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Abstract. We construct the heat kernel for the second-order operator ∆X = 1
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with mk ∈ N, which is a degenerate elliptic operator. Obviously, this operator

is closed related to the Grushin operator LG = 1
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with m ∈ N. In this paper, we

fist give a complete description of the geometry induced by the operator LG. More precisely, given
any two points in the space, the number of geodesics and the lengths of the geodesics are calculated.
Then we find modified complex action functions and show that the critical values of this function
will recover the lengths of the corresponding geodesics. We also find the volume element by solving
a generalized transport equation. Finally, the formula for the heat kernel of the diffusion operator
∂
∂t

− ∆X is obtained. The formula involves an integral of a product between the volume function
and an exponential term.

Key words. Grushin operators, subRiemannian geometry, geodesics, heat kernel, volume ele-
ment.
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1. Introduction. In this paper, we want to find the heat kernels for operators
Lj, j = 1, 2, 3, 4, where
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Here mk = 1, 2, . . . and k = 1, . . . , n.
All these operators can be realized as sums of squares of vector fields which are

elliptic operators except when {xk = 0, k = 1, . . . , n}. We refer this set as the missing
directions. All these operators are closely related to the Grushin operator

(1.1) LG =
1

2
(X2

1 +X2
2 ) =
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)2
+

x2m

2

( ∂

∂y

)2
,
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where X1 = ∂
∂x and X2 = xm ∂

∂y with m ∈ N. The operator L1 can be realized as a

product of Grushin operators defined on the product space R2 × · · · ×R2. Hence, it
has n missing directions. The operator L2 is a Grushin operator defined on Rn+1 with
n missing directions. The operator L3 is a Grushin operator defined on Rn+1 with
only 1 missing direction. Finally, the operator L4 is a generalized Baouendi-Goulaouic
operator defined on R2n+1 which is a sum of Grushin and Laplace operators.

We shall recall the heat kernel for the Laplace-Beltrami operator

∆ = −1

2

n∑

j=1

X∗
jXj =

1

2

n∑

j=1

X2
j + · · · .

Here X1, . . . , Xn represent n linearly independent vector fields on an n-dimensional
manifold Mn. The heat kernel for ∆, at least locally, takes the form,

Pt(x,x0) =
1

(2πt)
n
2
e−

d2(x,x0)

2t

(
a0 + a1t+ a2t

2 + · · ·
)
.

The aj ’s are functions of x and x0, and d(x,x0) denotes the Riemannian distance
between x0 and x1. Note that

∂

∂t

(d2(x,x0)

2t

)
+

1

2

n∑

j=1

(
Xj

d2(x,x0)

2t

)2
= 0,

i.e., d2(x,x0)
2t is a solution of the Hamilton-Jacobi equation.

We are interested in finding the solving kernels for the operators ∂
∂t − Lj, j =

1, 2, 3, 4. It is reasonable to expect the kernel have the form:

Pt(x,x0) =
c

tα
e−hj(x,x0) for some suitable α,

where the modified complex action function hj(x,x0) plays the role of d2(x,x0)
2t and

satisfies the Hamilton-Jacobi equation

∂hj

∂t
+H

(
x, y,

∂hj

∂x
,
∂hj

∂y

)
= 0, j = 1, 2, 3, 4.

Given the vector fields X1, . . . , Xℓ in an n-dimensional manifold Mn with ℓ ≤
n, assume that X = {X1, . . . , Xℓ} satisfies the bracket generating condition: “the
horizontal vector fields X and their brackets span TMn”. Based on this assumption,
Chow [16] proved the following celebrated theorem in 1939.

Theorem 1. Given any two points A,B ∈ Mn, there is a piecewise C1-horizontal
curve γ : [0, τ ] → Mn:

γ(0) = A, γ(τ) = B

and

γ̇(s) =

ℓ∑

k=1

ak(s)Xk almost everywhere.

Now we may define a geometry on on the manifold Mn. A sub-Riemannian
structure over a manifold Mn is a pair (H, 〈·, ·〉), where H is a bracket generating
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distribution and 〈·, ·〉 a fibre inner product defined on H. Now by Chow’s theorem,
given two points A and B in Mn, one may measure the length of the horizontal curve
γ by

ℓ(γ) :=

∫ τ

0

√
〈γ̇(s), γ̇(s)〉ds.

The shortest length

dcc(A,B) := inf ℓ(γ),

is called a Carnot-Carathéodory distance (see Calin and Chang [7], Gromov [23] and
Strichartz [28]) between A,B ∈ Mn where the infimum is taken over all absolutely
continuous horizontal curves joining A and B.

Such subRiemannian geometry is useful in understanding the fundamental so-
lution and heat kernel for the corresponding operator ∆X = 1

2

∑ℓ
k=1 X

2
j ; see e.g.

[2, 3, 4, 5]. As a consequence, one can recover the well-known Hörmander theorem
[25]. ∆X is hypoelliptic, i.e., if ∆Xu = f ∈ C∞, then u ∈ C∞.

Set

Xj =

n∑

k=1

ajk(x)
∂

∂xk
, j = 1, . . . , ℓ.

Then

H =
1

2

ℓ∑

j=1

( n∑

k=1

ajk(x)ξk

)2

is the Hamiltonian function on the cotangent bundle T ∗Mn. A bicharacteristic curve
(x(s), ξ(s)) ∈ T ∗Mn is a solution of the Hamilton’s system:

ẋk(s) = Hξk , ξ̇k(s) = −Hxk
,

with boundary conditions

xk(0) = xk0, xk(τ) = xk, k = 1, . . . , n,

for given points x0, x ∈ Mn. The projection x(s) of a bicharacteristic curve on Mn

is a geodesic.
In the first part of this paper, we survey the geometry which is induced by the

famous Grushin’s operator (see [24]):

(1.2) ∆m =
1

2

∂2

∂x2
+

1

2
x2m ∂2

∂y2
=

1

2

(
X2

1 +X2
2

)
,

where m ∈ N with

(1.3) X1 =
∂

∂x
, X2 = xm ∂

∂y
.

Since it is easy to see that ∆m = 1
2

∂2

∂x2 along the y-axis, then it is non-elliptic.
However, the first m Lie brackets are:

[X1, X2] = mxm−1 ∂

∂y
;
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[X1, [X1, X2]] = m(m− 1)xm−2 ∂

∂y
;

· · ·

[X1, [X1, · · · , [X1, X2]] · · · ] = m!
∂

∂y
.

Hence {X1, X2} satisfies the bracket generating condition.
In order to construct the heat kernel for ∆m, one needs to derive a modified

action function f which plays the same role as d2(x,x0) in the Riemannian case.
Hence, we need to obtain information on all “geodesics” connecting any two points in
the Grushin plane.

When m = 1, the geometry induced by the step 2 Grushin operator ∆1 = 1
2

(
∂2

∂x2 +

x2 ∂2

∂y2

)
has been studied in detail in Calin et al. [8, 10] and Chang et al. [13, 14].

They obtained all geodesics between any two points in the Grushin plane. When
m = 2, Calin and Chang [6] studied the geometry induced by the step 3 Grushin

operator ∆2 = 1
2

(
∂2

∂x2 + x4 ∂2

∂y2

)
. They obtained all geodesics which connect points on

the y-axis with any other points in the Grushin plane by careful analysis of Jacobi
elliptic functions.

2. Geodesics. Fix m ∈ N. The Hamiltonian of the Grushin operator ∆m is

(2.1) H(x, y, ξ, η) =
1

2
(ξ2 + x2mη2),

where (ξ, η) are variables dual to (x, y).
The normal geodesics between the points P (x0, y0) and Q(x1, y1) are the projec-

tions onto the (x, y)-plane of the solutions to the Hamiltonian system

(2.2)

{
ẋ = Hξ = ξ, ẏ = Hη = ηx2m

ξ̇ = −Hx = −mη2x2m−1, η̇ = −Hy = 0

with the boundary conditions

(2.3) x(0) = x0, y(0) = y0, x(1) = x1, y(1) = y1.

The Hamiltonian system is invariant with respect to the symmetries

(2.4) (x, y; η) → (−x, y; η), (x, y; η) → (x,−y;−η),

so we may restrict our attention to x1 ≥ 0, y1 − y0 ≥ 0, η ≥ 0, without loss of
generality.

We note that η̇ = 0 implies that η is a constant which is the Lagrange multiplier.
Set

V (x) =
1

2
η2x2m,

then (2.2) yields

ẍ = −V ′(x),
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which takes the form of the law of conservation of energy

(2.5)
1

2
ẋ2 + V (x) = E ⇔ ẋ2 + η2x2m = 2E := η2A2m,

where E is a constant, the total energy, which depends on the boundary conditions
x0, y0, x1, y1 and the constant η; A is the amplitude of x. From equations (2.2) and
(2.5), one has

(2.6) ẋ2 +
ẏ2

x2m
= ẋ2 + η2x2m = η2A2m.

Let

γ(s) = (x(s), y(s)) : [0, 1] → R
2

be a horizontal curve. Then

(2.7)
d

ds
:= ẋ

∂

∂x
+ ẏ

∂

∂y
= αX1 + βX2 = α

∂

∂x
+ βxm ∂

∂y
.

The Carnot-Carathéodory length of γ(s) is

(2.8) ℓ(γ) =

∫ 1

0

[
ẋ2(s) +

ẏ2(s)

x2m(s)

]1/2
ds =

∫ 1

0

√
η2A2mds = ηAm =

√
2E.

After detailed calculation, one has the following theorem. See Calin and Chang [6],
Calin et al. [10], Chang et al. [13] and Chang and Li [15].

Theorem 2. For any two points P (x0, y0) and Q(x1, y0) on the same horizontal
line y = y0, there is a unique geodesic connecting them.

If y1 > 0, there are infinitely many geodesics γ1, γ2, . . . , γk, . . . connecting P (0, 0)
and Q(0, y1) with lengths ℓ1, ℓ2, . . . , ℓk, . . ., where

ℓk =
[
amm(m+ 1)kmy1

] 1
m+1 .

For each k ∈ N, there are two geodesics. Here am = 2
∫ 1

0
dt√

1−t2m
.

If x1 6= 0, there is only a finite number of geodesics joining P (x0, y0) and
Q(x1, y1). The number is approximated by

N ≈
[
m+ 1

am

2|y1 − y0|
xm+1
1

]
.

3. Heat kernels for Grushin operators. In this section, we will construct

the heat kernel for step m+1 Grushin operator ∆m = 1
2

∂2

∂x2 +
1
2x

2m ∂2

∂y2 and study the
small time asymptotics of the heat kernel. Since the operator ∆m is invariant under
translations along the y-axis, we may assume that y(0) = y0 = 0.

3.1. The modified action function. First we need the classical action integral
S(t). Recall that the associated Hamiltonian of Grushin operator is H(x, y, ξ, η) =
1
2 (ξ

2 + x2mη2) where ξ and η are dual variables of x and y, respectively.
Along the bicharacteristic curves, we have

(3.1) ẋ = ξ, ẏ = ηx2m.
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The action integral is

(3.2) S(t) =

∫ t

0

(ξ · ẋ+ η · ẏ −H)ds =

∫ t

0

Hds.

H is a constant along a bicharacteristic curve. From the expression of H and (3.1),
one has

H =
1

2

(
ẋ2 + η2x2m

)
=

1

2
η2A2m,

where A is a parameter representing the amplitude of x(s). Coupling the last two
equations yields

(3.3) S(t) =
1

2
η2A2mt.

Recall that, along the bicharacteristic curves one has

(3.4) y(t)− y(0) = η

∫ t

0

x2m(s)ds,

(3.5) x(s) = ASm(p(s+ s0)), 0 ≤ s0 ≤ am,

and

(3.6) x0 = x(0) = ASm(ps0), x = x(t) = ASm(p(t+ s0)),

where Sm(s) := x(s; 1, 1) and x(s;A, p) = Ax(ps; 1, 1) = ASm(ps) with s ∈ R and
p,A > 0. Moreover,

(3.7) p = ηAm−1.

We are going to find the integral in (3.4). Solving the Hamilton’s system, one has

∫ t

0

x2m(s)ds =
−1

mη2

∫ t

0

x(s)ẍ(s)ds

= − 1

kη2
x(s)ẋ(s)

∣∣∣∣
s=t

s=0

+
1

mη2

∫ t

0

(η2A2m − η2x2m(s))ds,

combining this equation with (3.5) and (3.6), one get

(3.8)

η2
∫ t

0

x2m(s)ds =
1

m+ 1

[
−x(s)

dx(s)

ds

∣∣∣∣
s=t

s=0

+ η2A2mt

]

=
1

m+ 1

[
−px2S ′

m(p(t+ s0))

Sm(p(t+ s0))
+ px2

0

S ′
m(ps0)

Sm(ps0)
+ η2A2mt

]
.

From (3.3), (3.4) and (3.8), one has
(3.9)

S(t) =
1

2
η2A2mt =

1

2

[
(m+ 1)η (y − y(0)) + px2S ′

m(p(t+ s0))

Sm(p(t+ s0))
− px2

0

S ′
m(ps0)

Sm(ps0)

]
.
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As we know that the solution of the Hamilton-Jacobi equation ∂h
∂t +H

(
x, y, ∂h

∂x ,
∂h
∂y

)
= 0

is

(3.10)

h(t) = ηy(0) + S(t)

= ηy +
1

2

[
(m− 1)η(y − y(0)) + px2S ′

m(p(t+ s0))

Sm(p(t+ s0))
− px2

0

S ′
m(ps0)

Sm(ps0)

]
.

To eliminate the term y(0), we use (3.9) to obtain

η (y − y(0)) =
1

m+ 1

[
η2A2mt− px2S ′

m(p(t+ s0))

Sm(p(t+ s0))
+ px2

0

S ′
m(ps0)

Sm(ps0)

]
.

The last two equations yield
(3.11)

h(t) =ηy +
1

2(m+ 1)

[
(m− 1)η2A2mt+ 2px2S ′

m(p(t+ s0))

Sm(p(t+ s0))
− 2px2

0

S ′
m(ps0)

Sm(ps0)

]

=
py

Am−1
+

1

2(m+ 1)

[
(m− 1)p2A2t+ 2px2S ′

m(p(t+ s0))

Sm(p(t+ s0))
− 2px2

0

S ′
m(ps0)

Sm(ps0)

]
.

Here we have made use of (3.7) to get rid of η.
The representation of h in (3.11) is not in the final form, since it involves s0 and

A, which can be eliminated by a investigation of (3.6) and the addition formula of
Sk. Moreover, h(x, x0, y, p, t) =

1
th(x, y, x0, pt, 1). Set f(x, y, x0, λ) := h(x, y, x0, λ, 1)

with λ = pt. Now we are looking for a heat kernel in the form of 1
tα e

−h = 1
tα e

− f
t .

However, the heat kernel should not depend on λ. To this end, we use a trick to get
rid of λ by summing over it. Thus we shall look for the heat kernel in the following
form

(3.12) Pt =
1

(2πt)α

∫

Γ

e−
f(x,y,x0 ,λ)

t V (λ)dλ.

Here V (λ) is introduced for a good measure, which is called the volume element. The
integral path may be deformed to a contour Γ in the complex plane, such that the
integration is taken on the best behavior of the integrand such that the integral is
well-defined, for example, Γ is the whole imaginary axis or the contour discussed in
Chang et al. [14]. See also Beals et al. [2, 3] and Calin et al. [8]. The function f is
called the modified (complex) action which plays the same role as the square of the
distance function and satisfies the eiconal equation:

(3.13) λ
∂f

∂λ
+H

(
x, y,

∂f

∂x
,
∂f

∂y

)
= f.

Furthermore, at the critical points λ = λj , i.e.,
∂f
∂λ(λj) = 0, one has

(3.14)

f(x, y, 0, λj) =λj

[
y

xm−1
|Sm(λj)|m−1 +

x2

2(m+ 1)

(m− 1)λj + 2Sm(λj)S ′
m(λj)

S2
m(λj)

]

=
λjx

2

S2
m(λj)

[
µ(λj) +

(m− 1)λ+ 2Sm(λj)S ′
m(λj)

2(m+ 1)

]

=
λ2
jx

2

2S2
m(λj)

=
ℓ2j(x, y)

2
,
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where ℓj(x, y) is the Carnot-Carathéodory length of the j-th geodesic connecting (x, y)
and the origin.

Hence, at the smallest critical point λ1, f takes its smallest value (on the real
line). We have the following result and will discuss the detail in a forthcoming paper.

Theorem 3. The heat kernel of step (m + 1) Grushin operator from the origin
has the asymptotics

Pt(x, y; 0, 0)

∼ 1

tα
e−

d2cc(x,y)

2t

[
V (x, y, λ1)

x

√
2πt

|(Sm(λ1) + (m− 1)λ1S ′
m(λ1))Sm(λ1)µ′(λ1)|

+O(t)

]

as t → 0+. Here

µ(λ) =
1

m+ 1

λ− Sm(λ)S ′
m(λ)

|Sm(λ)|m+1
,

and λ1 is the smallest critical point of f(x, y, 0, λ). As usual, dcc(x, y) is the Carnot-
Carathéodory distance between (x, y) and the origin.

Remark 4. For the case of m = 1, S1(·) = sin(·). Using the addition formula of
the trigonometric functions, we have

x2S ′
1(p(t+ s0))

S1(p(t+ s0))
− x2

0

S ′
1(ps0)

S1(ps0)
= x2 cos(p(t+ s0))

sin(p(t+ s0))
− x2

0

cos(ps0)

sin(ps0)

=(x2 + x2
0)
cos(pt)

sin(pt)
− x2 sin(ps0)

sin(pt+ ps0) sin(pt)
− x2

0

sin(pt+ ps0)

sin(ps0) sin(pt)
.

Equations in (3.6) yield

x

x0
=

sin(pt+ ps0)

sin(ps0)
.

Combining the last two equations, one has

(3.15) x2S ′
1(p(t+ s0))

S1(p(t+ s0))
− x2

0

S ′
1(ps0)

S1(ps0)
= (x2 + x2

0)
cos(pt)

sin(pt)
− 2xx0

sin(pt)
.

Hence,

(3.16)

h(t) = py + p

(
(x2 + x2

0)
cos(pt)

sin(pt)
− 2xx0

sin(pt)

)

= ηy +
η

4

(
(x− x0)

2 cot
ηt

2
− (x+ x0)

2 tan
ηt

2

)
,

since p = ηA1−1 = η. We recover the result in Calin et al. [10] and Chang et al. [13].
Our approach here to find h(t) is easier and more convenient to generalize to higher
step cases.

Remark 5. For the case of m = 2, the function S2 is the Jacobi elliptic function
with modulus i: S2(·) = sn(·; i) := sn(·). The following result is well-known (see
Lawden [27]):

(3.17) sn′(u) = cn(u)dn(u),
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and the addition formula

(3.18) sn(u+ v) =
sn(u)sn′(v) + sn(v)sn′(u)

1 + sn2(u)sn2(v)
.

From (3.17) and (3.18), one has

x2S ′
2(p(t+ s0))

S2(p(t+ s0))
− x2

0

S ′
2(ps0)

S2(ps0)
= x2 sn

′(pt+ ps0)

sn(pt+ ps0)
− x2

0

sn′(ps0)

sn(ps0)

=(x2 + x2
0)
sn′(pt)

sn(pt)
− x2 sn(ps0)[1 + sn2(pt+ ps0)sn

2(pt)]

sn(pt+ ps0)sn(pt)

− x2
0

sn(pt+ ps0)[1 + sn2(ps0)sn
2(pt)]

sn(ps0)sn(pt)
.

Equation (3.6) yields

x = Asn(pt+ ps0), x0 = Asn(ps0).

Hence,

(3.19)

x2S ′
2(p(t+ s0))

S2(p(t+ s0))
− x2

0

S ′
2(ps0)

S2(ps0)

=(x2 + x2
0)
sn′(pt)

sn(pt)
− xx0

sn(pt)

[
2 + sn2(pt)

x2 + x2
0

A2

]
.

If xx0 6= 0, we need find A. In view of (3.6), we just need find sn(ps0). By the
addition formula

sn(pt+ ps0) =
sn(ps0)sn

′(pt) + sn(pt)sn′(ps0)

1 + sn2(ps0)sn2(pt)
,

one has

x

x0
=

sn(pt+ ps0)

sn(ps0)
=

sn(ps0)sn
′(pt)± sn(pt)

√
1− sn4(ps0)

sn(ps0)[1 + sn2(ps0)sn2(pt)]
.

Therefore, T = sn(ps0) satisfies the following equation

B2s4T 6 + (2B2 − 2Bs′ + 1)s2T 4 + (B − s′)2T 2 = s2,

where s = sn(pt), s′ = sn′(pt) and B = x/x0. This equation can be solved in an
explicit although complicated form by regarding it as a cubic equation of T 2. It
follows that T = sn(ps0) is a function of x, x0 and pt, so is

A = x0/sn(ps0) := A(x, x0, pt).

Now (3.11) leads to

(3.20)

h(t) =ηy(0) + S(t)

=p
y

A
+

p

6

[
pA2t+ 2(x2 + x2

0)
sn′(pt)

sn(pt)
− 2

xx0

sn(pt)

(
2 + sn2(pt)

x2 + x2
0

A2

)]
.
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When x0 = 0 and x > 0, from (3.6) one has s0 = 0 and A = x
|sn(pt)| , which lead to

(3.21)

h(t) =
p

6

[
6y

x
|sn(pt)|+ x2 pt

sn2(pt)
+ 2x2 sn

′(pt)

sn(pt)

]

= p

[
y

x
|sn(pt)|+ x2 pt+ 2sn(pt)sn′(pt)

6sn2(pt)

]
.

Thus we can define the modified action function
(3.22)

f(x, y, x0, λ) = λ
y

A
+

λ

6

[
λA2 + 2(x2 + x2

0)
sn′λ

snλ
− 2

xx0

snλ

(
2 + sn2λ

x2 + x2
0

A2

)]
,

where A = A(x, x0, λ) is a function depending only on x, x0 and λ. Moreover, if
x0 = 0 and x > 0, one has x = A|snλ|. In this case, the modified action function
reduces to

(3.23)

f(x, y, x0, λ) = λ
y

A
+

1

6

[
λ2A2 + 2x2 sn

′λ

snλ

]

= λ

[
y

x
|snλ|+ x2 λ+ 2snλsn′λ

6sn2λ

]
.

3.2. The volume element. In this section, we will show that for higher (> 2)
step cases, the volume element can be found in a similar way as the step 2 case. The
argument here is essentially similar as in Calin et al. [8] and Greiner [22]. Assume
generally that

∆X =
1

2

ℓ∑

k=1

X2
k .

By the definition of the heat kernel, one needs to show

(3.24)






Pt(x, x0, y) > 0, t > 0 and (x, y) ∈ R
2n

(
∆X − ∂

∂t

)
Pt = 0, t > 0

limt→0 Pt(x, x0, y) = δ(x − x0)δ(y).

The positivity of the heat kernel was proved in Gaveau [18] and Hulanicki [26] by
probabilistic method since the heat kernel is the density function of a stochastic
process. Recently, we had present an analytic approach to this property in Chang et
al. [14]. Now we turn to the second condition in (3.24). In view of (3.12), we need

to look at the term
(
∆X − ∂

∂t

)
e−f/tV

tα . Since ∆Xf is a function depending on the
variables x and y, the volume element V = V (x, y, λ) depends on the spatial variables
in general. Therefore,

∆X(e−f/tV ) = ∆X(e−f/t)V +

ℓ∑

k=1

Xk(e
−f/t)XkV + e−f/t∆XV

= e−f/t

[(
H(∇f)

t2
− ∆Xf

t

)
V − 1

t
Xf ·XV +∆XV

]
,
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and

∂

∂t

e−f/tV

tα
=

e−f/tV

tα

(
f

t2
− α

t

)
.

Hence,
(

∆X −
∂

∂t

)

e−f/tV

tα
=

e−f/t

tα

[

(H(∇f)− f)V

t2
−

(∆Xf − α)V +Xf ·XV

t
+∆XV

]

.

Now the eiconal equation λ∂f
∂λ +H(∇f) = f implies that

e−f/t (H(∇f)− f)V

t2
=

1

t
e−f/t

(
−1

t
λ
∂f

∂λ

)
λV

=
1

t

(
∂

∂λ
(e−f/tλV )− e−f/t ∂

∂λ
(λV )

)
,

which leads to
(3.25)(

∆X − ∂

∂t

)
e−f/tV

tα

=− e−f/t

tα+1

[
λ
∂V

∂λ
+Xf ·XV + (∆Xf − α+ 1)V

]
+

e−f/t

tα
∆XV +

∂

∂λ

e−f/tλV

tα+1
.

The next step is to make the first term on the right-hand side be the power (−α) of
t. To this end, we set

(3.26) V = −fλv.

Differentiating the eiconal equation with respect to λ, we get

(3.27) λfλλ +Xf ·Xfλ = 0.

Then the first term on the right-hand side of (3.25) becomes

− e−f/t

tα+1

[
λ
∂V

∂λ
+Xf ·XV + (∆Xf − α+ 1)V

]

=
e−f/t

tα+1

[
λ
∂

∂λ
(fλv) +Xf ·X(fλv) + (∆Xf − α+ 1)fλv

]

=− ∂

∂λ

(
e−f/t

tα
[λvλ +Xf ·Xv + (∆Xf − α+ 1)v]

)

+
e−f/t

tα
∂

∂λ
[λvλ +Xf ·Xv + (∆Xf − α+ 1)v] .

Moreover,

∆XV = ∆X(−fλv) = −v∆Xfλ −XfλXv − fλ∆Xv.

Thus

∂

∂λ
[λvλ +Xf ·Xv + (∆Xf − α+ 1)v] + ∆X(−fλv)

=λvλλ +Xf ·Xvλ + (∆Xf − α+ 2)vλ − fλ∆Xv

=(T + (∆Xf − α+ 2))
∂v

∂λ
− fλ∆Xv,
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where

T = λ
∂

∂λ
+Xf ·X.

Substituting the last two equations into

∂S

∂y
(t, x, y, x0, η) = η(t)− η(0)

∂y(0;x, y, x0, η, t)

∂y

leads to
(
∆X − ∂

∂t

)
e−f/tV

tα
=

e−f/t

tα

(
(T + (∆Xf − α+ 2))

∂v

∂λ
− fλ∆Xv

)

− ∂

∂λ

e−f/tλfλv

tα+1
− ∂

∂λ

(
e−f/t

tα
(Tv + (∆Xf − α+ 1)v)

)
.

We have shown that

Theorem 6. The kernel (3.12) is a solution of

(3.28)
∂Pt

∂t
−∆XPt = 0, t > 0,

if v is a solution of

(3.29) (T + (∆Xf − α+ 2))
∂v

∂λ
− fλ∆Xv = 0,

and

(3.30)
e−f/tλfλv

tα+1
and

e−f/t

tα
(Tv + (∆Xf − α+ 1)v)

both vanish at the end points of the contour Γ.

The equation (3.29) is called the generalized transport equation. If the volume
element V does not depend on the spatial variables x and y, then (3.25) simplifies to

(3.31)

(
∆X − ∂

∂t

)
e−f/tV

tα
= −e−f/t

tα+1

[
λ
∂V

∂λ
+ (∆Xf − α+ 1)V

]
+

∂

∂λ

e−f/tλV

tα+1
.

Then Theorem 6 can be written into a more elegant form:

Theorem 7. The kernel (3.12) is a solution of (3.28) if V (λ) does not depend
on x, y and is a solution of

(3.32) λ
∂V

∂λ
+ (∆Xf − α+ 1)V = 0

and e−f/tλV
tα+1 vanishes at the end points (might be infinity) of the contour Γ.

Note that (3.32) is a first order transport equation. This is the case of step 2,
because of the fact that ∆f does not depend on the spatial variables in this case.
Examples are heat kernels of Heisenberg subLaplacian and step 2 Grushin operator;
see Beals et al. [4], Calin and Chang [6], Greiner [22]. For higher (> 2) step cases,
∆f depends on the spatial variables, in which we need solve for V like in Theorem 6.
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However Theorem 6 is not so convenient. Since we are going to find the small time
asymtotics of the heat kernel by the steepest descent method, in which the main
contribution comes from the saddle point of the integral, i.e., at the points where fλ
vanishes. But the integrand also vanishes in (3.12) at the saddle points. We will try
an alternative way to find the volume element V (λ).

Assume V = Wλ. Write the second term on the right-hand side of (3.25) as

(3.33)
e−f/t

tα
∆Wλ =

∂

∂λ

(
e−f/t

tα
∆W

)
+

e−f/tfλ
tα+1

∆W.

Hence we have the following result:

Theorem 8. The kernel (3.12) is a solution of (3.28) if W is a solution of

(3.34) λ
∂2W

∂λ2
+ (∆f − α+ 1)

∂W

∂λ
+ fλ∆W = 0,

and

(3.35)
e−f/tλfλW

tα+1
and

e−f/t

tα
∆W

both vanish at the end points (might be infinity) of the contour Γ.

3.2.1. The case for m = 1. The volume element could be computed as in Calin
et al. [8] and Chang et al. [13]. We start with the second assertion of the above system.
Note that

(
∆1 −

∂

∂t

)e− f
t V (τ)

tα
= − e−

f
t

tα+1

[
τ
dV

dτ
+
(
∆1f − α+ 1

)
V
]
+

∂

∂τ

(
τ
e−

f
t V (τ)

tα

)
.

Assuming

lim
τ→±∞

τe−
f
t V (τ) = 0,

one has
(
∆1 −

∂

∂t

) 1

tα

∫

R

e−
f
t V (τ)dτ

= − 1

tα+1

∫

R

e−
f
t

[
τ
dV

dτ
+
(
∆1f − α+ 1

)
V (τ)

]
dτ = 0, ∀ t > 0.

Since ∆1f = τ
2 coth τ , then we have

τ
∂V

∂τ
+

(
1

2
τ coth τ + 1− α

)
V = 0,

which is so-called the transport equation. Hence,

V (τ) =
(cτ)α−1

√
sinh τ

.

We need V holomorphic near τ = 0. This forces us to choose α = n+ 1
2 , n = 1, 2, . . .

and the volume element is

V (τ) = cτn−1

√
τ

sinh τ
.
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Set V (τ) =
∑∞

k=0 akτ
k. Substituting this into the transport equation, one has

∞∑

k=1

akτ
k +

(1
2
τ coth τ − α+ 1

)( ∞∑

k=0

akτ
k
)

= a1τ +
3

2
a0 +

3

2
a1τ − αa0 − αa1τ + · · · = 0

or
(3
2
− α

)
a0 +O(τ) = 0.

Since V (0) 6= 0, we have n = 1 and α = 3
2 . Therefore, the heat kernel of the step 2

Grushin operator is

Pt(x, x0, y) =
1

(2πt)
3
2

∫

R

e−
f(x,x0,y,τ)

t V (τ)dτ

=
1

(2πt)
3
2

∫

R

e
τ
2t{2iy− 1

2 sinh τ [(x+x0)
2 tanh τ

2 +(x−x0)
2 coth τ

2 ]}
( τ

sinh τ

) 1
2

dτ.

3.2.2. The case for m = 2. In this case, the volume element V (x, y, λ) can be
found in the following way. If we assume ∆2V = 0, from (3.25), V satisfies

(3.36) λ
∂V

∂λ
+X(f)X(V ) + Y (f)Y (V ) + (∆2f + 1− α)V = 0.

We further assume that the solution V of (3.36) does not depend on y and has the
form of

(3.37) V (x, y, λ) = V1(x)V2(λ).

Then equation (3.36) reduces to

(3.38) λV1(x)V
′
2 (λ) + fxV

′
1(x)V2(λ) +

(
1

2
fxx + 1− α

)
V1(x)V2(λ) = 0.

To eliminate the terms involving y in fx and fxx, we put
V ′

1 (x)
V1(x)

= 1
x . Thus, we may

set V1(x) = x. Note that

∆2V = ∆2[V1(x)V2(λ)] = V2(λ)∆2x = 0.

Coupling (3.23) and (3.38), V2 satisfies the following equation

(3.39) V ′
2(λ) +

(
λ+ 2snλsn′λ

2sn2λ
+

1− α

λ

)
V2(λ) = 0.

Thus

logV2(λ) = −
∫ (

λ

2sn2λ
+

sn′λ

snλ
+

1− α

λ

)
dλ = log

∣∣∣∣
λα−1

snλ

∣∣∣∣−
∫

λ

2sn2λ
dλ.

To evaluate the integral in the last equation, we recall an integral formula of the sn
function:

F (u) :=

∫ u

0

dv

sn2v
= u− E(u)− sn′u

snu
,
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where E(u) is the elliptic integral of the second kind

E(u) =

∫ u

0

dn2vdv;

see Exercise 8.2.2(b) on p.211 and p.129 in [1]. Then integration by parts leads to

(3.40)

2I(λ) :=

∫ λ

0

u

sn2u
du = λF (λ)−

∫ λ

0

F (u)du

=
λ2

2
− λE(λ) − λ

sn′λ

snλ
+ log |snλ|+

∫ λ

0

E(u)du.

Moreover,

e−I(λ) ∼ e−
1
2 |snλ|− 1

2 as λ → 0,

and there is a constant M > 0, such that |e−I(λ)| ≤ Me−λ2

. Hence, one has

(3.41) V2(λ) = C

∣∣∣∣
λα−1

snλ

∣∣∣∣ e
−I(λ),

and

(3.42) V (x, y, λ) = V1(x)V2(λ) = Cx

∣∣∣∣
λα−1

snλ

∣∣∣∣ e
−I(λ).

Recall that

snλ ∼ λ as λ → 0.

For V (λ) is smooth near λ = 0, we choose α = n+ 5
2 , n = 0, 1, · · · , and

(3.43) V (x, y, λ) = Cxλn

∣∣∣∣∣
λ

3
2

snλ

∣∣∣∣∣ e
−I(λ).

Thus we are looking for the heat kernel in the following form

(3.44) Pt(x, y; 0, 0) =
C

(2πt)n+
5
2

∫

R

e−
f(x,y,0,λ)

t V (x, λ)dλ.

If we choose α = 5
2 (i.e., n = 0), then

(3.45) V2(λ) = C
|λ| 32
|snλ|e

−I(λ).

Denote a2 = 1
4

√
2
π (Γ(

1
4 ))

2 and

I :=
1

C

∫ a2

−a2

V2(λ1)

√
µ′(λ1)

snλ1 + λ1sn′λ1

(
snλ1

λ1

)4

dλ1

=

∫ a2

−a2

|λ|
(

λ

snλ

) 1
2

e−I(λ)

√
|snλ− λsn′λ|

sn4λ|snλ+ λsn′λ|

(
snλ

λ

)4

dλ

=2

∫ a2

0

√
(snλ− λsn′λ)sn3λ

(snλ+ λsn′λ)λ5
e−I(λ)dλ.
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If we choose the constant

(3.46) C =
1

4
√
2πI

.

Then

lim
t→0+

∫ ∞

−∞

∫ ∞

−∞
Pt(x, y)dxdy = lim

t→0+

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞
e−

f(x,y,λ)
t V (x, λ)dλdxdy = 1.

Thus we have shown

Theorem 9. The heat kernel of the step 3 Grushin operator (m = 2) from the
origin is

(3.47) Pt(x, y; 0, 0) =
1

t
5
2

∫

Γ

e−
f(x,y,0,λ)

t xV2(λ)dλ,

where f and V2 are given in (3.23) and (3.45), respectively.

The heat kernel from the point (x0, 0) with x0 6= 0 is much more complicated. In
this situation, one needs to solve the generalized transport equation (3.34) to find the
volume element V (x, y, λ). Here is the theorem.

Theorem 10. The heat kernel of step 3 Grushin operator from the point (x0, 0)
with x0 6= 0 is

(3.48) Pt(x, y;x0, 0) =
1

t
5
2

∫

R

e−
f(x,y,x0 ,λ)

t V (x, y, λ)dλ,

where f(x, y, x0, λ) is given in (3.22) and V (x, y, λ) = Wλ(x, y, λ) with W is a solution
of the generalized transport equation (3.34).

3.2.3. Heat kernels: the general case m > 2. In this case, the modified
function f(x, y, x0, λ) can be obtained by knowledge about the addition formula of
Sm(·), the Abelian functions. In particular, the formula can be worked out nicely
when x0 = 0 as in (3.21) and (3.23).

Assume x0 = 0 and x > 0. One has s0 = 0 and x = A|Sm(t)|. From (3.11), we
get

(3.49)

h(t) =
p

Am−1
y +

1

2(m+ 1)

[
(m− 1)p2A2t+ 2px2S ′

m(pt)

Sm(pt)

]

= p

[
y

xm−1
|Sm(pt)|m−1 +

x2

2(m+ 1)

(m− 1)pt+ 2Sm(pt)S ′
m(pt)

S2
m(pt)

]
.

And

(3.50) f(x, y, 0, λ) = λ

[
y

xm−1
|Sm(λ)|m−1 +

x2

2(m+ 1)

(m− 1)λ+ 2Sm(λ)S ′
m(λ)

S2
m(λ)

]
.

From this,

f(x, y, 0, λ) → +∞ as λ → ±∞.
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Hence e−
f(x,y,0,λ)

t V (x, y, λ) → 0 exponentially as λ → ±∞ for t > 0. The singularities
of f on the real line are λ = jam, j = ±1,±2, · · · , at which

f(x, y, 0, λ) → +∞.

Thus the integral in (3.12) converges.

Theorem 11. The heat kernel of step (m+ 1)-Grushin operator from the origin
is

(3.51) Pt(x, y; 0, 0) =
1

tα

∫

R

e−
f(x,y,0,λ)

t V (x, y, λ)dλ,

where f(x, y, 0, λ) is given in (3.50), and V (x, y, λ) = Wλ(x, y, λ) with W is a solution
of the generalized transport equation (3.34) with α = m+ 1

2 .

In summary, we know that
(1) all the geodesics determine the geometry;
(2) all the information of the geodesics is contained in the complex action function f ;
(3) one can then use f to construct the fundamental solution and the heat kernel of
LG;
(4) a through understanding of the action f enables us to compute the small time
asymptotics of the heat kernel at every critical point of f ;
(5) the information contained in f is revealed in these asymptotic expansions.

4. Heat kernels for operators Lj, j = 1, 2, 3, 4. For any positive integer n,
consider the operator

L1 =
1

2

n∑

k=1

( ∂

∂xk

)2
+

1

2

n∑

k=1

(
xmk

k

∂

∂yk

)2
,

which can be rewritten as L1 =
∑n

k=1 LGk
. For k = 1, . . . , n, LGk

is a step mk + 1
Grushin operator in (xk, yk)-plane. Since [LGj , LGl

] = 0 for j 6= l, it follows that

e−tL1 = e−t(LG1+···+LGn) =

n∏

k=1

e−tLGk .

In other words, the heat kernel is just the product of n Grushin heat kernels.
The modified complex action function is the sum of n 1-dimensional action func-

tions. In particular,

f(x,y,0, λ) =

n∑

k=1

fk(xk, yk, 0, λk),

where fk has the form (3.50). The volume element is the product of Vk, k = 1, . . . , n:

V (x,y,0, λ) =
n∏

k=1

Vk(xk, yk, 0, λk).

Therefore,

Pt(x,y,0,0) =
1

(2πt)m1+···+mn+
n
2

∫

Rn

e−
f(x,y,0,λ)

t V (x,y,0, λ)dλ.
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In particular, if m1 = · · · = mn = 1, the heat kernel can be written in an elegant
form. In this case, the modified complex action function is

f(x,y,x0, λ) = −i

n∑

k=1

λkyk +
λk

4

[
(xk + xk0)

2 tanh
λk

2
+ (xk − xk0)

2 coth
λk

2

]
.

The volume element is the product of Vk(λk), k = 1, . . . , n: V (λ) =
∏n

k=1

(
λk

sinhλk

)1/2
.

Therefore, one may recover the results in [11, 12]:

Pt(x,y,x0) =
1

(2πt)
3n
2

∫

Rn

e−
f(x,y,x0,λ)

t V (λ)dτ

=
1

(2πt)
3n
2

∫

Rn

e
1
t {i

∑n
k=1 λkyk−λk

4 [(xk+xk0)
2 tanh

λk
2 +(xk−xk0)

2 coth
λk
2 ]}

n∏

k=1

Vk(λk)dλ.

Now let us turn to the operator L2 =
1
2

(
∂
∂x

)2
+ 1

2

∑n
k=1

(
xm ∂

∂yk

)2
, m ∈ N. Since

the
∑n

k=1

(
∂

∂yk

)2
is invariant under rotation, therefore, the modified complex action

and volume element should depend on |~λ| =
√∑n

k=1 λ
2
k. Using the same method as

we construct the heat kernel for the operator L1, we know that:

Pt(x,y, x0) =
1

(2πt)
2n+1

2

∫

Rn

e−
f(x,y,x0,~λ)

t V (~λ)d~λ,

where the modified complex action function is

f(x,y, 0, ~λ) = λ

[
y

xm−1
|Sm(|~λ|)|m−1 +

x2

2(m+ 1)

(m− 1)|~λ|+ 2Sm(|~λ|)S ′
m(|~λ|)

S2
m(|~λ|)

]
.

In particular, m = 1, one has

f(x,y, x0, ~λ) = −i

n∑

k=1

λkyk +
|~λ|

2 sinh |~λ|
((x2 + x2

0) cosh |~λ| − 2xx0),

and the volume element is

V (~λ) = V (λ1, . . . , λn) =

(
|~λ|

sinh |~λ|

)1/2

.

Next, let us consider the operator L3 = 1
2

∑n
k=1

(
∂

∂xk

)2
+ 1

2

∑n
k=1

(
xmk

k
∂
∂y

)2
,

m ∈ N. This operator can be written as L3 =
∑n

k=1

(
X̃2

k + Ỹ 2
k

)
=
∑n

k=1 LG̃k
, where

X̃k = ∂
∂xk

and Ỹk = xmk

k
∂
∂y . Since [LG̃k

, LG̃j
] = 0 for k 6= j. Hence,

e−tL3 = e
−t(LG̃1

+···+LG̃n
)
=

n∏

k=1

e
−tLG̃k .

In this case, the modified action function f(x, y,0, λ) will be

f(x, y,0, λ) = λ

n
∑

k=1

[

y

x
mk−1

k

|Smk (λ)|
mk−1 +

x2
k

2(mk + 1)

(mk − 1)λ+ 2Smk(λ)S
′
mk

(λ)

S2
mk

(λ)

]

.
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In particular, mk = 1 for k = 1, . . . , n, one has

Pt(x, y,x0) =
1

(2πt)
n+2
2

∫

R

e−
f(x,y,x0 ,λ)

t V (λ)dλ,

where the modified complex action function is

f(x, y,x0, λ) = −iλy +
λ

2 sinhλ
((|x|2 + |x0|2) coshλ− 2〈x,x0〉),

and the volume element is V (λ) =
(

λ
sinhλ

)n/2
which is the solution of the transport

equation

λ
∂V

∂λ
+
(n
2
λ cothλ+ 1− α

)
V = 0 with α =

n+ 2

2
.

Finally, let us turn to the operator L4 = 1
2

∑n+1
k=1

(
∂

∂xk

)2
+ 1

2

∑n
k=1

(
xmk

k
∂

∂yk

)2
.

In fact, we may consider a more general operator:

L4,n,ℓ =
1

2

n∑

j=1

∂2

∂x2
j

+
1

2

n∑

j=1

x
2mj

j

∂2

∂y2j
+

1

2

n+ℓ∑

k=n+1

∂2

∂x2
k

= L1 +∆ℓ,

where ∆ℓ = 1
2

∑n+ℓ
k=n+1

∂2

∂x2
k
. Since [L1,∆ℓ] = 0, it follows that

e−tL4,n,ℓ = e−t(L1+∆ℓ) = e−tL1 · e−t∆ℓ .

We have already calculated the heat kernel for L1 and the heat kernel for ∆ℓ is the
ℓ-dimensional Gaussian. Therefore, the heat kernel for the operator L4,n,ℓ has the
following form:

Pt(x,y,x0) =
1

(2πt)
∑

n
k=1 mk+

n+ℓ
2

∫

Rn

e−
f(x,x0 ,0,λ)

t V (x,y,x0, λ)dλ,

where

f(x,y,x0, λ) =

n∑

k=1

fk(xk, yk, xk0, 0, λk) +

n+ℓ∑

k=n+1

x2
k

2

and the volume element V (x,y,x0, λ) =
∏n

k=1 Vk(xk, yk, xk0, λk).
In particular, m1 = · · · = mn = 1, one has the volume element is V (λ) =

∏n
k=1

(
λk

sinhλk

)1/2
and

f(x,y,x0, λ) = −i

n∑

k=1

λkyk +
λk

2 sinhλk

[
(x2

k + x2
k0) coshλk − 2xkxk0

]
+

n+ℓ∑

k=n+1

x2
k

2
.

In this case, the heat kernel has the form:

Pt(x,y,x0) =
1

(2πt)
3n+ℓ

2

∫

Rn

e−
f(x,y,x0 ,λ)

t V (λ)dλ.
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