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THE EFFECT OF MAGNETIC FIELDS UNDER SPECIFIC
BOUNDARY DATA IN THE THEORY OF LIQUID CRYSTALS*

JUNICHI ARAMAKI!, KENTARO CHINENT YOSHIYASU ITO', AND SHOHEI ONO

Abstract. We consider the response of a magnetic field in the theory of liquid crystals. We treat
the Landau-de Gennes functional with the strong anchoring condition which may be non-constant
under a magnetic field which may also be non-constant. Such situation is more general than the
works of Lin and Pan in 2007 and Aramaki in 2012. We show that there exist two critical points
of intensity of the field such that one corresponds to the superheating fields of superconductors and
the other one corresponds to stability. We also show that under some special conditions, strong field
does not bring the pure nematic state which is very different response from superconductors.
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1. Introduction. The purpose of this paper is to extend the results of Lin and
Pan [19] and provides an improvement of the previous paper Aramaki [3] under the
specific boundary data. We consider the configuration of liquid crystals under a
non-constant magnetic field. Let Fy(n, Vn) be the classical Oseen-Frank density of
nematic liquid crystals. We impose the strong anchoring condition for the director
field n, that is, the Dirichlet boundary condition n = ey. In the presence of an
applied external magnetic field H, we must add an external density —x,(H - n)? to
Fn(n,Vn) (cf. de Gennes and Prost [11, p. 287]), and consider the modified energy
functional:

/Q{]:N(n, Vn) — xo(H -n)*}dx

where Q C R? is a bounded domain occupied by a liquid crystal, n : Q@ — S? is a
director field of the liquid crystal, and

Fn(Vn,n) = Ki|divn|? + Ki|n - curl n|? + K3|n x curln|?
+ v[Tr(Vn)? — (divn)?],

K1, K5, K3 > 0 are elastic coefficients and v is a real constant. However, it was shown
by Hardt et al. [15] that the integral of the last term represents the surface integral,
ie.,

S(eg) = /Q [Tr(Vn)® — (divn)®]dz = /69[(Vtann)n — Tr(Viann)n] - vdS

where Viann = Vn — (Vn)r @ v on 992 and v is the outward unit normal vector of
0f). So the term depends only on the boundary data ey. Thus since it does not affect
the problem finding the equilibrium configuration, we omit the term.

The effect of applied electric and magnetic fields on liquid crystals is an important
problem in the physics of liquid crystals. It is well known that as the magnetic field
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increases passing a critical value the configuration will lose its stability. This phe-
nomenon has been studied by many physicists and mathematicians, and the previous
works related to this paper include Atkin and Stewart [6, 7], Cohen and Luskin [9],
[19].

In [19] the authors considered the case where ep and the magnetic field H are
constant vectors satisfying H - eg = 0, in this paper we treat the case where ey and
H may be non-constant vector fields.

Throughout this paper, we assume that €2 is a simply connected bounded domain
with smooth boundary 9. From now, for some Euclidean space E (= R, C,R3, C? or
the space R? of real 3 x 3 matrices), W12(Q, E) denotes the usual Sobolev space of
E-valued functions, and we denote W2(Q, R) by W12(Q).

Let e € C?(09,S?) and define an admissible space

Wh2(Q,8% ep) = {n € WH(Q,R?); |n(z)| = 1 ae. in Q,n = ey on 9N}.

We note that if 2 has a smooth boundary, then W12(Q,S? eg) # 0 (cf. [15]). Ac-
cording to the Landau-de Gennes theory, the phase transition of nematic states to
smectic states can be described by the minimizer (i, ) of the Landau-de Gennes
energy functional

2
K
1) el = [ {190+ 0 - upp2
+ K |divn|? + Kan - curln|? + Ks|n x curln|? — y,(H - n)2}dx

where k and x, are positive constants, and ¢ is a real number. Here we denoted
Vit = VY —igniy. Without loss of generality, we may assume that ¢ > 0. When
¥ # 0, the minimizer (¢, n) describes smectic liquid crystal and when ¢ = 0, the
minimizer describes nematic liquid crystal.

We emphasize that in [19] the boundary data and the applied field are constant
vectors, but the present paper considers a more general boundary data eg which allows
a unique harmonic extension that is curl-free and orthogonal to H, see (H.1) below.
In the below and section 2 the author gives examples of the cases where the condition
(H.1) is satisfied.

We assume that the applied field H is smooth in €, and is written by H(z) =
ch(z), |h(z)] =1 and o > 0 is constant.

For brevity, we write

(12) lv.n] = Glvn] + Fin) ~ [ xalH - n)do
Q
where
Fln] = /{K1|divn|2 + Kan - curln|? + K3n x curln|*}dz

Q

is the simplified Oseen-Frank energy for nematics and
2, K 242

Glim) = [ {19mbl? + 5 (1= [0)? o

is the Ginzburg-Landau energy for smectics. We also write

Fonn] = F[n] — xa0? /Q(h -n)?dzx.
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Throughout this paper we assume that
(H.1) there exists e € C%(Q,S?) such that curle = 0, h-e =0in , and e is a
unique minimizer of

inf |Vn|2dz.
neW2(Q,5%,e0) .Jo

We note that the minimizer is a harmonic map from € to S? with boundary value e,
that is to say, e satisfies the equation

{ —Ae =|Vel’e in Q,

e = e on 0f2.

Here we note that there are many situations where (H.1) holds. For example,
define

xr1 — ay €2
(1.3) e(z1, 2, 23) = , ,0
R V(e —a)? + a3 /(21 —a1)? + a3

x1 —aj > 0 for x € Q, |a1| large enough, ey := e|sq, and h = (0,0,1) or

(1.4) h(xy,x2,23) = < - S O> .

V(e —a)? +a3" /(z1 —a1)? + a3’

Though it was shown by the previous paper of the author Aramaki [2] that e satisfies
(H.1), we shall show this fact in section 2 briefly. There are a lot of choices of a;. We
note that such applied fields h satisfy the Maxwell equation divh = 0 in €2 which is
not needed in this paper.

We also assume that

(H2) Kl S HliIl(KQ, Kg)
We furthermore assume that

(H.3) 1> ¢(Q) max |Vel|?,
€N

where ¢(£2) > 0 is the best constant such that the following Poincaré inequality holds:

/|w|2d:v§c(Q)/ Vew|2dz
Q Q

for any w € VVO1 ’2(9, R3). For the above example, since

1

Vel?= ———M
Vel (r1 —a1)? + 23

if we choose |ay| is large enough, we see that (H.3) holds.
Moreover assume that

(H.4) For any p € Q, the integral curve of e through p intersects with 0€.
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We note that for the above example, (H.4) also satisfied.

Thus the examples in (1.3) and (1.4) satisfy the conditions (H.1), (H.2), (H.3)
and (H.4). Our purpose is an extension of their results in [19] and [3] to the case
where ey and h are non-constant vector fields and the conditions (H.1), (H.2), (H.3)
and (H.4) hold.

Since by the hypothesis (H.1), curle = 0 in Q and 2 is simply connected, there
exists a unique function ¢ € C3(Q) such that

(1.5) Vop=e inQ, / pdx = 0.
Q
Now we can see that the energy functional £ has two families of critical points:
(1.6) P=0, n=n,
where n, is a global minimizer of Fyp:

]'—gh [ng] = inf ]:gh [n],
newh2(Q,S2%,ep)

and
(1.7) Y =ce” mn=e

where ¢ is the function as in (1.5) and ¢ is an arbitrary complex number such that
le] = 1.

There are many article on liquid crystals without external field. For example,
see Aramaki [4, 5], Bauman et al. [8], [15], Pan [20], [23]. Recently, there have been
increasing interests to study the effect of applied fields. See [6, 7], [9], [19], Pan [21, 22]
and Aramaki [2, 1, 3].

According to the analogies between superconductors and liquid crystals (cf. [21]
and [22]), we call the family in (1.6) pure nematic states corresponding to the normal
states of superconductor, and the family in (1.7) pure smectic states corresponding
to the Meissner states of superconductor. We shall see that there exists a critical
field H,,(0) > 0 such that for 0 < o < H,(0), the only pure nematic state is (0, e).
Moreover, we shall show that there exist critical fields Hg, and Hg where the pure
smectic states change their weak stability (local minimality) at Hgj, and change their
strong stability (global minimality) at Hs. Although the critical points have the
same natures as [19], the formulas have to be modified from their formulas, because
of given vector fields being non-constant. Thus the critical field Hg;, looks like the
superheating field of superconductors. We shall also show that in the special case of
K, = K5 = K3, aliquid crystal under very strong external field may not be in a pure
nematic state. On the other hand, in the theory of superconductors, the breakdown
of superconductivity occurs under strong external fields. See Giorgi and Phillips [13].
Thus liquid crystals and superconductors have very different response under strong
field.

The plan of this paper is as follows. In section 2, we consider the examples given
by (1.3) and (1.4), and state the weak stability of a critical point of £. In section
3, we define a critical value Hg, and show that when o increases, the pure smectic
states change their weak stabilities at Hg,. In section 4, we define a critical value
H,, and show that if ¢ > H,, the global minimizers of £ are not pure smectic states
and if o < Hg, the only global minimizers of £ are pure smectic states. Finally in
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section 5, we show the instabilities in pure nematic states. In the particular case of
K, = Ky = K3, when o is sufficiently large, the pure nematic states are not global
minimizers of £. This phenomenon clarifies the difference between the liquid crystals
and superconductors.

2. Preliminaries. First we shall show that there are many situations where
(H.1) hold. For example, let Q be a smooth bounded domain in R3, and define a
vector field

2.1 e(r) = nom 2 0
21 ) (\/(Il—al)2+$§ V(@1 —a1)? + 23 )

where 1 —a; > 0 for all x € Q. There are lots of the choices of a;. By simple
computations, we can show that e is a harmonic map from () into the unit sphere S?
and curl-free, that is to say, e satisfies

{ —Ae = |Vel|’e in,

(22) e=e¢ep:=elpg on N

and curle = 0 in Q. For large |a1]|, putting p = (1,0,0), we can see that
e(Q) C B.(p) C S? where B,(p) = {q¢ € S*dist (¢,p) < r} and 0 < r < 7/2.
Here dist(g, p) denotes the geodesic distance on S?. We note that B,.(p) satisfies the
cut locus condition. That is to say, for any two points in B, (p), there exists a unique
geodesic in B, (p) joining the two points.

According to Jager and Kaul [17], Hildebrandt et al. [16], the harmonic map e

such that e(2) C B,(p) with the Dirichlet data eq exists and is unique. We can show
that e is a unique minimizing harmonic map of

(2.3) inf / |Vn|da.
neWw2(Q,5%,e0) Jo

PROPOSITION 2.1. Letn € W12(Q,S2, eq) be a minimizer of (2.3). Then n(Q) C
B,.(p). So we have n = e in (.

In order to prove this proposition, we need a lemma due to Jost [18]

LEMMA 2.2. Let By and By be closed subsets of S> with By C By and there exists
a C' retraction map 11 : By — By such that

|VII(x)(v)| < |v| ifveT,S? =€ B\ By.

For a given boundary data g : 00 — By, if n: Q — By is a energy minimizing map
of (2.3) with the boundary data g, then n(Q) C By.

For the proof of Proposition 2.1, see [2].

LEMMA 2.3. Assume that (H.1) and (H.2) hold. Then the vector field e defined
in (H.1) is also a unique minimizer of

inf Fn].
neWbh2(Q,52,ep)

Proof. For any n € W12(Q,S?, e), it follows from (H.1) that

/|Ve|2dx§/|Vn|2dz.
0 0
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Since (divn)? + |curln|? = |Vn|? — [Tr(Vn)? — (divn)?], we can see from (H.1) and
(H.2) that

Fle] = | Ki(dive)?dr = [ Ki|Vel*dr — K1S(eg)
Q Q

< | Ki|VnlPde — K1S(ep) < | Ki{(divn)? + |curln|?}dz < Fn).
Q Q
Conversely, if n is a global minimizer of F, we see that
K / |Vn|?dr — K1S(ep) < Fln] < Fle]
Q

=K / (div e)?dz = Kl/ |Ve|?dz — K,S(ep).
Q Q

From (H.1), we see that n = e. O

Next we give the definition of the weak stability of critical points and a sufficient
condition for weak stability for a general applied field H and a boundary data w.

DEFINITION 2.4. (1) We say that (10,m0) € WH2(Q,C) x W12(Q,S% ug) is a

critical point of €, if and only if for any ¢ € W2(Q,C) and any v € Wy *(Q,R3) N
L®(Q,R?),

d
dt o [7/Jt,nt]
where
ng + tv
( ) e = 1o 0] t |n0 —|—tv|

(2) We say that a critical point (1/)0,77,02 of € is weakly stable (local minimizer),
if for any ¢ € WH2(Q,C) and any v € Wy *(Q,R3) N L=(Q,R?), there exists T =
T(¢,v) > 0 such that for any 0 <t < T,

Elho, o] < E[hr, My
By computations as in [19], we can write
(2.5) n; = no + tny + t2ny + O(t%)
where

ny =v — (v-npy)ny,

ny = —(v-ng)v + %[3(1} ‘ng)? — [v]*ng
and
(2.6) Van, ¥t = Vangtho + 181 + 12®5 + O(t%)
where

@1 = Vgn, @ — iqnivo,
Oy = —ig(n1¢ + n2tdo).
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Using these formulas, for small ¢, we can write

Glthr, ne] = Gltho, mo]
+2t/g{%[m' Vanoto — £76(1 — [¢0]*) 0]
—qn1 - S(¥Vnetho) da
o2 [ {10l = 20 [l of? + 262 (R0

—2q%[(n15 + ’I’LQEO) . an01/)0]}dx + O(tg).

Henceforth, we denote the real part and imaginary part of a complex number z by
R[z] and S[z], respectively.

]:[’I’Lt] = ]:[’I’L()]
—|—2t/ﬂ{K1(le no)(divnl)

+ K3 (ng - curlmg)(ny - curlng + ng - curlny)

+K3(ng x curlng) - (ny X curlng + ng X curlng) }dx
+t2/{K1{(divn1)2 + 2(div ng) (div nz)}
Q

+Ko{(n; - curlng + ng - curl my )?

+2(ng - curlng)(ng - curlng + ny - curlmy + ng - curlng)}
+K3{|n; x curlng + ng x curln, |

+2(ng x curlng) - (ny X curlng + ny X curln,g

+ng x curlng) ydz + O(t3).

/Q(H'"t)2d$ Z/(H-no)de

Q
+2t/Q(H-n0)(H-n1)d:C

+t? Q{(H n1)? + 2(H -ng)(H - ny) }dx + O(t?).

Therefore, we can write

(2.7) Er, ] = Ebo, no)]
+2t{A(¢0,n0;¢,v) —Xa/Q(H-no)(H-nl)dx}

+ tQ{B(q/}07n0; (bvv)

~ Xa {(H-n1)2+2(H-no)(H~n2)}da:}
Q

+O(t%)
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where

(28)  A(tbo,m0;6,0) = /Q (RVom® - Vamotho — K231 = [0l 0]

—qn1 - (Vg Vnoeto) + Ki1(divng)(divn,)
+ Ks(ng - curlng)(ng - curlng + ng - curlng)

+ K3(ng x curlng) - (nq x curlng + ng x curlnl)}dx,

(2.9) B(tpo, no; ¢, v) = /Q{|ano¢ —ignitbo|® — K2 (1 = [vo|*)| @]

+ 262 (R(P0))? — 2¢S[(n16 + 1210) V gny o]

+ K1 {(divn)? 4 2(div ng)(div ng) }

+ Ko{(ny - curlng + ng - curlny )?

+ 2(ng - curlng)(ne - curlng + nq - curlng

+mg -curlng)} + K3{|n; x curlng 4+ ng x curln, |?
+2(no x curlng) - (ng x curlmg + ny X curlny

+ ng x curlng)}de.

Therefore, we have the following lemma.

LEMMA 2.5. (i) (¥0,m0) € WH2(Q,C) x WH2(Q,S?, ug) is a critical point of £
if and only if for any ¢ € WH2(Q, C) and any v € W01’2(Q,R3) N L>®(Q,R3),

Ao, 05 6,0) = x| (H <o) (HL - ma)d = 0
Q
(ii) If a critical point (o, ng) € WH2(Q,C) x W12(Q,S?% ug) is weakly stable,
then for any ¢ € WY2(Q,C) and any v € Wy 2 (Q,R?) N L>®(Q,R3),
Bl mo:0.) 2 xa | ((H -m1)? 4+ 2(H o) (H - no)) o
Q

(iii) Let (vo,mg) € WH2(Q,C) x W12(Q,S? ug) be a critical point of €. If for
any ¢ € WH2(Q,C) and any v € W2 (Q,R3) N L>®(Q, R3) which is not parallel to ng
on a set of positive measure,

B0, 10: 6,v) > Xa /Q ((H - n)? + 2(H - 1g) (H - 12) i,

then (Yo, ) is weakly stable.
(iv) Let (v9,m0) € WH2(Q,C) x W12(Q,S% ug) be a critical point of €. If there
exist p € WH2(Q,C) and v € Wy ?(Q,R3) N L>®(Q,R3) such that

B0, n0; 6, v) < Xa /Q ((H 1) + 2(H - no)(H - 1) }dz,

then (o, ) is not weakly stable.
For the proof, see [19] for (i) and (ii), and see [9] for (iii) and (iv).
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REMARK 2.6. (i) If (v,n) is a critical point of £, then the Euler-Lagrange
equation for v is the following.

—Vint =r*1=[¢P) in Q,
Vit -v =0 on 09

where v denotes the unit outer normal vector to 0S).

(ii) We note that under the hypothesis (H.1), (1o, nq) = (ce'®?, e) where ¢ is the
function as in (1.5) is a critical point of €. In fact, since V gn,tbo = 0 and || = 1,
for any ¢ € WH2(,C) and any v € Wy *(Q,R3) N L>®°(Q,R3), it follows from (H.1)
that

A(d)Oa no; (bv ’U) - Xao'2 /

Q(h -e)(h -ng)dr = K, / (div e)(div n,)dz

Q

=K, /Q —V(dive) - (v — (v-e)e)dz.

Since curle = 0, it follows from the formula
(2.10) curl?e = —Ae + V(div e)

that the last line of the above equality is equal to
—Kl/ Ae-(v—(v-e)e)dx = Kl/ |Vel’e - (v — (v-e)e)dz =0
Q Q
from (H.1). Thus (¢g,ng) is a critical point of £.

3. Loss of local minimality of pure smectic states. In this section we shall
examine weak stability (local minimality) of pure smectic state (g, m0) = (ce’?¥, e)
where ¢ € C and |¢| = 1 and ¢ is the function as in (1.5).

For any ¢ € W12(Q,C) and any v € W, > (Q, R?) N L>(2, R?), define ¢; and n
as in (2.4) with ng = e. Then it follows from h(x)-e(z) =0 and ny = v — (v - e)e
that oh-ny = o(v-h). Thus if the critical point (¢, €) is weakly stable, then we see
from Lemma 2.5 that

(3.1) Blin,€:6.0) 2 xao® [ (v B

Q
Since W, %(Q,R?) N L®(Q,R?) is dense in W, (Q,R?), (3.1) holds for any ¢ €
WH2(€,C) and any v € W, *(Q,R3). Since Vyn,tho = Vge(ce’®?) = 0 and |1ho| = 1,
we have, from (2.9),
B(un, i 6.9) = [ (Ve ~ iamutol? + 26 (RGun)?

+ K1 ((divng)? 4 2(dive)(divng)) + Ka(e - curl ng)?
+ Ksle x curln, |*}d.

For any ¢ € W2(Q,C), we can write ¢ = icqe!?u, u € W12(Q,C). Therefore,

Vyed — iqnithy = icqe’? (Vu — ny)
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and R(¢1ho) = |¢[*R(iqu) = —¢S(u). Here since ny € W, 2(Q, R?),

2 / (dive)(divng)dr = =2 | V(dive) - nadx.
Q Q

By the formula (2.10) and the hypothesis (H.1), we have V(dive) = Ae = —|Ve|?e.
Moreover, we have 2e - ny = (v -e)? — |[v[? = —|ny|?. If we write n; = w, then
w e W, (Q,R?) and w(z) - e(x) = 0 a.e. in Q. Hence we can rewrite

B(tho, mo; ¢, v) = /{q2|VU —w|* +2r°¢*(3(w))? — K1|Vel*|w/?
Q
+ K (divw)? + Ka(e - curlw)? + Kzle x curlw|?}dz.

If (¢, v) minimizes B(vg, no; ¢, v)/||v - h||2L2(Q)= then wu is real valued. Thus we may

assume that u = —Ci'qe_iq‘/% is a real valued function. We write B(¢o, no; ¢, v) by

B(u,w). That is to say,
(3.2) B(u,w) = /Q{q2|Vu —wl|*dx + F(e)w] — K, /Q |Vel?|w|?}dx
where

Fle)|w] = /Q{Kl(div w)? + Ksy(e - curlw)? + Ksle x curl w|?}dz.

Here we note that under the hypothesis (H.2), we can show the following.

LEMMA 3.1. Assume that (H.2) and (H.3) hold. Then there exists a constant
¢ > 0 such that

(3.3) Fle)w] - Ky /Q Vel lwldz > clw]m0 xs)
for all w € Wy?(Q, R3).

Proof. Since (e - curlw)? + |e x curlw|? = |curlw|? and w € W, (2, R3), we
have

Felw) - K [ [Vellwlds
Q
> Kl/{|divw|2 + [curl w|?*}da
Q
—Klma§|Ve|2/ |w|?dx
zEQ Q
zKl/ |Vw|2dx—K1ma§|Ve|2c(Q)/ |Vw|?dz
Q e Q
> Ki(1—¢(Q) ma3<|Ve|2)/ |Vw|?dx
zeQ Q

> . 2 2
> 1) (1 (@) mas Vel?) s g
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for some positive constant ¢;. Thus (3.3) holds with

c=c1Ki(1 —¢(Q)max|Vel?). O
€N

DEFINITION 3.2. For q > 0,k > 0,K; > 0,Ks > 0 and K3 > 0, define Hg;, =
Hsh(Q7"<‘77K17K27K3797h76) by

1 B
H% = — inf{(“”;’) (u,w) € WH(Q) x Wy (Q,R?),
Xa Hh'wHL2(Q)

w(z)-e(x) =0 ae in Qh-w(r)Z0 in Q}

From the above arguments, we have the following lemma.

LEMMA 3.3. If 0 < Hgp, then we see that the pure smectic state is weakly stable
and if o > Hgyp, then the pure smectic state is not weakly stable.

Proof. If o < Hgp, then
(3.4) o Xallh - w720y < Blu, w)

for all (u, w) € Wh2(Q) x W, *(Q, R?) with w(z)-e(x) = 0 a.e. in Q and h-w(z) # 0.
For any ¢ € W12(Q,C) and any v € W, *(,R?) N L>°(Q, R?), we define 1; and n,
by (2.4). We show that

(3-5) 5[1/)0,"10] < 5[7/1:5,7%]

for small |¢| > 0.
In the case where v = 0, we see that n; = e. Thus we have

(3.6) Ele 1] = Gltbr, ma] + Flna] — xa0? /Q (h-n)%dz
= Gy, €] + Fle]
> Kl/ |d1V 6|2d$ = 8[1/)0,710].
Q

Thus we see that (3.5) holds for small ¢.

In the case where v # 0, we may assume that |[v] = 1. When v = +e, then
w=wv— (v-e)e =0 and n; = e. Thus since (3.6) holds, we see that (3.5) holds.
When v # te, w = v — (v-e)e # 0. If h-w(x) = 0, putting u = —iée‘iq%, it
follows from (3.3) and the Poincaré inequality that

B(u,w) > c/ |Vw|*dz > cl/ |w|?dz > 0 = / (h-w)?dz.
Q Q Q

Thus it follows from (2.7) that (3.5) holds. If h(z) - w(z) # 0, using (3.4) we can see
that (3.5) also holds.

If o > Hgpy, there exists (u,w) € WH2(Q) x Wy*(Q,R3) with w(x) - h(z) # 0
and w(z) - e(x) = 0 in Q such that

B(u,w) < xa0?||h - w]|72(q)-



324 J. ARAMAKI, K. CHINEN, Y. ITO, AND S. ONO

It follows from Lemma 2.5 (ii) that (g, ) is not weakly stable. O

For a further simple expression of (3.2), let (u,w) be a minimizer of Hgp. Then
u satisfies the equation

(3.7) % —qy.p=0 on ON.

{ Au = divw in €,
ov

If we impose fQ udx = 0, the solution of (3.7) is unique. We write u = &,,. Then it is
well known that &, is a minimizer of

1
inf \Y d
ww) = £€W12(Q ) Q| Q| ¢~ wldr.

Hence &, satisfies
/ |Véw — w|?dr = w(w)|9.
Q

Write B(w) = B(&w,w). It is clear that for any b > 0, & = 0w, and so B(bw) =
b>B(w). Therefore we can write

1
H2, = — inf{B(w);w € Wy*(Q,R?), w(z) - e(x) =0 ae. in
Xa
[h-w| 2 = 1}.

Here we note that the pure smectic state involves a complex number ¢, but B(u, w)
and B(w) are independent of ¢. From now we write Hgp, by Hgp(q). Then we see that

S

H2,(0) = X—lnf{}'( Kl/ Vel w|2da; w € WE2(Q, R),

w(z)-e(z) =0 ae in Q||h-w|2q) =1}

PROPOSITION 3.4. Assume that ) is simply connected domain with smooth bound-
ary, and (H.1), (H.2), (H.3) and (H.4) hold. Then Hgp(q) > 0 is achieved. For fized
k, K1, Ko, K3, Q, h and e, we have

lim Hgp,(q) = +o0.

q—+0o0

Proof. Step 1. Let w; € Wy ?(Q,R3), ¢; = §w, satisfy w;(z) -e(x) =0 a.e. in Q,
|h-w;|12(0) = 1 and B(w;) — xH2,(q) as j — oo. Since w; € € Wy %(Q,R?), it follows

from (3.3) that there exist constants ¢, C' > 0 such that ||Jw; ||W1 2(.R9) <cB(w;) <C.

Thus passing to a subsequence, we may assume that w; — wo weakly in WO’ (Q,R?),
strongly in L?(Q,R3) and a.e. in Q. Hence wo(x) - e(x) = 0 a.e. in . Since

1
/QIV@ —w;[*da < ?B(wj) <C,

we see that |[VE)|r2qrs) is bounded. Since [, &;dz = 0, again applying the
Poincaré inequality, we see that {¢;} is bounded in WH?(Q,R). Moreover, since
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ldivaw;|[z2(0) < Cllwjllwrz@rsy < C, w; = 0 on 9N and §; = &, is a unique
solution of (3.7), it follows from the elliptic estimate that {¢;} is bounded in W?2:2().
After passing to a subsequence, we may assume that &; — & weakly in W22(Q) and
strongly in W12(Q). Then &, satisfies (3.7) for w = wy, i.e., & = &w,. Therefore,

B(“’O) = B(fwo,wQ) < Hjlg;l)I.}fB({j, wj) = Xath(Q)'

Since [|wo - k| p2(0) = limj o [|w; - h||L2(q) = 1, we see that B(wg) > xH2,(g). Thus
wy is a minimizer of B(w), so (&w,, wo) achieves Hgp(q).

We show that Hgp(q) > 0. If Hgp(q) = 0, then B(wg) = 0. So using Lemma 3.1
we see that wo = 0. This contradicts the fact that ||h - wo||z2) = 1.

Step 2. Suppose that Hgp(g) < ¢ for all ¢ > 0. Choose g; — oo and choose
uj € Wh2(Q) and w; € W, *(Q,R?) such that

/ ujdr = 0,e(x) - w;(z) =0 ae. in Q, [|h-w;lr2q) =1,
Q

and (u;,w;) achieves Hgp(g;). Then
/ ¢j|Vuj — w;de + Fle)hw;] - K / [Vel|w;[*dz
Q Q

< XaC? /Q(h . wj)Qd:z: = YaC?.

Thus from (3.3) , {w;} is bounded in W,*(Q,R?). Passing to a subsequence, we
may assume that w; — @ weakly in Wy ?(€,R3), strongly in L*(Q, R3) and a.e. in
Q. Hence this implies that ||k - |12 = 1 and w(z) - e(z) = 0 a.e. in Q. Since
[Vu; — w2 = O(q{l) and w; — W strongly in L*(Q,R3), {Vu;} is bounded
in L?(Q,R?). Since [, ujdz = 0, it follows from the Poincaré inequality that {u;}
is bounded in W12(Q2). Passing to a subsequence, we may assume that u; — U
weakly in W12(Q) and strongly in L*(Q). Since Vu; — Vu weakly in L?*(Q,RR?)
and Vu; — w strongly in L?(Q2,R?), we have Vi = w and Vu; — V4 strongly in
L?(92,R3). Thus we see that u; — U strongly in W12(Q). Moreover, Vi = w = 0 on
02 and Vu - e =0 in Q. By the hypothesis (H.4), we see that Vu = 0 in Q. In fact,
assume that Va(p) # 0 for some point p € . Let @ = x(t) be the integral curve of
e through p. Then since

d .. ~
7 V() = V(Vu(z(t)) - e(z(t)) = 0,

Vu(x(t)) is independent of t. By the hypothesis (H.4), x(t) intersects with 9. This
contradicts the fact that Vi =0 on 9Q. Thus Vi =0in Q and so w = Vu =0 in Q.
This contradicts [|h - w|[z2() = 1. O

We shall derive the Euler-Lagrange equation for the minimizer of Hgy(q). Let
(€w,w) be a minimizer of Hgp(q). Then we see that w satisfies

o = LIVl + Fle] — Ko fo Vel uwfds
sh N .

" Xa Hh'wH%?(Q)

For v € W12(Q,R3) with v(z) - e(x) = 0, since &yt = Ew + t& and

/Q(h-(w—ktv)) dx:/g(h-w) dx+2t/ﬂ(h~w)(h-v)dx+0(t ),
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we have
[V&wtto — (w + tv)H%Q(Q,]W) = [|Vw — w”%?(sz,RS)
+2t/9(vgw —w) - (Ve — v)da + O(t2),
F(e)[w+ tv] — K /Q |Vel*|lw + tv|*dz
= F(e)|w] — Ky /Q |Ve|2|w|2d:v

+2t [ {K;(divw)(divv) + Kz(e - curlw)(e - curlv)
Q

+K3(e x curlw) - (e x curlv) — K| Vel?(w - v)}dz + O(t?).
Here we note that

(e x curlw) - (e x curlv) = curlw - curlv — (curlw - e)(curl v - e).

Thus if we define k(x) = h(xz) x e(z) and an orthogonal projection P, onto the
space [k(z), h(x)] spanned by k(xz) and h(x), we get the Euler-Lagrange equation

P, [-K 1V (divw) — Kze x V(e - curl w)
+K3(curl*w + e x V(e - curlw))
+¢3(w — V&) — K1|Ve|2w]

= xHZ,(q)(h - w)h in €,
w =0 on 0.
In particular case where K; = Ky = K3 = K, since curl?w = —Aw + Vdivw, we

have
Py[~KAw + ¢*(w — Véw) — K1 Vel |wl’] = xo H2,(h - w)h  in Q,
w=0 on 0N

4. Loss of global minimality of pure smectic states. In this section, we
examine loss of global minimality of pure smectic states. In order to do so, let (¢, 1)
be a pure smectic state. That is to say, g = ce'??,ng = e with ¢ € C,|c| = 1 and ¢
is the function as in (1.5).

If a global minimizer (¢, n) € WH2(Q,C) x W12(2,S?, eg) is not a pure smectic
state, then we claim that

(4.1) h-n#0 in.

In fact, if h-m =0 in €,
E[Y,n] = G, ] + Fln] < Elo, o] = / K, |div e[
Q

Hence since F[n] < Ki||div e||2L2(Q) = Fle], we have n = e from (H.1). Moreover, we
have

2
0=6ton] = [ {1ve—ignup + S fao



THE EFFECT OF MAGNETIC FIELDS IN LIQUID CRYSTALS 327

Therefore, since [1)| = 1, we can write ¢ = ce'¥®) with |¢| = 1 locally for some
function @. Therefore, 0 = V1) — ige) = icq(VP — €)e’9%. Thus V@ = e, so we can
write ) = ce'?? with |¢| = 1 locally where ¢ is the function as in (1.5). Since Q is
connected, 1) = ce' in . Then (¢, n) = (g, ng) is a pure smectic state. Hence
(4.1) holds.

Thus if (¢),m) is a global minimizer of £ which is not a pure smectic state, we
have

G, n] + Fln] — Ki|dive|72 o) < Xa0®[[h - nl|72(q).

DEFINITION 4.1. For given ¢ > 0,k > 0,K1,Ks, K3 > 0 and h,eq, define
Hs = Hy(q, 1, K1, K2, K3,9,h,eq) by

(42) H? = L ing

Xa

{Q[d),'ﬂ] + Fln] - K1|\dive||2L2(Q)'

k- n||2L2(Q) ’

(¢,n) € WH2(Q,C) x WH2(Q,S?, ep), h(z) -n(x) Z0 in Q}

Note that since F[n] > Fle] = Ki||div e[, the definition of H? has a mean-
ing.

Then we have the following lemma.

LEMMA 4.2. Under the assumptions (H.1), (H.2), (H.3) and (H.4), we have
following.

(i) If there exists a global minimizer (v, ) of € which is not a pure smectic state,
then o > H,.

(ii) If o > Hg, then the global minimizers of £ are not pure smectic states.

(iii) If 0 < o < Hy, then the only global minimizers of £ are pure smectic states.

Proof. (i) If (1), n) is a global minimizer of £ which is not a pure smectic state,
then from (4.1) h-n # 0 in Q and £, n] < [, ng| = K1 ||div eH%g(Q). Therefore,

we have
ﬁmm+IM—Km%wﬁmngmﬁ/ﬁrm%m
Q

This implies that H,; < o.
(ii) If o > H, there exists (¢, n) € WH2(Q,C) x W12(Q,S2, eg) with h-n #£ 0
in 2 and

1 Glén] + Fln] - Ki[ldivel2a g,
Xa ||hn||%2(9)

o?.

Thus we have
Elp,n] = G, n] + F[n] — xa0? ||k - n||72 o) < E[to, mo] = Ki|div e|[72 (-

This implies that global minimizers of £ are not pure smectic states.
(iii) If 0 < 0 < Hy and there exists a global minimizer which is not a pure smectic
state, it follows from (i) that ¢ > Hs. O
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In the following we write H; by Hs(k,q). Since pure smectic states lose the global
minimality at Hg(k,q) and lose local minimality at Hsp(q), we see that
Hs(’ﬁ q) < Hsh(Q) (43)
We define a number H,, which is closely related to Hj.
DEeFINITION 4.3. H,, = H,(¢) = H,,(q,k, K1, K2, K3,9Q, h,eq) is defined by

1 inf{(f'vu — )72 ps) + Fln] - KlHdiVeH%z(Q)'

Hy(q) = —
Xa ||h’ ' nH%Z(Q)

(u,n) € WH2(Q) x WH%(Q,S% eg),h-n #0 in Q}

We note that

1 Fln] — Ky ||dive|?
H2(0) = —mf{ (n] = Kl 2 ||L2(Q); neW'?(Q,5% e),h-n#0in Q}
Xa Hh'nHLz(Q)

LEMMA 4.4. For any k > 0, we have Hs(k,0) = H,(0), and for any k > 0 and
q > 0, we have Hy(k,q) > H,(0).

Proof. We choose a test field ¢ = 1 and any n € W12(2,S? eg) with h-n # 0 in
Q, we see that G, n”q:O: 0. Thus HZ(k,0) < H2(0). On the other hand, for any
k>0 and g > 0, it is easily seen that

Fln] — K1||dive||?
H2(m,q) > -~ in ] = K HL2(Q)'neW1=2(Q S2.e0), h-m 0
s K, q Xa ||hn||%2(ﬂ) ) ) ) )
= H2(0).

We state the relations of Hg, H, and Hgj, and that if they are achieved.

THEOREM 4.5. Let Q be a simply connected bounded domain in R with smooth
boundary and assume that (H.1), (H.2), (H.3) and (H.4) hold. Then we can get the
following.

(i) For any k >0 and any q > 0,

0< HS(K,Q) < Hn(q) < Hsh(Q)'

(ii) For any k > 0 and any ¢ > 0, if Hs(k,q) < Hgp(q), then Hy(k,q) is achieved.
(iii) For any q > 0, if Hy,(q) < Hsn(q), then Hy(q) is achieved. In this case, we
have Hg(k,q) < Hsn(q), so Hs(k,q) is achieved.

Proof. From now, we denote various constants by ¢, C,Cy which may vary from
line to line.

(i) Step 1. We show that Hy(k,q) < H,(q).

For any ¢ € W12(Q) and any n € W12(Q,S? eg) with n-h # 0 in Q, we take
(€% m) as a test function of Hg(k,q). Then we have

Hz(li Q) < tiHVQ/) - n”%2(Q,R3) + ]:[’n] - K1Hdive|\%2(9)'
s - Xa th”%ﬁ(g)
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This implies that H2(k,q) < H2(q).
Step 2. We show that H,,(q) < Hgn(q).
Let u € WH2(Q),w € W, *(Q,R*) N L>®(Q,R?) with e-w = 0in Q and h-w # 0
in  and put
e+ tw

= == t Ot2
le + tw] e+tw+O0t)

¢t =@ + tuv ng
where ¢ is as in (1.5). Then we have
CIVor — nill T2 pe) = @ Vu — w72 (g psy + O,

Flni] = Fle] + tQ{]-'(e)[w] + 2K, /Q(div e)(div ng)dx} +O(t?),

cny)?de =2 cw)?dz 3.
/Q(h )“d t/(h Vedx + O(t7)

Q

Since ny = —3|w|?e, it follows from the hypothesis (H.1) that
2K / (div e)(div ng)dz = Kl/ V(dive) - |w|*edr = —Kl/ |Ve|?|w|*dz.
Q Q Q

Therefore,

IV — niell 72 psy + Flne — Fle]
Hh'ntH%Q(Q)

B ||Vu — wH%2(Q,R3) + Fle)[w] + 2K [, (dive)(div ny)dz

[h- w”%mz) o
_ IVl P o fy Vel
|k w”%2(g) '
Hence, we have
) ClIVor — nell72 (o pay + Fln] — Fle]
XaH;(q) < 5
k- ntHLz(Q)
_ ClIVu—wliagps + Fle)lw] - Ki [, [Vel*lw]*de oW
k- 'w||%2(m .

Letting t — 0, we have

g < LIV 0l ) + POl = Ko Jy [VePluwldr

||h'w||2L2(Q)

Since Wy*(Q,R3) N L°(Q,R?) is dense in W, *(Q,R?), we get H,(q) < Hsn(q).
Step 3. We show that H,(x,q) > 0.
Since Hyp(q) > 0 from Proposition 3.4, if Hy(k,q) = Hsp(q), the result is trivial.
So we assume that Hs(x,q) < Hsp(q). We borrow the result of (ii) which is proved
independently of (i). Since H,(k, q) is achieved, let (¢, ) be a minimizer of Hy(k, q).
Assume that Hg(k,q) = 0. Then we have

0 < Gl,n] + Fln] — Ki||div e[|72(q) = XaHI (K, q)l|h - 1||72(q) = O,
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and h-n # 0in Q. This implies that F[n] = Ki||divel7s. By the hypothesis
(H.1), we see that n = e in Q. This contradicts the fact that h - n Z 0. Thus we see
that (i) holds if (ii) is proved independently.

Proof of (ii). We assume that Hs(k,q) < Hgn(q).

Step 4. Let {(¢j,n;)} be a minimizing sequence of Hy(x,¢). Then

(44) Glj.nyl + Fnyl — Killdivellizq) = (xaHs(k,q) + o)k - njl72

Since |h-n;| < 1, the right hand side of (4.4) is bounded. Thus {divn,} is bounded in
L?(), {curln,} is bounded in L?(2,R?) and n; = ey on 9. It follows from Dautray
and Lions [10, Proposition 6] (or Girault and Raviart [14, Corollary 3.7], Temam
[27, Appendix I Proposition 1.4]) that {n;} is bounded in W?(Q,R?). Passing to
a subsequence, we may assume that m; — 7 weakly in WH%(Q,R?), strongly in
L2(,R3) and a.e. in Q. Thus we have [n| = 1 a.e. in Q and 1 = eg on 9, so
n e W12(Q,S? ). On the other hand, we see from (4.4) that {Vgn,1;} is bounded
in Wh2(Q,C?) and {+,} is bounded in L*(,C). Since

IV;ll2@.c9) < IVan; ¥ill 2oy + lanidslia.cs),
we see that {1;} is bounded in W'2(€, C). After passing to a subsequence, we may
assume that ¢; — ¢ weakly in W12(Q, C) and strongly in L*(€2, C). Thus we have
(4.5) G, 7] + Fla] — K ||div ell72(0)

< liminf{G[;, n;] + Flng] — Kifldiv ellZza)}

= XaHg(ﬁv Q)Hh ’ ﬁ”%ﬁ(ﬂ)

If we can show that h -7 # 0 in Q, we see that H,(k, q) is achieved.

Step 5. Assume that h-n = 0in Q. Then it follows from (4.5) and the hypothesis
(H.1) that n = e in . Moreover, VJ— iqeﬂ)\ =0, |1Z| = 1. Then we can write
W = ce'® for some ¢ € C with |¢| = 1 where ¢ is as in (1.5).

Since h - n; # 0, we have n; # e. We write

(4.6) n; =e+ecjw;, V;=e1(1+igeg;)
such that ¢; = |n; — ellwi2rs) > 0, w; € Wy (2, R3) and w; satisfies that

|w;|lwi2(rs) = 1. Using the Poincaré inequality and the formula |e - curlw|? + |e x
curl w|? = |curl w|?, we have

(47)  Flny] - Fle] = €57 (e)[w,]

= 5?/{K1|diij|2 + Ksle - curlw;|* + Kzle x curlw;|*}dx
Q
> E?Kl/{|diij|2 + [eurl w;|? }da
Q

:0551(1/ |Vw; [2dx
Q
> cs?Kl.

Thus we have
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as j — 00. Since [|w;|w12(qr3) = 1, after passing to a subsequence, we may assume
that w; — w weakly in W12(Q,R?) and strongly in L*(Q,R?). Since

1=|n;|* = le+ejwy|* =1+ 2e5e - w; + € lw; [,
we have e - w; = —F|w;|? — 0 strongly in L?(), so e - w = 0 a.e. in Q. Since
Van, ¥il* = ¢°¢5|Vg; — (1 + igejg;)w; |,
9517 = 1+ qe5(=23(g5) + ¢¢51951°).
using (4.4), we have
(4.8) (Xa 2 (5, q) +o(1)) | b - wj[72q)

1
= = (XaH (K, q) + o(1))|h - nj[ 720
J

e
1 1 o
=2 Glyj,m;] + g(]:["j] — Ki||divel72q)
J J
. 2 52(12 o~ 212
= [ $¢*IVg; — (1 +ige g;)w;|* + 5 (—23(9)) + agjlg; )" pde
+f(€)[Wj]-

Thus we have
/QIng — i Pw;|Pdr = /Q IVg; — (1 +igejg;)w;|*de < Cr.

Therefore,

IVgillzza,co) < IVg; — 1/’jeﬂwwa‘||L2(Q,(CS) + [jw;l L2,
< CH [Yllwre o lwsllwr2rs) < Ch.

Put g; = g; — b; where b; = Wllfﬂ g;jdx. Since [, gjdx = 0, it follows from the
Poincaré inequality that ||§j||L2(Q,(C) < C(Q)vajHLz(chs) <, so ||§j||W1~2(Q,(C) <.
By the Sobolev embedding theorem,

19illz2.0) < Cllgjllwr2@c) < Ci.
Hence,
lg5w;llz2,c3) < 1195l e .0 llwjllwrzors) < C.

Now we estimate b;.
Since

;= 9P (1 4 ige;g;) = + ige;g;¢'1%

and 1; — ¢ in L*(Q,C), we have £;g; — 0 in L*(Q,C). Thus e,b; = ,9; — £;4; =
o(1). On the other hand, we have

C > [|Vg; — (1 +igejgj)w;l r2(a.co)
= [|Vg; — (1 +igejbj)w; — igejgiw;llL2(a,co)
> [|Vg; — (14 igejbj)w;l L2 a,c8) — Oejllgiwsll L2 ,c3))
= IVg; — (1 +ige;bj)w;| 2 (a,c8) — O(gy)-
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Put u; = g;/(1 + ige;b;), then

Vg — (1+ iqubj)ij%g(Qng) = [1+ige;b;1?||Vu; — ij%Q(Q,R?’)'
Therefore, we have || Vu; —wj|12(0,c8) < C, s0 || Vuj|| 2,3y < C1. Since [, ujde =
0, it follows from the Poincaré inequality that {u;} is bounded in W12(€, C). Passing

to a subsequence, we may assume that u; — @ weakly in W?(Q,C) and strongly in
L?(Q,C). From (4.8), it follows that

(XaHZ(5,q) + o) [ B w;|72

-/ {q2<1 T o(1)[Vuy — i+ 0 (“23(g,) + qaj|gj|2>2}dx T Fle)fuw;).
Q

2

This implies that

(49) @IVu; — wjlZaqco) + Fle)w;] < (xaHI(k q) + o(1))l|h - wjlTaq).-
Letting j — oo, we get
(4.10) |V — @|72(q,c0) + F(e)[@] < XaHZ (K, ) |h- @720

We note that we may take u to be a real valued function.

Step 6. We show that h - w # 0 in .

Assume that h - w = 0 in Q. Since w; — @ strongly in L?(2,R?), we have
|h - w;|lL2(0) — 0. Since F(e)w;] — 0 from (4.8), we see that divw; — 0 in L*(Q)
and curlw; — 0 in L?(Q,R?). Since divw = 0, curlw = 0, Vi = w and @ = 0 on
0N from (4.10), we see that Au =0 in 2 and Vu = 0 on 0f2. Applying the maximum
principal, we see that @ is a constant in €, so w = 0. Thus w; — 0 strongly in
L?(Q,R3). Therefore, it follows from [10] that

lwjllwrz2@rs)y < C(ldivw;l|r2) + [lcurlwj||L2rs) + [[w;llz2(@rs) — 0

as j — oo. This contradicts the fact that ||w;|[w1.2qrs) = 1.
Thus from (4.10),

IV — W[ sy + F(€)[@]

||h'il\]||%2((2)

XaH? (5, q) > > XaH2,(q).

Hence we get Hq(k,q) = Hgn(q). This contradicts our hypothesis. Thus we get
h-n #£0in Q. By Step 4, we see that H(k,q) is achieved. Therefore (ii) holds, so
(i) also holds.

Proof of (iii). Assume that H,,(q) < Hsp(q).

Step 7. Let {(uj,n;)} € Wh23(Q) x Wh2(Q,S% e) with h-m; # 0 in Q be a
minimizing sequence of Hy,(g). Then we have

(411)  ¢*|Vuy — 720 ps) + Flng] — Killdivel|72q)
= (XaH 3 (q) + o) - 15720

Since |h-n;| < 1, the right hand side of (4.11) is bounded. Thus we see that {divn;}
is bounded in L%*(Q2), {curln;} is bounded in L?(Q,R3), |n;| = 1 a.e. in Q and
n; = e on JQ. Therefore, it follows from [10] that {n;} is bounded in W12(Q2, R?).
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After passing to a subsequence, we may assume that n; — 1 weakly in W12(Q, R3),
strongly in L*(Q,R3) and a.e. in Q. As in (ii), we get n € WH%(Q,S?,e9). When
q > 0, it follows from (4.11) that {Vu;} is bounded in L?(2, R?). Put u; = u; — d;
where d; = \ﬁll fQ ujdz. Applying the Poincaré inequality, we see that {u;} is bounded
in W12(Q). Passing to a subsequence, we may assume that @; — U weakly in W2(Q)
and strongly in L*(€). Letting j — oo in (4.11), we have

(4.12) Vi — 7|72 ps) + Fl] - Ki|[dive|Zq)

< li}gg}f{qQHVQj — 1|72 0.psy + Flny] — Killdivel72g)}
= XaH ()b - 7272

If we show that h-n # 0 in Q, we see that H,(q) is achieved. When ¢ = 0, if we
show that h - n # 0, by the definition of H,(0), we also see that H,(0) is achieved.
Step 8. Assume that h -7 =0 in Q.
Then from (4.12), F[n] < K;||div e||%2(ﬂ). Thus we have n = eand Vu=n =e
if ¢ > 0. Hence if we write n; = edc;w;, u; = U+e;g;, thene; = [|[n;—ellw1.2(qrs) >
0, w; € Wy *(Q,R?) and llw;llwr.2(qrs) = 1. According to Lemma 3.1, we have

Flny] - Fle] = a?{f(«a)[wj] e /Q |Ve|2|wj|2dx}
2 05§||wj||%/vlv2(sz,R3)~

As the proof of (ii) we get €7 = o(1) as j — oc. Since [|lw;|wr2rs) = 1, after

passing to a subsequence, we may assume that w; — W weakly in WO1 ’2(Q,R3) and

strongly in L*(Q,R3). Since e - w; = —F|w;|> — 0 strongly in L?(Q), we see that
e-w=0a.e. in Q. Since Vi; = Vu+¢;Vg; = e+ ¢;Vg;, we have
(4.13) (XGH’?L(q) +o(1))[|h - ij%Q(Q)

1
= g(XaH?z(Q) +o(L)lh - 1720

J

1 =N .
g{ff”vua‘ — |72 0,me) + Flng] — Ku[dive|7zq)}
J

1 -
= 20IE =yl + Fle)w)) = K [ Vel
J

= IIVg; — w2 om0, + Fle)wy] — K / Vel w, e

Since fQ gjdx =0, ||gjllL2(0) < ClIVgjlL2rs)y < Ci. After passing to a subsequence,
we may assume that g; — g weakly in W12(Q) and strongly in L*(Q). By (4.12),

(414)  ¢*|VG — W[ 720 ps) + Fle)[@] — Ky /Q Vel*|w|*dx

< limint {6V, = w; [0 + Fle)ws) = Ka [ Vel fda)
= XaH20) [ - @]y,
Step 9. We shall show that h - w # 0 in Q.
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Assume that h - @ = 0 in Q. Since w; — @ strongly in L?(2,R?), we have
|h-w;] 2(q) — 0. Since F(e)[w;] — 0 from (4.13), we see that divw; — 0 in L*(Q)
and curlw; — 0 in L?(Q,R?). Thus divew =0, curlw =0, Vg = w in Q and w = 0
on 9. Therefore, Ag =0 in Q and Vg = 0 on 9f). By the maximum principle, we
see that g is a constant and so @ = 0 in Q. Thus w; — 0 strongly in L*(Q2,R3).
According to [10], [|w;|w1.2(q,rs) — 0. This is a contradiction. Hence we have

PlIVG = @72 (g sy + Fle)[@] - K1 [, [Vel?|w|*dx

— < XaH3(a).
[h- w||2L2(Q)

XaH2,(q) <

This completes the proof. O

5. Instabilities in pure nematic states. In this section we examine the local
minimality as well as global minimality of the pure nematic states. Let ¢y = 0 and
n = n, where n, is a global minimizer of F,p:

]:gh [ng] = inf ]'—gh [n]
new2(Q,S2,eo)

where F,p[n] = F[n] — x.0?||h - nH%Q(Q). We note that (0,mn) is a critical point of £
if and only if n is a critical point of F,p. Define

C(U) = C(Uu ﬁ7K17K27K37 hueo) = h[n]

inf
neWwh2(,82,e)

and

M(o) = M(o,k, K1, K2, K3,h,e0) = {n € W"3(Q,S? eo); Fon[n] = C(0)}.

If n € M(o), then (0,n) is a critical point of £. When n is a minimizer of Fop, we
look for the Euler-Lagrange equation for n. For any v € VVO1 ’Q(Q, R3), we compute

a
dt

{]-'gh[n +tv] = [ AM|n +tof* - wa} =0

+=0 Q

where A is the Lagrange multiplier which depends on z. By the standard arguments,
we get the Euler-Lagrange equation for n:

—K1V(divn) + K{(n - curln)curln + curl ((n - curln)n)}
+K3{|curln|?n — (n - curln)curl n + curl *n

(5.1) —curl ((n - curln)n)}
—Xa0?(h-n)h —An =0 in Q,
n=eq on Of).

We can compute the Lagrange multiplier A:

A=Az) =n-[-KV(divn) + K2{(n - curln)curln
+ curl ((n - curln)n)} + Ks{|curln|’n — (n - curln)curln
+ curl®n — curl ((n - curln)n)} — xao®(h - n)h].
In the particular case where K; = Ky = K3 = K, we use the formulas: curl?n =

—An + Vdivn and —An - n = |[Vn|? which follows from n - n = 1. In this case, we
have

(5.2) { —KAn = K|Vn|’n + xa0*((h-n)h — (h-n)’n) in Q,

n = ey on 0.
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Since h - e = 0, e is a critical point of F,p, for any o. Recall that

1
H? (0) = - inf{]—'(e)[w] - K1/ |Ve|?|w|?dz; w € W, 2 (Q,R?),
a Q

w(z)-e(r) =0in Q, [|h- w2 q) = 1}7

1 Fln] — K, ||divel?
HZ2(0) = —in { ) ! 5 HL2(Q); n € Wh%(Q,5?%, e), h-n # 0 in Q}
Xa ”h'nHL2(Q)

and 0 < H,(0) < Hyp,(0) from Theorem 4.5 (i).
We give a simple criterion for n = e to be a global minimizer of F,p,.

LEMMA 5.1. (i) If 0 < 0 < H,(0), then n = e is the only global minimizer of
Fon in WH2(Q,S% ep).

(i) If Hy(0) < Hgp,(0) and H,(0) < 0 < Hg,(0), then n = e is not a global
minimizer of Fon in W12(Q,S2, eq), but it is weakly stable (a local minimizer).

(iil) If o0 > Hp(0), n = e is not weakly stable.

For the proof, see [3] and [19].

Next, we consider a question: When n, € M(o,k, K1, Ko, K3, h, €) is a global
minimizer of F,p, and is (0,n,) a global minimizer of £ ?

Let p = u(gn) be the lowest eigenvalue of the magnetic Neumann problem

~V2.6=pp in 9,
(5.3) { Vot =0 on 0.

That is to say,

IVan 7 (.00

wign) = in —_—
(4m) 0£pEWL2(Q,0) H(b”%z(ﬂ-,@)

Define

N*(%U) :M*(q707K17K27K37h760) = /J’(qn)

inf
neM(o,x,K1,K2,K3,h,eq)

LEMMA 5.2. (i) If (v, n) is a global minimizer of & which is not a pure nematic
state, then pu(qn) < K2.
(i) If p«(q,0) < K2, then pure nematic states are not global minimizers of £.

For the proof, see [3] or [19].

PROPOSITION 5.3. If0 < 0 < H,(0) and k > 0, or 0 > H,(0) and p.(q,0) < K2,
then the pure nematic states are not global minimizer of £.

Proof. When 0 < o < H,(0), it follows from Lemma 5.1 (i) that M(o) = {e}.
When ¢ = H,(0),
Fn] — Ki||div eHiz(Q)

o2 < i
" Xa ||h'"||2L2(Q)
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for any n € W12(Q,S?, eg) with h-mn # 0 in Q. Therefore,
(5.4) Fln] = Ki|[dive||72(q) — x0?[|h - n[|72(q) > 0.

This inequality holds even in the case h - n = 0. Therefore, (5.4) hold for any
n € W*(Q,S eg). This implies that C(0) > Ki[dive?. -

On the other hand, C(0) < Fonle] = K ||div e||2L2(Q). Therefore, we have C'(0) =
Ki||divel|7 gy = Fonle], so e € M(0). If we put ¢ = €' where ¢ is the function
defined in (1.5), then Vget) = 0. So u(ge) = 0. Thus we have

p:(g,0) < p(ge) = 0 < k”

for any x > 0. Therefore, from Lemma 5.2 (ii), we see that pure nematic states are not
global minimizers of £. If ¢ > H,(0) and p.(q,0) < k2, it suffices to apply Lemma
5.2 (ii). O

Now define

0.(k,q) = inf{o > 0; p.(q,0) > K*},
Q+(r.q) = inf{g > 0; p1.(q,0) > w7}

Let 0 > H,(0). Summing up the above, the pure nematic states are not global
minimizers in the following cases.

(1) 0 < 0 < 04(k, q).

(2) ps(g,0) < K2

(3) 0 < q < Qulg,0).

The following theorem indicates the difference between liquid crystals and super-
conductors under strong external field.

THEOREM 5.4. Let q,k, K1, Ko, K3, h,eq with K1 = Ky = K3 = K be given.
Assume that (H.1), (H.2), (H.3) and (H.4) hold.

(i) In the case where curlh = 0 in §, then if o is sufficiently large, the pure
nematic states are not global minimizers.

(ii) There exists a constant ¢ > 0 such that if |curl h(z)| < ¢ for all x € Br where
Bg is an open ball with center 0 and radius R > 0 containing Q and h(z) denotes an
C?%-extension of h(z) (z € Q) to Br (We used the same notation), then the conclusion
of (i) also holds.

REMARK 5.5. For our example (1.4), we have for large |a1],

1 _
curlh(z)| = < C(ay) for xz € Q.
el b(z)] = s < Cla1) S

We note that C(a1) — 0 as |ai| = oo. Therefore the hypothesis of Theorem 5.4 (ii)
holds in this case.

In order to prove Theorem 5.4, we need a lemma.

LEMMA 5.6. (i) For large o, C(0) < —x,0°|Q| + C1o where Cy > 0 depends only
on K1,Ko, K3, h,eq and Q.

(ii) Let n, be a global minimizer of Fyn. Then |h-ny| — 1 in L*(Q) as 0 — +oo0.

(iii) Assume that K1 = Ko = K3. Then h-n, — 1 or —1 in L?(Q) as 0 — +oo0.
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Proof. Define k(z) = h(x) x e(x). Then (e(z), k(x), h(z)) is a orthonormal basis
in R3. For n € W12(,S2 eg), we can write

n = nee +ngk +nph, nZ+ni+ni=1ae. in Q.

We see that
Fonn] = F[n] — xa0? / (h-m)*dx
Q
= Fln] — XaO'Q/ nid:z:
Q
= Fln] — xa0> / (1 —n2 —n3)de
Q
= 7;["] - XaU2|Q|
where

Proof of (i). Choose a test field

n = (cosp)e + (sing)h

3
= Z{(COS d)ei(x) + (sing)h(x)}e;
i=1

where e(x) = 2?2161'(17)61' and h = Z?:l hi(z)e; and e; = (1,0,0),es =
(0,1,0),e3 = (0,0,1). Then since

3 3
divn = Z{—(sin ?)(0ip)e; + (cos @) (0;p)hi} + Z{(cos ®)(0ie;) + (sin @) (0;hs) }
i=1 i=1
and e, h € C?(Q,R?), we see that |divn|> < C(|V¢[? + 1). Similarly we have
In - curln|? + |n x curln|* < Cy(|Ve]* +1).
Thus if we write T5[n] = [, fo.n(¢)dz, we have
[fo.n(@)] < Cmax{ K5, Ks}(|Vo[* + 1) + xa0™ cos” .

For any € > 0, define Q. = {z € Q;d(z,00) < e} and Q¢ = {z € Q;d(z.00) > €},
and decompose T, [n] as follows: T,[n] = T5.1[n] + T52[n] where

Toaln] = 5 fon(@)dz, Tozn]= | fon(d)dz.

Qe

Choose ¢ such that

5 in QF,
p=1¢ 0 on 092,
Vol <2 inQ
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Then T, 2[n] < Cmax{K>, K3} and

Toaln] < /Q {Cmax{Ky, K3}(|V$|*> + 1) + xa0>(cos $)*}dx

CQ
< [C’max{Kg,Kg}(6—22 +1) + XaUQ} |Q].

Since 0N is smooth, there exists Cy > 0 depending only on 9 such that |Q.| < Cye
for any small € > 0. For large o, choose € > 0 so that

. {\/ CCQ maX{Kg,Kg} }
€ = min ;1 0.
o \/ Xa

Then we have T, 1[n] < C5 + Cyo. Therefore, we have

Clo) < Fonln] < —xa0[9 + Cs0 + Cs.
Thus (i) holds.

Proof of (ii). From (i), we see that

nmg;mm+mﬁ/mymmmgaa
Q

This implies that

C
/(ni—i—ni)dwﬁ L o0
Q Xa0

as 0 — +o00. Thus [,(1 — |[ngn|?)dz — 0 as ¢ — 400. Since |ngp| < 1, for any

1 <p< 4o,

/(1 — n.p|)dz < 271 / (1= [no.n|)dz — 0.
Q Q

Since h - ny = ngy p, we see that |h-n,| — 1 in LP(Q) as 0 — +oc.

Proof of (iii). When K; = Ky = K3 = K, we shall show that n, has the following
property: ngp > 01in Q or ngp <0in Q or ngp =0 in Q.

In fact, n, satisfies the Euler-Lagrange equation (5.2). That is to say, if we write
n, = n for brevity,

(5.5) —An = |Vn|?n + b?c?[nph —nin]  in Q,
’ n=eq on 0f2

where b = x,/K. Define u, = H(n, n)n, where H(t) = 1if t > 0 and H(t) = —1
if t < 0 and write

Uy = Uy e€(T) + U pk(x) + usnh(z).

Since n,p = 0 on 0N, we see that u, = n, = eg on 9N and Vu, = n,VH(nsp) +
H(ngp)Vne. It is well known that

VH(ngﬁh) = 2vna,h5{na’h:0} =0.
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Thus |Vu,| = |Vn,| and u, € W%(Q,S?, e). Therefore u, is also a minimizer of
Fon and so u, satisfies the Euler-Lagrange equation

_ _ 2. 12.2((p . Ry :
(5.6) { Au, = |[Vue|Pus — b?0*((h - uy)h — (h-ugs)*u,) inQ,

Uy = € on 0f.
From the first equation of (5.6), we have

(5.7) —(Auy) - h = Vg ugn + 070> (g n — u 1)

Using the Leibniz formula, we can see that

(5.8) Aty p = (Auy) - h = 2Tr[Vu, (Vh)"] — u, - Ah

where A? denotes the transposed matrix for any matrix A. Sincee-h =0,k-h =0
and h - h =1, we have

(5.9) Ae-h+2Tr[Ve(Vh)'] +e- Ah =0,
Ak -h+2Tr[VE(Vh)' ]+ k- Ah =0,
Ah - h + 2Tr[Vh(Vh)'] + h - Ah = 0.
From (5.7), (5.8) and (5.9), we can get the equation
Augp — 2Vh(h) - Vg, + (Ah . h)ug)h
= —|Vu,|? ugh—baugh(l—u —i—g—l—Z@fZ
i=1
where
g = —Use{(Ae-h)—2div(Vh(e))} — usk{(Ak - h) — 2div(Vh(k))},
[ =2{(Vh(e))itg.e + (Vh(k))itgk}

Clearly we see that g € L9/2(Q) and f* € L9(Q) for any ¢ > 3. By the weak Harnack
inequality for non-negative superharmonic function (cf. Gilbarg and Trudinger [12,
Theorem 8.18]), for any Br(y) C €,

1 1/p
(B fy o) =€ it 4100
for some p € [1, 3) where
3
ko(R) = R || £ acey + B gl arz(e)s
i=1

0 =1-3/gand 0 < 6 < 1. Here we note that the constant C' is independent of o.
Since Ug e, gk — 0 in LI(Q) as 0 — oo and u? , + uZ ,, < 1, we see that ks (R) — 0
as 0 — 00. On the other hand, it follows from (ii) that

1 1/p
ub  dx —1 as o — oo.
{|BR( ) JBaw 7" }
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This implies that if usp # 0, then uep > 0 in Q. By (ii), neyp # 0 in Q for large
o. Therefore, n,p > 0 in Q or nep < 0in Q. Assume that ny,p > 0 in Q. By (i),
Nen — 1in L2(Q) as j — oo. Hence (n2 +n2)'/? — 0 in L?(Q,R3). Thus we have
n, — h in L?(Q,R?), that is to say, h-n, — 1 in L?(Q). O

Proof of Theorem 5.4. Let n, be a global minimizer of F,p. We shall estimate
u(qne) for large o. By Lemma 5.6, we may assume that n, — h strongly in L(2, R3).

Proof of (i). Since curlh = 0 in 2, there exists a smooth function y(z) such that
h = Vy. If we define ¢(z) = ') then V,_ ¢ = iq(h — n,)e’X®) . Therefore, we
have

/ |anc,¢|2dx = q2/ |h — ng|2dx -0
Q Q

as 0 — +00. Hence

1V e 822 00

nlgny) <
g
B ¢*lh — n0’||%2(Q7R3) 0
1€2]

as 0 — +0o. Thus for any k > 0, u(qn,) < k2 for large o. Thus from Lemma 5.2
(ii), we see that pure nematic states are not global minimizers of £.

Proof of (ii). Let sup, 5, |curlh(z)| < c for all z € Bpg where c is determined
later. If we define a function

1
x(z) = /0 h(tz) - zdt,

we have

1
izi 70

Thus we have |Vx(z) — h(z)] < aclz| < acR where « is a universal constant (cf.

Raymond [24, Lemma 2.2]). Define ¢(z) = €'X(*) for z € Q. Then we have V, ¢ =

iq(VX — ny)e' (@) Hence

/ Vg, 62d = / VX = nolPde
Q Q
< 2q2/{|vX—h|2+ I — n,[*}de
Q
§2q202a2R2|Q|+2q2/ |h —n,|*dx.
Q

Therefore, we have

”vqna¢H%2(Q,R3)
161172 q)

< 22Ra’R? + 24°

plgney) <

1

h — n,|?dz.
@ Jo Il

We choose ¢ > 0 so that 2¢°c>a?R? < k2. Since n, — h in L*(Q,R?) as 0 — oo, we
have p(qn,) < x? for large o. Then it suffices to apply Lemma 5.2 (ii).
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