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CAUCHY PROBLEM ON NON-SOLVABLE SYSTEMS OF FIRST
ORDER PARTIAL DIFFERENTIAL EQUATIONS WITH
APPLICATIONS*

LINFAN MAOfT

Abstract. Let Li,L2,---,Ly be m partial differential operators of first order and
hi,h2,- -+, hm continuously differentiable functions. Then is the partial differential equation sys-
tem L;[u] = hi, 1 <1i < m solvable for a differential mapping u : R™ — R™ or not? Similarly, let
@ be a continuous function ¢ : R?~1 — R®~1. Then is the Cauchy problem L; [ul] =hi, 1<i<m
with w(z1,x2, - ,Tn—1,t0) = @(x1,22, -+ ,Tn—1) solvable or not? If not, how can we characterize
the behavior of such a function u? All these questions are ignored in classical mathematics only by
saying not solvable! In fact, non-solvable equation systems are nothing but Smarandache systems,
i.e., contradictory systems themselves, in which a ruler behaves in at least two different ways within
the same system, i.e., validated and invalided, or only invalided but in multiple distinct ways. They
are widely existing in the natural world and our daily life. In this paper, we discuss non-solvable
partial differential equation systems of first order by a combinatorial approach, classify these systems
by underlying graphs, particularly, these non-solvable linear systems, characterize their behaviors,
such as those of global stability, energy integral and their geometry, which enables one to find a
differentiable manifold with preset m vector fields. Applications of such non-solvable systems to
interaction fields and flows in network are also included in this paper.

Key words. Non-solvable partial-differential equation, vertex-edge labeled graph, global stabil-
ity, energy integral, combinatorial manifold.
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1. Introduction. A partial differential equation
F(Ilax%" Ly Uy Ugy sty Uy s Uzymg sy~ 7 Uy, *° ) =0 (PDE)

on functions w(z1,- -, T, ) is non-solvable if there are no function u(x1, -+ ,2,) on a
domain D C R™ with (PDE) holds. For example, the equation e“=1t%s2 = ( is such
a PDE. Similarly, a system of partial differential equations

FL(1, @, Ty Uy Uy -+ 3 Uy s Uy gy = > Uy s ) =0
F2(x1,$27 S Ty Uy Uy st Uy s Uy Uy, s * ) =0 (PDES)
Fr(@1, @0, Ty Uy Uy, 3 U, s Uy * 5 Uy, ) = 0

is non-solvable if there are no function u(xy,---,z,) on a domain D C R” with

(PDES) holds.

Such non-solvable systems of partial differential equations are indeed existing.
For example, H.Lewy [5] proved that there exists a function F(z1,z9,73) € C®(R?)
such that the partial differential equation

—Ugy — WUy, + 20 (X1 +i22) Ugy = 0
is non-solvable. R.Rubinsten [14] proved that
gt +t " Ugy + (1 — " )uy, =0, 1 >4dm+ 2, m = 1(mod2)
up — t"Ugy +itMuy, =0, n>2m+ 1, n=0(mod2)
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are non-solvable locally at the origin. It should be noted that these non-solvable linear
algebraic or ordinary differential equation systems have been characterized recently
by the author in the references [12]-[13].

The objective of this paper is to characterize those non-solvable partial differential
equation systems of first order on one function u(z1, 9, - ,2,) by a combinatorial
approach, classify these systems and characterize their behaviors with some applica-
tions. For such an objective, we should know its counterpart, i.e., solvable conditions
on partial differential equations (PDFE). The following result is well-known from
standard textbooks, such as those of [4] or [15].

THEOREM 1.1. Let

x; = x(t, 81,82, ,Sp—1)
u=u(t,s1,82, " ,Sn-1) (SDE)
pi =pi(t, 81,82, ,Sn—1), 1=1,2,---,n

be a solution of system

dry  dra _dr, du
Fpl sz Fpn ipini
=1
:—$:"':—L:dt
Fam +p1Fu Fwn+pnFu
with initial values
Tiy = Tig (817 82, 7571—1)
up = uo(S1, 52, »Sn—1) (IDE)
pio:pig(ShSQa"'vSnfl)v i:172a"'an
such that
F($107w207 3 Tngy Wy Plgy P2gy 7pn0) =0
811{) - 8{Ei0 .
— = i =0, =1,2,---,n—1.
(98]' ;po aSj J "
Then (SDE) is the solution of partial differential equation
F(xlaIQa"'7xn7uap17p27"'7pn):0 (PDE)

0 OF

of first order with initial values (IDE), where p; = a_u and F,, = 9 for integers
T Pi

1<i1<n.

Particularly, if such a partial differential equation (PDE) of first order is linear
or quasilinear, let

- 0
Lzzlaiaxi

be a partial differential operator of first order with continuously differentiable func-
tions a;, 1 < i < n. Then such a linear or quasilinear partial differential equation
(PDE) of first order can be denoted by

Llu) = Z Gigy. = (LPDE)
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where c is a continuously differentiable function. Let L1, Lo, -+ , L,, be m partial dif-
ferential operators of first order (linear or non-linear) and h;, 1 < i < m continuously
differentiable functions on R™. Then is the partial differential equation system

Li[u($17x27 e 7xn)] = hi7 1 S 1 S m (PDESm)

solvable or not for a differential mapping u : R™ — R™7 Similarly, let w; 1 <i<m
be continuous functions on R™. Then is the Cauchy problem

{ u(xy, o, - 7$n—1,$g)=wi, 1<i<m (PDESY)

solvable or not? Denoted by S the solution of ith equation in system (PDES,,) or

(DEPSS). Then the partial differential equation system (PDES,,) or (DEPSS)

is solvable only if () S? # (. Notice that u : R — R" is differentiable. Thus the
i=1

1=

systems (PDES,,) or (DEPSS) is solvable only if () SY is a non-empty functional
i=1

1=
m
set on a domain D C R™. Otherwise, non-solvable, i.e., [ S? = () for any domain
i=1
D C R".
An equation or a system of equations is said reducible if it can be reduced from an-

other(s) with the same solutions. Now let (PDFES,,) be a system of partial differential
equations with

Fl(xl7x27"'7$n7u7u117"'7uwn7u:61127"'7uwlwn7"'):0

F2(£l7x27"'Vrnauuuwu"'7uwn7u:61127"'7uwlwn7"'):0

Fm(xlvx% y Ty Uy Ugy y Uz y Uzyzos y Uz s, )_0
on a function u(x1, -+, x,,t). Then its symbol is determined by

Fl(fEl,fEQ,"' y Ly Wy P1y "0 5 Pns P1D2, "7 7p1pn7"') =0
F2($17:E27"' y Ly Wy P1y "0 5 Py P1D2, " " 7p1pn7"') =0

Le., substitute py*p5* - - - py» into (PDESy,) for the term u o1 02 .
for integers 1 < i < n.

s where o; > 0

DEFINITION 1.2. A non-solvable (PDES,,) is algebraically contradictory if its
symbol is non-solvable. Otherwise, differentially contradictory.
For example, the system of partial differential equations following

Ug + 2uy + 3u, =2+y2+z2
YZUg + TZUy + YU, = % — y2 -z
(yz + Dug + (22 + 2)uy + (zy + 3)u, = 22 + 1

2

is algebraically contradictory because its symbol

p1+2p2 + 3ps =2+ y? + 22
yzp1 + x2ps + xyps = 22 —y? — 2
(yz+ L)p1 + (z2 4 2)p2 + (zy + 3)ps = 2° + 1

2
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is non-solvable.

All terminologies and notations in this paper are standard. For those not men-
tioned here, we follow the [4] and [15] for partial differential equation. [8]-[10], [16]
for algebra, topology and Smarandache systems, and [1]-[2] for mechanics.

2. Non-solvable systems of partial differential equations. First, we get
the non-solvability of Cauchy problem of partial differential equations of first order
following.

THEOREM 2.1. A Cauchy problem on systems

F1($17x27"' sy Lny, Uy P1, P2, 0 7pn) =
FQ(:EI;IQa"' y L,y Uy P1, P2, " 7pn) =0

of partial differential equations of first order is non-solvable with initial values

xi|$n:$% = ‘T?(Slv 82y 7571—1)
Uy, —g0 = uo(S1,52,"* ,5n-1)
pilzn:x% :p?(817827"' 7871—1)7 221727 ,

if and only if the system
Fk(.’[]l,.’[]g," C oy Lpy, Uy Py, P2,y 0 7pn) = 07 1 S k S m

is algebraically contradictory, in this case, there must be an integer kg, 1 < kg < m
such that

0 .0 0 0 0,0 0
Fk0($l,$2,' Ty 1, Ty, U0, P15, Py 7pn) # 0

or it is differentially contradictory itself, i.e., there is an integer jo, 1 < jo <n—1
such that

n—1
811{) 0 8ZEO

=2 Piy 70
asjo i—0 Zasjo
Proof. 1If the Cauchy problem
Fk(xlv'IQ;'"05In7u5p15p25”'7pn):0 0 - , 1<k<m
xi|xn:z% =Z;, u|zn:z% = Uo, pi'xn:x% =p;, 1= 1727 N

of partial differential equations of first order is solvable, it is clear that the symbol of
system of partial differential equations

Fl(fEl,(EQ,"' sy Lny, Uy, P1, P2, 0 7pn) =0
FQ(‘Tlu‘T?u"' sy Lny, Uy P1, P2, " 00 7pn) =0

Fm(II;IQa"' y L,y Uy P1, P2, " ap’n.) =

can not be contradictory, i.e., compatible. Furthermore, if it is algebraically contra-
dictory, then there must be an integer kg such that

0 .0 0 0 0,0 0
Fko(xlv'er" 5Ty 15Ty, W0, P15 P2y 7pn) 3& 0.
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Otherwise, the z9 p
Notice that uo =
There must be

§ < n is a solution of the system, a contradiction.
20
1,

,(E%) = U(l’?(Sl, 7871—1)7"' 7:E91(817"' 7877,—1))'

n—1
811{) 0 8ZE? -

Pi =0
0 aSj

1=

for any integer j, 1 < j <n—1.
Now if the system of partial differential equations

F1($17$27"' y Ly Uy P1, P2y 7pn)_0
F2($17$27"' y Ly Uy P1, P2y 7pn) =0

Fm(l'l,l'g,' T, Wy P1,P2, 7pn) =0

is not algebraically contradictory, we can find its non-trivial solutions x¥, ug, p?, 1 <
i < n. Furthermore, if
8U0 2 08:1; -0
ds;  “ Pi 0s;
=0
for any integer j, 1 < j <mn — 1, then the Cauchy problem
Fk(‘Tlu‘T?a T, Uy P1,P2, 0 0 7pn) =0
il =0 =20, uly g0 = o —g0 =09, 1 =1,2,---
Ty zp=x9 ZT;, U zp=x9 U, Pi zp=19 D;, 5 &y y
is solvable by Theorem 1.1. Let
k k
x[] [](t 817827"'7817,—1)
[k] - u[k] (t 51,82, 7577.71)
k k .
pg]:p[](t 51,52, '7871—1)7 221,2,"',TL
be the solution of Cauchy problem
Fk(fEl,fEQ, T, Uy P1,P2, 0 0 7pn) =0
xz|mn:;ﬂ2 = I?a u|wn:m2 = Uo, pz|wn:wg = p?v 1= 17 25 N

of partial differential equation of first order for an integer 1 < k < m, i.e., the solution
of its characteristic system

dvy  dro  dw, du
Frp, Fiep, Frp,, Z i Fip,
=1
e,
szl +p1Fku Fkxn +panu
with initial values ¥, ug, py, 1 <i < n.
Without loss of generality, denoted by S¥I all of its solutions ;vgk] (K] pgk], 1<

7 <n. Then

() S™ 2 {2 up,p), 1 <i<n}#0.
k=1
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Thus the Cauchy problem on partial differential equations

Fl(:Elux?u"' s Lny, Uy P1,P2, " 00 7pn) =
FQ(‘Tlu‘T?u"' sy Lny, Uy P1,P2, " 0 7pn) =

of first order with initial values

o_ .0

€, —Ii(51752a"' 75n71)

uo :u0(51752a"' 7577.71)

0o _ .0 ;o
pi_pi(817827"'78n—1)7 2_1727"'7/”

is solvable. This completes the proof. O

COROLLARY 2.2. Let

F1($17$27"' y Ly Uy P1, P2y ap’n.) =0
Fg(l'l,.’l,'g,"' y Lny Uy P1,P2, "+ 7pn) =0

be an algebraically contradictory system of partial differential equations of first order.
Then there are no values x9 uo,p?, 1 <4 <n such that

79
0 .0 0 0 0 0 0y —
F1($1,$2,"' y L1y Ly, W0, P1y P2y 7pn) _07
0 .0 0 0 0 0 0y —
FQ(x17x2a"' y U1y Ty, W0, P1, P2y 7pn) =0.
COROLLARY 2.3. A Cauchy problem

Fl(xlufo" sy Lny, Uy P1,P2, " 00 7pn) =0
F2(:E17:E27"' sy Lny, Uy P1,P2, " 0 7pn) =0
of first order with
Fk(I?,Ig,"' 7x?7,715:177017u07p?7p87"' apg,) = 07 1 < k <m

for values 9, ug,pY, 1 < i < n is non-solvable if and only if there is an integer
Jo. 1 <jo<n—1 such that

n—1
Oug ox?
5~ 2 Pig - #0
Sjo i=0 Sjo

If the system (PDES,,) is linear or quasilinear, i.e.,

0
YT = 1<k <m, (LPDES,,)
then

n 6’[,[, n
T N B L U NP L P LG [ L)
k P 7 a ; i P Pt
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for integers 1 < k < m.
Calculation shows that Fyp, = agk], 1<k <mand

n n
k
D piFip = alpi =
=1 =1
Fipy = Z aw pi — Z awpz —clk

and

axl (Z a[k pl —C k]> Z (a/szlpl + a/'Luplpz + a[ ]pliﬂl) — (C:[Ek;] + cgc]pl) = 0'
=1

i=1

We know that

Fray + piFy = Z aMpis, = Z apua,.
i=1 =

Notice that on a solution surface u(xy,--- ,x,),
dp i dx; - aEk]
dvy doy = “z[ ]
which implies that
dIi dpl o dpl

ﬁ kal +plFu B f: CL['k]plz»

K2

is an identity. Thus, if the system (PDES,,) is linear or quasilinear system
(LPDES,,), we only need to consider the characteristic system

dvy  drs  dx, du
- - - n
Fipe P, Fip. > pip,
i=1
for finding solutions w(z1, -+ , ). Furthermore, we only need to prescribe the initial

data by ul,,—.0, then the condition

n 0

dug B 0 Ox;
1

s, sy,

=0
i=0

Ou . . :

. in this case. Consequently, we can get simpler
L L=z

conditions for linear or quasilinear non-solvable (LPDES,,) than that of Theorem

2.1.

is naturally hold by p;, =

COROLLARY 2.4. A Cauchy problem (LPDESS,) of quasilinear partial differential
equations with initial values u|,,—,0 = ug is non-solvable if and only if the system
(LPDES,,) of partial differential equations is algebraically contradictory.
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Particularly, if the Cauchy problem (LPDESS) of partial differential equations
is linear with cld = 0, 1 <1i < m, we know the following conclusion.

COROLLARY 2.5. A Cauchy problem (LPDESS) of linear partial differential
equations with ¢! = 0, 1 < i < m and initial values u|xn:x2 = ug 1S non-solvable
if and only if the system (LPDES,,) of partial differential equations is algebraically
contradictory.

If a (PDES,,) is not algebraic contradictory, we can find initial values 22, ug, p?,
1 <1 < n by solving the algebraic system

0 _

Fl(fEl,(EQ,"' sy Tn—1y Ly, Uy P1,P2, " " 7pn) =0
0 _

F2(:E17:E27"' sy Tn—1,Ly, Uy P1,P2, " 7pn) =0

Generally, all these datum 2%, ug, p?, 1 < i < n appeared in Theorem 2.1, particularly,

these datum ¥, 1 < i < n in Corollaries 2.4 and 2.5 consist a domain, i.e., a manifold
for u, such as those shown in the following example.

EXAMPLE 2.6. Let us consider the partial differential equation system
(z = Yua + (z — 2)uy + (y — 2)u. = 0
T2Uy + Y2Uy + 2u, =0
u|z:0 ="y

The characteristic system of its first equation is

dx dy dz

z—y T—2 Y-—x
and we are easily to find two independent initial integrals
pr=x+y+z, @=a"+y +2°
Consequently,
T+y=p1l.m0 =0, ¥*+Y> = p2|.m0 =Py

Solving this algebraic system, we know that
P+ VP — P
€r =

2 )
y:%ﬂFv%—@?
BT R

Hence, the solution of
{ (z = Yz + (z = 2)uy + (y — 2)u. =0

u|z:0 = e*ty
is u= %Y = ¢P1 = TTYTZ,
Similarly, the characteristic system of its second equation is
der. dy dz
Tz Yz z
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with two independent initial integrals

which implies that z = 1), y = ¥,. Whence, the solution of

T2Ug + Y2Uy + 2u; = 0
u|z:0 = e*ty

. x4y zt+y .
isu = eV = ee= . Consequently, u = e*T¥1% = ¢e= . Calculation shows that

z

r+y+ z =0,

e¢ —1
which is the domain of solutions of the partial differential equation system.

For the non-solvability of shifted partial differential equations of first order, we
know the following result.

THEOREM 2.7. A Cauchy problem on systems

Fl(xlv"' 7$naxgl»15"' 7$’[nﬂvuapla"' 7pn7pgl»17"' ap’[nﬂ) =0
FQ(xla"' 7xn7$£12-]|-17"' 7x£122]7U7p17"' 7pnap£12.];_17"' 7p’[’7?2]) =0
O N TR BORN
miLl, 7xn7$n+17 s Ty Uy P1,y 7pn7pn+17 y Pn )_

of partial differential equations of first order is non-solvable with initial values

ug = ug(51,52," ", Sn,—1)
) =a%(s1,82, ,8n,-1), 1<i<nand ) =0, i >n+1
p?:p?(ShSQ,"' asnmfl)v lglgnandp?: ) ZZ”"’L
1 11 [2 2 .
where x1,- - ,xn,xgl_]i_l,u- ,xu,xu_l,~~ ,ij,u' ,ILnﬂl,"' ,xm are independent,
pg] = 8u/8x£€1] andn < np < ng < --- < ny if and only if there are integers
{Niy, Mgy 04 ) C{na,ma, - 0}, nyy, =Ny, = -+ = ny, = n such that the system
Fil(xla"' y Ly Uy P1y - 7pn):0
Fi2(I1,"' y Ly Uy P1y - 7pn):0

is algebraically contradictory, in this case, there must be an integer ko, 1 < kg <1
such that

0 .0 0 0 0,0 0
Eko(xlv'va"' yTp—1yLp, W0, P1,P2s " " 7pn) # 0

or it is differentially contradictory itself, i.e., there is an integer jo, 1 < jo < ngp — 1
such that
Oy =~ o 02)

- pin— #0.
8st =0 8st
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Proof. Notice that xq,--- ,xn,xﬂrl, e ,JEQJ,SEEA, e x%, e ,IZ:L_]I, . xm
are independent. Whence, if n; # nj, the system

1 1 1 1
F"i(xlv"'axnaxh]lv"' x’[ﬂl]vuplv apnap'[n,]la"' ap’[ﬂl]):
Filor - opal . gl CH

J(xla ,In,$n+1, y Tng, Uy P15y ° ap’n.apn+1a 7pn2) -

must be algebraically compatible. Furthermore, for any integer 1 < k < m we know
the Cauchy problem

Fk(xlv"' 7xnaIg€J]r1"" 7x£{€1]au7p17 ’pn’pgil’“ ’pgi]) :O’
l’i'xn:x% = x?(517327 T 7Snm—1)7 I<i<mn; xgk |1n:12 =0, i=>n+1,
U|mn:mg = UO(51752; T 75nm71),

Pilon=z0 = PY(51,82, 1 8n,,—1), 1 <0< m; pgk]|wn:w2 =0, i=n+1

is solvable by Theorem 1.1 if
811,0 0 -
ds; ; 88]

for any integer 1 < j < n,, — 1. Whence, the conclusion follows by a similar way to
that of Theorem 2.1. O

3. Combinatorial classification of partial differential equations. Accord-
ing to Theorem 2.1 and Corollary 2.2, if the system of partial differential equations

Fl(xI;IQa"' y L,y Uy P1,P2, " 7pn) =0
FQ(‘Tlu‘T?u"' s Lny, Uy P1, P2, 0 7pn) =0

Fm(fEl,fEQ,' T, Wy P1,P2, 0 0 7pn) =0

is algebraically contradictory, there are no initial values 20, ug,p?, 1 < i < n such
that the Cauchy problem

Fk(xla"' sy Tp, Uy P11y 7pn7):07
_ 0 _ —_ 0 S
xi|xn:x% =Z;, u|zn:x% = Uo, pi|zn:x% =D, 1= 1727 N

is all solvable for any integer 1 < k < m. Whence, we need to prescribe different
0
initial values :Egk ] u([Jk], pgk ], 1 < <n for integers 1 < k < m. In fact, the following

two steps enable one to find these initial values with minimum numbers:

Step 1: Decompose (PDES,,) into minimal compatible families %, o, - - - , F
such that:

(1) All equations in .%; is maximal algebraically compatible for any integer 1 <
< s

(2) | F1|+ | Fa|+ -+ | Fs| =m

Step 2: Solve family Z; and prescribe initial values x[ ] ug], pgz I <j<nin
the algebraic solution of .%; for integers 1 < < s.

0 0
Furthermore, we assume these initial values Iz[k ] ug ], pgk ] 1 <7 <n hold with

(0] 0
Bu([Jk ) N ozl

- — - -t = 0
ds; 27 ds;

=0
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for integers 1 < j <n—1, 1 < k < s and denote the solution space of Cauchy problem

[%°] (K]

x| 0o = ul 0 =1, (1]
ile,=xf — L5 =zl — Yo

y pi|mn:m9l =D;

{ Fk(xlu"' y T,y Uy P1y - 7p717) :07

by S[¥l. Then we can define a vertex-edge labeled graph G[PDESS] as follows:

V(GIPDESS]) = {Sl1]1 <i <m},

E(GIPDES;]) = {(S1, SVN)[S' N ST #£0, 1 <i,j < m}
with labels 1(S11) = St (St SUl) = §¢ M S7 for integers 1 < i,j < m. TIts underly-
ing graph of G[PDESS)], i.e., without labels is denoted by G[PDESS]. Particularly,
by replacing each label St with S = {ul1} and S0 SV by SN SY for inte-
gers 1 < i,j < m, we get a new vertex-edge labeled graph, denoted by Go[PDESS].
Clearly, G[PDESS] ~ Go[PDESS).

Then the following results on G[PDESS] are easily know by definition.

THEOREM 3.1. If GIPDESC] % K,,, or GIPDESS] ~ K, but there are integers
1 <i,j,k <m such that ST\ SUIN S =0, where m is the number of equations in
(PDESS), then (PDESS) is non-solvable.

Proof. Clearly, if the system (PDESS) is solvable, then any subsystem of
equations in (PDESC) is solvable. This fact implies that G[PDESC] is a com-
plete graph and for three integers 1 < 4,5,k < m, SN SUINSK +£ §. Thus, if
G[PDESC] # K, or St SN 8K = () for three integers 1 < 4, j, k < m, then the
Cauchy problem (PDESS) is non-solvable. 0

The following result enables one to introduce the conception of G-solution of
partial differential equations of first order.

THEOREM 3.2. For any system (PDESS ) of partial differential equations of first
order, GIPDESC] is simple. Conversely, for any simple graph G, there is a system
(PDESS) of partial differential equations of first order such that GIPDESS] ~ G.

Proof. By definition, it is clear that the graph CAJ[PDES,,C;] is simple for any
system (PDESS) of partial differential equations of first order. Notice that for any
partial differential equation

F($1,$2,"' sy Ly, Uy P1,D2, " " 7pn) = 07

there are infinitely partial differential equations algebraically contradictory with it,
for example, the equation

F(I17x27"' y Ly Uy P1, P2y " ap’n.)+8 = 07

and there are also infinitely partial differential equations not algebraically contradic-
tory with it, for example, the equation

F(l’l,xg,--- 3 Tns Uy P1+ 8,02+ S, 7pn+8) =0

for a real number s # 0. All of these facts enables one to construct a system (PDESS))
of partial differential equations such that GIPDESS] ~ G.
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For Vv, € V(G), label it with S where Sl is the solution space of Cauchy
problem

F’Ul(xla"' sy T, Uy P10 ap’n«a) :Oa
X _ v1 _ v1 ) — V1
$z|zn:zg = xio’ u|zn:x5’l = Uqy, pl|zn212 - pio'

If vertices v1,v2,- -, v, have been labeled and V(G) \ {v1,v2,- -+ ,vx} # 0, let
vgt+1 € V(G) \ {v1,v2, -+ ,ux}. Not loss of generality, assume {vi,ve, -, v} =
{vir, vig, -+ i, P H{wjy s v)5, - -+ 05, } such that vgpiv, € E(G), 1 < s < k and
vp41v), € E(G), 1 <t <k —[. Label the vertex vgy1 by S+ where SI¢+1 is the
solution space of such a Cauchy problem

{ F’Uk+1(x17"' sy Lp, Uy P1y 7pn7) = 07
Vk+1 +1

— _ Yk Vi1
Xy Tp=xf — Iio ) u’|$n::€% = Uy

y pi|mn:m% = pio
that

F’UkJrl(zla"' y Ly Uy Py " 7pn;) = Oa
Fvis(xla"' y Ly Uy P1y - 7pn7) =0

is algebraically compatible for integers 1 < s <[ but the system

F’UkJrl(zla"' y Ly Uy Py " 7pn;) = Oa
F’th(xla"' y Ly Uy P1y - 7pn7) =0

is algebraically contradictory for integers 1 < ¢ < k —[. As we discussed previous,
such a partial differential equation

ka+1($1,"' y Ly Uy P11y 00 ap’n«a) =0

can be always chosen.
Continuing this process, all vertices in G are labeled by the induction and we get
a system (PDESS) of partial differential equations

{ Fv(x1,~-~,zn,u,p1,~-,pn,):0, UEV(G)v

) _ | _ v | Y
$1|wn:m9l - xzov u Tp=x — Uy, Pi zp=x9 _plo'

Clearly, such a system (PDES®) with é[PDESg] ~ G by construction. In fact,
the bijection ¢ : Sl € V(G[PDESS]) — v € V(G) is a graph isomorphism from
G[PDESS] to G. This completes the proof. O

Notice that the symbol of a linear partial differential equation
F(xla"' y Ty, Uy P11y " 7pn7) =0

of first order is a superplane in R?"*!. Thus for an algebraically contradictory linear
system

Fi(xlu"' sy Lp, Uy P1y 7pn7) =0
Fj(xla"' y Ty Uy P1y - 7pn7):0

if

Fk(xlv"' y Ly Uy P11y 0 apna):()
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is contradictory to one of there two partial differential equations, then it must be
contradictory to another. This fact enables one to classify equations in (LPDES,,)
by contradictory property and determine its G[LPDESS] following.

THEOREM 3.3. Let (LPDES,,) be a system of linear partial differential equa-
tions of first order with mazimal contradictory classes ¢1,%s,---,%s on equations
in (LPDES). Then GILPDESS] ~ K(6\,%s,--,%), i.c., an s-partite complete
graph.

Proof. By definition, these equations in a contradictory class 4;, 1 <i < s are
contradictory. Thus there are no edges between them. Similarly, these equations in
two different contradictory classes €;,%;, 1 < i # j < s can not be contradictory.
Thus there are edges between them. Whence, G [LPDESS)] is nothing else but the
s-partite complete graph K(%1, %, ,%s). O

EXAMPLE 3.4. Let us consider the following Cauchy problems

U + aug, =0
U +axu, =0

U+ aug +et =0 (3-1)
uli=0 = ¢(z).
Clearly, it is algebraically contradictory because ef # 0 for any value ¢ but
Ut + auy =0 tus +uy =0
Ur + xuy =0 and U+ aug +et =0
uli=0 = ¢(z) uli=0 = ¢(x)

are not algebraically contradictory. The vertex-edge labeled graph G[(3—1)] of Cauchy
problem (3 — 1) is shown in Fig.1,

SN g2l Ssl21 M s3]

Fiac. 1

where S, S and SB! are determined by solving these Cauchy problems

U +au, =0 U +axuy, =0 U+ augy +et =0
M) { tlimo = d(z) * P { tlimo = da) M4 ) { tlimo = $(z),

respectively. Calculation shows that
S = {s@—at)y, SP={o(5)} S ={p(@—at) — ' +1}
and

SN S® = {4z —at) = ¢ (%)} SP S8 = (o (g) = ¢(z —at) — et +1}.

DEFINITION 3.5. Let (PDESS,) be the Cauchy problem of a partial differential
equation system of first order. Then the vertex-edge labeled graph GIPDESS] is called
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its topological graph solution and Go[PDESS)] the initial topological graph solution,
abbreviated to G-solution, initial G-solution, respectively.

Combining this definition with that of Theorems 3.2 and 3.3, the following con-
clusion is holden immediately.

THEOREM 3.6. A Cauchy problem on system (PDES,,) of partial differential

0 0
equations of first order with initial values xgk ],ugc],pgk ], 1 <@ < n for the kth

equation in (PDES,,), 1 <k <m such that

n 0

LT Y L
aSj ° ¢ 85]-

1=0

is uniquely G-solvable, i.e., GIPDFES)] is uniquely determined.

Applying the combinatorial structures of G-solutions of partial differential equa-
tions, we classify them following.

DEFINITION 3.7. Let (PDES), and (PDES)s be two reduced systems of partial
differential equations of first order in R™ with vertex-edge labeled graphs G1[PDES],
G2[PDES]. The two systems (PDES); and (PDES)2 are called to be isometric if
G1[PDES] £ Go[PDES] with h(l(v)) = 1(8(v)) for Yv € G1[PDES)], where h is an
isometry on R™*1, denoted byA(PDES’)l L (PDES)s. Particularly, if h =identity,
i.e., l(v) = 1(0(v)) for Vv € G1[PDES], (PDES); and (PDES)y are called to be
isotopy, denoted by (PDES), 2 (PDES)s.

Let h be an isometry on R"*!'. Denoted by (PDES)" such a system replaced
X1, T2, Ty by h(x1),h(x2), -+, h(zy) and p; by Ou/Oh(x;) for each equation in
(PDES). Then we know the following result on isometric equations.

THEOREM 3.8. (PDES); 2 (PDES)y if and only if there is an isometry h
on R"™1 such that (PDES)? £ (PDES),. Particularly, (PDES), < (PDES), if

and only if G1[PDES] 2 G2[PDES], i.e., reduced partial differential equations in
(PDES); are the same as those of reduced equations in (PDES)s.

Proof. Notice that G;[PDFES] 2 G2[PDES] in R™*! if and only if the G-solutions
of (PDES), and (PDES), are coincident. By definition, if (PDES), R (PDES),,
then there is an isometry h such that G1[PDES] ~ G,[PDES] with h(l(v)) = 1(6(v))
for Vv € G1[PDES], i.e., h is an isometry between the G-solutions of (PDES); and
(PDES)y. Without loss of generality, let h map the G1-solution to Ga-solution. Then
it implies that G[(PDES)"] £ Gy[PDES). Thus (PDES)! £ (PDES)s,.

Particulatly, if (PDES), 2 (PDES)a, there must be Gi[PDES] < Go[PDES]
and I(v) = [(8(v)) for Yo € G1[PDES]. Thus G1[PDES] £ Go[PDES], i.., the
G1-solutions of (PDFES); are coincident with that of (PDES),. This fact implies

that all reduced partial differential equations in (PDES); are the same as those of
reduced equations in (PDES). O

COROLLARY 3.9. Let (PDES) be a system of partial differential equations of

first order in R™, [A]l,xn an orthogonal matriz and h = [Alnxn(21, 22, ,2,)7.

Then (PDES)" £ (PDES).
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For example, let h be a linear transformation on R? determined by

r1 =ax + by
y1 = —bx +ay
with a2 + b2 =1, a,b € R. Then
ou_ ou_ou
dr Oz Ay

ou ou n ou
oy 0w oy
Thus, the equation

ou % _0
oxr Oy

is isometric to
ou ou

since G-solution of them is Ky with labels transformed by h each other.

4. Characterizing G-solutions.

185

4.1. Global stability of G-solutions. Denoted a solution u(z1,xa, - ,z,) by
u(xy, T2, ,Tn-1,t) and G-solution, Gy-solution by G[t]-solution, G[0]-solution in
this section. We discuss the global stability of G(t)-solutions of partial differential

equation systems of first order, i.e., sum-stability and prod-stability following.

DEFINITION 4.1. Let (PDESS) be a Cauchy problem on a system of partial
differential equations of first order in R™, and ul’! the solution of the vth equation

with initial value u([f]. Then

(1) The system (PDESS) is sum-stable if for any number ¢ > 0 there exists

~

0y > 0, v € V(G[0]) such that each G(t)-solution with
r[v]

uUgy — ug}]

<d,, YveV(G[)])

exists for all t > 0 and with the inequality

Z W Z ulll| < ¢

veV(G[t]) veV(G[t)

holds, denoted by G|t Y G[0]. Furthermore, if there exists a number B, > 0, v €

V(G]0]) such that every G'[t]-solution with

1[v]

u'y’ — u([;)] < By, VoveV(G[0])

satisfies

YD SICARD SIL S

veV(G[H) veV(G[t])
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then the G[t]-solution is called asymptotically stable, denoted by G|t] 3 GJ0].
(2) The system (PDESS,) is prod-stable if for any number ¢ > 0 there erists

~

0y >0, v € V(G[0]) such that each G(t)-solution with

1[v] [v]

u'y —uy | < Oy, vu € V(G[0))

exists for all t > 0 and with the inequality

H u't H ull| < ¢

veV (8] veV (G[t)

holds, denoted by G|t] & G[0]. Furthermore, if there exists a number v € V(G[0])
such that every G'[t]-solution with

W dM <8, e VGIO)

e

satisfies

N I e I

veV(G[t]) veV(G[t)

Then the G|[t]-solution is called asymptotically prod-stable, denoted by G|t] 4 GJ0].

Denote by InG[t] such a G[t]-solution replaced ul*! by Inul*! for Vv € V(G[t]).
The following result follows immediately from the definition of sum and prod-stability
of G[t]-solution.

THEOREM 4.2. Let (PDESS) be a Cauchy problem of partial differential equa-
tions of first order in R™. Then
(1) G[t] 8 G[0] if and only if In G[t] X In G[0], and G[t] 4 G[0] if and only if

In G[t] 3 In G[0].
(2) If there is a permutation ™ action on V(GIt]) such that

- ull < 6,, Vv e V(G[0])
exists with the inequality
Wy < e

holds for Yv € V(G[t]), then GI]t] X G[0]. Furthermore, if there exists a number
By >0, v e V(G[0]) such that every G'[t]-solution with

u’([f] —ulll < By, W eV(G|0)
satisfies
lim |/ — u[vﬂ]‘ =0,
t—o0
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then GI[t] R2¢ G[0]. Particularly, if ul*! is stable or asymptotically stable for Vv €
V(G[t]), then GJt] 2 G[0] or G[t] 2 G[0].

Proof. Notice that

In H uldl| = Z ln‘u[”]

veV(G[0]) veV(G[0])

and if a G[t]-solution is prod-stable or asymptotically prod-stable, its G'[t]-solution
replacing some u[’! by —ul*! is also prod-stable or asymptotically prod-stable, we get
the conclusion (1).

For any permutation m on V(G[t]), it is clear that

DI S ]
veV(GIt]) veV(G[t])

which implies the conclusion (2) by definition. O

Notice that the characteristic system of the ith equation in (PDES,,) is

dvy  dry  dx, du
Fep, Fop, Fip, f: piFip
=1
A A
szl + pleu Fkxn +panu '

Whence, the sum and prod-stability of Cauchy problem (PDESS) are equivalent to
that of the ordinary differential equations consisting of all characteristic systems of
partial differential equations in (PDESS ) with the same initial values. Particularly,
let the system (PDESS) be

% _ b
8t == z([ul]xlu sy Ln—1,P1, 7pn—l) 1 S i S m (APDESSL)
u|t:to - uoZ (xlv'er" : axnfl)

A point X([)i] = (to,x[li(]),~-~ 7x£ﬁ171)0) with Hi(to,x[li(]),-u 7x£ﬁ171)0) = 0 for an
integer 1 < ¢ < m is called an equilibrium point of the ith equation in (APDES,,).

Then a result on the global stability of (APDES,,) is found in the following.

THEOREM 4.3. Let X([)i] be an equilibrium point of the ith equation in (APDESS ),

x2=3"x", xE@G)= Y X0
i=1 veV(G[0])

xP=T[x x"cih= ] x@
i=1 veV(G[0])

and L : 0 C R™ — R a differentiable function on an open set & C R™ containing X3’
and X If

L(X*(G[t])) >0 and L(X*(G[])) <0
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for X € 0 — X7, the system (APDESS, ) is sum-stability, i.e., G[t] X G|0]. Further-
more, if

L (XE(GI) <0

for X € 0 — X3, then G[t] 3 GJ0].
Similarly, if

L(X™G[])) >0 and L(X™(G[t])) <0

for X € 0 — X[, the system (APDESS, ) is prod-stability, i.e., G[t] R G|0]. Further-

more, if

L (X™(GH) <0

for X € 0 — X{, then G[t] 4 GJ0].

Proof. Let € > 0 be a so small number that the closed ball B.(X{) centered at
X with radius € entirely lies in ¢ and let Ag be the minimum value of L (X*(G[t]))
on the boundary of B.(X(), i.e., the sphere S.(X7). Clearly, Ag > 0 by assumption.
Define U = {X € B.(X{)|L(X) < Ag}. Notice that X7 € U and L is non-increasing

n (X*(G[t])) by definition in & — X§'. There are no solutions X,(t), v € V(G[0))
starting in U such that L (X*(G[t])) meet the sphere Sc(XJ') because of the de-
crease of L (X*(G[t])). Thus all solutions X, (t), v € V(G[0]) starting in U enable
L (X*(G[t])) included in ball Bc(X{"). Consequently, G[{] X G|[0] by definition.

Now assume that L (XZ(G[t])) < 0 for XZ(G[t]) # XF. Thus L is strictly
decreasing on X=(G[t]) in € — XT. If X,(t,), v € V(G[0]) are all solutions of
(APDESS) starting in U — X§ such that X=(G[t,]) — Yo for n — oo with Y; €
B.(X{), then it must be Yy = X§7. Otherwise, since L (X*(G[t,])) > L(Yy) by the
assumption L (X*(G[t])) < 0 for X*(G[t]) € € — X§ and L (X*(G[t])) — L(Yp) for
n — oo by the continuity of L, if Yy # X3, let Y, (¢),v € V(G[0]) be the solutions
starting at Yy. Then for any n > 0,

LI > Yum) | <L(Y).

veV(G[0])

But then a contradiction

L Z o(ta +1) | < L(YD)
V(GIo])

yields by letting Yy = X*(G[t,]) for sufficiently large n. So there must be Yy = X
Thus G[t] = GJ0].

It should be noted that replacing X3, X=(G[t]) by X!, X(G[t]) and B.(XZ) by
B.(X{!) in the previous discussion, the conclusion is also hold, which enables one to
know that G[t] R G[0] or G[t] LS GJ0]. This completes the proof. O
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According to Theorem 4.3, if we find a differential function L : & C R" — R
then we are easily known the sum or prod-stability of (APDESS). Calculation shows

that the characteristic system of the ith equation in (APDES,,) is

dt = dey,  drny  dpr  dpna du
0H; 0H; O0H; 0H,; n—1 OH, ou
Ip1 Opn—1 0xy 0Tp_1 ;Pl o + e
and
dl’l 6Hz @ o _BHZ-

E: 8])17 dt o 8:1717

for integers 1 <¢<m, 1 <[l <n—1. Whence,

8:El dt 8])1 dt
ZZ)H OH; ZZ)H OH; _ OH,
Ox; Op, Op; Ox; ~ Ot

for integers 1 < i < m. This fact enables us to find conditions for the global stability

of partial differential systems (APDESS).
THEOREM 4.4. Let X([)i] be an equilibrium point of the ith equation in (APDES,,)
for each integer 1 < i <m. If
H;(X)>0 d <0
Z (X)>0 an ; o =

=1

for X # > X([)i], then the system (APDES,,) is sum-stability, i.e., G[t] ~ G]0].
i=1
Furthermore, if

for X # ZXO , then G[t] = G[O].
Szmllarly, if

i

- 1 0H
HHZ-(X)>O and ;HX <

for X £ 11 X([)i], then GIt] R G[0]. Furthermore, if
i=1

i 1 8H1-<0
H;(X) ot

=1

for X # ﬁ X([)i], then GIt] LS GJ0].

=1
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Proof. Define L(X) = H;(X). Then L(X) =Y H;(X). By assumption, if

@
I
=
-
Il
=

“ " OH; " OH;
;Hl(X)>O, ; o <00 ; o <0,

we know that

L(X)>0, L(X)<0 or L(X)<0

for X # ZX([)i]. Applying Theorem 4.3, we get that G[t] X GJ0], or further-

i=

more, Glt] | if Z

of (APDESg).

stability of G[t]-solution

For the prod-stability of G[t]-solution of (APDESS), let L(X) = [] Hi(X).
i=1

Then

m H7(X) _HlHi(X) m LNy H(X)
B Z H;(X) =11 Z 3 (X)

j=1 =1 j=1

Whence, if

ZI;IIHl(X)>O, ;H <0 or ;H 0

for X # [] X([f]. Applying Theorem 4.3, we know that G[t] La [0], or furthermore,

=1

Gl S G it

Z’”: 1 0H; “0
— H;(X) ot '
for X # [[ X, O

=1

COROLLARY 4.5. An equilibrium point X* of the Cauchy problem

ou
{ E = H(taxlv'" y Ln—1,P1, " 7pn71)

ule=ty = uo(z1, 22, "+, Tp—1)
H H
is stable if H(X) > 0, % <0, and is asymptotically stable if % <0 for X # X*.

Let us see a simple example in the following.
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EXAMPLE 4.6. Let (APDESS) be

@ _ 2 —tta @ _ _ 4 _—5t+a?
{ (,%—Hl(t,:z:)—a:e { (,%—Hz(t,a:)—xe
uli=o = ¢(x), uli=o = ¢().

Clearly, (t,0) is its an equilibrium point. Calculation shows that

Hy(t,z) + Ho(t,z) = 227t + rle—btta? 5 0,
Hl(t,x) + Hz(taﬂﬁ) — _p2ette _pgle—Stta?

and
Hy(t,z)Hy(t, z) = abe bt+a+a® 5 0
Hl.HQ(t, I) = —6I6676t+z+1‘2 <0
if z # 0. Thus the equilibrium points (¢,0) of (APDESS) are both sum and prod-
stable by Theorem 4.4.
4.2. Energy integral of G-solution.

DEFINITION 4.7. Let G[t] be the G-solution of Cauchy problem (APDESS ). The
v-energy E(v[t]) and G-energy E(GJt]) are defined respectively by

uly?
Bl - [ ( . ) deydry - a1,

v

where O, C R™ 1is determined by the vth equation

% =H,(t,z1, - ,Zn_1,P1, " ,Pn—1)
U=ty = u([)v](xl,xg, Cee  Xp—1)
and
2
BGl) = 3 (- [ (ﬁ) derdes - dag .
G<G[0] O

ou

— = H (t o -

ot v([;]zla y Tpn—1,P1, y Pn 1) ’UEV(G)
v

u|t:to = Uy (I15I27" : 7xn71)

and Og = () O,. Particularly, if G[0] ~ K., i.e., all equations in (APDESS)
veV(G)
is non-solvable two by two, then

DIEHERY /(3;0)2513;1(13;2.--51%_1_ S E(lt).

veGo] &, ve@[0]

We determine the non-empty domain &g C R” in the following.
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THEOREM 4.8. Let the Cauchy problem be (APDESC ), G C G[0] with g # 0.
Then

(| 0v={X eR"H,(X)=H,(X), Yu,0 € V(G)}.
veV(G)

if |G| > 2.
Proof. Noticing that if Og # 0, there is a solution u& of the system

ou® o
W_ U(uxlul"7xn—17p17"'7pn—l) ’UEV(G)

uClimty = ug! (21,22, 201)
Whence, H, = uf for Vv € V(G) in Og, which implies that

() 0. C{X eR"|H,(X) = Hy(X), Yu,v € V(G)}.
veV(G)

Conversely, for VX € {X € R"|H,(X) = Hy(X), Vu,v € V(G)}, there are
H,(X)=H,(X)=H(X) for Vu,v € V(G). Thus the system

ou®
W:H'U(tvxla"' yTn—1,P1, """ ap’n«*l)? UEV(G)
is equivalent to the partial differential equation
ou
E = H(t,(El, oy Tp—1,P1," " 7pn—l)'

Now by Theorem 1.1, this equation is always solvable with suitable initial values,
which means that

=

{X € R"[H,(X) = Hy(X), Vu,0 e V(G)} C [ O
veV(G)

Theorem 4.8 enables one to introduce the conception of energy-index for the
system (APDESYS) following.

DEFINITION 4.9. Let the Cauchy problem be (APDESS ) with each H; in C? for
integers 1 <i < m. Its energy-index ind®(G) is defined by

nd®(G) = Y (-1t / HgHegdzdzy - - - de, 1,

G<G[o] n e,
veV(G)

where Hg = H,, for Yv € V(G) with Og # 0.

Denoted by

o H,
ndg(v) = / Hv%dxldxz coodrp_1
n o,
veV(G)

for G < G[0]. We know a result on the energy-index following.
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THEOREM 4.10. Let (APDESS ) be a Cauchy problem with G-solution G[t] and
all H; in C? for integers 1 < i < m. Then

m _1 1+1 —
ind®(G) = Z ( Z) Z indg, (v).
i—1 veV(K;), Ki<Go]

Proof. Clearly, indg(v) = ind?(v) if G = (v) and indg(v) = 0 if G ¢ K, for
some integer 1 < s < m. By definition, we know that

ind®(G)= > (-1 / HgHgdxydzy - - da,
G<Gl0] n e

veV(G) !
OH,
_ Z (_1)|G|+1 / Ha atcdxld;vg---dwn—1
G<G[0] n o,
veEV(G)
=YY (Y ndi ()
i=1 KZS@[O] veV(K;)
Mo qyitl -
SO Y Fwe o
i=1 veV(K;), K’Lgé[o]

Particularly, if G [0] is K3-free, i.e., there are no induced subgraphs isomorphic to

Ksin G [0], then () O, =0 for integers i > 3. We get the following conclusion.
veV(K;)

COROLLARY 4.11. For a Cauchy problem (APDESS ) with G-solution G[t], if
G|0] is K3-free, then

. ) 1 0H,
zndE(G) = Z zndE(v) —3 Z / Hewdxldxg coodry,_q,
veV (G[0]) e€E(G[0]) ¢, N 0O,
where H, = H, = H, for e = (u,v) € B(G[0]).
Applying the energy-index ind”(G), we know a G-energy inequality following.

THEOREM 4.12. Let G[t] be the G-solution of Cauchy problem (APDESS ). If
in?(G) > 0, then E(G[t1]) > E(G[to]) for t1 > to.

Proof. By definition we know that
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ouC\ >
B(Glu]) - BGlo) = 3 (-1 (W) diy - dry
G<G[0] A t=t1
an 2
_ (_1)|G|+1/ <8gt) dzy - de,
G<ao] A t=to
ty
2
= (—1)|G|+1//dzcdtdxl---dxn_l
G<Glo] He o

ty
= > (—1)|Gl+1/ HgHgdtdz, - - - da,

G<@o| Ja to
t1

:/ (—1)|G|+1/Hgﬂgd:Zq--'d:En,l dt
to  \G<Glo] K

= /inG(G)dt > 0
to
if ¢, > to, where the interchangeable of integral orders is holden by the C? property.
Therefore, E(G[t1]) > E(Glto]). O
Particularly, let G = (v), we get a v-energy inequality following.
COROLLARY 4.13. Let G[t] be the G-solution of Cauchy problem (APDESS,),
v € V(G[0]) with HyH, > 0. Then E(v[ti]) > E(v[to]) if t1 > to.

4.3. Geometry of G-solution. Let v : R"™ — R" be differentiable. We define
its n-dimensional graph I'[u] by the set of ordered pairs

Tlu] = {((z1, ,2n),u (@1, ,20)) (@1, -, 20) € R}

Similarly, for a system (PDESS) of partial differential equations of first order
(solvable or non-solvable), its n-geometrical graph is defined by

T[PDESS] = {((x1, - ,&n) ,ty (21, ,20))) (21, -+ y20) ER, v € V(G[O])}

Then, a conclusion on I'[PDESS] can be determined in the following.

THEOREM 4.14. Let the Cauchy problem be (PDESS ). Then every connected
component of '[PDESS)] is a differentiable n-manifold with atlas o/ = {(U,, ¢,)|v €
V(é[O])} underlying graph é[O], where U, is the n-dimensional graph Gul’l] ~ R"
and ¢, the projection

(bv : ((fEl,JIg,"' 7$n)7u($17x27"' 7:En))) — (:I:laxQu"' wrn)
for ¥ (z1, 22, -+ ,z,) € R™.
Proof. Clearly, U, is open and

¢;1: ($17$27"' 7xn) — ((l’l,.’lig,"' ,,’En),u(.’lil,.’lig,"' ,$n)))

~

for Vo € V(G[0]). Notice that u is differentiable in R™ and ¢,¢, ! = 1y,v, and
vyt = 1y,nu, on U, (U, are also differentiable by definition of U, (U, for u,v €
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V(G[0]). Thus the connected n-dimensional component of T[PDESS] is a differential
manifold. O

Notice that it is shown in [11] that manifolds can be classified by n-dimensional
graphs and listed by graphs. However, Theorem 4.14 enables one to get such n-
dimensional graphs for differentiable manifolds by systems (PDESS) of partial dif-
ferential equations. We know that the standard basis of a vector field T (M) on a
differentiable n-manifold M is

{3(?61" t=is n}

and a vector field X can be viewed as a first order partial differential operator

" 0
X = Zlaiaixi,

where a; is C*>-differentiable for integers 1 < ¢ < n. Combining Theorems 3.6 and
4.14 enables one to get the following result on vector fields.

THEOREM 4.15. For any integer m > 1, let U;,1 < ¢ < m be open sets in R™
underlying a connected graph defined by

V(G)={Uil1<i<m}, E(G)={UU)UiNU; #0,1<i,j<m}.

If X; is a vector field on U; for integers 1 < i < m, then there always exists a
differentiable manifold M C R™ with atlas & = {(U;,¢:)|1 < i < m} underlying
graph G and a function ug € Q°(M) such that

Xi(ug) =0, 1<i<m.

Proof. For any integer 1 < k < m, let

R
Xk—zai 6,%1"

Notice that the system (PDESS) of partial differential equations

Q1 0% Lm0 O
Loz, T Ox Yoz, veV(Q)
ul, _ o= ul)

has a G-solution by Theorem 3.6. According to Theorem 4.14, its n-dimensional graph
L[PDESS] is an n-dimensional manifold M. We construct a differentiable function
ug on M. In fact, let u, be a solution of the vth equation of system (PDESS) and
{hy,v € V(G)} a partition of unity on open sets {U,,v € V(G)}. Define

ug = Z hoyUy.

veV(G)

Then, it is clear that
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for any integers 1 < k< m. O

Generally, we can also characterize these systems of shifted partial differential
equations introduced in Theorem 2.7 by that of a generalization of manifold, i.e.
differentiable combinatorial manifold defined following.

DEFINITION 4.16 ([6], [10]). Let n,,v € A be positive integers. A differentiable

combinatorial manifold M(n,,v € A) is a second countable Hausdorff space with a
mazimal atlas o7 = {(Uy, ¢u)|v € A} for a countable set A such that ¢, : U, — R™,
gbl,(b_l 2 (U NU,) — ¢, (U, NU,) are differentiable for Vi, v € A.

Clearly, a combinatorial manifold underlies a connected graph G[M (n,,, v e N)]
defined by (G[M(n,,,l/ € AN)]) = {U,, v € A} and E(G[M(n,,,l/ e N))) =
{(U,, U)U.NU, # 0, p,v e A}. Particularly, if A is finite, then G[M(n,,v € A)]
is nothing but an finite connected graph., i.e., a compact M(ny, v € A). The follow-
ing results are a generalization of Theorems 4.14 and 4.15, which can be similarly
obtained.

THEOREM 4.17. Let the Cauchy problem be

F1(3317"',117m17£11ir17"' 'r’[ﬂi]vuplv ap’n.ap'[n;]fla"' 5p’[’7}1])20

FQ(‘Il?"' 5InaI£l2-]|-17"' 7$’[n«22]7u5p17 apnap»[n?-]kla"' ap’[n?z])zo

e N
m(xla xnaxn-l,-la y Ty s Uy P11,y 7pn7pn+17 7pnm) —

of partial differential equations of first order with initial values ug,z9,p9, 1 <i <n

and :v? :O,pg-J =0 for integers i >n +1, where Ty, ;vn,xgﬂl,--- ,,T%l],évflrl,--- ,
:1352], ,xmjl,~~ xghj are independent, p = 8u/3xm andn <ng <ng < -0 <

N Then , every connected component ofI‘[PDESC] s a dzﬁerentzable combinatorial
manifold M(n;, 1<i<m) with atlas o = {(Uy, ¢y)|v € V(G[0])} underlying graph
G[O], where U, is the n,-dimensional graph G[ul’)] ~ R™ and ¢, is a projection
determined by
¢’U : (($17$27 e 71:77,@) , U (Il,.’[]g, e 7:En1,))) — (:I:laxQu e wrnv)

fO'I"V(.’I]l,{Iig, e wrnv) € R™.

THEOREM 4.18. For any integer m > 1, let U;,1 < i < m be open sets in R™
underlying a connected graph defined by

V(@) ={Uil1<i<m}, B(GQ)={(UsU)U:;(\U; # 0,1 <i,j <m}.

If X; is a wvector field on U; for integers 1 < ¢ < m, then there always exists a

(n;—m)

1 with atlas @ = {(U;, ¢;)|1 <

Mz

differentiable combinatorial manifold M C Rm i
i < m} underlying graph G, where

i = dim <ﬂ R"?‘)
i=1
and a function ug € QO(M) such that

Xi(ug) =0, 1<i<m.
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Theorems 4.14,4.15 and 4.17,4.18 show the differentiable geometry on combi-
natorial manifolds discussed in [6] and [10] is more valuable for knowing the global
behavior of a thing in the world.

5. Applications.

5.1. Interaction fields. Let %1, %5, -+ ,.%,, be m interaction fields with re-

spective Hamiltonians HM, AP ... HI™ e a combinatorial field Z introduced
in [7], where

H[k] : (qla"' ydn, P2, ap’n.at) %H[k](QM sqny P11, " 7pn7t)
for integers 1 < k < m. Thus

O H ¥ _ dg
8})1' N dt <kb<
=——1 1<i<n
8qi dt

Such an interaction system naturally underlies a graph G with
V(G) = {HU1 <i<m},
E(G) = {(HY, HU))|HI interacts with HU! for integers 1 < 4,5 < m}.

For example, let m = 4. Then such an interaction system are shown in Fig.2. Such

a system is equivalent to the system (APDESS) of non-solvable partial differential
equations
Ju

E = Hi(t,l'l,"' y Tp—1,P1, " " 7pn—1) 1 S k S m.

Ulp=t, = U([Jk] (1, @2, Tn1)

W, N

HD /H [4]

Fia. 2

Whence, if X([f] be an equilibrium point of the ith equation in this system,

> HH(X)>0 and ) oH
k=1 k=1

(k]
<
ot
for X £ > Xék], then .Z is sum-stable and furthermore, if
k=1

oK
ot

<0
k=1
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for X # X(gk], then it is also asymptotically sum-stable by Theorem 4.4.
k=1

Similarly, if

1 >~ 1 9HW

for X # H X(gk , then & 7 is prod-stable and furthermore, if

m H[k]
0
Zl HIM(X) <

for X # H X(gk , then it is also asymptotically prod-stable by Theorem 4.4. Such

combmatorlal fields are extensively existed in theoretical physics (See references [7],
[9]-[10] for details).

5.2. Flows in network. Let N be a network and let ¢(z,t), p(z,t), u(z,t) be
the respective rate, density and velocity of 1-dimensional flow on an arc (x,y) of N
at time ¢t. Then the continuity equation of 1-dimension enables one knowing that

op 0Oq B
E+a—x_o and ¢q = pu.

Particularly, if u(z,t) depends on p(x,t), the density, let u(x,t) = u(p(z,t)), then
q(z,t) = p(z,t)u(p(z,t)) and

dq ou\ Op op
m:‘(“ 8x>8 =),

0
where, ¢(p) = u+ pa—z. Consequently,

+¢( ) =0.

Now let O be a node in N incident with m in-flows and 1 out-flow. Such as those
shown in Fig.3.

F

T

Z A\

Fic.3
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Then how can we characterize the behavior of flow F'?7 Denote the rate, density of
flow f; by pl! for integers 1 < i < m and that of F by pl¥), respectively. Then we
know that

opl] (i opl]

ot (P gy =0 L=m

Assume these flows f [i], 1 <7 < m to be conservation at the node O. Then we
know that pl*l = 3~ plil. Whence,

=1

oplF] _ " 9pld] B m ( opl!
ot = ot == dilp ) or

i=1 =1

Thus

zm: 3pm .

by the continuity equation of 1-dimension. Generally, it is difficult to determine the
behavior of flow F' by this equation.

We prescribe the initial value of pl by pll(z,ty) at time t,. Replacing each pl”
by p in these flow equations of f;;, 1 < ¢ < m, we then get a non-solvable system
(PDESC) of partial differential equations following.

dp dp
ot +oilp )(?7 0 } 1<i<m.
P li=t, = pl(z, to)

9 p[i]

Let pg] be an equilibrium point of the ith equation, i.e., ¢;(p [Z]) o

Theorem 4.4, if

m m 52 . 9 2
;(bi(p) <0 and Z;sb(p) lm;; —¢'(p) (a—z> ] >0

= 0. Applying

for X £ pg], then we know that the flow F is stable and furthermore, if

k=1
Zsb(p [Btax ¢'(p) (gg)j <0

for X #£ > pg], then it is also asymptotically stable.
k=1
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