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HOLOMORPHIC MAPPINGS BETWEEN PSEUDOELLIPSOIDS IN
DIFFERENT DIMENSIONS*

PETER EBENFELT! AND DUONG NGOC SON*

Abstract. We give a necessary and sufficient condition for the existence of nondegenerate holo-
morphic mappings between pseudoellipsoidal real hypersurfaces, and provide an explicit parametriza-
tion for the collection of all such mappings (in the situations where they exist).
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1. Introduction. In recent years, much effort has been devoted to the ambi-
tious program of classifying local holomorphic mappings H (or more generally CR
mappings) sending a given real hypersurface M C C"*! into a model hypersurface
M’ c CN*L. In the strictly pseudoconvex case, the natural model is the sphere
M' = §2N+1 ¢ CN+! (and, more generally, in the Levi nondegenerate case the model
is the hyperquadric of signature [). Of particular interest is the case where the source
manifold M is the model itself. There is a large body of work studying local holo-
morphic mappings H sending a piece of the sphere S?"*1 into S?V*1. The reader is
referred to e.g. [29], [18], [19], [11], [10], [21], [22], [23], [12], [24] and the references
therein; see also [15], [16] for the case of general strictly pseudoconvex source mani-
folds M. The classification of such holomorphic mappings in low codimensions N —n
is completely understood due to the works [18], [22], [23], [24]. In particular, it was
shown in [18] that any local holomorphic mapping H sending a piece of S?"*! into
S2N+1 with N —n < n is necessarily of the form H = T o L, where L denotes the stan-
dard linear embedding of S?**1 into an (n + 1)-dimensional complex subspace section
of S?N*+1 and T is an automorphism of S?¥*1. (This is often referred to as rigidity.)
In this note, we shall consider local (non-constant) holomorphic mappings sending a
pseudoellipsoid in C"*! into another pseudoellipsoid in CN*! in low codimension. A
pseudoellipsoid in CV*1! is a compact, algebraic real hypersurface of the form

(1) EN = {(z,w) € C" x C: (2%, 2%) + |uw]* = 1}

where ¢ = (¢1,42,...qn) is an N-tuple of integers with ¢; > 1, 29 = (2{*,...,2%)

and (-, -) denotes the standard bilinear form in CV,

N
(u,v) = Zujvj, u,v e CN,

Jj=1

We note that Eév is weakly pseudoconvex along those coordinate planes z; = 0 for
which ¢; > 2, and in particular at the point po := (0,...,0,1) € Eév (unless all ¢; =1
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and Eév is the sphere). The pseudoellipsoids are natural models (albeit not homoge-
neous in general, of course) for certain classes of weakly pseudoconvex hypersurfaces.
The domains that they bound are the only ones, up to biholomorphic equivalence,
with noncompact automorphism groups in a fairly general class of smoothly bounded
pseudoconvex domains [8] (as with the case of the ball in the strictly pseudoconvex
category [30]); see also [25]. Biholomorphic equivalence of pseudoellipsoids, their auto-
morphism groups, as well as the existence and geometric properties of (non-constant)
local holomorphic mappings between pseudoellipsoids in the equidimensional case (i.e.
the source and target are both hypersurfaces in C"*1) have been investigated in e.g.
[26], [14], [13], [27], [28]. In particular, the following result follows from these works:

THEOREM 0. Let p = (p1,...,pn) and ¢ = (q1,...,qn) be n-tuples of positive in-
tegers. Then there exists a non-constant local holomorphic mapping H: (C"* po) —
(C™*, po), with po := (0,...,0,1) € C"*', sending E} into E}' if and only if there ex-
ists a permutation o: {1,...,n} — {1,...,n} such that qi. | poy for all k =1,...,n.

Moreover, if such mappings H exist, then the collection of all such H can be
described as follows:

o)/ o(n)/n
(2) H(z,w) = To (2572000 w),
where o ranges over all permutations {1,...,n} — {1,...,n} such that qx | py(x), for
k=1,...,n, and T over the automorphisms of Ey.

A complete and explicit description of the automorphism group of £’ also follows from
the works mentioned above (see e.g. [26]). For the reader’s convenience, we provide in
Section 3 a description (or, more precisely, a decomposition into elementary mappings)
of the stability group of £y at po, i.e. the group of automorphisms of £’ preserving
Po-

The main purpose of this note is to extend Theorem 0 to the positive (but low)
codimensional situation. We note, for reference, that the defining equation for Eév is
plurisubharmonic and, hence, by a standard application of the Hopf boundary point
lemma it follows that any nonconstant holomorphic mapping sending F} into Eév is
necessarily transversal to Eév . In what follows, we shall only consider holomorphic
mappings that are transversal to their target manifolds.

It is convenient to note that Eév minus a point is biholomorphically equivalent
(via an algebraic transformation) to the real algebraic hypersurface given by
(3) PN ={(z,w) € CN x C: Imw = (29, 29)},
with the point py := (0,...,0,1) on Eév corresponding to the origin on PqN. A
transformation is given by a branch of

21 22 (1 —w)
(1+w)1/q17(1+w)1/q27-.-7 1+w 9

(z,w)n—>(

which is biholomorphic in a neighborhood of EN \ {(0,0,...,—1)} and sends E} \
{(0,0,...,=1)} onto P,.

Our main result is a necessary and sufficient condition for the existence of local
holomorphic mappings H: (C**1,0) — (CN*1 0) sending P} transversally into PqN ,
as well as a description of the collection of all such mapping (when they exist). The
latter description is also given in an explicit formula in Theorem 2.1 below.
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THEOREM 1.1. Consider P} C C"*' and P)Y c CN*', where p = (p1,...,pn)
and ¢ = (q1,...,qn) are an n-tuple and N -tuple, respectively, of positive integers, the
latter arranged such that ¢y = ... =qgs=1and qx > 2, k =s+1,...,N, for some

s> 0. Assume that
4) N —n <n.

The following are equivalent:
(i) There exist a subset K C {s+1,...,N} (possibly empty) and a map o: K —
{1,...,n} such that #0(K) >n — s and qx | po) for all k € K.
(ii) There exists a local holomorphic mapping H: (C***,0) — (CN*1,0) sending P’
mto PqN, transversal to PqN at 0.
Moreover, if (ii) holds then the collection of all such mappings H can be described as
follows. Let o and K be as in (i), and W = (u;;) an n x N matriz such that
(a) WW* = I,xn, and
(b) for every j € {s+1,...,N}, it holds that u;; # 0 if and only if j € K and
o(j) = i.
Then, the mapping Ho w(z,w) = (F(z),w), where

S uiiEl j=1,...,s,
(5) FJ(Z) = %/ |ug(j)j| 2525;)/Qj, j € K,
0, jel{s+1,... N}\K.

sends P transversally into PqN, and any mapping H as in (i) is of the form H =
T o Hyw for some o (and K), W, and T, where T is an automorphism of PqN
preserving the origin.

The proof of Theorem 1.1 will be given in Section 3 below.

REMARK 1.2. In the equidimensional case N = n, we note that any subset K
and mapping ¢ as in (i) in Theorem 1.1 must be such that K = {s+1,...,n} and

such that o can be extended to a permutation ¢ on {1,...,n} with gx | ps) for all
k=1,...,n, and vice versa, any such permutation ¢ induces a mapping o by taking
K :={s+1,...,n} and 0 := 5|k. If we reorder the coordinates on the source side

so that the permutation ¢ becomes the identity, then any n x n matrix W satisfying
(a) and (b) has the block form

(6) W= (g g),

where U is a unitary s x s matrix and D is a diagonal (n — s) X (n — s) matrix whose
diagonal elements have modulus one. The corresponding mapping H, w (where now
o is the identity on {s +1,...,n}) is then of the form H, w := Tw o Hy, where

(7) Ho(z,w) == (Zfl/qul-',zﬁn/(hl’w)
and Tw is the automorphism of P’ given by
(8) Tw(z, w) = (Z/U, Z”D, w)

with 2/ = (z1,...,2s) and 2" = (2s41,...,2n). Returning to the original ordering
of the source coordinates, we recover the equidimensional result stated in Theorem
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0 above. We notice a redundancy in the statement of the theorem in this case; the
additional mappings afforded by the choice of W can be incorporated into the action
of the stability group. In the general case, there may also be some redundancy in that
H, w could equal ToH, y for W # W’ and a suitable choice of automorphism 7", but
for N > n there will be (in general) different choices of W such that the corresponding
mappings are not related by an automorphism of PqN . This is explained more closely
in the context of an example in Section 5.

A consequence of Theorem 1.1 (or, more precisely, a consequence of Theorem 2.1
below) is the following “localization principle” (c.f. [13], [27]).

THEOREM 1.3. Consider Py C C**' and PN C CN*!, where p = (p1,...,pn)
and ¢ = (qu,...,qn) are an n-tuple and N -tuple, respectively, of positive integers, and
assume that N —n < n. If a local holomorphic mapping H: (C"*1 0) — (CN+1)0)
sends P} transversally into PqN, then H extends as an algebraic mapping which is
holomorphic in a neighborhood of P'.

The (short) proof of Theorem 1.3 is given in Section 2.

REMARK 1.4. The extendability of H as an algebraic map, possibly singular and
multi-valued, follows from previous results due to Huang [20] (see also [31]). In the
setting of Theorem 1.3, it follows (see the proof) that, in fact, the H* are rational,
and are (possibly) ramified along a complex hypersurface that does not meet Py

We shall conclude this introduction with a brief discussion of an analogous non-
pseudoconvex situation. Consider the “positive signature” counterparts of PqN , l.e.
the “pseudohyperboloids” given by

(9) PN, ={(z,w) € CV x C: Imw = (29, 29),},

where (-, )¢ is the standard bilinear form of signature ¢ > 0, i.e.,

¢ N
(10) (u,v)p := —Zujvj + Z UV, U,V E CcN.
=1 j=t+1

In the Levi nondegenerate case, i.e. ¢ = (1,...,1), the pseudohyperboloid PqJYe co-

incides with the standard hyperquadric Qév of signature £. For a local holomorphic
mapping H: (C"*10) — (CV*10) sending Q7 into Q¥, with £ > 0, it is known
by [5] that H = T o L, where L is a linear embedding of Q7 into @) and T an
automorphism of Qév , regardless of the codimension N — n (i.e. super-rigidity holds,
in stark contrast to the pseudoconvex case, as in [18], where N — n < n is necessary
for rigidity to hold). By following the same arguments as in the pseudoconvex case
(modulo replacing the use of the rigidity result in [18] by the super-rigidity result in
[5]), one obtains analogous classification results to those in Theorems 1.1 and 2.1 for
local mappings P, — PqJYe with ¢ > 0, the major difference being that the condi-
tions (4) and (11) in Theorems 1.1 and 2.1, respectively, are no longer needed. In
the positive signature case (£ > 0), one needs, however, to distinguish between the
coordinates that appear with a plus sign and those that appear with a minus sign in
the hermitian form (-,-)¢, which has as a consequence that there are different cases
to consider and the results become more cumbersome to state. The diligent reader is
invited to work out the details.
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2. An explicit formula for mappings from P into PqN . In this section, we
shall prove the following result, which is the main ingredient in the proof of Theorem
1.1.

THEOREM 2.1. Consider P C C"*! and PqN C CN*1 where p = (p1,...,0n)
and g = (q1,...,qn) are an n-tuple and N -tuple, respectively, of positive integers, the
latter arranged such that ¢y = ... =qgs=1and qx > 2, k=s+1,...,N, for some
s > 0. Assume that

(11) N —n<n.

If H: (C"*10) — (CN*1,0) is a local holomorphic mapping sending B} into PqN,

transversal to PN at 0, then there exists

(A) asubset K C {s+1,...,N} (possibly empty) and a map o: K — {1,...,n} such
that #0(K) > n — s and qx | poy for all k € K,

(B) a unitary N x N matriz U = (u;;) with the property that, for j € {s+1,...,N},
it holds that u;; # 0 if and only if j € K and o(j) =1, and

(C)r € R, A >0, and b = (V',b") € C* x CN~™ with the property that ¢ := bU
satisfies cy, =0 fork=s+1,..., N,

such that H takes the following form:

AR w2l + cjw) [6(z,w), i=1,2,...s;

N\ 1/g;
LI 1/q; . )
(12)  Hj(z,w) = (/\u"(ﬂ)ﬂzo(j) ) [o(z,w)9, e K;

0, jels+1,.. . N}\K;
)‘Qw/5(sz)7 J=N+1,
where §(z,w) =1 — 2i(zP,b') — (r +i[b|*)w, and 2P := (2}, ... 2B").

Furthermore, if s = 0 then b = 0, and if N = n then o can be extended to a
permutation & on {1,...,n} with qx | psu) for allk =1,...,n.

Proof. We introduce the map ¢4 (3, @) = (2%, ... 2% 1), which is a holomorphic
mapping sending PqN into the (Heisenberg) sphere HY .= P(J{___)l). Thus, &q oHisa
non-constant mapping from a neighborhood of 0 in P into HY. We also introduce
¢p(z,w) = (21", .. 25", w), which is a holomorphic mapping sending P}* into H". Let
a € P} be some point near 0 whose coordinate components do not vanish, and U a
neighborhood of a such that UN{z; =0} =0 for all j = 1,...,n. We can also choose
U small so that ¢,, is biholomorphic on U.

Now, let 7 € Aut(H") be such that 7(¢,(a)) = 0 and T € Aut(HY) such that
T(0) = ¢4(H(a)). Consider the following mapping defined on U = 7(¢,(U))

(13) Ef:T_loQBQOHqu;loT_l.

Clearly, H({U NH") ¢ HN and H(0) = 0. Since N —n < n, we can apply the
rigidity theorem in [18], mentioned in the introduction, to conclude that there is an
automorphism 7' € Aut(HY,0) such that H = T o L with L(z,w) = (z,0,w). This
implies that the following holds on U and, by analytic continuation, in any connected
open set containing a where H is defined (in particular, in an open neighborhood of
0):

(14) g?)qu:ToToLoToqbp.
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Since the non-constant mapping 7'o To Lot sends H" into HY and 0 into 0, it follows
that ToT o Lo =T'o L for some 7" € Aut(H",0), and hence:

(15) bpgoH=T oLog,.
It follows from the explicit description of Aut(HY,0) (see, e.g., [9] or [2]) that there are

A>0,7€R, beCN and a unitary N x N-matrix U = (u;;) (i.e. UU* = U*U =)
such that

(16) Hy1(z,w) = N2w/8(z,w)
(17) qu (z,w) (Zuw 27+ cjw )/(5(2,11}), for 7=1,2,...N,
where

(18) Cj = Zumbz for ] = 1, 2, ...N

(19) §(z,w) =1 —2i(zP.0) — (r +ilb|>)w, b= (b,")eC* xCN™",

Recall that ¢1 = ...¢s =1 and 2 < go41 < --- < gn. By setting z = 0 in (17), we
have
(20) (1= (r+i[p)w) H¥ (0,w) = Aejw

If ¢; # 0, then H}” (0,w) divides w in C{w}. This is impossible if ¢; > 1. Thus,
cj=0for j=s+1,...N. Let us define

(21) K={k>s+1]|uy #0 for some 1 <t <n}.

For k € K, we claim that there is a unique t* € {1,2,...n} such that u;; # 0 and
uy = 0 for all 1 <t < mn, t #t*. To prove the claim, suppose that there are two
indices t, say t = 1,2, such that us # 0. Setting z3 = --- = 2z, = w = 0 in equation
(17) we would obtain

(22) (1 — 2iby 27" — 2ibo2b? ) H* (21, 22,0) = Muagp2]" + u2kz5?),

which is impossible. Indeed, by differentiating both sides of (22) with respect to z; we
note that H,'j’“_l(zl, z2,0) | 27 P1=1 The same argument with z; replaced by z9 shows
that H™* (21, 22,0) | 227", which would lead to a contradiction since g5 —1 > 1 and
Hj; is not an unit. The clairn follows. We now define a map o: K — {1,2,...n} by
o(k) = t*. Thus, we note that Hy =0 for k € {s+1,...,N} \ K and

(23) H (z,w) = Mg kzi‘(’,i';)/é(z w), for keK.

From this it readily follows that gx | ps(r). We conclude that

24 Hi(z,w) = vy zp"(k)/% §(z,w)% for keK.
(k) ~o (k)

where vg’zk) = Ug(k)k-

To show that #0(K) > n — s, we shall need the following lemma, whose proof is
deferred to Section 4.
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LEMMA 2.2. Let H: (C"*1 0) — (CN*10) be a holomorphic mapping sending
P} to PqN, transversal to PqN at 0. Then H is finite at 0, i.e. the ideal Z(H) generated
by the components of H has finite codimension in C{z,w}.

We observe from (16) that H is transversal to PqN at 0, which is well known to
be equivalent to w € Z(H) (see e.g. [17] for a general discussion). Thus, by Lemma

2.2, Z(H) has finite codimension in C{z, w}. Since w € Z(H), we also have
(25) dim C{z,w}/(H) = dim C{z}/Z(h),

where h(z) := H(z,0). Since hy =0for j € {s+1,... N} \ K, hy41 =0, and hg(z),
for k € K, differs from zz‘(’;’;)/qk only by a unit in C{z}, we conclude that Z(h) is
contained in the ideal generated by h1,...,hs and z,4) for k € K. Since the latter
ideal must have finite codimension, it follows that s + #0(K) > n, or equivalently,
#0(K) > n — s. This proves the existence of the subset K C {s+1,..., N} and the
mapping o: K — {1,...,n} possessing the properties claimed in (A) of Theorem 2.1.
The existence of 7 € R, A > 0, b € CV and a unitary matrix U = (u;;) was established
above. The property in (B) of U and that in (C) of b were also established.

If s =0, then we have bU = 0, and since U is invertible, we deduce that b = 0. If
N = n, then (A) immediately implies that K = {s+1,...,n} and #0(K) = n — s,
which in turn implies that o is injective. It is clear that ¢ can be extended to a
permutation. O

Proof of Theorem 1.3. It follows immediately from Theorem 2.1 that H is al-
gebraic; in fact, H% for k = 1,..., N and Hyy; are all rational with poles along
the complex hypersurface §(z,w) = 0 (unless b = 0 and r = 0, in which case H is a
polynomial mapping). To complete the proof of Theorem 1.3 it remains to verify that
(2, w) does not vanish along P} (i.e. for w = u +i(2?, 27)). This is straightforward
and left to the reader. O

3. Stability group of PqN at the origin. A special case of Theorem 2.1 is when
Py = PqN. In this case, Theorem 2.1 describes the stability group of PqN at 0 (i.e.
the group of automorphisms of PqN preserving the origin), denoted by Aut(PqN ,0).
This description is previously known due to work mentioned in the introduction.
In this section, however, we shall (for the reader’s convenience) use the formulae in
Theorem 2.1 to provide a decomposition of the automorphisms of PqN fixing the origin
into simpler ones. First, we note that when P} = PqN the subset K in (A) must equal
{s+1,...,N} and o is a permutation of K such that q,x) = qx for all k € K. Also,
the unitary matrix U in (B) must have the block form

U o
2 =
(26) w=(5 ).
where U is a unitary s x s matrix and E is a unitary (N — s) x (N — s) matrix (such
that after reordering the coordinates (zs41,...,2n) on the source side according to

the permutation o, the matrix E becomes diagonal with diagonal elements of modulus
one). It then also follows that b € C in (C) is of the form b = (3,0) € C* x CN~=.
(Recall that if s = 0, then b = 0.) For each permutation o of K = {s+1,... N} such
that g, ) = qx for all k € K, we define

(27) Yo (2,w) = (215 - 5 Zss Zo(s41)s - - - Zo(N)> W)-
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Also, for each A > 0, we define the (non-isotropic) dilation Ay,
(28) Ax(z,w) = (Az1,..., Az, Aarry 0o AN 4 Mw),

and, for each b = ($,0) € C* x CN~* (with b =0 if s = 0) and r > 0, we define
(29)

Uy (2 0) = 21+ frw zs + Bsw Zst1 ZN w
b T TS w) T 6z, w) " 8(z, w) e 5z, w) a5 (z,w) )

where as above 6(z,w) = 1 — 2i(27,b) — (r + i[b|*)w. Finally, for each unitary s x s
matrix U and 041,...,0n € R, we define

(30) Ag o(z,w) = ((21, - 22U, e+ 200, e 2y w).

It is readily seen from Theorem 2.1 that X,, Ax,vsr, Agy € Aut(PqN,O), and it
is straightforward (and left to the reader) to check, using Theorem 2.1, that these
elementary mappings generate Aut(PqN ,0) via compositions; we mention here that
Aut(PN,0) is a finite dimensional Lie group (see [6]).

THEOREM 3.1. The stability group of PqN at 0 consists of mapping of the form
(31) T = A>\ OAﬁ790Wb7TOEg,

for U,0,b,r,\,oc as described above. Furthermore, the identity component
AutId(PqN, 0) consists of mapping of form (31) in which o =1d. In fact, each choice
of o gives rise to a connected component of Aut(PqN, 0).

REMARK 3.2. A similar decomposition for CR mappings between connected
pieces of generalized pseudoellipsoids was also given is the recent paper [28] using a
very different method.

We shall now give a proof of Theorem 1.1.

Proof of Theorem 1.1. The implication (i) = (i) follows from Theorem 2.1 (A).
Moreover, any mapping H as in (ii) is of the form described in Theorem 2.1. It is
straightforward (and left to the reader) to check that there are o and W as in Theorem
1.1, automorphisms Ay, Ay, .. ¢ and ¥, , as in Theorem 3.1, with the parameters A, c
and r as in Theorem 2.1, such that

(32) H:A)\OAISXS,HO\IJC,TOHW,U-

Next, assume that (i) holds. We shall construct a transversal map H : Py” — PN as
follows. If K = (), then necessarily s > n. In this case, we can simply take

(33) H(z,w) = (2",...2E,0,...0,w).
Suppose now that K is nonempty. Since #0(K) > n — s, we can write
{1,2,...,n}\ o(K) = {t1,t2,...t.}

for some r < s (with 7 = 0 if o(K) = {1,...,n}). We define a transversal (to P," at
0) map H(z,w) = (F(z),w) with

zf):k, k=1,2,...r,
(34) Fi(2) = Q uali®'™, ke K

0 otherwise,
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where the coefficients vy, are chosen such that, for every [ € o(K),

(35) S e =1

keo—1(1)

It is easy to check that H sends P into PqN . The proof is complete. O

4. Proof of Lemma 2.2. Recall (see [3]) that given a real-analytic hypersurface
M C C"! and p € M, there are so-called normal coordinates (z,w) € C" x C,
vanshing at p, such that M is given by

Imw = ¢(z,z, Rew),

where ¢(z,0,s) = ¢(0, x,s) =0, or in complex form

(36) w = Q(z,z,w),
where @ satisfies Q(0, x,7) = Q(z,0,7) = 7 and the reality condition
(37) Q2,7 Q2,5 w)) = w.

We note that P’ and PqN are already presented in normal coordinates. It is convenient
to use the complex defining equation (36) to define the notions of essential finiteness
and essential type as follows. We replace z,w by independent variables x, 7 and write

Q(25X70) = Z qI(Z)XI'

IeN™

Let Zps be the ideal in C[[z]] generated by {qr(z)}renn. Following Baouendi, Ja-
cobowitz and Treves (see [3]), we shall say that M is essentially finite at p if Zps
is of finite codimension in C[[z]]. The dimension dim¢ C[[2]]/Zas is a biholomorphic
invariant of M and is called the essential type of M at p, denoted by ess type, M. We
note that e.g. Ipn is generated by z0*,..., zP" and therefore PP is essentially finite
at 0. Recall also that a germ of a holomorphic mapping H: (C"*!, p) — (CN+1 p)
is said to be finite at p if the ideal Z(H) generated by the components of H in the
ring O, of germs of holomorphic functions at p is of finite codimension. In this case,
we shall refer to this codimension as the multiplicity of H at p,

mult, H := dim¢ O, /Z(H).

It is well known (see e.g. [1]) that if H is finite at p, then for every ¢ close p the number
of preimages m := H~'(H(q)) is finite and m < mult, H. (In the equidimensional
case N = n, the generic number of preimages equals mult, H, but in general we
only have the inequality). Now we can state and prove the following result, which in
view of the above comments regarding P}’ proves Lemma 2.2. We remark that the
equidimensional case in the proposition below follows from [7, Theorem 3].

PROPOSITION 4.1. Let M and M’ be real-analytic hypersurfaces in C"T1 and
CN*L respectively and let p € M, p' € M'. Suppose that H : (C**+1 p) — (CNFL p/)
is a germ of holomorphic mapping sending (M, p) into M'. If M is essentially finite
at p and H is transversal to M’ at p' = H(p), then H is finite and

(38) mult, H < esstype, M.



374 P. EBENFELT AND S. N. DUONG

Proof. Suppose that M and M’ are given in normal coordinates Z = (z,w) and
7' = (Z',w'), vanishing at p and p’ respectively, by complex defining functions p and
p' of the forms:

p(z,w,z,w) =w — Q(z,z,w), p v,z a0)=w—-Q (7 2, u0).
Since H sends M into M’, the following holds for some real-analytic function a(Z, §).
(39) G(Z2) - Q'(F(2), H(§)) = a(Z,€) (w — Q(2,9)).

Here, H = (F,G) with I = (Fy,..., Fy). By setting §{ = 0, taking into account that
H(0) =0, Q(2,0,0) =0 and Q’'(z’,0,0) = 0 we deduce that

(40) G(Z)=a(Z,0)w
Setting w = 7 = 0 and observing from (40) that G(z,0) = 0 and G(x,0) = 0, we get
(41) Q'(F(2,0), F(x,0),0) = a(z,0,x,0) - Q(z, x,0).

Since H is transversal, we have a(0) # 0 (see e.g. [4]). Therefore, a(z,0,x,0) is
non-vanishing for (z, x) close to zero and hence

(42) a(z,0,x,0)""- Q'(F(2,0), F(x,0),0) = Q(z,x, 0).
We expand
(43) Z Xa qu

Let Zps and Z(F) be the ideals in CJ[z]] generated by {qi(z): I € N"} and
{Fj(#,0): j =1,...N}, respectively. We claim that

(44) Iy CI(F).
Indeed, for each multi-index I € N™, one has from (42) that

1 ot

1) ) = g5 (40000 Q0. F0.0)

x=0

If we expand
(46) (z',x',0) Z q(z 7

then it is clear from (45) that g7(z) belongs to the ideal generated by the ¢/;(F(z,0)),
J € NV which in turn belongs to the ideal Z(F) (since the ideal Zys/, generated by
the ¢/;(2"), of course is contained in the maximal ideal). Therefore, we obtain (44).

Furthermore, since M is essentially finite, Zys is of finite codimension in C[[z]] and so
is Z(F), by (44), and hence F(z,0) is finite. Moreover,

(47) multy (F(+,0)) = dime C|[[2]]/Z(F) < dimc C|[[z]]/Zar = ess typey(M).

On the other hand, it follows from (40) and the invertibility of a(Z,0) that w € Z(H)
and, hence, H is also finite and

(48) multo(H) = multe(F(-,0)).
From (47) and (48), we obtain (38). O
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5. An example. As mentioned in Remark 1.2, there is some redundancy in
general in Theorem 1.1; it may happen that Hyw =T o Hyr w for W £ W' o # o,
and a suitable automorphism 7. In the equidimensional case, the collection of all
possible maps H, w, for a given o, is formed by the single orbit of one such map H, v,
under the action of the identity component Autiq (PN 0) of the stability group, i.e.
any Hg w is of the form T o H, w, for some T € Autld(PN 0). (The orbit under the
action of the full stability group has, potentially, several components corresponding
to different permutations p of {s 4 1,..., N} such that q,) = qx; see Section 3.)

In this section, we shall give an example illustrating (hopefully) the general prin-
ciple behind why both parameters ¢ and W in Theorem 1.1 are needed in general.
In particular, for a given o, the orbit of single H, w, under the action of the sta-
bility group Aut(PqN ,0) is in general “smaller” (in fact, lower dimensional) than the
collection of all maps H, .

EXAMPLE 5.1. Let M C C* and M’ € C% be the hypersurface given by
(49)
M = {Imw = |z1|" 4|z [F+[25?}, M= {Imw’ = [21]*+ |25+ |25 + |24 + 28]}
Thus, in this example n = 3, N = 5, and s = 3. In particular, N —n=2<3 =n
and hence Theorem 1.1 applies.
(a) Consider K = {4,5} and 0(4) = 0(5) = 3, and so #0(K) =1>0=n —s. For
a,b,c > 0 such that a® + b? + ¢ = 1, consider the following n x N matrix

1 0 0 0 O
(50) Wape:=10 1 0 0 0],
0 0 ¢c a b

which satisfies the requirements (a) and (b) in Theorem 1.1. The corresponding
mapping is of the form

How,,.(z,w) = (zl,zz,czg,ﬁzg,\/gzg,w).

It is easy to check, using Theorem 3.1, that the orbits of H,w, , . are disjoint
for distinct values of (a,b,c). Indeed, if H" = T o How, , .(2,w) for some T' €

Aut(M’,0) then
Hj (2, w) \/7 \/>
H’ (z,w)

Thus, for any two choices of values (a,b,c) such that the (un-ordered) pairs of
values {\/a/b, \/b/a} are different, the orbits must be disjoint.
(b) Consider the two mappings H, w and H,s w, where K = {4,5},

o4)=1, o(5) =2, o' (4) =2, o'(5) =3,

and
0 0010 1 00 0 O
(51) W:=10 000 1], W:=10 0 01 0
1 0 0 0 O 0 0 0 01

The corresponding mappings are of the form
Hyw(z,w) = (25,0,0, 21, 25, w)

52
( ) HU’,W’(Z;U)) - (Z%,0,0,Z%,Zg,ﬂ))
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Observe that any mapping H in the orbit of H, w has the property that HyHs
vanishes identically on the hyperplane {z; = 0}, while none in the orbit of Hy, y
has this property.

V.

M.

M.

M.

M.

M.

M.

E.

S.

REFERENCES

I. ARNOL'D, S. M. GUSEIN-ZADE, AND A. N. VARCHENKO, Singularities of differentiable
maps. Vol. I, volume 82 of Monographs in Mathematics. Birkhduser Boston Inc., Boston,
MA, 1985. The classification of critical points, caustics and wave fronts, Translated from
the Russian by Ian Porteous and Mark Reynolds.

S. BAOUENDI, P. EBENFELT, AND L. P. ROTHSCHILD, Local geometric properties of real
submanifolds in complex space, Bull. Amer. Math. Soc., 37:3 (2000), pp. 309-336.

S. BAOUENDI, P. EBENFELT, AND L. P. ROTHSCHILD, Real submanifolds in complex space
and their mappings, volume 47 of Princeton Mathematical Series. Princeton University
Press, Princeton, NJ, 1999.

S. BAOUENDI, P. EBENFELT, AND L. P. ROTHSCHILD, Transversality of holomorphic map-
pings between real hypersurfaces in different dimensions, Comm. Anal. Geom., 15 (2007),
pp. 589-611.

S. BAOUENDI AND X. HUANG, Super-rigidity for holomorphic mappings between hyper-
quadrics with positive signature, J. Differential Geom., 69 (2005), pp. 379-398.

S. BAOUENDI, N. MiRr, AND L. P. ROTHSCHILD, Reflection ideals and mappings between
generic submanifolds in complex space, Journal of Geometric Analysis, 12 (2002), pp. 543—
580.

S. BAOUENDI AND L. P. ROTHSCHILD, Germs of CR maps between real analytic hypersur-
faces, Invent. Math., 93 (1988), pp. 481-500.

BEDFORD AND S. PINCHUK, Domains in C*T1 with noncompact automorphism group, J.
Geom. Anal., 1:3 (1991), pp. 165-191.

S. CHERN AND J. K. MOSER, Real hypersurfaces in complexr manifolds, Acta Math., 133
(1974), pp. 219-271.

J. P. D’ANGELO, Polynomial proper holomorphic mappings between balls, ii, Michigan Math.

J., 38 (1991).

J. P. D’ANGELO, Proper holomorphic maps between balls of different dimensions, Michigan

J.

G.
G.
P.

P.

I I

Math. J., 35:1 (1988), pp. 83-90.

P. D’ANGELO, J. LEBL, AND H. PETERS, Degree estimates for polynomials constant on a
hyperplane, Michigan Math. J., 55:3 (2007), pp. 693-713.

DiINI AND A. S. PRIMICERIO, Localization principle of automorphisms on generalized pseu-
doellipsoids, J. Geom. Anal., 7:4 (1997), pp. 575-584.

DiNt AND A. S. PRIMICERIO, Proper holomorphic mappings between generalized pseudoel-
lipsoids, Ann. Mat. Pura Appl. (4), 158 (1991), pp. 219-229.

EBENFELT, X. HUANG, AND D. ZAITSEV, Rigidity of CR-immersions into spheres, Comm.
Anal. Geom., 12:3 (2004), pp. 631-670.

EBENFELT, X. HUANG, AND D. ZAITSEV, The equivalence problem and rigidity for hyper-
surfaces embedded into hyperquadrics, Amer. J. Math., 127:1 (2005), pp. 169-191.

. EBENFELT AND L. P. ROTHSCHILD, Transversality of CR mappings, Amer. J. Math., 128

(2006), pp. 1313-1343.

. J. FARAN, The linearity of proper holomorphic maps between balls in the low codimension

case, J. Differential Geom., 24:1 (1986), pp. 15-17.

. FORSTNERIC, Embedding strictly pseudoconvex domains into balls, Trans. Amer. Math. Soc.,

295:1 (1986), pp. 347-368.

. HuANG, On the mapping problem for algebraic real hypersurfaces in the complex spaces of

different dimensions, Ann. Inst. Fourier (Grenoble), 44:2 (1994), pp. 433-463.

. HuaNG, On a linearity problem for proper holomorphic maps between balls in complex

spaces of different dimensions, J. Differential Geom., 51 (1999), pp. 13-33.
HUANG AND S. J1, Mapping B™ into B2*~1, Inventiones Mathematicae, 145 (2001), pp. 219
250.

. Huang, S. J1, AND D. XU, A new gap phenomenon for proper holomorphic mappings from

B™ into BN, Math. Res. Lett., 13:4 (2006), pp. 515-529.

. Huang, S. Ji, AND W. YIN, On the third gap for proper holomorphic maps between balls,

preprint; http://front.math.ucdavis.edu/1201.6440, 2012.



HOLOMORPHIC MAPPINGS BETWEEN PSEUDOELLIPSOIDS 377

A. V. IsAEV AND S. G. KRANTZ, Domains with non-compact automorphism group: a survey,
Adv. Math., 146:1 (1999), pp. 1-38.

M. LanDpucct, On the proper holomorphic equivalence for a class of pseudoconvexr domains,
Trans. Amer. Math. Soc., 282:2 (1984), pp. 807-811.

M. LANDUCCI AND A. SPIRO, On the localization principle for the automorphisms of pseudoel-
lipsoids, Proc. Amer. Math. Soc., 137 (2009), pp. 1339-1345.

R. MoONTI AND M. MORBIDELLI, Pseudohermitian invariants and classification of CR mappings
in generalized ellipsoids, J. Math. Soc. Japan, 64:1 (2012), pp. 153-179.

S. M. WEBSTER, The rigidity of C-R hypersurfaces in a sphere, Indiana Univ. Math. J., 28:3
(1979), pp. 405-416.

B. Wona, Characterization of the unit ball in C™ by its automorphism group, Invent. Math.,
41:3 (1977), pp. 253-257.

D. ZAa1rTsev, Algebraicity of local holomorphisms between real-algebraic submanifolds of complex
spaces, Acta Math., 189:3 (1999), pp. 273-305.



378 P. EBENFELT AND S. N. DUONG



