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THE EFFECT OF MAGNETIC FIELDS UNDER SPECIFIC

BOUNDARY DATA IN THE THEORY OF LIQUID CRYSTALS∗

JUNICHI ARAMAKI† , KENTARO CHINEN† , YOSHIYASU ITO† , AND SHOHEI ONO†

Abstract. We consider the response of a magnetic field in the theory of liquid crystals. We treat
the Landau-de Gennes functional with the strong anchoring condition which may be non-constant
under a magnetic field which may also be non-constant. Such situation is more general than the
works of Lin and Pan in 2007 and Aramaki in 2012. We show that there exist two critical points
of intensity of the field such that one corresponds to the superheating fields of superconductors and
the other one corresponds to stability. We also show that under some special conditions, strong field
does not bring the pure nematic state which is very different response from superconductors.
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1. Introduction. The purpose of this paper is to extend the results of Lin and
Pan [19] and provides an improvement of the previous paper Aramaki [3] under the
specific boundary data. We consider the configuration of liquid crystals under a
non-constant magnetic field. Let FN(n,∇n) be the classical Oseen-Frank density of
nematic liquid crystals. We impose the strong anchoring condition for the director
field n, that is, the Dirichlet boundary condition n = e0. In the presence of an
applied external magnetic field H , we must add an external density −χa(H · n)2 to
FN (n,∇n) (cf. de Gennes and Prost [11, p. 287]), and consider the modified energy
functional: ∫

Ω

{FN(n,∇n)− χa(H · n)2}dx

where Ω ⊂ R3 is a bounded domain occupied by a liquid crystal, n : Ω → S2 is a
director field of the liquid crystal, and

FN (∇n,n) = K1|divn|2 +K2|n · curln|2 +K3|n× curln|2

+ ν[Tr(∇n)2 − (divn)2],

K1,K2,K3 > 0 are elastic coefficients and ν is a real constant. However, it was shown
by Hardt et al. [15] that the integral of the last term represents the surface integral,
i.e.,

S(e0) =

∫
Ω

[Tr(∇n)2 − (divn)2]dx =

∫
∂Ω

[(∇tann)n− Tr(∇tann)n] · νdS

where ∇tann = ∇n− (∇n)ν ⊗ ν on ∂Ω and ν is the outward unit normal vector of
∂Ω. So the term depends only on the boundary data e0. Thus since it does not affect
the problem finding the equilibrium configuration, we omit the term.

The effect of applied electric and magnetic fields on liquid crystals is an important
problem in the physics of liquid crystals. It is well known that as the magnetic field
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increases passing a critical value the configuration will lose its stability. This phe-
nomenon has been studied by many physicists and mathematicians, and the previous
works related to this paper include Atkin and Stewart [6, 7], Cohen and Luskin [9],
[19].

In [19] the authors considered the case where e0 and the magnetic field H are
constant vectors satisfying H · e0 = 0, in this paper we treat the case where e0 and
H may be non-constant vector fields.

Throughout this paper, we assume that Ω is a simply connected bounded domain
with smooth boundary ∂Ω. From now, for some Euclidean space E (= R,C,R3,C3 or
the space R9 of real 3 × 3 matrices), W 1,2(Ω, E) denotes the usual Sobolev space of
E-valued functions, and we denote W 1,2(Ω,R) by W 1,2(Ω).

Let e0 ∈ C2(∂Ω, S2) and define an admissible space

W 1,2(Ω, S2, e0) = {n ∈W 1,2(Ω,R3); |n(x)| = 1 a.e. in Ω,n = e0 on ∂Ω}.
We note that if Ω has a smooth boundary, then W 1,2(Ω, S2, e0) �= ∅ (cf. [15]). Ac-
cording to the Landau-de Gennes theory, the phase transition of nematic states to
smectic states can be described by the minimizer (ψ,n) of the Landau-de Gennes
energy functional

(1.1) E [ψ,n] =
∫
Ω

{
|∇qnψ|2 +

κ2

2
(1− |ψ|2)2

+K1|divn|2 +K2|n · curln|2 +K3|n× curln|2 − χa(H · n)2
}
dx

where κ and χa are positive constants, and q is a real number. Here we denoted
∇qnψ = ∇ψ − iqnψ. Without loss of generality, we may assume that q ≥ 0. When
ψ �≡ 0, the minimizer (ψ,n) describes smectic liquid crystal and when ψ = 0, the
minimizer describes nematic liquid crystal.

We emphasize that in [19] the boundary data and the applied field are constant
vectors, but the present paper considers a more general boundary data e0 which allows
a unique harmonic extension that is curl-free and orthogonal to H, see (H.1) below.
In the below and section 2 the author gives examples of the cases where the condition
(H.1) is satisfied.

We assume that the applied field H is smooth in Ω, and is written by H(x) =
σh(x), |h(x)| = 1 and σ > 0 is constant.

For brevity, we write

(1.2) E [ψ,n] = G[ψ,n] + F [n]−
∫
Ω

χa(H · n)2dx

where

F [n] =
∫
Ω

{K1|divn|2 +K2|n · curln|2 +K3|n× curln|2}dx

is the simplified Oseen-Frank energy for nematics and

G[ψ,n] =
∫
Ω

{
|∇qnψ|2 +

κ2

2
(1− |ψ|2)2

}
dx

is the Ginzburg-Landau energy for smectics. We also write

Fσh[n] = F [n]− χaσ
2

∫
Ω

(h · n)2dx.
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Throughout this paper we assume that
(H.1) there exists e ∈ C2(Ω, S2) such that curle = 0, h · e = 0 in Ω, and e is a
unique minimizer of

inf
n∈W 1,2(Ω,S2,e0)

∫
Ω

|∇n|2dx.

We note that the minimizer is a harmonic map from Ω to S2 with boundary value e0,
that is to say, e satisfies the equation{

−Δe = |∇e|2e in Ω,
e = e0 on ∂Ω.

Here we note that there are many situations where (H.1) holds. For example,
define

(1.3) e(x1, x2, x3) =

(
x1 − a1√

(x1 − a1)2 + x2
2

,
x2√

(x1 − a1)2 + x2
2

, 0

)

x1 − a1 > 0 for x ∈ Ω, |a1| large enough, e0 := e|∂Ω, and h = (0, 0, 1) or

(1.4) h(x1, x2, x3) =

(
−x2√

(x1 − a1)2 + x2
2

,
x1 − a1√

(x1 − a1)2 + x2
2

, 0

)
.

Though it was shown by the previous paper of the author Aramaki [2] that e satisfies
(H.1), we shall show this fact in section 2 briefly. There are a lot of choices of a1. We
note that such applied fields h satisfy the Maxwell equation divh = 0 in Ω which is
not needed in this paper.

We also assume that

(H.2) K1 ≤ min(K2,K3).

We furthermore assume that

(H.3) 1 > c(Ω)max
x∈Ω

|∇e|2,

where c(Ω) > 0 is the best constant such that the following Poincaré inequality holds:∫
Ω

|w|2dx ≤ c(Ω)

∫
Ω

|∇w|2dx

for any w ∈ W 1,2
0 (Ω,R3). For the above example, since

|∇e|2 =
1

(x1 − a1)2 + x2
2

,

if we choose |a1| is large enough, we see that (H.3) holds.
Moreover assume that

(H.4) For any p ∈ Ω, the integral curve of e through p intersects with ∂Ω.
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We note that for the above example, (H.4) also satisfied.
Thus the examples in (1.3) and (1.4) satisfy the conditions (H.1), (H.2), (H.3)

and (H.4). Our purpose is an extension of their results in [19] and [3] to the case
where e0 and h are non-constant vector fields and the conditions (H.1), (H.2), (H.3)
and (H.4) hold.

Since by the hypothesis (H.1), curle = 0 in Ω and Ω is simply connected, there
exists a unique function ϕ ∈ C3(Ω) such that

(1.5) ∇ϕ = e in Ω,

∫
Ω

ϕdx = 0.

Now we can see that the energy functional E has two families of critical points:

(1.6) ψ = 0, n = nσ

where nσ is a global minimizer of Fσh:

Fσh[nσ] = inf
n∈W 1,2(Ω,S2,e0)

Fσh[n],

and

(1.7) ψ = ceiqϕ, n = e

where ϕ is the function as in (1.5) and c is an arbitrary complex number such that
|c| = 1.

There are many article on liquid crystals without external field. For example,
see Aramaki [4, 5], Bauman et al. [8], [15], Pan [20], [23]. Recently, there have been
increasing interests to study the effect of applied fields. See [6, 7], [9], [19], Pan [21, 22]
and Aramaki [2, 1, 3].

According to the analogies between superconductors and liquid crystals (cf. [21]
and [22]), we call the family in (1.6) pure nematic states corresponding to the normal
states of superconductor, and the family in (1.7) pure smectic states corresponding
to the Meissner states of superconductor. We shall see that there exists a critical
field Hn(0) > 0 such that for 0 ≤ σ < Hn(0), the only pure nematic state is (0, e).
Moreover, we shall show that there exist critical fields Hsh and Hs where the pure
smectic states change their weak stability (local minimality) at Hsh and change their
strong stability (global minimality) at Hs. Although the critical points have the
same natures as [19], the formulas have to be modified from their formulas, because
of given vector fields being non-constant. Thus the critical field Hsh looks like the
superheating field of superconductors. We shall also show that in the special case of
K1 = K2 = K3, a liquid crystal under very strong external field may not be in a pure
nematic state. On the other hand, in the theory of superconductors, the breakdown
of superconductivity occurs under strong external fields. See Giorgi and Phillips [13].
Thus liquid crystals and superconductors have very different response under strong
field.

The plan of this paper is as follows. In section 2, we consider the examples given
by (1.3) and (1.4), and state the weak stability of a critical point of E . In section
3, we define a critical value Hsh and show that when σ increases, the pure smectic
states change their weak stabilities at Hsh. In section 4, we define a critical value
Hs, and show that if σ > Hs, the global minimizers of E are not pure smectic states
and if σ < Hs, the only global minimizers of E are pure smectic states. Finally in
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section 5, we show the instabilities in pure nematic states. In the particular case of
K1 = K2 = K3, when σ is sufficiently large, the pure nematic states are not global
minimizers of E . This phenomenon clarifies the difference between the liquid crystals
and superconductors.

2. Preliminaries. First we shall show that there are many situations where
(H.1) hold. For example, let Ω be a smooth bounded domain in R3, and define a
vector field

(2.1) e(x) =

(
x1 − a1√

(x1 − a1)2 + x2
2

,
x2√

(x1 − a1)2 + x2
2

, 0

)

where x1 − a1 > 0 for all x ∈ Ω. There are lots of the choices of a1. By simple
computations, we can show that e is a harmonic map from Ω into the unit sphere S2

and curl-free, that is to say, e satisfies

(2.2)

{
−Δe = |∇e|2e in Ω,
e = e0 := e|∂Ω on ∂Ω

and curl e = 0 in Ω. For large |a1|, putting p = (1, 0, 0), we can see that
e(Ω) ⊂ Br(p) ⊂ S

2 where Br(p) = {q ∈ S
2; dist (q, p) ≤ r} and 0 < r < π/2.

Here dist(q, p) denotes the geodesic distance on S2. We note that Br(p) satisfies the
cut locus condition. That is to say, for any two points in Br(p), there exists a unique
geodesic in Br(p) joining the two points.

According to Jäger and Kaul [17], Hildebrandt et al. [16], the harmonic map e

such that e(Ω) ⊂ Br(p) with the Dirichlet data e0 exists and is unique. We can show
that e is a unique minimizing harmonic map of

(2.3) inf
n∈W 1,2(Ω,S2,e0)

∫
Ω

|∇n|2dx.

Proposition 2.1. Let n ∈ W 1,2(Ω, S2, e0) be a minimizer of (2.3). Then n(Ω) ⊂
Br(p). So we have n = e in Ω.

In order to prove this proposition, we need a lemma due to Jost [18]

Lemma 2.2. Let B0 and B1 be closed subsets of S2 with B0 ⊂ B1 and there exists

a C1 retraction map Π : B1 → B0 such that

|∇Π(x)(v)| < |v| if v ∈ TxS
2, x ∈ B1 \B0.

For a given boundary data g : ∂Ω → B0, if n : Ω → B1 is a energy minimizing map

of (2.3) with the boundary data g, then n(Ω) ⊂ B0.

For the proof of Proposition 2.1, see [2].

Lemma 2.3. Assume that (H.1) and (H.2) hold. Then the vector field e defined

in (H.1) is also a unique minimizer of

inf
n∈W 1,2(Ω,S2,e0)

F [n].

Proof. For any n ∈ W 1,2(Ω, S2, e0), it follows from (H.1) that∫
Ω

|∇e|2dx ≤
∫
Ω

|∇n|2dx.
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Since (divn)2 + |curln|2 = |∇n|2 − [Tr(∇n)2 − (divn)2], we can see from (H.1) and
(H.2) that

F [e] =
∫
Ω

K1(div e)
2dx =

∫
Ω

K1|∇e|2dx−K1S(e0)

≤
∫
Ω

K1|∇n|2dx−K1S(e0) ≤
∫
Ω

K1{(divn)2 + |curln|2}dx ≤ F [n].

Conversely, if n is a global minimizer of F , we see that

K1

∫
Ω

|∇n|2dx−K1S(e0) ≤ F [n] ≤ F [e]

= K1

∫
Ω

(div e)2dx = K1

∫
Ω

|∇e|2dx−K1S(e0).

From (H.1), we see that n = e.

Next we give the definition of the weak stability of critical points and a sufficient
condition for weak stability for a general applied field H and a boundary data u0.

Definition 2.4. (1) We say that (ψ0,n0) ∈ W 1,2(Ω,C) ×W 1,2(Ω, S2,u0) is a

critical point of E, if and only if for any φ ∈ W 1,2(Ω,C) and any v ∈ W 1,2
0 (Ω,R3) ∩

L∞(Ω,R3),

d

dt

∣∣∣∣
t=0

E [ψt,nt] = 0

where

(2.4) ψt = ψ0 + tφ, nt =
n0 + tv

|n0 + tv| .

(2) We say that a critical point (ψ0,n0) of E is weakly stable (local minimizer),
if for any φ ∈ W 1,2(Ω,C) and any v ∈ W 1,2

0 (Ω,R3) ∩ L∞(Ω,R3), there exists T =
T (φ,v) > 0 such that for any 0 < t < T ,

E [ψ0,n0] ≤ E [ψt,nt].

By computations as in [19], we can write

(2.5) nt = n0 + tn1 + t2n2 +O(t3)

where

n1 = v − (v · n0)n0,

n2 = −(v · n0)v +
1

2
[3(v · n0)

2 − |v|2]n0

and

(2.6) ∇qntψt = ∇qn0
ψ0 + tΦ1 + t2Φ2 +O(t3)

where

Φ1 = ∇qn0
φ− iqn1ψ0,

Φ2 = −iq(n1φ+ n2ψ0).
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Using these formulas, for small t, we can write

G[ψt,nt] = G[ψ0,n0]

+2t

∫
Ω

{
[∇qn0

φ · ∇qn0
ψ0 − κ2φ(1 − |ψ0|2)ψ0]

−qn1 · �(ψ0∇qn0
ψ0)

}
dx

+t2
∫
Ω

{
|Φ1|2 − κ2(1− |ψ0|2)|φ|2 + 2κ2((φψ0))

2

−2q�[(n1φ+ n2ψ0) · ∇qn0
ψ0]

}
dx+O(t3).

Henceforth, we denote the real part and imaginary part of a complex number z by
[z] and �[z], respectively.

F [nt] = F [n0]

+2t

∫
Ω

{
K1(divn0)(divn1)

+K2(n0 · curln0)(n1 · curln0 + n0 · curln1)

+K3(n0 × curln0) · (n1 × curln0 + n0 × curln1)}dx

+t2
∫
Ω

{
K1{(divn1)

2 + 2(divn0)(divn2)}

+K2{(n1 · curln0 + n0 · curln1)
2

+2(n0 · curln0)(n2 · curln0 + n1 · curln1 + n0 · curln2)}
+K3{|n1 × curln0 + n0 × curln1|2

+2(n0 × curln0) · (n2 × curln0 + n1 × curln1

+n0 × curln2)}dx+O(t3).

∫
Ω

(H · nt)
2dx =

∫
Ω

(H · n0)
2dx

+2t

∫
Ω

(H · n0)(H · n1)dx

+t2
∫
Ω

{(H · n1)
2 + 2(H · n0)(H · n2)}dx+O(t3).

Therefore, we can write

E [ψt,nt] = E [ψ0,n0](2.7)

+ 2t

{
A(ψ0,n0;φ,v)− χa

∫
Ω

(H · n0)(H · n1)dx

}
+ t2

{
B(ψ0,n0;φ,v)

− χa

∫
Ω

{(H · n1)
2 + 2(H · n0)(H · n2)}dx

}
+O(t3)
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where

A(ψ0,n0;φ,v) =

∫
Ω

{
[∇qn0

φ · ∇qn0
ψ0 − κ2φ(1− |ψ0|2)ψ0](2.8)

− qn1 · �(ψ0∇qn0
ψ0) +K1(divn0)(divn1)

+K2(n0 · curln0)(n1 · curln0 + n0 · curln1)

+K3(n0 × curln0) · (n1 × curln0 + n0 × curln1)
}
dx,

B(ψ0,n0;φ,v) =

∫
Ω

{
|∇qn0

φ− iqn1ψ0|2 − κ2(1− |ψ0|2)|φ|2(2.9)

+ 2κ2((φψ0))
2 − 2q�[(n1φ+ n2ψ0)∇qn0

ψ0]

+K1{(divn1)
2 + 2(divn0)(divn2)}

+K2{(n1 · curln0 + n0 · curln1)
2

+ 2(n0 · curln0)(n2 · curln0 + n1 · curln1

+ n0 · curln2)} +K3{|n1 × curln0 + n0 × curln1|2

+ 2(n0 × curln0) · (n2 × curln0 + n1 × curln1

+ n0 × curln2)}dx.

Therefore, we have the following lemma.

Lemma 2.5. (i) (ψ0,n0) ∈ W 1,2(Ω,C) ×W 1,2(Ω, S2,u0) is a critical point of E
if and only if for any φ ∈ W 1,2(Ω,C) and any v ∈ W 1,2

0 (Ω,R3) ∩ L∞(Ω,R3),

A(ψ0,n0;φ,v)− χa

∫
Ω

(H · n0)(H · n1)dx = 0.

(ii) If a critical point (ψ0,n0) ∈ W 1,2(Ω,C) ×W 1,2(Ω, S2,u0) is weakly stable,

then for any φ ∈ W 1,2(Ω,C) and any v ∈ W 1,2
0 (Ω,R3) ∩ L∞(Ω,R3),

B(ψ0,n0;φ,v) ≥ χa

∫
Ω

{(H · n1)
2 + 2(H · n0)(H · n2)}dx.

(iii) Let (ψ0,n0) ∈ W 1,2(Ω,C) ×W 1,2(Ω, S2,u0) be a critical point of E. If for

any φ ∈ W 1,2(Ω,C) and any v ∈ W 1,2
0 (Ω,R3)∩L∞(Ω,R3) which is not parallel to n0

on a set of positive measure,

B(ψ0,n0;φ,v) > χa

∫
Ω

{(H · n1)
2 + 2(H · n0)(H · n2)}dx,

then (ψ0,n0) is weakly stable.

(iv) Let (ψ0,n0) ∈ W 1,2(Ω,C)×W 1,2(Ω, S2,u0) be a critical point of E. If there

exist φ ∈ W 1,2(Ω,C) and v ∈ W 1,2
0 (Ω,R3) ∩ L∞(Ω,R3) such that

B(ψ0,n0;φ,v) < χa

∫
Ω

{(H · n1)
2 + 2(H · n0)(H · n2)}dx,

then (ψ0,n0) is not weakly stable.

For the proof, see [19] for (i) and (ii), and see [9] for (iii) and (iv).
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Remark 2.6. (i) If (ψ,n) is a critical point of E, then the Euler-Lagrange

equation for ψ is the following.{
−∇2

qnψ = κ2(1 − |ψ|2)ψ in Ω,
∇qnψ · ν = 0 on ∂Ω

where ν denotes the unit outer normal vector to ∂Ω.
(ii) We note that under the hypothesis (H.1), (ψ0,n0) = (ceiqϕ, e) where ϕ is the

function as in (1.5) is a critical point of E. In fact, since ∇qn0
ψ0 = 0 and |ψ0| = 1,

for any φ ∈ W 1,2(Ω,C) and any v ∈ W 1,2
0 (Ω,R3) ∩ L∞(Ω,R3), it follows from (H.1)

that

A(ψ0,n0;φ,v)− χaσ
2

∫
Ω

(h · e)(h · n0)dx = K1

∫
Ω

(div e)(divn1)dx

= K1

∫
Ω

−∇(div e) · (v − (v · e)e)dx.

Since curle = 0, it follows from the formula

(2.10) curl 2e = −Δe+∇(div e)

that the last line of the above equality is equal to

−K1

∫
Ω

Δe · (v − (v · e)e)dx = K1

∫
Ω

|∇e|2e · (v − (v · e)e)dx = 0

from (H.1). Thus (ψ0,n0) is a critical point of E.

3. Loss of local minimality of pure smectic states. In this section we shall
examine weak stability (local minimality) of pure smectic state (ψ0,n0) = (ceiqϕ, e)
where c ∈ C and |c| = 1 and ϕ is the function as in (1.5).

For any φ ∈W 1,2(Ω,C) and any v ∈ W 1,2
0 (Ω,R3) ∩ L∞(Ω,R3), define ψt and nt

as in (2.4) with n0 = e. Then it follows from h(x) · e(x) = 0 and n1 = v − (v · e)e
that σh ·n1 = σ(v ·h). Thus if the critical point (ψ0, e) is weakly stable, then we see
from Lemma 2.5 that

(3.1) B(ψ0, e;φ,v) ≥ χaσ
2

∫
Ω

(v · h)2dx.

Since W 1,2
0 (Ω,R3) ∩ L∞(Ω,R3) is dense in W 1,2

0 (Ω,R3), (3.1) holds for any φ ∈
W 1,2(Ω,C) and any v ∈ W 1,2

0 (Ω,R3). Since ∇qn0
ψ0 = ∇qe(ce

iqϕ) = 0 and |ψ0| = 1,
we have, from (2.9),

B(ψ0,n0;φ,v) =

∫
Ω

{|∇qeφ− iqn1ψ0|2 + 2κ2((φψ0))
2

+K1((divn1)
2 + 2(div e)(divn2)) +K2(e · curln1)

2

+K3|e× curln1|2}dx.

For any φ ∈ W 1,2(Ω,C), we can write φ = icqeiqϕu, u ∈W 1,2(Ω,C). Therefore,

∇qeφ− iqn1ψ0 = icqeiqϕ(∇u− n1)
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and (φψ0) = |c|2(iqu) = −q�(u). Here since n2 ∈ W 1,2
0 (Ω,R3),

2

∫
Ω

(div e)(divn2)dx = −2
∫
Ω

∇(div e) · n2dx.

By the formula (2.10) and the hypothesis (H.1), we have ∇(div e) = Δe = −|∇e|2e.
Moreover, we have 2e · n2 = (v · e)2 − |v|2 = −|n1|2. If we write n1 = w, then
w ∈W 1,2

0 (Ω,R3) and w(x) · e(x) = 0 a.e. in Ω. Hence we can rewrite

B(ψ0,n0;φ,v) =

∫
Ω

{q2|∇u−w|2 + 2κ2q2(�(u))2 −K1|∇e|2|w|2

+K1(divw)2 +K2(e · curlw)2 +K3|e× curlw|2}dx.

If (φ,v) minimizes B(ψ0,n0;φ,v)/‖v · h‖2L2(Ω), then u is real valued. Thus we may

assume that u = − i
cq e

−iqϕφ is a real valued function. We write B(ψ0,n0;φ,v) by

B(u,w). That is to say,

(3.2) B(u,w) =

∫
Ω

{q2|∇u−w|2dx+ F(e)[w]−K1

∫
Ω

|∇e|2|w|2}dx

where

F(e)[w] =

∫
Ω

{K1(divw)2 +K2(e · curlw)2 +K3|e× curlw|2}dx.

Here we note that under the hypothesis (H.2), we can show the following.

Lemma 3.1. Assume that (H.2) and (H.3) hold. Then there exists a constant
c > 0 such that

(3.3) F(e)[w]−K1

∫
Ω

|∇e|2|w|2dx ≥ c‖w‖2W 1,2(Ω,R3)

for all w ∈W 1,2
0 (Ω,R3).

Proof. Since (e · curlw)2 + |e × curlw|2 = |curlw|2 and w ∈ W 1,2
0 (Ω,R3), we

have

F(e)[w]−K1

∫
Ω

|∇e|2|w|2dx

≥ K1

∫
Ω

{|divw|2 + |curlw|2}dx

−K1 max
x∈Ω

|∇e|2
∫
Ω

|w|2dx

≥ K1

∫
Ω

|∇w|2dx−K1max
x∈Ω

|∇e|2c(Ω)
∫
Ω

|∇w|2dx

≥ K1(1 − c(Ω)max
x∈Ω

|∇e|2)
∫
Ω

|∇w|2dx

≥ c1K1(1− c(Ω)max
x∈Ω

|∇e|2)‖w‖2
W 1,2

0
(Ω,R3)
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for some positive constant c1. Thus (3.3) holds with

c = c1K1(1 − c(Ω)max
x∈Ω

|∇e|2).

Definition 3.2. For q ≥ 0, κ > 0,K1 > 0,K2 > 0 and K3 > 0, define Hsh =
Hsh(q, κ,K1,K2,K3,Ω,h, e) by

H2
sh =

1

χa
inf

{
B(u,w)

‖h ·w‖2L2(Ω)

; (u,w) ∈W 1,2(Ω)×W 1,2
0 (Ω,R3),

w(x) · e(x) = 0 a.e. in Ω,h ·w(x) �≡ 0 in Ω

}
.

From the above arguments, we have the following lemma.

Lemma 3.3. If σ < Hsh, then we see that the pure smectic state is weakly stable

and if σ > Hsh, then the pure smectic state is not weakly stable.

Proof. If σ < Hsh, then

(3.4) σ2χa‖h ·w‖2L2(Ω) < B(u,w)

for all (u,w) ∈W 1,2(Ω)×W 1,2
0 (Ω,R3) with w(x)·e(x) = 0 a.e. in Ω and h ·w(x) �≡ 0.

For any φ ∈ W 1,2(Ω,C) and any v ∈ W 1,2
0 (Ω,R3) ∩ L∞(Ω,R3), we define ψt and nt

by (2.4). We show that

(3.5) E [ψ0,n0] ≤ E [ψt,nt]

for small |t| > 0.
In the case where v = 0, we see that nt = e. Thus we have

E [ψt,nt] = G[ψt,nt] + F [nt]− χaσ
2

∫
Ω

(h · nt)
2dx(3.6)

= G[ψt, e] + F [e]

≥ K1

∫
Ω

|div e|2dx = E [ψ0,n0].

Thus we see that (3.5) holds for small t.
In the case where v �= 0, we may assume that |v| = 1. When v = ±e, then

w = v − (v · e)e = 0 and nt = e. Thus since (3.6) holds, we see that (3.5) holds.
When v �= ±e, w = v − (v · e)e �= 0. If h · w(x) ≡ 0, putting u = −i 1

cq e
−iqϕφ, it

follows from (3.3) and the Poincaré inequality that

B(u,w) ≥ c

∫
Ω

|∇w|2dx ≥ c1

∫
Ω

|w|2dx > 0 =

∫
Ω

(h ·w)2dx.

Thus it follows from (2.7) that (3.5) holds. If h(x) ·w(x) �= 0, using (3.4) we can see
that (3.5) also holds.

If σ > Hsh, there exists (u,w) ∈ W 1,2(Ω) ×W 1,2
0 (Ω,R3) with w(x) · h(x) �≡ 0

and w(x) · e(x) = 0 in Ω such that

B(u,w) < χaσ
2‖h ·w‖2L2(Ω).
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It follows from Lemma 2.5 (ii) that (ψ0,n0) is not weakly stable.

For a further simple expression of (3.2), let (u,w) be a minimizer of Hsh. Then
u satisfies the equation

(3.7)

{
Δu = divw in Ω,
∂u
∂ν = w · ν = 0 on ∂Ω.

If we impose
∫
Ω udx = 0, the solution of (3.7) is unique. We write u = ξw. Then it is

well known that ξw is a minimizer of

ω(w) = inf
ξ∈W 1,2(Ω)

1

|Ω|

∫
Ω

|∇ξ −w|2dx.

Hence ξw satisfies ∫
Ω

|∇ξw −w|2dx = ω(w)|Ω|.

Write B(w) = B(ξw,w). It is clear that for any b > 0, ξbw = bξw, and so B(bw) =
b2B(w). Therefore we can write

H2
sh =

1

χa
inf{B(w);w ∈ W 1,2

0 (Ω,R3),w(x) · e(x) = 0 a.e. in Ω,

‖h ·w‖L2(Ω) = 1}.

Here we note that the pure smectic state involves a complex number c, but B(u,w)
and B(w) are independent of c. From now we write Hsh by Hsh(q). Then we see that

H2
sh(0) =

1

χa
inf{F(e)[w]−K1

∫
Ω

|∇e|2|w|2dx;w ∈ W 1,2
0 (Ω,R3),

w(x) · e(x) = 0 a.e. in Ω, ‖h ·w‖L2(Ω) = 1}.

Proposition 3.4. Assume that Ω is simply connected domain with smooth bound-

ary, and (H.1), (H.2), (H.3) and (H.4) hold. Then Hsh(q) > 0 is achieved. For fixed

κ, K1, K2, K3, Ω, h and e, we have

lim
q→+∞

Hsh(q) = +∞.

Proof. Step 1. Let wj ∈W 1,2
0 (Ω,R3), ξj = ξwj

satisfy wj(x) · e(x) = 0 a.e. in Ω,

‖h·wj‖L2(Ω) = 1 and B(wj)→ χH2
sh(q) as j →∞. Sincewj ∈W 1,2

0 (Ω,R3), it follows
from (3.3) that there exist constants c, C > 0 such that ‖wj‖2W 1,2

0
(Ω,R3)

≤ cB(wj) ≤ C.

Thus passing to a subsequence, we may assume that wj → w0 weakly in W 1,2
0 (Ω,R3),

strongly in L2(Ω,R3) and a.e. in Ω. Hence w0(x) · e(x) = 0 a.e. in Ω. Since∫
Ω

|∇ξj −wj |2dx ≤
1

q2
B(wj) ≤ C,

we see that ‖∇ξj‖L2(Ω,R3) is bounded. Since
∫
Ω
ξjdx = 0, again applying the

Poincaré inequality, we see that {ξj} is bounded in W 1,2(Ω,R). Moreover, since
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‖divwj‖L2(Ω) ≤ C‖wj‖W 1,2(Ω,R3) ≤ C, wj = 0 on ∂Ω and ξj = ξwj
is a unique

solution of (3.7), it follows from the elliptic estimate that {ξj} is bounded in W 2,2(Ω).
After passing to a subsequence, we may assume that ξj → ξ0 weakly in W 2,2(Ω) and
strongly in W 1,2(Ω). Then ξ0 satisfies (3.7) for w = w0, i.e., ξ0 = ξw0

. Therefore,

B(w0) = B(ξw0
,w0) ≤ lim inf

j→∞
B(ξj ,wj) = χaH

2
sh(q).

Since ‖w0 ·h‖L2(Ω) = limj→∞ ‖wj ·h‖L2(Ω) = 1, we see that B(w0) ≥ χH2
sh(q). Thus

w0 is a minimizer of B(w), so (ξw0
,w0) achieves Hsh(q).

We show that Hsh(q) > 0. If Hsh(q) = 0, then B(w0) = 0. So using Lemma 3.1
we see that w0 = 0. This contradicts the fact that ‖h ·w0‖L2(Ω) = 1.

Step 2. Suppose that Hsh(q) ≤ c for all q ≥ 0. Choose qj → ∞ and choose

uj ∈W 1,2(Ω) and wj ∈W 1,2
0 (Ω,R3) such that∫

Ω

ujdx = 0, e(x) ·wj(x) = 0 a.e. in Ω, ‖h ·wj‖L2(Ω) = 1,

and (uj ,wj) achieves Hsh(qj). Then∫
Ω

q2j |∇uj −wj |2dx + F(e)[wj ]−K1

∫
Ω

|∇e|2|wj |2dx

≤ χac
2

∫
Ω

(h ·wj)
2dx = χac

2.

Thus from (3.3) , {wj} is bounded in W 1,2
0 (Ω,R3). Passing to a subsequence, we

may assume that wj → ŵ weakly in W 1,2
0 (Ω,R3), strongly in L4(Ω,R3) and a.e. in

Ω. Hence this implies that ‖h · ŵ‖L2(Ω) = 1 and ŵ(x) · e(x) = 0 a.e. in Ω. Since

‖∇uj − wj‖L2(Ω) = O(q−1
j ) and wj → ŵ strongly in L2(Ω,R3), {∇uj} is bounded

in L2(Ω,R3). Since
∫
Ω
ujdx = 0, it follows from the Poincaré inequality that {uj}

is bounded in W 1,2(Ω). Passing to a subsequence, we may assume that uj → û
weakly in W 1,2(Ω) and strongly in L2(Ω). Since ∇uj → ∇û weakly in L2(Ω,R3)
and ∇uj → ŵ strongly in L2(Ω,R3), we have ∇û = ŵ and ∇uj → ∇û strongly in
L2(Ω,R3). Thus we see that uj → û strongly in W 1,2(Ω). Moreover, ∇û = ŵ = 0 on
∂Ω and ∇û · e = 0 in Ω. By the hypothesis (H.4), we see that ∇û = 0 in Ω. In fact,
assume that ∇û(p) �= 0 for some point p ∈ Ω. Let x = x(t) be the integral curve of
e through p. Then since

d

dt
∇û(x(t)) = ∇(∇û(x(t)) · e(x(t)) = 0,

∇û(x(t)) is independent of t. By the hypothesis (H.4), x(t) intersects with ∂Ω. This
contradicts the fact that ∇û = 0 on ∂Ω. Thus ∇û = 0 in Ω and so ŵ = ∇û = 0 in Ω.
This contradicts ‖h · ŵ‖L2(Ω) = 1.

We shall derive the Euler-Lagrange equation for the minimizer of Hsh(q). Let
(ξw,w) be a minimizer of Hsh(q). Then we see that w satisfies

H2
sh(q) =

1

χa

q2‖∇ξw −w‖2L2(Ω,R3) + F(e)[w]−K1

∫
Ω |∇e|2|w|2dx

‖h ·w‖2L2(Ω)

.

For v ∈ W 1,2(Ω,R3) with v(x) · e(x) = 0, since ξw+tv = ξw + tξv and∫
Ω

(h · (w + tv))2dx =

∫
Ω

(h ·w)2dx+ 2t

∫
Ω

(h ·w)(h · v)dx +O(t2),
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we have

‖∇ξw+tv − (w + tv)‖2L2(Ω,R3) = ‖∇ξw −w‖2L2(Ω,R3)

+2t

∫
Ω

(∇ξw −w) · (∇ξv − v)dx+O(t2),

F(e)[w + tv]−K1

∫
Ω

|∇e|2|w + tv|2dx

= F(e)[w]−K1

∫
Ω

|∇e|2|w|2dx

+2t

∫
Ω

{K1(divw)(div v) +K2(e · curlw)(e · curlv)

+K3(e× curlw) · (e× curlv)−K1|∇e|2(w · v)}dx+O(t2).

Here we note that

(e× curlw) · (e× curlv) = curlw · curlv − (curlw · e)(curlv · e).

Thus if we define k(x) = h(x) × e(x) and an orthogonal projection Px onto the
space [k(x),h(x)] spanned by k(x) and h(x), we get the Euler-Lagrange equation⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

Px

[
−K1∇(divw)−K2e×∇(e · curlw)

+K3

(
curl 2w + e×∇(e · curlw)

)
+q2(w −∇ξw)−K1|∇e|2w

]
= χH2

sh(q)(h ·w)h in Ω,
w = 0 on ∂Ω.

In particular case where K1 = K2 = K3 = K, since curl 2w = −Δw + ∇divw, we
have {

Px[−KΔw + q2(w −∇ξw)−K1|∇e|2|w|2] = χaH
2
sh(h ·w)h in Ω,

w = 0 on ∂Ω .

4. Loss of global minimality of pure smectic states. In this section, we
examine loss of global minimality of pure smectic states. In order to do so, let (ψ0,n0)
be a pure smectic state. That is to say, ψ0 = ceiqϕ,n0 = e with c ∈ C, |c| = 1 and ϕ
is the function as in (1.5).

If a global minimizer (ψ,n) ∈W 1,2(Ω,C)×W 1,2(Ω, S2, e0) is not a pure smectic
state, then we claim that

(4.1) h · n �≡ 0 in Ω.

In fact, if h · n ≡ 0 in Ω,

E [ψ,n] = G[ψ,n] + F [n] ≤ E [ψ0,n0] =

∫
Ω

K1|div e|2dx.

Hence since F [n] ≤ K1‖div e‖2L2(Ω) = F [e], we have n = e from (H.1). Moreover, we
have

0 = G[ψ,n] =
∫
Ω

{
|∇ψ − iqnψ|2 + κ2

2
(1− |ψ|2)2

}
dx.
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Therefore, since |ψ| = 1, we can write ψ = ceiqϕ̃(x) with |c| = 1 locally for some
function ϕ̃. Therefore, 0 = ∇ψ − iqeψ = icq(∇ϕ̃ − e)eiqϕ̃. Thus ∇ϕ̃ = e, so we can
write ψ = ceiqϕ with |c| = 1 locally where ϕ is the function as in (1.5). Since Ω is
connected, ψ = ceiqϕ in Ω. Then (ψ,n) = (ψ0,n0) is a pure smectic state. Hence
(4.1) holds.

Thus if (ψ,n) is a global minimizer of E which is not a pure smectic state, we
have

G[ψ,n] + F [n]−K1‖div e‖2L2(Ω) ≤ χaσ
2‖h · n‖2L2(Ω).

Definition 4.1. For given q ≥ 0, κ > 0,K1,K2,K3 > 0 and h, e0, define

Hs = Hs(q, κ,K1,K2,K3,Ω,h, e0) by

(4.2) H2
s =

1

χa
inf

{G[ψ,n] + F [n]−K1‖div e‖2L2(Ω)

‖h · n‖2L2(Ω)

;

(ψ,n) ∈W 1,2(Ω,C)×W 1,2(Ω, S2, e0),h(x) · n(x) �≡ 0 in Ω

}

Note that since F [n] ≥ F [e] = K1‖div e‖2L2(Ω), the definition of H2
s has a mean-

ing.
Then we have the following lemma.

Lemma 4.2. Under the assumptions (H.1), (H.2), (H.3) and (H.4), we have

following.

(i) If there exists a global minimizer (ψ,n) of E which is not a pure smectic state,

then σ ≥ Hs.

(ii) If σ > Hs, then the global minimizers of E are not pure smectic states.

(iii) If 0 ≤ σ < Hs, then the only global minimizers of E are pure smectic states.

Proof. (i) If (ψ,n) is a global minimizer of E which is not a pure smectic state,
then from (4.1) h · n �≡ 0 in Ω and E [ψ,n] ≤ E [ψ0,n0] = K1‖div e‖2L2(Ω). Therefore,
we have

G[ψ,n] + F [n]−K1‖div e‖2L2(Ω) ≤ χaσ
2

∫
Ω

(h · n)2dx.

This implies that Hs ≤ σ.
(ii) If σ > Hs, there exists (ψ,n) ∈ W 1,2(Ω,C) ×W 1,2(Ω, S2, e0) with h · n �≡ 0

in Ω and

1

χa

G[ψ,n] + F [n]−K1‖div e‖2L2(Ω)

‖h · n‖2L2(Ω)

< σ2.

Thus we have

E [ψ,n] = G[ψ,n] + F [n]− χaσ
2‖h · n‖2L2(Ω) < E [ψ0,n0] = K1‖div e‖2L2(Ω).

This implies that global minimizers of E are not pure smectic states.
(iii) If 0 ≤ σ < Hs and there exists a global minimizer which is not a pure smectic

state, it follows from (i) that σ ≥ Hs.
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In the following we write Hs by Hs(κ, q). Since pure smectic states lose the global
minimality at Hs(κ, q) and lose local minimality at Hsh(q), we see that

Hs(κ, q) ≤ Hsh(q). (4.3)

We define a number Hn which is closely related to Hs.

Definition 4.3. Hn = Hn(q) = Hn(q, κ,K1,K2,K3,Ω,h, e0) is defined by

H2
n(q) =

1

χa
inf

{
q2‖∇u− n‖2L2(Ω,R3) + F [n]−K1‖div e‖2L2(Ω)

‖h · n‖2L2(Ω)

;

(u,n) ∈ W 1,2(Ω)×W 1,2(Ω, S2, e0),h · n �≡ 0 in Ω

}
We note that

H2
n(0) =

1

χa
inf

{F [n]−K1‖div e‖2L2(Ω)

‖h · n‖2L2(Ω)

; n ∈W 1,2(Ω, S2, e0),h · n �≡ 0 in Ω

}
.

Lemma 4.4. For any κ > 0, we have Hs(κ, 0) = Hn(0), and for any κ > 0 and

q ≥ 0, we have Hs(κ, q) ≥ Hn(0).

Proof. We choose a test field ψ = 1 and any n ∈W 1,2(Ω, S2, e0) with h ·n �≡ 0 in
Ω, we see that G[ψ,n]

∣∣
q=0

= 0. Thus H2
s (κ, 0) ≤ H2

n(0). On the other hand, for any

κ > 0 and q ≥ 0, it is easily seen that

H2
s (κ, q) ≥

1

χa
inf

{F [n]−K1‖div e‖2L2(Ω)

‖h · n‖2L2(Ω)

;n ∈W 1,2(Ω, S2, e0), h · n �≡ 0

}
= H2

n(0).

We state the relations of Hs, Hn and Hsh and that if they are achieved.

Theorem 4.5. Let Ω be a simply connected bounded domain in R3 with smooth

boundary and assume that (H.1), (H.2), (H.3) and (H.4) hold. Then we can get the

following.

(i) For any κ > 0 and any q ≥ 0,

0 < Hs(κ, q) ≤ Hn(q) ≤ Hsh(q).

(ii) For any κ > 0 and any q ≥ 0, if Hs(κ, q) < Hsh(q), then Hs(κ, q) is achieved.
(iii) For any q ≥ 0, if Hn(q) < Hsh(q), then Hn(q) is achieved. In this case, we

have Hs(κ, q) < Hsh(q), so Hs(κ, q) is achieved.

Proof. From now, we denote various constants by c, C, C1 which may vary from
line to line.

(i) Step 1. We show that Hs(κ, q) ≤ Hn(q).
For any φ ∈ W 1,2(Ω) and any n ∈ W 1,2(Ω, S2, e0) with n · h �≡ 0 in Ω, we take

(eiqφ,n) as a test function of Hs(κ, q). Then we have

H2
s (κ, q) ≤

1

χa

q2‖∇φ− n‖2L2(Ω,R3) + F [n]−K1‖div e‖2L2(Ω)

‖h · n‖2L2(Ω)

.
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This implies that H2
s (κ, q) ≤ H2

n(q).
Step 2. We show that Hn(q) ≤ Hsh(q).
Let u ∈W 1,2(Ω),w ∈ W 1,2

0 (Ω,R3)∩L∞(Ω,R3) with e ·w ≡ 0 in Ω and h ·w �≡ 0
in Ω and put

φt = ϕ+ tu, nt =
e+ tw

|e+ tw| = e+ tw + O(t2)

where ϕ is as in (1.5). Then we have

q2‖∇φt − nt‖2L2(Ω,R3) = t2q2‖∇u−w‖2L2(Ω,R3) +O(t3),

F [nt] = F [e] + t2
{
F(e)[w] + 2K1

∫
Ω

(div e)(divn2)dx

}
+O(t3),∫

Ω

(h · nt)
2dx = t2

∫
Ω

(h ·w)2dx+O(t3).

Since n2 = − 1
2 |w|2e, it follows from the hypothesis (H.1) that

2K1

∫
Ω

(div e)(divn2)dx = K1

∫
Ω

∇(div e) · |w|2edx = −K1

∫
Ω

|∇e|2|w|2dx.

Therefore,

q2‖∇φt − nt‖2L2(Ω,R3) + F [nt]−F [e]
‖h · nt‖2L2(Ω)

=
q2‖∇u−w‖2L2(Ω,R3) + F(e)[w] + 2K1

∫
Ω
(div e)(divn2)dx

‖h ·w‖2L2(Ω)

+O(t)

=
q2‖∇u−w‖2L2(Ω,R3) + F(e)[w]−K1

∫
Ω |∇e|2|w|2dx

‖h ·w‖2L2(Ω)

+O(t).

Hence, we have

χaH
2
n(q) ≤

q2‖∇φt − nt‖2L2(Ω,R3) + F [nt]−F [e]
‖h · nt‖2L2(Ω)

=
q2‖∇u−w‖2L2(Ω,R3) + F(e)[w]−K1

∫
Ω |∇e|2|w|2dx

‖h ·w‖2L2(Ω)

+O(t).

Letting t→ 0, we have

χaH
2
n(q) ≤

q2‖∇u−w‖2L2(Ω,R3) + F(e)[w]−K1

∫
Ω |∇e|2|w|2dx

‖h ·w‖2L2(Ω)

.

Since W 1,2
0 (Ω,R3) ∩ L∞(Ω,R3) is dense in W 1,2

0 (Ω,R3), we get Hn(q) ≤ Hsh(q).
Step 3. We show that Hs(κ, q) > 0.
Since Hsh(q) > 0 from Proposition 3.4, if Hs(κ, q) = Hsh(q), the result is trivial.

So we assume that Hs(κ, q) < Hsh(q). We borrow the result of (ii) which is proved
independently of (i). Since Hs(κ, q) is achieved, let (ψ,n) be a minimizer of Hs(κ, q).
Assume that Hs(κ, q) = 0. Then we have

0 ≤ G[ψ,n] + F [n]−K1‖div e‖2L2(Ω) = χaH
2
s (κ, q)‖h · n‖2L2(Ω) = 0,
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and h · n �≡ 0 in Ω. This implies that F [n] = K1‖div e‖2L2(Ω). By the hypothesis

(H.1), we see that n = e in Ω. This contradicts the fact that h · n �≡ 0. Thus we see
that (i) holds if (ii) is proved independently.

Proof of (ii). We assume that Hs(κ, q) < Hsh(q).
Step 4. Let {(ψj,nj)} be a minimizing sequence of Hs(κ, q). Then

(4.4) G[ψj ,nj ] + F [nj ] − K1‖div e‖2L2(Ω) = (χaHs(κ, q) + o(1))‖h · nj‖2L2(Ω)

Since |h·nj | ≤ 1, the right hand side of (4.4) is bounded. Thus {divnj} is bounded in
L2(Ω), {curlnj} is bounded in L2(Ω,R3) and nj = e0 on ∂Ω. It follows from Dautray
and Lions [10, Proposition 6] (or Girault and Raviart [14, Corollary 3.7], Temam
[27, Appendix I Proposition 1.4]) that {nj} is bounded in W 1,2(Ω,R3). Passing to
a subsequence, we may assume that nj → n̂ weakly in W 1,2(Ω,R3), strongly in
L2(Ω,R3) and a.e. in Ω. Thus we have |n̂| = 1 a.e. in Ω and n̂ = e0 on ∂Ω, so
n̂ ∈W 1,2(Ω, S2, e0). On the other hand, we see from (4.4) that {∇qnjψj} is bounded
in W 1,2(Ω,C3) and {ψj} is bounded in L4(Ω,C). Since

‖∇ψj‖L2(Ω,C3) ≤ ‖∇qnjψj‖L2(Ω,C3) + ‖qnjψj‖L2(Ω,C3),

we see that {ψj} is bounded in W 1,2(Ω,C). After passing to a subsequence, we may

assume that ψj → ψ̂ weakly in W 1,2(Ω,C) and strongly in L4(Ω,C). Thus we have

G[ψ̂, n̂] + F [n̂]−K1‖div e‖2L2(Ω)(4.5)

≤ lim inf
j→∞

{G[ψj ,nj ] + F [nj ]−K1‖div e‖2L2(Ω)}

= χaH
2
s (κ, q)‖h · n̂‖2L2(Ω).

If we can show that h · n̂ �≡ 0 in Ω, we see that Hs(κ, q) is achieved.
Step 5. Assume that h · n̂ ≡ 0 in Ω. Then it follows from (4.5) and the hypothesis

(H.1) that n̂ = e in Ω. Moreover, ∇ψ̂ − iqeψ̂ = 0, |ψ̂| = 1. Then we can write

ψ̂ = ceiqϕ for some c ∈ C with |c| = 1 where ϕ is as in (1.5).
Since h · nj �≡ 0, we have nj �≡ e. We write

(4.6) nj = e+ εjwj , ψj = eiqϕ(1 + iqεjgj)

such that εj = ‖nj − e‖W 1,2(Ω,R3) > 0, wj ∈ W 1,2
0 (Ω,R3) and wj satisfies that

‖wj‖W 1,2(Ω,R3) = 1. Using the Poincaré inequality and the formula |e · curlw|2+ |e×
curlw|2 = |curlw|2, we have

F [nj ]−F [e] = ε2jF(e)[wj ](4.7)

= ε2j

∫
Ω

{K1|divwj |2 +K2|e · curlwj |2 +K3|e× curlwj |2}dx

≥ ε2jK1

∫
Ω

{|divwj |2 + |curlwj |2}dx

= Cε2jK1

∫
Ω

|∇wj |2dx

≥ cε2jK1.

Thus we have

ε2j ≤
1

cK1
(F [nj ]−F [e]) = o(1)
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as j →∞. Since ‖wj‖W 1,2(Ω,R3) = 1, after passing to a subsequence, we may assume
that wj → ŵ weakly in W 1,2(Ω,R3) and strongly in L4(Ω,R3). Since

1 = |nj |2 = |e+ εjwj |2 = 1 + 2εje ·wj + ε2j |wj |2,

we have e ·wj = − εj
2 |wj |2 → 0 strongly in L2(Ω), so e · ŵ = 0 a.e. in Ω. Since

|∇qnjψj |2 = q2ε2j |∇gj − (1 + iqεjgj)wj |2,
|ψj |2 = 1 + qεj(−2�(gj) + qεj |gj |2),

using (4.4), we have

(χaH
2
s (κ, q) + o(1))‖h ·wj‖2L2(Ω)(4.8)

=
1

ε2j
(χaH

2
s (κ, q) + o(1))‖h · nj‖2L2(Ω)

=
1

ε2j
G[ψj ,nj ] +

1

ε2j
(F [nj ]−K1‖div e‖2L2(Ω))

=

∫
Ω

{
q2|∇gj − (1 + iqεjgj)wj |2 +

κ2q2

2
(−2�(gj) + qεj |gj |2)2

}
dx

+ F(e)[wj ].

Thus we have∫
Ω

|∇gj − ψje
−iqϕwj|2dx =

∫
Ω

|∇gj − (1 + iqεjgj)wj |2dx ≤ C1.

Therefore,

‖∇gj‖L2(Ω,C3) ≤ ‖∇gj − ψje
−iqϕwj‖L2(Ω,C3) + ‖ψjwj‖L2(Ω,C3)

≤ C + ‖ψj‖W 1,2(Ω,C)‖wj‖W 1,2(Ω,R3) ≤ C1.

Put g̃j = gj − bj where bj = 1
|Ω|

∫
Ω gjdx. Since

∫
Ω g̃jdx = 0, it follows from the

Poincaré inequality that ‖g̃j‖L2(Ω,C) ≤ c(Ω)‖∇gj‖L2(Ω,C3) ≤ C, so ‖g̃j‖W 1,2(Ω,C) ≤ C.
By the Sobolev embedding theorem,

‖g̃j‖L4(Ω,C) ≤ C‖g̃j‖W 1,2(Ω,C) ≤ C1.

Hence,

‖g̃jwj‖L2(Ω,C3) ≤ ‖g̃j‖L4(Ω,C)‖wj‖W 1,2(Ω,R3) ≤ C.

Now we estimate bj.
Since

ψj = eiqϕ(1 + iqεjgj) = ψ̂ + iqεjgje
iqϕ

and ψj → ψ̂ in L4(Ω,C), we have εjgj → 0 in L4(Ω,C). Thus εjbj = εjgj − εj g̃j =
o(1). On the other hand, we have

C ≥ ‖∇gj − (1 + iqεjgj)wj‖L2(Ω,C3)

= ‖∇g̃j − (1 + iqεjbj)wj − iqεj g̃jwj‖L2(Ω,C3)

≥ ‖∇g̃j − (1 + iqεjbj)wj‖L2(Ω,C3) −O(εj‖g̃jwj‖L2(Ω,C3))

= ‖∇g̃j − (1 + iqεjbj)wj‖L2(Ω,C3) −O(εj).
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Put uj = g̃j/(1 + iqεjbj), then

‖∇g̃j − (1 + iqεjbj)wj‖2L2(Ω,C3) = |1 + iqεjbj|2‖∇uj −wj‖2L2(Ω,R3).

Therefore, we have ‖∇uj−wj‖L2(Ω,C3) ≤ C, so ‖∇uj‖L2(Ω,C3) ≤ C1. Since
∫
Ω ujdx =

0, it follows from the Poincaré inequality that {uj} is bounded in W 1,2(Ω,C). Passing
to a subsequence, we may assume that uj → û weakly in W 1,2(Ω,C) and strongly in
L2(Ω,C). From (4.8), it follows that

(χaH
2
s (κ, q) + o(1))‖h ·wj‖2L2(Ω)

=

∫
Ω

{
q2(1 + o(1))|∇uj −wj |2 +

κ2q2

2
(−2�(gj) + qεj |gj |2)2

}
dx+ F(e)[wj ].

This implies that

(4.9) q2‖∇uj − wj‖2L2(Ω,C3) + F(e)[wj ] ≤ (χaH
2
s (κ, q) + o(1))‖h · wj‖2L2(Ω).

Letting j →∞, we get

(4.10) q2‖∇û− ŵ‖2L2(Ω,C3) + F(e)[ŵ] ≤ χaH
2
s (κ, q)‖h · ŵ‖2L2(Ω).

We note that we may take û to be a real valued function.
Step 6. We show that h · ŵ �≡ 0 in Ω.
Assume that h · ŵ ≡ 0 in Ω. Since wj → ŵ strongly in L2(Ω,R3), we have

‖h ·wj‖L2(Ω) → 0. Since F(e)[wj ]→ 0 from (4.8), we see that divwj → 0 in L2(Ω)
and curlwj → 0 in L2(Ω,R3). Since div ŵ = 0, curl ŵ = 0, ∇û = ŵ and ŵ = 0 on
∂Ω from (4.10), we see that Δû = 0 in Ω and ∇û = 0 on ∂Ω. Applying the maximum
principal, we see that û is a constant in Ω, so ŵ = 0. Thus wj → 0 strongly in
L2(Ω,R3). Therefore, it follows from [10] that

‖wj‖W 1,2(Ω,R3) ≤ C(‖divwj‖L2(Ω) + ‖curlwj‖L2(Ω,R3) + ‖wj‖L2(Ω,R3)) → 0

as j →∞. This contradicts the fact that ‖wj‖W 1,2(Ω,R3) = 1.
Thus from (4.10),

χaH
2
s (κ, q) ≥

q2‖∇û− ŵ‖2L2(Ω,R3) + F(e)[ŵ]

‖h · ŵ‖2L2(Ω)

≥ χaH
2
sh(q).

Hence we get Hs(κ, q) = Hsh(q). This contradicts our hypothesis. Thus we get
h · n̂ �≡ 0 in Ω. By Step 4, we see that Hs(κ, q) is achieved. Therefore (ii) holds, so
(i) also holds.

Proof of (iii). Assume that Hn(q) < Hsh(q).
Step 7. Let {(uj,nj)} ⊂ W 1,2(Ω) ×W 1,2(Ω, S2, e) with h · nj �≡ 0 in Ω be a

minimizing sequence of Hn(q). Then we have

(4.11) q2‖∇uj − nj‖2L2(Ω,R3) + F [nj ]−K1‖div e‖2L2(Ω)

= (χaH
2
n(q) + o(1))‖h · nj‖2L2(Ω).

Since |h ·nj | ≤ 1, the right hand side of (4.11) is bounded. Thus we see that {divnj}
is bounded in L2(Ω), {curlnj} is bounded in L2(Ω,R3), |nj | = 1 a.e. in Ω and
nj = e on ∂Ω. Therefore, it follows from [10] that {nj} is bounded in W 1,2(Ω,R3).
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After passing to a subsequence, we may assume that nj → n̂ weakly in W 1,2(Ω,R3),
strongly in L2(Ω,R3) and a.e. in Ω. As in (ii), we get n̂ ∈ W 1,2(Ω, S2, e0). When
q > 0, it follows from (4.11) that {∇uj} is bounded in L2(Ω,R3). Put ûj = uj − dj
where dj =

1
|Ω|

∫
Ω ujdx. Applying the Poincaré inequality, we see that {ûj} is bounded

in W 1,2(Ω). Passing to a subsequence, we may assume that ûj → û weakly in W 1,2(Ω)
and strongly in L4(Ω). Letting j →∞ in (4.11), we have

q2‖∇û− n̂‖2L2(Ω,R3) + F [n̂]−K1‖div e‖2L2(Ω)(4.12)

≤ lim inf
j→∞

{q2‖∇ûj − nj‖2L2(Ω,R3) + F [nj ]−K1‖div e‖2L2(Ω)}

= χaH
2
n(q)‖h · n̂‖2L2(Ω).

If we show that h · n̂ �≡ 0 in Ω, we see that Hn(q) is achieved. When q = 0, if we
show that h · n̂ �≡ 0, by the definition of Hn(0), we also see that Hn(0) is achieved.

Step 8. Assume that h · n̂ ≡ 0 in Ω.
Then from (4.12), F [n̂] ≤ K1‖div e‖2L2(Ω). Thus we have n̂ = e and ∇û = n̂ = e

if q > 0. Hence if we write nj = e+εjwj , ûj = û+εjgj, then εj = ‖nj−e‖W 1,2(Ω,R3) >

0, wj ∈W 1,2
0 (Ω,R3) and ‖wj‖W 1,2(Ω,R3) = 1. According to Lemma 3.1, we have

F [nj ]−F [e] = ε2j

{
F(e)[wj ]−K1

∫
Ω

|∇e|2|wj |2dx
}

≥ cε2j‖wj‖2W 1,2(Ω,R3).

As the proof of (ii) we get ε2j = o(1) as j → ∞. Since ‖wj‖W 1,2(Ω,R3) = 1, after

passing to a subsequence, we may assume that wj → ŵ weakly in W 1,2
0 (Ω,R3) and

strongly in L4(Ω,R3). Since e · wj = − εj
2 |wj|2 → 0 strongly in L2(Ω), we see that

e · ŵ = 0 a.e. in Ω. Since ∇ûj = ∇û+ εj∇gj = e+ εj∇gj , we have

(χaH
2
n(q) + o(1))‖h ·wj‖2L2(Ω)(4.13)

=
1

ε2j
(χaH

2
n(q) + o(1))‖h · nj‖2L2(Ω)

=
1

ε2j
{q2‖∇ûj − nj‖2L2(Ω,R3) + F [nj ]−K1‖div e‖2L2(Ω)}

=
1

ε2j
q2‖∇ûj − nj‖2L2(Ω,R3) + F(e)[wj ]−K1

∫
Ω

|∇e|2|wj |2dx

= q2‖∇gj −wj‖2L2(Ω,R3) + F(e)[wj ]−K1

∫
Ω

|∇e|2|wj |2dx

Since
∫
Ω
gjdx = 0, ‖gj‖L2(Ω) ≤ C‖∇gj‖L2(Ω,R3) ≤ C1. After passing to a subsequence,

we may assume that gj → ĝ weakly in W 1,2(Ω) and strongly in L4(Ω). By (4.12),

(4.14) q2‖∇ĝ − ŵ‖2L2(Ω,R3) + F(e)[ŵ]−K1

∫
Ω

|∇e|2|ŵ|2dx

≤ lim inf
j→∞

{q2‖∇gj −wj‖2L2(Ω,R3) + F(e)[wj ]−K1

∫
Ω

|∇e|2|wj |2dx}

= χaH
2
n(q)‖h · ŵ‖2L2(Ω).

Step 9. We shall show that h · ŵ �≡ 0 in Ω.
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Assume that h · ŵ ≡ 0 in Ω. Since wj → ŵ strongly in L2(Ω,R3), we have
‖h ·wj‖L2(Ω) → 0. Since F(e)[wj ]→ 0 from (4.13), we see that divwj → 0 in L2(Ω)
and curlwj → 0 in L2(Ω,R3). Thus div ŵ = 0, curl ŵ = 0, ∇ĝ = ŵ in Ω and ŵ = 0
on ∂Ω. Therefore, Δĝ = 0 in Ω and ∇ĝ = 0 on ∂Ω. By the maximum principle, we
see that ĝ is a constant and so ŵ = 0 in Ω. Thus wj → 0 strongly in L2(Ω,R3).
According to [10], ‖wj‖W 1,2(Ω,R3) → 0. This is a contradiction. Hence we have

χaH
2
sh(q) ≤

q2‖∇ĝ − ŵ‖2L2(Ω,R3) + F(e)[ŵ]−K1

∫
Ω
|∇e|2|w|2dx

‖h · ŵ‖2L2(Ω)

≤ χaH
2
n(q).

This completes the proof.

5. Instabilities in pure nematic states. In this section we examine the local
minimality as well as global minimality of the pure nematic states. Let ψ = 0 and
n = nσ where nσ is a global minimizer of Fσh:

Fσh[nσ] = inf
n∈W 1,2(Ω,S2,e0)

Fσh[n]

where Fσh[n] = F [n]− χaσ
2‖h ·n‖2L2(Ω). We note that (0,n) is a critical point of E

if and only if n is a critical point of Fσh. Define

C(σ) = C(σ, κ,K1,K2,K3,h, e0) = inf
n∈W 1,2(Ω,S2,e0)

Fσh[n]

and

M(σ) = M(σ, κ,K1,K2,K3,h, e0) = {n ∈ W 1,2(Ω, S2, e0);Fσh[n] = C(σ)}.

If n ∈ M(σ), then (0,n) is a critical point of E . When n is a minimizer of Fσh, we
look for the Euler-Lagrange equation for n. For any v ∈ W 1,2

0 (Ω,R3), we compute

d

dt

∣∣∣∣
t=0

{
Fσh[n+ tv]−

∫
Ω

λ(|n+ tv|2 − 1)dx

}
= 0

where λ is the Lagrange multiplier which depends on x. By the standard arguments,
we get the Euler-Lagrange equation for n:

(5.1)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−K1∇(divn) +K2{(n · curln)curln+ curl

(
(n · curln)n

)
}

+K3{|curln|2n− (n · curln)curln+ curl 2n
−curl

(
(n · curln)n

)
}

−χaσ
2(h · n)h− λn = 0 in Ω,

n = e0 on ∂Ω.

We can compute the Lagrange multiplier λ:

λ = λ(x) = n ·
[
−K1∇(divn) +K2{(n · curln)curln

+ curl
(
(n · curln)n

)
}+K3{|curln|2n− (n · curln)curln

+ curl 2n− curl
(
(n · curln)n

)
} − χaσ

2(h · n)h
]
.

In the particular case where K1 = K2 = K3 = K, we use the formulas: curl 2n =
−Δn+∇divn and −Δn · n = |∇n|2 which follows from n · n = 1. In this case, we
have

(5.2)

{
−KΔn = K|∇n|2n+ χaσ

2
(
(h · n)h − (h · n)2n

)
in Ω,

n = e0 on ∂Ω.
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Since h · e = 0, e is a critical point of Fσh for any σ. Recall that

H2
sh(0) =

1

χa
inf

{
F(e)[w]−K1

∫
Ω

|∇e|2|w|2dx;w ∈W 1,2
0 (Ω,R3),

w(x) · e(x) = 0 in Ω, ‖h ·w‖L2(Ω) = 1

}
,

H2
n(0) =

1

χa
inf

{F [n]−K1‖div e‖2L2(Ω)

‖h · n‖2L2(Ω)

; n ∈ W 1,2(Ω, S2, e0), h · n �≡ 0 in Ω

}
and 0 < Hn(0) ≤ Hsh(0) from Theorem 4.5 (i).

We give a simple criterion for n = e to be a global minimizer of Fσh.

Lemma 5.1. (i) If 0 ≤ σ < Hn(0), then n = e is the only global minimizer of

Fσh in W 1,2(Ω, S2, e0).
(ii) If Hn(0) < Hsh(0) and Hn(0) < σ < Hsh(0), then n = e is not a global

minimizer of Fσh in W 1,2(Ω, S2, e0), but it is weakly stable (a local minimizer).
(iii) If σ > Hsh(0), n = e is not weakly stable.

For the proof, see [3] and [19].
Next, we consider a question: When nσ ∈ M(σ, κ,K1,K2,K3,h, e0) is a global

minimizer of Fσh, and is (0,nσ) a global minimizer of E ?
Let μ = μ(qn) be the lowest eigenvalue of the magnetic Neumann problem

(5.3)

{
−∇2

qnφ = μφ in Ω,
∇qnφ · ν = 0 on ∂Ω.

That is to say,

μ(qn) = inf
0�=φ∈W 1,2(Ω,C)

‖∇qnφ‖2L2(Ω,C3)

‖φ‖2L2(Ω,C)

.

Define

μ∗(q, σ) = μ∗(q, σ,K1,K2,K3,h, e0) = inf
n∈M(σ,κ,K1,K2,K3,h,e0)

μ(qn).

Lemma 5.2. (i) If (ψ,n) is a global minimizer of E which is not a pure nematic

state, then μ(qn) < κ2.

(ii) If μ∗(q, σ) < κ2, then pure nematic states are not global minimizers of E.
For the proof, see [3] or [19].

Proposition 5.3. If 0 ≤ σ ≤ Hn(0) and κ > 0, or σ > Hn(0) and μ∗(q, σ) < κ2,

then the pure nematic states are not global minimizer of E.
Proof. When 0 ≤ σ < Hn(0), it follows from Lemma 5.1 (i) that M(σ) = {e}.

When σ = Hn(0),

σ2 ≤ 1

χa

F [n]−K1‖div e‖2L2(Ω)

‖h · n‖2L2(Ω)
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for any n ∈ W 1,2(Ω, S2, e0) with h · n �≡ 0 in Ω. Therefore,

(5.4) F [n]−K1‖div e‖2L2(Ω) − χσ2‖h · n‖2L2(Ω) ≥ 0.

This inequality holds even in the case h · n = 0. Therefore, (5.4) hold for any
n ∈W 1,2(Ω, S2, e0). This implies that C(σ) ≥ K1‖div e‖2L2(Ω).

On the other hand, C(σ) ≤ Fσh[e] = K1‖div e‖2L2(Ω). Therefore, we have C(σ) =

K1‖div e‖2L2(Ω) = Fσh[e], so e ∈ M(σ). If we put ψ = eiqϕ where ϕ is the function

defined in (1.5), then ∇qeψ = 0. So μ(qe) = 0. Thus we have

μ∗(q, σ) ≤ μ(qe) = 0 < κ2

for any κ > 0. Therefore, from Lemma 5.2 (ii), we see that pure nematic states are not
global minimizers of E . If σ > Hn(0) and μ∗(q, σ) < κ2, it suffices to apply Lemma
5.2 (ii).

Now define

σ∗(κ, q) = inf{σ > 0;μ∗(q, σ) ≥ κ2},
Q∗(κ, q) = inf{q > 0;μ∗(q, σ) ≥ κ2}.

Let σ > Hn(0). Summing up the above, the pure nematic states are not global
minimizers in the following cases.

(1) 0 < σ < σ∗(κ, q).
(2) μ∗(q, σ) < κ2.
(3) 0 ≤ q < Q∗(q, σ).
The following theorem indicates the difference between liquid crystals and super-

conductors under strong external field.

Theorem 5.4. Let q, κ,K1,K2,K3,h, e0 with K1 = K2 = K3 = K be given.

Assume that (H.1), (H.2), (H.3) and (H.4) hold.

(i) In the case where curlh = 0 in Ω, then if σ is sufficiently large, the pure

nematic states are not global minimizers.

(ii) There exists a constant c > 0 such that if |curlh(x)| ≤ c for all x ∈ BR where

BR is an open ball with center 0 and radius R > 0 containing Ω and h(x) denotes an
C2-extension of h(x) (x ∈ Ω) to BR (We used the same notation), then the conclusion

of (i) also holds.

Remark 5.5. For our example (1.4), we have for large |a1|,

|curlh(x)| = 1√
(x1 − a1)2 + x2

2

≤ C(a1) for x ∈ Ω.

We note that C(a1) → 0 as |a1| → ∞. Therefore the hypothesis of Theorem 5.4 (ii)
holds in this case.

In order to prove Theorem 5.4, we need a lemma.

Lemma 5.6. (i) For large σ, C(σ) ≤ −χaσ
2|Ω|+C1σ where C1 > 0 depends only

on K1,K2,K3,h, e0 and Ω.
(ii) Let nσ be a global minimizer of Fσh. Then |h ·nσ| → 1 in L2(Ω) as σ → +∞.

(iii) Assume that K1 = K2 = K3. Then h ·nσ → 1 or −1 in L2(Ω) as σ → +∞.
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Proof. Define k(x) = h(x)× e(x). Then (e(x),k(x),h(x)) is a orthonormal basis
in R3. For n ∈ W 1,2(Ω, S2, e0), we can write

n = nee+ nkk + nhh, n2
e
+ n2

k
+ n2

h
= 1 a.e. in Ω.

We see that

Fσh[n] = F [n]− χaσ
2

∫
Ω

(h · n)2dx

= F [n]− χaσ
2

∫
Ω

n2
h
dx

= F [n]− χaσ
2

∫
Ω

(1− n2
e
− n2

k
)dx

= Tσ[n]− χaσ
2|Ω|

where

Tσ[n] = F [n] + χaσ
2

∫
Ω

(n2
e + n2

k)dx.

Proof of (i). Choose a test field

n = (cosφ)e + (sinφ)h

=
3∑

i=1

{(cosφ)ei(x) + (sinφ)hi(x)}ei

where e(x) =
∑3

i=1 ei(x)ei and h =
∑3

i=1 hi(x)ei and e1 = (1, 0, 0), e2 =
(0, 1, 0), e3 = (0, 0, 1). Then since

divn =
3∑

i=1

{−(sinφ)(∂iφ)ei+(cosφ)(∂iφ)hi}+
3∑

i=1

{(cosφ)(∂iei)+ (sinφ)(∂ihi)}

and e,h ∈ C2(Ω,R3), we see that |divn|2 ≤ C(|∇φ|2 + 1). Similarly we have

|n · curln|2 + |n× curln|2 ≤ C1(|∇φ|2 + 1).

Thus if we write Tσ[n] =
∫
Ω fσ,h(φ)dx, we have

|fσ,h(φ)| ≤ Cmax{K2,K3}(|∇φ|2 + 1) + χaσ
2 cos2 φ.

For any ε > 0, define Ωε = {x ∈ Ω; d(x, ∂Ω) < ε} and Ωε = {x ∈ Ω; d(x.∂Ω) ≥ ε},
and decompose Tσ[n] as follows: Tσ[n] = Tσ,1[n] + Tσ,2[n] where

Tσ,1[n] =
∫
Ωε

fσ,h(φ)dx, Tσ,2[n] =
∫
Ωε

fσ,h(φ)dx.

Choose φ such that

φ =

⎧⎨⎩
π
2 in Ωε,
0 on ∂Ω,

|∇φ| ≤ C2

ε in Ω.
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Then Tσ,2[n] ≤ Cmax{K2,K3} and

Tσ,1[n] ≤
∫
Ωε

{Cmax{K2,K3}(|∇φ|2 + 1) + χaσ
2(cosφ)2}dx

≤
[
Cmax{K2,K3}

(C2
2

ε2
+ 1

)
+ χaσ

2
]
|Ωε|.

Since ∂Ω is smooth, there exists C0 > 0 depending only on ∂Ω such that |Ωε| ≤ C0ε
for any small ε > 0. For large σ, choose ε > 0 so that

ε = min

{√
CC2

σ

√
max{K2,K3}

χa
, 1

}
.

Then we have Tσ,1[n] ≤ C3 + C4σ. Therefore, we have

C(σ) ≤ Fσh[n] ≤ −χaσ
2|Ω|+ C5σ + C6.

Thus (i) holds.
Proof of (ii). From (i), we see that

Tσ[nσ] = F [nσ] + χaσ
2

∫
Ω

(n2
e
+ n2

k
)dx ≤ C1σ.

This implies that ∫
Ω

(n2
e
+ n2

k
)dx ≤ C1

χaσ
→ 0

as σ → +∞. Thus
∫
Ω
(1 − |nσ,h|2)dx → 0 as σ → +∞. Since |nσ,h| ≤ 1, for any

1 ≤ p < +∞, ∫
Ω

(1− |nσ,h|)pdx ≤ 2p−1

∫
Ω

(1 − |nσ,h|)dx→ 0.

Since h · nσ = nσ,h, we see that |h · nσ| → 1 in Lp(Ω) as σ → +∞.
Proof of (iii). When K1 = K2 = K3 = K, we shall show that nσ has the following

property: nσ,h > 0 in Ω or nσ,h < 0 in Ω or nσ,h ≡ 0 in Ω.
In fact, nσ satisfies the Euler-Lagrange equation (5.2). That is to say, if we write

nσ = n for brevity,

(5.5)

{
−Δn = |∇n|2n+ b2σ2[nhh− n2

h
n] in Ω,

n = e0 on ∂Ω

where b2 = χa/K. Define uσ = H(nσ,h)nσ where H(t) = 1 if t ≥ 0 and H(t) = −1
if t < 0 and write

uσ = uσ,ee(x) + uσ,kk(x) + uσ,hh(x).

Since nσ,h = 0 on ∂Ω, we see that uσ = nσ = e0 on ∂Ω and ∇uσ = nσ∇H(nσ,h) +
H(nσ,h)∇nσ. It is well known that

∇H(nσ,h) = 2∇nσ,hδ{nσ,h=0} = 0.
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Thus |∇uσ| = |∇nσ| and uσ ∈ W 1,2(Ω, S2, e0). Therefore uσ is also a minimizer of
Fσh and so uσ satisfies the Euler-Lagrange equation

(5.6)

{
−Δuσ = |∇uσ|2uσ − b2σ2

(
(h · uσ)h− (h · uσ)

2uσ

)
in Ω,

uσ = e0 on ∂Ω.

From the first equation of (5.6), we have

(5.7) −(Δuσ) · h = |∇uσ|2uσ,h + b2σ2(uσ,h − u3
σ,h).

Using the Leibniz formula, we can see that

(5.8) Δuσ,h = (Δuσ) · h = 2Tr[∇uσ(∇h)t]− uσ ·Δh

where At denotes the transposed matrix for any matrix A. Since e · h = 0,k · h = 0
and h · h = 1, we have

Δe · h+ 2Tr[∇e(∇h)t] + e ·Δh = 0,(5.9)

Δk · h+ 2Tr[∇k(∇h)t] + k ·Δh = 0,

Δh · h+ 2Tr[∇h(∇h)t] + h ·Δh = 0.

From (5.7), (5.8) and (5.9), we can get the equation

Δuσ,h − 2∇h(h) · ∇uσ,h + (Δh · h)uσ,h

= −|∇uσ|2uσ,h − b2σ2uσ,h(1− u2
σ,h) + g +

3∑
i=1

∂if
i

where

g = −uσ,e{(Δe · h)− 2div (∇h(e))} − uσ,k{(Δk · h)− 2div (∇h(k))},
f i = 2{(∇h(e))iuσ,e + (∇h(k))iuσ,k}.

Clearly we see that g ∈ Lq/2(Ω) and f i ∈ Lq(Ω) for any q > 3. By the weak Harnack
inequality for non-negative superharmonic function (cf. Gilbarg and Trudinger [12,
Theorem 8.18]), for any BR(y) ⊂ Ω,(

1

|BR(y)|

∫
BR(y)

up
σ,hdx

)1/p

≤ C {ess inf
BθR(y)

uσ,h + kσ(R)}

for some p ∈ [1, 3) where

kσ(R) = Rδ
3∑

i=1

‖f i‖Lq(Ω) +R2δ‖g‖Lq/2(Ω),

δ = 1 − 3/q and 0 < θ < 1. Here we note that the constant C is independent of σ.
Since uσ,e, uσ,k → 0 in Lq(Ω) as σ →∞ and u2

σ,e + u2
σ,k ≤ 1, we see that kσ(R)→ 0

as σ →∞. On the other hand, it follows from (ii) that{
1

|BR(y)|

∫
BR(y)

up
σ,hdx

}1/p

→ 1 as σ →∞.
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This implies that if uσ,h �≡ 0, then uσ,h > 0 in Ω. By (ii), nσ,h �≡ 0 in Ω for large
σ. Therefore, nσ,h > 0 in Ω or nσ,h < 0 in Ω. Assume that nσ,h > 0 in Ω. By (ii),
nσ,h → 1 in L2(Ω) as j → ∞. Hence (n2

e
+ n2

k
)1/2 → 0 in L2(Ω,R3). Thus we have

nσ → h in L2(Ω,R3), that is to say, h · nσ → 1 in L2(Ω).

Proof of Theorem 5.4. Let nσ be a global minimizer of Fσh. We shall estimate
μ(qnσ) for large σ. By Lemma 5.6, we may assume that nσ → h strongly in L2(Ω,R3).

Proof of (i). Since curlh = 0 in Ω, there exists a smooth function χ(x) such that
h = ∇χ. If we define φ(x) = eiqχ(x), then ∇qnσφ = iq(h− nσ)e

iqχ(x). Therefore, we
have ∫

Ω

|∇qnσφ|2dx = q2
∫
Ω

|h− nσ|2dx→ 0

as σ → +∞. Hence

μ(qnσ) ≤
‖∇qnσφ‖2L2(Ω,C3)

‖φ‖2L2(Ω,C)

=
q2‖h− nσ‖2L2(Ω,R3)

|Ω| → 0

as σ → +∞. Thus for any κ > 0, μ(qnσ) < κ2 for large σ. Thus from Lemma 5.2
(ii), we see that pure nematic states are not global minimizers of E .

Proof of (ii). Let supx∈BR
|curlh(x)| ≤ c for all x ∈ BR where c is determined

later. If we define a function

χ(x) =

∫ 1

0

h(tx) · xdt,

we have

∂iχ(x) = hi(x) +
∑
j �=i

∫ 1

0

{(∂ihj)(tx) − (∂jhi)(tx)}txjdt.

Thus we have |∇χ(x) − h(x)| ≤ αc|x| ≤ αcR where α is a universal constant (cf.
Raymond [24, Lemma 2.2]). Define φ(x) = eiqχ(x) for x ∈ Ω. Then we have ∇qnσφ =
iq(∇χ− nσ)e

iqχ(x). Hence∫
Ω

|∇qnσφ|2dx = q2
∫
Ω

|∇χ− nσ|2dx

≤ 2q2
∫
Ω

{|∇χ− h|2 + |h− nσ|2}dx

≤ 2q2c2α2R2|Ω|+ 2q2
∫
Ω

|h− nσ|2dx.

Therefore, we have

μ(qnσ) ≤
‖∇qnσφ‖2L2(Ω,R3)

‖φ‖2L2(Ω)

≤ 2q2c2α2R2 + 2q2
1

|Ω|

∫
Ω

|h− nσ|2dx.

We choose c > 0 so that 2q2c2α2R2 < κ2. Since nσ → h in L2(Ω,R3) as σ →∞, we
have μ(qnσ) < κ2 for large σ. Then it suffices to apply Lemma 5.2 (ii).
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