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HIGH-ORDER GREEN OPERATORS ON THE DISK AND THE

POLYDISC∗

YANG LIU† , ZHIHUA CHEN‡ , AND YIFEI PAN§

Abstract. In this paper, we give the explicit expressions of high-order Green operators on
the disk and the polydisc, and hence the kernel functions of high-order Green operators are also
presented. As applications, we present the explicit integral expressions of all the solutions for linear
high-order partial differential equations in the disk.
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1. Preliminaries. Singular integral is an important tool in harmonic analysis,
complex analysis and Clifford analysis, et. al. There are many types of singular inte-
grals investigated by numerous mathematicians. In [1], Calderón-Zygmund type sin-
gular integrals have been studied in theory and applications. For the singular integral
operator, in [2], a boundedness criterion for the Cauchy singular integral operator in
weighted grand Lebesgue spaces have been given. Moreover, semi-Fredholm properties
of certain singular integral operators, asymptotic invertibility of Toeplitz operators,
weighted uniform convergence of the quadrature method for Cauchy singular integral
equations, and Toeplitz and singular integral operators on general Carleson Jordan
curves have been discussed in [3]. The book [4] has been devoted to the Fredholm
theory of singular integral operators with shifts on Lp(Γ), (1 < p < ∞), where Γ is a
Lyapunov curve in the complex plane which is homeomorphic to a circle or a segment.

In one complex dimension, the inverse operator (or Green operator) of the Cauchy-
Riemann operator ∂̄ plays an important role in finding a solution of ∂̄ equation,
see [5, 6, 7]. Especially, high-order Green operators are used in [7] to prove the
general existence theorem for nonlinear partial differential systems of any order in
one complex variable. In this paper, we will give the explicit expression of high-order
Green operators on the disk and the polydisc, and the kernel functions of high-order
Green operators will be presented as well.

Let D be the closed disk {z ∈ C||z| ≤ R} and C be its boundary {z ∈ C||z| = R}.
Unless otherwise state, in this paper, functions we consider will be complex valued
and integrable with D. Cα(D) denotes the set of all functions f on D, where

Hα[f ] = sup{
|f(z)− f(z′)|

|z − z′|α
∣

∣z, z′ ∈ D}

is finite. For f ∈ Cα(D) we define

||f || = |f |+ (2R)αHα[f ],
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where |f | denotes supz∈D |f(z)|. Ck(D) is the set of all functions f on D whose kth
order partial derivatives exist and are continuous, k ≥ 0 is an integer. Ck+α(D) is
the set of all functions f on D whose kth order partial derivatives exist and belong
to Cα(D). For f ∈ Ck+α(D), we have the definition in terms of || · ||:

||f ||(k) = max
i+j=k

{||∂i∂̄jf ||}.

It should be pointed out that the function || · ||(k) on Ck+α(D) is a semi-norm rather
than a norm since ||f ||(k) = 0 if and only if f is polynomial of degree of k − 1. The
following operators are defined on D as in [5]:

Tf(z) =
−1

2πi

∫

D

f(ζ)dζ̄ ∧ dζ

ζ − z
, Tf(z) =

−1

2πi

∫

D

f(ζ)dζ̄ ∧ dζ

ζ̄ − z̄
,

2Tf(z) =
−1

2πi

∫

D

f(ζ)− f(z)

(ζ − z)2
dζ̄ ∧ dζ, 2Tf(z) =

−1

2πi

∫

D

f(ζ)− f(z)

(ζ̄ − z̄)2
dζ̄ ∧ dζ,

Sf(z) =
1

2πi

∫

C

f(ζ)dζ

ζ − z
, Sf(z) =

−1

2πi

∫

C

f(ζ)dζ̄

ζ̄ − z̄
,

Sbf(z) =
1

2πi

∫

C

f(ζ)dζ̄

ζ − z
, Sbf(z) =

−1

2πi

∫

C

f(ζ)dζ

ζ̄ − z̄
,

(1)

where T (f) = T (f̄), S(f) = S(f̄), and Sb(f) = Sb(f̄). More generally, if △ is a closed
bounded domain, then T△f and S△f are defined for continuous f on △ by

T△f(z) =
−1

2πi

∫

△

f(ζ)dζ̄ ∧ dζ

ζ − z
, S∂△f(z) =

1

2πi

∫

∂△

f(ζ)dζ

ζ − z
.

The fundamental properties between operators T, S are given by [5] as follows.

Lemma 1.1. [5] If f ∈ C1(D), then

T ∂̄f = f − Sf on Int(D),

T∂f = f − Sf on Int(D).

The smoothness properties of integral operator T has been shown in [5].

Lemma 1.2. [5] If f ∈ Cα(D), then Tf ∈ C1+α(D). Moreover,

∂̄T f = f, ∂Tf =2 Tf,

and

Hα[
2Tf ] ≤ C0Hα[f ]

where C0 = 12
α(1−α) . If f ∈ Ck+α(D)(k ≥ 0), then Tf ∈ Ck+1+α(D).

Meanwhile, if replace ∂, ∂̄, T,2 T with ∂̄, ∂, T ,2 T , respectively, then one can get
the similar result as above lemma for T .

Lemma 1.3. [7] It holds for l ≥ 0 that

∫

△

(ζ̄ − z̄0)
l

ζ − w
dζ̄ ∧ dζ =

−2πi

l+ 1
(w̄ − z̄0)

l+1,
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where △ = {ζ ∈ C||ζ − z̄0| ≤ r}.

Proof. It is easy to get Lemma 1.1 if we replace D, C with △, ∂△, respectively.
Apply Lemma 1.1 to the function (ζ̄ − z̄0)

l+1, we can obtain that

∫

△

(ζ̄ − z̄0)
l

ζ − w
dζ̄ ∧ dζ =

−2πi

l + 1
T△(∂̄(ζ̄ − z̄0)

l+1)(w)

=
−2πi

l + 1
[(ζ̄ − z̄0)

l+1 − S△((ζ̄ − z̄0)
l+1)](w)

=
−2πi

l + 1
[(w̄ − z̄0)

l+1 −
1

2πi

∫

|ζ−z0|=r

(ζ̄ − z̄0)
l+1

ζ − w
dζ]

=
−2πi

l + 1
[(w̄ − z̄0)

l+1 −
r2(l+1)

2πi

∫

|ζ−z0|=r

1

(ζ − z0)l+1(ζ − w)
dζ]

=
−2πi

l + 1
(w̄ − z̄0)

l+1,

where the last equality comes from the residue theorem. The lemma is proved.

2. High-order Green operator on D. Denote T 2 = TT, T
2
= TT , similar

notations for T µ, T
ν
, T µT

ν
for any µ, ν > 0. In this section, we will get the explicit

expression of T µT
ν
f .

Theorem 2.1. Given f ∈ Cα(D), T kf, T
k
f ∈ Ck+α(D) with integer k > 0, and

T kf(z) =
(−1)k

(k − 1)! · 2πi

∫

D

(ζ̄ − z̄)k−1f(ζ)

ζ − z
dζ̄ ∧ dζ,(2)

T
k
f(z) =

(−1)k

(k − 1)! · 2πi

∫

D

(ζ − z)k−1f(ζ)

ζ̄ − z̄
dζ̄ ∧ dζ.(3)

Proof. When k = 1, (2) is obvious.

Now we assume (2) is valid when for k − 1, i.e.,

T k−1f(z) =
(−1)k−1

(k − 2)! · 2πi

∫

D

(ζ̄ − z̄)k−2f(ζ)

ζ − z
dζ̄ ∧ dζ.
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Hence, we can obtain with Lemma 1.3 that

T
k
f(z) =TT

k−1
f(z)

=
−1

2πi

∫

D

T k−1f(ζ)

ζ − z
dζ̄ ∧ dζ

=
−1

2πi

∫

D

(−1)k−1

(k−2)!·2πi

∫

D

(η̄−ζ̄)k−2f(η)
η−ζ

dη̄ ∧ dη

ζ − z
dζ̄ ∧ dζ

=
(−1)k

(k − 2)! · (2πi)2

∫

D

∫

D

(η̄ − ζ̄)k−2dζ̄ ∧ dζ

(η − ζ)(ζ − z)
f(η)dη̄ ∧ dη

=
(−1)k

(k − 2)! · (2πi)2

∫

D

f(η)dη̄ ∧ dη

η − z

∫

D

(η̄ − ζ̄)k−2(
1

η − ζ
+

1

ζ − z
)dζ̄ ∧ dζ

=
(−1)k

(k − 2)! · (2πi)2

∫

D

f(η)dη̄ ∧ dη

η − z
[

∫

D

(η̄ − ζ̄)k−2

η − ζ
dζ̄ ∧ dζ

+

∫

D

(η̄ − ζ̄)k−2

ζ − z
dζ̄ ∧ dζ]

=
(−1)k

(k − 2)! · (2πi)2

∫

D

f(η)dη̄ ∧ dη

η − z
[

∫

D

k−2
∑

l=0

(

k−2
l

)

η̄l(−ζ̄)k−2−l

η − ζ
dζ̄ ∧ dζ

+

∫

D

k−2
∑

l=0

(

k−2
l

)

η̄l(−ζ̄)k−2−l

ζ − z
dζ̄ ∧ dζ]

=
(−1)k

(k − 2)! · (2πi)2

∫

D

k−2
∑

l=0

(

k−2
l

)

η̄lf(η)dη̄ ∧ dη

η − z
[

∫

D

(−ζ̄)k−2−l

η − ζ
dζ̄ ∧ dζ

+

∫

D

(−ζ̄)k−2−l

ζ − z
dζ̄ ∧ dζ]

=
(−1)k

(k − 2)! · (2πi)2

∫

D

f(η)

η − z

k−2
∑

l=0

(

k − 2

l

)

η̄
l[

2πi

k − 1− l
η̄
k−1−l(−1)k−2−l

+
−2πi

k − 1− l
z̄
k−1−l(−1)k−2−l]dη̄ ∧ dη

=
(−1)k

(k − 2)! · (2πi)2

∫

D

−2πif(η)

(η − z)(k − 1)

k−1
∑

l=0

(

k − 1

l

)

η̄
l[(−η̄)k−1−l

− (−z̄)k−1−l]dη̄ ∧ dη

=
(−1)k

(k − 2)! · (2πi)2

∫

D

−2πif(η)

(η − z)(k − 1)
[(η̄ − η̄)k−1

− (η̄ − z̄)k−1]dη̄ ∧ dη

=
(−1)k

(k − 2)! · (2πi)2

∫

D

2πif(η)

(η − z)(k − 1)
(η̄ − z̄)k−1

dη̄ ∧ dη

=
(−1)k

(k − 1)! · 2πi

∫

D

(η̄ − z̄)k−1f(η)

η − z
dη̄ ∧ dη.

Thus, (2) is proved. For (3), the proof is similar, we omit here.

Remark 2.2. From Theorem 2.1, we have T
k
f̄(z) = T kf(z).

Lemma 2.3. For any a, b ∈ D and a 6= b, integer k > 0,

∫

D

(ζ − b)k−1dζ̄ ∧ dζ

(ζ − a)(ζ̄ − b̄)
= 2πi

(

C1(a, b, k) + (a− b)k−1 ln
R2 − ab̄

|a− b|2

)

,
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where C1(a, b, k) =
k−1
∑

l=1

(−bl

l
)
( k−1−l

∑

j=0

(

k−1
j

)

ak−1−j(−b)j
)

for k > 1 and C1(a, b, 1) = 0.

Proof. For any small ε > 0, denote Da = {|ζ − a| < ε}, Db = {|ζ − b| < ε},
Ca = {|ζ − a| = ε}, Cb = {|ζ − b| = ε}. Then for k > 1,

∫

D\{Da∪Db}

(ζ − b)k−1dζ̄ ∧ dζ

(ζ − a)(ζ̄ − b̄)

=

∫

D

d

(

(ζ − b)k−1 ln |ζ − b|2dζ

ζ − a

)

−

∫

Da

d

(

(ζ − b)k−1 ln |ζ − b|2dζ

ζ − a

)

−

∫

Db

d

(

(ζ − b)k−1 ln |ζ − b|2dζ

ζ − a

)

=

∫

C

(ζ − b)k−1 ln |ζ − b|2dζ

ζ − a

−

∫

Ca

(ζ − b)k−1 ln |ζ − b|2dζ

ζ − a

−

∫

Cb

(ζ − b)k−1 ln |ζ − b|2dζ

ζ − a
,

(4)

where the last equation comes from Stokes formula.

∫

Da

(ζ − b)k−1dζ̄ ∧ dζ

(ζ − a)(ζ̄ − b̄)

=2i

∫ 2π

0

∫ ε

0

(reiθ + a− b)k−1rdrdθ

reiθ(re−iθ + ā− b̄)

=2i

∫ 2π

0

∫ ε

0

(reiθ + a− b)k−1drdθ

r + (ā− b̄)eiθ

=2i

∫ 2π

0

∫ ε

0

ei(k−1)θ
(

r + (ā− b̄)eiθ − (ā− b̄)eiθ + a− b
)k−1

r + (ā− b̄)eiθ
drdθ

=2i

∫ 2π

0

∫ ε

0

e
i(k−1)θ

k−1
∑

l=0

(

k − 1

l

)

(

r + (ā− b̄)eiθ
)l−1(

− (ā− b̄)eiθ + a− b
)k−1−l

drdθ

=2i

∫ 2π

0

∫ ε

0

e
i(k−1)θ

(

r + (ā− b̄)eiθ
)−1(

− (ā− b̄)eiθ + a− b
)k−1

drdθ

+ 2i

∫ 2π

0

∫ ε

0

e
i(k−1)θ

k−1
∑

l=1

(

k − 1

l

)

(

r + (ā− b̄)eiθ
)l−1(

− (ā− b̄)eiθ + a− b
)k−1−l

drdθ

=2i

∫ 2π

0

e
i(k−1)θ

(

− (ā− b̄)eiθ + a− b
)k−1

ln
(

r + (ā− b̄)eiθ
)−1
∣

∣

∣

ε

0
dθ

+ 2i

∫ 2π

0

∫ ε

0

ei(k−1)θ

l

k−1
∑

l=1

(

k − 1

l

)

(

− (ā− b̄)eiθ + a− b
)k−1−l(

r + (ā− b̄)eiθ
)l
∣

∣

∣

ε

0
dθ,

(5)

which converges to 0 when ε → 0.
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∫

Db

(ζ − b)k−1dζ̄ ∧ dζ

(ζ − a)(ζ̄ − b̄)

=2i

∫ 2π

0

∫ ε

0

(reiθ)k−1rdrdθ

re−iθ(reiθ + b− a)

=2i

∫ 2π

0

∫ ε

0

(reiθ + (b − a)− (b − a))k−1drdθ

r + (b− a)e−iθ

=2i

∫ 2π

0

∫ ε

0

ei(k−1)θ
(

r + (b− a)e−iθ − (b − a)e−iθ
)k−1

r + (b − a)e−iθ
drdθ

=2i

∫ 2π

0

∫ ε

0

ei(k−1)θ
k−1
∑

l=0

(

k − 1

l

)

(

r + (b − a)e−iθ
)l−1(

− (b − a)e−iθ
)k−1−l

drdθ

=2i

∫ 2π

0

∫ ε

0

ei(k−1)θ
(

r + (b− a)e−iθ
)−1(

− (b− a)e−iθ
)k−1

drdθ

+ 2i

∫ 2π

0

∫ ε

0

ei(k−1)θ
k−1
∑

l=1

(

k − 1

l

)

(

r + (b− a)e−iθ
)l−1(

− (b− a)e−iθ
)k−1−l

drdθ

=2i

∫ 2π

0

ei(k−1)θ
(

− (b− a)e−iθ
)k−1

ln
(

r + (b− a)e−iθ
)−1

∣

∣

∣

ε

0
dθ

+ 2i

∫ 2π

0

∫ ε

0

ei(k−1)θ

l

k−1
∑

l=1

(

k − 1

l

)

(

− (b− a)e−iθ
)k−1−l(

r + (b− a)e−iθ
)l
∣

∣

∣

ε

0
dθ,

(6)

which also converges to 0 when ε → 0.

∫

Ca

(ζ − b)k−1 ln |ζ − b|2dζ

ζ − a

=

∫ 2π

0

(εeiθ + a− b)k−1 ln |εeiθ + a− b|2εeiθidθ

εeiθ

=

∫ 2π

0

(εeiθ + a− b)k−1 ln |εeiθ + a− b|2idθ,

(7)

which converges to 2πi(a− b)k−1 ln |a− b|2 when ε → 0.

∫

Cb

(ζ − b)k−1 ln |ζ − b|2dζ

ζ − a

=

∫ 2π

0

(εeiθ)k−1 ln |ε|2εeiθidθ

εeiθ + b− a

=

∫ 2π

0

(εeiθ)k ln |ε|2idθ

εeiθ + b− a
,

(8)

which converges to 0 when ε → 0.
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Thus, it comes from (4)-(8) that
∫

D

(ζ − b)k−1dζ̄ ∧ dζ

(ζ − a)(ζ̄ − b̄)

=

∫

C

(ζ − b)k−1 ln |ζ − b|2dζ

ζ − a
− 2πi(a− b)k−1 ln |a− b|2

=

∫

C

(ζ − b)k−1
(

ln |ζ|2 + ln(1 − b
ζ
) + ln(1 − b̄

ζ̄
)
)

ζ − a
dζ − 2πi(a− b)k−1 ln |a− b|2

=

∫

C

(ζ − b)k−1 lnR2

ζ − a
dζ +

∫

C

(ζ − b)k−1 ln(1− b
ζ
)

ζ − a
dζ

+

∫

C

(ζ − b)k−1 ln(1− b̄
ζ̄
)

ζ − a
dζ − 2πi(a− b)k−1 ln |a− b|2

=2πi(a− b)k−1 lnR2 + I1 + I2 − 2πi(a− b)k−1 ln |a− b|2.

(9)

I1 is given as follows,

I1 =

∫

C

(ζ − b)k−1 ln(1− b
ζ
)

ζ − a
dζ

=

∫

C

(ζ − b)k−1

ζ − a

∞
∑

l=1

−1

l
(
b

ζ
)ldζ

=

∞
∑

l=1

−bl

l

∫

C

(ζ − b)k−1

ζ − a
(
1

ζ
)ldζ

=2πi
k−1
∑

l=1

(
−bl

l
)
(

k−1−l
∑

j=0

(

k − 1

j

)

ak−1−j(−b)j
)

.

(10)

In fact, we have applied Residue theorem to get the last equation. Consider φ(ζ) =
(ζ−b)k−1

ζ−a
(1
ζ
)l. The integral

∫

C

(ζ−b)k−1

ζ−a
(1
ζ
)ldζ equals −2πi times the residue of φ at ∞

which is the opposite number of the coefficient of 1
ζ
in the Rolland expansion of φ(ζ).

(ζ − b)k−1

ζ − a
(
1

ζ
)l =

(ζ − b)k−1

ζ(1 − a
ζ
)
(
1

ζ
)l

=
1

ζl+1

(

∞
∑

p=0

(
a

ζ
)p
)(

k−1
∑

q=0

(

k − 1

q

)

ζq(−b)k−1−q
)

,

which implies that there is no 1
ζ
in the expansion unless l ≤ k − 1. Thus for any

1 ≤ l ≤ k − 1, we get the coefficient of 1
ζ
in the Rolland expansion of φ(ζ) as

k−1−l
∑

j=0

(

k − 1

j

)

ak−1−j(−b)j .

Hence,

∫

C

(ζ − b)k−1

ζ − a
(
1

ζ
)ldζ = 2πi

k−1−l
∑

j=0

(

k − 1

j

)

ak−1−j(−b)j,
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and (10) can be obtained.

On the other hand, by Cauchy integral, we can obtain I2 as follows,

I2 =

∫

C

(ζ − b)k−1 ln(1− b̄
ζ̄
)

ζ̄ − a
dζ

=

∫

C

(ζ − b)k−1

ζ − a

∞
∑

l=1

−1

l
(
b̄

ζ̄
)ldζ

=

∫

C

(ζ − b)k−1

ζ − a

∞
∑

l=1

−1

l
(
b̄

R2
)lζldζ

=
∞
∑

l=1

−1

l
(
b̄

R2
)l
∫

C

(ζ − b)k−1

ζ − a
ζldζ

=2πi

∞
∑

l=1

−1

l
(
b̄

R2
)l(a− b)k−1al

=2πi(a− b)k−1 ln(1 −
ab̄

R2
).

(11)

Therefore, from (9), (10), and (11), we prove that

∫

C

(ζ − b)k−1 ln |ζ − b|2

ζ − a
dζ

=2πi

k−1
∑

l=1

(
−bl

l
)
(

k−1−l
∑

j=0

(

k − 1

j

)

ak−1−j(−b)j
)

+ 2πi(a− b)k−1 ln(R2 − ab̄).

For k = 1, one can easily yield from the above proof that I1 = 0. Combining (9), we
get the lemma.

Lemma 2.4. For any a, b ∈ D and a 6= b, l > 0, ν > 0,

∫

C

(ζ̄ − b̄)l(ζ − b)ν−1

ζ − a
dζ = 2πiC2(a, b, l, ν),

where C2(a, b, l, ν) =
∑

0≤p≤l,0≤q≤ν−1,p≤q

(

l
p

)(

ν−1
q

)

R2p(−b̄)l−p(−b)ν−1−qaq−p.
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Proof. The computation is based on Residue theorem.

∫

C

(ζ̄ − b̄)l(ζ − b)ν−1

ζ − a
dζ

=

∫

C

1

ζ − a

(

l
∑

p=0

(

l

p

)

ζ̄p(−b̄)l−p
)(

ν−1
∑

q=0

(

ν − 1

q

)

ζq(−b)ν−1−q
)

dζ

=

∫

C

1

ζ − a

(

l
∑

p=0

(

l

p

)

R2p

ζp
(−b̄)l−p

)(

ν−1
∑

q=0

(

ν − 1

q

)

ζq(−b)ν−1−q
)

dζ

=

∫

C

1

ζ − a

(

l
∑

p=0

ν−1
∑

q=0

(

l

p

)(

ν − 1

q

)

R2p(−b̄)l−p(−b)ν−1−qζq−p
)

dζ

=

l
∑

p=0

ν−1
∑

q=0

(

l

p

)(

ν − 1

q

)

R2p(−b̄)l−p(−b)ν−1−q

∫

C

1

ζ − a
ζq−pdζ

=2πi
∑

0≤p≤l,0≤q≤ν−1,p≤q

(

l

p

)(

ν − 1

q

)

R2p(−b̄)l−p(−b)ν−1−qaq−p,

(12)

since if q − p < 0,
∫

C
1

ζ−a
ζq−pdζ = 0 and if q − p ≥ 0, from the Residue theorem,

∫

C
1

ζ−a
ζq−pdζ = 2πiaq−p.

Lemma 2.5. For any a, b ∈ D and a 6= b, µ, ν > 0,

∫

D

(ζ̄ − ā)µ−1(ζ − b)ν−1dζ̄ ∧ dζ

(ζ − a)(ζ̄ − b̄)
= 2πiC3(a, b, µ, ν),

where C3(a, b, µ, ν) = (b̄ − ā)µ−1
(

C1(a, b, ν) + (a − b)ν−1 ln R2−ab̄
|a−b|2

)

+
µ−1
∑

l=1

(

µ−1
l

)

(b̄ −

ā)µ−1−l
(

−1
l
(ā − b̄)l(a − b)ν−1 − 1

l
C2(a, b, l, ν)

)

for µ > 1 and C3(a, b, 1, ν) =

C1(a, b, ν) + (a− b)ν−1 ln R2−ab̄
|a−b|2 .
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Proof. For µ > 1, we have
∫

D

(ζ̄ − ā)µ−1(ζ − b)ν−1dζ̄ ∧ dζ

(ζ − a)(ζ̄ − b̄)

=

∫

D

(ζ̄ − b̄+ b̄− ā)µ−1(ζ − b)ν−1dζ̄ ∧ dζ

(ζ − a)(ζ̄ − b̄)

=

∫

D

µ−1
∑

l=0

(

µ−1
l

)

(ζ̄ − b̄)l(b̄− ā)µ−1−l(ζ − b)ν−1dζ̄ ∧ dζ

(ζ − a)(ζ̄ − b̄)

=(b̄− ā)µ−1

∫

D

(ζ − b)ν−1dζ̄ ∧ dζ

(ζ − a)(ζ̄ − b̄)

+

µ−1
∑

l=1

(

µ− 1

l

)

(b̄− ā)µ−1−l

∫

D

(ζ̄ − b̄)l(ζ − b)ν−1dζ̄ ∧ dζ

(ζ − a)(ζ̄ − b̄)

=(b̄− ā)µ−1

∫

D

(ζ − b)ν−1dζ̄ ∧ dζ

(ζ − a)(ζ̄ − b̄)

+

µ−1
∑

l=1

(

µ− 1

l

)

(b̄− ā)µ−1−l

∫

D

(ζ̄ − b̄)l−1(ζ − b)ν−1dζ̄ ∧ dζ

ζ − a

=I3 + I4.

From Lemma 2.3,

I3 = 2πi(b̄− ā)µ−1
(

C1(a, b, ν) + (a− b)ν−1 ln
R2 − ab̄

|a− b|2

)

.

For f(ζ) = 1
l
(ζ̄ − b̄)l(ζ − b)ν−1, ∂̄f(ζ) = (ζ̄ − b̄)l−1(ζ − b)ν−1. From Lemma 1.2,

I4 =

µ−1
∑

l=1

(

µ− 1

l

)

(b̄− ā)µ−1−l

∫

D

(ζ̄ − b̄)l−1(ζ − b)ν−1dζ̄ ∧ dζ

ζ − a

=

µ−1
∑

l=1

(

µ− 1

l

)

(b̄− ā)µ−1−l

∫

D

∂̄f(ζ)

ζ − a
dζ̄ ∧ dζ

=− 2πi

µ−1
∑

l=1

(

µ− 1

l

)

(b̄− ā)µ−1−l
T (∂̄f(ζ))(a)

=− 2πi

µ−1
∑

l=1

(

µ− 1

l

)

(b̄− ā)µ−1−l
(

f(a)− S(f(ζ)(a))
)

=2πi

µ−1
∑

l=1

(

µ− 1

l

)

(b̄− ā)µ−1−l
(

−1

l
(ā− b̄)l(a− b)ν−1

−
1

l · 2πi

∫

C

(ζ̄ − b̄)l(ζ − b)ν−1

ζ − a
dζ
)

=2πi

µ−1
∑

l=1

(

µ− 1

l

)

(b̄− ā)µ−1−l
(

−1

l
(ā− b̄)l(a− b)ν−1

−
1

l
C2(a, b, l, ν)

)

,

where the last equation comes from Lemma 2.4. Furthermore, it is easy to see I4 =

0 for µ = 1. Let C3(a, b, µ, ν) = (b̄ − ā)µ−1
(

C1(a, b, ν) + (a − b)ν−1 ln R2−ab̄
|a−b|2

)

+

µ−1
∑

l=1

(

µ−1
l

)

(b̄ − ā)µ−1−l
(

−1
l
(ā − b̄)l(a − b)ν−1 − 1

l
C2(a, b, l, ν)

)

. Then we prove the

lemma.
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Theorem 2.6. Given f ∈ Cα(D), T µT
ν
f ∈ Cµ+ν+α(D) with µ, ν > 0, and

T µT
ν
f(z) =

(−1)µ

(µ− 1)!(ν − 1)! · 2πi

∫

D

C3(z, η, µ, ν)f(η)dη̄ ∧ dη,

where the kernel function C3 is given by Lemma 2.5.

Proof. Given f ∈ Cα(D), it is obvious that T µT
ν
f ∈ Cµ+ν+α(D) by Lemma 1.2.

From Theorem 2.1, we have

T µT
ν
f(z) =

(−1)µ

(µ− 1)! · 2πi

∫

D

(ζ̄ − z̄)µ−1T
ν
f(ζ)

ζ − z
dζ̄ ∧ dζ

=
(−1)µ

(µ− 1)! · 2πi

∫

D

(ζ̄ − z̄)µ−1 (−1)ν

(ν−1)!·2πi

∫

D

(η−ζ)ν−1f(η)

η̄−ζ̄
dη̄ ∧ dη

ζ − z
dζ̄ ∧ dζ

=
(−1)µ+ν

(µ− 1)!(ν − 1)! · (2πi)2

∫

D

∫

D

(ζ̄ − z̄)µ−1(η − ζ)ν−1dζ̄ ∧ dζ

(ζ − z)(η̄ − ζ̄)
f(η)dη̄ ∧ dη

=
(−1)µ+ν(−1)ν

(µ− 1)!(ν − 1)! · (2πi)2

∫

D

∫

D

(ζ̄ − z̄)µ−1(ζ − η)ν−1dζ̄ ∧ dζ

(ζ − z)(ζ̄ − η̄)
f(η)dη̄ ∧ dη

=
(−1)µ

(µ− 1)!(ν − 1)! · 2πi

∫

D

C3(z, η, µ, ν)f(η)dη̄ ∧ dη.

Remark 2.7. From above theorem, we have T
µ
T ν f̄(z) = T µT

ν
f(z).

Remark 2.8. Theorem 2.6 presents the expression of high-order Green operator
and its kernel function on the disk. Here we give some special cases to shown the
kernel in detail.

1. C3(z, η, 1, 1)=ln R2−zη̄
|z−η|2 ;

2. C3(z, η, 1, 2)=−zη+ (z − η) ln R2−zη̄
|z−η|2 ;

3. C3(z, η, 2, 1)=(η̄ − z̄) ln R2−zη̄
|z−η|2 + 2η̄ − z̄;

4. C3(z, η, 2, 2)=(η̄ − z̄)
(

− zη + (z − η) ln R2−zη̄
|z−η|2

)

− |z − η|2 − |η|2 + η̄z − R2.

[7] has presented the relationship between the corresponding norms for f and
T µT

ν
f in the above theorem. We omit the proof here.

Proposition 2.9. [7] If f ∈ Cα(D) and µ+ ν = m, then

||T µT
ν
f ||(m) ≤ 2

(m−1)m
2

(

C4m+ C0 + (m− 1)C5

)m
||f ||,

where C0 = 12
α(1−α) , C4 = 2α+1

α
and C5 = 4

α(1−α) .

3. High-order Green operator on Dn. Let Dn be the n-fold cartesian prod-
uct of D, which is a closed ploydisc in Cn with radius R. Suppose that f is a complex-
valued function defined on Dn. We define ∆if as a function on that subset Di of the
(n+1)−fold product D×· · ·×D whose points (z1, ..., zi−1, (zi, z

′
i), zi+1, ..., zn) satisfy

zi 6= z′i. Then ∆if(z1, ..., zi−1, (zi, z
′
i), zi+1, ..., zn) := f(z1, ..., zi−1, zi, zi+1, ..., zn) −

f(z1, ..., zi−1, z
′
i, zi+1, ..., zn). For any distinct integers i1, ..., ik ∈ {1, ..., n}, we define
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∆i1···ikf := ∆ik∆i1···ik−1
f . For simplicity, denote Zi1···ik = (z1, ..., (zi1 , z

′
i1
),

..., (zik , z
′
ik
), ..., zn) satisfy zij 6= z′ij , j = 1, ..., k. A kth-order α−Hölder difference

quotient is any expression δi1···ikf defined by

δi1···ikf(Zi1···ik) =
∆i1···ikf(Zi1···ik)

|zi1 − z′i1 |
α · · · |zik − z′ik |

α
.

Set

H(k)
α [f ] = max{|δi1···ikf |

∣

∣i1, ..., ik distinct}.

We define Cα(Dn) as the set of those functions f defined on Dn for which that H
(k)
α [f ]

are finite for all k = 0, ..., n, where H
(0)
α [f ] = |f |.

Define || · || on the space Cα(Dn) by

||f || :=
n
∑

k=0

2Rkα

k!
H(k)

α [f ].

It is proved in 7.1b of [5] that || · || defined on Cα(Dn) is a norm.
Let z = (z1, ..., zn) ∈ Dn, the following operators are defined on Dn:

Tjf(z) =
−1

2πi

∫

D

f(z1, ..., zj−1, ζ, zj+1, ..., zn)dζ̄ ∧ dζ

ζ − zj
,

T jf(z) =
−1

2πi

∫

D

f(z1, ..., zj−1, ζ, zj+1, ..., zn)dζ̄ ∧ dζ

ζ̄ − z̄j
,

similar definitions are given for Sj, Sj . From Lemma 1.1, it is easy to see that for
any f ∈ C1(Dn),

Tj∂̄jf = f − Sjf.

Furthermore, it is given in [5] that

Lemma 3.1. If f ∈ Cα(Dn), then T if ∈ Cα(Dn), Sif ∈ Cα(Dn) for all i =
1, ..., n. And there exist constants C6, C7 such that

||T if || ≤ C6R||f ||, ||Sif || ≤ C7||f ||.

Remark 3.2. It should be noticed that the smoothness properties of the various

integral operator T i, T
i
, i = 1, ..., n defined for functions on D and Dn are different.

T i, T
i
are no longer smoothing order as in dimension one, see Lemma 1.2.

Let vector index µ = (µ1, ..., µn), ν = (ν1, ..., νn), 1 = (1, ..., 1) ∈ Nn. |µ| =
n
∑

j=1

µj , µ! =
n
∏

j=1

µj !. For z ∈ Dn, f ∈ Cα(Dn), denote the operator T µT
ν
as follows,

T µT
ν
f(z) = T

µ1

1 · · ·T µn
n T

ν1
1 · · ·T

νn
n f(z).

From Theorem 2.6, it is easy to get the explicit expression and the kernel function of
T µT

ν
f on Dn.
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Corollary 3.3. For z ∈ Dn, given f ∈ Cα(Dn), then T µT
ν
f ∈ Cα(Dn) and

T µT
ν
f(z) = C8(µ, ν)

∫

D

· · ·

∫

D

n
∏

j=1

C3(zj , ηj , µj , νj)f(η)dη̄1 ∧ dη1 · · · dη̄n ∧ dηn,

where C8(µ, ν) =
(−1)|µ|

(µ−1)!(ν−1)!·(2πi)n , and C3 is given by Lemma 2.5.

Proof. By the definition of T µT
ν
f(z),

T µT
ν
f(z) =T

µ1

1 · · ·T µn
n T

ν1
1 · · ·T

νn
n f(z)

=T
µ1

1 T
ν1
1 · · ·T µn

n T
νn
n f(z)

=
(−1)µ1

(µ1 − 1)!(ν1 − 1)! · 2πi

∫

D

C3(z1, η1, µ1, ν1)

× T
µ2

2 T
ν2
2 · · ·T µn

n T
νn
n f(η1, z2, ..., zn)dη̄1 ∧ dη1

=
(−1)µ1+µ2

(µ1 − 1)!(µ2 − 1)!(ν1 − 1)!(ν2 − 1)! · (2πi)2

×

∫

D

∫

D

C3(z1, η1, µ1, ν1)C3(z2, η2, µ2, ν2)

× T
µ3

3 T
ν3
3 · · ·T µn

n T
νn
n f(η1, η2, z3, ..., zn)dη̄1 ∧ dη1 · dη̄2 ∧ dη2

= · · ·

=
(−1)|µ|

(µ− 1)!(ν − 1)! · (2πi)n

×

∫

D

· · ·

∫

D

n
∏

j=1

C3(zj , ηj , µj , νj)f(η)dη̄1 ∧ dη1 · · · dη̄n ∧ dηn.

By Lemma 3.1, for any f ∈ Cα(Dn), one can easily get the following estimate for
the norm of f ∈ Cα(Dn).

Proposition 3.4. If f ∈ Cα(Dn) and |µ|+ |ν| = m, then

||T µT
ν
f || ≤ (C6)

m||f ||.

4. Applications. As applications of the integral expressions for high-order
Green operators, we can present all the solutions for some high-order Laplace equa-
tions, moreover, express all the solutions for linear high-order partial differential equa-
tion with integrals.

Given D = {z||z| ≤ R} = {(x, y)|x2 + y2 ≤ R2} as previous section. Let A(x, y) :
D → R be function of class Cα(D), u(x, y) : D → R be unknown function. Since

∆ =
∂2

∂x2
+

∂2

∂y2
= 4∂∂̄

and from Lemma 1.2

∂̄TA = A; ∂TA = A,
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then we have

∆2T 2T
2
A = 16A; ∆2T

2
T 2A = 16A.

∆2u = 0 is called biharmonic equation whose solutions can be described by u =
|z|2h1 + h2, where h1, h2 are two harmonic functions satisfy Laplace’s equation [8].
Then the solutions of 2-Laplace equation u:

∆2u(x, y) = A(x, y)

given by

u =Re
( 1

32πi

∫

D

[(η̄ − z̄)
(

− zη + (z − η) ln
R2 − zη̄

|z − η|2
)

− |z − η|2 − |η|2 + η̄z −R2]A(η, η̄)dη̄ ∧ dη
)

+ |z|2h1 + h2.

The integral expressions can also be used to give all the solutions for linear partial
differential equations on D of any order. Let H(D) be the set of all holomorphic
functions on D and denote T 0f = f . We have the following results.

Lemma 4.1. Given µ, ν > 0, the solutions of

∂µ∂̄νu(z, z̄) = 0(13)

can be given by

u =

ν−1
∑

j=0

T j(gj) + T ν
(

µ−1
∑

i=0

T
i
(f̄i)

)

,

where fi, gj ∈ H(D), i = 0, ..., µ− 1; j = 0, ..., ν − 1.

Proof. It is well known that all the solutions of ∂̄u = 0 can be given by any
u ∈ H(D) and the solutions of ∂u = 0 can be given by u with any ū ∈ H(D).
Consider the equation (13), we have

∂µ−1∂̄νu = f̄0, ∀f0 ∈ H(D),

which means that

∂µ−2∂̄νu = f̄1 + T (f̄0), ∀f0, f1 ∈ H(D).

Similarly, we have

∂µ−3∂̄νu = f2 + T (f̄1) + T
2
(f̄0), ∀f0, f1, f2 ∈ H(D).

By iteration, one has

∂̄νu =

µ−1
∑

i=0

T
i
(f̄µ−1−i), ∀fi ∈ H(D), i = 0, ..., µ− 1.
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Furthermore,

∂̄ν−1u = g0 + T

µ−1
∑

i=0

T
i
(f̄µ−1−i), ∀g0, fi ∈ H(D), i = 0, ..., µ− 1,

and then

∂̄ν−2u = g1 + T (g0) + T 2

µ−1
∑

i=0

T
i
(f̄µ−1−i), ∀g0, g1, fi ∈ H(D), i = 0, ..., µ− 1.

By iteration, we can conclude

u =

ν−1
∑

j=0

T
j(gν−1−j) + T

ν

µ−1
∑

i=0

T
i
(f̄µ−1−i), ∀gj , fi ∈ H(D), i = 0, ..., µ− 1, j = 0, ..., ν − 1.

For simplicity, we replace the index and prove the lemma. Using Theorems 2.1 and
2.6, we can give the solutions of equation (13) by integral.

From Lemma 4.1, we can express all the solutions for linear high-order partial
differential equation

∂µ∂̄νu(z, z̄) = A(z, z̄)

as

u =

ν−1
∑

j=0

T j(gj) + T ν

µ−1
∑

i=0

T
i
(f̄i) + T νT

µ
(A),(14)

where gj, fi ∈ H(D), i = 0, ..., µ− 1, j = 0, ..., ν− 1. Using Theorems 2.1 and 2.6, the
integral expressions of solutions can be given.

For simplicity, we denote

G(z, ζ, l) =
(−1)l(ζ̄ − z̄)l−1

2πi(l− 1)!(ζ − z)
;

G(z, ζ, µ, ν) =
(−1)µ

2πi(µ− 1)!(ν − 1)!
C3(z, ζ, µ, ν).

(15)

From (14), we have

u = g0 +

ν−1
∑

j=1

T j(gj) + T ν f̄0 + T ν
(

µ−1
∑

i=1

T
i
(f̄i)

)

+ T νT
µ
(A).(16)

Combining (15) and (16), we have the following theorem.

Theorem 4.2. Given µ, ν > 0, the solutions of

∂µ∂̄νu(z, z̄) = A(z, z̄)

with A(z, z̄) ∈ Cα(D) can be given by

u(z, z̄) =g0(z) +

∫

D

(

ν−1
∑

j=1

G(z, ζ, j)gj(ζ) +G(z, ζ, ν)f̄0(ζ)

+

µ−1
∑

i=1

G(z, ζ, ν, i)f̄i(ζ) +G(z, ζ, ν, µ)A(ζ, ζ̄)
)

dζ̄ ∧ dζ,

where fi, gj ∈ H(D), i = 0, ..., µ− 1; j = 0, ..., ν − 1.
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5. Conclusion. We have established the explicit expressions for high-order
Green operators on the disk in C and the polydisc in Cn. As applications, we have
presented all the solutions for biharmonic equations and high-order partial differen-
tial equations in the disk. The same method works identically in Rn through Clifford
analysis and the results will be presented in the forthcoming paper in a near future.
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Verlag, Basel, 1996.

[4] V. G. Kravchenko and G. S. Litvinchuk, Introduction to the theory of singular

integral operators with shift, (English summary) Kluwer Academic Publishers Group,
Dordrecht, 1994.

[5] A. Nijenhuis and W. Woolf, Some integration problems in almost-complex and com-

plex manifolds, Ann. of Math., 77:3 (1963), pp. 426–489.
[6] A. Newlander and L. Nirenberg, Complex analytic coordinates in almost complex

manifolds, Ann. of Math., 65:6 (1957), pp. 391–404.
[7] Y. Pan, On solvability of nonlinear partial differential systems of any order in the complex

plane, arXiv:1109.3325v2.
[8] R. Bhargava, Solution of a biharmonic equation, Nature, 201(4918), 530, 1964.


