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CAUCHY PROBLEM ON NON-SOLVABLE SYSTEMS OF FIRST

ORDER PARTIAL DIFFERENTIAL EQUATIONS WITH

APPLICATIONS∗

LINFAN MAO†

Abstract. Let L1, L2, · · · , Lm be m partial differential operators of first order and
h1, h2, · · · , hm continuously differentiable functions. Then is the partial differential equation sys-

tem Li[u] = hi, 1 ≤ i ≤ m solvable for a differential mapping u : Rn → Rn or not? Similarly, let
ϕ be a continuous function ϕ : Rn−1 → Rn−1. Then is the Cauchy problem Li[u] = hi, 1 ≤ i ≤ m

with u(x1, x2, · · · , xn−1, t0) = ϕ(x1, x2, · · · , xn−1) solvable or not? If not, how can we characterize

the behavior of such a function u? All these questions are ignored in classical mathematics only by
saying not solvable! In fact, non-solvable equation systems are nothing but Smarandache systems,
i.e., contradictory systems themselves, in which a ruler behaves in at least two different ways within
the same system, i.e., validated and invalided, or only invalided but in multiple distinct ways. They
are widely existing in the natural world and our daily life. In this paper, we discuss non-solvable
partial differential equation systems of first order by a combinatorial approach, classify these systems
by underlying graphs, particularly, these non-solvable linear systems, characterize their behaviors,
such as those of global stability, energy integral and their geometry, which enables one to find a
differentiable manifold with preset m vector fields. Applications of such non-solvable systems to
interaction fields and flows in network are also included in this paper.

Key words. Non-solvable partial-differential equation, vertex-edge labeled graph, global stabil-
ity, energy integral, combinatorial manifold.
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1. Introduction. A partial differential equation

F (x1, x2, · · · , xn, u, ux1, · · · , uxn
, ux1x2 , · · · , ux1xn

, · · · ) = 0 (PDE)

on functions u(x1, · · · , xn) is non-solvable if there are no function u(x1, · · · , xn) on a
domain D ⊂ Rn with (PDE) holds. For example, the equation eux1+ux2 = 0 is such
a PDE. Similarly, a system of partial differential equations⎧⎪⎪⎨⎪⎪⎩

F1(x1, x2, · · · , xn, u, ux1, · · · , uxn
, ux1x2 , · · · , ux1xn

, · · · ) = 0
F2(x1, x2, · · · , xn, u, ux1, · · · , uxn

, ux1x2 , · · · , ux1xn
, · · · ) = 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Fm(x1, x2, · · · , xn, u, ux1, · · · , uxn

, ux1x2 , · · · , ux1xn
, · · · ) = 0

(PDES)

is non-solvable if there are no function u(x1, · · · , xn) on a domain D ⊂ R
n with

(PDES) holds.
Such non-solvable systems of partial differential equations are indeed existing.

For example, H.Lewy [5] proved that there exists a function F (x1, x2, x3) ∈ C∞(R3)
such that the partial differential equation

−ux1 − iux2 + 2i (x1 + ix2)ux3 = 0

is non-solvable. R.Rubinsten [14] proved that

utt + tnuxx + (i− tm)ux = 0, n > 4m+ 2, m ≡ 1(mod2)

ut − t
nuxx + itmux = 0, n > 2m+ 1, n ≡ 0(mod2)
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are non-solvable locally at the origin. It should be noted that these non-solvable linear
algebraic or ordinary differential equation systems have been characterized recently
by the author in the references [12]-[13].

The objective of this paper is to characterize those non-solvable partial differential
equation systems of first order on one function u(x1, x2, · · · , xn) by a combinatorial
approach, classify these systems and characterize their behaviors with some applica-
tions. For such an objective, we should know its counterpart, i.e., solvable conditions
on partial differential equations (PDE). The following result is well-known from
standard textbooks, such as those of [4] or [15].

Theorem 1.1. Let⎧⎨⎩
xi = xi(t, s1, s2, · · · , sn−1)
u = u(t, s1, s2, · · · , sn−1)
pi = pi(t, s1, s2, · · · , sn−1), i = 1, 2, · · · , n

(SDE)

be a solution of system

dx1
Fp1

=
dx2
Fp2

= · · · =
dxn
Fpn

=
du

n∑
i=1

piFpi

= −
dp1

Fx1 + p1Fu

= · · · = −
dpn

Fxn
+ pnFu

= dt

with initial values ⎧⎨⎩
xi0 = xi0 (s1, s2, · · · , sn−1)
u0 = u0(s1, s2, · · · , sn−1)
pi0 = pi0(s1, s2, · · · , sn−1), i = 1, 2, · · · , n

(IDE)

such that ⎧⎪⎨⎪⎩
F (x10 , x20 , · · · , xn0 , u, p10 , p20 , · · · , pn0) = 0

∂u0
∂sj

−
n∑

i=0

pi0
∂xi0
∂sj

= 0, j = 1, 2, · · · , n− 1.

Then (SDE) is the solution of partial differential equation

F (x1, x2, · · · , xn, u, p1, p2, · · · , pn) = 0 (PDE)

of first order with initial values (IDE), where pi =
∂u

∂xi
and Fpi

=
∂F

∂pi
for integers

1 ≤ i ≤ n.

Particularly, if such a partial differential equation (PDE) of first order is linear
or quasilinear, let

L =

n∑
i=1

ai
∂

∂xi

be a partial differential operator of first order with continuously differentiable func-
tions ai, 1 ≤ i ≤ n. Then such a linear or quasilinear partial differential equation
(PDE) of first order can be denoted by

L[u] ≡
n∑

i=1

ai
∂u

∂xi
= c, (LPDE)
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where c is a continuously differentiable function. Let L1, L2, · · · , Lm be m partial dif-
ferential operators of first order (linear or non-linear) and hi, 1 ≤ i ≤ m continuously
differentiable functions on Rn. Then is the partial differential equation system

Li[u(x1, x2, · · · , xn)] = hi, 1 ≤ i ≤ m (PDESm)

solvable or not for a differential mapping u : Rn → Rn? Similarly, let �i 1 ≤ i ≤ m
be continuous functions on Rn. Then is the Cauchy problem{

Li[u] = hi
u(x1, x2, · · · , xn−1, x

0
n) = �i, 1 ≤ i ≤ m

(PDESC
m)

solvable or not? Denoted by S0
i the solution of ith equation in system (PDESm) or

(DEPSC
m). Then the partial differential equation system (PDESm) or (DEPS

C
m)

is solvable only if
m⋂
i=1

S0
i �= ∅. Notice that u : Rn → Rn is differentiable. Thus the

systems (PDESm) or (DEPS
C
m) is solvable only if

m⋂
i=1

S0
i is a non-empty functional

set on a domain D ⊂ R
n. Otherwise, non-solvable, i.e.,

m⋂
i=1

S0
i = ∅ for any domain

D ⊂ Rn.
An equation or a system of equations is said reducible if it can be reduced from an-

other(s) with the same solutions. Now let (PDESm) be a system of partial differential
equations with⎧⎪⎪⎨⎪⎪⎩

F1(x1, x2, · · · , xn, u, ux1, · · · , uxn
, ux1x2 , · · · , ux1xn

, · · · ) = 0
F2(x1, x2, · · · , xn, u, ux1, · · · , uxn

, ux1x2 , · · · , ux1xn
, · · · ) = 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Fm(x1, x2, · · · , xn, u, ux1, · · · , uxn

, ux1x2 , · · · , ux1xn
, · · · ) = 0

on a function u(x1, · · · , xn, t). Then its symbol is determined by⎧⎪⎪⎨⎪⎪⎩
F1(x1, x2, · · · , xn, u, p1, · · · , pn, p1p2, · · · , p1pn, · · · ) = 0
F2(x1, x2, · · · , xn, u, p1, · · · , pn, p1p2, · · · , p1pn, · · · ) = 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Fm(x1, x2, · · · , xn, u, p1, · · · , pn, p1p2, · · · , p1pn, · · · ) = 0,

i.e., substitute pα1
1 pα2

2 · · · pαn
n into (PDESm) for the term uxα1

1 x
α2
2 ···xαn

n
, where αi ≥ 0

for integers 1 ≤ i ≤ n.

Definition 1.2. A non-solvable (PDESm) is algebraically contradictory if its
symbol is non-solvable. Otherwise, differentially contradictory.

For example, the system of partial differential equations following⎧⎨⎩
ux + 2uy + 3uz = 2 + y2 + z2

yzux + xzuy + xyuz = x2 − y2 − z2

(yz + 1)ux + (xz + 2)uy + (xy + 3)uz = x2 + 1

is algebraically contradictory because its symbol⎧⎨⎩
p1 + 2p2 + 3p3 = 2 + y2 + z2

yzp1 + xzp2 + xyp3 = x2 − y2 − z2

(yz + 1)p1 + (xz + 2)p2 + (xy + 3)p3 = x2 + 1
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is non-solvable.
All terminologies and notations in this paper are standard. For those not men-

tioned here, we follow the [4] and [15] for partial differential equation. [8]-[10], [16]
for algebra, topology and Smarandache systems, and [1]-[2] for mechanics.

2. Non-solvable systems of partial differential equations. First, we get
the non-solvability of Cauchy problem of partial differential equations of first order
following.

Theorem 2.1. A Cauchy problem on systems⎧⎪⎪⎨⎪⎪⎩
F1(x1, x2, · · · , xn, u, p1, p2, · · · , pn) = 0
F2(x1, x2, · · · , xn, u, p1, p2, · · · , pn) = 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Fm(x1, x2, · · · , xn, u, p1, p2, · · · , pn) = 0

of partial differential equations of first order is non-solvable with initial values⎧⎨⎩
xi|xn=x0

n
= x0i (s1, s2, · · · , sn−1)

u|xn=x0
n
= u0(s1, s2, · · · , sn−1)

pi|xn=x0
n
= p0i (s1, s2, · · · , sn−1), i = 1, 2, · · · , n

if and only if the system

Fk(x1, x2, · · · , xn, u, p1, p2, · · · , pn) = 0, 1 ≤ k ≤ m

is algebraically contradictory, in this case, there must be an integer k0, 1 ≤ k0 ≤ m
such that

Fk0 (x
0
1, x

0
2, · · · , x

0
n−1, x

0
n, u0, p

0
1, p

0
2, · · · , p

0
n) �= 0

or it is differentially contradictory itself, i.e., there is an integer j0, 1 ≤ j0 ≤ n − 1
such that

∂u0
∂sj0

−
n−1∑
i=0

p0i
∂x0i
∂sj0

�= 0.

Proof. If the Cauchy problem

Fk(x1, x2, · · · , xn, u, p1, p2, · · · , pn) = 0
xi|xn=x0

n
= x0i , u|xn=x0

n
= u0, pi|xn=x0

n
= p0i , i = 1, 2, · · · , n

}
, 1 ≤ k ≤ m

of partial differential equations of first order is solvable, it is clear that the symbol of
system of partial differential equations⎧⎪⎪⎨⎪⎪⎩

F1(x1, x2, · · · , xn, u, p1, p2, · · · , pn) = 0
F2(x1, x2, · · · , xn, u, p1, p2, · · · , pn) = 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Fm(x1, x2, · · · , xn, u, p1, p2, · · · , pn) = 0

can not be contradictory, i.e., compatible. Furthermore, if it is algebraically contra-
dictory, then there must be an integer k0 such that

Fk0(x
0
1, x

0
2, · · · , x

0
n−1, x

0
n, u0, p

0
1, p

0
2, · · · , p

0
n) �= 0.
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Otherwise, the x0i , u0, p
0
i , 1 ≤ i ≤ n is a solution of the system, a contradiction.

Notice that u0 = u(x01, · · · , x
0
n) = u(x01(s1, · · · , sn−1), · · · , x0n(s1, · · · , sn−1)).

There must be

∂u0
∂sj

−
n−1∑
i=0

p0i
∂x0i
∂sj

= 0

for any integer j, 1 ≤ j ≤ n− 1.
Now if the system of partial differential equations⎧⎪⎪⎨⎪⎪⎩

F1(x1, x2, · · · , xn, u, p1, p2, · · · , pn) = 0
F2(x1, x2, · · · , xn, u, p1, p2, · · · , pn) = 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Fm(x1, x2, · · · , xn, u, p1, p2, · · · , pn) = 0

is not algebraically contradictory, we can find its non-trivial solutions x0i , u0, p
0
i , 1 ≤

i ≤ n. Furthermore, if

∂u0
∂sj

−
n−1∑
i=0

p0i
∂x0i
∂sj

= 0

for any integer j, 1 ≤ j ≤ n− 1, then the Cauchy problem{
Fk(x1, x2, · · · , xn, u, p1, p2, · · · , pn) = 0
xi|xn=x0

n
= x0i , u|xn=x0

n
= u0, pi|xn=x0

n
= p0i , i = 1, 2, · · · , n

is solvable by Theorem 1.1. Let⎧⎪⎨⎪⎩
x
[k]
i = x

[k]
i (t, s1, s2, · · · , sn−1)

u[k] = u[k](t, s1, s2, · · · , sn−1)

p
[k]
i = p

[k]
i (t, s1, s2, · · · , sn−1), i = 1, 2, · · · , n

be the solution of Cauchy problem{
Fk(x1, x2, · · · , xn, u, p1, p2, · · · , pn) = 0
xi|xn=x0

n
= x0i , u|xn=x0

n
= u0, pi|xn=x0

n
= p0i , i = 1, 2, · · · , n

of partial differential equation of first order for an integer 1 ≤ k ≤ m, i.e., the solution
of its characteristic system

dx1
Fkp1

=
dx2
Fkp2

= · · · =
dxn
Fkpn

=
du

n∑
i=1

piFkpi

= −
dp1

Fkx1 + p1Fku

= · · · = −
dpn

Fkxn
+ pnFku

= dt

with initial values x0i , u0, p
0
i , 1 ≤ i ≤ n.

Without loss of generality, denoted by S[k] all of its solutions x
[k]
i , u[k], p

[k]
i , 1 ≤

i ≤ n. Then

m⋂
k=1

S[k] ⊇ {x0i , u0, p
0
i , 1 ≤ i ≤ n} �= ∅.
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Thus the Cauchy problem on partial differential equations⎧⎪⎪⎨⎪⎪⎩
F1(x1, x2, · · · , xn, u, p1, p2, · · · , pn) = 0
F2(x1, x2, · · · , xn, u, p1, p2, · · · , pn) = 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Fm(x1, x2, · · · , xn, u, p1, p2, · · · , pn) = 0

of first order with initial values⎧⎨⎩
x0i = x0i (s1, s2, · · · , sn−1)
u0 = u0(s1, s2, · · · , sn−1)
p0i = p0i (s1, s2, · · · , sn−1), i = 1, 2, · · · , n

is solvable. This completes the proof.

Corollary 2.2. Let{
F1(x1, x2, · · · , xn, u, p1, p2, · · · , pn) = 0
F2(x1, x2, · · · , xn, u, p1, p2, · · · , pn) = 0

be an algebraically contradictory system of partial differential equations of first order.
Then there are no values x0i , u0, p

0
i , 1 ≤ i ≤ n such that{

F1(x
0
1, x

0
2, · · · , x

0
n−1, x

0
n, u0, p

0
1, p

0
2, · · · , p

0
n) = 0,

F2(x
0
1, x

0
2, · · · , x

0
n−1, x

0
n, u0, p

0
1, p

0
2, · · · , p

0
n) = 0.

Corollary 2.3. A Cauchy problem⎧⎪⎪⎨⎪⎪⎩
F1(x1, x2, · · · , xn, u, p1, p2, · · · , pn) = 0
F2(x1, x2, · · · , xn, u, p1, p2, · · · , pn) = 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Fm(x1, x2, · · · , xn, u, p1, p2, · · · , pn) = 0

of first order with

Fk(x
0
1, x

0
2, · · · , x

0
n−1, x

0
n, u0, p

0
1, p

0
2, · · · , p

0
n) = 0, 1 ≤ k ≤ m

for values x0i , u0, p
0
i , 1 ≤ i ≤ n is non-solvable if and only if there is an integer

j0, 1 ≤ j0 ≤ n− 1 such that

∂u0
∂sj0

−
n−1∑
i=0

p0i
∂x0i
∂sj0

�= 0.

If the system (PDESm) is linear or quasilinear, i.e.,

n∑
i=1

a
[k]
i

∂u

∂xi
= c[k], 1 ≤ k ≤ m, (LPDESm)

then

Fk =

n∑
i=1

a
[k]
i

∂u

∂xi
− c[k] =

n∑
i=1

a
[k]
i pi + b[k]pt − c

[k]
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for integers 1 ≤ k ≤ m.

Calculation shows that Fkpi
= a

[k]
i , 1 ≤ k ≤ m and

n∑
i=1

piFkpi
=

n∑
i=1

a
[k]
i pi = c[k],

Fkxl
=

n∑
i=1

a
[k]
ixl
pi − c

[k]
xi
, Fku =

n∑
i=1

a
[k]
iu pi − c

[k]
u

and

∂

∂xl

(
n∑

i=1

a
[k]
i pi − c

[k]

)
=

n∑
i=1

(
a
[k]
ixl
pi + a

[k]
iu plpi + a

[k]
i pixl

)
−
(
c[k]xl

+ c[k]u pl

)
= 0.

We know that

Fkxl
+ plFu =

n∑
i=1

a
[k]
i pixl

=

n∑
i=1

a
[k]
i plxi

.

Notice that on a solution surface u(x1, · · · , xn),

dpl
dxl

=

n∑
i=1

plxi

dxi
dxl

=

n∑
i=1

plxi

a
[k]
i

a
[k]
l

,

which implies that

dxi

a
[k]
i

=
dpl

Fkxl
+ plFu

=
dpl

n∑
i=1

a
[k]
i plxi

is an identity. Thus, if the system (PDESm) is linear or quasilinear system
(LPDESm), we only need to consider the characteristic system

dx1
Fkp1

=
dx2
Fkp2

= · · · =
dxn
Fkpn

=
du

n∑
i=1

piFkpi

for finding solutions u(x1, · · · , xn). Furthermore, we only need to prescribe the initial
data by u|xn=x0

n
, then the condition

∂u0
∂sj0

−
n∑

i=0

p0i
∂x0i
∂sj0

= 0

is naturally hold by pi0 =
∂u

∂xi

∣∣∣∣
xn=x0

n

in this case. Consequently, we can get simpler

conditions for linear or quasilinear non-solvable (LPDESm) than that of Theorem
2.1.

Corollary 2.4. A Cauchy problem (LPDESC
m) of quasilinear partial differential

equations with initial values u|xn=x0
n
= u0 is non-solvable if and only if the system

(LPDESm) of partial differential equations is algebraically contradictory.
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Particularly, if the Cauchy problem (LPDESC
m) of partial differential equations

is linear with c[i] = 0, 1 ≤ i ≤ m, we know the following conclusion.

Corollary 2.5. A Cauchy problem (LPDESC
m) of linear partial differential

equations with c[i] = 0, 1 ≤ i ≤ m and initial values u|xn=x0
n
= u0 is non-solvable

if and only if the system (LPDESm) of partial differential equations is algebraically
contradictory.

If a (PDESm) is not algebraic contradictory, we can find initial values x
0
i , u0, p

0
i ,

1 ≤ i ≤ n by solving the algebraic system⎧⎪⎪⎨⎪⎪⎩
F1(x1, x2, · · · , xn−1, x

0
n, u, p1, p2, · · · , pn) = 0

F2(x1, x2, · · · , xn−1, x
0
n, u, p1, p2, · · · , pn) = 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Fm(x1, x2, · · · , xn−1, x

0
n, u, p1, p2, · · · , pn) = 0.

Generally, all these datum x0i , u0, p
0
i , 1 ≤ i ≤ n appeared in Theorem 2.1, particularly,

these datum x0i , 1 ≤ i ≤ n in Corollaries 2.4 and 2.5 consist a domain, i.e., a manifold
for u, such as those shown in the following example.

Example 2.6. Let us consider the partial differential equation system⎧⎨⎩
(z − y)ux + (x− z)uy + (y − x)uz = 0
xzux + yzuy + zuz = 0
u|z=0 = ex+y

The characteristic system of its first equation is

dx

z − y
=

dy

x− z
=

dz

y − x

and we are easily to find two independent initial integrals

ϕ1 = x+ y + z, ϕ2 = x2 + y2 + z2.

Consequently,

x+ y = ϕ1|z=0 = ϕ1, x2 + y2 = ϕ2|z=0 = ϕ2.

Solving this algebraic system, we know that⎧⎪⎪⎨⎪⎪⎩
x =

ϕ1 ±
√
ϕ2 − ϕ

2
1

2
,

y =
ϕ1 ∓

√
ϕ2 − ϕ

2
1

2
.

Hence, the solution of{
(z − y)ux + (x − z)uy + (y − x)uz = 0
u|z=0 = ex+y

is u = ex+y = eϕ1 = ex+y+z.
Similarly, the characteristic system of its second equation is

dx

xz
=
dy

yz
=
dz

z
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with two independent initial integrals

ψ1 =
x

ez
, ψ2 =

y

ez
,

which implies that x = ψ1, y = ψ2. Whence, the solution of{
xzux + yzuy + zuz = 0
u|z=0 = ex+y

is u = ex+y = e
x+y
ez . Consequently, u = ex+y+z = e

x+y
ez . Calculation shows that

x+ y +
ez

ee − 1
z = 0,

which is the domain of solutions of the partial differential equation system.

For the non-solvability of shifted partial differential equations of first order, we
know the following result.

Theorem 2.7. A Cauchy problem on systems⎧⎪⎪⎪⎨⎪⎪⎪⎩
F1(x1, · · · , xn, x

[1]
n+1, · · · , x

[1]
n1 , u, p1, · · · , pn, p

[1]
n+1, · · · , p

[1]
n1) = 0

F2(x1, · · · , xn, x
[2]
n+1, · · · , x

[2]
n2 , u, p1, · · · , pn, p

[2]
n+1, · · · , p

[2]
n2) = 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Fm(x1, · · · , xn, x
[m]
n+1, · · · , x

[m]
nm , u, p1, · · · , pn, p

[m]
n+1, · · · , p

[m]
nm) = 0

of partial differential equations of first order is non-solvable with initial values⎧⎨⎩
u0 = u0(s1, s2, · · · , snm−1)
x0i = x0i (s1, s2, · · · , snm−1), 1 ≤ i ≤ n and x0i = 0, i ≥ n+ 1
p0i = p0i (s1, s2, · · · , snm−1), 1 ≤ i ≤ n and p0i = 0, i ≥ n+ 1,

where x1, · · · , xn, x
[1]
n+1, · · · , x

[1]
n1 , x

[2]
n+1, · · · , x

[2]
n2 , · · · , x

[m]
n+1, · · · , x

[m]
nm are independent,

p
[i]
k = ∂u/∂x

[i]
k and n ≤ n1 ≤ n2 ≤ · · · ≤ nm if and only if there are integers

{ni1 , ni2 , · · · , nil} ⊂ {n1, n2, · · · , nm}, ni1 = ni2 = · · · = nil = n such that the system⎧⎪⎪⎨⎪⎪⎩
Fi1(x1, · · · , xn, u, p1, · · · , pn) = 0
Fi2(x1, · · · , xn, u, p1, · · · , pn) = 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Fil(x1, · · · , xn, u, p1, · · · , pn) = 0

is algebraically contradictory, in this case, there must be an integer k0, 1 ≤ k0 ≤ l
such that

Fik0
(x01, x

0
2, · · · , x

0
n−1, x

0
n, u0, p

0
1, p

0
2, · · · , p

0
n) �= 0

or it is differentially contradictory itself, i.e., there is an integer j0, 1 ≤ j0 ≤ nm − 1
such that

∂u0
∂sj0

−
n∑

i=0

p0i
∂x0i
∂sj0

�= 0.
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Proof. Notice that x1, · · · , xn, x
[1]
n+1, · · · , x

[1]
n1 , x

[2]
n+1, · · · , x

[2]
n2 , · · · , x

[m]
n+1, · · · , x

[m]
nm

are independent. Whence, if ni �= nj , the system{
Fi(x1, · · · , xn, x

[1]
n+1, · · · , x

[1]
n1 , u, p1, · · · , pn, p

[1]
n+1, · · · , p

[1]
n1) = 0

Fj(x1, · · · , xn, x
[2]
n+1, · · · , x

[2]
n2 , u, p1, · · · , pn, p

[2]
n+1, · · · , p

[2]
n2) = 0

must be algebraically compatible. Furthermore, for any integer 1 ≤ k ≤ m we know
the Cauchy problem⎧⎪⎪⎪⎨⎪⎪⎪⎩

Fk(x1, · · · , xn, x
[k]
n+1, · · · , x

[k]
n1 , u, p1, · · · , pn, p

[k]
n+1, · · · , p

[k]
n1) = 0,

xi|xn=x0
n
= x0i (s1, s2, · · · , snm−1), 1 ≤ i ≤ n; x

[k]
i |xn=x0

n
= 0, i ≥ n+ 1,

u|xn=x0
n
= u0(s1, s2, · · · , snm−1),

pi|xn=x0
n
= p0i (s1, s2, · · · , snm−1), 1 ≤ i ≤ n; p

[k]
i |xn=x0

n
= 0, i ≥ n+ 1

is solvable by Theorem 1.1 if

∂u0
∂sj

−
n∑

i=0

p0i
∂x0i
∂sj

= 0

for any integer 1 ≤ j ≤ nm − 1. Whence, the conclusion follows by a similar way to
that of Theorem 2.1.

3. Combinatorial classification of partial differential equations. Accord-
ing to Theorem 2.1 and Corollary 2.2, if the system of partial differential equations⎧⎪⎪⎨⎪⎪⎩

F1(x1, x2, · · · , xn, u, p1, p2, · · · , pn) = 0
F2(x1, x2, · · · , xn, u, p1, p2, · · · , pn) = 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Fm(x1, x2, · · · , xn, u, p1, p2, · · · , pn) = 0

is algebraically contradictory, there are no initial values x0i , u0, p
0
i , 1 ≤ i ≤ n such

that the Cauchy problem{
Fk(x1, · · · , xn, u, p1, · · · , pn, ) = 0,
xi|xn=x0

n
= x0i , u|xn=x0

n
= u0, pi|xn=x0

n
= p0i , i = 1, 2, · · · , n

is all solvable for any integer 1 ≤ k ≤ m. Whence, we need to prescribe different

initial values x
[k0 ]
i , u

[k]
0 , p

[k0]
i , 1 ≤ i ≤ n for integers 1 ≤ k ≤ m. In fact, the following

two steps enable one to find these initial values with minimum numbers:

Step 1: Decompose (PDESm) into minimal compatible families F1,F2, · · · ,Fs

such that:

(1) All equations in Fi is maximal algebraically compatible for any integer 1 ≤
i ≤ s;

(2) |F1|+ |F2|+ · · ·+ |Fs| = m.

Step 2: Solve family Fi and prescribe initial values x
[i0]
j , u

[i]
0 , p

[i0]
j , 1 ≤ j ≤ n in

the algebraic solution of Fi for integers 1 ≤ i ≤ s.

Furthermore, we assume these initial values x
[k0]
i , u

[k]
0 , p

[k0]
i , 1 ≤ i ≤ n hold with

∂u
[k0]
0

∂sj
−

n∑
i=0

p
[k0]
i

∂x
[k0]
i

∂sj
= 0
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for integers 1 ≤ j ≤ n−1, 1 ≤ k ≤ s and denote the solution space of Cauchy problem{
Fk(x1, · · · , xn, u, p1, · · · , pn, ) = 0,

xi|xn=x0
n
= x

[k0 ]
i , u|xn=x0

n
= u

[k]
0 , pi|xn=x0

n
= p

[k0]
i

by S[k]. Then we can define a vertex-edge labeled graph G[PDESC
m] as follows:

V (G[PDESC
m]) = {S

[i]|1 ≤ i ≤ m},

E(G[PDESC
m]) = {(S

[i], S[j])|Si
⋂
Sj �= ∅, 1 ≤ i, j ≤ m}

with labels l(S[i]) = S[i], l(S[i], S[j]) = Si
⋂
Sj for integers 1 ≤ i, j ≤ m. Its underly-

ing graph of G[PDESC
m], i.e., without labels is denoted by Ĝ[PDES

C
m]. Particularly,

by replacing each label S[i] with S
[i]
0 = {u

[i]
0 } and S[i]

⋂
S[j] by S

[i]
0

⋂
S
[j]
0 for inte-

gers 1 ≤ i, j ≤ m, we get a new vertex-edge labeled graph, denoted by G0[PDES
C
m].

Clearly, Ĝ[PDESC
m] � Ĝ0[PDES

C
m].

Then the following results on Ĝ[PDESC
m] are easily know by definition.

Theorem 3.1. If Ĝ[PDESC
m] �� Km, or Ĝ[PDESC

m] � Km but there are integers
1 ≤ i, j, k ≤ m such that S[i]

⋂
S[j]

⋂
S[k] = ∅, where m is the number of equations in

(PDESC
m), then (PDESC

m) is non-solvable.

Proof. Clearly, if the system (PDESC
m) is solvable, then any subsystem of

equations in (PDESC
m) is solvable. This fact implies that Ĝ[PDESC

m] is a com-
plete graph and for three integers 1 ≤ i, j, k ≤ m, S[i]

⋂
S[j]

⋂
S[k] �= ∅. Thus, if

Ĝ[PDESC
m] �� Km, or S

[i]
⋂
S[j]

⋂
S[k] = ∅ for three integers 1 ≤ i, j, k ≤ m, then the

Cauchy problem (PDESC
m) is non-solvable.

The following result enables one to introduce the conception of G-solution of
partial differential equations of first order.

Theorem 3.2. For any system (PDESC
m) of partial differential equations of first

order, Ĝ[PDESC
m] is simple. Conversely, for any simple graph G, there is a system

(PDESC
m) of partial differential equations of first order such that Ĝ[PDESC

m] � G.

Proof. By definition, it is clear that the graph Ĝ[PDESC
m] is simple for any

system (PDESC
m) of partial differential equations of first order. Notice that for any

partial differential equation

F (x1, x2, · · · , xn, u, p1, p2, · · · , pn) = 0,

there are infinitely partial differential equations algebraically contradictory with it,
for example, the equation

F (x1, x2, · · · , xn, u, p1, p2, · · · , pn) + s = 0,

and there are also infinitely partial differential equations not algebraically contradic-
tory with it, for example, the equation

F (x1, x2, · · · , xn, u, p1 + s, p2 + s, · · · , pn + s) = 0

for a real number s �= 0. All of these facts enables one to construct a system (PDESC
m)

of partial differential equations such that G[PDESC
m] � G.
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For ∀v1 ∈ V (G), label it with S[v1], where S[v1] is the solution space of Cauchy
problem {

Fv1 (x1, · · · , xn, u, p1, · · · , pn, ) = 0,
xi|xn=x0

n
= xv1i0 , u|xn=x0

n
= uv10 , pi|xn=x0

n
= pv1i0 .

If vertices v1, v2, · · · , vk have been labeled and V (G) \ {v1, v2, · · · , vk} �= ∅, let
vk+1 ∈ V (G) \ {v1, v2, · · · , vk}. Not loss of generality, assume {v1, v2, · · · , vk} =
{vi1 , vi2 , · · · , vil}

⋃
{vj1 , vj2 , · · · , vjk−l

} such that vk+1vis ∈ E(G), 1 ≤ s ≤ k and

vk+1vjt �∈ E(G), 1 ≤ t ≤ k − l. Label the vertex vk+1 by S
[vk+1], where S[vk+1] is the

solution space of such a Cauchy problem{
Fvk+1

(x1, · · · , xn, u, p1, · · · , pn, ) = 0,
xi|xn=x0

n
= x

vk+1

i0
, u|xn=x0

n
= u

vk+1

0 , pi|xn=x0
n
= p

vk+1

i0

that {
Fvk+1

(x1, · · · , xn, u, p1, · · · , pn, ) = 0,
Fvis

(x1, · · · , xn, u, p1, · · · , pn, ) = 0

is algebraically compatible for integers 1 ≤ s ≤ l but the system{
Fvk+1

(x1, · · · , xn, u, p1, · · · , pn, ) = 0,
Fvjt

(x1, · · · , xn, u, p1, · · · , pn, ) = 0

is algebraically contradictory for integers 1 ≤ t ≤ k − l. As we discussed previous,
such a partial differential equation

Fvk+1
(x1, · · · , xn, u, p1, · · · , pn, ) = 0

can be always chosen.
Continuing this process, all vertices in G are labeled by the induction and we get

a system (PDESC
m) of partial differential equations{
Fv(x1, · · · , xn, u, p1, · · · , pn, ) = 0, v ∈ V (G),
xi|xn=x0

n
= xvi0 , u|xn=x0

n
= uv0, pi|xn=x0

n
= pvi0 .

Clearly, such a system (PDESC) with Ĝ[PDESC
m] � G by construction. In fact,

the bijection ϕ : S[v] ∈ V (G[PDESC
m]) → v ∈ V (G) is a graph isomorphism from

Ĝ[PDESC
m] to G. This completes the proof.

Notice that the symbol of a linear partial differential equation

F (x1, · · · , xn, u, p1, · · · , pn, ) = 0

of first order is a superplane in R2n+1. Thus for an algebraically contradictory linear
system {

Fi(x1, · · · , xn, u, p1, · · · , pn, ) = 0
Fj(x1, · · · , xn, u, p1, · · · , pn, ) = 0,

if

Fk(x1, · · · , xn, u, p1, · · · , pn, ) = 0
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is contradictory to one of there two partial differential equations, then it must be
contradictory to another. This fact enables one to classify equations in (LPDESm)

by contradictory property and determine its Ĝ[LPDESC
m] following.

Theorem 3.3. Let (LPDESm) be a system of linear partial differential equa-
tions of first order with maximal contradictory classes C1,C2, · · · ,Cs on equations
in (LPDES). Then Ĝ[LPDESC

m] � K(C1,C2, · · · ,Cs), i.e., an s-partite complete
graph.

Proof. By definition, these equations in a contradictory class Ci, 1 ≤ i ≤ s are
contradictory. Thus there are no edges between them. Similarly, these equations in
two different contradictory classes Ci,Cj , 1 ≤ i �= j ≤ s can not be contradictory.

Thus there are edges between them. Whence, Ĝ[LPDESC
m] is nothing else but the

s-partite complete graph K(C1,C2, · · · ,Cs).

Example 3.4. Let us consider the following Cauchy problems⎧⎪⎪⎨⎪⎪⎩
ut + aux = 0
ut + xux = 0
ut + aux + et = 0
u|t=0 = φ(x).

(3− 1)

Clearly, it is algebraically contradictory because et �= 0 for any value t but⎧⎨⎩
ut + aux = 0
ut + xux = 0
u|t=0 = φ(x)

and

⎧⎨⎩
tut + ux = 0
ut + aux + et = 0
u|t=0 = φ(x)

are not algebraically contradictory. The vertex-edge labeled graphG[(3−1)] of Cauchy
problem (3− 1) is shown in Fig.1,

S[1] S[2] S[3]
S[1]

⋂
S[2] S[2]

⋂
S[3]

Fig. 1

where S[1], S[2] and S[3] are determined by solving these Cauchy problems

(1)

{
ut + aux = 0
u|t=0 = φ(x)

, (2)

{
ut + xux = 0
u|t=0 = φ(x)

and (3)

{
ut + aux + et = 0
u|t=0 = φ(x),

respectively. Calculation shows that

S[1] = {φ(x− at)}, S[2] = {φ
( x
et

)
}, S[3] = {φ(x− at)− et + 1}

and

S[1]
⋂
S[2] = {φ(x− at) = φ

( x
et

)
}, S[2]

⋂
S[3] = {φ

( x
et

)
= φ(x − at)− et + 1}.

Definition 3.5. Let (PDESC
m) be the Cauchy problem of a partial differential

equation system of first order. Then the vertex-edge labeled graph G[PDESC
m] is called
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its topological graph solution and G0[PDES
C
m] the initial topological graph solution,

abbreviated to G-solution, initial G-solution, respectively.

Combining this definition with that of Theorems 3.2 and 3.3, the following con-
clusion is holden immediately.

Theorem 3.6. A Cauchy problem on system (PDESm) of partial differential

equations of first order with initial values x
[k0]
i , u

[k]
0 , p

[k0]
i , 1 ≤ i ≤ n for the kth

equation in (PDESm), 1 ≤ k ≤ m such that

∂u
[k]
0

∂sj
−

n∑
i=0

p
[k0]
i

∂x
[k0]
i

∂sj
= 0

is uniquely G-solvable, i.e., G[PDES] is uniquely determined.

Applying the combinatorial structures of G-solutions of partial differential equa-
tions, we classify them following.

Definition 3.7. Let (PDES)1 and (PDES)2 be two reduced systems of partial
differential equations of first order in Rn with vertex-edge labeled graphs G1[PDES],
G2[PDES]. The two systems (PDES)1 and (PDES)2 are called to be isometric if

Ĝ1[PDES]
θ
� Ĝ2[PDES] with h(l(v)) = l(θ(v)) for ∀v ∈ Ĝ1[PDES], where h is an

isometry on Rn+1, denoted by (PDES)1
θ
∼ (PDES)2. Particularly, if h =identity,

i.e., l(v) = l(θ(v)) for ∀v ∈ Ĝ1[PDES], (PDES)1 and (PDES)2 are called to be

isotopy, denoted by (PDES)1
θ
= (PDES)2.

Let h be an isometry on Rn+1. Denoted by (PDES)h such a system replaced
x1, x2, · · · , xn by h(x1), h(x2), · · · , h(xn) and pi by ∂u/∂h(xi) for each equation in
(PDES). Then we know the following result on isometric equations.

Theorem 3.8. (PDES)1
θ
∼ (PDES)2 if and only if there is an isometry h

on Rn+1 such that (PDES)h1
θ
= (PDES)2. Particularly, (PDES)1

θ
= (PDES)2 if

and only if G1[PDES]
θ
� G2[PDES], i.e., reduced partial differential equations in

(PDES)1 are the same as those of reduced equations in (PDES)2.

Proof. Notice that G1[PDES]
θ
� G2[PDES] in Rn+1 if and only if theG-solutions

of (PDES)1 and (PDES)2 are coincident. By definition, if (PDES)1
θ
∼ (PDES)2,

then there is an isometry h such that Ĝ1[PDES] � Ĝ2[PDES] with h(l(v)) = l(θ(v))

for ∀v ∈ Ĝ1[PDES], i.e., h is an isometry between the G-solutions of (PDES)1 and
(PDES)2. Without loss of generality, let h map the G1-solution to G2-solution. Then

it implies that G[(PDES)h1 ]
θ
� G2[PDES]. Thus (PDES)

h
1

θ
= (PDES)2.

Particularly, if (PDES)1
θ
= (PDES)2, there must be Ĝ1[PDES]

θ
� Ĝ2[PDES]

and l(v) = l(θ(v)) for ∀v ∈ Ĝ1[PDES]. Thus G1[PDES]
θ
� G2[PDES], i.e., the

G1-solutions of (PDES)1 are coincident with that of (PDES)2. This fact implies
that all reduced partial differential equations in (PDES)1 are the same as those of
reduced equations in (PDES)2.

Corollary 3.9. Let (PDES) be a system of partial differential equations of
first order in Rn, [A]n×n an orthogonal matrix and h = [A]n×n(x1, x2, · · · , xn)T .

Then (PDES)h
θ
∼ (PDES).
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For example, let h be a linear transformation on R2 determined by{
x1 = ax+ by
y1 = −bx+ ay

with a2 + b2 = 1, a, b ∈ R. Then⎧⎪⎨⎪⎩
∂u

∂x
= a

∂u

∂x1
− b

∂u

∂y
∂u

∂y
= b

∂u

∂x1
+ a

∂u

∂y1
.

Thus, the equation

∂u

∂x
+
∂u

∂y
= 0

is isometric to

(a+ b)
∂u

∂x
+ (a− b)

∂u

∂y
= 0

since G-solution of them is K2 with labels transformed by h each other.

4. Characterizing G-solutions.

4.1. Global stability of G-solutions. Denoted a solution u(x1, x2, · · · , xn) by
u(x1, x2, · · · , xn−1, t) and G-solution, G0-solution by G[t]-solution, G[0]-solution in
this section. We discuss the global stability of G(t)-solutions of partial differential
equation systems of first order, i.e., sum-stability and prod-stability following.

Definition 4.1. Let (PDESC
m) be a Cauchy problem on a system of partial

differential equations of first order in Rn, and u[v] the solution of the vth equation

with initial value u
[v]
0 . Then

(1) The system (PDESC
m) is sum-stable if for any number ε > 0 there exists

δv > 0, v ∈ V (Ĝ[0]) such that each G(t)-solution with∣∣∣u′[v]0 − u
[v]
0

∣∣∣ < δv, ∀v ∈ V (Ĝ[0])

exists for all t ≥ 0 and with the inequality∣∣∣∣∣∣
∑

v∈V (Ĝ[t])

u′
[v]
−

∑
v∈V (Ĝ[t])

u[v]

∣∣∣∣∣∣ < ε

holds, denoted by G[t]
Σ
∼ G[0]. Furthermore, if there exists a number βv > 0, v ∈

V (Ĝ[0]) such that every G′[t]-solution with∣∣∣u′[v]0 − u
[v]
0

∣∣∣ < βv, ∀v ∈ V (Ĝ[0])

satisfies

lim
t→∞

∣∣∣∣∣∣
∑

v∈V (Ĝ[t])

u′
[v]
−

∑
v∈V (Ĝ[t])

u[v]

∣∣∣∣∣∣ = 0,
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then the G[t]-solution is called asymptotically stable, denoted by G[t]
Σ
→ G[0].

(2) The system (PDESC
m) is prod-stable if for any number ε > 0 there exists

δv > 0, v ∈ V (Ĝ[0]) such that each G(t)-solution with∣∣∣u′[v]0 − u
[v]
0

∣∣∣ < δv, ∀v ∈ V (Ĝ[0])

exists for all t ≥ 0 and with the inequality∣∣∣∣∣∣
∏

v∈V (Ĝ[t])

u′
[v]
−

∏
v∈V (Ĝ[t])

u[v]

∣∣∣∣∣∣ < ε

holds, denoted by G[t]
Π
∼ G[0]. Furthermore, if there exists a number v ∈ V (Ĝ[0])

such that every G′[t]-solution with∣∣∣u′[v]0 − u
[v]
0

∣∣∣ < βv, ∀v ∈ V (Ĝ[0])

satisfies

lim
t→∞

∣∣∣∣∣∣
∏

v∈V (Ĝ[t])

u′
[v]
−

∏
v∈V (Ĝ[t])

u[v]

∣∣∣∣∣∣ = 0,

Then the G[t]-solution is called asymptotically prod-stable, denoted by G[t]
Π
→ G[0].

Denote by lnG[t] such a G[t]-solution replaced u[v] by lnu[v] for ∀v ∈ V (G[t]).
The following result follows immediately from the definition of sum and prod-stability
of G[t]-solution.

Theorem 4.2. Let (PDESC
m) be a Cauchy problem of partial differential equa-

tions of first order in Rn. Then

(1) G[t]
Π
∼ G[0] if and only if lnG[t]

Σ
∼ lnG[0], and G[t]

Π
→ G[0] if and only if

lnG[t]
Σ
→ lnG[0].

(2) If there is a permutation π action on V (G[t]) such that∣∣∣v′[v]0 − u
[v]
0

∣∣∣ < δv, ∀v ∈ V (Ĝ[0])

exists with the inequality ∣∣∣u′[v] − u[vπ]
∣∣∣ < ε

holds for ∀v ∈ V (G[t]), then G[t]
Σ
∼ G[0]. Furthermore, if there exists a number

βv > 0, v ∈ V (Ĝ[0]) such that every G′[t]-solution with∣∣∣u′[v]0 − u
[v]
0

∣∣∣ < βv, ∀v ∈ V (Ĝ[0])

satisfies

lim
t→∞

∣∣∣u′[v] − u[vπ]
∣∣∣ = 0,
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then G[t]
Σ
→ G[0]. Particularly, if u[v] is stable or asymptotically stable for ∀v ∈

V (G[t]), then G[t]
Σ
∼ G[0] or G[t]

Σ
→ G[0].

Proof. Notice that

ln

∣∣∣∣∣∣
∏

v∈V (Ĝ[0])

u[v]

∣∣∣∣∣∣ =
∑

v∈V (Ĝ[0])

ln
∣∣∣u[v]∣∣∣

and if a G[t]-solution is prod-stable or asymptotically prod-stable, its G′[t]-solution
replacing some u[v] by −u[v] is also prod-stable or asymptotically prod-stable, we get
the conclusion (1).

For any permutation π on V (G[t]), it is clear that∑
v∈V (G[t])

u[v
π] =

∑
v∈V (G[t])

u[v],

which implies the conclusion (2) by definition.

Notice that the characteristic system of the ith equation in (PDESm) is

dx1
Fkp1

=
dx2
Fkp2

= · · · =
dxn
Fkpn

=
du

n∑
i=1

piFkpi

= −
dp1

Fkx1 + p1Fku

= · · · = −
dpn

Fkxn
+ pnFku

= dt.

Whence, the sum and prod-stability of Cauchy problem (PDESC
m) are equivalent to

that of the ordinary differential equations consisting of all characteristic systems of
partial differential equations in (PDESC

m) with the same initial values. Particularly,
let the system (PDESC

m) be

∂u

∂t
= Hi(t, x1, · · · , xn−1, p1, · · · , pn−1)

u|t=t0 = u
[i]
0 (x1, x2, · · · , xn−1)

⎫⎬⎭ 1 ≤ i ≤ m (APDESC
m)

A point X
[i]
0 = (t0, x

[i]
10, · · · , x

[i]
(n−1)0) with Hi(t0, x

[i]
10, · · · , x

[i]
(n−1)0) = 0 for an

integer 1 ≤ i ≤ m is called an equilibrium point of the ith equation in (APDESm).
Then a result on the global stability of (APDESm) is found in the following.

Theorem 4.3. Let X
[i]
0 be an equilibrium point of the ith equation in (APDESC

m),

XΣ
0 =

m∑
i=1

X
[i]
0 , XΣ(G[t]) =

∑
v∈V (Ĝ[0])

Xv(t),

XΠ
0 =

m∏
i=1

X
[i]
0 , XΠ(G[t]) =

∏
v∈V (Ĝ[0])

Xv(t)

and L : O ⊂ Rn → R a differentiable function on an open set O ⊂ Rn containing XΣ
0

and XΠ
0 . If

L
(
XΣ(G[t])

)
> 0 and L̇

(
XΣ(G[t])

)
≤ 0



188 L. MAO

for X ∈ O −XΣ
0 , the system (APDESC

m) is sum-stability, i.e., G[t]
Σ
∼ G[0]. Further-

more, if

L̇
(
XΣ(G[t])

)
< 0

for X ∈ O −XΣ
0 , then G[t]

Σ
→ G[0].

Similarly, if

L
(
XΠ(G[t])

)
> 0 and L̇

(
XΠ(G[t])

)
≤ 0

for X ∈ O −XΠ
0 , the system (APDESC

m) is prod-stability, i.e., G[t]
Π
∼ G[0]. Further-

more, if

L̇
(
XΠ(G[t])

)
< 0

for X ∈ O −XΠ
0 , then G[t]

Π
→ G[0].

Proof. Let ε > 0 be a so small number that the closed ball Bε(X
Σ
0 ) centered at

XΣ
0 with radius ε entirely lies in O and let Λ0 be the minimum value of L

(
XΣ(G[t])

)
on the boundary of Bε(X

Σ
0 ), i.e., the sphere Sε(X

Σ
0 ). Clearly, Λ0 > 0 by assumption.

Define U = {X ∈ Bε(X
Σ
0 )|L(X) < Λ0}. Notice that XΣ

0 ∈ U and L is non-increasing

on
(
XΣ(G[t])

)
by definition in O −XΣ

0 . There are no solutions Xv(t), v ∈ V (Ĝ[0])

starting in U such that L
(
XΣ(G[t])

)
meet the sphere Sε(X

Σ
0 ) because of the de-

crease of L
(
XΣ(G[t])

)
. Thus all solutions Xv(t), v ∈ V (Ĝ[0]) starting in U enable

L
(
XΣ(G[t])

)
included in ball Bε(X

Σ
0 ). Consequently, G[t]

Σ
∼ G[0] by definition.

Now assume that L̇
(
XΣ(G[t])

)
< 0 for XΣ(G[t]) �= XΣ

0 . Thus L is strictly

decreasing on XΣ(G[t]) in O − XΣ
0 . If Xv(tn), v ∈ V (Ĝ[0]) are all solutions of

(APDESC
m) starting in U − XΣ

0 such that XΣ(G[tn]) → Y0 for n → ∞ with Y0 ∈
Bε(X

Σ
0 ), then it must be Y0 = XΣ

0 . Otherwise, since L
(
XΣ(G[tn])

)
> L(Y0) by the

assumption L̇
(
XΣ(G[t])

)
< 0 for XΣ(G[t]) ∈ O −XΣ

0 and L
(
XΣ(G[t])

)
→ L(Y0) for

n → ∞ by the continuity of L, if Y0 �= XΣ
0 , let Yv(t), v ∈ V (Ĝ[0]) be the solutions

starting at Y0. Then for any η > 0,

L

⎛⎝ ∑
v∈V (Ĝ[0])

Yv(η)

⎞⎠ < L(Y0).

But then a contradiction

L

⎛⎝ ∑
v∈V (Ĝ[0])

Xv(tn + η)

⎞⎠ < L(Y0)

yields by letting Y0 = XΣ(G[tn]) for sufficiently large n. So there must be Y0 = XΣ
0 .

Thus G[t]
Σ
→ G[0].

It should be noted that replacing XΣ
0 , X

Σ(G[t]) by XΠ
0 , X

Π(G[t]) and Bε(X
Σ
0 ) by

Bε(X
Π
0 ) in the previous discussion, the conclusion is also hold, which enables one to

know that G[t]
Π
∼ G[0] or G[t]

Π
→ G[0]. This completes the proof.



CAUCHY PROBLEM ON NON-SOLVABLE PDE 189

According to Theorem 4.3, if we find a differential function L : O ⊂ Rn → R,
then we are easily known the sum or prod-stability of (APDESC

m). Calculation shows
that the characteristic system of the ith equation in (APDESm) is

dt =
dx1
∂Hi

∂p1

= · · · =
dxn−1

∂Hi

∂pn−1

= −
dp1
∂Hi

∂x1

= · · · = −
dpn−1

∂Hi

∂xn−1

=
du

n−1∑
l=0

pl
∂Hi

∂pl
+
∂u

∂t

and

dxl
dt

=
∂Hi

∂pl
,

dpl
dt

= −
∂Hi

∂xl
,

for integers 1 ≤ i ≤ m, 1 ≤ l ≤ n− 1. Whence,

dHi

dt
=
∂Hi

∂t
+

n−1∑
l=1

∂Hi

∂xl

dxl
dt

+

n−1∑
l=1

∂Hi

∂pl

dpl
dt

=
∂Hi

∂t
+

n−1∑
l=1

∂Hi

∂xl

∂Hi

∂pl
−

n−1∑
l=1

∂Hi

∂pl

∂Hi

∂xl
≡
∂Hi

∂t

for integers 1 ≤ i ≤ m. This fact enables us to find conditions for the global stability
of partial differential systems (APDESC

m).

Theorem 4.4. Let X
[i]
0 be an equilibrium point of the ith equation in (APDESm)

for each integer 1 ≤ i ≤ m. If

m∑
i=1

Hi(X) > 0 and

m∑
i=1

∂Hi

∂t
≤ 0

for X �=
m∑
i=1

X
[i]
0 , then the system (APDESm) is sum-stability, i.e., G[t]

Σ
∼ G[0].

Furthermore, if

m∑
i=1

∂Hi

∂t
< 0

for X �=
m∑
i=1

X
[i]
0 , then G[t]

Σ
→ G[0].

Similarly, if

m∏
i=1

Hi(X) > 0 and

m∑
i=1

1

Hi(X)

∂Hi

∂t
≤ 0

for X �=
m∏
i=1

X
[i]
0 , then G[t]

Π
∼ G[0]. Furthermore, if

m∑
i=1

1

Hi(X)

∂Hi

∂t
< 0

for X �=
m∏
i=1

X
[i]
0 , then G[t]

Π
→ G[0].
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Proof. Define L(X) =
m∑
i=1

Hi(X). Then L̇(X) =
m∑
i=1

Ḣi(X). By assumption, if

m∑
i=1

Hi(X) > 0,

m∑
i=1

∂Hi

∂t
≤ 0 or

m∑
i=1

∂Hi

∂t
< 0,

we know that

L(X) > 0, L̇(X) ≤ 0 or L̇(X) < 0

for X �=
m∑
i=1

X
[i]
0 . Applying Theorem 4.3, we get that G[t]

Σ
∼ G[0], or further-

more, G[t]
Σ
→ G[0] if

m∑
i=1

∂Hi

∂t
< 0. Thus we get the sum-stability of G[t]-solution

of (APDESC
m).

For the prod-stability of G[t]-solution of (APDESC
m), let L(X) =

m∏
i=1

Hi(X).

Then

L̇(X) =

m∑
j=1

Ḣj(X)
m∏
i=1

Hi(X)

Hj(X)
=

m∏
i=1

Hi(X)

⎛⎝ m∑
j=1

Ḣj(X)

Hj(X)

⎞⎠ .

Whence, if

m∏
i=1

Hi(X) > 0,

m∑
i=1

1

Hi(X)

∂Hi

∂t
≤ 0 or

m∑
i=1

1

Hi(X)

∂Hi

∂t
< 0

for integers 1 ≤ i ≤ m, then

L(X) > 0, L̇(X) ≤ 0 or L̇(X) < 0

for X �=
m∏
i=1

X
[i]
0 . Applying Theorem 4.3, we know that G[t]

Π
∼ G[0], or furthermore,

G[t]
Π
→ G[0] if

m∑
i=1

1

Hi(X)

∂Hi

∂t
< 0.

for X �=
m∏
i=1

X
[i]
0 .

Corollary 4.5. An equilibrium point X∗ of the Cauchy problem{
∂u

∂t
= H(t, x1, · · · , xn−1, p1, · · · , pn−1)

u|t=t0 = u0(x1, x2, · · · , xn−1)

is stable if H(X) > 0,
∂H

∂t
≤ 0, and is asymptotically stable if

∂H

∂t
≤ 0 for X �= X∗.

Let us see a simple example in the following.
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Example 4.6. Let (APDESC
m) be{

∂u

∂t
= H1(t, x) = x2e−t+x

u|t=0 = ϕ(x),

{
∂u

∂t
= H2(t, x) = x4e−5t+x2

u|t=0 = ζ(x).

Clearly, (t, 0) is its an equilibrium point. Calculation shows that

H1(t, x) +H2(t, x) = x2e−t+x + x4e−5t+x2

> 0,

Ḣ1(t, x) + Ḣ2(t, x) = −x2e−t+x − 5x4e−5t+x2

< 0

and

H1(t, x)H2(t, x) = x6e−6t+x+x2

> 0,
˙H1H2(t, x) = −6x6e−6t+x+x2

< 0

if x �= 0. Thus the equilibrium points (t, 0) of (APDESC
m) are both sum and prod-

stable by Theorem 4.4.

4.2. Energy integral of G-solution.

Definition 4.7. Let G[t] be the G-solution of Cauchy problem (APDESC
m). The

v-energy E(v[t]) and G-energy E(G[t]) are defined respectively by

E(v[t]) =

∫
Ov

(
∂u[v]

∂t

)2

dx1dx2 · · · dxn−1,

where Ov ⊂ Rn is determined by the vth equation⎧⎨⎩
∂u

∂t
= Hv(t, x1, · · · , xn−1, p1, · · · , pn−1)

u|t=t0 = u
[v]
0 (x1, x2, · · · , xn−1)

and

E(G[t]) =
∑

G≤Ĝ[0]

(−1)|G|+1

∫
OG

(
∂uG

∂t

)2

dx1dx2 · · · dxn−1,

where uG is the C2 solution of system

∂u

∂t
= Hv(t, x1, · · · , xn−1, p1, · · · , pn−1)

u|t=t0 = u
[v]
0 (x1, x2, · · · , xn−1)

⎫⎬⎭ v ∈ V (G)

and OG =
⋂

v∈V (G)

Ov. Particularly, if Ĝ[0] � Kn, i.e., all equations in (APDESC
m)

is non-solvable two by two, then

E(G[t]) =
∑

v∈Ĝ[0]

∫
Ov

(
∂uv

∂t

)2

dx1dx2 · · · dxn−1 =
∑

v∈Ĝ[0]

E(v[t]).

We determine the non-empty domain OG ⊂ Rn in the following.
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Theorem 4.8. Let the Cauchy problem be (APDESC
m), G ⊂ Ĝ[0] with OG �= ∅.

Then ⋂
v∈V (G)

Ov = {X ∈ R
n|Hu(X) = Hv(X), ∀u, v ∈ V (G)}.

if |G| ≥ 2.

Proof. Noticing that if OG �= ∅, there is a solution uG of the system

∂uG

∂t
= Hv(t, x1, · · · , xn−1, p1, · · · , pn−1)

uG|t=t0 = u
[v]
0 (x1, x2, · · · , xn−1)

⎫⎬⎭ v ∈ V (G).

Whence, Hv = uGt for ∀v ∈ V (G) in OG, which implies that⋂
v∈V (G)

Ov ⊂ {X ∈ R
n|Hv(X) = Hu(X), ∀u, v ∈ V (G)}.

Conversely, for ∀X ∈ {X ∈ Rn|Hv(X) = Hu(X), ∀u, v ∈ V (G)}, there are
Hv(X) = Hu(X) = H(X) for ∀u, v ∈ V (G). Thus the system

∂uG

∂t
= Hv(t, x1, · · · , xn−1, p1, · · · , pn−1), v ∈ V (G)

is equivalent to the partial differential equation

∂u

∂t
= H(t, x1, · · · , xn−1, p1, · · · , pn−1).

Now by Theorem 1.1, this equation is always solvable with suitable initial values,
which means that

{X ∈ R
n|Hv(X) = Hu(X), ∀u, v ∈ V (G)} ⊂

⋂
v∈V (G)

Ov.

Theorem 4.8 enables one to introduce the conception of energy-index for the
system (APDESC

m) following.

Definition 4.9. Let the Cauchy problem be (APDESC
m) with each Hi in C2 for

integers 1 ≤ i ≤ m. Its energy-index indE(G) is defined by

indE(G) =
∑

G≤Ĝ[0]

(−1)|G|+1

∫
⋂

v∈V (G)

Ov

HGḢGdx1dx2 · · · dxn−1,

where HG = Hv for ∀v ∈ V (G) with OG �= ∅.

Denoted by

indG(v) =

∫
⋂

v∈V (G)

Ov

Hv

∂Hv

∂t
dx1dx2 · · · dxn−1

for G ≤ Ĝ[0]. We know a result on the energy-index following.
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Theorem 4.10. Let (APDESC
m) be a Cauchy problem with G-solution G[t] and

all Hi in C2 for integers 1 ≤ i ≤ m. Then

indE(G) =
m∑
i=1

(−1)i+1

i

∑
v∈V (Ki), Ki≤Ĝ[0]

indKi
(v).

Proof. Clearly, indG(v) = indE(v) if G = 〈v〉 and indG(v) = 0 if G �� Ks for
some integer 1 ≤ s ≤ m. By definition, we know that

indE(G) =
∑

G≤Ĝ[0]

(−1)|G|+1

∫
⋂

v∈V (G)

Ov

HGḢGdx1dx2 · · · dxn−1

=
∑

G≤Ĝ[0]

(−1)|G|+1

∫
⋂

v∈V (G)

Ov

HG

∂HG

∂t
dx1dx2 · · · dxn−1

=

m∑
i=1

∑
Ki≤Ĝ[0]

(−1)i+1 1

i

∑
v∈V (Ki)

indKi
(v)

=

m∑
i=1

(−1)i+1

i

∑
v∈V (Ki), Ki≤Ĝ[0]

indKi
(v).

Particularly, if Ĝ[0] is K3-free, i.e., there are no induced subgraphs isomorphic to

K3 in Ĝ[0], then
⋂

v∈V (Ki)

Ov = ∅ for integers i ≥ 3. We get the following conclusion.

Corollary 4.11. For a Cauchy problem (APDESC
m) with G-solution G[t], if

Ĝ[0] is K3-free, then

indE(G) =
∑

v∈V (Ĝ[0])

indE(v)−
1

2

∑
e∈E(Ĝ[0])

∫
Ou

⋂
Ov

He

∂He

∂t
dx1dx2 · · · dxn−1,

where He = Hu = Hv for e = (u, v) ∈ E(Ĝ[0]).

Applying the energy-index indE(G), we know a G-energy inequality following.

Theorem 4.12. Let G[t] be the G-solution of Cauchy problem (APDESC
m). If

inE(G) > 0, then E(G[t1]) > E(G[t0]) for t1 > t0.

Proof. By definition we know that
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E(G[t1])− E(G[t0]) =
∑

G≤Ĝ[0]

(−1)|G|+1

∫
HG

(
∂uG

∂t

)2

dx1 · · · dxn−1

∣∣∣∣∣
t=t1

−
∑

G≤Ĝ[0]

(−1)|G|+1

∫
HG

(
∂uG

∂t

)2

dx1 · · · dxn−1

∣∣∣∣∣
t=t0

=
∑

G≤Ĝ[0]

(−1)|G|+1

∫
HG

t1∫
t0

dH2
G

dt
dtdx1 · · · dxn−1

=
∑

G≤Ĝ[0]

(−1)|G|+1

∫
HG

t1∫
t0

HGḢGdtdx1 · · · dxn−1

=

t1∫
t0

⎛⎝ ∑
G≤Ĝ[0]

(−1)|G|+1

∫
HG

HGḢGdx1 · · · dxn−1

⎞⎠ dt

=

t1∫
t0

inG(G)dt > 0

if t1 > t0, where the interchangeable of integral orders is holden by the C2 property.
Therefore, E(G[t1]) > E(G[t0]).

Particularly, let G = 〈v〉, we get a v-energy inequality following.

Corollary 4.13. Let G[t] be the G-solution of Cauchy problem (APDESC
m),

v ∈ V (Ĝ[0]) with HvḢv > 0. Then E(v[t1]) > E(v[t0]) if t1 > t0.

4.3. Geometry of G-solution. Let u : Rn → Rn be differentiable. We define
its n-dimensional graph Γ[u] by the set of ordered pairs

Γ[u] = {((x1, · · · , xn) , u (x1, · · · , xn))) |(x1, · · · , xn) ∈ R
n}.

Similarly, for a system (PDESC
m) of partial differential equations of first order

(solvable or non-solvable), its n-geometrical graph is defined by

Γ[PDESC
m] = {((x1, · · · , xn) , uv (x1, · · · , xn))) |(x1, · · · , xn) ∈ R

n, v ∈ V (Ĝ[0])}.

Then, a conclusion on Γ[PDESC
m] can be determined in the following.

Theorem 4.14. Let the Cauchy problem be (PDESC
m). Then every connected

component of Γ[PDESC
m] is a differentiable n-manifold with atlas A = {(Uv, φv)|v ∈

V (Ĝ[0])} underlying graph Ĝ[0], where Uv is the n-dimensional graph G[u[v]] � Rn

and φv the projection

φv : ((x1, x2, · · · , xn) , u (x1, x2, · · · , xn)))→ (x1, x2, · · · , xn)

for ∀ (x1, x2, · · · , xn) ∈ Rn.

Proof. Clearly, Uv is open and

φ−1
v : (x1, x2, · · · , xn)→ ((x1, x2, · · · , xn) , u (x1, x2, · · · , xn)))

for ∀v ∈ V (Ĝ[0]). Notice that u is differentiable in Rn and φvφ
−1
v = 1Uu∩Uv

and
φvφ

−1
u = 1Uu∩Uv

on Uu

⋂
Uv are also differentiable by definition of Uu

⋂
Uv for u, v ∈
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V (Ĝ[0]). Thus the connected n-dimensional component of Γ[PDESC
m] is a differential

manifold.

Notice that it is shown in [11] that manifolds can be classified by n-dimensional
graphs and listed by graphs. However, Theorem 4.14 enables one to get such n-
dimensional graphs for differentiable manifolds by systems (PDESC

m) of partial dif-
ferential equations. We know that the standard basis of a vector field T (M) on a
differentiable n-manifold M is {

∂

∂xi
, 1 ≤ i ≤ n

}
and a vector field X can be viewed as a first order partial differential operator

X =

n∑
i=1

ai
∂

∂xi
,

where ai is C∞-differentiable for integers 1 ≤ i ≤ n. Combining Theorems 3.6 and
4.14 enables one to get the following result on vector fields.

Theorem 4.15. For any integer m ≥ 1, let Ui, 1 ≤ i ≤ m be open sets in Rn

underlying a connected graph defined by

V (G) = {Ui|1 ≤ i ≤ m}, E(G) = {(Ui, Uj)|Ui

⋂
Uj �= ∅, 1 ≤ i, j ≤ m}.

If Xi is a vector field on Ui for integers 1 ≤ i ≤ m, then there always exists a
differentiable manifold M ⊂ R

n with atlas A = {(Ui, φi)|1 ≤ i ≤ m} underlying
graph G and a function uG ∈ Ω0(M) such that

Xi(uG) = 0, 1 ≤ i ≤ m.

Proof. For any integer 1 ≤ k ≤ m, let

Xk =
n∑

i=1

a
[k]
i

∂

∂xi
.

Notice that the system (PDESC
m) of partial differential equations

a
[v]
1

∂u

∂x1
+ a

[v]
2

∂u

∂x2
+ · · ·+ a

[v]
1

∂u

∂xn
= 0

u|
xn=x

[0]
n
= u

[0]
v

⎫⎬⎭ v ∈ V (G)

has a G-solution by Theorem 3.6. According to Theorem 4.14, its n-dimensional graph
Γ[PDESC

m] is an n-dimensional manifold M . We construct a differentiable function
uG on M . In fact, let uv be a solution of the vth equation of system (PDESC

m) and
{hv, v ∈ V (G)} a partition of unity on open sets {Uv, v ∈ V (G)}. Define

uG =
∑

v∈V (G)

hvuv.

Then, it is clear that

Xk(uG) =

n∑
i=1

a
[k]
i

∂u

∂xi
= 0
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for any integers 1 ≤ k ≤ m.

Generally, we can also characterize these systems of shifted partial differential
equations introduced in Theorem 2.7 by that of a generalization of manifold, i.e.
differentiable combinatorial manifold defined following.

Definition 4.16 ([6], [10]). Let nν , ν ∈ Λ be positive integers. A differentiable

combinatorial manifold M̃(nν , ν ∈ Λ) is a second countable Hausdorff space with a
maximal atlas A = {(Uν , φν)|ν ∈ Λ} for a countable set Λ such that φν : Uν → Rnν ,
φνφ

−1
μ : φμ(Uμ ∩ Uν)→ φν(Uμ ∩ Uν) are differentiable for ∀μ, ν ∈ Λ.

Clearly, a combinatorial manifold underlies a connected graph G[M̃(nν , ν ∈ Λ)]

defined by V (G[M̃(nν , ν ∈ Λ)]) = {Uν , ν ∈ Λ} and E(G[M̃(nν , ν ∈ Λ)]) =

{(Uμ, Uν)|Uμ

⋂
Uν �= ∅, μ, ν ∈ Λ}. Particularly, if Λ is finite, then G[M̃(nν , ν ∈ Λ)]

is nothing but an finite connected graph., i.e., a compact M̃(nν , ν ∈ Λ). The follow-
ing results are a generalization of Theorems 4.14 and 4.15, which can be similarly
obtained.

Theorem 4.17. Let the Cauchy problem be⎧⎪⎪⎪⎨⎪⎪⎪⎩
F1(x1, · · · , xn, x

[1]
n+1, · · · , x

[1]
n1 , u, p1, · · · , pn, p

[1]
n+1, · · · , p

[1]
n1) = 0

F2(x1, · · · , xn, x
[2]
n+1, · · · , x

[2]
n2 , u, p1, · · · , pn, p

[2]
n+1, · · · , p

[2]
n2) = 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Fm(x1, · · · , xn, x
[m]
n+1, · · · , x

[m]
nm , u, p1, · · · , pn, p

[m]
n+1, · · · , p

[m]
nm) = 0

of partial differential equations of first order with initial values u0, x
0
i , p

0
i , 1 ≤ i ≤ n

and x0i = 0, p0i = 0 for integers i ≥ n+ 1, where x1, · · · , xn, x
[1]
n+1, · · · , x

[1]
n1 , x

[2]
n+1, · · · ,

x
[2]
n2 , · · · , x

[m]
n+1, · · · , x

[m]
nm are independent, p

[i]
k = ∂u/∂x

[i]
k and n ≤ n1 ≤ n2 ≤ · · · ≤

nm. Then every connected component of Γ[PDESC
m] is a differentiable combinatorial

manifold M̃(ni, 1 ≤ i ≤ m) with atlas A = {(Uv, φv)|v ∈ V (Ĝ[0])} underlying graph

Ĝ[0], where Uv is the nv-dimensional graph G[u[v]] � R
nv and φv is a projection

determined by

φv : ((x1, x2, · · · , xnv
) , u (x1, x2, · · · , xnv

)))→ (x1, x2, · · · , xnv
)

for ∀ (x1, x2, · · · , xnv
) ∈ Rnv .

Theorem 4.18. For any integer m ≥ 1, let Ui, 1 ≤ i ≤ m be open sets in Rni

underlying a connected graph defined by

V (G) = {Ui|1 ≤ i ≤ m}, E(G) = {(Ui, Uj)|Ui

⋂
Uj �= ∅, 1 ≤ i, j ≤ m}.

If Xi is a vector field on Ui for integers 1 ≤ i ≤ m, then there always exists a

differentiable combinatorial manifold M̃ ⊂ R
m̂+

m∑
i=1

(ni−m̂)
with atlas A = {(Ui, φi)|1 ≤

i ≤ m} underlying graph G, where

m̂ = dim

(
m⋂
i=1

R
ni

)

and a function uG ∈ Ω0(M̃) such that

Xi(uG) = 0, 1 ≤ i ≤ m.
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Theorems 4.14, 4.15 and 4.17, 4.18 show the differentiable geometry on combi-
natorial manifolds discussed in [6] and [10] is more valuable for knowing the global
behavior of a thing in the world.

5. Applications.

5.1. Interaction fields. Let F1,F2, · · · ,Fm be m interaction fields with re-

spective Hamiltonians H [1], H [2], · · · , H [m], i.e., a combinatorial field F̃ introduced
in [7], where

H [k] : (q1, · · · , qn, p2, · · · , pn, t)→ H [k](q1, · · · , qn, p1, · · · , pn, t)

for integers 1 ≤ k ≤ m. Thus

∂H [k]

∂pi
=

dqi
dt

∂H [k]

∂qi
= −

dpi
dt
, 1 ≤ i ≤ n

⎫⎪⎪⎬⎪⎪⎭ 1 ≤ k ≤ m.

Such an interaction system naturally underlies a graph G with

V (G) = {H [i]|1 ≤ i ≤ m},

E(G) = {(H [i], H [j])|H [i] interacts with H [j] for integers 1 ≤ i, j ≤ m}.

For example, letm = 4. Then such an interaction system are shown in Fig.2. Such
a system is equivalent to the system (APDESC

m) of non-solvable partial differential
equations

∂u

∂t
= Hi(t, x1, · · · , xn−1, p1, · · · , pn−1)

u|t=t0 = u
[k]
0 (x1, x2, · · · , xn−1)

⎫⎬⎭ 1 ≤ k ≤ m.

H [1] H [2]

H [3] H [4]

Fig. 2

Whence, if X
[i]
0 be an equilibrium point of the ith equation in this system,

m∑
k=1

H [k](X) > 0 and

m∑
k=1

∂H [k]

∂t
≤ 0

for X �=
m∑

k=1

X
[k]
0 , then F̃ is sum-stable and furthermore, if

m∑
k=1

∂H [k]

∂t
< 0
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for X �=
m∑

k=1

X
[k]
0 , then it is also asymptotically sum-stable by Theorem 4.4.

Similarly, if

m∏
k=1

H [k](X) > 0 and

m∑
k=1

1

H [k](X)

∂H [k]

∂t
≤ 0

for X �=
m∏

k=1

X
[k]
0 , then F̃ is prod-stable and furthermore, if

m∑
k=1

1

H [k](X)

∂H [k]

∂t
< 0

for X �=
m∏

k=1

X
[k]
0 , then it is also asymptotically prod-stable by Theorem 4.4. Such

combinatorial fields are extensively existed in theoretical physics (See references [7],
[9]-[10] for details).

5.2. Flows in network. Let N be a network and let q(x, t), ρ(x, t), u(x, t) be
the respective rate, density and velocity of 1-dimensional flow on an arc (x, y) of N
at time t. Then the continuity equation of 1-dimension enables one knowing that

∂ρ

∂t
+
∂q

∂x
= 0 and q = ρu.

Particularly, if u(x, t) depends on ρ(x, t), the density, let u(x, t) = u(ρ(x, t)), then
q(x, t) = ρ(x, t)u(ρ(x, t)) and

∂q

∂x
=

(
u+ ρ

∂u

∂x

)
∂ρ

∂x
= φ(ρ)

∂ρ

∂x
,

where, φ(ρ) = u+ ρ
∂u

∂x
. Consequently,

∂ρ

∂t
+ φ(ρ)

∂ρ

∂x
= 0.

Now let O be a node in N incident with m in-flows and 1 out-flow. Such as those
shown in Fig.3.

��

� �f1 fm

F

f2 fm−1

O

�
�

Fig.3
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Then how can we characterize the behavior of flow F? Denote the rate, density of
flow fi by ρ

[i] for integers 1 ≤ i ≤ m and that of F by ρ[F ], respectively. Then we
know that

∂ρ[i]

∂t
+ φi(ρ

[i])
∂ρ[i]

∂x
= 0, 1 ≤ i ≤ m.

Assume these flows f [i], 1 ≤ i ≤ m to be conservation at the node O. Then we

know that ρ[F ] =
m∑
i=1

ρ[i]. Whence,

∂ρ[F ]

∂t
=

m∑
i=1

∂ρ[i]

∂t
= −

m∑
i=1

φi(ρ
[i])
∂ρ[i]

∂x
.

Thus

∂ρ[F ]

∂t
+

m∑
i=1

φi(ρ
[i])
∂ρ[i]

∂x
= 0

by the continuity equation of 1-dimension. Generally, it is difficult to determine the
behavior of flow F by this equation.

We prescribe the initial value of ρ[i] by ρ[i](x, t0) at time t0. Replacing each ρ
[i]

by ρ in these flow equations of fi, 1 ≤ i ≤ m, we then get a non-solvable system
(PDESC

m) of partial differential equations following.

∂ρ

∂t
+ φi(ρ)

∂ρ

∂x
= 0

ρ |t=t0 = ρ[i](x, t0)

}
1 ≤ i ≤ m.

Let ρ
[i]
0 be an equilibrium point of the ith equation, i.e., φi(ρ

[i]
0 )
∂ρ

[i]
0

∂x
= 0. Applying

Theorem 4.4, if

m∑
i=1

φi(ρ) < 0 and
m∑
i=1

φ(ρ)

[
∂2ρ

∂t∂x
− φ′(ρ)

(
∂ρ

∂x

)2
]
≥ 0

for X �=
m∑

k=1

ρ
[i]
0 , then we know that the flow F is stable and furthermore, if

m∑
i=1

φ(ρ)

[
∂2ρ

∂t∂x
− φ′(ρ)

(
∂ρ

∂x

)2
]
< 0

for X �=
m∑

k=1

ρ
[i]
0 , then it is also asymptotically stable.
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