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Abstract. An important property for finite difference schemes designed on curvilinear meshes
is the exact preservation of free-stream solutions. This property is difficult to fulfill for high order
conservative essentially non-oscillatory (WENO) finite difference schemes. In this paper we explore
an alternative flux formulation for such finite difference schemes [5] which can preserve free-stream
solutions, based on the numerical technique for the metric terms [13], which can be applied to this
alternative flux formulation but is difficult to be applied to the standard finite difference formulation.
Free-stream and vortex preservation properties are investigated, and comparison with standard finite
difference WENO schemes is made. Theoretical derivation and numerical results show that the finite
difference WENO schemes based on the alternative flux formulation can preserve free-stream and
vortex solutions on both stationary and dynamically generalized coordinate systems, hence giving
much better performance than the standard finite difference WENO schemes for such problems.
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1. Introduction. In this paper, we are interested in high order accurate con-
servative finite difference weighted essentially non-oscillatory (WENO) schemes on
curvilinear meshes. Conservative finite difference schemes share many advantages
of finite volume schemes, such as conservation and high order accuracy, yet they are
much less expensive than finite volume schemes in multi-dimensions. The first WENO
scheme was a third order finite volume scheme designed in [6]. Standard finite differ-
ence WENO schemes [4, 1, 9] use the idea of reconstruction, which is the main relevant
WENO procedure for designing both conservative finite volume and conservative fi-
nite difference schemes to solve hyperbolic conservation laws. In these standard finite
difference WENO schemes, the derivative f(u), is approximated by a numerical flux
difference, and the numerical flux is based on the reconstruction of the physical flux
f(u) rather than on the solution u as in finite volume methods.

When finite difference schemes are applied to curvilinear meshes (also referred to
as generalized coordinate systems), free-stream preservation is an important property
because errors from nonpreserved free-stream hide small physical oscillations, such as
turbulent flow structures or aero-acoustic waves. Research [13, 7] shows that if the
free-stream preservation condition is not satisfied, it will cause large errors and even
lead to numerical instabilities for high-order schemes.

For the numerical fluxes in standard finite difference WENO schemes, since the
reconstruction is performed directly on the flux values {f(u;)} (or {f*(u;)} and
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{f~(u;)} with a flux splitting f(u) = f*(u) + f~(u)), not on the point values of
the solution {u;}, it is difficult to maintain free-stream solutions exactly in curvi-
linear meshes for multi-dimensional flow computation. This is because the fluxes in
curvilinear coordinates involve metric derivatives, resulting in non-exact cancellations
when nonlinear reconstructions are performed for different fluxes.

Visbal and Gaitonde [13] carefully studied the metric evaluation errors for high-
order central type compact schemes and found that for the three-dimensional gener-
alized coordinate systems, the schemes can preserve the free-stream condition if they
use the same formulas for the evaluation of both the metric and convection terms by
adopting a conservative form of those metric terms, originally proposed by Thomas
and Lombard [11]. However, it is difficult to apply the technique in [11, 13] to the
standard conservative finite difference WENO schemes which are highly nonlinear. In
[7], the free-stream and vortex preservation properties of the standard finite differ-
ence WENO schemes on stationary curvilinear grids have been investigated. It was
found that standard finite difference WENO schemes could preserve the free-stream
condition in the Cartesian coordinate system, but not in the generalized coordinate
system. In addition, the schemes in generalized grids have a rather large error arising
from the metric terms on randomized grids and three-dimensional wavy grids. In [2],
Cai and Ladeinder also mentioned the difficulty of maintaining free-stream conditions
in generalized curvilinear coordinate systems for high order finite difference WENO
schemes.

Recently, an alternative flux formulation for the conservative finite difference
WENO scheme, originally proposed in [10], was systematically studied in [5]. In
this method, the high order WENO interpolation procedure is applied to the solution
{w;} itself rather than to the flux functions {f(u;)}. In [5], several advantages of
this alternative flux formulation, including the increased flexibility to use arbitrary
monotone fluxes in the scalar case and arbitrary approximate Riemann solvers in the
system case, as well as a narrower effective stencil when applying the Lax-Wendroff
time discretization, were found. Another major advantage of this alternative flux
formulation is that it allows us to apply the technique in [11, 13] to obtain the free-
stream preserving property for high order conservative finite difference schemes. This
advantage will be fully investigated in this paper.

The organization of the remaining sections is as follows. In Section 2, we review
the alternative flux formulation for finite difference WENO schemes introduced in
[5], using the one-dimensional Euler system as an example. The numerical methods
for the three-dimensional Euler equations on generalized meshes and the analysis of
the free-stream preserving condition will be discussed in Section 3. In Section 4,
extensive numerical examples are provided to demonstrate the free-stream and vortex
preservation performance of the new method in comparison with the standard finite
difference WENO schemes. Concluding remarks are given in Section 5.

2. Alternative flux formulation in one-dimension. The following one-
dimensional Euler equations with uniform grids are used for the discussion of the
scheme.

0Q OF
(1) ot + 97 = 0,
where
Q= (p,pu,e)’,
(2) F = (pu, pu® + p,u(e +p))".
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On a uniform mesh x; = iAz, we would like to find a consistent numerical flux
function
(3) FZH»% :F(QZ—T75QZ+5)7

such that the flux difference approximates the derivative F(Q(x)). to k-th order
accuracy

1

(4) By = Fiy) = FQ())ala, +O(Aa")

The alternative flux formulation, first developed in [10] and extensively explored
in [5] in the context of WENO interpolation, is given as follows

) [tr=1)/2] o2t
(5) Fipr=Fis+ Z age Az (WF> » +0(Az"),
=1 Ty

which guarantees k = r-th order accuracy in (4). The coefficients age in (5) can
be obtained through Taylor expansion and the accuracy constraint (4). To get an
approximation with fifth order accuracy (k =5 in (4), thus » =5 in (5)), we have

©) A, ,0°F T OF

1
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The first term of the numerical flux in (6) is approximated by

(7) Froy = W@, QL)

1
2

with the values Qi_l obtained by a WENO interpolation based on neighboring point
2

values ); using the local characteristic variables [8, 3, 9]. The two-argument numerical
function h is based on an exact or approximate Riemann solver. For example, we can
use the Godunov flux, the Lax-Friedrichs flux, the HLLC flux, etc. The exact Riemann
solver is given by the exact solution of the conservation laws (1) with the following
step function as the initial condition

Qi1 <05

Q(I,O)Z{ + 1’20,

i+1/2

evaluated at the center z = 0 for ¢ > 0 (this value is independent of ¢). The Godunov
flux is then given as h(Q;%,Q;%) = F(Q(0,t)). The detailed formulation of the
other numerical fluxes can be found in, e.g. [12].

The remaining terms of the numerical flux in (6) or (5) have at least Az? in their
coeflicients, hence they only need lower order approximations and they are expected
to contribute much less to spurious oscillations. It is the conclusion of [5] that these
remaining terms can be approximated by simple central approximation or one-point
upwind-biased approximation with suitable orders of accuracy, without using the more
expensive WENO procedure. Also, since we use Runge-Kutta time stepping in this
paper, rather than the Lax-Wendroff time discretization technique as in [5], we do not
expand 9'F/0x’ as functions of @ and its spatial derivatives. We simply use fixed-
stencil interpolation on F' directly. The details will be shown in the next section.
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3. Finite difference WENO scheme on curvilinear meshes.

3.1. Three-dimensional Euler equations. In Cartesian coordinates (z,y, 2),
the three-dimensional Euler equations are

9Q OE  OF 9G _

(8) 5t oy T as "
where
Q = (p, pu, pv, pw, )",
E = (pu, pu® + p, puv, puw, u(e + p))7,
F = (pv, puv, pv* + p, pow, v(e + p))”,
G = (pw, puw, pvw, pw* + p,w(e + p))T.

The governing equation (8) can be transformed in curvilinear coordinates

(E)TI?C)T)
9Q | OE OF 0G _

(9) 8T+a—§+a—n+a—c—0,
where
Q:Q/‘]a
E=6Q+E6E+E§F+E.G,
F =iQ + 7B + iy F + 7.G,

G =GQ+GE+{F +GG.
Here, we choose 7 = t. The inverse Jacobian J ! and the standard metrics are

Te Ty X¢ Tr
Ye Yn Y¢ Yr
ze Zy 2 2|
0 0 0 1

-1 _ | 9(=z,y,2,t)
(10) 7 = |Senet

Coe =&/ =ynzc —yczn, & =&/J = zrc — 2¢Ty, & =& /T =Tayc — TcYn,
(11) { e =2/ =Ycze = yezc, Ty =My/J = 2cxe — 2ew¢, M= =n:=/J = TYe — Ty,
Co=Ca/J =yean —ynze, Cy=Cy/d = 2Ty — 2T, G =C/J =Teyn — Ty,
€t = €t/J = _[IT&E + yTgy + ZT&Z])
(12) 'ijt = 77t/J = _[$T7j3: + ny]y + ZTﬁZL
(t = Ct/J = 7[1'7'(1 + yTCy + Z-rCz]

The time-derivative term in equation (9) is split as follows:
(Q/J)T = (1/J)QT + Q(l/J)T

Thus, the governing equation (9) can be written as

09 _ |2 LB LG Gy,

(13) or o  odn  OC
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In the uniform flow (free-stream flow) regions, i.e. when @, E, F and G are constants,
equation (13) is simplified as

(14) 5 = —JILQ+ LE+ L,F+I.G],
where

I, = (éja:)& + (ﬁz)n + @90)47
(15) I, = (f}/)& + (ﬁy)n + (J/)Ca

I = (§Z)§ + (ﬁz)n + (CZ)O

Iy = (&)e + (Me)y + (Ct)( (1/J)~.

As discussed in [14], I, = I, = I, = 0 constitutes a differential statement of surface
conservation, often termed the surface conservation law (SCL). I; = 0 is the volume
conservation law (VCL). By substituting (10)-(12) into (15), we can see

(16)
I = (ynzc — yezn)e + (Ycze — Yeze)n + (Yezn — yn2e)c = 0,
Iy = (znx¢ — 2¢tn)e + (2cwe — 262 )y + (2¢n — 2yTg)¢ = 0,
L = (xgye — mcyn)e + (Tcye — Teyc)n + (Teyn — Tpye)c = 0,
I = —(2:& + Y&y + 2:6)e — (Trile + Yrily + 20772 )n — (2. + v+ 2:C2)e
+Hwe(ynze — yezn) — Tn(Yeze — Yeze) + 2 (Yezn — Ynze)lr =
Then
0Q
(17) or

that is, the uniform flow conditions are held. In a finite difference discretization, all
four of the identities I, to I; in equation (16) must hold numerically to achieve the
free-stream preserving condition. For stationary meshes, only the first three identities
for I, I, and I, are required.

3.2. The numerical scheme. We will construct numerical fluxes E‘i+1 12,5,k

Fi ji1/2,x and G j 412 such that

Ez‘+1/2,j,k - Eifl/lj,k
AL

= (E)E (&my.Ce) T O(Agk)v

F . —F; . =
WH/MAU MR — (F)y (i ) + O(AT),

Gi,j,k+1/2 - GAi,j,k*l/Q A

(&m5:Ce) T O(Ack)

The numerical flux Ez‘+1 /2,j,k 18 obtained by the one dimensional WENO approxi-
mation procedure described in Section 2, with Q(¢) = Q(&,n;, (&) and with j, k fixed.
We summarize the procedure in the following:

1. Get Qi_l J2,.k through WENO interpolation on @ in curvilinear coordinates
(&,m,¢,7) in the &-direction for fixed j and k. Here the superscripts + refer
to one-point left/right biased stencils.
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2. Construct the first term h(Qi+1/2j i Q;r+1/2 ; .). For the metrics &, éy, I3

and & at the half point (§i+1/2:M5,Ck), we obtain them using fixed-stencil
interpolation approximation

q1

(18) Glivrjzgn = Y. @&ylitrjp + O(ALTOH),

l=—p1

where p1+q1 = k, 7y stands for x, y, z, or t and a; are constants not dependent
on A¢. For instance, when k = 5, we use central approximation and have

1

gv|i+1/2,j,k zﬁ(?)gﬂifzj,k — 25§~w|z>1,j,k + 150§~w|z‘,j,k + 150£7|i+1,j,k

= 258, lit2,5k + 38 liva,sk)-

3. For the term 62E /O€2, since there is an extra A¢? as a coefficient, interpolate
only with (k — 2)-th order accuracy

O2E q1 B 1
5 liv1/2.56 = Z biE|(i+1,5,k) + O(AgPFat)

(19) AEQW

l=—p1

where p; + qg1 = k and b; are constants independent of A(. When k = 5, the
following central approximation can be used

, O*E 1

5052 lit1/2.5.k 13

(=5Eli—2,jk +39Ei—1s — 34Elijx — 34E |41,k
+39E 2,0 — 5Elita,k)-

4. Approximate the remaining terms similarly as in step 3. For example,

484E Q B 1
8—€4|i+1/2,j,k = Z ClE|(i+l,j,k) +0(A§p1+ql+ )7

l=—p1

(20) Ag

where p; + g1 = k and ¢; are constants independent of A£. When k = 5, the
following central approximation can be used

1 - . . .
lit1/2,5,k z§(E|i72,j,k —3Eli—1,jk + 2E)i j .k + 2E|ix1,5k
—3Eiyak + Elits k).

5. Form the numerical flux as the sum of all the terms above

1 ,0°E

Ei+1/2,j,k :h(Q;rl/Qyj’kaQ:;l/g’jyk) - 24A§ 652 |i+1/2,j,k
7 OE
21 — A, ;
( ) + 5760 € 854 |l+1/21‘77k +

Likewise, the numerical fluxes E’j+1/27k and Gi,j7k+1/2 are obtained by the one
dimensional WENO approximation procedure, with Q(n) = Q(&;, 1, (k) and with i, k
fixed, or with Q(¢) = Q(&,n;,¢) and with ¢, j fixed.
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Notice that Qz‘i+1/2,j,k = Qe,jr = Q if @ has the same value at all grid points.

Thus we have
h’(Q;Jrl/Q,j,k’ Q;rJrl/Q,j,k) = h(Qa Q) = E(Q)|i+1/2,j,k
= (EQ+&EQ) +EF(Q) + EZG(Q))liJrl/Zj,k-

Since E = E(Q), F = F(Q) and G = G(Q) are also constants, we have

q1
h(Q;+1/2’j7k7Q:r+1/27j’k) = Z al(th+£azE+£yF+£zG)|i+l,j,ka

l=—p1

, O?E no
Ag e lit1/2.5,k = Z b B (ivi1,5,k)

l=—p1

q1
> bEGQ+GE+EF + &Gk,

l=—p1

PE S
A€4a—€4|i+1/2,j,k: Z B (it1,5,k)
l=—p1
q1 _ _ B ~
= Y alGQ+E&E+EF +6G)|ii -

l=—p1

Thus, EHUQJ-JC has the form

q1 q1
Eipion =Q Y diblivigr +E Y difelivign

l=—p1 l=—p1
q1 B q1 B
(22) +F Y digyliviin +G D dilelivijk,
l=—p1 l=—p1

where d; are constants independent of A¢. We therefore have the flux difference

Eivip2ik = Bic1jain 1 - 1 &
A = QA_,E Z erétlivi ke + EA_g Z eraliti,jk
l=—p1—1 l=—p1—1
1 q1 _ 1 q1 B
(23) + FA_,E D edylivign+ GA_,E > alelivigin
l=—p1—1 l=—p1—1

where the e; are constants not dependent on A§. We can see that, when @ are
constants, our scheme degenerates to a linear scheme. Since (E)s = Q(&)e +E(x)e +
F(&)e + G(£,)e, we can get the approximation

1 q1 B
(fv)eiA—g > adyliviik

l:*})lfl

where v stands for x, y, z or t.
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Similarity, in the n- and (-directions, we also have

Eijrijok = Fijo1/2. L < ; Ly ]
=0x, Yo Fwitligimp +Exm D fwileligimk

A’f] m=—pa—1 An m=—pz—1
1 q2 1 q2
(24) + FA_’l] Z fmny|i,j+m,k + GA_U Z fmﬂz|z’,j+m,k
m=—pz—1 m=—pz—1

Gijrv1/2 = Gijk—1/2

1 a3 5 1 a3 B
=R+ Z gn<t|i,j,k+n+EA_C Z gnCalijhtn

A AQ n=-p3—1 n=-p3—1
1 q3 B 1 q3 N
25 +F— GnCylijktn + G GnCzli,gk
( ) AC nzfz:pgﬁ1 n y|w +n AC n:Zm,l n | J.k+n

where f,, and g, are all constants.

In the first step, Q, instead of Q, could also be used as the interpolation quantity
for achieving the formal order of accuracy. However, since Q includes the Jacobian,
the weights evaluated in the weighted averaging procedure will be adversely affected,
even under the free-stream condition. For this reason, Q values are not used for the
WENO interpolation procedure in our algorithm formulation. The validity of using
(Q in our procedure is shown later.

3.3. SCL and VCL. For finite difference numerical methods, Thomas and Lom-
bard [11] gave the following “conservation” metric expressions instead of equation (11)

‘sgzc = (Yn2)¢ — (Yc2)n, gy = (zy7)¢ — (2¢@)n; sgz = (zny)c — (TcY)n,
(26) { 7o = (Yc2)e — (Yez)e, My = (2cx)e — (2¢x)¢, M= = (Tcy)e — (Tey)e,
Co = (Ye2)y — (n2)es Gy = (2e@)y — (@), G = (Tey)n — (TyY)e-

Equations (11) and (26) are equivalent mathematically but not necessarily numeri-
cally. Visbal and Gaitonde [13] reported that a compact difference scheme, which is
applied to the generalized coordinate system, can preserve the free-stream condition
if the conservation form (26) of the metric terms is evaluated using the same formulas
as those used in the evaluation of the conservation terms, at least for free-stream
solutions. Here we use the same idea in our method. For example,

g ]. 4 1 q2
£m|i,j,k :A_C Z gn(ynz)|i7j,k+n - A_ Z fm(yCz)|i7j+m,k
n=-ps—1 n m=—pz—1
1 q3 q2
TACA D gnzlighen Y Fmligrmiin
77 n=—p3—1 m=—pa—1
1 q2 q3
(27) T ANAC Z Jm2li jrm.k Z GnYli jtm ktn-

m=—pa—1 n=—p3—1



FREE-STREAM PRESERVING SCHEMES ON CURVILINEAR MESHES 9
Thus
I, = (fa:)i + (ﬁz)n + (Ca:)C

1 a - 1 92 R 1 q3 R
:A_€ Z 61§z|z'+l,j,k+A—n Z fmﬂx|i,j+m,k+A—C Z 9nCalijtn

l=—p1—1 m=—po—1 n=—ps—1
g1 g3 q2
1
:m Z (&) Z 9n2|i+l,j,k+n Z fmy|i+l,j+m,k+n
l=—p1—1 n=—pz—1 m=—py—1
q1 q2 qs3
1
*m Z (&) Z fmz|i+l,j+m,k Z gny|i+z,j+m,k+n
l=—p1—1 m=—p2—1 n=—p3—1
1 q2 q1 qs3
+m Z Im Z @l2|i+l,j+m,k Z gny|i+l,j+m,k+n
m=—pa—1 l=—p1—1 n=—pz—1
1 q2 q3 q1
= AUACAE o fm Y Gnzligrmkin DL @ylivtjimpin
m=—pz2—1 n=—p3—1 l=—p1—1

q3 q2 q1
1
t ACAnAE >oogn Y fmligmbtn Y eliviirmpin
n=—p3—1 m=—pz—1 l=—p1—1
1 q3 q1 q2
*m Z 9n Z €lZ|i+l,j,k+n Z fmy|i+l,j+m,k+n
K n=—-pz—1 I=—p1—1 m=—pz—1
=0.

(28)

Similarly, we also have

Thus, we can get the SCL.
For moving meshes, the VCL identity I; = 0 must also be satisfied. We simply
invoke the VCL identity to evaluate (1/J)., i.e.

(29) (1/J)r = ~[(E0)e + (i) + (Go)e]

For the standard conservative finite difference WENO methods [4] in the gener-
alized coordinates, the idea of Visbal and Gaitonde [13] cannot be applied, since it
requires the same scheme for the evaluation of the metric and the convection terms.
The Jacobian and metrics cannot be evaluated by the upwinding procedure of WENO
because they cannot be split to the nonlinear upwind components. Thus, compact
difference formulas are used to evaluate the metric terms in [7].

4. Numerical results. In this section, we will discuss the results of both sta-
tionary and dynamical meshes. We denote S-LF and S-R as the standard finite dif-
ference WENO scheme of Jiang and Shu [4] with the Lax-Friedrichs flux splitting and
the Roe splitting respectively. A-LF and A-HLLC are used to denote the methods
under consideration with the alternative flux formulation and with the Lax-Friedrichs
flux and the HLLC flux respectively. The third-order TVD Runge-Kutta scheme is
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used for time integration
ut) = u" + AtL(u™),
3 1 1
u® = Zu" + ZU(I) + ZAtL(u(l)),

1 2 2
= Sy 4 Zu® 4 AL (u®@).
u U + U + 3 (u'?))
The specific heat ratio of the fluid in the test cases is set as v = 1.4. Compact

difference formulas, as described in [7], are used to evaluate the metric terms for the
standard finite difference WENO scheme.

4.1. Free-stream preserving properties. The fluid in the test cases is nondi-
mensionalized by the density and the speed of sound for the free-stream condition.
In this test, an x-direction free-stream of Mach number 0.5 is imposed. Thus the
y-direction velocity v and the z-direction velocity w are expected to remain machine
Zero.

ExaMpPLE 1. Firstly , we will test the free-stream preservation property on a
stationary wavy grid, which is expressed as following:

[ . i — 1A —1)Az ]
Tijk = Tmin + Ao (i—1)+ Agsin nayﬂ(j )Ayo sin Nz (k )Az ,

L L, L. i

[ — DA 7(i — DAz ]
Yijk = Ymin + Ayo | (J — 1) + Ay sin nyZﬂ(kL )47 sin nylF(ZL JAzo ,

30 Zi ik = Zmin + AZ _ k—1)+ A,sin nex7(i — 1)Az sin neym(J —1)Ayo]
N min 0 z T 7 5

L x y i

where

i:172a"';IInaX; j:1527"'7Jmax7 k:172a"'7KInaX7

_ Ly — L — L.
Axo = 757, Ayo = szxy—lv Azo = g 2=
Tmin — — 2z7 Ymin — _Ty; Zmin = — 5

The wavy grid parameters used in this test are Imax = Jmax = Kmax = 21, Ly = Ly =
L,=4,A; =A,=A, =1, and ngy = n,, = ... =4, and the grid is shown in Fig. 1.
Time step is taken as At = 0.05, and flow fields at t = 10 are examined. We list the
Lo errors of v and w in Table 1. We can see that A-LF and A-HLLC have errors less
than 10!, which are close to the machine zero. However, the S-LF and S-R schemes
have large errors on the level of 1073, These demonstrate that our schemes with the
alternative flux formulation are appropriate for free-stream preservation, while neither
S-LF nor S-R could preserve free-stream solutions.

TABLE 1
Lo errors of v and w components in the free-stream preservation test on a wavy grid.

v-component | w-component

S-LF 9.33E-03 9.32E-03
S-R 9.34E-03 9.18E-03
A-LF 2.03E-15 1.54E-15

A-HLLC 4.05E-15 2.67E-15
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ExaMPLE 2. Next, we will test the free-stream preservation on a randomized

grid. Uniform grids constructed for the mesh Az = Ay

grid points are randomized with 20% magnitude grid spacing in a random direction,

and the mesh is shown in Fig. 2. The same time step At = 0.05 is used. We also test

our results at t = 10. Results for Lo errors of v and w are shown in Table 2. Similar
to our observations in Example 1, the S-LF and S-R schemes both have large errors,

while A-LF and A-HLLC have errors close to machine zero. So, on a randomized grid,

A-LF and A-HLLC can also preserve free-stream solutions.

Fic. 2. A stationary randomized grid for the free-stream preserving test.

EXAMPLE 3. In this example, we consider the free-
ical grid shown in Fig. 3. The computational domain is chosen as
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TABLE 2
Lo errors of v and w components in the free-stream preservation test on a randomized grid.

v-component | w-component
S-LF 7.70E-02 7.53E-02
S-R 1.21E-01 1.18E-01
A-LF 1.76E-15 1.61E-15
A-HLLC 3.16E-15 2.92E-15

on the r-6-¢ coordinate systems:

x = rcos(mf/6) cos(mp/6),

y = rsin(mw0/6) cos(m¢/6),
(31) z = rsin(m¢/6).
A uniform mesh with 21 x 21 x 21 grid points is used on the computational domain.
The time step was taken to be At = 0.02, and the results were again tested at the
final time of ¢t = 10. Ly errors of v and w are shown in Table 3. We can see that the
numerical results for our schemes with the alternative formulation can reach machine
zero, and the free-stream condition is preserved. On the other hand, both S-LF and
S-R schemes have large errors, and fail to preserve the free-stream condition.

ANssest

Nasa

%
%%
2
K9
Y

Fic. 3. A stationary spherical grid for the free-stream preserving test.

TABLE 3
Lo errors of v and w components in the free-stream preservation test on a spherical grid.

v-component | w-component
S-LF 2.80E-07 2.67E-07
S-R 1.34E-06 6.79E-07
A-LF 5.92E-16 5.42E-16
A-HLLC 1.11E-15 1.09E-15
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ExaMPLE 4. Finally, we will test the free-stream preservation on a moving wavy

mesh:
[ 2y — 1A o= (k — 1)Az0]
%35,k (T) = Tmin + Azo | (¢ — 1) + Ay sin(27wT) sin L yﬁ(‘]L JAyo sin = m( T JAz0 ,
y z J
Yi ik (T) = Ymin + Ayo [(§ — 1) + Ay sin(2rwT) sin nyzﬂ-(kL_ DAz sin nywﬂ'(ZL_ DAzo ,
Zi ke (T) = Zmin + Azo | (k — 1) + A sin(27wT) sin nzzﬂ(lL_ DAzo sin nzyﬁ(‘]L_ 1 Ayo ,
L e Y |
(32)
where

i:1327"'71maxy j:1723"'aJmaxa k:1327"'aKmaxa

— Lm — Ly — z

Arg = ===, Ayo = T =1 Azo = 77
x _ L.
Tmin = — 75 ymin—_Tyv Zmin = 75

with the specified parameters Inax = Jmax = Kmax = 31, Ly = Ly = L, = 12,
Ay = Ay = A, = 1.5, and nyy = ngy. = ... = 4, and the frequency of oscillation
w = 1.0. We choose the time step At = 0.001, and the flow fields at ¢ = 0.25 are
examined. Fig. 4 shows the mesh at the final time, and numerical results are listed

in Table 4. Similar to the stationary meshes, A-LF and A-HLLC can preserve the
free-stream condition, while S-LF and S-R cannot.
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Fic. 4. A moving wavy grid for the free-stream preserving test at t = 0.25.

4.2. Vortex preservation properties. Here, two-dimensional moving vortex
problems are used to examine vortex preservation properties. The fluid is nondimen-
sionalized by the density and the speed of the sound for the free-stream condition, as
in the free-stream preservation test. An isentropic vortex whose center is located at
(e, ye) = (0,0) is set on the free-stream of Mach number 0.5 as the initial condition,
where the velocity, temperature, and entropy fluctuations of an isentropic vortex are
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TABLE 4
Lo errors of v and w components in the free-stream preservation test on a moving wavy grid.

v-component | w-component
S-LF 4.45E-02 4.45E-02
S-R 4.46E-02 4.46E-02
A-LF 6.91E-16 6.98E-16
A-HLLC 3.71E-16 3.72E-16

expressed as follows:

(du, dv) = E)\eo‘(l_”\z)(sin 0, — cosb),

(v = 1)e?

2a(1-A2)
4ary ¢

5T = —

Y

(33) 58 =0,

where A = 7/r. and r = [(z — x.)% + (y — y.)?]"/%. Here, r. = 1.0 denotes the vortex
core length, a = 0.204 denotes the parameter of the length scale of the vortex decay,
and £ = 0.3 denotes the vortex strength. T' = p/p is the temperature, and S = p/p?
is the entropy. The boundary conditions for - and n-directions are set to be periodic.
Numerical results are tested at t = 32, at which time the vortex moves back to the
same position as the initial condition in the grid system defined in each of the following
examples.

ExaMPLE 5. First, vortex preserving properties on uniform grids are examined.
Three different computational grids are constructed for the region —8 < x < 8 and
—8 <y <8, with 41 x 41, 81 x 81 and 161 x 161 grid points. Time steps At are set to
0.05, 0.0125, and 0.003125 for the 41 x 41, 81 x 81 and 161 x 161 grids, respectively.
These small time steps are used to minimize the temporal error from the third-order
time integration. The Lo errors and orders of accuracy for the swirl velocity are
presented in Table 5, showing that all these schemes can achieve close to the designed
fifth order accuracy on uniform meshes. Fig. 5 shows the most coarse computational
grid and the vorticity magnitude distributions for the initial conditions and the four
schemes at ¢ = 32. Fig. 6 shows the swirl velocity on the 5-constant line passing
through the vortex center. These figures demonstrate that the vortex of all these
four implementations can preserve the vortex strength and swirl velocity qualitatively
compared with the exact solutions.

TABLE 5
Lo errors in the swirl velocity of the two-dimensional moving vortex problem on the uniform grid.

S-LF S-R A-LF A-HLLC
Ny X Ny Lo errors order Lo error order Lo errors order Lo error order
41 x 41 3.54E-03 2.92E-03 — 4.64E-03 — 1.81E-03 —
81 x 81 1.88E-04 4.23 1.42E-04 4.36 2.50E-04 4.21 9.21E-05 4.30
161 x 161 7.51E-06 4.65 6.14E-06 4.53 1.05E-05 4.58 3.93E-06 4.55
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ExXAMPLE 6. Next, we will test the vortex preserving property on wavy grids. A
two-dimensional wavy grid is formulated as follows:

Ngym(j — 1)AC‘JO]
L, ’

Ny (i — 1)Axg
L, ] ’

Tij = Tmin T Axg [(Z — 1) + A, sin

(34) Yi,j = Ymin + AYo {(J —1)+ Ay sin

i:1a27"'7Imaxa .7:172a ;Jmaxa

Ly __1L
A1’() =7 1 AyO -7 y_la
i mpx
Lmin — _Tw; Ymin = _Ty-

The parameters for the wavy grid are L, = L, = 16, A,Azg = 0.4, AyAyp = 0.8, and
Ngy = Ny = 6. Similar to the uniform grids, three different grids, with 41 x 41, 81 x 81
and 161 x 161 grid points, are used. At is set to be 1/30, 1/120 and 1/480 for the
41 x41, 81 x 81 and 161 x 161 grids respectively. The Lo errors and orders of accuracy
in the swirl velocity are presented in Table 6. These numerical results show that all
the four schemes can again achieve close to the designed fifth order accuracy. Fig. 7
shows the computational grid and the vorticity magnitude distributions for the initial
conditions and the four schemes at ¢ = 32 on the most coarse gird. In Fig. 8, the swirl
velocity on the n-constant line passing through the vortex center are plotted. These
figures demonstrate that S-R, A-LF and A-HLLC can preserve the vortex strength
and swirl velocity qualitatively compared with the exact solutions, while S-LF has
significantly worse performance. This may be caused by the high diffusive nature of
the Lax-Friedrichs flux splitting in which the wavy grid participates.

TABLE 6
Lg errors in the swirl velocity of the two-dimensional moving vortex problem on the wavy grid.

S-LF S-R A-LF A-HLLC
N, X Ny Lo errors order Lo error order Lo errors order Lo> error order
41 x 41 6.12E-02 — 2.83E-02 — 3.58E-02 — 2.11E-02 —

81 x 81 5.72E-03 3.42 2.28E-03 3.63 2.79E-03 3.69 1.36E-03 3.96
161 x 161 2.29E-04 4.64 1.26E-04 4.17 1.23E-04 4.50 6.47E-05 4.39

ExAMPLE 7. Now, the vortex preserving property on the randomized grids is
examined. Uniform grids constructed for the region —8 < x < 8 and —8 < y < 8 with
41 x 41 grid points are randomized with 20% magnitude grid spacing in a random
direction. Time step At = 0.01 and numerical solutions are shown at the final time
t = 32, at which point the vortex moves back to the same position as the initial
condition. Fig. 9 shows the computational grid and vorticity magnitude distribution
for the initial condition and the solutions at ¢ = 32. Fig. 10 shows the swirl velocity
on the n-constant line approximately passing through the vortex center. Results
for S-LF and S-R show large numerical errors owing to the grid distortions. This
indicates that metric canceling has a strong effect on the randomized grid. The result
for the S-R scheme is different from that of the strongly wavy grid. This should be
due to the discontinuity in the derivatives of the randomized grid points, whereas
the strongly wavy grid does not have such a discontinuity, at least analytically. We
emphasize that conservative finite difference schemes are not designed for grids with
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discontinuous derivatives [4]. However, in practice low quality grids may appear and
we would still like to reduce numerical artifacts when finite difference schemes are
used on such grids.

ExaMPLE 8. Next, we conduct vortex preserving test on a grid with an abrupt
change in grid spacing. The computational grid is —8 < xz < 8 and —8 < y < 8.
Abrupt changes are imposed in the streamwise spatial distribution at x = —4(S) and
x = 4(S2). At the location Sy, the mesh spacing is suddenly halved from Az = 0.4 to
Ax; = 0.2. Conversely, at Ss, the mesh is abruptly coarsened back to Ax,. Periodic
boundary conditions are applied in both coordinate directions. The grid is uniform in
the y-direction with Ay = Azy. At = 0.01, and the computation is then carried out
until £ = 32. From Fig. 11 and Fig. 12, we can see that S-R, A-LF and A-HLLC can
preserve the vortex, while S-LF has a large error, which may again be caused by the
high diffusive nature of the Lax-Friedrichs flux splitting in which the abrupt-changing
grid participates.

ExaMPLE 9. In this example, we test our problems on the mesh which exhibits
a localized abrupt change in the slope of 45° at x = 0. Az = 0.4 and Ay = 0.4.
Numerical solutions are shown at t = 32 in Fig. 13 and Fig. 14, and At = 0.01. We
can see that all the four schemes can preserve the vortex for the mesh with localized
abrupt change.

ExaMPLE 10. Finally, we test the two-dimensional moving vortex problems on a
dynamical wavy grid formulated as follows:

77— 1A
i, (T) = Tmin + Ao [(z — 1)+ A, sin(27wr) sin w} )

L,

(i —1)A
(35) Yi.; (T) = Ymin + Ayo [(g —1) + A, sin(2mwT) sin W} ,
where

t1=1,2,--- 7Imax7 .7: 1,2,--- ;JmaX;
AIOZ Ly Ayoz

Lmin — 2 Ymin = o -

The parameters for the wavy grid are L, = L, = 16, A;Azg = AyAye = 0.6, and
Ngy = Nyz = 6. Similar to the uniform grids, three different grids with 41 x 41, 81 x 81
and 161 x 161 grid points are used. At is set to 1/50, 1/200 and 1/800 for the 41 x 41,
81 x 81 and 161 x 161 grids respectively. Lo errors in the swirl velocity are listed
in Table 7, and vorticity magnitude distributions and swirl velocity distributions on
the line approximately passing through the vortex center at the final time t = 32
are shown in Fig. 15 and Fig. 16. Compared with S-LF and S-R, A-LF and A-
HLLC have better performance, which shows that metric canceling has a strong effect
on the dynamically changing grids. Similar to the stationary wavy grids, the large
error and distortion of the vortex for the S-LF scheme may be caused by the high
diffusive nature of the Lax-Friedrichs flux splitting in which the changing wavy grid
participates.

4.3. Flow past a cylinder.

ExXAMPLE 11. In this test, we use the schemes to simulate the supersonic flow
past a cylinder. In the physical space, a cylinder of unit radius is positioned at the
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TABLE 7
Lo errors in the swirl velocity of the two-dimensional moving vortex problem on the dynamically
changing wavy grid.

17

S-LF S-R A-LF A-HLLC
N, X Ny Lo errors order Lo error order Lo errors order Lo> error order
41 x 41 6.16E-02 - 4.04E-02 - 3.08E-02 - 1.66E-02 -
81 x 81 5.77E-03 3.42 3.70E-03 3.45 1.91E-03 4.01 9.45E-04 4.13
161 x 161 3.15E-04 4.19 2.40E-04 3.95 7.93E-05 4.59 4.12E-05 4.52

origin on the z-y plane. The computational domain is chosen to be [0, 1] x [0, 1] on the
&-n plane. The mapping between the computational domain and the physical domain
is

z = (Ry — (Ry — 1)§) cos(6(2n — 1)),
y=(Ry — (Ry — 1)§)sin(6(2n — 1)).

Here we take R, = 3, R, = 6, and § = 57/12. A uniform mesh of 60 x 80 in the
computational domain is used. An illustration of the mesh in the physical space is
shown in Fig. 17(a), which draws every other grid line. The problem is initialized by
a Mach 3 shock moving toward the cylinder from the left. The reflective boundary
condition is imposed at the surface of the cylinder, i.e., £ = 1, the inflow boundary
condition is applied at £ = 0, and the outflow boundary condition is applied n = 0, 1.
From Fig. 17, we can see that all the four schemes can simulate the supersonic flow
past a cylinder well.

5. Concluding remarks. In this paper, we have discussed the performance of
conservative finite difference WENO schemes based on an alternative flux formulation
[10, 5] on generalized meshes, and compared their performance preserving free-stream
and vortex solution with those of the standard finite difference WENO schemes. In our
scheme with the alternative flux formulation, the WENO interpolation of the solution
and its derivatives are used to directly construct the numerical flux, instead of the
usual practice of reconstructing the flux functions. Thus, the numerical technique
of Visbal and Gaitonde [13] for free-stream preservation is applicable to the scheme
with the alternative flux formulation but not to the standard finite difference WENO
schemes based on the reconstruction of the flux functions.

The free-stream and vortex preservation properties for the new schemes have been
investigated both theoretically and numerically. Regarding the free-stream preserving
tests, it has been found that the scheme with the alternative flux formulation can pre-
serve the free-stream condition on both stationary and dynamically changing meshes,
while the standard WENO schemes cannot. Through the vortex preservation tests,
we have found that the standard finite difference WENO schemes have a rather large
error arising from the metric terms on randomized and moving grids, while the finite
difference WENO schemes with the alternative flux formulation based both on the
Lax-Friedrichs flux and on the HLLC flux can simulate the vortex well for all grids.
For the problem of flow passing a cylinder, both the scheme with the alternative flux
formulation and the standard WENO schemes can simulate the solution well.
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F1a. 5. Vorticity magnitude distribution of the results of two-dimensional moving vortex prob-
lem on the coarsest uniform grid. Here, 21 contours from 0.0 to 6.0 are shown.
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F1a. 6. Swirl velocity distributions on the line approximately passing through the vortex center
of the two-dimensional moving vortex problem on the coarsest uniform grid.
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Fia. 7. Vorticity magnitude distribution of the results of two-dimensional moving vortex prob-

lem on the coarsest wavy grid. Here, 21 contours from 0.0 to 6.0 are shown.
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Fia. 8. Swirl velocity distributions on the line approximately passing through the vortex center
of the two-dimensional moving vortex problem on the coarsest wavy grid.



FREE-STREAM PRESERVING SCHEMES ON CURVILINEAR MESHES 23

10~ 10+
L + !
L L H
H H
f f Bl
5T ErHEH 5F f {Reavazs
B . | I )
i e i 8 1
L I N
I ei I w
> o} ERsas > o} B¥
L L M
- = \(1 ST AH
E3S 1 e H
C I !
oL 1 1 1 1 oL 1 1 1 1
ol Y P S S SN
X X
(a) grid (b) initial condition
10 10+
i i 11
5k 5k N %
> 0F > 0F
L [ v
5 i H: 5E TN u{x
L og L N &1
i i - e
L thd L ARSEENA
oL 1 1 1 1 oL 1 1 1 1
ol ) P S S SN |
X X
(c) S-LF (d) S-R
10~ 10+
L + !
L L H L
f — -
sk 5k ; R
r Feey fat: I Fre e
i ; i | RN
L Xt [ ey it
L < 5 I
- of 2 - of 4
L L M
I i I sk i
L f 3 &
sk 5 st S
i i e
oL 1 1 1 1 oL 1 1 1 1
ol Y I S S SN
X X
(e) A-LF (f) A-HLLC

F1a. 9. Vorticity magnitude distribution of the results of two-dimensional moving vortex prob-
lem on the random grid. Here, 21 contours from 0.0 to 6.0 are shown.
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F1a. 10. Swirl velocity distributions on the line approzimately passing through the vortex center
of the two-dimensional moving vortex problem on the random grid.
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Fia. 11. Vorticity magnitude distribution of the results of two-dimensional moving vortex
problem on a mesh with sudden jumps in grid spacing. Here, 21 contours from 0.0 to 6.0 are shown.



26 Y. JIANG, C.-W. SHU, AND M. ZHANG

0.5
EXACT

4
° S-LF

0.3

0.2

x 0O >0

Swirl velocity
o

F1a. 12. Swirl velocity distributions on the line approzimately passing through the vortex center
of the two-dimensional moving vortex problem on a mesh with sudden jumps in grid spacing.
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13.

Fic.
problem on a mesh with localized abrupt change. Here, 21 contours from 0.0 to 6.0 are shown.
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F1a. 14. Swirl velocity distributions on the line approzimately passing through the vortex center
of the two-dimensional moving vortex problem on a mesh with localized abrupt change.
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Fic. 15. Vorticity magnitude distribution of the results of the two-dimensional moving vortex
problem on the coarsest dynamically changing grid. Here, 21 contours from 0.0 to 6.0 are shown.
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Swirl velocity

05 L L

F1a. 16. Swirl velocity distributions on the line approzimately passing through the vortex center
of the two-dimensional moving vortex problem on the coarsest dynamically changing grid.



30 Y. JIANG, C.-W. SHU, AND M. ZHANG

D
D

N
SN
RN

R
R
NN

SN

“‘
SN
= --‘l“‘\“\\\\

= “
SRR
ST

S|
=SSN

i
i
o

i
&

X

=
e

=

=
oo

=
7
7

=

2
7

<>
=
=
=
s
L

7

7
2
7

=
5
7
2o
=
e

7
Z
7
2

o
Z=Z
=
5
=
72
7
2

77
Z274
77
7
7

,

/
Vs

L%

(d) A-LF (e) A-HLLC

Fic. 17. Flow past a cylinder. (a) an illustration of the physical grid (drawing every other grid
line); (b)-(e) pressure on the mesh 60 X 80.



