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SEMIGROUP-THEORETICAL APPROACH TO HIGHER ORDER
NONLINEAR EVOLUTION EQUATIONS*

TUJIN KIM', QIANSHUN CHANG!, AND JING XU

Abstract. We are concerned with application of the semigroup theory to the higher order
nonlinear evolution equations. First, we show some necessary conditions for the accretivity
of matrices of nonlinear operators in Banach spaces in relation to the underlying phase spaces
and domains of operators. Then, we obtain a condition for a matrix of linear operators to
generate an analytic semigroup. These results are, finally, applied to Cauchy problems of
nonlinear and quasilinear evolution equations of higher order.
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1. Introduction. Linear abstract evolution equations have been studied widely
(cf. [10], [12], [13], [16], [19], [20], [22], [27], [28], [29]), while nonlinear evolution
equations are considered mainly within the scope of the 2-nd order (cf. [1], [3], [4], [7],
[15], [18], [23]) and in some papers nonexistence of solution for higher order semilinear
evolution equations was studied (cf. [2] and the references therein).

One of the conventional approach to the higher order equations is to reduce them
to the first order systems in suitable phase spaces and then to use the operator semi-
group theory (cf. the references in [12]). In [5] and [8], a wave equation and a linear
parabolic equation of higher order in time, respectively, were reduced to the systems
of order one and the analytic semigroup theory was applied for the obtained systems.
However, it is generally difficult to find an ideal underlying phase space and the struc-
ture of the phase space may be complicated (see preface in [29]). Therefore, for the
case of linear equations other techniques are widely used (cf. [29] and the references
therein). But, many techniques utilized for linear equations are not applicable for
nonlinear equations.

In this paper, we are concerned with the application of the semigroup theory to
the higher order nonlinear evolution equations. To this end, we first show some nec-
essary conditions on the phase spaces and operators acting on derivatives of unknown
function for accretivity of the matrices of operators in the systems reduced from a
simple higher order equations

(1.1) u™ + A, w4 Agu = f(t), n> 2.

And we get some sufficient conditions for matrices of operators to generate nonlinear
one-parameter groups or semigroups. Also, we get a sufficient condition for a matrix
of operators to generate an analytic semigroup, which is different from one in [5] and
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[8]. The results are applied to Cauchy problems of higher order nonlinear evolution
equations. The results of this paper were published in 1990 as preprints of the Institute
of Mathematics of the Academy of Sciences in DPR of Korea, but seem to be known
to only a few. The main results of this paper are Theorems 2.1~2.5 and 4.1.

This paper consists of four sections.

In Section 2 we study the equation (1.1) in a Banach space E, where A;, i =0 ~
n — 1, are usually nonlinear and the derivatives are with respect to ¢. Long ago it was
known that when a linear equation of order 2 in E is reduced to a system of order
one, for well-posedness the product space V x F is useful instead of E x E, where the
norm of V is stronger than one of E (cf. [13]). On the other hand, the derivatives of
function usually are in spaces weaker than one where the function belongs to.

Thus, concerning with (™) in F, we naturally assume

ASSUMPTION 1.1. The Banach spaces V;,i = 1 ~ n — 1, and E satisfy the
following condition

(1.2) MNeVeo—s - =V,.1 = E,

where — denotes dense and continuous embedding.
And 2(A;), i =1~n—1, and D(Ap) are dense subsets of Banach spaces V; and
Vi, respectively.

Our first interest is to get necessary conditions for accretivity of the matrices of
operators in the system reduced from (1.1). Our result shows that V;, i =1~n —1,
must be same (Theorem 2.1) and the operators A,_; and A,_» must satisfy some
estimations (Theorems 2.3 ~ 2.7).

In Section 3 considering the results in Section 2 and relying on the nonlinear
semigroup theory and monotone operator theory, we study three kinds of Cauchy
problems for higher order nonlinear evolution equations, which are equations with the
perturbation operators of the main part A,,_1 and A,_>. To this end, we obtain some
sufficient conditions for the matrices of operators to generate nonlinear semigroups or
groups.

In Section 4 the semilinear and quasilinear equations which are not included in
the scope of Section 3 are studied. To this end, first, a condition for a matrix of linear
operators on Hilbert spaces to generate an analytic semigroup is obtained. Paying
attention to role of the operator A, _1 and structure of the matrix, and using the space
V=1 x V* as a representation of the dual space of V", we obtain the result without
assumptions of self-adjoint property and positive-definiteness of operators (Theorem
4.1). Combining this result with results in [21] and [24], we study Cauchy problems
of semilinear and quasilinear evolution equations of higher order. To compare with
previous results, we apply our abstract results to the systems of pseudo-hyperbolic
partial differential equations. Owing to Theorem 4.1, unlike [25] in study of the
systems of pseudo-hyperbolic partial differential equations, symmetry of coefficient
matrices is removed out.

We use the following notation.

When X is a space and X* is its dual space, (-,-)x is inner product in X, (-, ") x
is duality product between X and its dual space X* and || - || x is the norm in X.
Sometimes (-, -); means duality product when X = V;, and so is it for norms. For
u, u? € X let u; = u} —u?. For an operator A, Z(A) is its domain and Z(4) its
range.
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2. Necessary conditions for accretivity of operator matrices. Let V;,i =
1,...,n— 1, and E be real Banach spaces and (1.2) hold. Let nonlinear operators
A;,i=1,...,n— 1, in the Banach space E have domains Z(4;) and Z(Ap) which
are dense in V; and V7, respectively.

We consider the matrix of operators

0 -1 0 - 0 .
a=| 0 0 Tt 0wy =[] 204
Ay A1 Ay oo A =0

in the Banach space
X=Vix---xV,_1 xXE.

endowed with the norm || - || = Z;:f -0, + 11 - 11
Note that by the introduction of the matrix of operators A the abstract higher
order evolution equation

(2.1) w™ 4+ A, 1w 4 4 Agu = f@) (n>2) inE
is reduced to the first order system with a new unknown function U =
(w, gy -y up—1) s
(2.2) U'+AU=F(t) in X,
where F(t) = (0,...,0, f(t))T.

DEFINITION 2.1. (cf. 13.2in [9]) Let X be a real Banach space and J : X — 25
its duality map. The operator F : D(F) C X — X s said to be accretive if

max{(Fz — Fy,j(z —y))x : jlx —y) € J(x—y)} 20 Vz,y € Z(F).

If X* is strictly convex, then J is one-value, and so it is said to be duality operator.
(cf. Lemma 5.5, ch. 1 in [7])

THEOREM 2.1. Let Assumption 1.1 be valid, Vi, k=1,2,--- ,n— 2, be reflexive
and V) be strictly convex. If the operator A+w is accretive in X for some real number
w € R, then the spaces Vi, 1 = 1,2, --- ,n— 1, are the same with equivalent norms,
that is, X = V"~ x E, with a real Banach space V.

Proof. Let U = U! —U? for U',U? € 2(A). Let V,, := E. Note that if jy, k =
1,2,---,n, are duality operators from V3 to V}*, then the operator j = (j1, -+ ,7n)
defined by jU = {jiuo, - ,Jntn-1} is the duality operator from X to X*, where
ug = u. Then, we have

I={(A+w)U' - (A+w)U? jU), =

(23) n—2 n—1
= (= (g1, Jirrui)ivr + wllwillfi) + Z (Aui — Al fnun—1), + wlun—1[7.
=0 =0
Let us prove the equivalence of the norms of Vi, £k =1,...,n—1, by contradiction
argument. Assume that for some k € {1,...,n—2} the norms of V}, and Vi1 are not

equivalent. Then, putting u} = u? for i # k — 1, k, in (2.3), we have that

= — (ug, jrur—1)y, + wllwe—1 i + wllukllz-
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By the assumption, we have
(2.4) VN (positive integer), Jw € Vi : [|w||x > N, ||[w]p+1 = 1.

Choose uj, € P(Ai) C Vi, and let 4 = uj. — w(€ Vj). Since Z(Ay) is dense in Vj, we
have

Ve >0, Fuiec D(Ay):||uz —uillx <e,
and, hence, ||ux — wl||r < e, which together with (2.4) implies
(2.5) —lurllx < —llw|lx +e < =N +e.

By Assumption 1.1 we get that

Ir>0: |lug — w|lerr < rllug —wl|x < re,
which together with (2.4) implies
(2.6) lugllk+1 < lwllk+1 +7e =1+ re.

On the other hand,
(2.7) If eV (uns e = llulle, [IfI=1.

The map ji is demicontinuous, d-monotone and coercive (cf. Lemma 5.6, ch. 1 and
Remark 1.4, ch. 3 in [7]). Therefore, there exists j, ' € (V;* — V4), and so

(2.8) eV gro=/,

where |[v]|x = ||f|| = 1. Choose u} | € D(Ay_1) C Vi and let 2 |, =u} |, —v € Vj.
Since D(Ag—_1) is dense in Vi, we can take uj_, such that |[u?_; —u?_,|x = |lug—1 —
v||j is arbitrarily small. Therefore, demicontinuity of ji implies that

Ve > 0,3up_q,ui_; € D(Ap—1) :|lug—1 —v|lx < ¢,

2.9 . .
(29) ks, jrur—1)k — (W, Jrv)k| < €.

Using (2.9) we have

(2.10) I < —(ug, jio)r + € + lwl([vlle + ) + |wlllurl74a-
Consequently, (2.5)~(2.10) imply

(2.11) I < —N 42+ w|(1+¢)% + |w|(1 +7re)2.

In (2.11) r is a constant and for the fixed ¢ and w arbitrarily large integer N can be
taken, which is contradictory to accretivity of A + w. Therefore, the spaces Vi, k =
1 ~n — 1, are equivalent each other. O

REMARK 2.1. FEvery reflexive Banach space V' and its dual V* may be strictly
convex by changing the norm of V' with a proper equivalent norm. However, since the
duality map is variable according to the norms, we assume the strict convexity of V*
in Theorem 2.1.
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REMARK 2.2. Accretivity of operator is not a mecessary condition to generate a
linear one-parameter semigroup and is a part of the sufficient conditions to generate
a nonlinear semigroup by Crandall-Liggett (cf. [6]). Thus, in fact, there exists an
example of linear semigroup in which under Assumption 1.1 the spaces Vi, i = 1 ~
n — 1, are not equivalent (cf. Proposition 1.6 in [8]).

Under consideration of the result above, in Sections 2 and 3 we take the following

ASsuMPTION 2.1. Banach spaces V and E are real and V. — FE. The sets
P(4;),i=0~n—1, are dense in V.

THEOREM 2.2. Let the space V' be reflexive and V* be strictly conver. Assume
the following inequalities:

(2.12) ||An72uil—2 - An72u72z—2||E < K|lun-allv Vug_s,ui_s € D(An—2),

(2.13) [(Auoruh 1 — A0y dptnr) gl < K[} Vuh 10y € 2(A,0),

where jg is the duality operator from E to E*.

Then, the equivalence of the spaces V and E, that is, X = E™ is a necessary
condition for the existence of a real number w such that the operator A+w is accretive
in the space X =V~ x E.

Proof. Putting ul = u? for k= 0,1,--- ,n — 3 in (2.3) and taking into account
the conditions of theorem, we have

I < —~(un—1,jvtn—2)v + wllun—ally + Killun—allplun-1lp + (K +w)un-1]E,

where jy is the duality operator from V to V*.
Thus, as before we come to the asserted conclusion. O

THEOREM 2.3. Assume that the space E is reflexive, E* is strictly conver and
formula (2.13) holds.

If the operator A+ w is accretive in X = V"1 x E for some w € R, then we have
the followings:

1) {Apui — Agu, jrug)p| < Mi|lugl|2,k =0,1,-++ ,n—2, Vul, u? € 2(Ax) N
D(An-),
where My, are constants;

2) Linear operators among Ay, k = 0,1,--- ,n—3, are the restrictions of operators
belonging to BL(V, E);

3) If the set D(An—1) is linear, then

(An—2up_y — An_ouly s, jEUn—2) > allun—s|[} + bllun—2|l%

Y, o, Ui—Q € P(An—2)ND(An_1),

where a > 0 and b is a real number.

Proof of 1). If the dual space of a reflexive Banach space Y is strictly convex,
then it is easy to prove that jy is homogeneous, i.e., VA : jy (Az) = Ajy ().
Putting u} = u2,i # k,n — 1, in (2.3) and using accretivity of A + w, we have

W||Uk||%/+ <Aku]1g*Akuia jEun71> + <An*1ui_1 *Anflui_lajEunfﬂ +w||un71|‘2E 2 0.
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Putting u},_; = u} in the inequality above, in view of that V < FE which means
|lwl|g < rl|wlly Yw € V, we have

(Apug — Agui, jeur) p > —(Kr? + w + r?|w|)[Jus I3

On the other hand, putting ul ; = ui,u%_l = uj, we have u,_; = —uy. Using

homogeneity of jg, we get
<A;€u,1C — Akui,jEuk>E < (K72 + w + 72 w|) |Jug |3

Above two estimates imply the asserted conclusion.

Proof of 2). Suppose that the conclusion is not true. Then, since Z(Ay) is dense
in V| we have

(2.14) VYN, Jur € Z(Ak)(lvellv = 1) ¢ || Axvk||le > N.
Putting u] = u?,i # k,n — 1, in (2.3) and using the fact that Ay are linear, we get
I = wllug|lv + (Aguk, jEun-1) + <An—1U711—1 - An—lui—lvjEUn—1>E + w||un—1H2E-
Let uy, = vg. Then by (2.13) and (2.14),
(2.15) I <w— (=Apug,jpun—1)g + (K + w)||tn—1[|%-
On the other hand, there exists f € E* such that
(2.16) (=Akuk, f)e = || = Acuklle, [[f =1

As mentioned in the proof of Theorem 2.1, there exists jgl, and so there exists v €
such that jgv = f, ||v]|g = 1. Since Z(A,—_1) is dense in E and jg is demicontinuous,
using (2.16) and arguing as the proof of Theorem 2.1, we have

Ve >0, Jup_y,up 1 € P(An) :lun—1 —vllp <,

2.17
(217) (—Aguk, jEun—1) > || Asuk|le — €.

From (2.14), (2.15) and (2.17) we have

I'Sw—|Apurllp + e+ (K + |w)([lvlle +¢)?
<w—N+e+ (K +|w)(1+e)

This shows contradiction to accretivity of A + w, and so we come to the asserted
conclusion.

Proof of 3). Let u} = u?,i = 0,1,---,n—3,in (2.3). Taking into account linearity
of the set 2(An—-1), for A > Olet ul =l Vul_y € D(An_2)ND(An—1),i=1,2.
Then, the accretivity of A + w implies that

— (Ntn 2, jytn—2)v + wllun—allr + (An—2up_o — An_oul 5, j5(Mn_2)),
+ <An_1()\u;72) - An—l()‘uifz)aﬂ'E(}‘un—2)>E + WH)‘“n—2||QE > 0.

Using homogeneity of jg and (2.13), we have

(An-3uh g = An-20% g jpun-2)p = (1= 5 ) fun-alf} = (KA +wA)lun-al3
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Now, taking A > 0 such that |[¢| < 1, we come to the asserted conclusion. [
THEOREM 2.4. Let E be a Hilbert space. Assume that
HA"—lurlzfl - An—1“72172HV* < Klun-1llv Yuy_y, up_y € 2(An-n).
If A +w is accretive in X = V™1 x E with some w € R, then linear operators among
Ak, k=0,1,--- ;n—3, are the restrictions of bounded linear operators from V to V*.

Proof. Suppose that the conclusion is not true. Then, since Z(Ay) is dense in V
and Ay is linear, it follows that

YN, 3up € 2(Ay) (Jugllv = 1),3w e V (Jully = 1) :

2.18
(2.18) (Arv, w)v = (Agvg, w)p > N.

Setting ul = u?, i # k, n— 1, in (2.3) we have
I= W”uk”%/ + (Agug, un—1)E + (Anfluvlz—l - An,lui_l,un,l)E + WHuanHQE
Putting up = —vg, from this we have that
I <wllugly = (Agvr, un—1)5
(2.19) + HAn—IU}L—l - An—lui—luv* Nun-1|lv +W|‘“n—1||?§
< wllurlly — (Axvk, un—1)p + K llun-1lp +wllun—1]%-

On the other hand, since 2(A4,,—1) is dense in V, arguing as the proof of Theorem
2.1, we have

(2.20) Ve >0,3ul 1, ul € D(An_1): lw—un1llv <e,
— (Apvr, un—1)E < (Apv, w)E +¢.

Then, by (2.18), (2.20) and Assumption 2.1, from (2.19) we have that

I < wllurllyy = (Akvr, w)p + e + Kllun—1[}, + wllun—1%
Sw—NHe+K1+e)?+|wr (1 +¢)?,
where 7 is the number in the proof of 1) of Theorem 2.3. Therefore, we come to a
contradiction to accretivity of A + w, and so the asserted conclusion is proved. O

THEOREM 2.5. Let the space V' be reflexive, V* be strictly conver and A,_o €
Lip (V, E). If the operator A +w is accretive in X = V"1 x E with some w € R, then

(An-1tp_1 — An1ti 1, jEun—1) > allun-1[¥ +bllun-1lz  Vun_1,ui 1 € 2(An-1),

where a > 0 and b is a real number.

Proof. Put u} = u? for i # n — 1, n — 2. Taking into account Z(4,_2) =V,
let uf,_o = Aul_; for A >0 and ul_;, u2_; € Z(A,_1). Then, by the accretivity of
A + w from (2.3) it follows that

= (un—1, v Min—1))y + wllAuna|[}
02) 4 (Al ) — s (M), e,

+ <An71uil_1 - Anflu%—lvjEun71>E + wHun*1||2E Z 0.
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By virtue of homogeneity of jr and the condition of theorem, from (2.21) it
follows that for e > 0

1 2 .
(An—1ty_ — Ap_1up_q,jBUR_1),

> (A = wX)lunal” = A [[un-1]lv - Jun-1]l5 — wllun-1]%

€ 1
> (A —wA? — )\K§) 1|3 — (w+ AK2—E)|\un,1||§3,
which shows the asserted conclusion. O

Similarly, we have the following two Theorems.

THEOREM 2.6. If the operator A + w is accretive in X = V"1 x E with some
w € R, then the following inequality is valid.

vuvlz—lvu%—l € @(An—l)vvu}z—%ui—Q € @(An—Q)vajEun—lvjVun—Q :
(222) - <Un717jvun72>v + WH Un72H%/ + <An72'u»}172 - An72u721—2ﬂjEun71>E

+ <An71u71171 - AnfluiflajEun71>E + WHun71||2E Z 0.
If
(2.23) | Ay, — Apuil| e < [lugllv, k=0,---,n =3,

then, (2.22) is sufficient for the existence of wi € R such that A + w1 is accretive.

REMARK 2.3. Let V = H}(Q), E = L2(Q) and 2(An—1) = 2(A,—2) = H}(Q)N
H?(Q). Define the operators A,_1 and A, _o, respectively, by

0 ou 1 ou 1
Anflunflzzia_xiai(l',"', 8;j ,---)er(:c,un,l,u-, 0; 7...)7
and
9 aUnf2
An2un2;axic<l’,un2’~u7 81‘] 7)
Let the matriz {aw(g% . 7yj7.. )}’ wher’e aij(l';' .. ’ij.. ) — aiyjai(x’.. . ’yj’. ..)’

be positive-definite at a.a. = € Q and ai; (-, Yo, - ,Yj, ) € Loo() for any y; €
R; b(z,y0, - yYn), c(x, Y0, - ,Yyn) be Lipschitz continuous with respect to y;, j =
0,---,n. Then, the operators A,_1 and A,_2 satisfy (2.22).

THEOREM 2.7. For the existence of a real number w € R such that both A + w
and A —w are accretive in X = V1 x E it is necessary that the following inequalities
‘*<Un717jvun72>V + <An72u71172 - An72u72172a jEun71>E|
(2.24) < Ki|un—2|¥ + Kalun—1]%,
‘<An—1U}L—1 - An—lui—lv jEUn—1>E‘ < K3||Un—1||2E-

are valid.
If (2.23) is valid, then (2.24) is sufficient for the existence of such an w.
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REMARK 2.4. Let a;j(z) = aji(x), aij(z) € WL(Q) and the matriz {a;;(x)} be
positive-definite at a.a. x € Q. Let V. = H}(Q), where an inner product is one
by (u,v) = 3 Jq aij(x)g—&i’,—: dz, E = L3(Q),2(An-1) = HY(Q) and Z2(A,—2) =

H} () N H%(Q). Define the operators A,_1 and A,_2, respectively, by

OUpy—
Ap_1tp_1 = Zai(ﬂﬁ) 82-2 +b(x, up—1),

and
0 aun,Q aun72
An—Qun—2 - %: 8_1'1 (az.](x) axj ) + C(I; Un—2,""", aﬂfj s " ')a
where b(z,y0), c(z,Y0, - ,yn) are Lipschitz continuous with respect to y;, j

0,---,n. Then, the operators An,_1 and A, _s satisfy (2.24).

3. Cauchy problems of some nonlinear equations.

DEFINITION 3.1. Ifu € C"2([Ty, T); V), u» Y € C([Ty, T); E) and
(%) u™ + Au, -, u"Y) = f(£) for a.a. t € [Ty, T) in E,
then, u is called a strong solution to (x) on [Ty, T].

The results above show that accretivity of A + w depends mainly on characters

of the operators acting on u(»~1) and u("~2). Therefore, we will consider three kinds

of equations in view of the operators acting on u("~1) and u(*~2),

First, we study a Cauchy problem
u(n) + Anflu(nil) + An72u(n72) + A(U, T au(nil)) = f(t)a

(3.1)
u(0) = ug, u/(0) = up, - 7u(n—1)(0) _ uf)”_l),

LEMMA 3.1. Let E be a real Hilbert space and V be a real reflexive Banach space.
Suppose that
1) Ae Lip(V" ! x E E);
2) Ap—1 € Lip(V,E) and

(3.2) |(An71uiz—1 - Anflu%—la Unfl)E| < KHun71H2E5

3) An—2 is a restriction on E of a radially continuous (cf. Definition 1.1, ch. 8 in
[7]) operator A, _o from V to V* such that

(3.3) <gn—2u$zf2 - Zn—2uif2a Un—2>v > allun—slf} + bllun—2l|%,

where a > 0 and b is a real number.
Then,

Ao >0, YA (0 < [A| < o) : Z(I + MA) =X,

where I is the unit operator on X and
(3.4)
—U1 1%

—Ug

AU = : . D(A) =

Anflunfl + An72un72 + A(ua e aunfl) \%4
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Proof. The asserted conclusion is equivalent to the existence of a solution to the
following problem

Jo
(3.5) A+AU=F, F= : eX  VA(IA > Xo),
fnfl

where )Xo is a constant. Equation (3.5) is equivalent to the following system

Up—1 = AMUp_2 — fn—27

fn—3 + Up—2
Un-s ="\
......... ,
n—3 f u
k n—2
e il T e
k=i
(3.6) ......... ,
n—3
fk Unp—2
u =
)\k—i-l )\n—Q’
k=0
n—3 f u n—3 f u
k n—2 k n—2
A( NFHL + N2 o Nf—it1 + No—2—i’ o Un=2 Alp—g — fn—Q)
k=0 =i

+ An72un72 + An71(>\un72 - fn72) + )\2un72 - Afn72 = fn71~

If there exists a solution u,_o to the last equation of (3.6), substituting it into
other we have a solution to (3.5).

Let us prove the existence of a solution to the last equation of (3.6). Replacmg
A, _9 with An,g and denoting the left-hand side of the last one in (3.6) by AA, we
have the equation

(3.7) Axu = foo1.

Since an arbitrarily large Ao can be taken, we can assume that |[\| > 1 without loss
of generality. Using the conditions of theorem and the fact that (v, u)y = (v,u)g for
u € V,v € E, we have

Tl q 2
A
<Au —A,\u u>

> - Z “u&vn Tl e gy -l — Al + (Aua — Apgui ),
+ §<An,1<w — Fa2) = Apr (i = fuo), M) + A% Jul|

> el = Ml - ulle = Ml
+allully + el - 7y "Xl + A2l

> (a- 270;"{ - %)HUH%, + (A2 = M = KA+ b~ % - %)H I%

vul,u? e V.
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537, we can see that Ay, is strongly monotone for all A(]A| > Xo) provided
XNO is large enough. On the other hand, by the conditions of theorem the operator
Ay € (V. — V*) is radially continuous. Hence, there exists a solution @ € V to
equation (3.7). (cf. Theorem 2.1 of ch. 3 in [7]) From (3.7) we get

n—3

o A
T D Mo RS-

k=i

Taking € =

— A1 (NT — fr—2) = XU+ Afna.

Since fo, -+, fn—2 € V,fn_1 € E and T € V, the right hand side of (3.8) is an
element of E. Thus, A,,_ou € E, which shows that u € Z(A,,_2). Thus, we proved
the existence of a solution to the last equation of (3.6). O

LEMMA 3.2. Suppose that in a Banach space for some w € R both operators
B+w and —B +w are accretive and both B and —B generate, respectively, nonlinear
semigroups T4 (t) and T_(t), t € [0,00), on Z(B). If Ty (t)xo and T_(t)xo for zo €
P(B) are, respectively, unique strong solutions to the equations & + Bx = 0 and
& —Bx =0, t €0,00), then the operator B generates one-parameter nonlinear group
on 2(B) Ul(t), t € (—o0,00), and

Ut +71) = Tsigne) (t]) - Taign(r)(|r]) VE € (=00, 00).

Proof. Under consideration of the uniqueness of a strong solution to & + Bx =
0, t € (—o0,00), we can prove it. O

THEOREM 3.3. Let V and E be real Hilbert spaces such that V. — E. Assume
that the conditions 1) and 2) in Lemma 3.1 hold.

If A,_o is the restriction on E of a self-adjoint and strongly monotone op-
erator A,_y € BL(V,V*), then the operator A in (3.4) generates a nonlinear
group on X = V"1 x E. And so, when Uy = (uo,uf, -, (()n 1)) € 2(A) and
f e BV(-T,T);E), T > 0 (the space of functions with bounded variation), there
exists a unique strong solution to (3.1) on [-T,T].

Proof. A new inner product in V' can be introduced by (gn_gu, v)y. Denote by
V the new Hilbert space with this inner product. Then,
(3.9) 7(Un717un72)f/ + (An—2Up_2,un_1)g =0 Vu}l_Q,u%_Q € P(An-2).

_ Let us prove that the operator A + w for an w € R is accretive in the space
= V"1 x E. Taking into account (3.9) and the fact that A € Lip (V" x E, E),
we have that

I=(AU' - AU*, U); =

2
=- Z(WH, W)y + (An-1upy = Apqul_y 1) g+ (An—2Un_2,tn_1)p
i=0

u ulv"' u'}z 27”# 1)7"4(“2 U%, 7u%—2aui—1)aun71)E

luisa]l || zHQ M?
< ZII ill3 — ”un*l”QE = llunallz

- M2 2
+1 M=+1
> - H willf — 7||un—2l\2~ — ——lun-1l%
\4
i=0

|v
3 on

2
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M?+2
2
the space X = V"=l x E. In the same way we can prove that —A + w is also accretive

in X.

By Lemma 3.1, we obtain that 2(I + M) = X, Z(I — M) = X for any A
small enough. We can see that Z(A) = Z(—A) is dense in X. Thus, A and —A
generate, respectively, nonlinear semigroups on X, and so by Lemma 3.2 the operator
A generates a nonlinear group. Existence of a unique strong solution to (3.1) follows
by the semigroup theory (cf. [14]). O

where as before ug = u. Thus, putting w = , we see that A + w is accretive in

Second, we study the following Cauchy problem

u(") + Anflu(nil) + A(U, e 7u(n71)) = f(t)’

(3.10)
U(O) = Uo, U/(O) = ’U,E)’ e ,u("*l)(()) _ Uén_l).

For (3.10) Definition 3.1 is used with V = E.

THEOREM 3.4. Suppose that A € Lip (E™, E), 9(A,-1) is dense in E, formula
(2.13) holds and

(3.11) Tho > 0, VAN > Xo) : (A + A1) = E.

Then, both A and —A generate nonlinear semigroups on X = E™, where

E —U1
: U2
D(A) = - , AU =
E :
@(Anfl) Anflunfl +A(ua 7un71)

If E is reflexive, then A generates a nonlinear group. If E is reflexive, Uy € P(A)
and f(t) € BV([-T,T); E), then there exists a unique strong solution to (3.10) on
[-T,T].

The proof is similar to the case of Theorem 3.3 and is omitted. O
REMARK 3.1. An example of linear partial differential operator satisfying the

conditions (2.13) and (3.11) is shown in 3.5 in [26].

Finally, we consider the following Cauchy problem

u(n) + A(’U,’u/’ e au(nil)) = f(t)a

(3.12)
U(O) = Uo, UI(O) = u67 T 7u(n_1)(0) = u(()n_l)v Up = (u07u67 T auf)n_l )

THEOREM 3.5. Let V and E be real Hilbert spaces such that V. — E. Suppose
that A € Lip(V™,V*) and

<A (u, UL, Up—2, uifl) —A (u, U, 7’U/n—27u72171) ,Un—1>v
2 G/Hun_lH%/ + bHU’n—1||2E vu?“’h T ,Un_Q,U;717U371 S Va

where a > 0 and b is real number.



SEMIGROUP THEORY TO NONLINEAR EVOLUTION EQUATIONS 249

Then, the restriction of A to X = V! x E generates a nonlinear semigroup,
where

—uq

AU = : ,

and so there exists a unique strong solution to (3.12) on [0,T] for Uy € Z(A) and
f(t) € BV([0,T),E). If Uy € X and f(t) € L*(0,T;V*), then there exists a unique
solution uw € C"2([0,T]; V) such that w1 € L?(0,T; V)N C([0,T); E) and u(™ €
Ls(0,T; V).

Proof. Let Y = V™. According to Riesz theorem, let us identify every component
of (V*)™ with the exception of the last one, with V. Then, we can regard Y* =
V=l x V* as a representation of the dual space of Y, and A is an operator from
P(A) =Y to Y*. If the space X = V"1 x E is identified with X*, then we get

(3.13) Y — X — Y*.
Thus, we have

YU', U? € Y: (AU" — AU?, U)y =

n—2
= - Z(ui+17 ui)V + <A(’U,1,’LL%, o 7u1%1—27 uil—l) - A(’LL%’LL%, o 7“%—27”121—1)7 un71>v
i=0
+ <A(u17 ’U,i, e 7“‘;—27 ugL—l) - A(’U,Q,Ui, e 7u121—27 ui—l)7unfl>v
n—3 2 2
Us; Us;
> - Z l[witallv + lfullv \ _ lun—1llv - ||wn—z|lv
- 2 2
=0
n—2
+ al[un-1 % +bllun—1lE = M D [uillv - lun—1lv
i=0
S (Ml
> — —+ =) = un-1llv - Jun—2]lv
‘ 2 2
=0
n—2
= MY uillv - f[un-1llv + allun-1]l% + bllun—1%
i=0
€ M+1
> [a= 500 =04 D] sl = (M5 1) fuaalt

n—3

M
- <2_5 + 1) ZO lwill¥ + bllun—1|%,

where € > 0, M is the Lipschitz constant of A, U =TU! — U? and uy = u.

Let e = m, w = mam{% +1,-b} 44, § > 0. Then A+ wI is a strongly
monotone Lipschitz operator, where I is embedding operator from Y into Y* by (3.13).
Therefore, by the semigroup theory (cf. [14]), the operator A generates a nonlinear
semigroup on X. Also, by Theorem 1.3, ch. 6 in [7], we come to the last conclusion. O

Relying on Theorem 1.1 of ch. 6 in [7], in the same way we have
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THEOREM 3.6. Let A be a Volterra operator such that A € Lip (LQ(O,T; m —
L2(0,T; V*))7 and

(A, un—2,up_y) = Alu, - 7“"—27“72171)’u”_1>L2(O,T;V)

> a|\un71||%2(07T;v) + bHu"*1H%2(0,T;E)
VU, - ,Un72aurlz—1a ng—l S LQ(O,T; V)a

where a > 0 and b is a real number. Also, let Uy € V"1 x E and f € Ly(0,T;V™).

Then, there exists a wunique solution to (3.12) such that u €
C"2([0,T}; V), ul»=Y € C([0,T]; H) N Ly(0,T; V) and u'™ € Ly(0,T;V*).

REMARK 3.2. Theorems 3.3 and 3.4 have applications in semilinear hyperbolic
differential equations, and Theorems 3.5 and 3.6 do it in pseudo-hyperbolic differential
equations. But here we omit the concrete examples for application .

The assertion of generation of nonlinear group in Theorems 3.3 and 3.4 may be
obtained by perturbation of a generator of linear operator semigroup with a Lipschitz
operator.

Theorem 3.5 can not be applied to PDE with coefficients variable in time t, but
Theorem 3.6 is useful for such cases.

4. Analytic semigroup and semilinear and quasilinear equations. In this
section, first, we get a sufficient condition for a matrix of operators to generate an
analytic semigroup.

THEOREM 4.1. Let V and E be Hilbert spaces such that V- <— E. Suppose that
A; € BL(V,V*), i =0,1,--- ,n — 1, and there exists a constant m > 0 and a real
number k such that

Re(A,_ju,u)y > mllu|? + k|ul|% Yu eV,
where V* is the space of all antilinear continuous functionals on V.

Then, the operator A generates an analytic semigroups on V"1 x V* and so does
the restriction of A on V"~ ! x E, where

0 1 0 0
e
—Ay A1 Ay - A

Proof. Let Y = V™, X = V™! x E. Then, as the proof of Theorem 3.5 we can
write Y* = V"1 x V* (cf. 2.2 in [26]) and A is an operator from Z(A) = Y to Y*.
Define a functional on Y x Y by

a(U,V) = ((-A +wD)U,V)y for U,VeY,
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where w is a real number determined later. Let ¢ > 0 and M =
maxo<i<n—2{||4i||v=v~}. Then, we have

Rea(U,U)

n—2 n—1 n—2
=Re (- Z(WH,W)V + Z<Akuk7un—1>v> +wz lwill} + wllun—1]%

i=0 k=0 =0

v

2wl | uill? ) )
=30 () — uncally - -l + il + kil
1=0

n—2 n—2
=MD uwillvllwn-allv +w Y llwlly +wllun-1l

i=0 i=0

n—3 n—2
Juolly:  llun—2llfy 1 € 1
=D ally + F5E = T — ol = Sllunallf = MY ol
i=0 =0
Me =2

= = (= Dllunal5 + mllunally + kllun -l +w > S+ wllun -l
=0

\Y]

v

€ ) M n3 )
[m — §(M(n = 1)+ Dfllun-1lly — (2—5 +1) Z (il
i=0

M+1 1 n2
—( 52 +§)||un_2|\%/+k||un_1|\%+wzIIuiH%ﬂerun_lII%-

=0

Now, putting

(4.1) = Ml

+1,fk}+5, 5> 0,

we have
m 32 m
(42)  Re{(~A+wDU,U)y > o llunaly +6 Y Juill} > min{, 6} - U3,
i=0
On the other hand, from the condition of theorem it follows that

M, >0: |a(U, V)| < M- ||Ully-|IVlly VYU, VeY.

Therefore, when V and E are complex Hilbert spaces, by Theorem 3.6.1 in [26] the
operator A — wl and its restriction generate analytic semigroups, respectively, on the
space V"1 x V* and V"~ ! x E. Thus, in the case of complex spaces the theorem is
proved, because the value of w is no mater. (cf. Remark 3.3.2 of ch. 3 in [26]) When
V and E are real Hilbert spaces, the theorem is proved by complexification. O

REMARK 4.1. For the pseudo-hyperbolic systems, the condition in Theorem 4.1
is more useful than one in [5], because it is not required that A; are self-adjoint and
positive-definite.

Let us study an initial value problem

(4.3) u™ + Au™ Y 4 f(tu, - u™ ) =0,
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(4.4) u(0) = ug, w/(0) =, -, u™ D) =« "V,

where V' and E are Hilbert spaces such that V < E. Let V; = [V, V*]1_g, 0<0 <1
(complex interpolation space, see [17]).

LEMMA 4.2.  Suppose that the conditions of Theorem 4.1 are satisfied and
@((fA + wI)G), 0 < 0 < 1, is the Banach space with a norm equivalent to the
graph norm of (—A + wI)?, where w is the number in (4.1).

Then, the space .@((—A—i—w[)‘g) is continuously imbedded into the space V"1 x Vg,
0<h <H<1.

Proof. Let Y = V" Y* = V"1 x V* and J € (Y — Y*) be the duality operator.
Then, the interpolation space [Y,Y*];_4 is the space 2(J?) with a norm equivalent
to || JU|y~ and [Y,Y*];_g = V"~ x [V, V*];_g. By proposition 2.3, ch. 1 in [17],

(45) [Ulloeey < CIUI - UIE® WU € Y.

On the other hand, by (4.2) we have

(4.6) Jwi >0 ||(—A + wI)U|

e 2 wi|Ufly,
By virtue of (4.5) and (4.6), we get

(4.7) 10l < Call(~A + DU - U5 VU € Y.

By Theorem 4.1, the operator A — wl is a generator of an analytic semigroup in
Y*, and so —A + wI is sectorial. Thus, by (4.7) (cf. Exercise 11, section 4, ch.1, in

[11])

17°]

v+ < ClUllg(-atwney YU € Z((—A+wI)’),
which means
@((—A +w1)9) — 9(]9) =Vl x [V, V*1_p — vyl x V,V*1_e = vl x V.

O

THEOREM 4.3. Suppose the following conditions are satisfied:
1) A e BL(V,V*) and there exists m > 0 and a real number k such that

Re{Au,u)y > mljul|¥ + k|ul|% YueV;

2) f€([0,T) x V1 x Vy — V*) and
Vi, T€[0,T],Vr >0,VUVeOD,:

1, 0) = f(r, V)llv- < K@) ([t = 7|7 + [|U = V]yn-1xy;), 0<e <1, 0<0 <1,

where O, is the r-neighborhood of zero element of V"'=1 x V5,
3) Uy = (ug,ugy, - - ,uénil)) e vl x vy
Then, the initial value problem (4.3), (4.4) has a unique local solution
u € C"2([0,49); V) N O™ 1((0,t9); V) N C™1([0,0); V*) N C™((0,t0); V),
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where tg > 0.
If, in addition, K(r) is independent of r and T = oo, then there exists a unique
solution on [0, 00).

Proof. The first conclusion is equivalent to the existence of a unique solution
Ue C([O7 tO)y
V=l x V)N CH(0,t0); V=1 x V*) to problem

U— (A —wl)U=F(tU),

) U(0) = Us,
where
0 1 0 0 wu
T A IR /0 () g o
00 0 .- -4 —f (6, U) + Wit

and w is the number in (4.1) with 4, = 0(¢( =0~ n—1), 4,1 = A. From the
condition 2) of theorem, we have

(4.9)
n—2
ve < {0 lui - willy
i=0

€ € 2 2
+ K@)t =717 + U = V]ye-nvy) +wlltn-1 = vaallvs + Kt — 7] }
SK'(M)[It =2+ U = V][yn-1xvy ]
Vt, T €[0,T], VU,V € O,.

[1F(,U) = F(r, V)|

From (4.2) it follows that if 0 < 6 < #’ < 1, then the graph norm of U in Z((—A +
wl)?) is equivalent to ||(—A 4+ wI)? Ully-. And by Lemma 4.2, 2((—A + wI)?) is
continuously embedded into V("1 x V. Thus, we have
U e-1xvy < KillUll g pswnry < Kol (=4 + @)Uy
VU € 2((—A +wD)?),

from which it follows that if ||(—A + wI)‘glUHy*, [[(—A+ wI)e/V| v < T = KLQ, then

U,V € 0,. Therefore, from (4.9) we have that if ¢,7 € [0,T], U,V € Z((—A + wI)?)
and [[(~A +wI)? Ully-, | (~A +wD)? V]jy- < r1, then

||F(t7U) - F(77V)|

v <K (r)(It = 71° + [|lU = Vg—atwney))-

Consequently, by Theorem 3.1 of ch. 6 in [21], there exists a unique local solution
to problem (4.8).

Let us prove the second conclusion.

By (4.2) the number 0 belongs to the resolvent set p((A —wl)) and the analytic
semigroup T'(¢) generated by the operator A — wl is bounded on [0,00). And if
t€[0,00) and U e Z((—A+wl)?),0 <6 <6 <1, then

£, U

v < [|F(t,U) = F(0,0y)[ly+ + [[F(0, Oy) [y~
< K(t° + [Ullvn-1xv; ) + [F(0,09) v~
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Define

o [KHIPO00l e,
Kt 4 [FO,00)]v- 1> 1,

which is a continuous nondecreasing function. Then, taking into account Lemma 4.2,
we have

1P Uy < k@)1 + [Ullya-ixvy) < Kk + Ul arwne))-
Thus, by Theorem 3.3 of ch. 6 in [21], we come to the second conclusion. O
Let us study another initial value problem

u™ o A1 (b, u D)D)

4.10
o) +o Aoty uy el e = f e ulTY),

(4.11) u(0) = ug,w'(0) = up, -+, u""V(0) = u*

)

where A;(t,v,-+ ,vn—1) € BL(V,V*) for every fixed (t,v, - ,vp—1) €
0,7 x V=t x Vg, fe(0,T)x V"I x V= V*)and 0 <6 < 1.

First, we study an equation

(412) ut™ b Ana (sl = f (e u™ ),

THEOREM 4.4. Suppose that
1) There exists m > 0 and a real number k such that

Re(A,—1(0,Up)u, u)y > m||u||%/ + k||u||% Yu € V;
2) For Uy,Uy € O, and t,7 € [0,T],

|An—1(t,U1) — A1 (7, Ug) v v < K(r) ([t — 7|° + ||[Uy — Us|

yn—1 ><V9*)

and

100 = £7, Un)llv- < K| — 7 + U1 — Uallyorcr;),
where 0 < e < 1, O, is the same as in Theorem 4.2 and || - ||v—v+ means the norm
of the space BL(V,V*),

3) Uy = (ug,ugy, - - ,uén_l)) eV

Then, the initial value problem (4.11),(4.12) has a unique local solution on
[0,t0), to > 0.

Proof. The conclusion is equivalent to the existence of a unique solution
UeC(0,t); V™ x V)N CH(0,t0); V1 x V)
to problem

U—A(t,U)U = Fy(t,U),
U(0) = Uy,
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where
o 1 -- 0 wu
wu1
Al(t7U): 0 0 1 _wI7 Fl(t7U): : 5
0 0 - —Ana(tU) F(EU) + witp s

and w is the number in (4.8) with A = A,,_1(0, Up).
Using (3.51) of Lemma 3.6.1 in [26], we obtain

M
(4.13) 1[A1(0, Ug) + A~ Hy= oy~ < ITII for Re A > 0.
On the other hand, from (4.2) it follows that there exists d; > 0 such that
(4.14) 1A1(0,Uo) 'Ully < 61[|U|y- YU € Y,

where Y* is the same as in Theorem 4.1. Inequality (4.14) implies that the number 0
belongs to the resolvent set p(A;(0,Up)). This fact together with (4.13) implies that

1[A1(0,Ug) + A~ lysmy= < for Re A > 0.

M,
L+ Al
In view of (4.14) and the condition 2) of theorem, we know that
I[A1(t, U1) = A1(7,U2)] - A1 (0, Uo) ™" [l

< [[An-1(t, Ur) = A1 (7, U2) v v - 61
< K'(r)(|t = 7I° + [Us = Uzllyn-1xv;)
Vi, 7 €0,T], YU, Us € O,.

(4.15)

Moreover, as the proof of Theorem 4.3 we have that
[F1(t, Ur) = Fi(r, Ua) [y < K'(r) (|t = 7|° + Uy — U]
Vt, T € [O,T], VU;,Us € 0.

(4.16) i

Let us take 6" such that 0 < 6 < 6’ < 1. Since Uy € Y and A;(0,Up) € BL(Y,Y™*),
there exists a number r; > 0 such that

(4.17) 1A% (0, Up) - Up|ly= < K||A1(0,Up) - Uplly~ < r1.

On the other hand, by Lemma 4.2 we have

IAT® (0, Uo) - Ullyn-1v;y < K1llAY (0,Uo) - AT (0, Up) - Ully-
< Ki||U[ly= VYUeY*

Thus, if [[Ufly- <72 = %, then AT?(0,Up)U belongs to @,. Therefore, substituting

U; with AIBI(O,UO)UZ- in (4.15), (4.16) and applying Lemma 4.2, we have that if
[Ully=, U2]ly= < ra, then

AL (t, AT (0,Ug)Us) — A (7, AT (0, Ug)U2)]A1 (0, Ug) ™ |y- o
< Ka(r)(|t — 7|° + Uy — Ug]
1Py (£, AT (0,Up)Us) — Fi (7, Ay (0, Uo)Ug) v
< K3(7")(|t —7/° + ||U; — Uq]

(4.18) v

).
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Consequently, by Theorem 7 of [24], from (4.17), (4.18) we get the conclusion. O

COROLLARY 4.5. Assume that the conditions in Theorem 4.4 are satisfied. If
condition 2) for A,_1 is valid for A;,i =0,1,--- ,n — 2, then problem (4.10), (4.11)
has a unique local solution on [0,tg),to > 0.

Proof. When A;(t,u, - ,u™ Nu® i =0,1,--- ,n — 2, are included into f,
problem (4.10), (4.11) is reduced to problem (4.11), (4.12). Thus, Theorem 4.4 implies
the corollary. O

REMARK 4.2. If condition 1) in Theorem 4.4 is satisfied for any Uy € V™ and
K(r) is independent of r, we obtain existence of a global solution.

Applying the abstract results above, we can get unique existence of the solutions
to systems of pseudo-hyperbolic equations, which are given below in Theorems 4.6
and 4.7.

Let © be a bounded domain of R™ of class C*° and o = (a1, - , ), Where «;
. . _ 9% alal _ T
are nonnegative integers, |a| = > o; and 5= = T Let u = (ug, -+ ,u)*,

where wu; are real functions on €.

First, let us consider the following mixed problem of a system of pseudo-hyperbolic
equations

(4.19)
- ° 9* o
Utt*l‘(*].) |az_m%|: a( )8 aut:l +|ﬂz<m8 ﬂAﬁ(t,:E,ut, ,W ts )
o ° 0’ 0
+ Z aBa(taxaua 78I6 )ty Uty 781‘0 iy ) = Z afa(taz)a
|a]<m la|<m
(4.20) u(0,2) = uo(z) € HM(Q)', ui(0,2) = uh(x) € HP Q)
0%u(t, x)
. = o= <m-—
(4 21) B |8Q 0, |a| =m 1,

where |y],|o] <m —1, || <m, and v is outward normal unit vector on 9.

THEOREM 4.6. Suppose the following conditions hold:

1) Matrices Ao (), |a| = m, are positive-definite at a.a. x € Q and their elements
belong to Lo (2);

2) Ajy € ([0,00) x @ x RN — R!) and

N
||AIB(t7x7£1) 7"423(7_71‘752)”}3[ < I{(|t77—|8 +Z |§z1 7§z2|)a 0<e< ]-a vfla 52 € RN;
=1
3) B, € ([0,00) x Q x RN — R and

Ny
IBa(t, . 0") = Ba(r,z, )l < K ([t =77+ > In} —n?l) ¥n'.n* € RN

i=1

4) falt;) € Lo(Q) and || falt;2) = fulr.2)pyay < Kt — 71
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Then, problem (4.19)~(4.21) has a unique solution
u(t,x) € C([0,00); Hg"(2)') N C((0, 00); HF"(Q)")
NCH([0,00); H™™()") N C2((0, 00); H™™()").

Next, let us consider the following mixed problem

m o~ 35u 37ut 3O‘ut
uge + (—1) lz: ﬁ[fla(t’x’u,“' AR s Uty * ’W’”.) &W]
0% aﬁu avut a‘sut
+ Z —a[Aaé(t;m;ua"'aWa"'auta"'ama"')axé]
lee|<m, 6] <m—1
0% dPu OV uy 0Pu
(422) + Z —a[Bap(t;m;ua"'aWa"'auta"'ama"')@}
lee|<m,|p|<m
0% 0%u 0%uy
+|z<: aFa(t,.f,U/, 7%7 ) Ut, 781"1, )
aa
= Z %Ga(tam)a
|| <m
(423) u(O,z) = Uo(l‘), ut(ovx) = ug(m) € H(;n(Q)la
0%u(t, x)
(424) W |8Q: 0, |Ot| S m — ].,
where |o| <m, |¢| <m—1, |B],|7] <m—n/2.
THEOREM 4.7. Suppose the following conditions hold:
1) The matrices Ay(0,z,up(x), -, aﬁ;ﬁém), e ug(), - &;x’@, <) are

positive definite at a.a. x € §Q;

2) As a function of (t,x,€) € [0,T] x Q x RN,  every component a(t,z,£) of
A, Aas, Bap and F, is bounded and measurable with respect to x at every fized (t,&),
and continuous with respect to (t,€) at a.a. x € Q;

3) la(t, ,€) — a(r, 2, &)| < K(r)(|t = 75+ X0, & — &) for t,7 € [0,T] and
& & € RN(IE|rw, [€' [y <7);

4) Galt,-) € Lay(Q)F and [|Ga(t,z) — Ga(T,2)| 120y < K|t — 7],
where integer N depends on Ay, Aas, Bap and F, and 0 <e < 1.

Then, there exists a unique local solution

u(t,x) € C((0,t0); Hy"()') N CH((0,t0); HE™ (2))
N CH([0,to); H™™(Q)") N C*((0,t0); H™™(Q)")
to problem (4.22)~(4.24).
REMARK 4.3. For equation (2) of [25], it was assumed that B, are independent of
ug and their derivatives with respect to x, l =1, By (|la] =m) are linear and matrices

Ay, Bo(la] = m) are symmetric. For linear equation (7) of [25], it was assumed that
Ay, Ba(la] = m) are symmetric and | = 1.
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