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composition operators on Besov spaces.
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1. Introduction. Given a holomorphic self-mapping ¢ on a domain D in C”, the
composition operator Cy acting on function w on D is defined as Cy(u)(2) = u(¢(2)).
Theory of composition operators on holomorphic function spaces over a domain D in
C™ has been developed by many authors in the last four decades (for examples, see
the book of Shapiro [33], the book of Cowen and MacCuler [8], the book of Zhu [39],
survey papers by Li [18], Russo [31] and references therein). Major researches have
been concentrated on the function theoretic characterization of bounded, compact and
Schatten-von-Neumann class composition operators as well as the spectral distribution
of composition operators. When n = 1, the composition operator is always bounded
on Hardy space HP(D) (see Li [18] for a proof and references therein). However, it
is no longer true when n > 1 and counter examples were discovered by Shapiro, and
Cima, Stanton and Wogen [6], MacCluer [29], Cima and Wogen [7].

A complete function theoretic characterization of a compact composition oper-
ator on Hardy space over the unit disk was given by Shapiro [32]. For results of
compact composition operators and Schatten-von-Neumann class composition oper-
ators on Bergman spaces or Hardy spaces in several complex variables can be found
(for examples) from the references: [8], [9], [17], [18, 19, 20], [27], [25], [30], [31], [34]
and [39].

Compact composition operators on Bloch space over classical bounded symmetric
domains were characterized by Zhou and Shi [37] and compact composition opera-
tors on BMOA space over the unit disc were characterized by Bourdon, Cima and
Matheson [3], Smith [35] and Wulan [36]. Characterization of compact composition
operators on BMOA(B,,) was given by Li and Long [21] and many others.

In this paper we characterize bounded and compact composition operators on
holomorphic Besov space BP(D) over a smoothly bounded strictly pseudoconvex do-
main D in C™. A representation theorem for BP(D), which we develop along the
way, plays a key role in our proof and also is of independent interests itself. Such a
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representation for Hardy and weighted Bergman spaces on the bounded symmetric
domains in C™ was given by Coifman and Rochberg in [4], and for A,-Hardy and
Bergman space as well as for BMOA and Bloch spaces over the unit ball in C" by
Luecking in [26].

To state our theorems we need to introduce function spaces and some notation.
Let K(z,w) be the Bergman kernel function for a domain D and K(z) = K(z, 2).
Let dv be the normalized Lebesgue measure on D and dA(z) = K(z)dv which is a
biholomorphic invariant measure over D. For each z € D, we let

(1.1) kE.(w) = K() 'K, (w), K.(w)=K(w,z).
From the estimates for Bergman kernel function given by Fefferman in [10] we have
(1.2) C715 1 2) < K(2) <06 (2),

for some fixed constant C depending only on D where §(z) = dist(z,0D). For a
holomorphic function f on D, let

vre- Y |2

la|<n+1

For 1 < p < 0o, we say that f € BP(D) if

(1.3) 1 £ll =) = (/D VP aNE) < .

One can show that k., € BP(D) and | k.| g»(p) is comparable to 1 for all z € D and
1 < p < o0, and it can be found in [23, 24] and references therein that if D is a
smoothly bounded strictly pseudoconvex domain in C™ (or more general), one has
the following inclusions:

BP(D) Cc B*(D) Cc VMOA(D) c BMOA(D) Cc HY(D)
forl1<p<s<ooand0< q< oo, and
VMOA(D) C By(D) Cc B(D) c AY(D)

for 1 < p < s < 0,0 < g < oo Itis well known that B>(D) = B(D), the
holomorphic Bloch space over D while By(D) is the little Bloch space.

The ideas of Coifman and Rochberg in [4] and Luecking in [26] show that one
can have a represention theorems for Hardy and Bergman space and VMO and little
Block space. Using their approach we prove a representation theorem for Besov space
over bounded strictly pseudoconvex domains in C™. To describe the representation
theorem for functions in BP (D), let {zjk}jifjkzl be a sequence satisfying e-separation
and d.-density conditions(see Definition 2.2 for definition) and let BP(D) be spaces of
all holomorphic functions f(z) having the representations:

oco My

(14) Z Z Cj, kkzj k )7 {CJ k}_] 7172] 1 e
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with the norm

oo My

(15) Loy = inf { ezt llen = () = D23 s, ()}

j=1 k=1
We first prove the following representation theorem for functions in Besov spaces.

THEOREM 1.1. Let D be a smoothly bounded strictly pseudoconver domain in
C" and 1 < p < oo. Then, there is a sequence of points {zjk};il ,?;1 satisfying
e-separation and d.-density conditions so that

(1.6) (BP(D), || - lB») = (B”(D), || - llsr)
with norms equivalent.

We apply this representation theorem to composition operators on Besov spaces.
First, we introduce some notation. For 1 < p < co and for each z € D, let

(1'7) M¢,p(2) = HC¢(kZ)HBP(D)-
For any € > 0, let
(1.8) D.={z € D :dist(z,0D) > e} and D= D\ D..

As applications of Theorem 1.1, we prove the following.

THEOREM 1.2. Let D be a smoothly bounded strictly pseudoconvexr domain in C"
and let ¢ be a holomorphic self map on D. Then,

(1) Cy is bounded on BY(D) if and only if My1(z) € L>=(D);

(2) Cy is compact on BY(D) if and only if My 1(2) € Co(D);

(3) If Cy is bounded on B*(D), then Cy is bounded on BP(D) for 1 < p < oo;

(4) If Cy is compact on BY(D) then Cy is compact on BP(D) for 1 < p < co;

(5) If My, € LP (D,d)) for 1 < p < oo, then Cy is bounded on BP(D);

(6) If elirél+ [Mopll Lo (pe,any = 0 for 1 <p < oo, then Cy is compact on BF(D).

The paper is organized as follows. In Section 2, we provide some basic results on
strictly convex domains in C”, and as a consequence we prove Corollary 2.6 which gives
one directional inclusion for Theorem 1.1. In Section 3, we prove duality theorems for
Besov space BP(D) with an appropriate paring, and complete our proof of Theorem
1.1. Theorem 1.2 is proved in Section 5.

Constants. In the rest of the paper we use the same letter C' to denote various
positive constants which may change at each occurrence. Variables indicating the
dependency of constants C' will be often specified in the parenthesis or as a subscript.
We use the notation X <Y or Y 2 X for nonnegative quantities X and Y to mean
X < CY for some inessential constant C' > 0. Similarly, we use the notation X ~ Y
if both X Y and Y < X hold.

2. Preliminary. For the rest of the paper we let D be a fixed domain in C™
which is smoothly bounded and strictly pseudoconvex. Let §(z) := dist(z, D) be the
distance function from z to dD. For each z € D near 9D, let v(z) = (83—2), e %f)),
the complex normal vector at z of Dj(.). The orthogonal complement of v(z) in C"
is

(CZ(; ={weC": (w,v(z)) =0}
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Let {w1 4, - ,wn—1,.} be an orthonormal basis for (CZ(; Then a non-isotropic poly-
disc (or ball) in D centered at z € D and radius € > 0 is defined as follows:

n—1
(2.1) Ec(z)= Z)‘jwjvz A (2) 1 (N2 < €20(2), M| < e€d(2),1 <5 <n

Jj=1

Since D is strictly pseudoconvex with C? boundary, there are two positive numbers
ep and Cp so that if 0 < e < ep, then Es.(z) C D and

(i) if 0 <71 < rg, then E, () C Er,(2),

(ii) if B, (2) N Ey,(w) # 0 with r1 < ro, then E,, (2) C Ecpr, (W),

(ili) d(w) =~ §(z) for w € E(z).

Applying the idea of the Whitney Covering Lemma in [1] and decomposition of
D in [4] for bounded symmetric domain in C™ and the unit ball of C™ in [26], one has
the following lemma.

LEMMA 2.1. There is ¢ > 0 depending only on D so that for any € > 0 with
0 =: ce < €p/2, there is a sequence of points {zj,k}zglj);:l of D satisfying

€

C .
(22) 6(2.7;]9) = 6(Zj,m)7 @ S 6(ZJ,]€) S Ea 1 S kam S nju J = 17 2737 )
and

(2.3) {Ee(zjk)} 11 . are disjoint and D = U2, Uy’ | Eee(zjk).

Note that by (2.2) and (2.3) we have

(24) n; ~ 5(2]‘71@)_", 1 < k < nj, ] = 1,2,3, s

DEFINITION 2.2. A sequence {zj7k}221:);:1 of points in D is said to be satisfying
e-separation and dc- density conditions if it satisfies (2.2) and (2.3).

For any positive defining function r(z) for D with r € C?(D), denote by K,(z,w),
the Bergman kernel function for the weighted Bergman space A%(D,r(z)""tdv). Let

Vo (f)(z) =7r( "H/f r(z,w)dv(w), z€D

and let P be the Bergman projection defined as

/f K(z,w)dv(w), zé€D.

ProproSITION 2.3. For 1 <p < oo, we have
(1) V,P =V, on L;
(2) Vi(Ke)(z) = r(2)" 1K (2,6).
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Proof. For any f € C§°(D), one has

VPUNG) =) [ Ko w)PU) whdu(o)

_ n+1/K zw/f K (w, €)dv(€)dv(w)
= () / 7€) / K (2, w) K (w, €)dv(w)do(€)

= r( ”“/ f(e ()
—V,(f)(=

Thus, (1) follows from this since Cgo( ) is dense in LP.
For (2) note that for £ € D

Vi (Ke)(2) = r(z)™H /D K (2 0) K (w)dv(w)

=r(2)""K,(2,¢€).

The following is proved by Li and Luo in [23]:

THEOREM 2.4. For 1 < p < oo, we have

(1) P(LP(D,d)\)) = BP(D);

(2) Vi : BP(D) — LP(D,d)\) is bounded;

(8) PV, =1 on BP(D).

With Theorem 2.4 at hand, we prove the following proposition from which we
can easily deduce one implication of Theorem 1.1.

PROPOSITION 2.5. Let {zjﬁk};;;?:l be a sequence on points of D satisfying
e-separation and d.-density condition. Then, the following holds;

(1) For1<p< oo and {cj,k}zglj);:l € (P, we have

co Mg

=Y cjnks,,(2) € BP(D)

j=1k=1
and

1£llB2 (D) < {ejmtilsjmaller-

(2) If f is given as in (1) with {cj,;g}zgl:);:l € ¢, then f € By(D).
Proof. Let

=N K (2ik) HB(z0) T X (20 (2)-

=1 k=1

Since {Ee(zj,k)}Zi’l?:l are disjoint and 0(w) = §(z) for w € E.(z), we have

[ 1Ferae = 33 e (K EC ) [ o

j=1k=1 Ec(zjk)
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and
oco My
P = 30 S cuksn) NE ! [ K wd)
j=1k=1 Be(zj,1)
= chj7kkzj,k(z)
j=1k=1
= f(2).
Therefore, by (1) of Theorem 2.4, we get
o 1/p
£l oDy = IP(F)lBep) S IFllzepiany S [ €YD lejnl?
j=1 k=1
which proves (1).
To prove (2), let
m My
Fou(z) = ) i (20) 7 Ee(2300)| T X B (2.0 (2)-
j=1 k=1

Since {cj 1}l - € co, we get
Jim [|F(2) = F(2)| L () = 0.

Also, note that from the estimates of the derivatives of the Bergman kernel we get

If = P(F)llBp) < sup 5(2)/D V2K (z,w)[|[F(w) — Fn(w)|dv(w)
S IEF = Fnllpen)-
Therefore, we have

Jim [|f = P(Fn)llsp) S lm || = Foll L) = 0.

Hence, we get f = P(F) € By(D) since P(F,,) € C*(D). O
As a corollary we get a proof for one directional inclusion of Theorem 1.1

COROLLARY 2.6. For 1 <p < oo, we have
BP(D) C B?(D)
and

I fllBe Dy S 1 lBr(D)-
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3. Duality and Decomposition for B?(D). In this section, through certain
relations between BP and ¢P we prove the duality theorem for BP and complete the
proof of Theorem 1.1. We follow the scheme of Coifman and Rochberg in [4] using
Theorem 2.4.

Consider a linear operator T : BP(D) — (P defined as follows: For f € BP(D), let
(3.1) T(f) = (Ve i) biligmy, ()" = K(2)7"

This linear operator T plays a key role in the proof of Theorem 1.1 and the following
holds.

THEOREM 3.1. The following holds:
(1) T : BP(D) — {7 is bounded and || T(f)|ler = || fllBr(p) if 1 <p < 005
(2) T : Bo(D) — ¢ is bounded and injective.

Proof. Let 1 < p < 0o and

Tk (f /K (z,w) f (w)dv(w).

Then, from the plurisubmarmonicity of Tk, (f) and the fact that r(z) ~ r(z,;x) on
E.(z ), we have

VD)ol S sl [ V@),
Ee(zj,k)
Since {Eé(zjk)};:]:lojozl are disjoint subsets in D, we thus have

oo Ny

TN =D > Ve(f) (=)l

j=1k=1

SZZE%W [V ()(=)Pdvz)

Ec(z5,k)

Y3 [ merae)

< [ Ve(H)(2)PdA(z)
D

<1120
Here, the last inequality follows from (2) of Theorem 2.4. This proves that T :
BP(D) — ¢? is bounded when 1 < p < oo.

Next, by choosing € > 0 small enough we show that

(3.2) V(e p,any S NT)ev-
This completes proof of (1) since we have
(3.3) I fllBrpy S WVe(F)llep,an

by (1) and (3) of Theorem 2.4. First, we choose € > 0 small enough so that

ce) :== sup{|E5€ (zjk)|K(2) 12 € Es (%) : 1 <k <mj,7=1,2,3,-- } <1.
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Choose & 1 € Es_(zj1) so that

V(1) €5)] = max{IV (F)(2)] 2 € By, (230}
Since D C U2, Uy’ Ej, (zjk), we see that

N’MWM<ZZ/ DIFar)

=1 k=1 J(ng

oo My
OPIPMAGIS
Jj=1 k=1
oo My co My
Z DGR +I0D V(O Er) = Vel D )P
j=1k=1 Jj=1k=1
Thus, it suffices to show that
(3:4) S S W€~ V0l £ 30 S V0]
j=1k=1 j=1k=1

From (1) of Theorem 2.4 we can choose fy € LP(D,d)\) so that

(3.5) I folle(p,any = || fllBrpy and f = P(fo)-
Let

M%@MZLWMMM—&@WW%M-

If f is holomorphic, then f(a)— f(b) = (Vf(a+t(b—a)),a — b) for for some ¢ € [0, 1].
Thus, from the estimates of the (weighted) Bergman kernel we have

(3.6) (K (z1) = K(p)| S € K(zjk)  and  A(zjr,&k) S € K(z5)-
Since V,.P =V, by (1) of Proposition 2.3, we then have

Ve (£)(&5k) = Ve (F)(z50)]
|
|5
|

Vi (f )(5] k) — Vi(fo)(zj.k)|
(&e) " Tre, (fo)(&5.k) — K (20) ' T, (fo) (2.6)|
(K (§J k) — K(2j,6) " )Tk, (fo)(zj1)]
+ K (&) T, (f) (& k) — Tre, (fo) (zi.8)]
< €K (21) YTk, (fo)(zj.1)]

+K(§j,k)*1/D|Kr(§j,k,w)—Kr(Zj,k,w)llfo(w)ldv(w)l

IA I

SelVr(f)(Zj,k)l+K(€j,k)71/DIKr(ﬁj,mUJ)—Kr(zg;mW)Ilfo(w)ldv(UJ)l-
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Also, note that by Holder’s inequality we get
(K0 [ 1 G w) ~ Kol fow)ldetw)])
D
< K (20) 7" Al €07 " /D K (€ w0) — K (200, w)) | fo(w) P dvaw)
S e K(zp) ™ /D K (€ w) — Ko (20, w)) | fo(w) P dvuw)
Se Kz [ 1K w)llfow)Pdow)
D
<e /D /E VB o) P2,

Therefore, we have

ZZW )(&ik) = V() (z50)F
j=1 k=1
< S N 4 eSS Kz /|K 2300 0) | folw) P do(uw)
Jj=1k=1 j=1k=1
<e ]|v el +e [ [ 1Kozl detudot:
S Y Wl +e / ) PAAE)dAw).
j=1 k=1 D

By (3.3) and (3.5), we then get (3.4) and hence completes proof of (1).

To prove (2), first note that |V,.(f)||z=~ < || f]lze~ which implies T': B®(D) — £
is bounded. Thus, for any f € By(D) we have T'(f) € £*°. It is known from [14] that

there is an fo € Co(D) so that P(fo) = f and | follcm) = [ fll5s(p). Thus for any
€ > 0, there is § > 0 so that

(3.15) [fo(2)| <€, when z € D\ Ds ={w € D : §(w) < §}.
By (1) of Proposition 2.3, we have

(3.16) Vo (f)(2) = Vie(P(fo))(2) = Vo (fo) () = r(2)" T, (fo)(2)-

Therefore,
Ve (f) (2.0
_T Zjk n+1’/ fO ng; )dv(w)‘

< r(zy )" H fo(w)KT(zjyk,w)dv(w)‘ +‘ /D . fo(w)Kr(zj,k,w)du(w)H

S (0 [Hfon O o er()71]
Therefore, we see that

lim |V.(f)(zx)] = 0.

j‘)OO
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This implies that T'(f) € ¢o. With a similar argument, one has T : Bo(D) — ¢o is
injective and proof of (2) is complete. O

For 1 < p < o let p’ be the conjugate of p defined by the relation 1/p+1/p' = 1.

THEOREM 3.2. With the following pairing for functions in BP(D),

(3.7) (f.9)0 = /D Vo () (2) V(@) ()dA(2),

we have the following duality relations:
(1) BP(D)* = BP (D) for 1 <p < oo;
(2) Bo(D)* = B(D).

Proof. We first prove (1). Tt is obvious that BP (D) c (B?(D))* with respect to
the pairing (3.7) since V. : BP(D) — LP(D,d}) is bounded for 1 < p < oo by (2) of
Theorem 2.4 which is also true for p = oo from the estimate of the weighted Bergman
kernel. On the other hand, if £ is a bounded linear functional on B?(D) with respect
to (3.7), which is interpreted as that £ is a bounded linear functional on the subspace
{Vi(f): f € BP(D)} of LP(D,dX). By Hahn Banach theorem, £ can be extended as a
bounded linear functional on LP(D, d\) with the same norm. Since LP(D)* = L* (D),
there is a g € L? (D, d)) so that

() = /D Vo(£)(2)a@aA=), L] = gl ze(p.an

for all f € BP(D). Since r(z)"T'd\ = dv(z) and PV, = I, we have

Vi () (w)Tk, (P(g))(w)dv(w)

[
S—
g

_ / Vo () (w)Tre, (P(9)) (w)do(w)

/D Vo () (w) Ve (P (@) () dA(w).

Since P : LP(D,d\) — BP(D) is bounded for 1 < p < oo, we have P(g) € B (D)
and £ can be identified as P(g). The proof of (1) is complete.

Next we prove (2). By (1) with p = 1, we have B'(D)* = B(D) with respect to the
pairing (3.7). Thus, one can easily see that B1(D) C By(D)*. On the other hands, for
any linear functional £ on By(D) with respect to the pairing (3.7), which means that £
is viewed as a bounded linear functional on the linear subspace {V,.(f) : f € Bo(D)} of
Co(D). By Hahn-Banach theorem, £ can be extended as a linear functional on Cy (D)
with the same norm. By Riesz representation theorem, there is a finite complex Borel
measure dy on D so that

£lg) = /D Vi(g)(=)dp(z) = / Vi (g) () P+ L) (w)d,

D
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where
£2) = PTG = [ Kew)r() dnto)

Then, following the arguments of the proof of (1) we get

amzéw@@ﬂama=/w@wﬁm@ww
= | V@V PTATEMC)

Notice that
Ve(f)(z) =7r( "JFI/K z,w) f(w)dv(w) =r(z "JFI/K (z,w)r(w)" T di(w)

and thus

/|V 2)|dA(2) /‘/K 2, w)r(w)" di(w }dv
< [ [ |E ]ty o) aaw

N/mm"1WWH|w
D
S ldall

This implies that V,.(f) € LY(D,d\), so PV,(f) € B'(D) with ||PV.(f)llp1(p) <
|ldu||. Therefore, Bo(D)* = B(D), the proof of (2) is complete, and so is Theorem
3.2. 0

We now are ready to complete the proof for Theorem 1.1.
Proof of Theorem 1.1. By Corollary 2.6, it suffices to show that for 1 < p < o0,
BP(D) C BP(D)
and

I fllse 0y S 11f1lBr(D)-

First, we prove the case 1 < p < co. Let T': Br' (D) — "' be a linear operator defined
by (3.1). By (1) of Theorem 3.1, we see that T : BP (D) — (P is isomorphic to a
subspace of /7. Therefore, T* : (P — BP(D) is a bounded and onto linear operator.



418 H. KOO, S.-Y. LI AND S. LONG
We will evaluate T*(a)(z) for a = {)\j,k}Zi’li);:l e (¥, For any g € BP (D), we have

(T* (), 9)o = (a, T(g))

Zi/\mv E)
j=1 k=1
:ZiAJkr 2)" T (9) (Z5.k)
=1 k=1
=3 A / T 90V K (w, 250 (0)™ do(w)
=1 k=1 D
= [ A K2 T T )
j=1 k=1
= [ A K, VA )
j=1k=1
Let
w) =Y ZJ Nt (zi) " K (0, 258),
j=1 k=1
then
Ve(f)(z) = "H/ fw) K, (2, w)dv(w)
=r(z)"H! Z ZJ Nar(zin)"THK (2, 258).
j=1k=1

Therefore, for any g € BP' (D) we have

oco Ny

o—/ZZAm (23)" (@)K (1,200 Ve (g) () dA(w)
j=1k=1
- /D Vi () () Vi (g) (@) dA ()
= (f7 g)O
This implies that
({)‘Lk}k 1,j= 1 ZZ)‘J,kaM
j=1 k=1

This implies that f € B*(D D). Since T* : ¢» — BP(D) is onto, we have BP(D) C
BP(D). Since T : BP (D) — ¢¥" is isomorphic to a subspace of 7', we see that

I fllsepy S 1l Br(D)

This completes proof for 1 < p < co.
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Finally, suppose p = 1. Since T : Bo(D) — ¢p is bounded and injective. Since
Bo(D)* = BY(D) by (2) of Theorem 3.2 and (cp)* = ¢!, we see that T* : ¢! — BY(D)
is bounded and onto. Then, following the same argument for the case 1 < p < oo, we
can see that for any f € BY(D), there is {cj,k}};glf’j:l € (! so that

FR) =D cinke, (2) with  [[fllpypy =D > lejxl.
Jj=1k=1 J=lk=1

From this we can deduce

I fllsr oy S B (D)
which completes proof for p = 1, and proof of Theorem 1.1 is complete. O

4. Composition operators on B?(D). In this section, we prove Theorem 1.2.
For 1 <p < o0, let

My (¢) := sup{HCqb(kzjyk)HBp(D) :1<k<n;, 1<j< oo}.

Throughout this section, we assume ¢ : D — D is a holomorphic.
We start with the case p = 1.

THEOREM 4.1. For any holomorphic mapping ¢ : D — D, we have
(1) Cy is bounded on BY(D) if and only if

M () < o0

(2) Cy is compact on BY(D) if and only if

lim sup{||C¢(/€zj By 1<Ek< nj} =0.
J—o0 ’

Proof. Since ||k, , ||g1(p) = 1, the necessity condition for (1) or (2) is obvious.
Thus, it is enough to prove the sufficiency condition.
For (1), suppose M1(¢) < co and let

F(2) =D Ajwkey(2) with [ fllsipy =YD Al < oo
j=1k=1 j=1k=1
Then, we have
ICs(NBroy < D D INiklICos k=, ) m1 0y < Mi(@)l|fllsr()-
j=1k=1

To prove (2), suppose
Jim sup {[|Co (ke 1o : 1< k< myp =0,

To show the compactness of C, on B(D), it suffices to show that
lim [|Cy(fs)|Br(py = 0 for all sequence {fs}52, in B'(D) with norm 1 which con-
§—00

verges to 0 uniformly on any compact subset of D. Let {f;}22; be a sequence in
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BY(D) with norm 1 which converges to 0 uniformly on any compact subset of D.
Then, by Theorem 3.2

oo My

=305 Nk (2), with [{AS e~ L
j=1 k=1

Let € > 0, then by assumption there is jy such that
|Cs (k- k)l Br <€, forall 1 <k <nj,j> jo.

Since {fs}52, converges to 0 uniformly on any compact subset of D, there is 5o > 1
so that if s > s¢ then

Jo My
SO TNl <

j=1k=1

Therefore, if s > sg then

1Co () ||BI(D)<ZZ|)‘S,I€|HC¢ =) lBr(D) + Z ZP\ klCo (k= )l 81 (D)

J=1k=1 j=jo+1 k=1
S 1Cslle.

Therefore, lim ||Cy(fs)|lB1(py = 0 which complete proof of (2). O
§—00

Next, we consider the case when 1 < p < oo. Let M? be the co x co matrix
defined by

M = fD K(9(2), 2 k) Kr(20,m, 2)dv(2)

(4.1) K(Zj,]g)K(Zf,m)

Then, we have the following characterization for the boundedness and the compactness
which is not part of Theorem 1.2.

THEOREM 4.2. For any holomorphic mapping ¢ : D — D and 1 < p < 0o, we
have

(1) Cy is bounded on BP(D) if and only if M? is bounded on (P;

(2) Cy is compact on BP(D) if and only if M? is compact on (P.

Proof. Let
oo My oo My
=D ciuke,,(2) € BYD)  with | f[5yp ZZ%F
j=1k=1 j=1k=1
and
oo My oo My

:ZZAMk” )eBY (D) with |lg|h, = DD lel”.
e

j=1k=1
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Then

(O¢(f),g)0:/ Vi(Co(£))(2)Vr(9))(2)dA(2)

D

- /D o (F)(VigN)

SN sy Jp Gl VK (2 zem)do(2)
= ZZCMZ Z Xem =2 K(zj 1)K (20,m)

J=1lk=1  f=1m=1
= (M?{cj i}, {Mem})-

Using the duality theorems: B?(D)* = B? (D) under the pairing (-,-)o and the fact
(0P)* = (7", we see that Cy is bounded on B?(D) if and only if M? is bounded on 7.
Similarly, we can deduce that Cy is compact on BP(D) if and only if M? is compact
on /P. 00

Questions about if one has a nicer characterization on boundedness and compact-
ness for Cy on BP(D) as the case p = 1 and p = co are not completely answered here.
We provide some partial results, and leave the problem for further study.

THEOREM 4.3. For 1 < p < oo, we have

(1) If Cy is bounded on BP(D), then sup,cp ||Cy(k.)| gr(py < 00;
(2) If Cy is compact on BP(D), then lim, .aop ||Cy(k )||Bp(D) =0;
(3) If Cy is bounded on B*(D), then Cy is bounded on BP(D);
(4) If Cy is compact on BY(D), then Cy is compact on BP(D).

Proof. (1) and (2) easily follow from the fact that ||k.||grp) ~ 1 for all z € D
and k,(w) — 0 uniformly on any compact subset of D.

To prove (3), recall the interpolation theorem for B?(D),

BY(D) = [B'(D), B*(D) = BD)}y. 0=,

Thus

||C<15HBP—>Bp < ||C¢||?31(D)~>B1(D)HC¢”;3Z[H))*>B(D)'

Therefore, the boundedness of Cy on B'(D) implies that Cy is bounded on B?(D)
for all 1 < p < oo since Cy is always bounded on B(D).

Next, to prove (4) suppose Cy is compact on BY(D). Let {g.,}%°_; be a sequence
in BP(D) with ||gm||pr(py = 1 and assume {g,,} converges uniformly to 0 on any
compact subset in D. It suffices to show that

Tim [ Colgm) () = 0.
First, we claim the following: For any € > 0, there is M, > 1 such that

(4.2) 1Cs (Nl Br(py < €llfllBr(D)
for all

nj

o0
= E : c]7kkzjk
=M,

J=M. k=1
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Suppose the claim is not true, then there is a constant eg > 0, a sequence {M,,} such
that lim M,, = co and
m— o0

oo nj
fm(z) = Z ZCkazj,k(Z) with ||meBl(D) =1,

j=M,, k=1

but ||Cy(fm)llB1 (D) > €0 for all m. Note that f,,(z) converges uniformly to 0 on any
compact subset of D since Z Z lejk] S 1 by Theorem 1.1 and n}gn@ M, = .
J=Myp k=1
From the compactness of Cy on B'(D), we see that ||Cy(fm)| 51 (p) = 0 as m — co.
This contradicts with ||Cy(fm)||51(p) > €0 > 0. So the claim is proved.
Let € > 0 and choose M, as in the claim. By Theorem 1.1, we can write

oco My oco Ny
gm(z) = Z ch,k;mkzj-,k(z) with HgmH%p(D) ~ Z Z |Cj,ksm "
G=1 k=1 J=1 k=1

Since {g} converges uniformly to 0 on any compact subset in D, for any € > 0 there
is mg such that

M.

(4.3) Z Z |¢ k| <€

j=1 k=1

for all m > my.
Consider the following subspaces of B?(D)

B(D,) = {f = i icj,kkzj,k Heinh €07,

j=M. k=1

Then, Cy is bounded on BY(D,¢) with ICsllB1(D,e) < €. Applying the interpolation
theorem for space BP(D,¢€), we see that

(4.4) 13" S immllmripy < CYPeVP.

j=M. k=1
From (4.3) and (4.4) we can deduce that limy, e [|Cy(gm)l|Br(py = 0 as m — oo.
So, Cy is compact on BP(D) and (4) is proved, and so is Theorem 4.3. 0

We now are ready to prove Theorem 1.2.

Proof of Theorem 1.2. For (1) and (2), note that

Mi(¢) < [[Mp1 ()]l ()

where My 1(z) is defined as in (1.7). Note that the boundedness of Cyy on B'(D)
implies [[Mg1(-)|zop)y S [[Cyll < oo. Thus, (1) follows from (1) of Theorem 4.1.
Similarly, we can deduce (2) from (2) of Theorem 4.1.

Note that (3) and (4) follows from those of Theorem 4.3. To prove (5), let
f € BP(D). Then, by Theorem 1.1 we get

oo My oo My

/p
P =303 Mk (2) with [ fllanoy ~ (303 nal?) "
j=

j=1k=1 1k=1
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Thus, we have

oo Ny

1€ Br ) < D2 D Pol1Colke, i)
j=1k=1
(Zzw,u) (ZZH% )
j=1k=1 j=1k=
> & / , /v
S (S al) ([ 1Cumlmmdre) "
j=1k=1

/ 1/17/
S ([ 1ty ya@) " 1
D

This implies (5) of Theorem 1.2.

To prove (6), it suffices to show that ||Cy(fs)||pr(py — 0 as s — oo for every
bounded sequence {f;} in BP(D) which converges to 0 uniformly on any compact
subset of D. Let {fs} be a such sequence, then by Theorem 1.1

oo My oo My

2) =30 Az (2) with | fllgen) = (ZZ INjkss | ) Gy

j=1k=1 j=1k=1

By the assumption of (6), for any 1 > 0 there is § > 0 so that

1/p
(45) ( JRECS T dv(z>> <n

where DS is the set defined in (1.8). Therefore, there is N so that z;; € D§ for all
k=1,---,n;if j > N. Moreover, from the assumption that { fs} converges uniformly
on compact subsets of D, there is sg > 1 so that if s > sy then

n;j

(4.6) (i Nsl?) " <

j=1k=1
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From (4.5) and (4.6), we have

oo My

ICs () By < DD NjimsslllCo ki, Dl 3o ()
j=1k=1
T N

(i2|>\gks| ) (Z ||O¢( z,k)HBP(D))l/p/
j=1k=1

A ) Z Colley )"
j=N k=

=N k=1

j

2 (%
N
S(ZZMJ’J@;S
J=1 k=1
+(szj|ms|) (/ ICoh) By r() "
+1) 1

< (1Mo O)ll v Drar

/

BP(D)

/ 1/p
p aA(2)) Y

Since 7 > 0 is arbitrary, this implies that ||Cy(fs)l|pr(p) — 0 as s — co. Therefore,
Cy is compact on BP(D) proof of (6) Theorem 1.2 is complete, and so is the proof of
Theorem 1.2. O
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