), we again obtain the following uniform bound for Im V/,

[Im V| < |Q]. (13.27)
We treat the cases k = s and k # s separately.

LEMMA 13.8. (Case k = s) Assume that k = s. On the interval [ug, ug), the
conditions (13.6)—(13.9) are satisfied. Moreover, by choosing C1 sufficiently large, we
can arrange that the error terms € (13.11)—~(13.13) are bounded by

e < 1 / 1
=20/, VIV
Proof. Near the pole, the potential has the following asymptotic expansion
(cf. (11.12) and (11.14)),

3
ReV < —— |Q| —Rep+0(1) < —

Q
%—ReuS—ReuﬁRe)\ (13.28)

V'(u) = % +20%u + O(|Qfu) + O(|*u?) . (13.29)
Since (13.29) has a positive real part, we know that ReV is monotone increasing.
This implies (13.9) if we also keep in mind that the imaginary part of V' is dominated
by the real part in view of (13.28) and (13.19). Moreover, using the results of the
analysis in [12, 11], we know that (13.18) holds with rigorous error bounds. This
implies (13.7) for sufficiently large C. The inequality (13.6) follows from the estimate

/“°|ImV|< “w | Im V|

, Imy ™ \/|ReV

(13 28) (13.27) U |Q| 1
< |Im VI < < —, (13.30)
\/Re [ReA| ~ /G5

where in the last step we used (10.2) and (11.12). In order to prove (13.8), we again
apply (13.24) and estimate the two resulting integrals by

/u Tm V| 1 v Im V| (1330 1
< <

,ReV] = \/[ReV(u)| Ju, /[ReV] = /Cs5|ReV(u)
u |VI| u ReV’ u |ImV’|
3 S 3 + 3
w [VI2 7 Ju, (~ReV)2  Ju, |ReV|2
v g 1 1 “ ) Im V|
<2 — +
we du \\/—ReV VIReV(u)| Ju, |ReV|

N + < + .
V=ReV(u) /[ReV(w)] ReA ™ /[V(W)] [V(u)] €5/]Q
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In order to estimate &, we proceed exactly as in the proof of Lemma 13.7, using
the following estimates:

~

/uo |IrnV|2 (13<28) o |Q|2 - 1
w |ReV|2 (ReA)2 ™ (@5)2
/“0 [Im V'] 0329w Q] 1

., VI Y Rex Y50

(13.29) (10.8) (Re \) 3 (10.2) (Re \) 3
v S L e g BENE g N (BeA)
¢ 1 1

/“O [Im V[ [V 4328) wg|Q (Re))z (102 1
w VP ~ (ReN? € Y 3G,

This concludes the proof. O

In the case k # s, the function Re V' is monotone decreasing on the interval [ug, ug].
Therefore, when applying the estimates in Section 13.1 we need to proceed backwards
in u, starting from wg. Therefore, the conditions (13.8) and (13.9) need to be replaced
by

“ |Rey| c
< (13.31)
/u VIVE T VIV ()
|ReV (u)| < C? [inf] |ReV]|. (13.32)

LEMMA 13.9. (Case k # s) Assume that k # s. Then on the interval [ug, uo), the
conditions (13.6), (13.7) and (13.31), (13.32) are satisfied. Moreover, by choosing C;
sufficiently large, we can arrange that the error terms € (13.11)—(13.13) are bounded
by

e < 1 / o]
—20/, ]V
Proof. Near the pole, the potential has the following asymptotic expansion

(cf. (11.20) and (11.18)),

Rep

ReV < — +8VAIQ| < -

R
Z“ < —ReA (13.33)

V'(u) = —i—/; + 2Q%u + O(|Qu) + O(|Q*u?) . (13.34)

Since Re V' is convex on (0,up] and has its minimum at ug, we know that the
function ReV is monotone decreasing on the interval (0,ug]. This implies (13.32).
Moreover, using the results of the analysis in [12, 11], we know that (13.18) holds
with rigorous error bounds. This implies (13.7) for sufficiently large C. The inequal-
ity (13.6) follows from the estimate

(13.35)

“ |Im V| | Tm V| ug |9 1
S < S ;
w 1my w IReV| = VReX ™ VG5
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where we used (13.33), (13.27) and (11.20). In order to prove (13.31), we again

apply (13.24) and estimate the two resulting integrals by
/”0 [ Tm V| - 1 [ Tm V| (135’5)
u |ReV] ™ /JReV(u)| Ju /|ReV|
[

Cs [V (u)|
/uo (—RGV/) /’u.o |Imvl|
T ey Il B =
VI~ L CRev)E

|Re V|2
<2/“°d< 1 )+ 1 /“°|ImV’|
~ Ju du\y/=ReV VIReV(u)| Ju [ReV|
ug |9 - 1
VIReV(w)] [Re V)] ~

u V()]
where in the last step we applied (11.20), (13.33) and (10.2).
the following estimates:

In order to estimate £, we proceed exactly as in the proof of Lemma 13.7, using

/uo |ImV|2 (13<33) U |Q|2

Uuo

1

~

1
~ V/—ReV(u) -

1

4

3 ~
Vi

S
(ReA)z "~ (C5)2
/“O [ Im V| (1%33) ug | < 1
Ue |V| Re A Cs V |Q|
(13.34) q (10.8) 3 (10.2) 3
VIS Lo g BN g g (BeAS
Uy Cy Cy
/“0 [Im V| [V'] 0233wy |Q (ReM)s (102 1
w VI ~ (ReA? € ¥
This concludes the proof. O

cives

14. Annular Regions where [(1| is Bounded Below. We now construct
regions in the complex A-plane in which |(,| is bounded below. For given A\g and A\ >
0 we introduce the annular region

AL == {)\ eC ‘ | Re(A — Ao)| € (AN, 5AN)

(14.1)
and | Tm(A — \o)| € (AN, 5A)\)}
(see Figure 7). We again choose uy and u, as the boundaries of the WKB regions
(see (10.8), (10.14)). With these choices, we have the following result.
ProrosiTION 14.1.

For sufficiently large ||, the following statement holds:
Choose any € < 1/(1000). Suppose that for a given Ao,

€L (e )| < €
Then, choosing

(14.2)

Uy -1
A/\—755</ 1 > ,
u Ao

: VIV

(14.3)
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Ar(Mo)

[

A

—

5AN

Fia. 7. Annular regions.

it follows that
€ < |CL(Umax)| <1000 for all X € Ap(Xo) -

The remainder of this section is devoted to the proof of this proposition.

14.1. Estimates in the WKB Region. We again consider the family of so-
lutions of the Riccati equation (2.14) with initial conditions (10.16) and (11.13)
(where ug is given by (11.12) or (11.17)). We again let ¢ be the corresponding
solution of the Sturm-Liouville equation normalized according to (6.7).

PROPOSITION 14.2. Assume that
/ NGRS (14.4)
ug

Moreover, assume that on [ug, u,| the WKB conditions in Proposition 11.1 as well as
the inequalities (13.6)—(13.9) are satisfied. Then by choosing the constants Cy,...Cs
sufficiently large, we can arrange that the following statement holds. Choosing A\
according to (14.3), for every A € A (o),

35e < ‘19(/\)

—9(Xo)

<190e

u
u

Uy "
Ug £

Ze —log K'(Ao)

70¢ < ‘logK()\) < 380¢,

Uy
Ug
with an arbitrarily small error.

Proof. We analyze what the condition (14.4) means. Combining the estimate

Uy Uy Uy 1
s [ V- [
Uyp Uy

sup [V| [ ——
with (14.3), we conclude that

vl
V VI~ fueun] % \4

AN < ode sup |V]. (14.5)
Cs (we,ur)
This shows that varying A on the scale A\ keeps the form of the potential V' un-
changed, up to an arbitrarily small error.
By choosing the constants c¢; and ¢y sufficiently large, we can arrange that the as-
sumptions of Lemma 13.4 and Proposition 13.5 hold. Possibly by further increasing ¢y
and ¢z, we can arrange that on the interval [ug, u,], the WKB approximation

V!
~VV - —
4 4V
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holds with an arbitrarily small error. Moreover, we can make the error term & in
Proposition 13.5 as well as the right side in (13.10) as small as we like. Hence on the
interval (ug,u,) and at A = Ao,

B ﬁu,‘_/“rl N/“r 1 N/“r 1
OReX 'wo [ A= w 2Imy " Juo 2TmVV
0 iu
almA’9| -
9 1 K(u, A, ~0
ORe B ~
P ur ] ur
log K ~— — & —
5T o8 K (w A /u Imy /u VYV
Op(u, A) 4 Op(u, A) e
ORe ) luy’ OIm A\ ’

where ~ means “up to an arbitrarily small error.”
Since according to (14.5), the form of the potential is nearly constant on the
scale A, it follows that for any A € Ap(\g),

u 1 Re(A — A
I, = 9(No)], = Re(A = Ao) / ~ 352 AN .
Uy Uy b 1 Im A _ A
log K(A)| - —log K(Xo)|,. ~ —Im(A = Ao) / _W

Using the form of the annular region, we obtain the result. O

14.2. Estimates of 0,(; in the Airy and Parabolic Cylinder Regions.
Before obtaining the estimates, we explain how we can arrange that the imaginary
part of the potential satisfies the assumptions (a) or (b) in Proposition 11.9 and
Proposition 11.11. To this end, we make use of the fact that taking the complex
conjugate of the Sturm-Liouville equation (2.7) is again of Sturm-Liouville form,

d2
<_F + V) $=0, (14.6)

but now with the opposite sign of Im V. For the construction of the resolvent, we are
free work either with the original equation or with the complex conjugate equation
because if the resolvent of (14.6) has been constructed, the corresponding resolvent
of (2.7) is obtained simply by complex conjugation, preserving all our estimates.
With this in mind, we can proceed as follows: In the parabolic cylinder region, the
function Im V' either has a zero, or it is everywhere positive or negative. If it has a
zero, we are in case (b) of Proposition 11.9. If it is everywhere positive, we are in
case (a) of Proposition 11.9. If it is everywhere negative, we work with the complex
conjugate equation and are again in case (a). If we are in the Airy case, Lemma 11.12
gives three possible cases. In case (i), we may apply Proposition 11.11 in case (a). In
case (ii), we work with the complex conjugate equation and again apply case (a) in
Proposition 11.11. Finally, in case (iii) the assumption (b) in Proposition 11.11 are
satisfied for § < £. We conclude that with this procedure, the assumptions (a) or (b)
in Proposition 11.9 and Proposition (11.11) can always be satisfied. In what follows,
we can take them for granted.



102 F. FINSTER AND J. SMOLLER

We consider the interval [u,,v], where (cf. (10.15))

uy in the Airy case
in the parabolic cylinder case (14.7)
in the WKB case .

v = u
u

max

max

The following lemma is trivial in the WKB case because in this case the interval [u,, v]
reduces to a single point (cf. (10.14) and (14.7)). But in the Airy and parabolic
cylinder cases, the next lemma gives control of the region near the zero of Re V.

LEMMA 14.3. For any u € [u,,v],
|OxCL (1) — DG (ur)|

: |¢<2§f>|2 (}aA log ¢(uy )| (u—1u,) + % Onyr)| (= )+ 2 (- “”3) '

Proof. We first integrate the differential equation (7.12) from u, to u to obtain

voull, = [ &

In the parabolic cylinder case, we now apply Proposition 11.9. Similarly, in the
Airy case, we apply Proposition 11.11. This gives

|9 (w)dry(u)| < |¢*(ur)Ory(ur)| + €3 |o(ur)* (u —uy) (14.8)

Next, we want to estimate 0y log ¢. Differentiating the relation 9, log ¢ = y with
respect to A\, we obtain

0 9
9u N logp =0y .

Integrating from u, to u gives
u
u
O 10g¢’ur =/ o\Y -
Uy

Now we can apply (14.8) and again Proposition 11.9, respectively Proposition 11.11
to obtain

3 “
oxtog ()| = [0xloztun)| < e [ [oPony
2

67% %(u up)| (u—u & u)? (u — u,)?

< i (9] () + 2 jotu)P (- un)?)
4

= C3 |y (ur)| (uw—u,) + % (u —up)? .

Finally, we compute the A-derivative of (r,

u “ 1 “ 1
(9>\CL}HT = P =-2 7 Oz log ¢



SPIN-WEIGHTED SPHEROIDAL WAVE OPERATORS 103

Using the above estimate for dy log ¢(u), we obtain

|OxCL (u) — Oxr(ur)| < (262)|2/ |92 log ¢

< o [ (1ontosotun)| + €3 oryun)| =) + 5 (0 - w?
= (ur)? Ju- ' : ’ ) )
Carrying out the integral gives the result. O

14.3. Proof of the Lower Bound for |(1|. According to the estimates near
the poles (Lemmas 11.7 and 11.8), by suitably increasing C; we can arrange that

|Cr(ue)| < 6. (14.9)

As is obvious from the expansion of the potential in (11.14) and (11.18), by further
increasing C; we can arrange that on [ug, uo),

Re A

C
—ReV > > ?5 Q.
Using furthermore that Im V' is bounded by < || (see again (10.1) and (9.3)), pos-
sibly by again increasing cs we can again arrange that the real part of the potential
dominates the imaginary part. Hence

/uo Re\/V<2 vV y MU w6 (14.10)
< —uy) —Y—m= S — . .
w \/|ReV Ve 19~ Ve,

In view of the value of ug as given in (11.12) and (11.19), one concludes that by
further increasing Cs, we can make the left side in (14.10) as small as we like. In
view of the formula for the radius of the osculating circle in the WKB region (12.10),
this means that that R is constant on the interval [ug, ug], up to an arbitrarily small
error. Since R(ug) = 5 (as is again obvious from (12.10)), we can thus arrange by

2
choosing ¢ sufficiently small that

1
‘R(W) - —‘ <e. (14.11)
Combining (14.9) with (14.11) and using that (1, lies on the osculating circle with

center p, the triangle inequality gives
1
‘|P(W)| - 5} < 2.

Moreover, we know from (12.10) that p is nearly constant in the WKB region. Thus
we can arrange that

<2 onfuwl
on [ug, uy] .
> 2 2
Combining (14.2) with the estimates of Lemma 11.13, we obtain the following
estimates,

bl - 5

GO, =@, —¢ool,, | -3
> ’CL()‘) W~ M), | - ‘CL()\)|ZT+ — (M),
.. < |, = ol [+ @O = ool
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In order to estimate |Cr, () ’u _CL(AQ)‘M , we go back to the osculating circle estimates

of Proposition 14.2. Knowing that at wg, the function (;, is small (14.9) and the
osculating circle has a radius close to one half (14.11), the mean value theorem yields

1

log K ()], ~log K (Xo)lu, = 5 [BOV = ROl

= ’ log R(A\)|u, —log R(Xo)|u,

Moreover, elementary trigonometry shows that the angles satisfy the inequality

(; . ) et | POl = 900,

5 < 2e
[Pl = V(0] s

< K = <Ol

1 —1
< 2 arcsin <<2 —a> 5) < be.

In order to control the behavior on the interval [ug, u,], we apply Proposition 14.2
(note that the condition (13.6) is satisfied in view of Proposition 12.1). It follows that
one of the following two inequalities holds:

and thus

302 < [0V, —9(N)], | <200¢
60= < |log K(\)|, —log K(\o)], | <400=.

This in turn implies that the change of (1| can be estimated from below and above
by

(G = OO,
GO, = o),

>10e RO\)|u, — ]p(A)lur —p(A0)u,

<400 R(Ao)|u, + ’p(A)IW = P(A0)u,

> 4e

<500¢.

Finally, the estimate of Lemma 14.3 shows that the change of (; in the Airy
region or the parabolic cylinder region is much smaller than the change of (7, in the
WKB region. In particular, by choosing || sufficiently large (and noting that the size
of the parabolic cylinder and Airy regions tends to zero as || = 00), we can arrange
that

<e.

L =l

This concludes the proof of Proposition 14.1.

15. The Green’s Function for a Double-Well Potential. The goal of this
section is to derive pointwise estimates of the Green’s function. For the statement of
the result, we need the parameter @ defined as follows. If Re V (ty.,) < 0, we simply
set & = Uy, (this case includes the WBK case and part of the parabolic cylinder case).
If conversely Re V (u,,..) > 0, we denote the zeros of the real part of the potential in
the parabolic cylinder or Airy regions by vy /g,

ReV(vy) =0=ReV(vgr) and VL < Upare < VR -
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Then @ is defined by the requirement that

/jRe\/Vz/ﬁvRRe\/V. (15.1)

Since our potential is almost symmetric around g, the points 4 and wu,,,, are all close
to 5. Working with our definitions has the advantage that we do not need to quantify
how close these points are.

Here is the main result of this section.

PRrROPOSITION 15.1. Assume that for suitable constants C,6 > 0, the following
inequalities hold,

|<L(ﬁ) ¢L(ﬁ)}v KR(ﬁ) (bR(ﬂ)} > m (15.2)
Ll <C on(0,4],  |Cr|<C onld,) (15.3)
|CL(@)], [¢r(@)] > 6. (15.4)
Then, setting
s = min (|o1.(@)[*, [or(@)[*) | (42 — yr) (@), (15.5)

the kernel of the Green’s function sy(u,u’) for 0 < u < u' < m is bounded by

lsa(u,u')| <
—|¢2(“)§%(“/) | ifu<a and ' > @
(5 + o) lomt) 050 if wul > uf
(% 52%)] (u) pr(u')| if u,u’ <
{5+ G mn) [} rtore] wi<usud
(e it i1

We begin by estimating the Wronskian from below.
LEMMA 15.2. Assume that (15.2) holds. Then

|w(ep, ¢R)| > %‘CL( ) Cr () (¢L7¢R)’-

Proof. We evaluate (10.21) at u = 4, take the absolute value and use the inequal-
ities (15.2). This gives

\w(dr, o) > = |or CL dr R (yr — yr)| (1) |CL Crw(or, ¢r)|(4),

1
2
O

concluding the proof.
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In order to estimate the Green’s function, we need to control both ¢7 and ¢ on
the whole interval (0, 7). The estimates so far, however, only give us control of ¢% on
the interval (0, %) (and similarly of ¢ on the interval [F,7]). The following lemma
gives a formula for ¢7 on the remaining interval [, 7].

LEMMA 15.3. For any u € [5, 7],

or(u) Y ¢R(U)) 7 (15.6)

0% (u) = ér(u) (CL@) on(@ Tl 2% 5r(0)

where

dr(v)  or(0)

UI{% ¢L(U) - ¢L(ﬁ/) +w(¢La¢R) CL(ﬁ) . (157)

Proof. First,

) gy OE) o GRG) g
9R0) = dmw) SEE = omlw) SEE + n(w) [ (52 () ar

Computing the derivative on the right gives

(ﬁ)’ _ (@2)'ér — 92 (ér)" _ w(dL, ¢r)

or O P
Integrating this equation from @ to u, we obtain
D (5 w 1
0 (w) = omtu) SHE (0 0m) 0mlo) [

The Wronskian appearing here is most conveniently computed asymptotically at the
origin,
or(v)

w(6F,¢r) = lim (1) (v) 6 (v) ~ F () (9)'(v) = Jim ‘T

where in the last step we differentiated (2.17) and used the asymptotics of the funda-
mental solutions as stated in (2.11), (2.12) and (2.13). Applying (6.2) gives (15.6).
In order to prove (15.7), we begin with the computation

oy 0RO S OR(@) T R
or(v) = ¢r(v) = ¢r(v) o1 (1) orl )/U ((bL)

= ¢r(v) Izﬂ +¢L(U)/U UJ(¢;72;¢R)'

We now divide by ¢r,(v) and take the limit v N\, 0. This concludes the proof. O

Proof of Proposition 15.1. Applying Lemma 15.2, our task is to estimate the
absolute value of the expression

¢p (u) Pr(u’)

Co @) Crli) w(on, o) foral0<u<u <. (15.8)

FE =
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We consider the different cases after each other. In the case u < @4 and v/ > 4, we
apply (15.4) to (15.8) to obtain

1|68 (u) gR(w))|
1Bl < 62 w(or,or)
Using that

\w(¢r, pr)| = |L(a) pr(0) (yr — yr) (@)

we obtain the desired estimate.
Using the symmetry under reflections at 7, it remains to consider the case u,u’ >
. Applying Lemma 15.3, a straightforward computation yields

>3,

b _%C)() or(u) or(w) Cr() (15.9)
1 Cr(0) — Cr(u) , )

" @) = va(@) (@) (@) Ca(a) PR ORL4) R (15.10)

- : 1 ¢r(u) or(u') Cr(W) - (15.11)

yr(4) — yr(@) Cr(a)or(a)?
In the case u > uf, we estimate these terms by
(15.9)| !aﬁR R(u))|
(15.10)] < = 522 [ () SR
(15.11)] < 5 \¢R ) ()]

giving the desired estimate.
In the remaining case @ < u < uf, we use the identity

|Cr () — Cr(u)] = \ / %

(15.9)] < | |ér(u) Sh(u \‘/

(15.10)|

to obtain

“1

dr(u) Pr(u') o oL

522!
|<1511>|<—\¢R ) o (u')] .

This gives the result. O

16. Deforming the Potential. In the following estimates, we distinguish the
cases that the real part of the potential is positive and large near v = wu,,,, or that
it is negative or small there. We refer to these cases as the double-well case and
the single-well case, respectively. Qualitatively speaking, in the double-well case
the potential looks like in the Airy case, whereas the single-well case comprises the
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WKB and parabolic cylinder cases. However, these regions are not exactly the same,
making it necessary to use a new notation. The important difference is that the
single- and double-well cases are defined without referring to the constants €1, Cy, .. ..
Instead, we work with the integrals (15.1) and introduce a new constant K > 0 (which
will be specified Section 16.1 below). More precisely, if Re V (u,...) = 0, we are by
definition in the single-well case. If Re V (tu.) > 0 (so that @ is defined by (15.1)),
we distinguish the

VR
single-well case : / ReVV <X
o (16.1)
VR
double-well case : / ReVV > X.
vr

16.1. Estimates in the Double-Well Case.

LEMMA 16.1. By choosing X sufficiently large, we can arrange that in the double-
well case the following estimates hold:

60(a)|, |or(@)] 2 4|1V| ey Re VT (16.2)
s (@) — yr(@)| > VIV(@)]. (16.3)

Moreover, the function X defined by (15.5) is bounded by

¥ > exp <2 /u Re W) . (16.4)

vr,

Proof. If X is chosen sufficiently large, we know from the estimates in Section 11.6
that the function |¢r| (and similarly |¢r|) can be approximated by the WKB wave
function (11.39). Moreover, as stated after (11.39), the coefficient of the exponen-
tially increasing fundamental solution is non—zero ThlS implies (16.2). Moreover7
differentiating (11.39), one finds that yr (@) ~ /V(@). Similarly, yr(a) =~ V(a),
proving (16.3).

Finally, the estimate (16.4) follows immediately by using (16.2) and (16.3)
n (15.5). O

From now on, we choose X so large that the the statement of this lemma applies.
LEMMA 16.2. For any € > 0, by increasing K we can arrange that for every

etgenvalue Ao,

< (16.5)

|CL(’&) <

| ™

or |§R(ﬁ)

| ™

Proof. Let A\g be an eigenvalue. Then the eigenvalue condition (10.22) is satisfied
at u = 4, implying that

1
|¢%<L| |¢ CR| N

Applying Lemma 16.1, we obtain

1 1 a
> 2K
@l @] ~ P (2/ Reﬁ) =0

|yL yR| at o .




SPIN-WEIGHTED SPHEROIDAL WAVE OPERATORS 109

Applying again the argument after (11.40), by increasing €; we can make the
exponential factors as small as we like. Hence, for any given € > 0 we can arrange
that

1 n 1 < 2
ICe(@)] ~ [Cr(@)] ~ e
This gives the claim. O

We now apply Proposition 14.1. In order to combine estimates for {1 and (g, we
modify (14.3) according to
-1
) . (16.6)
Ao

wo bt
AN :=75emin (/ — ) ,/ —
{ uy |V| Ao uft |V|

Thus we choose A\ so small that we can work with the same A\ both for (z, and (g.
Decreasing A\ in this way can be described equivalently by making the parameter €
in Proposition (14.1) smaller. The reason why this procedure is unproblematic is that
the parameter ¢ is changed at most by a uniform constant:

LEMMA 16.3.

R
L 7w
Ao a ufl |V|

L
[, 7
ug 14 Ao
Proof. Similar as in the proof of Lemma 12.12 and Section 12.5, we make use of

the fact that the potential is approximately reflection symmetric around u = 3. We
thus obtain

uf _ _ uf;
< / Viu) V3(7r u)’ - |2 1
u 145

~ el |Q| uﬁ‘ \/|V| .

R
L v

L
Ur 1
/uf VIV

Ao 7
This gives the result. O

LEMMA 16.4. Let Ay be an eigenvalue. Then, under the assumptions of the above
Lemmas 16.1 and 16.2, there is a closed contour I' of length at most 20 AX such that

ICLl, ISR > € along T .

Proof. Let Ay be an eigenvalue. Using Lemma 16.2, we can arrange that (16.5)
holds. Without loss of generality we may assume that

<

3

|CL(@)

N M

because otherwise we repeat the proof with L and R interchanged. Applying Propo-
sition 14.1, we know that |[(1(@)| > e inside the annular region Ar(\g). We choose
a contour I' inside Ay (A\g) close to the inner boundary (see the left of Figure 8). If
the inequality |(g(@)| > € holds along the contour T', there is nothing left to prove.
Otherwise, there is a point v on T' such that |(g(4)] < e. Again applying Proposi-
tion 14.1, it follows that |(r(@) > ¢ inside the annular region Ag(v). This makes it
possible to choose the contour I' as shown on the right of Figure 8. O
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Ar(Mo) Ar(Xo)

O g

AR(I/)

Fic. 8. Choice of the closed contour T'.

PROPOSITION 16.5. The resolvent sy exists along I' and is bounded by
e T fe vV ‘¢E(U) ¢%(u’)| ifu<uandu >4
|pr(u) P ()| if u,u’ > uf?

|sx(u,u)] S |67 (u) pr ()| if uu’ < uk

o2/ B ReVV |or(u) $R ()| if i < u < uff

e IRV 60 () g ()| ifuk <ol <.

Proof. We apply Proposition 15.1. By symmetry, in the estimates it suffices to
consider the index L.

We begin by estimating |(|. In the WKB region, the total variation of the ra-
dius R of the osculating circle is under uniform control by Proposition 12.1. In the
region (0,u) near the pole, on the other hand, this total variation is even small
by Lemma 12.6. In the Airy region, Proposition 11.11 provides uniform estimates.
Finally, Lemma 11.13 controls the total variation of {;, on the interval [u4,4]. Com-
bining these results, we conclude that

(o] <1 on (0,4] .

This gives (15.3). Moreover, we know from Lemma 16.4 that (15.4) holds for § = e.
We conclude that the assumptions (15.3) and (15.4) in Proposition 15.1 are satisfied.
Let us verify the assumption (15.2). From (16.2) and (16.3) we know that

1 i e2X
Pe exp 2/ ReVV | >

V] oL ~ lyr(a) —yr(@)]

|CL(@)¢r (@)

Thus by further increasing X we can arrange (15.2). Therefore, Proposition 15.1
applies.
We estimate the integrals over 1/¢% by

/UL g/uReWe—W(’f'Reﬁdv: l/u ie_zfgé?geﬁ
U |(J5R|2 @ 2 Py dv

R
< (6_21-;5 RevV _ =200 RC\/V> < e 2L RVT

~

Using the lower bound for 3 in (16.4) as well as (15.1) gives the desired estimate. O
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16.2. Estimates in the Single-Well Case. In the previous section we chose
the parameter K. We now proceed with estimates in the single-well case for this fixed
value of K.

PROPOSITION 16.6. There is a suitable choice of ¢ < 1/(1000) such that for
sufficiently large Cy the following statement holds. If Ao is eigenvalue in the single-
well case, then the resolvent exists inside the annulus Ar,(Xo) (defined by (14.1)) and
is bounded by

|sa(u,u)| S c|¢p(u) op(u)|  ifu<u

(where the constant ¢ may depend on K and €).

Proof. Let Ao be an eigenvalue. Then the eigenvalue condition (10.22) holds
for any u € (0,7). We now choose a specific value % where the analysis of the
expression in (10.22) is particularly simple. To this end, we consider the osculating
circle corresponding to ¢y, on the interval (0,w,). According to Lemma 12.6 , we can
make |((u¢)| arbitrarily small. Thus for any § > 0 by increasing €; we can arrange
that

|R(ue) — [p(ue)]| < 6.

Next, in the WKB region (uy, u,), we know from Proposition 12.7 that the center p
of the osculating circle is approximately fixed, whereas the change of the radius R is
given explicitly in terms of the integral of Re v/V. Using the estimate (12.21) together
with Proposition 12.2, for any given § > 0 we can arrange that that

’R(ur) - |p(ur)|’ <9.

If we start at uw = u, and decrease u, the function ((u) will move along the osculating
circle with an angular velocity as given by (6.9). We choose @ as the largest value
of u where the angle ¢ is such that ( is close to the origin, i.e.

|Ce (i)

In what follows, we evaluate all functions at the point . For ease in notation,
we shall omit the arguments of these functions. From the estimates in Section 11 we
know that

<25, (16.7)

611 |oR[* ~ (16.8)

1
VIV
(where the constants in the upper and lower bounds may depend on X). Moreover,

lyr —yr| S VIVI. (16.9)

Therefore, the eigenvalue condition (10.22) gives rise to the estimate

implying that
ICr| S 6. (16.10)
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Combining (16.7) and (16.10) we conclude that for any 6 > 0, we can arrange by
increasing C; that at u,

¢Lls |¢r| <0

We now vary the spectral parameter A (for fixed @ and X). Our goal is to analyze
how the left side of (10.22) depends on A. To this end, it is most convenient to include
the phase of the factor ¢ into the corresponding factor ¢. Thus, using the notation
in (6.5), we set

z = e?¢ so that »*¢C = 9?2

Then, according to (6.6),

o2 b
z=pe”" + K
Hence (10.21) can be written as
w(¢7, PR) 1 1 (¢r[*2r — oLz
— 05 =YL —Yr+ - =YL —Yr+
PrOR o>z |or|*2R |oLl?2L |or|?2R
It follows that
‘w(gbf,&j%) |¢R|22R_ |¢L|22L o ’yL_yR’
ooy | | oLz |orl?2R

Now we can vary the angle ¥ and the radius R = |K|~! of the osculating circles using
the formulas in Proposition 13.5. Keeping in mind that the variation of Jr and Kg
involves a minus sign (because we consider the differential equations backwards in u),
one sees that the variations of Rezy and Rezp (and similarly of Imz;, and Im zg)
have opposite signs.

We now choose A in the annulus Ay (\o) as defined by (14.1). The resulting
variations of z;, and zr are obtained by integrating the infinitesimal variations, exactly
as explained in the proof of Proposition 14.1. Given £ > 0, by choosing § sufficiently
small we can arrange the variation is much larger than z at A = A\ (see the formulas of
Proposition 14.2). Thus the above consideration for the sign of infinitesimal variations
implies that Rezy, and Rezgr (and similarly Im z;, and Imzg) have opposite signs.
This gives rise to the inequality

lorI 2R — loLl’zL| > |67 2L] -
It follows that inside the annulus Af,(Ag),
o), L
SLoR | |oh¢]

Using (16.8) and (16.9) together with the fact that |z | and |(r| are uniformly bounded
from above, we conclude after choosing ¢ sufficiently small, the first summand ma-
jorizes the second summand, i.e.

'w( z: Pr)
PLOR

‘yL - yR‘ .

.1
~ |o%Cr|
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Multiplying this inequality by |¢7| = |(r¢r and |¢%], we obtain

|prlL|
lpr|

Using again that |(| = |z1| is bounded from below, we conclude that

|w(@f, dR) 2 1.

Finally, we use this estimate in (2.19). This concludes the proof. O

[w(éL, ¢R)| 2

16.3. Tracking the Eigenvalues. We are now in the position to complete
the proof of Theorem 1.1. In order to locate the eigenvalues, we use the following
deformation argument. We consider for 7 € [0, 1] the homotopy

V.=ReV +7ImV

with V' as in (2.7). Then at 7 = 0, the potential is real. As a consequence, the
Sturm-Liouville operator is self-adjoint. It has a purely discrete spectrum with real
eigenvalues. If 7 > 0, on the other hand, the potential is complex. Our method is to
track each eigenvalue as 7 is increased.

At 7 = 0, we choose the contours as shown in Figure 5, with N chosen as follows.
First, we choose N at least as large as in Proposition 7.7 for ¢4 so large that the
eigenvalue Ay satisfies the inequality (10.2). The next lemma makes it possible to
arrange a spectral gap.

LEMMA 16.7. By increasing N at most by four, we can arrange that for a suitable
constant ¢ > 0 and large |},

/\N_)\N—l ZC|Q| (1611)

Proof. In preparation, we want to show that there is a constant ¢; > 0 such that
for sufficiently large ||, the eigenvalues of the Hamiltonian (7.2) satisfy the inequality

)\N+4 — /\N > C1 |Q| . (1612)

To this end, we first note that the analysis in the proof of Proposition 7.7 shows that
the solution ¢° has no zeros on the interval (0, u”) near the pole at u = 0. Similarly,
the solution ¢ has no zeros on the interval (uf, ) near the pole at u = 7. Moreover,
on the interval (uf, uf!) where the potential is non-negative, we know from Lemma 7.4
that ¢° has at most one zero. Therefore, counting the number of zeros of ¢° on the
intervals (u”,u%) and (u”,u%), this number differs at A4 and Ay at least by three.
As a consequence, on one of the intervals (u”,u%) or (ul, ul), the number of zeros
of ¢" differs at least by two. By symmetry, we may assume without loss of generality

that this is the case on the interval (u”,u%). It follows from Lemma 7.5 that

ok
/ (Imy|)\N+4_Imy|>\N) >,
wl

Applying the mean-value theorem in the parameter A\, we obtain

™

ulf
(AN+4—AN) sup / ‘(%\y‘ >T.
AG[)\N,)\N+4] u
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In order to estimate 0yy, we use the formula (7.13). Inserting the asymptotic expan-
sions near the poles (see (11.15) and (11.22)) and using the rigorous estimates in [12,
Section 5 and 8], a straightforward computation gives the inequality (16.12).

The inequality (16.12) shows that for any €2, one can choose N such that (16.11)
holds (for ¢ = ¢;/4). In order to show that N can be chosen uniformly in © (for
large |Q]), we make use of the fact that the leading powers in €2 in the potential (2.8)
are symmetric around v = 7. This implies the small eigenvalues have the same
asymptotics as Re) — £oo (with the corresponding eigenfunctions transforming
as ¢n(u) = ¢n(m —u)). As a consequence, we can choose N such that (16.12) holds

for all Q with |Q| sufficiently large. O

For the chosen N, we choose the contour I'y such that it encloses the lowest N
eigenvalues, where N is chosen at least as large as in Proposition 7.7. The other
contours enclose one eigenvalue (see Figure 5). Then all eigenvalues not enclosed
by T’y satisfy the inequality (10.2).

Now we continuously change the parameter 7 and follow each of the eigenval-
ues. We also continuously deform the contours I'g, I'1, ...such that they enclose the
corresponding points in the spectrum. If Ay is an eigenvalue in the single-well case,
according to Proposition 16.6 the resolvent is well-defined and bounded along a closed
contour I" in the annular region Ar(\g) (which can be chosen for example as on the
left of Figure 8). For an eigenvalue ) in the double-well case, on the other hand, there
are two possible subcases. Either the eigenvalue is isolated in the sense that we can
again choose the contour as on the left of Figure 7. Or else the eigenvalue can be close
to another point in the spectrum, in which case we choose the contour as on the right
of Figure 8. In both subcases, the resolvent estimate of Proposition 16.5 applies.
Finally, we enclose the remaining N lowest spectral points again by a contour I'y.
Defining the corresponding operators @, by

1
Qn::_ A S)\dA, TLeNo,
211 Ty

we obtain a family of operators.

For clarity, we point out that spectral points may move from the single-well case
to the double-well case and vice versa. Moreover, the contours I',, do not need to
be chosen continuously in 7. Indeed, if two eigenvalues come close together, the
corresponding contours must be changed discontinuously because the two contours
enclosing the two eigenvalues (as on the left of Figure 8) must be joined to form one
contour (as on the right of Figure 8). As a consequence, the operators @, will in
general not depend continuously in 7.

It remains to verify a-posteriori that the inequality (10.2) holds for all 7 € [0, 1]
and for all spectral points not enclosed by I'g. To this end, we first point out that
the eigenvalues may change considerably compared to the size of the gaps between
neighboring eigenvalues (this is why the theory of slightly self-adjoint perturbations
does not apply here). But the previous methods tell us how the eigenvalues change
in 7 (in particular see Section 6, Section 10.2 and Section 12.3). In simple terms,
these results show that the eigenvalues must satisfy the complex Bohr-Sommerfeld
condition (3.6) with well-defined errors. Combining this formula with the mean value
theorem

’\/71 \/70’< sup my|

(16.13)
re[0,1] |VT|
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and using that on the interval (ug,u,) the absolute value of the potential is larger
than €y |, whereas |Im V| < [Q], one sees that the eigenvalues change in such a way
that (10.2) remains valid.

16.4. Uniform Boundedness of the ), and Completeness. It remains
to verify that the constructed operators Qp,@1,... at 7 = 1 have all the required
properties. The idempotence and mutual orthogonality of these operators follows im-
mediately from Lemma 5.2. We now proceed by estimating the sup-norm of the op-
erators 0,,. For the operator @)y we again apply the theory of slightly non-selfadjoint
perturbations:

PROPOSITION 16.8. There is a constant ca such that for all sufficiently large |Q,

1Qoll < ez

Proof. In view of the gap estimate (16.11), by increasing || we can arrange that
|Im V| is much smaller than the gap. This makes it possible to find a contour 'y
enclosing the first IV spectral point whose distance to the spectrum is much larger
than |Im V|. This makes it possible to estimate the corresponding contour integral
in (8.4) for n = 0 by estimating the Neumann series (8.3). This gives the result. O

We next estimate the operators @y with £ > 1. We begin with a preparatory
lemma.

LEMMA 16.9. Along the contours 1I'1,Ts, ..., the Hilbert-Schmidt norm of the
resolvent is bounded by

uoq |
||sA||Hss/ L +/ L
i VIV e VIV

(with Ao as in (16.6)).

Proof. The Hilbert-Schmidt norm of the resolvent can be expressed in terms of

its kernel by
sl = [ du [ a sy
0 0

We begin with the single-well case. Proposition 16.6 gives the estimate

T T 2
lsalie <2 [ du [ av|og o )|

=2 /07r du /: du’ |C(w) 1 (w) Cr(u)oR ()| (16.14)

Ao

Near the pole at u = 0, the functions ¢;, and ¢r may have a pole (see (11.22)). On
the other hand, the function (z(u) vanishes at u = 0. As a result, the integrand
in (16.14) is bounded near the poles, as the following argument shows. We introduce
the functions pr, and pgr by

pr(u) = (SHP] (| and  pr(u) = sup [(R| .
0,u

)

Then the integrand in (16.14) can be bounded by

|Co () d.(w) Cr(w)dR ()| < pr(u) |én (W) Por(u) pr(u) |ér(w) o) ,
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giving rise to the estimate

Iz s T1 / o) [ 6o (W) pru) (16.15)

c=L,R

In order to estimate the obtained integrand near w = 0, we first note that (g is
uniformly bounded. Considering the asymptotics near u = 0 (see (11.16) and (11.22)),
one sees that the function |¢.|? may have a pole at u = 0. But in this case, inserting
the asymptotics into (6.1), one finds that |(y| (and therefore also py,) tends to zero at
the inverse rate. We thus conclude that the integrand in (16.15) is indeed bounded
near the poles.

Away from the poles, we can use the asymptotics (16.8) to obtain the result. This
concludes the proof in the single-well case.

In the double-well case, we work similarly with the resolvent estimate of Propo-
sition 16.5. The behavior near the poles is estimated just as in the single-well case.
The only additional issue is the behavior on the interval [uf,uf] in the Airy case.
In this case, combining the exponential factor exp(—2 [’ Re VV) with the WKB
asymptotics gives rise to the estimate

6721;1”?' Re VvV ‘¢%(U) Nl < 1 72j:nin(u’,uR) Re VV .

"N S T ¢

A straightforward computation using the exponentially decaying factor on the right
gives the result. O

PROPOSITION 16.10. There is a constant co such that the operators Q1,Qa, . ..
are bounded by

1@nl <2,
uniformly in €.

Proof. We estimate the contour integrals by

[@nll < L(T's) Sup [[sall 5

n

where L(T',,) denotes the length of the contour. The length of the contour is bounded
by 20 AX with AX as given by (16.6) (this is obvious in the single-well case, whereas
in the double-well case it was proven in Lemma 16.4). Applying Lemma 16.9 and
Lemma 16.3 and using that the Hilbert-Schmidt norm majorizes the sup-norm, the
result follows. O

It remains to prove completeness in the sense of (1.7) with strong convergence of
the series. Since completeness is a statement for fixed 2, we can rely on the theory of
slightly non-selfadjoint perturbations. Namely, Proposition 8.1 yields that there is N
(which might be much larger that the parameter NV in the statement of Theorem 1. 1)
a family of operators Qq, Q1, . .. with the completeness property

Z Qﬁ =1 with strong convergence .
=0
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The spectral decompositions (Q,,) and (Qz) are related to each other simply by form-
ing finite sums, i.e.

S7Qu=>"Gn  (with A,ACNy)
AneA

whenever the operators on the left and right describe the same spectral points. In
particular, for large n, the operators J,, are sums of one or two of the operators Q.
This implies that the series in (1.7) also converges strongly. Since every the spectral
point is taken into account in exactly one of the operators @, it follows that

o0 oo
Z Q, = Z Qﬁ with strong convergence .
n=0

=0
This concludes the proof of Theorem 1.1.
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