METHODS AND APPLICATIONS OF ANALYSIS. (© 2014 International Press
Vol. 21, No. 3, pp. 379-390, September 2014 007

ON A CLASSIFICATION OF THE QUASI YAMABE GRADIENT
SOLITONS*

GUANGYUE HUANGT AND HAIZHONG LI#

Abstract. In this paper, we introduce the concept of quasi Yamabe gradient solitons, which
generalizes the concept of Yamabe gradient solitons. By using some ideas in [7, 8], we prove that n-
dimensional (n > 3) complete quasi Yamabe gradient solitons with vanishing Weyl curvature tensor
and positive sectional curvature must be rotationally symmetric. We also prove that any compact
quasi Yamabe gradient solitons are of constant scalar curvature.
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1. Introduction. Let (M™,g) be an n-dimensional Riemannian manifold with
n > 3. If there exists a smooth function f on M™ and a constant p such that

(1.1) (R—p)gij = fij;

then we call (M™,g, f) a Yamabe gradient soliton. Here R denotes the scalar curva-
ture of the metric g. If p = 0, p > 0 or p < 0, then (M™, g, f) is called a Yamabe
steady, Yamabe shrinker or Yamabe expander respectively. Yamabe solitons are spe-
cial solutions to the Yamabe flow

d
(1.2) 719 = ~1gij-

For the study of the Yamabe flow in the compact case, see [12, 2, 1, 20, 14, 19] and the
references therein. It is very important for understanding the singularity formation
in the complete Yamabe flow to study the classification of Yamabe solitons.

In [13], Daskalopoulos and Sesum studied the classification of locally conformally
flat Yamabe gradient solitons. They proved

THEOREM A. ([13]) If (M,g, f) is a complete locally conformally flat Yamabe
gradient soliton satisfying (1.1) with positive sectional curvature, then (M, g, f) is
rotationally symmetric.

THEOREM B. ([13]) If (M, g, f) is a compact Yamabe gradient soliton, then g is
the metric of constant scalar curvature.

In this paper, we consider a generalized Yamabe gradient soliton which we call
the quast Yamabe gradient soliton.

DEFINITION 1.1. If there exists a smooth function f on M™ and two constants
m, p (where m is not zero) such that

(1.3) (R—p)gij = fij — %fifjv

*Received March 12, 2013; accepted for publication June 14, 2013.

TDepartment of Mathematics, Henan Normal University, Xinxiang 453007, P. R. China
(hgy@henannu.edu.cn). The research of the first author is supported by NSFC Grant (No. 11001076,
11371018).

fCorresponding author. Department of Mathematical Sciences, Tsinghua University, Beijing
100084, P. R. China (hli@math.tsinghua.edu.cn). The research of the second author is supported by
NSFC Grant (No. 11271214).

379



380 G. HUANG AND H. LI

then we call (M™, g, f) a quasi Yamabe gradient soliton.

We remark that if m — oo, (1.3) reduces to (1.1), so quasi Yamabe gradient
solitons can be considered as generalized Yamabe gradient solitons in this sense.

We study classifications for complete quasi Yamabe gradient solitons satisfying
(1.3). Asin [7, 8], the key idea in proving our results is to link the Weyl curvature
tensor with the covariant 3-tensor D, introduced by Cao-Chen [7, 6], with D, =
Wijklfl, see Proposition 2.2 in Section 2, where Dj;;, is defined by

Dijk :L(Rkjfi — Riifj) + ;(Rizgjkfl — Rjuginf)
n—2 (n—1)(n—-2)
(1.4) R
- m(gkjfi — gkifj)-

Our main results are as follows:

THEOREM 1.1. Let (M, g, f) be a complete quasi Yamabe gradient soliton satis-
fying (1.3) with positive sectional curvature.

(1) If n =3, then (M, g, f) is rotationally symmetric;

(2) If n =4 and D;j, =0, then (M, g, f) is rotationally symmetric;

(3) If n > 5 and Wiji = 0, then (M, g, f) is rotationally symmetric.

THEOREM 1.2. If (M, g, f) is a compact quasi Yamabe gradient soliton satisfying
(1.3), then g is the metric of constant scalar curvature.

Letting m — oo, we have the following result from Theorem 1.1 immediately:

COROLLARY 1.1. Let (M, g, f) be a complete Yamabe gradient soliton satisfying
(1.1) with positive sectional curvature.

(1) If n =3, then (M, g, f) is rotationally symmetric;

(2) If n =4 and D;j, =0, then (M, g, f) is rotationally symmetric;

(8) If n > 5 and Wik = 0, then (M, g, f) is rotationally symmetric.

REMARK 1.1. Daskalopoulos and Sesum in [13] proved Theorem A (see Theorem
1.3in [13]) under the assumption that the metric g is locally conformally flat. Theorem
A follows from Corollary 1.1. Theorem B follows from Theorem 1.2 when m — oo.

REMARK 1.2. Since the 3-tensor Dj;, is related to the Weyl curvature tensor by
Dij, = Wijklfl (see Proposition 2.2 in Section 2), we have from Proposition 2.5 in
Section 2 that D;;;, = 0 is equivalent to Wijklfl = 0 when n = 4. However, for n > 5,
we can not conclude that D;j;, = 0 implies Wijklfl =0.

REMARK 1.3. For the research of warped product structures of complete gradient
Yamabe solitons, see [9]. Some related results for the gradient Ricci solitons can be
found in [18, 17, 16, 11, 5, 4] and the references therein. We note that this paper was
posted on Arxiv:1108.6177, on August 31 of 2011.

2. Proof of Theorem 1.1. Throughout this paper, we will agree on the follow-

ing index convention:
1<4,4,k,-- <m

)

2<a,b,c,--- <n.

)

For convenience, we define

(2.1) R,=R—p.
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Then (1.3) becomes

1
(2:2) Ry gij = fij — —fili-
For quasi Yamabe gradient solitons, we have the following lemma which will be used
later:

LEMMA 2.1. Let (M™, g, f) be a quasi Yamabe gradient soliton satisfying (1.3).
Then we have

(23) nR, = Af — VP,

(24) (VS = 2Roi+ = (VS
(2.5) (R)-flR L R
. p'L—E pfl_m ija

where R;; denotes the Ricci curvature of the metric g and f7 = g'* f.

Proof. The relationship (2.3) can be obtained directly by contracting the equation
(2.2). On the other hand, by choosing the local orthogonal frame {ej,--- ,e,}, we
have by use of (2.2),

(VFP)s = 2fis 05 = 2By g3+~ Fi[5)f; = 2Ry fi + VSIS

Hence, we obtain (2.4).
Using the equation (2.2) again, we obtain

1 1
(2.6) (Bp)i = fisj = —fiifi = —fifij-
With the help of the Ricci identity, (2.3) and (2.4), we deduce from (2.6)
1 1
(Rp)i =fijs — —fisfi — — fifis
1 1
=(Af); iili — = 3, — —filA
(Af)i + Rij f; 2m(|Vf| ) mf( f)
B 1 2 s 1 2\ 1 _ 1 2
—(”Rp + E|Vf| )i + Rij fi — %Gvﬂ )i — Efz(”Rp + E|Vf| )
1 n 1
=n(R,); + Rij f; + %(Wﬂz)i - Rpfi— W|Vf|2fz‘
1 2 n 1
=n(Rp)i + Rijfj + 5 (2Rpfi + E|Vf|2fi) - Rfi— W|Vf|2fi
n—1

which concludes the proof of (2.5). It completes the proof of Lemma 2.1.
For n > 3, the Weyl curvature tensor is defined by

1
Wijh =Rijer = ——

— (Rirgji — Ragjr + Rjigi — Rjrga)

2.7) R
+m(gik9ﬂ — gilgjk)-
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From the definition of the Weyl curvature tensor above, it is easy to see that the Weyl
curvature tensor satisfies all the symmetries of the curvature tensor and its traces
with the metric are zero. It is well known that Wy, = 0 for n = 3. For n > 4,
(M™, g) is locally conformally flat if and only if W;;x = 0.

As in [7, 6], see also [6, 10, 8, 3], we define the following 3-tensor D by

Dijk :L(Rkjfi — Riifj) + ;(Rizgjkfl — Rjginf)
n—2 (n—1)(n—-2)
(2.8) R
- m(gkjfi — gkifj)-

Then for quasi Yamabe gradient solitons, we have the following consequence:

PROPOSITION 2.2. Let (M"™, g, f) be a quasi Yamabe gradient soliton satisfying
(1.3). Then the 3-tensor D is related to the Weyl curvature tensor by

(2.9) Diji = Wi f".

Proof. By use of (2.2) and (2.5), we have

Trji — frij =(Rp gy + %fkfj)i — (Rp gri + %fkfi)j

210 =(Rp)igrj — (Rp)jgki + %(fkifj — frifi)
) R

=(Rp)igrj — (Rp)jgni — Ep(gkjfi — gkifj)

__ ! (Ragief' — Rjginf'),

n—1

where the last equality used (2.5). Using the Ricci identity and (2.7), we have
frji — frij =f Rigji

=Wij f' — W]M(gik%l — gugir) "

1
(2.11) + m(Rikgjl — Ragjk + Rjugir — Rjrgan) f*
R
Wi f' + ——————— (g fi — i f;
Jklf + (n_l)(n_2)(gkjf 9k f])
1 1
- m(Rkjfi — Riifj) — m(Rilgjkfl — Ruginfh).

Combining (2.10) and (2.11), we obtain by definition (2.8)

Wijni f' :ﬁ(Rkjfi — i fj) + m(&zgﬂcﬂ — Rugin ")
R
- m(gkjfi = Gkifj)

=Diji.

Therefore, we complete the proof of Proposition 2.2.
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In particular, by properties of the Weyl curvature tensor and (2.8), we get that
D;ji; is skew-symmetric in their first two indices and trace-free in any two indices:

Next, we give a proposition which links the norm of D to the geometry of the
level surfaces of the potential function f.

PROPOSITION 2.3. Let (M"™, g, f) be a quasi Yamabe gradient soliton satisfying
(1.3), and let . = {x|f(x) = ¢} be the level surface with respect to regular value ¢
of f. Then for any local orthonormal frame {e1, ez, - ,e,} with ey = Vf/|Vf| and
{ea, -+ ,en} tangent to ¥., we have

b

R— R

2|V f|?
213) Do = - DR+ (- )[R - S

(n—1)(n-2

where gqp s the induced metric on X..

Proof. From (2.8), we have

1 1
|Dijk|2 :m|Rkjfi - Rkifj|2 + m|Rilgjkfl - legikfl|2
2
- fo_ o, f.]2
+ (n_ 1)2(n_2)2|g/€]f1 gklf]|
2
(2.14) + m(&qﬁ — Riifj)(Ragjrxfi — Rjgir f1)
N (Buifi— Ruif)gus i — guiy)
(n — 1)(n — 2)2 kjJi kiJji)\9kjJi 9kilj
2R
- m(Rilgjkfl - legikfl)(gkjfi - gkifj)-
Let {e1,ea,---,en} be any local orthonormal frame with e; = Vf/|Vf| and
{ea,- - , ey} tangent to X.. That is, under this orthonormal frame, we have f; = |V f|
and fo = f3=---= f, = 0. Thus,
(2.15) |Rij fi — Rifi|* = 2|V fI*(|Ric|” — R3,),
(2.16) \Rugjrfi — Rjginfi]* = 2(n — 1)|V f|*R3,,
(2.17) \9ki fi = grifil* = 2(n = D[V [,
(2.18) (Rij fi — Reifi)(Ragsn fi — Ruginfi) = 2|V f*(R Riy — RY),
(2.19) (Rij fi — Ruifi)(grifi — grifi) = 2|V f|*(R — Ru1),

(2.20) (Ragirfi — Rjtgin ) (grj fi — grifj) = 2(n — 1)|V f|*Ray.
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Inserting the relationships (2.15)-(2.20) into (2.14) yields

(2.21)
D =2 VIR = ) + oo VIR,

+ %IWI2 + mWﬂQ(RRU ~ R%)
- g VPR~ ) — e VPR

= I = DRl - R + R R 2R~ R
—9R(R— Ryy) — 2RR11}

—%{(n —1)|Ricl — nR%; + 2R Ruy - R?}

—%{(n —1)(R%, +2R?, + R%,) — n(R%, + R%,)
+ 2(R11 + Raa)Ru1 — (B2, + 2R11 Rau + RaaRbb)}

—%{m— DR, + (0 )[R — 22 g}

e {9+ - v - BT,

It completes the proof of Proposition 2.3.
With the help of Proposition 2.3, we can obtain the following results:

PROPOSITION 2.4. Let (M"™, g, f) be a quasi Yamabe gradient soliton satisfying
(1.3) with Dijr, = 0, and let T, = {z|f(z) = c} be the level surface with respect
to regular value ¢ of f. Then for any local orthonormal frame {ey,ea, -+ ,en} with
e1 = Vf/|Vf] and {ea, - ,en} tangent to L., we have

(1) |V f|* and the scalar curvature R of (M™, g;;, ) are constant on X.;

(2) Ria =0 and ey = Vf/|Vf| is an eigenvector of Re;

(8) the second fundamental form hqay of 3¢ is of the form hap = %gab;

(4) the mean curvature H = (nfvl;f%p s constant on X.;

(5) on 3., the Ricci tensor of (M™,gi;, f) either has a unique eigenvalue A, or
has two distinct eigenvalues A and p of multiplicity 1 and n —1 respectively. In either
case, ey = Vf/|Vf| is an eigenvector of A. Moreover, both A\ and p are constant on

3.

Proof. Under this chosen orthonormal frame, we have f; = |V f| and fo = f3 =
-+ = fn=0. When D,j;, = 0, we have from Proposition 2.3 that

(2.22) Ria =0
and

R— Ry
2.23 Ry = —————qup.
(2:23) b= Yab

Therefore, we obtain (1) from applying (2.22) to (2.4) and (2.5), respectively. In
particular, (2) can be obtained from (2.22) directly.
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By the definition of kg, we have

B Vf 1
(2.24) ha = (Ve (5 7)) = gy oo = Wﬂgab,
(n—1)R

where the last equality comes from (2.2). Hence, H = ha,g% = 7]

from both R and |V f| constant on .. Thus, (3) and (4) are proved.
Using (2.5), we have

1 1
(2.25) Ry = —R 1 — —R11f1 |Vf|(—R,, - —Rll).
m n—1
From the definition of covariant derivative, we have

R,la :elea(R) - vﬁael(R)
=ejeq(R) — (Ve,e1,e1)R1 — (Ve e1,e) Ry

£ is constant

2.26
( ) =e1eq(R)
=0
since R is constant on X.. Hence, we obtain from (2.25)
IV
2.27 0=Riqs=—"—Ri1,a-
(2.27) 1 S

Applying

Ri1,a = €a(R11) — 2R(Ve,e1,6e1) = eq(R11) — 2hap Rip = €4(R11)
to (2.27) yields
(2.28) €a(R11) =0,

which shows that A = Ry; is constant on ¥.. By means of (2.23) we know that for
distinct a, the eigenvalues of R,, are the same. Hence, we have the eigenvalue p is
also constant. This completes the proof of Proposition 2.4.

PROPOSITION 2.5. Let (M™, g, f) be a quasi Yamabe gradient soliton satisfying
(1.3), and let . = {x|f(x) = ¢} be the level surface with respect to regular value ¢ of

(1) If n = 3, then the sectional curvature of X with the induced metric is constant;

(2) If n = 4 and Dyj, = 0, then Wi = 0 on .. Moreover, the sectional
curvature of X, with the induced metric is constant.

(8) If n > 5 and Wiji = 0, then the sectional curvature of X, with the induced
metric s constant.

Proof. 1t is well known that, for n = 3, the Weyl curvature tensor W;;z; vanishes
identically. Hence, we obtain D;;; = 0 from Proposition 2.2. Under the chosen local
orthonormal frame as in Proposition 2.4, we have from the Gauss equation and (2.7)
and (2.24), for a # b:

Rgbab :Rabab + haahbb - hib

(B,)?
7Ra a
bab + VI
(2.29) R (R,)?
—Raa + Rbb - = +
V12
R R,)?
R =)

2 V2
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is constant. It completes the proof of (1).
Next, we prove (2). Since D;;; = 0, we have from Proposition 2.2

Wijki fi = 0.
Hence, on the level surface X., we have
(2.30) Wijkn =0, for1<i4,j,k <4,
It remains to show that
(2.31) Wabea =0, for2<a,b,c,d <4.

This essentially reduces to showing the Weyl curvature tensor is equal to zero in 3
dimensions (see [15], p.276-277 or [7], p.13). Therefore, we have Wijp = 0. When
n > 4, the proof for constant sectional curvature is similar. We omit it here. It
concludes the proof of Proposition 2.5.

Proof of Theorem 1.1. Following the proof of Daskalopoulos and Sesum in [13],
on the level surface X. = {x|f(z) = ¢}, we can express the metric ds? as

1

ds® = ———
IVfI?

(f,0)df* + gan(f, 0)d6*d6",

where 6 = (6%,---,0") denotes intrinsic coordinates for ¥.. From (2.29), we know
that ¥, also has positive sectional curvature with respect to the induced metric.
Moreover, Proposition 2.4 and Proposition 2.5 show that ﬁ(f, 0) = W(f) and
9av(f,0) = gap(f). Let S be the set of critical points of f. Then the measure of S is
zero. Hence, on M™\ S, we have

ds* (f)df? + gan(f)dO® 6",

T

which shows that (M™, g, f) is rotationally symmetric by using the arguments as in
[13]. We complete the proof of Theorem 1.1.

3. Proof of Theorem 1.2. For any smooth function v on (M™, g), we introduce
the following linear differential operator

(3.1) L(u) = divy, (Vu) := e%div((f%Vu).

Then we have the following:

LEMMA 3.1. Let (M™,g) be a compact Riemannian manifold. Then we have
(3.2) / vL(u)dp = / uL(v)dp, VYu,ve C®(M")
M Mn

where dy denotes the measure e~ h dVy. That is, the linear differential operator L is
self-adjoint with respect to L* inner product under the measure du. In particular, for
any smooth function u, we have

(3.3) / L(u)du = 0.

Mn
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Proof. A direct calculation gives

(3.4) /”L(U)d#:—/viuidu: /uL(v) dp.

M™ Mm M™

This shows that L is self-adjoint with respect to L? inner product under the measure
du. (3.3) is a special case when v = 1 in (3.2). We complete the proof of Lemma 3.1.

Now we come back to prove Theorem 1.2. From (3.1) and (2.3), L(f) = Af —
L|Vf|? = nR,, thus we have

n/de,u: /L(f)du:(),

Mn Mmn

which shows that

(3.5) / R, dp=0.

Mn

By Lemma 2.1, we have by using the second Bianchi identity and by choosing the
local orthogonal frame {e1,--- ,e,},

1 1 1
(Rp)ifi + —Rpfii — 7 Rijafi — ——1 Rijfij

1 1 1
(Rp)ifi + ERp(”Rp + E|Vf|2) T om—1)

A(Rp) =

1
m

1
m

1
R;f; — mRijfij,

which gives

L(RP) :A(RP) - %(Rp)ifi
(39 MR+ VPR L B)ifi— — R,
=—(By)" + — [Vl p—m( plifi = — Rijfij.

Applying Lemma 2.1 again, we have

1
—— R fij = — ——
n—1 ifis -1

(3.7) = LR, Rt [l — R, /]

1 1 1
=— meR‘F E(Rp)ifi - W|Vf| R,.

1
Ri;(R, gij + Efifj)

Inserting (3.7) into (3.6), we obtain

1
—R,R.
n—17°

(3.8) L(R,) =~ — ——

m m](RP)ifi + E(Rp)2 -
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Integrating (3.8) on M™, we obtain by use of (2.1), (3.4) and (3.5)

0= [ L(R,)dp
/
= [ {5~ g R = SR R
Mn
(3.9) —[% - 2(%_1)] /(Rp)ifi dp + [% - 1] /(RP)Qdu
Mn Mn
= g [ R =) [ ()
Mn Mn
n—2
Mn

where we used L(f) = nR, in the last equality. Clearly, (3.9) shows that R, = 0.
Hence, we obtain from (2.3)

(3.10) Af—%|Vf|2:O.

Thus we get that f must be constant since M" is compact. We complete the proof
of Theorem 1.2.
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