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WRIGHT FUNCTIONS GOVERNED BY FRACTIONAL
DIRECTIONAL DERIVATIVES AND FRACTIONAL ADVECTION
DIFFUSION EQUATIONS*
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Abstract. We consider fractional directional derivatives and establish some connection with
stable densities. Solutions to advection equations involving fractional directional derivatives are
presented and some properties investigated. In particular we obtain solutions written in terms of
Wright functions by exploiting operational rules involving the shift operator. We also consider
fractional advection diffusion equations involving fractional powers of the negative Laplace operator
and directional derivatives of fractional order and discuss the probabilistic interpretations of solutions.
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1. Introduction. In this work we study the solutions to fractional Cauchy prob-
lems involving the operator

(1.1) (@-V) = aos,
k=1

where V = (9,,,...,0,,) and ||a||* = af+- - -4+a? = 1. In particular, we are interested
in studying the solutions to the fractional advection equation

P

— +(@- V)% =0, «a,p€(0,1
for the scalar field ¢ = ¥(x,t) with constant velocity a. By exploiting operational
rules involving the shift operator, we obtain some representations of the scalar field
1 in terms of Wright functions. From this, we arrive at the fractional advection
(convection) diffusion equation

APw

S =)@ V)w, va,8e (1

(where A =V - V is the Laplace operator) and the transport equation

o8

" = —(—a-V)*w - A — K)w

where K is the Frobenius-Perron operator corresponding to some transformation. For
the above equations we study the solutions from a probabilistic point of view.
Before starting with an overview of the work we introduce some notations which
turn out to be useful further in the text:
e u=u(x,t) is a general solution to a general boundary value problem,
e 1 is the Laplace transform of u,
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2 M. D’OVIDIO

u is the Fourier transform of u,
a-x=> ,_; apry and ||x[|* = x - x,
aP

57 is the Dzerbayshan-Caputo time-fractional derivative,

° (’9{? and 0 are the Riemann-Liouville time- and space-fractional derivatives,
e 0, =0/0x and 0, = J/0t,

e h, is the density law of the stable subordinator $§, ¢ > 0,

lg is the law of Sf, t > 0 which is the inverse to ﬁf.

After some preliminaries and auxiliary results, we introduce, in Section 3, the rule

(1.2) % f(z) = fz +¢)

where the shift operator exp (9, plays an important role in studying fractional powers
of 9, and (1.1). By exploiting such a rule we define the fractional directional derivative

(a-V)* = /000 (1 — e_s(a'v)) dry(s)

where

a Sfafl

dy(s)/ds = m

is the Lévy measure of a stable subordinator and

oo
(1.3) () :/ dss* e *
0
is the Gamma function. In Section 4, we study fractional equations of the form

B
(1.4) <(§tﬁ +(a- V)O‘> Ua,p(x,t) =0, (x,t) € R} x (0,+00)

for o, 8 € (0,1]. In particular we show that
(3, 1) = US (- x, 1)
is the solution to the equation (1.4) subject to the initial and boundary conditions
Ua,8(x,0) =0(x1) X -+ X 6(xp), Uap(0,t) =0
where
(1.5) Ug(x,t) = E%(.V)gf), zeR, t>0

is the density law of the composition involving a stable subordinator $§* and an inverse
process £7. If = 8 € (0, 1), then the function (1.5) becomes the Lamperti’s law (sce

for example [15, 8]) and the solution to (1.4), for & = 8, can be explicitly written as
sin S (a-x)f—1¢P
7 (a-x)28 4 2(a-x)Pth cos Br + 128’

U@)B(X, t) = B # 1.

This is the case in which the density law of the composition of processes appearing
in (1.5) coincides with the law of the ratio of two independent stable subordinators
97,5 =1,2, that is

law

(1.6) 90, Eexan] /9], >0



FRACTIONAL DIRECTIONAL DERIVATIVES 3
A special case of (1.4), for 8 € (0,1), is the time-fractional equation
(af +(a- V))vg(x, ) =0, (x,t)€R" x (0,+00)
subject to the initial and boundary conditions
vp(x,0) = 6(x),  vs(0,1) ="

for which we show that the solution can be written as

1 a-x
vs(x,t) = 5 Wopi-np (_t—ﬁ)

where
1 —n
— —ppCt2zC
Wi (2) oI HGC e d¢
(17) O
1.7 = — u>-1,peC, z€C
= KT (uk + p)

(Ha denotes the Hankel path) is the Wright function which has been introduced and
investigated by the British mathematician E. Maithland Wright in a series of paper
starting from 1933. By normalizing vg we obtain the n-dimensional probability law
ps whose one-dimensional marginals coincide with the density law of the hitting time

22 —inf{s >0 : $H% ¢ (0,t)}, t > 0 which is the inverse to the stable subordinator
Y)f, t > 0. In particular, we get that

Pr{iXP eday,. .., X7 € dxy}
dzry---dx,

(1.8) pa(x,t) =

is the law of the process 25(t) = (1X7, ..., X/) which can be regarded as the inverse
of

Hp(x) = e/a><153§1+...+ an, xnbgn
in the sense that
Pr{Zs(t) < x} = Pr{sts(x) > t}.

Due to the fact that .V)f , t > 0, has non-negative increments, the multi-parameter
process J#3(x), x € R, possesses non-decreasing paths.
For the time-fractional equation

(07 +(a-V))s5x,6) =0, B (0,1), (x,1) € RY x (0, +00)
subject to the initial and boundary conditions
W(x,0)=d(x), W0,t)=¢,"""" neN
we obtain that

—nB—1 a-XxX
ﬂg(x,t) = tn nB W—,@,n—nﬁ (_tT)
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and, for n,m € N, we show that
S (x, 1) * UG (y, t) = UFT™(x +y, 1)

where * stands for the Laplace convolution over ¢. Furthermore, for n = 1, we obtain
the density law of Sf, t>0.

In Section 5, we present the solutions to the time-fractional problems involving
the operator

o n n 2
(1.9) la-V|* = (@ V)*)* = { D ) ay aafaxj

i=0 j=0

and, for @« = 2, we find out some connection with Gaussian laws. In particular, we
show that the solution to
o8
(W —(a- V)2> g(x,t) =0, p€(0,1), (x,t) € R" x (0,+00)
subject to the initial condition g(x,0) = d(a - x) is written in terms of the Wright
function (1.7) as follows

1 la - x|
(1.10) 9%t = mrW s g (_ 1872 )

Furthermore, formula (1.10) can be written as
)2

_(ax)?

(1.11) g(x,t) = /000 € = l1g(s,t)ds

4rs

where
1 s
(1.12) lo(s,8) = 5 Wopaop (— 5 )

is the law of the inverse process Ef, t > 0.

Finally, we arrive at the fractional advection diffusion equation. We show that,
for ¥ € (0,1), o, 8 € (0,1) and a € R™ such that ||a]| = 1, the solution w = w(x,t) to
the fractional equation

APw
otP

for (x,t) € R™ x (0, 400), is given by

= —(=A)'w — (a- V)*w

w(x,t) 2/0 dz/n dsTas(x —s,2) hola-s,2)lg(z,t)
+

where Tay(x,t) is the law of the isotropic stable Lévy process Sao(t), ha(z,t) is the
law of the stable subordinator § and Ig(z,t) is the law of the inverse process 2'? . The
distribution w represents the density law of a subordinated R"-valued stable process
with stable subordinated drift given by

W (t) = Sag (L) + aﬁgf, t>0.
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We also show that the stochastic solution to the transport equation

Pw
(1.13) WZ—(&-V)QW—)\(I—K)W

where a, 3 € (0,1] and K = e~ 1"V is the shift operator, is given by
Y, =N(&)) +an,.

where Ny is a Poisson process. If a = 0, then K = B becomes the backward operator
and therefore w becomes the probability law of the fractional Poisson process N(Sf )
(see for example [4] and the references therein).

2. Preliminaries and auxiliary results. For m — 1 < a < m, m € N, we
define the Weyl’s fractional derivative

xmfafl

aﬁf(@-a;”[w*f(x)}—ray AR L

(m—a) Joo (& —s)otm=t’

which is named Riemann-Liouville left-sided derivative if z > 0 whereas, for m — 1 <
B < m, we define the Dzerbayshan-Caputo fractional derivative as

Of (o [ 1071 1 Lo f(s)ds
350 = (=57 *010) = =5 |, et 120

The symbol * stands for the Fourier convolution and for @« = § = 1, both frac-
tional derivatives become ordinary derivatives. Furthermore, we recall the following
connection between the above fractional derivatives ([25])

th=p
=0+ T(k— B+ 1)

8 m—1
(2.1) ‘Ztg( = a7 f( Zaff

=0

which leads to the following relation between Laplace transforms

6ﬂf _ 070 - k-1

where 97 f(A) = M f(\).
Our aim in this section is to introduce the operational solutions to the fractional
equation

o°
(2.2) <6t6+a)uﬂ_o 2>0,t>0

subject to the initial and boundary conditions Ug(x,0) = ¢o(z) and Ug(0,t) = 0 with
a, B € (0,1]. The problem is to find an explicit form for the convolution

(2.3) US (2,t) = Ba(—t792) 0o (a)
(and therefore the right definition of the fractional operator) where

1 Cﬁ_lec - s P
(24) EB(Z)—% e Cﬁ—zdc_kzzom7 %{B}>O, zeC
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(Ha is the Hankel path) is the Mittag-Leffler function. We first observe that
u(z) = Eg(—w’2P)H(z), where w > 0 and H(z) is the Heaviside step function,
is the fundamental solution to the fractional relaxation equation

B
(2.5) ‘27(2) +w? u(z) = 0.

For g = 4, we get ©o(§) = 1 and thus, being 8/;;‘\1/_{%(5,& = 5“5[5‘(5,& the Laplace
transform of the Riemann-Liouville derivative of U§, we obtain the Laplace transform

(2.6) UG (E,t) = Bg(—t7¢®).

As we can immediately check, from (2.5) or the well-known fact that Ej3 is an eigen-
function for the Dzerbayshan-Caputo derivative, we reobtain

aﬂ 1 o a7 o > —&x a7 o

From (2.6) and the fact that (see for example [25])

B

. o) B—1 —wzao‘/ d
EB(_Zﬂaa):Slnﬁﬂ—/ ;05 © o , a>0,
. o w26+ 2wPcosBr+1
we can write
~ sin 8w [ «/B R
97 Ue ) = —x€ dx.
(2.7) 51 . /0 ¢ 228 + 228tP cos B + 2P v

If we formally rearrange (2.3) from (2.7) we get that

(28)  USG(xt) =

sin 8w [ sB=1¢B _s5o/B
/ 5Oy <P0($)
0

d
T %528 1 25P1P cos B + 128

(see Lemma 1 below for the definition of e =% ) which takes, for a = 3, the following
form

sin 8w [° 818
2.9 U (z,t) = d -
(29) 5 (@1) T /0 %528 1 25BtP cos B + 128 #ol@ =)

by taking into account the rule (1.2). Thus, from (2.9), for ¢y = §, we arrive at

sin A7 xP—1¢h
7 226 + 2258 cos B + t26

Uj(w,t) =

which is the solution to the equation (2.2) or the inverse Laplace transform of (2.7) for
a = . For a well-defined function ¢, the explicit representation of the convolution
(2.3) is therefore given by (2.8) or, for a = 3, by (2.9).

The solution Ug (,t), * > 0, ¢ > 0 for a, B € (0,1), can be regarded as the law
of the composition '635’ t > 0, where $, t > 0 is an a-stable subordinator (see [5])

with Laplace transform

(2.10) Eexp —£97 = exp —t£°
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and £7, ¢ > 0, is the inverse to the B-stable subordinator $? (see for example [19])
for which

(2.11) Eexp —££) = Eg(—t%¢).
We also recall that
(2.12) EexpifH = exp (—t(—i&)Y) = exp (—t|§|°‘e_i%x%>

is the characteristic function of a totally (positively) skewed stable process. The stable
subordinator ¢ is a Lévy process with non-negative, independent and stationary
increments whereas, the inverse process Sf has non-negative, non-independent and
non-stationary increments as pointed out in [19] and turns out to be fundamental
in studying the solutions to some time-fractional equations. We refer to £¢ as the
inverse of $Y in the sense that P{£} < z} = P{HY > t}. We notice that, from the
fact that 9 has non negative increments, the process £ = inf{s >0 : ¢ ¢ (0,¢)}
is an hitting time. Let us write h, for the law of $ and lg for the law of Ef. The
governing equations are known to be

B
(2.13) <& + 83) ho(z,t) =0, x>0, t>0

subject to the initial and boundary conditions

{hﬁam:am

he (0,t) =0

and
3 0

(2.14) 0, +% lg(z,t) =0, =>0,t>0
subject to

lo(2,0) = 6(x)
2.15 -5
1) { la(0:1) = rr=p)

In view of (2.1), formula (2.14) with conditions (2.15) can be rewritten in the compact
form

(2.16) 8—ﬁ+g lg(x,t) =0 >0,t>0
' ath "oz ) A TR = '

From (2.5), by considering that (%(f,t) = §Z73(§,t), we obtain that I5(€,t) =
Eg(—t°¢) which is the Laplace transform (2.11). We notice that (see [9])
tha(t,z) xhe(z,t)

@) tata O wt>

where [, can be written in terms of the Wright function (1.7) as in (1.12). Thus, we
can write the solution to (2.2) as

«

(2.17) U (z,t) = /000 ha(z,8)lg(s, t)ds = — /000 sla(s,x)lg(s,t)ds

T
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and, from (2.10) and (2.11), we can write
et = [ e p(s)ds = By(—17e")

which is in accord with (2.6).
From the discussion above we arrive at the following fact

(2.18) Eg(—tPA%) = / ds Ug (s, t) e A
0

which holds for some well-defined operator A. In particular, for A = 9., from (2.18)
we write (2.3).
We also introduce the homogeneous distribution

2N

(2.19) 21 = T

H(z), zeR, ®{n}>-1

(where H is the Heaviside function) which is locally integrable in R\ {0}. The Fourier
transform of (2.19) is written as

+o0 o
(2.20) / eifzzz dz = |7 e’ rer(m+1)
and can be obtained by considering the fact that

2 = 51_i>%1+ (e_szzi) )

Furthermore, as a straightforward calculation shows

oo 1
—Az,n _
(2.21) /0 e 2ldz = FCEEE

3. Fractional Directional Derivatives. Let (X, d, ) be a metric space, that is
(X, d) is a locally compact separable metric space and p is a Radon measure supported
on X. Let LP(u) be the space of all real-valued functions on X with finite norm

(3.) fully = [ Ju@)Pdnta). 1< p <

Let T; be a strongly continuous semigroup on L”(u) and A be the infinitesimal gen-
erator of T}, that is
Tiu—u

(3.2) lim

t—0t

- AUH =0
P
for all uw € Dom(A) where
Dom(A) = {u € Ly(p) : the limit (3.2) exists}.
We formally write

(3.3) T,=e", t>0



FRACTIONAL DIRECTIONAL DERIVATIVES 9

and T will denote the semigroup for the fractional generator A.

The fractional power of operators has been examined in many papers since the
beginning of the Sixties. A power « of a closed linear operator A can be represented
by means of the Dunford integral

1
(3.4) A= — [ dAX* A - A", R{a} >0
2m Jr
under the conditions

(i) X € p(A) (the resolvent set of A) for all A > 0;
(ii) AN + A7 < M < oo for all A >0

where T encircles the spectrum o(.A) counter-clockwise avoiding the negative real axis
and A“ takes the principal branch. The reader can find information on this topic in
works by [3], [14], [16], [17], [28]. For ®{a} € (0,1), the integral (3.4) can be rewritten
in the Bochner sense as follows

sin o

(3.5) A = / AT+ A)TTA

Q0 0

From the proof of the Hille-Yosida theorem we have that
A+A) = / dt e Me tA,
0

By inserting this expression into (3.5) we get that

/ AN+ AT = (/ ds S_O‘e_SA) (/ dsso‘_le_s)
0 0 0

where we used the Gamma function (1.3) for which the following well-known property
holds true

™

MNa)(1 —«) =

sin T

and
(3.6) / dss e A =T(1 — a)A*!
0

which holds only if 0 < a < 1 (the reader can also consults the interesting book by
[24]). The representation (3.5) can be therefore rewritten as

AY = A4 e (0,1)

by considering (3.6). After some algebra, by exploiting the same calculation, we can
also arrive at the representation

(3.7) A =A"A*"", n—-1<a<n,neN.
The semigroup T} of the translation operator

0
A= s
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is strongly continuous in L,(u) with du(z)/dz = e™“*, w > 0 and ||T}||, = e /P
(see for example [7, 25]). In what follows we will study the fractional power of the
directional derivative operator A = (a - V).

The directional derivative of fractional order o € (0,1) U (1,2] has been first
introduced by [20] in connection with models of anomalous diffusions. By using the
Fourier transform convention the authors define the fractional derivative D%, of a well
defined function f : R™ — R by requiring that

(38)  D§ 1) = (&) /9” (~iE-6)"M(d0), EER" ac(0,1)U(1,]

where M (d@) is a probability measure on the unit sphere
1={6cR": |6 =1}
In the one-dimensional case, @ = £1 so that ||0]| = 1. Formula (3.8) becomes

F©) (p(—i€)* +q(i€)*), €€R

with p+¢ = 1 and therefore the inverse Fourier transform yelds the governing operator
of a one-dimensional asymmetric stable process (or symmetric if ¢ = 1/2).

In order to define fractional directional derivatives and study fractional equations
involving the operator (1.1) we first introduce the rule

(3.9) % f(x) = f(z +)

for an analytic function f : R — R and ¢ € R. The operational rules (3.9) plays an im-
portant role in quantum mechanics ([2]) and formally, can be obtained by considering
the Taylor expansion of the analytic function f near x written as follows

f(Q) = Z %f(k)(x)-
Thus, we get that
fla+{) = Z f(k) Z ¢t 8k z) = €% f(x).

However ([12, 13]), the Taylor series and therefore the rule (3.9), can be extended to
the class of bounded continuous functions on (0, +00). The reader can find further
details on the Taylor expansion for generalized functions in works by [10, 1] and the
references therein.

In our view, from (3.7), (3.6) and (3.3) the fractional power of A can be written
as follows

1 o0
3.10 * = ol — - dss™ T
(3.10) A% = AA A [I‘ =0 /0 58 }
and therefore, based on the discussion made so far, we introduce the following repre-

sentation of the fractional power of the directional derivative (1.1).

DEFINITION 1. For 0 < o < 1, a € R} such that ||al| =1 and V = (0s,,...,04,)
we define

(311) (a . V)O‘ = I\((E:ll_vc)y) /OOO ds S—ae—s(aV).
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REMARK 1. We notice that, after some algebra, from (3.11) we get

(3.12) (a-V)* = /000 (1 - efs(a'v)) dvy(s)

where

a Sfafl

dy(s)/ds = m

is the Lévy measure of a stable subordinator ([5]). Indeed, a Berstein function b :
(0,400) — R and therefore such that b > 0 and (—1)k9¥b(z) < 0 for all z > 0 and
k € N, is a Berstein function if and only if

oo
(3.13) b(z) =c1 + cox +/ (1 —e€"")dm(s), x>0
0
for constants ¢1, ¢y > 0 and a non-negative measure m on [0, c0) satisfying

(3.14) /Oo(s A 1)dm(s) < co.

Furthermore, b is a Bernstein function if and only if there is a convolution semigroup,
say ¢+, such that

(3.15) /OOO gy (s) = et

Here, we consider b(x) = % with ¢; = ¢c2 = 0 and thus, m = v and ¢¢(s) = ha(s,t)
is the law of $y'.

REMARK 2. In the one-dimensional case, from (3.11), for f : (0,400) — R, we
obtain that the fractional derivative

0210 = | | dss s @)]

where —0,, is the generator of Ty, takes the form

o) =2 ml_a) s o)
:a% _F(ll—a)/o dsso‘f(x—s)}

o [ J, o)

__ 1 9 [Tdsfls)
_F(l —a) 8@/ (I_S)av S (0,1)

which is the Riemann-Liouville fractional derivative on the half line (0, +o00) ([25]).

For f : (—o00,400) — R, we also obtain that

o () =2 [ﬁ [ ass s s>]

S My o
ll—a aﬁ/ isf(j))a ac(0,1)
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which is the Weyl derivative on the whole real line (—oo, +c0), see for example [25].

4. Fractional advection equations. In the works by [20, 22|, the authors
studied the advection-dispersion equation

% = —v-Vp(x,t) + cD§p(x,1)

¢ > 0, introduced to model anomalous dispersion in ground water flow. The fractional
operator D9, is defined in the space of Fourier transforms in the sense that D%, p(x, t) is
given as inverse of (—i& - 0)*p(&,t) with ||@|| = 1. Thus, the operator D¢, generalizes
the directional derivative D}, = 6 - V. Here we study the advection equations in
which the fractional directional derivative has been previously defined in (3.11) and
find results based on the operational rule (3.9).

We will show that, for the operator A = (a-V), the solution to the space fractional
equation

(4.1) (gt + Ao‘) Ug =0
subject to the initial condition

Ua(2,0) = up(x)
can be represented as the convolution

(4.2) U (2, t) = T up(z)

where

Tuo(x) = Be™¢ Aug(a) = /00 doi(s) Ts up(x).
0

The semigroup d¢:(s) = dshq(s,t) represents the law of the positively skewed Lévy
process $§, t > 0 and plays, in this context, the role of v(s) in (3.12). Due to the
fact that ¢ <% ¢ (which is the elementary subordinator) for a — 1, we obtain that

lim ho(z,s) = d(x — s)
a—1
and therefore
u(x,t) = Ty up(x)

is the solution to (4.1) for a = 1.
We start our analysis by noticing the following fact.

LEMMA 1. For the solution to

(4.3) (%Jrag)ua:o, 2>0,t>0

subject to the initial and boundary conditions

U (,0) = ug(x), ua(0,t) =0,
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we have that

(4.4) Ua(z,t) = et ug () = Be 97 9% yo(z).

Proof. By considering the function u : (0, +00) — R with

(4.5) =0,

“’auh

we get that

—_— +OO .
0%u(€) :/ dz e 9%u(x)

— 00

—+oo ) 6 oo
:/_OO dxelgmﬁ/o dzz_o‘e_zawu(x).

From the Fubini’s theorem and by taking into account (3.9), we obtain that

_ 1 o +oo )
o _ —«a & —20;y
0%u(€) = - /0 dz z / dx e'* 9, e % u(x)

1
— (3 —
Ti—a / dz z~ / dz e~ 0, u(r — 2)
- / d / dr €0, u(x — 2)
“Ti—a) 2z~ ze u(z —z
- —’Lg [e’s) —+oo 1&;3
- dzz~ / dx e u(x — z)

provided that (4.5) holds true. Furthermore,

Y o _’Lg > —« e ix
Agu(§) _1—‘(1—04)/0 dz z /Z dz e~ u(x — 2)

% /00 dz 2z %e? /+°0 dx e u(z)
Il —a) o 0

*7_% - 22 g
_r(1—a)/0 dzz"e ™ u(e)

(4.6) =(—ig)"a(e) = [¢[°e T aAE), ae(0,1)

from the fact that formula (2.20) holds and provided that u € L'(R). From (4.6),
the equation

ou
o = Ote
can be rewritten by passing to the Fourier transforms as

a « = _imi
SEED) = —Tgua(6,t) = —fgl"e F T (€ )

which, in turns, leads to

e

(4.7) (&, ) = T(&) exp (—tlel e F

&),
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If A= 0, in (4.2), then from the operational rule (3.9), we obtain that
u(z,t) = e P ug(x) = uo(x — 1)

and thus
(4.8) o (z,t) = e % ug(z) = / ds ho(s,t) up(x — 3).
0

The Fourier transform of the convolution (4.8) is therefore written as

o~

(4.9) () = / " s ha(s, 1) €ET(E) = T(E) ha(Et)

where f/L;(f, t) = Eexpi$HY is that in (2.12) and thus (4.9) coincides with (4.7). From
this we obtain the claimed result. O

REMARK 3. If we assume that @4 (£,0) = 1, that is uq(x,0) = §(x), than we get
that uy = he which is the law of a stable subordinator H§, ¢t > 0 with o € (0, 1).

LEMMA 2. Letu: D CR% — R be a function such that uw € Dom(a-V). For the
fractional operator (3.11) we have that

—

(4.10) (a- V)u(§) = (—ia- )" u().

Proof. Let us consider the function u : D C R” — R with

u(x)‘aD =0.

We have that

(a/VT)‘u(E) :/n dxeis'x% /OOO dz Z—ae—z(a-v)u(x)

7(—285) i€-x > —a,—z(aV)
—F(l_a)/Ddxe /0 dzz" % u(x).

From the Fubini’s theorem we can write

(a/V\)au(é') —m /OOO dzzfo‘/Ddxeig'xefz(a'v)u(x)

where

/ dx eiﬁ'xefz(a'v)u(x) :/ dxy -+ -dzxy, eiﬁ'xu(xl — 12y Ty — ApZ)
D D+az

=ei#la&ittantn) / dxy - dwneis'xu(xl, ceesTp)
D
]

From (2.20), by considering that

e[ 0D
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we obtain

oY (—ia-§)

(8- V)*ull) =/ ) /000 0z e EG(E) = (—ia- £)A(E)

and formula (4.10) is proved. O
We present the main result of this section.

THEOREM 1. We have that:
i) for p € (0,1] and o € (0,1), the solution to the fractional equation

66 (e n
(4.11) (W—l—(a-V) )ua,ﬁ(x,t):O, xeRY,t>0

subject to the initial and boundary conditions

Ua,3(%,0) = up(x), uap(0,t)=0
is written as
(4.12) ua,5(x,t) = Ug(a-x,1),

where Ug is the solution to (2.2).
ii) for B € (0,1), the solution to the fractional equation

(4.13) (8f+(a-V)) va(x,t) =0, x€R?, t>0, Be(0,1)
subject to the initial and boundary conditions
v3(x,0) = §(x), vp(0,t) =t, v>—1

(see (2.19)) is given by

y a-x
(414) ’UB(X, t) =1 W_ﬂ)y.l’_l (_t—ﬁ> .
i) for v = —f, the problem ii) can be rewritten as
ol n
(4.15) <atﬂ—|—(a-V)) vp(x,t) =0, xeR}, t>0,3€(0,1)

subject to the initial condition

vp(%,0) = 4(x)
and the solution (4.14) takes the form
(4.16) vg(a-x,t) =lg(a-x,t)

where lg(xz,t), (z,t) € (0,+00)? is the law of el t>o.

Proof. Proof of i). From the previous result the Fourier transform of the equation
(4.11) is written as

T . _
S50 t) = —(—ia- )T p(€ ).
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The Mittag-Leffler function is an eigenfunction of the Dzerbayshan-Caputo fractional
derivative and therefore we get that

(4.17) o p(€:t) = W (&) By (—t°(—ia- €)7).

This is equivalent to write uq, g as follows

Ua (X, 1) :/000 dslg(s, t)e*@ V) 4 (x)
_/000 dsug(s,t)e_sa'vuo(x), a,f€(0,1)
where, we recall that,
(4.18) Ug (z,t) = /000 ha(x,$)lg(s,t)ds

is that in (1.5). From (3.9) we get that
Ua,p(X, 1) :/ dsug(s,t)efsa'vuo(x)
0

_/0°° dsug‘(s,t) ug(x1 — sai, ..., T, — Say)
and thus
et = [ dsU s, ¢ T 6 )
=uo(€) Ug(a- &,1).
From (2.10), (2.11) and (4.18) we have that

Z}E‘(’y,t) _/0 e”xb{g‘(:z,t)daj

:/ e (s, t)ds
0

=Es(—t°(—i7)*), 7vER
and thus

T (6 0) =T U5 (1.0) = T(€) By (—1°(~ia-€)").

Proof of ii). The Laplace transform of vg is written as

va(x, A) :/0 e Mug(x,t) dt
- — Aty a- X
/O B.v+ 18

= a-x\k dt
:/0 My (%) KIT(— Bk +v+1)

k=0

o > k1
=\"v1 Z (—Aﬁa - X) il
k=0

(4.19) =A"""lexp (—A5a~x)
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where, from (2.21),
Avt :/O e Mug(0,t)dt = v3(0, \).

We immediately get that

a?gj%(x, N =N a;v5(x, )

and thus
0055 A—Aﬁn 205(x, ) = =N U5(x, A
Zaj()TjUﬂ(x’ )=-— Z%‘Uﬂ(xa )= —Avp(x,})
j=1 j=1
being ||lal| = 1. This means that
(a- V)T5(x,A) = N T(x, \) = / e (~0f vax.)) dt
0

where in the last identity we have considered the Laplace transform of the Riemann-
Liouville derivative (]25]).

Proof of iii). The Fourier transform of (4.15) is written as

Py

o (60 = (- ©)T(E.)

and leads to
v5(&,t) = Bp (it" a - €)

which coincides with (4.17) for a = 1. We recall that

& T 1 1
e VAW 54 (——) dr=—F_51_ (——) , 7v>0
A B,1-B 18 'Ytﬁ B,1-p ”Ytﬁ

where (see [4])

1 1
—FE 315 —— | = Eg1(—t?
1P 8,1 ,6’( ”Yﬁ) B,l( 7t7)

and, from (3.9),

J

dx e *e=3@V)y5(x,0) :/ dx e *vg(x1 — sa1, ..., Ty — 8ay,0)

n n
+ RZ

:eisa'ﬁ/ dxeig'xvlg(évh-.-,xnao)
R™
™

=T (g



18 M. D’OVIDIO

where v5(&€) = 1. Thus, we obtain that

Ej (it a - ) :/ e EIW 1 (_t%) ds
0

el

0 R?

= it dst™PW_ 51 4 (—i) e*@Vys(x,0) | dx
R7 0 ' P

= [from the operational rule (3.9)]

:/ it </ dst™PW_ 51 g4 (_t%) vg(x — sa, O)> dx
R 0

where v3(x,0) = §(x) and x = sa if and only if x - a = s||a|? with [|a]|> = 1. We
obtain that

Eg (it’ a- €) :/ el (/ dst™PW_g1_5 (—%) da-x— s)) dx
R? 0

:/ e g (x, t) dx
R

n
+

dx e’ *e™* @ Vg (x, 0)> N USVRE (_t%)

which concludes the proof. O
REMARK 4. We remark that, for « = 3, formula (4.12) becomes

sin S (a-x)f—1¢f
7 (a-x)28 4 2(a-x)Pth cos Br + 128’

U@)B(X, t) = B # 1.

The law ug g(x,t), > 0, ¢t > 0 can be interpreted as the density law of the ratio of
two independent stable subordinators both of order 8 € (0, 1), see [8, 15]. This ratio
(formula (1.6)) does not depend on ¢ > 0.

REMARK 5. For a = 1 and 8 € (0,1), the solution (4.14) (and (4.12)) with
v5(0,t) = t=#, can be written as

_ a-X
’UB(X,t) =1 ﬁW—BJ—B (_t—ﬁ) =lg(a-x,1)

where g is the law of £7, ¢ > 0.

REMARK 6. For § =1 and « € (0, 1), the solution (4.12) takes the form
(4.20) Ua(X,t) = Ua1(X, 1) = hola-x,t)

where h, is the density law of ¢ and solves

(4.21) (% +(a- V)O‘> uq(x,t) =0, (x,t) € R} x (0,+00)

subject to the initial condition

(4.22) U (X,0) = ug(x) = H uo(xg)
k=1
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with ug(zy) = §(ay) for all k =1,2,...,n. Indeed, we have that

(4.23) Uo(x, 1) = e 1@ V) 0 (x) = /OO ds ha(s,t) e 5@V (x)
0
and
(424) a(6,1) = Wo(€) hala - &,1)
where
(4.25) uo(€) = [ [ ua()-
k=1

From (3.9) and the fact that ug(zy) = §(z) for all k, we rewrite (4.23) as follows

U (X, 1) = /OOO ds ho(s, 1) 0(x — sa).

By considering that x = sa if and only if a-x = s we obtain (4.20). From (3.9) and
(4.22) we have that

n
e 5@V, H Ty — Sak)

and therefore we obtain the Fourier transform

Ua(€,t) / / ds ha(s,t) Huoxk—sak

= ﬂ\(S ) ds ho(s,t)eia¢
=5(&) ha(a- &,1).

Formula (2.12) says that

ha(a-£,t) = exp (—tla- €2~ % 08 ) = exp (—t(—ia-€)").
By taking into consideration (4.10), from the fact that

Oha . —~
e &)= —(-ia-§hla-£1)

we obtain (4.21).
From the previous result we arrive at the following statement.

COROLLARY 1. The Wright function

1 a-x
(4.26) vs(x,t) = 5 Wop1-np (_t—ﬁ)

is the unique solution to the following Cauchy problems:
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(4.27) (af +(a- V))vg(x, ) =0, (x,t) €R? x(0,+00), B €(0,1)
subject to the initial and boundary conditions
va(x,0) = §(x), vp(0,t) = t;"ﬁ

ii)
e
(4.28) (W +(a- V))vg(x,t) =0, (x,t) €R" x (0,+00), B € (0,1)

subject to the initial conditions

8kvﬂ

Vs (Xv O) = 5(X)7 otk

(x,0)=0,0< k< [nf] -1

where [-] is the smallest following integer.

Proof. Tt suffices to consider v = —nf in Theorem 1 and the fact that

ngl—1
%(A) = \"P4(N) — [i A”B—’“—l%(oﬂ.
k=0
O
REMARK 7. We point out that the normalization of (4.26) given by
(4.29) pa(x,t;n) = %W_@l_nﬂ (_at-_5X) , xeRY, >0
where Ay = Q1 ° A2 Gp, is a probability distribution whose one-dimensional

marginals coincide with Ig, that is the density law of the inverse process Sf ,t>0.
Indeed, for the law pg(x,t;n), f € (0,1), (x,t) € R} x R, we can show that

(4.30) / pe(x,t;n)dx = pa(y,tin — k), y e R teR}
2t

and also that

(4.31) / pa(x,t;n)dx = 1.
RY

To this end, we recall that (see for example [18])

1 1
= — d Sg% 12
I(—a) 2m'/c se’s”, a7lL2
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and we write

n
a a;x;
pﬁ(x,t,n) = 'n,( )tﬂ W*ﬁl npB | — E jﬁj
J

(=1 t7) ot
k
_ _ a;T; 1
(HJ ltf Zk' ; t9 | T(=Bk+1-np)
k
_ A i/essnﬁ—lzi _zn:aal"a $Bk s
(IT= 1t§3)2m c k>0 k! j=1 tf

(HJ 1 J)2m j=1
By observing that
" aix; £ " i
I o P e
0 — s a;s —
J= J i=1 7
7]

we get that

> am 11 / s (n—1)8—1 BN 4T
pp(x,t;n)dry =— > —_—— [ % exp | —s g ——= | ds
/0 5 ) dz; (ITj= tf) a; 27 Jo 4

am) 1 1 %% 1 s (n—1)8—1—Bk
- Y _ _ - d
JB) a k! Z ’ 271 e's s

(Il=1t c
7 k=0 g
k
L)) l i . Z aj:vj 1
(ITj=1 t?) ar &4 k! M(—-Bk+1—(n-1)p)
g#L - 77&1

n

G(n) a;jx;
= n W*ﬁ 1— (n 1)f5 -
ar ([T=1t)) 7—21 ]

el J#l

which is the marginal law of
ps(x,t;n), xeR}, teRY

and this proves (4.30). In order to obtain (4.31) it suffices to consider (4.30) and the
fact that g integrates to unity. Indeed, we recall that

1 T
pa(x,t;1) = lp(z, 1) = th—B,l—B (_t?)
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is the probability density on [0, +00) of the process Ef ,t>0.

REMARK 8. The distribution (4.29) can be regarded as the law of a process which
is the inverse to the sum of stable subordinators. In particular, let us consider the
stable random sheet

(1'6517"'7n~62n)7 x=(x1,...,2,) € R}

with independent stable subordinators jf)gj, j=1,2,...,n, of order 8 € (0,1). We
are interested in studying the inverse multi parameter process

Ls(t) = (1Xf,...,an) L t>0
of the linear combination

%(x)z%xl.ﬁgl—i—...—i— anxnﬁfn

law

LA a9l
with a; > 0, V3, in the sense that
(4.32) Pr{Zs(t) > x} = P{1X] > 21,... o X > 2,} = P{AB(x) < t}.
We first obtain that
(4.33) Pr{ss(x) € ds}/ds = hg(s,a-x).
Indeed, from (2.10), we get that
(4.34) Eexp (~45(x)) = exp (—€°(a- X)) = Eexp (—€9, )
which means that
(%) 'Y §8., aeR?, xeR".

From (4.32) and (4.33), we find the law of 23 as follows

pa(x,t) :%P{lX{B > 2, . .nXt’B > Xn}
:7395(1_--8-);% P{A(x) < 1}
_ t (_a)n
_ /0 o P () € ds)
(=9)"

t
= ————h . .
/0 0r1 - On. s(s,a-x)ds

From (2.10) and the fact that

e} t 1 %) 1
/ e M / hg(s,a-x)ds | dt = - / e Mhs(s,a-x)ds = Zem (@)
0 0 A Jo A
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we arrive at the Laplace transform

e} o) t
At _ uY (=9)" ,
/0 e Mpp(x,t)dt —/0 e (/0 0z 0, hg(s,a-x) ds> dt

(=9)" L —(axn?

n
_ H a; )\nﬁflef(a-x))\ﬁ
j=1

By recalling that a(,) = a; - --a, and inverting the above Laplace transform, we get
that

A(n) a-Xx
pa(x,t) = inp W—p.1-np (_tT)
which is the claimed result.

We now extend the results presented in Theorem 1. In particular, by taking into
account the boundary condition below, we get a solution for which a kind of semigroup
property holds. Let us consider the solution to the time-fractional problem

(4.35) (07 + (@ V))5(x,6) =0, x€RY, £>0, B (0,1)
subject to the initial and boundary conditions

W(x,0) =d(x),  WH0,t) =t neN
From Theorem 1 we know that

n n—nfB— a-Xx

THEOREM 2. For n,m € N, we have that
(4.37) E(x, 1) * UR (y,t) = U™ (x +y, )

where x stands for the Laplace convolution over t. Furthermore, formula (4.36) can
be written as

(4.38) UB(x, 1) = (ug * - - % up) (X, 1)
where
1 Q;T; .
(4.39) wi(zi,t) = t—ﬁW_IQ)l_,@ (— 7 ) , z>0,t>0, i=1,...,n.

Proof. We first assume that formula (4.38) holds true and we write
O(x,t) = (ug * - xup) (X, 1).
We have that

€= [ [ eeopnder o dey
/ / e 2= 1&:“ (ug %k up) (@1, ..o, Ty, t) day -+ - day
: '*UQ)(é.l,---,gn, )
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where, from (1.7) and (2.4),

_ o0 » 1 ztﬁ
(440) uz(fl,t) —/O 675111 (.I“ )dflfl = a_zEﬁ <_€ai )
and thus
~ B oo VR B n /\ﬁfl
(4.41) #(&,2) —/0 e Mg t)dt = 1;[1 (Ma; +&)

Now we consider the function
a-x
ga(x t) ="~ nf— IW,ﬁn ng( B )

From (1.7) we have that
(4.4 R A L
0

As we can immediately check

/\n,@ n n
4.4 —exg =
(4.43) /i e " o(x, A) dx [T, (& + Ma,) g & + ,\BaZ

coincides with (4.41) and therefore ¢ = . This concludes the proof. O

REMARK 9. For n = 2 we have that

t a1z 1 a2x
2 =/ —w iy 2w G2t
L(5(){715) - SB —B,1-8 ( SB ) (t — 8)5 —B,1-8 ( (t — 8)5) ds

_ =S (—a1x1)’ (—azxs)’ " —pi-p —fi=#
*;;i!r(l—ﬂz B)J'F(l—ﬂﬂ—ﬁ)/os o “

_ S (—a1z1)"’ (—azwp)’ (1 BEi+2) — B — - B3 —
_;;um—m B) T~ 5i—B)' sy

FL-B(i+i+2)

B 0o oo (—llll’l)i (_a2x2)j
—ZZ il Jj' T(2-28-p8i-8j)

where

['(wi)IM(w2)

Blwn,wz) = I'(wy + w2)

is the Beta function. From the fact that (see [18, p. 115])

1 1/_“d
L1 1
Ta) 2mi ). ©F
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we can write

oy BYJ
82 (x, 1) =t~ wzz alzl/t (—agza/t )JL/S2B+61+/BJ‘—2€S ds
C
=0 j=

- j! omi
28 1 1 / (—a1a18° /1°)! (—agwqs® /1P)) $26-2,5 (g
1l
211 (e, !
—tl 26 1 / (a111+a222) $B 26 2d5
1
- 23 1 Oo —(a1z1 + agxy) /tF)F Bk g26-2
=t s ds
¢t k!
0
(—(a121 + asxs)/tP)k

1-28
= Z KT (—Bk +2—28)

1 a1x1 + asx2
=g -p2 <—T

which is in accord with (4.36).

REMARK 10. We can obtain the previous result by considering that

—~ t
(e, 1) = /0 (6 8) Ta(art — 5) ds
where

wi(&,t) = Eg(—¢t°Jaj)/aj, j=1,2.

Thus, we arrive at

/ Ey(—625 Jaz) By(—61(t — 5)° Jay) ds = / h / S (1,92 dy dye
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where
Bon) =33 ey e | 4
55 Gema oo s [0
222 (Z'Fg(zzgiai%l %aé/fll); tPHITB(B 41,8 + 1)
222 (= 52”;?/@)1 (—ijl!/cn)j F(;T;z';ﬂ: -
:gg - grfﬁ/@)l (_gwjly/al)j % /C s7te (1)) T g
_;m/cs e*(/5) :OO J: (—éz/aQZQtﬁ/Sﬁ)l (_gl/alzlltﬁ/sﬁ)j .
e (S - f(fm/al + 5272/@)) ds
“2mi Jo o

By observing that

t Y th
— [ s exp (s — —(5171/(11 + 5272/002)) ds

2mi Je

:ﬁ // estS—Z exp ( (51’71/@1 + 52’72/@2)) ds

sB

where C’ is similar to C (see [18]), we obtain that

/ / o2 / 52 exp <_(£1W1/a1 +€2W2/¢12)> ds oy dra
aias 2mi cr sP

B 1/a 1/as2 A
o R T

1 oStg22 1/a1 1/az

11251:

T omi cr s+ &1 /a1 P+ & fas’

By inverting the Laplace transform we get the Laplace convolution of two Mittag-
Leffler functions $03.

5. Second order operators. In the previous sections we have studied the frac-
tional power of the first order operator (1.1). Here we present some result on the
squared power of (1.1) and the fractional power ¥ € (0,1) of the negative Laplace
operator —A which has been first investigated by [6, 11] and many other authors so
far.

Let us introduce the fractional power of (1.1) formally written as

(5.1) la- V| = (@ Vv)*)* ZZ ij 81: dz;

=0 j=0
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with a;; = a;a;, 1 <14,j < n and acting on the space of twice differentiable functions
defined on R™. We present some results for & = 2. As pointed out by [20, 21], for
a = 2, formula (3.8) leads to the directional derivative

(52) D3, f(x) = VAV f(x ZZ ,Jax ax
i=1 j=1 1&g

where A = {aij}lgi)jgn and

Qi Z/ 919]M(d0)
llefl=1

THEOREM 3. The solution to
o8
(5.3) (W —(a- V)2> g(x,t) =0, (x,t) € R" x (0,+00)

subject to the initial condition g(x,0) = d(a-x) is given by

1 la - x|
(54) g(X,t) = mw7§717§ (— tﬂ/2 ) .
Furthermore, formula (5.4) can be written as
) 7(alx)2
(5.5) g(x t):/ © (s,t)ds
T vams T

lg(s,t) = ti@Wfﬁylfﬁ (—;ﬂ) :

Proof. We recall that

/ e Mig(x, t)dt = AB—Lemad’
0

From the fact that (see [18])

1 [ 22 2 oo 22 1
Y 0

where K, is the modified Bessel function of imaginary argument and ([18])
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we obtain that

_(ax)?

/ / ol s
)\B

1

1 82_16 &_S’\Bds
\/ T
AB-1 a-x2 i 5
A1 a-x)? T T B\~ 3 8
() ) o
)\gflexp(—|a-x|)\§)

which coincides with

<y 1 |la-x]|
At
/0 ¢ 275/3/2W*§71*§ ( 4B/2 )dt

Ji(—la-xl)’“ /°° e B2 gy
2 k! 0 I‘(—%—H—g)

k=0
A2 & (fa x|AT)
2 > k!
k=0
1.8
25)\2 exp (—|a x|A )
This prove that formula (5.4) can be rewritten as (5.5). Formula (5.5) can be rewritten
as follows
o] 1 +oo ) 2
g(x,t) :/ (_/ e*ﬂ’(a-x)e*'}’ Sd’7> lﬂ(S,t)dS
0 2m —00
1 [t .
=5 - e~ (@) (/0 e " Sllg(s,t)ds) dry
L[
(5.6) =5 e~ @x) gy (=t7~?) dy.
T J -0

9% 1 [* —iy (a-x) B A2 Lore —iy (a-x) 2 B2
5 o e Eg (—t W)dVZ% e (=% Ep (—t74%) dy

which coincides with
1 [t )
@ Pg [ e, (<) iy

by considering that ||a|| = 1 and provided that v?*Es (—t?+?) € L'(dy). By taking
the Fourier transform of (5.6) we obtain

+oo
den) = | egbenax= [ o —raEs (-1) dy

— 00
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where & = va if and only if a- &€ = v||a]|> = v and therefore we get

+oo
g(&.t) :/ S(a-&—7)Es (—t°*) dy = Eg (—t(a- £)?).

— 00

From the fact that

—+oo . too .
/ '€ (a- V)u(x)dr = (—ia- 5)2/ e X u(z) de = — (a- €)* ()
u € Dom (a- V), we get that the equation (5.3) becomes
o’y ~
S &0 =—(a-©° g

which leads to
gen = B (—1° (a-€)%)

by taking into account the initial condition g(x,0) = §(x). We recall that the Mittag-

Leffler function is an eigenfunction for the D-C fractional derivative % (see formula
(2.5)). This concludes the proof. O

REMARK 11. We notice that

2
€ 4s

—z 1 |$|
2= Vo114 (‘m) =11 (lz|.7)

and therefore we can write the function (5.4) as follows

g(x,t) = / Li(la-x],s)lg(s,t) ds.
0
Furthermore, the one-dimensional version of (5.3) is the fractional diffusion equation

( o 02

subject to the initial condition g(z,0) = d6(z) whose stochastic solution is repre-
sented by the subordinated Brownian motion B(£7), ¢ > 0 ([19]) or the time changed
Brownian motion B(|B(t)|), t > 0 as shoen by [23]. Furthermore, we notice that
g(x,t) = l§ (la-x]|,t) and solves (5.3) whereas, lg(a - X, ) solves

(5.7) (5;3 +(a- V)) lg(a x,t) =0, (x,t) € R} x (0,+00)

as shown in Theorem 1.

Let us consider u € . where . is the Schwartz space of rapidly decaying C*°
functions in R™. The fractional power ¢ € (0,1) of the negative Laplace operator —A
is defined as follows

At G [ M) u)
(o)) ~Cpo. | 2 ay

C u(x+y)+ulx—y)—2u(x)
- E/n ly|n+2?

dy
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where C is a constant depending on (¢,n) and, ”p.v.” stands for ”principal value”.

An alternative way (in the space of Fourier transforms) to define the fractional power
of —A\ is

1 ; N
(o)) = 5 [ e exgla(e) de.
Indeed, we have that
(58) [ ey ut ax = € a(e).

The solution to the fractional equation

(5.9) %(x,t) = —(=A)%u(x,t), x€R", t>0

in the Sobolev space
(5.10) Dom (—(=4)") = {u € L*(R") : / (L+[I€11*7) a(e)|*dg < OO}
]Rn

and subject to the initial condition ug(x) = d(x), represents the law of an isotropic
R™-valued stable process, say Say(t), t > 0, with characteristic function

(5.11) R ei€S20(t) — o—tI€I*7

Thus, from our viewpoint, the isotropic stable process Say(t), t > 0, ¥ € (0,1) is the
stochastic solution to (5.9) subject to the initial datum wg = §. Obviously, for ¢ = 1,
we obtain Sy(t) = B(t), t > 0 which is the n-dimensional Brownian motion.

We now present the main result of this section.

THEOREM 4. For v € (0,1), o, € (0,1), a € R} such that ||a|| = 1, the solution
w = w(x,t) to the fractional equation

B
(5.12) %7 =—(-)w—(a-V)*w

for (x,t) € R™ x (0,+00), subject to the initial condition wy = 0, is given by
(5.13) w(x,t) = / dz/ dsTa9(x —s,2) hala-s,2)lg(z,t)
0 ¥

where Tay(X,t), x € R™, t > 0 is the law of the isotropic stable Lévy process Say(t),
t > 0; ho(z,t), © € [0,400), t > 0, is the law of the stable subordinator H¢, t > 0;
lg(x,t), © € (0,400), t >0, is the law of the inverse process ,Sf, t>0.

Proof. First, from formulae (3.11) and (3.9), we evaluate the Fourier transform
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of a function u € L!(R™) given by

/n eiE-X(a-V)au(x)dx:/ eiﬁ-x(“"v))/ooo ds s™%e™>@V)y(x)dx

(5.14) =(—ia- )" u(§)

(where we used (2.21)) which is in accord with (4.10) for functions in L*(R’}). From
(5.8) and (5.14), by passing to the Fourier transform, the equation (5.12) takes the
form

B/\
(515) DRE ) = el D(E1) ~ (~ia-)(E, 1)

From the fact that
/ e X To9(x —s,2) dx = eig's/ X og(x, 2) dx = ' = lel
we get that
w(E,t) :/ e *w(x, t) dx

:/ dz efzugﬂw/ dse®Sho(a-s,2)lg(z,1).
0 R™
From Remark 6 (formula (4.24) in particular) we have that
Bt = [ dee I w0
0

and, from (2.11),
(5.16) w(&,t) = Ep (—t7(|€]*" — % (—ia-£)*).
From the fact that

°E
T (70 = —CEs(—170). ¢>0

which means that the Mittag-Leffler is an eigenfunction for the Dzerbayshan-Caputo
time-fractional derivative, we arrive at

Pw
otp

which coincides with (5.15). This concludes the proof. O

(&.t) = — (lEl*” + (—ia- &)%) W(E, 1)
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REMARK 12. The distribution (5.13) can be regarded as the law of a subordinated
R"™-valued stable process with stable subordinated drift given by

W (t) = Sag (L)) + aﬁgf, t>0.

The characteristic function is given by

Eeig.W(t) —E Eeifngﬁ(T)-i-i&afjff- T = S'f

—E | TIEN" | o~ (—i&-2) HF

T:Efl

—(by (2.10))

_E |e-TIEN -T(—ig-a)

T=£f}

) el<nsn”+<—is~a>a>£€

=(by (2.11))

=Bp (—t7[[€|1* — 17 (—i€ -a))
which coincides with (5.16).

REMARK 13. We remark that, for a = (3, the stochastic solution to (5.12)
becomes

B
8 19
Sau(Ly) +at—2ﬁ6, t > 0.
where the ratio of two independent stable subordinators jfy@, 7 = 1,2, is independent
from ¢ and possesses distribution

sin B Pl
228 4 22B cos B+ 17

(5.17)  Pr{19°/:9° € da}/dz = x>0,t>0.

This has been pointed out also in Remark 4.

REMARK 14. For ¢ = 1 in (5.12), we immediately have that the fractional
equation

0w o
W—Aw—(a-V) w

has a solution which is the law of the process

B(£)+an%, t>0

e
(B is a Brownian motion) and can be written as follows

_lx—sy?
e

w(x,t :/ dz ds - ho(a-s,z)lg(z,t).
oty = [ e [ s hala s 2) (et
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For o — 1 we have that ¥ — ¢ which is the elementary subordinator (obviously
ha(x,t) = 6(xz — s)) and therefore the solution to

APw
7 = Aw—(a-V)w
is written as
S su2
w(x,t) / dz ds & da-s—2)la(z,t)
0 R™ Virz
—lezel? su2
/ dz/ ds & d(s —az)ls(z,t)
n Varz

where we used the fact that a-s =z € Ry iff s = az or, equivalently

Hx SH

w(x,t) / dz Rnds N da-s—2z)lg(z,1)

_lix=s?

e 4(a-s)

(a-s,t).
\/47‘1’ (a-s)
Finally, for ¥ = 1 and o = 1, we get that
50 _lix—az|?
w(x,t) = Az 13(z,t)
’ 0 \/47TZ ’

is the law of the n-dimensional subordinated Brownian motion with subordinated
drift

B(L))+agl, t>0.

If 8 — 1, then £ — ¢ and lg(z,t) — 6(x,t). The solution to

%—ZJ =Aw—(a-Vw
is given by
w(x,t) = T

which is the law of

B(t)+at, t>0.

REMARK 15. For the sake of completeness we also observe that, for a = 1,
equation (5.12) becomes

AP

—(=2)u - (a-V)u
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whose stochastic solution is given by the subordinated stable process with drift
(5.19) Soo(L)) +aL?, t>0.

Indeed, for & — 1, we have that ¢ — ¢.

REMARK 16. We remark that ([26, 27]) the transport equation

ou
i Au— du+ AKu
where
Au = — En 9 (a(z) u)
8$k

k=1

and K is the Frobenius-Perron operator corresponding to the transformation T'(x) =
x + f(z) has a solution which is the law of the solution to the Poisson (N;) driven
stochastic differential equation

(520) dXt = a(Xt)dt + f(Xt)dNt
REMARK 17. We recall that (see for example [4]) the fractional Poisson process
NP = N(£7) is a renewal process with
PriNy =k} = p() = Epe(£))

where py(t) is the distribution of the Poisson process N(¢), t > 0 and probability
generating function written as

(5.21) BN = By (—A(1—2)t7).

From (5.21) and (2.5) we can write

(5:22) D) = (oh0) ).
Furthermore, we recall that

(5.23) E N0 — o=Xt(1-2)

and

(5.24) Ee %*N®) — exp (€1 —e™)).

THEOREM 5. The stochastic solution to

9w

(5.25) .7

(x,t) = —((a V) +A(I—e 1Y) )W(x, t), (x,t) € R} x (0,+00)
where o, B € (0,1] and e~ Vw(x,t) = w(x — 1,t) is the shift operator, is the process

(5.26) Y, =N(£)) + afy,, t>0.
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Proof. We have that
Ee€Y =Eexp (—/\(1 — )2l +ia- gﬁgf)
=Eexp (—)\(1 — el — (—ia-£)° Sf)
=Eg (-1 — e)tP — (—ia- £)*t?)
=w(§, 1)
is the characteristic function of (5.26). From (2.5) we obtain that

AP 0= (A1 i& . O\ W(E. 1
o7 €0 = (FA1 =€) — (~ia- &)%) W(E. 1)

—

where, from Lemma 2, (a- V)ow(&,t) = (—ia- £)*w(&,t) and

/ XN (I —e V) wix, t) dx =) (1 - / e *w(x — 1,1) dx)
=M (1—e®)W(E,t).
This shows that (5.26) is the solution to the Poisson driven stochastic differential
equation whose density law solves (5.25). O
REMARK 18. Let us consider the equation

OPw

W(I’t) = —(32‘ + )\(I_f_;aw))w(:r,t), (z,t) € Ry x (0,+00)

(5.27)

which coincides, for 7 = 1, with (5.25) in the one-dimensional case and can be rewrit-
ten, for 7 # 0, as follows

ol A
(5.28) — + 05 | w(x,t) = —= (w(z,t) —w(z —7,1)).

oth T
Formula (5.28) is the governing equation of the one-dimensional process
(5.29) Vi =1N(r'e)) + 9%, t>0.

For 7 — 0, we obtain that

B
(5.30) (gtﬁ + (92‘) w(z,t) = —A9yw(x,t)

is the governing equation of

(5.31) Y = M+H%, t>0

e
which becomes, for « = g € (0, 1),

(5.32) Y; = (/\+ m—;)t t>0
257315

where the ratio of independent stable subordinators has distribution (5.17).
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