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2
Abstract. We construct the heat kernel for the second-order operator Ax = % >he1 (%) +

2
% >he1 (:czbk &) with my € N, which is a degenerate elliptic operator. Obviously, this operator
2 2
is closed related to the Grushin operator Lg = % ((%) + % (:cmc%) with m € N. In this paper, we
fist give a complete description of the geometry induced by the operator Lg. More precisely, given
any two points in the space, the number of geodesics and the lengths of the geodesics are calculated.
Then we find modified complex action functions and show that the critical values of this function
will recover the lengths of the corresponding geodesics. We also find the volume element by solving
a generalized transport equation. Finally, the formula for the heat kernel of the diffusion operator
2 _ Ax is obtained. The formula involves an integral of a product between the volume function

ot
and an exponential term.

Key words. Grushin operators, subRiemannian geometry, geodesics, heat kernel, volume ele-
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1. Introduction. In this paper, we want to find the heat kernels for operators
L;, j=1,2,3,4, where

A ) S e )
(5

k=1
M A )
b ()  ( A)
and
B LS () S ) )

Here my =1,2,...and k=1,...,n.

All these operators can be realized as sums of squares of vector fields which are
elliptic operators except when {z; =0, k = 1,...,n}. We refer this set as the missing
directions. All these operators are closely related to the Grushin operator
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where X; = 8% and Xo = 2™ 8_ with m € N. The operator L; can be realized as a
product of Grushin operators defined on the product space R? x --- x R2. Hence, it
has n missing directions. The operator Ls is a Grushin operator defined on R"*! with
n missing directions. The operator Lz is a Grushin operator defined on R™*! with
only 1 missing direction. Finally, the operator L, is a generalized Baouendi-Goulaouic
operator defined on R?"*! which is a sum of Grushin and Laplace operators.

We shall recall the heat kernel for the Laplace-Beltrami operator

Here X;,..., X, represent n linearly independent vector fields on an n-dimensional
manifold M,,. The heat kernel for A, at least locally, takes the form,

1 a2 (x,x0)

e 2t ao + art + agt® +---).
(2nt)3 (a0 + art + a2 )

Pt(xu XO) =

The a;’s are functions of x and xg, and d(x,xo) denotes the Riemannian distance
between xg and x;. Note that

B(F)) 15 Py

2
i.e., % is a solution of the Hamilton-Jacobi equation.
We are interested in finding the solving kernels for the operators % - Lj, 5=

1,2,3,4. It is reasonable to expect the kernel have the form:

c 7h]‘ (X,Xo)

Pi(x,%0) = el for some suitable «,

2(x.,xo)

where the modified complex action function h;(x,xo) plays the role of d 5~ and
satisfies the Hamilton-Jacobi equation
Oh; Oh; Oh;
oy H( _J_J) -0, j=1,2,34.
ot + oxr’ Oy J
Given the vector fields X1,..., X, in an n-dimensional manifold M,, with ¢ <

n, assume that X = {Xy,..., X} satisfies the bracket generating condition: “the
horizontal vector fields X and their brackets span T'M,,”. Based on this assumption,
Chow [16] proved the following celebrated theorem in 1939.

THEOREM 1. Given any two points A, B € M, there is a piecewise C*-horizontal
curve 7y : [0, 7] = My,:

and

¢
A(s) = Z ar(8) Xy almost everywhere.
k=1

Now we may define a geometry on on the manifold M,. A sub-Riemannian
structure over a manifold M,, is a pair (H,(-,-)), where H is a bracket generating
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distribution and (-,-) a fibre inner product defined on H. Now by Chow’s theorem,
given two points A and B in M,,, one may measure the length of the horizontal curve

v by
()= [ VA A
The shortest length

dee(A, B) :=inf £(v),

is called a Carnot-Carathéodory distance (see Calin and Chang [7], Gromov [23] and
Strichartz [28]) between A, B € M,, where the infimum is taken over all absolutely
continuous horizontal curves joining A and B.

Such subRiemannian geometry is useful in understanding the fundamental so-
lution and heat kernel for the corresponding operator Ax = %Ei:l X ]2; see e.g.
[2, 3, 4, 5]. As a consequence, one can recover the well-known Hérmander theorem
[25]. Ax is hypoelliptic, i.e., if Axu = f € C°, then u € C*.

Set
X]:Za]k(x)aT, j:].,,[
k=1 k
Then
1 l n 2
H=g Z ( ajk(x)ék)
j=1 k=1

is the Hamiltonian function on the cotangent bundle T*M,,. A bicharacteristic curve
(x(s),&(s)) € T*M,, is a solution of the Hamilton’s system:

xk(s) = He,, gk(s) =—Hy,,
with boundary conditions
2k (0) = zko, k(7)) = xk, k=1,...,n,

for given points xg, x € M,,. The projection x(s) of a bicharacteristic curve on M,,
is a geodesic.
In the first part of this paper, we survey the geometry which is induced by the
famous Grushin’s operator (see [24]):
102 1 0?

(1.2) A, = 4+ -a?m— =

1
3007 T30~ ai ),

where m € N with

0 0
1.3 X = —, Xo =M™,
(1.3) YT ox 2= dy
Since it is easy to see that A,, = %8‘9—; along the y-axis, then it is non-elliptic.

However, the first m Lie brackets are:

[X1, Xo] = mxmflgy;
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(X1, [X71, X2]] = m(m — 1)xm72§y;
[Xl, [le... 7[)(17)(2]]...] — m!(%_

Hence {X;, X>} satisfies the bracket generating condition.

In order to construct the heat kernel for A,,, one needs to derive a modified
action function f which plays the same role as d?(x,%g) in the Riemannian case.
Hence, we need to obtain information on all “geodesics” connecting any two points in
the Grushin plane.

When m = 1, the geometry induced by the step 2 Grushin operator A = %(86—;24-
$2§—;2) has been studied in detail in Calin et al. [8, 10] and Chang et al. [13, 14].
They obtained all geodesics between any two points in the Grushin plane. When
m = 2, Calin and Chang [6] studied the geometry induced by the step 3 Grushin
operator Ag = %(86—;2 + x4§—;2). They obtained all geodesics which connect points on
the y-axis with any other points in the Grushin plane by careful analysis of Jacobi
elliptic functions.

2. Geodesics. Fix m € N. The Hamiltonian of the Grushin operator A,, is

(21) Hz,,6m) = (€ +2M),

where (£, 7) are variables dual to (,y).
The normal geodesics between the points P(xg,yo) and Q(x1,y1) are the projec-
tions onto the (x,y)-plane of the solutions to the Hamiltonian system

{g’c:Hg:g, y = H, = nz*"

2.2 .
( ) §:_Hz:_mn2x2m—l, 77:_ y:O

with the boundary conditions

(2.3) z(0) = o, y(0) = wo, z(1) = 21, y(1) = w1
The Hamiltonian system is invariant with respect to the symmetries
(2.4) (@,y5m) = (=2, y3m),  (z,y3m) = (2, —y; =),

so we may restrict our attention to x1 > 0, y1 — yo > 0, n > 0, without loss of
generality.

We note that 7 = 0 implies that 7 is a constant which is the Lagrange multiplier.
Set

then (2.2) yields
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which takes the form of the law of conservation of energy

1
(2.5) 53;«2 +V(z)=F & 22 4 n?rt™ = 2F = A%,

where F is a constant, the total energy, which depends on the boundary conditions

Zo, Yo, T1, y1 and the constant n; A is the amplitude of z. From equations (2.2) and
(2.5), one has

y'2
(2.6) ¥+ G = i P = P AP

I2m -

Let

v(s) = (z(s),y(s)) : [0,1] = R?
be a horizontal curve. Then

i .0 .0 NI

The Carnot-Carathéodory length of ~(s) is

(2.8) U(v) = /O 1 [5&2(8) + Iin(‘z)} v ds = /0 1 V2A?mds = nA™ = V2E.

After detailed calculation, one has the following theorem. See Calin and Chang [6],
Calin et al. [10], Chang et al. [13] and Chang and Li [15].

THEOREM 2. For any two points P(zo,yo) and Q(x1,yo) on the same horizontal
line y = yo, there is a unique geodesic connecting them.

If y1 > 0, there are infinitely many geodesics 1,72, - - ., Vk, - - . connecting P(0,0)
and Q(0,y1) with lengths €1,0s,... L, ..., where

U = [aln(m + 1)k™y ] ™

dt
Vieerk
If x1 # 0, there is only a finite number of geodesics joining P(xo,yo) and
Q(x1,y1). The number is approrimated by

For each k € N, there are two geodesics. Here a,, =2 fol

m+12[y1 — yol

am :1:1”"’_1

N =~

3. Heat kernels for Grushin operators. In this section, we will construct
the heat kernel for step m + 1 Grushin operator A, = %88—; + %x%”aa—; and study the
small time asymptotics of the heat kernel. Since the operator A,, is invariant under
translations along the y-axis, we may assume that y(0) = yo = 0.

3.1. The modified action function. First we need the classical action integral
S(t). Recall that the associated Hamiltonian of Grushin operator is H(x,y,&,n) =
(€% + 2®™n?) where ¢ and 7 are dual variables of = and y, respectively.

Along the bicharacteristic curves, we have

(3.1) E=¢  y=n"
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The action integral is

(3.2) S@%:A(5i+w~y—HMs:Z;HM.

H is a constant along a bicharacteristic curve. From the expression of H and (3.1),
one has

-2 22m_122m
(x—l—n:v )—217A ,

H =

N~

where A is a parameter representing the amplitude of x(s). Coupling the last two
equations yields

(3.3) S(t) = %nQAth.

Recall that, along the bicharacteristic curves one has

(3.4 v =9(0) =7 [ " (s)ds

(3.5) x(s) = AS;(p(s + s0)), 0 <sp < am,

and

(3.6) xo = x(0) = AS (pso), z =z(t) = ASm (p(t + s0)),

where Sp,(s) = x(s;1,1) and x(s; A,p) = Az(ps;1,1) = AS,,(ps) with s € R and
p, A > 0. Moreover,

(3.7) p=nA""1

We are going to find the integral in (3.4). Solving the Hamilton’s system, one has

t _1 t
/0 ¥ (s)ds = m—772/0 x(s)Z(s)ds
1 =t ot
=- k—nQZC(S)x(S) + m—772/0 (PP A*™ — n?a®™ (s))ds,
s=0

combining this equation with (3.5) and (3.6), one get

‘ 1
772/ 2™ (s)ds = ——
0

2 A2m
A
m—+1 tn

s=0

—x(s) 1

1 2 S, (p(t + 50)) S, (Pso) 2 42 }
_ 2S5 m Amyl
m+1 |: v Sm(p(t+30)) IOSm(pSO) +77

From (3.3), (3.4) and (3.8), one has
(3.9)

1
S(t) = 3n* A"t =

[(m + 1) (y = y(0)) + pa® iﬁgg I zz;; ~ P i:gzzﬂ '

N =
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As we know that the solution of the Hamilton-Jacobi equatlon 5t ho g ( Y, gz , gz ) 0
is

h(t) = ny(0) + S(t)

_ Lo, B 2SmPE+50)) 55 (Pso)
=ny+ 3 {( Dn(y —y(0)) +p Setits)) P OSm(pSO)} :

To eliminate the term y(0), we use (3.9) to obtain

_ w2 Su+s0) oS (pso)
n(y = y(0) = — [772A2 t—p 2Sm(p(t+50)) p ?)Sm(ps())]
The last two equations yield
(3.11)
_ ! A g 2SR 50) S (ps0)
M) = gy | (n = DA e R 'S0 ]
Py Sh

1)p? A%t + 2pa®

(0t +50)) . 2Sh(ps0)
G+ 50)) P05, (ps >]

1
YT {(m

Here we have made use of (3.7) to get rid of 7.

The representation of & in (3.11) is not in the final form, since it involves s¢ and
A, which can be eliminated by a investigation of (3.6) and the addition formula of
Sk. Moreover, h(z, zo,y,p,t) = %h(x,y,:vo,pt, 1). Set f(z,y,20,A) := h(z,y,20,\, 1)

—h = le’%.

with A = pt. Now we are looking for a heat kernel in the form of t%e &
However, the heat kernel should not depend on A. To this end, we use a trick to get
rid of A by summing over it. Thus we shall look for the heat kernel in the following

form

(3.12) Pi= 1 /*7’“”’?”’”V(A)dx
' YT em)e S '

Here V'()) is introduced for a good measure, which is called the volume element. The
integral path may be deformed to a contour I' in the complex plane, such that the
integration is taken on the best behavior of the integrand such that the integral is
well-defined, for example, I' is the whole imaginary axis or the contour discussed in
Chang et al. [14]. See also Beals et al. [2, 3] and Calin et al. [8]. The function f is
called the modified (complex) action which plays the same role as the square of the
distance function and satisfies the eiconal equation:

of of of
(3.13) AEJFH( vo5 8y> f.

Furthermore, at the critical points A = \;, i.e., gz\c (A;) = 0, one has
(3.14)

m- 22 (m= 1) +28m(N)Sh (N
f(%y,OvAj)—Aj[ﬁISm(Aj)l L+ (m = DX, (A)Sn(A)

2(m+1) SZ,(\)
. /\j$2 ) (m - 1)/\ + 2Sm()\J)S7/n(/\J)
=55 MO+ 2(m + 1) |
/\?:c2 B E?(a:,y)

T28,0n) 2
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where £;(z, y) is the Carnot-Carathéodory length of the j-th geodesic connecting (z, )
and the origin.

Hence, at the smallest critical point A;, f takes its smallest value (on the real
line). We have the following result and will discuss the detail in a forthcoming paper.

THEOREM 3. The heat kernel of step (m + 1) Grushin operator from the origin
has the asymptotics

Pi(x,y;0, 0)
1 _ cc(r v) (x y,)\l 2mt

~ + Ot
= \/ GO+ (1 = DS, O8O )]+ 1)

ast — 0T. Here
1A= S, (NS,

() = I R TP\

and Ay 1is the smallest critical point of f(x,y,0,\). As usual, de.(x,y) is the Carnot-
Carathéodory distance between (x,y) and the origin.

REMARK 4. For the case of m =1, §1(-) = sin(+). Using the addition formula of
the trigonometric functions, we have

2Siplt+50)) o Sis0) _ ocos(pl(t+s0) cos(pso)

Si1(p(t + s0)) OSi(pso) ~ sin(p(t + s0)) % sin(pso)
—(@?+a2) cos(pt) 22 sin(pso) 2 sin(pt + pso)
07 sin(pt) sin(pt + psg) sin(pt) Osin(psg) sin(pt)

Equations in (3.6) yield
x  sin(pt + pso)

ro  sin(psg)

Combining the last two equations, one has

LS+ ) oSi(ps0) _ 5 oy cos(pl) 2wy
B15) T ) S~ & T Gt T smet)
Hence,
- 22 g2 cos(pt)  2zxo
(3.16) h(t) =py+p <( + ) sin(pt) sin(pt)>

t t
= 77y+g ((w —xo)Qcot% — (:c—i—xo)ztan%) ,

since p = nA'~! = 1. We recover the result in Calin et al. [10] and Chang et al. [13].
Our approach here to find h(t) is easier and more convenient to generalize to higher
step cases.

REMARK 5. For the case of m = 2, the function Ss is the Jacobi elliptic function
with modulus #: Sz(-) = sn(+;i) := sn(-). The following result is well-known (see
Lawden [27]):

(3.17) sn’(u) = en(u)dn(u),
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and the addition formula

sn(u)sn’ (v) + sn(v)sn’ (u)
1+ sn2(u)sn?(v)

(3.18) sn(u+v) =

From (3.17) and (3.18), one has

~—

255 (P(t+50)  285(pso) _ os0'(pt+ pso
x =z
82 (p(t + 80)) 82 (pSo) sn(pt + pso
—(2? + x2)sn'(pt) _ 2suso)[l + sn®(pt + pso
9" sn(pt) sn(pt 4+ pso)sn(pt
2 sn(pt + pso)[1 + sn?(psg)sn?(pt)]
0 sn(pso)sn(pt)

_ 581’ (pso)
0 sn(pso)
sn® (pt)]

2
— x5

-

~—

Equation (3.6) yields
x = Asn(pt + pso), xo = Asn(pso).
Hence,

2 Sl + 50)
82 (p(t + 80)

2 Sﬁ (pso)

%S5 (pso)
sn’(pt) TTo 9
-2 t
safph) ety |2 T @)

) _

)

(3.19) 4 a2
A2

=(2* + )
If 22 # 0, we need find A. In view of (3.6), we just need find sn(psg). By the
addition formula

sn(pso)sn’(pt) + sn(pt)sn’ (pso)
1 + sn?(psg)sn?(pt)

sn(pt + psg) =

b)
one has

o sn(pso)  sn(pso)[1 + sn?(pso)sn(pt)]

x  sn(pt+psg)  sn(pso)sn’(pt) £sn(pt)y/1 —sn(pso)

Therefore, T' = sn(psg) satisfies the following equation
B*ATS + (2B% — 2Bs' + 1)s*T* + (B — /)*T? = &2,

where s = sn(pt), s’ = sn’(pt) and B = z/xy. This equation can be solved in an
explicit although complicated form by regarding it as a cubic equation of T2. It
follows that T = sn(psg) is a function of x, xy and pt, so is

A =z /sn(psg) := A(z, zg, pt).
Now (3.11) leads to

h(t) =ny(0) + S(t)
(3.20) y

/ t 2 2
+§ pA*t +2(2® + ) i, I (HSHQ(M)M)]'

S
sn(pt) sn(pt) A2
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When 2o = 0 and = > 0, from (3.6) one has sp =0 and A = , which lead to

RG]

h(t) = %9 {G?y|sn(pt)| + snf(tpt) + 222 SSIII:((Z]:;)]

oDt + 2sn(pt)sn’ (pt) ]
6sn2(pt) '

(3.21)

— | L) +
T
Thus we can define the modified action function
(3.22)
A

y 5 5 ouSm'A _xxp 0 T2+
=L+ 22?42 AT ([
f(z,y,20,A) AA+ : {A +2(2® + 22) — Sn/\< +sn%\ e ,

where A = A(x,x0,)\) is a function depending only on z, xg and A. Moreover, if
zo = 0 and & > 0, one has # = Alsn)|. In this case, the modified action function
reduces to

’
f(xvy,lfo,/\) = )\% + % |:A2A2 + 2.%2%}
(3.23) |
=A g|sn)\| +x2M
z 6sn2\

3.2. The volume element. In this section, we will show that for higher (> 2)
step cases, the volume element can be found in a similar way as the step 2 case. The
argument here is essentially similar as in Calin et al. [8] and Greiner [22]. Assume
generally that

By the definition of the heat kernel, one needs to show

Pi(z,z0,y) > 0, t>0 and (z,y) € R
(3.24) (AX - %)Pt =0, £>0
limy o Pe(2, 20, y) = d(z — 20)d(y).

The positivity of the heat kernel was proved in Gaveau [18] and Hulanicki [26] by
probabilistic method since the heat kernel is the density function of a stochastic
process. Recently, we had present an analytic approach to this property in Chang et
al. [14]. Now we turn to the second condition in (3.24). In view of (3.12), we need

to look at the term (AX — %) efic/xtv. Since Ax f is a function depending on the
variables x and y, the volume element V' = V (z,y, \) depends on the spatial variables

in general. Therefore,

J4
Ax(e V) = Ax (e MV + > Xp(e XV + e/ AKXV
k=1
— eI/t [(M _Axf

1
V-=-Xf-XV+AxV
2 7 ) y f +AaxVy,
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and
de IV eIV [ f a
ot 2 t)
Hence,
—f/t —f/t _ _ .
<AX_ %> < v _ = |:(H(VJ;)2 HV _ (Axf a)Vt'—t-Xf Xv +AXV].

Now the eiconal equation )\% + H(Vf) = f implies that

g HNVH =NV Ly 1,0F
e/t 5 = e =oAgy |V
1

0 ' O
_ o FIt _ eIt
; <6/\ (e7/PAV) —e a)\(/\V)> ,

which leads to

(3.25)
o\ e Ity
A — — | ——
( X at> to
eIt [ oV eI/t e f/t\V
__tO‘T|:/\5+Xf.XV+(AXf_a+1)V:|+ AXV+5W

The next step is to make the first term on the right-hand side be the power (—a) of
t. To this end, we set

(3.26) V =—fyv.
Differentiating the eiconal equation with respect to A\, we get
(3.27) Afaa+Xf-Xfi=0.
Then the first term on the right-hand side of (3.25) becomes
eIt oV
— tOlT |:/\m +XfXV+(Axf—Oé+1)V:|
et 7 o
= ot {/\a(fw) + X[ X(fav) + (Axf—a+ 1)fw]
a (e I/t
=— (—[)\UA—I—Xf-Xv—I—(AXf—oz—I—l)v])
o\t
eI/t 9
oA+ Xf - Xv+ (Axf—a+1).
> O\
Moreover,
Axv = Ax(—fﬂ)) = —’UAxfk — Xf)\X’U — f)\Axv.
Thus

%[/\vA—I—Xf~Xv+(Axf—a—l-l)v]—l-Ax(—f)\v)

=y + X[ Xoy+ (Axf —a+2)vy — rAxv

8_3 — [HAxw,
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where

0
T=)\~+~+Xf X.
/\8)\+ f

Substituting the last two equations into

8S o 8y(0;x7yaI07nat)
8y (t7 x,Y,Zo, 77) - 77(t) 77(0) 3y
leads to
A\ e /ity eI/t Ov
(ax-5) S =S (T4 @xs-as2) 5 - naxo)

0 e f/tAfrv 0 <ef/t

- (S ok (axs—a 1)

‘We have shown that

THEOREM 6. The kernel (3.12) is a solution of

OP;

(3.28) T AxP: =0, t>0,
if v is a solution of
Ov
(329) (T + (Axf -+ 2)) ﬁ — f)\Ax’U = 0,
and
—f/t —f/t
(3.30) M and c (Tv+ (Axf—a+1)v)

toz-i—l to
both vanish at the end points of the contour T'.

The equation (3.29) is called the generalized transport equation. If the volume
element V' does not depend on the spatial variables 2 and y, then (3.25) simplifies to

g )\——l—(Axf—a—i-l)V +5W

) eff/tV_ e~ fIt 1 ov 8 e f/t\V
te ekl [T 9N

(3.31) <AX -

Then Theorem 6 can be written into a more elegant form:

THEOREM 7. The kernel (3.12) is a solution of (3.28) if V(\) does not depend
on x, y and is a solution of
oV

(332) )\m + (Axf —a+ 1)V =0

and e*ti/ii\v vanishes at the end points (might be infinity) of the contour T.

Note that (3.32) is a first order transport equation. This is the case of step 2,
because of the fact that Af does not depend on the spatial variables in this case.
Examples are heat kernels of Heisenberg subLaplacian and step 2 Grushin operator;
see Beals et al. [4], Calin and Chang [6], Greiner [22]. For higher (> 2) step cases,
Af depends on the spatial variables, in which we need solve for V' like in Theorem 6.
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However Theorem 6 is not so convenient. Since we are going to find the small time
asymtotics of the heat kernel by the steepest descent method, in which the main
contribution comes from the saddle point of the integral, i.e., at the points where fy
vanishes. But the integrand also vanishes in (3.12) at the saddle points. We will try
an alternative way to find the volume element V().

Assume V = W,. Write the second term on the right-hand side of (3.25) as
e—f/t ) (ef/t AW) eI/t

A =— | — ——CAW.
to A O\ to + ta-i—l w.

(3.33)

Hence we have the following result:

THEOREM 8. The kernel (3.12) is a solution of (3.28) if W is a solution of

o*w ow
and
e 1N AW e—f/t

both vanish at the end points (might be infinity) of the contour T.

3.2.1. The case for m = 1. The volume element could be computed as in Calin
et al. [8] and Chang et al. [13]. We start with the second assertion of the above system.
Note that

f

( 8)6*2‘/(7) et [ av } 0 (Te*?V(T))'

- = = — — A f— nHv —
Lot o to+l TdT+( f—adt ) +8T to
Assuming
lim Te_%V(T) =0,
T—+o00
one has

(Al - %)%/}Re_{V(T)dT

_ _ta%/e*%[q—fl—‘;+(A1f—a+1)V(7’)}dr — 0, Vi>0.
R

Since A1 f = % coth 7, then we have

ov 1
T— 4+ | z7cotht+1—a |V =0,
or 2

which is so-called the transport equation. Hence,

er)e!
Vi) = ( si)nhT'

We need V' holomorphic near 7 = 0. This forces us to choose a = n + %, n=12,...

and the volume element is
pu
V(r)=cr™ 1,/ .
) sinh 7
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Set V(1) =Y 1, a7, Substituting this into the transport equation, one has

oo 1 oo
Za;ﬂ'k + (§TCOth T—o+ 1) (Z aka)
k=1 k=0

3 3
:a17'+§a0+§a17—o¢a0—o¢a17’+--- =0

(g —a)ao—i—O(T) = 0.

Since V(0) # 0, we have n = 1 and o = % Therefore, the heat kernel of the step 2
Grushin operator is

1 x,Tr 3y ,T
Py, 20,y) = / LDy (1 gy
R

(27t) 3
1
_ 1 T {2iy— goips [(z+z0)? tanh 5 +(z—z0)? coth ]} T 2
3 € " dT.
(2mt)z Jr sinh 7

3.2.2. The case for m = 2. In this case, the volume element V(z,y,\) can be
found in the following way. If we assume AV = 0, from (3.25), V satisfies

(3.36) A‘Z—‘; FXNHXV)+Y (Y (V) + (Aaf +1—a)V =0.

We further assume that the solution V of (3.36) does not depend on y and has the
form of

(3.37) V(z,y,\) = Vi(z)Va(N).

Then equation (3.36) reduces to
1
339 VMA@V LV @0 + (Gt 1-a) BV =0
V/

To eliminate the terms involving y in f; and f,., we put 7 Ei; = % Thus, we may

set Vi(z) = z. Note that

AV = D [Vi(2)Va(N)] = V2(A) Az = 0.

Coupling (3.23) and (3.38), V» satisfies the following equation

A+2sndsn’'A 1 -«
! —
(3.39) Va(A) + ( 5onZ\ + By ) Va(A) = 0.
Thus
A st’A 11—« Ae—l A
0gV2(M) / <2sn2)\ + snA + A ) A =log snA / 2sn2 )\ A

To evaluate the integral in the last equation, we recall an integral formula of the sn
function:

Y dv sn'u
F = =u— FE(u)—
)= [ S5 = u =B
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where F(u) is the elliptic integral of the second kind

E(u):/ dn?vdv;
0

see Exercise 8.2.2(b) on p.211 and p.129 in [1]. Then integration by parts leads to

A A
2I(A) := du = AF(X\) — F(u)du
(3.40) /0 s /0

A2 sn/\ A
=2 B A2 LA E(u)du

Moreover,
—I(\) 1 —1
e ~ e Z|snA|” 2 as A — 0,

and there is a constant M > 0, such that |e=?(Y)| < Me=>". Hence, one has

/\afl I
= 2 I
(3.41) Va(\) =C — e 7
and
a—1
(3.42) V@%M:m@%m:chMeJW

Recall that
sSnA ~ A as A — 0.

For V(A) is smooth near A = 0, we choose o = n + %, n=20,1,---, and

3

~I(N).

S1n

(3.43) V(z,y,\) = Cz\" e

Thus we are looking for the heat kernel in the following form

C 29,0,
(3.44) Pi(2,y3;0,0) = W/e_ﬂ F Y (2, ) d
If we choose a = 5 (i.e., n = 0), then
AE i
A4 .
(3.45) Va(A) = C|Sn)\|

Denote as = %\/g(l“(i))z and

1 a2 u’()\l) SH)\l 4
I =— d
C V2(A1) snAq + Aisn/ A ( A1 > M

—asg

/ A z —I) [snd — Asn’)\| snA 4d/\
= e _—
s sn/\ snAlsnd + Asn/A[ \ A

(snA — Asn’/A)sn3 A
=2 e TN,
/ \/ SnA + Asn/A)A5
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If we choose the constant

1

Then

lim/ / Pe(z,y)dzdy = lim/ / / eff(z’ty’A)V(a:,/\)d)\d:rdy:1.
t—0t ) _ oo J—co t—0t J_ )0 J—o

Thus we have shown

THEOREM 9. The heat kernel of the step 8 Grushin operator (m = 2) from the
origin 18

1
(3.47) Py(x,1:0,0) = —/e—“ F Ve (WA,
I8

5
2

where f and Va are given in (3.23) and (3.45), respectively.

The heat kernel from the point (zg,0) with z¢ # 0 is much more complicated. In
this situation, one needs to solve the generalized transport equation (3.34) to find the
volume element V' (x,y, A). Here is the theorem.

THEOREM 10. The heat kernel of step 8 Grushin operator from the point (xg,0)
with xo # 0 is

1 _ f(=ym.N)
(3.48) Pu(x,y; 20,0) = 3 e T V(z,y, \)dA,
> Jr

where f(x,y, o, A) is given in (3.22) and V (x,y, \) = Wi (z,y, \) with W is a solution
of the generalized transport equation (3.34).

3.2.3. Heat kernels: the general case m > 2. In this case, the modified
function f(z,y,x0,A) can be obtained by knowledge about the addition formula of
Sm(+), the Abelian functions. In particular, the formula can be worked out nicely
when zg = 0 as in (3.21) and (3.23).

Assume 2y = 0 and > 0. One has so = 0 and = = A[S,,,(¢)|. From (3.11), we
get,

10 h(t) = An]j,l y+ ST 1) [(m — 1)p? A%t + 2pa”® gizgiﬂ
' B y e 2 (m—1)pt+ 28, (pt)S}, (pt)
= IS0+ S201) |
And

(3.50) f(z,y,0,A) = A [ﬂf_l S (V)™ +

2 (m—1DA+28,(N)S,(N)
2(m +1) SN ]

From this,

f(x,y,0,\) = 400 as A — +oo.
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_ f(=,9,0,0)

Hence e t V(z,y,\) = 0 exponentially as A\ — £o0 for ¢ > 0. The singularities
of f on the real line are A\ = ja,,, j = +1,£2,---, at which

f(z,y,0,\) = +o0.

Thus the integral in (3.12) converges.

THEOREM 11. The heat kernel of step (m + 1)-Grushin operator from the origin
18
1 2,0,
(3.51) Pl :0,0) = / e FEE Y (2, y, V)d,
R
where f(x,y,0,\) is given in (3.50), and V (z,y,\) = Wx(z,y, \) with W is a solution
of the generalized transport equation (3.34) with o« = m + %

In summary, we know that
(1) all the geodesics determine the geometry;
(2) all the information of the geodesics is contained in the complex action function f;
(3) one can then use f to construct the fundamental solution and the heat kernel of
Lg;
(4) a through understanding of the action f enables us to compute the small time
asymptotics of the heat kernel at every critical point of f;
(5) the information contained in f is revealed in these asymptotic expansions.

4. Heat kernels for operators L;, j = 1,2,3,4. For any positive integer n,
consider the operator

S E AT

which can be rewritten as Ly = >, _; Lg,. For k =1,...,n, Lg, is a step my, + 1
Grushin operator in (zy, yx)-plane. Since [Lg,, Lg,] = 0 for j # 1, it follows that

n
e—tht — p—tLo ++Le,) — HeftLGk'
k=1

In other words, the heat kernel is just the product of n Grushin heat kernels.
The modified complex action function is the sum of n 1-dimensional action func-
tions. In particular,

n

FY,00) = > ful@e vk 0, M),

k=1

where fi has the form (3.50). The volume element is the product of Vi, k=1,...,n:
V(X7 Yy, 05 A) = H Vk(xka Yk, Oa Ak)
k=1

Therefore,

_ f(xy,0,0)

1 0, \)
Py.0.0) = G [ == vy o
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In particular, if m; = --- = m, = 1, the heat kernel can be written in an elegant
form. In this case, the modified complex action function is

- Ak 9 Ak 9 Ak
f(x,y,x0,\) = —z; AeYr + T [(xk + xpo)” tanh 5 + (zp — xK0)* coth 7]

1/2
The volume element is the product of Vi,(Ax), k= 1,...,n: V(A) =T}_, (sm/\Tk)\k) .

Therefore, one may recover the results in [11, 12]:

1 _ FGey.x0,0)
Pi(x,y,%0) = W/ e o V(A\)dr

_ 1 - / e%{iZZZI kkyk_%[(Ik+$ko)2 tanh )\Tk+($k_:ﬂk0)2 coth %]} H Vk(/\k)d/\
(2mt) 2 n Pl

2
Now let us turn to the operator Lo = (%) + 5 Ek 1 ( Bor ) ,m € N. Since
2
the > ") (8%;6) is invariant under rotation, therefore, the modified complex action

and volume element should depend on |X| = \/S"p_, A2. Using the same method as
we construct the heat kernel for the operator L;, we know that:

1 _fEymgN) o o
Pi(z,y,x0) = W /n e e V(N)dA,

where the modified complex action function is

2 (m = DX+ 28 (XS, (X))
f(2,y,0,X) = A M)t + - i
(@3.0.0) = M| SR + gt T
In particular, m = 1, one has
X 2, 2 Y
x ,:v, )= —i A x“ + xf) cosh || — 2zxq),
flz.y,zo Z kYk + 2smh|)\|(( 0) cosh [Al 0)

and the volume element is

>l

5 1/2
VX)) = VO, ) = _ .
) < ) (sinh|)\|>

2 2
Next, let us consider the operator Ly = 1> (i) + 32 (IZ“C 661/) ,

Bmk

m € N. This operator can be written as Ly = Yp_, (X7 +Y2) = Sr_, L &,» where

X = 6%;@ and Y, = J:Zlka%. Since [Lg, , L ] =0 for k # j. Hence,

e~ths _ ~tlg +otlg,) _ He L,

In this case, the modified action function f(x,y,0,\) will be

(i = DA+ 25, (NSh, (V)

i mp—1
F(%,9,0,%) AZ s —rt S V)] 3 1 D) 82, V)
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In particular, my = 1 for k =1,...,n, one has

1 F05y,%0,2)
Pi(x,y,%0) = ——75 /e* = V(\)d),
t( 0) (27‘rt) +2 R ( )

where the modified complex action function is

- A 2 2
f(xay7X07)\) - Z)‘y+ 2SlnhA((|X| + |X0| )COSh)\ 2<X,X0>),
and the volume element is V(A) = (SinAh )\)n/2 which is the solution of the transport
equation
)% n . n+2
)\m—k(g)\coth)\—i—l—a)V—O with a=—

2 2
Finally, let us turn to the operator Ly = % Z:ll (8%;@) + %22:1 (:EZ” %) .

In fact, we may consider a more general operator:

n+¢ 82

82 L] "\ om, 32 L1
Line =352 75135 Z 5213 922 = Li+ Ay,
j=1 k=n+1

where A, = %ZZJrf;H 5.7 Since [L1,A¢] = 0, it follows that

eftLél,n,l — eft(LlJFA[) — 67tL1 'eftAe.

We have already calculated the heat kernel for Ly and the heat kernel for Ay is the
¢-dimensional Gaussian. Therefore, the heat kernel for the operator Ly, , has the
following form:

1 _ £(x%0,0,)
Pt(xayaxo) = (2 t)zz lmk+L+@ € ¢ V(XaanO;A)d)\a
e = 2 n
where
n n-+4 2
X
f(xayax()v)\) = fk(Ik,yk,Iko,O,)\k)‘F “k
2
k=1 k=n+1

and the volume element V (x,y, %o, A\) = [[1—; Vi (@k, Yk, Tro, Ak)-
In particular, my = --- = m, = 1, one has the volume element is V(\) =

1/2
n Ak
[Ti=: (sinh Ak) and

A n-+4 I‘i
f(x,y,%x0,A\) = —z; Ak + m [(a:k + IkO) cosh A\, — 2xkxk0] + k;rl Tk

In this case, the heat kernel has the form:

1 (6, ,%0,0)
Pi(x,y,%0) = 73“7/ = V(A)dA.
(2mt) "2 n
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