METHODS AND APPLICATIONS OF ANALYSIS. © 2013 International Press
Vol. 20, No. 1, pp. 047-068, March 2013 003

SCHAUDER ESTIMATES FOR SOLUTIONS OF HIGHER-ORDER
PARABOLIC SYSTEMS*

SERENA BOCCIAT

Abstract. We prove global Schauder estimates for the derivatives of solutions to non-divergence
form higher-order parabolic systems. All coefficients are taken only measurable in the time variable
and Holder continuous in the space variables. Moreover we require that the principal coefficients sat-
isfy the so-called Legendre-Hadamard ellipticity condition. Using such estimates and some classical
results, we also give a proof of existence and uniqueness for the Cauchy problem.
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1. Introduction. This paper deals with the parabolic system
Ut(ta 1') + (71)mLU(t,l‘) = f(ta :L')a (11)
where the operator L is defined as

L=L{t,x)= Y A'(tz)D, (1.2)

[v]<2m

(t,z) in (—oo,T] x R4 if T € (—o00,00) and in R4+ if T = oo, m positive integer, u
and f complex vector-valued functions, A” complex matrix-valued function. Moreover
the leading coefficients satisfy the so-called Legendre-Hadamard ellipticity condition,
which is more general than the strong ellipticity condition considered, for example,
in [3, 15] and is still stronger than the uniform parabolicity condition in the sense of
Petrovskii, which was used in [6, 17, 21].

The main aim of this investigation is to obtain a Holder space estimate for the
derivatives of the solutions u of the above written system in terms of f and w.

The Schauder (and similar) estimates play a fundamental role in the existence
and regularity theory for linear and non-linear elliptic and parabolic equations and
systems. In the literature derivations of these estimates are based on representations
of solutions via Green’s functions, used in [1, 7, 8, 21]; on the Campanato approach,
introduced in [4], and used, for example, in [20]. The essence of Campanato’s tech-
nique consists in a characterization of Holder continuity via mean square oscillations
and in obtaining the Schauder estimates for a general operator perturbing off the
homogeneous, constant coefficient case. In this way it is possible to obtain estimates
for the solution without resorting the direct estimate of the Newtonian potential as
in the classical approach. A very nice exposition of this approach and its applica-
tions to various issues in the elliptic second-order theory can be found in the book by
Giaquinta [9].

More recently, Safonov [19] has proved the Schauder estimates using the Har-
nack inequality of Krylov and Safonov [14]. Many of these Holder estimates (with
assumptions of continuity in the space and time for the derivatives) remain true even
when the coefficients of the equation are not continuous in time (see, for instance,
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[2, 10, 16]). In particular, using maximum principle arguments, Brandt [2] showed
that the second space derivatives of solutions of second order parabolic equations are
Hélder in space and then Knerr [10] proved their Holder continuity in time.

Some similar results were recently used in [13] for parabolic second-order equations
with growing first-order coefficients to obtain the solvability in usual Holder spaces
(without weights).

In this paper we prove that each space derivative of solutions of system (1.1)
admits a Holder space estimate in x and even in ¢ without AY and f being assumed
to satisfy a Holder condition in t. Such result extends to higher-order systems the
results obtained by Brandt and Knerr for second-order equations.

When the leading coefficients are independent of x and the lower-order coeffi-
cients are zero, the method relies on mean oscillation estimates of solutions to the
systems. This approach was introduced by Krylov to deal with second-order elliptic
and parabolic equations in the whole space, and can be found in his book [12]. For
instance, by the mean oscillation estimate of D?™u we mean a pointwise estimate of
the form

][‘DQmu — (D2mu) o |d:cdt
Qr

SNk1< ]/|D2mu|2dxdt> +Nkm+§< f|f|2dxdt> (1.3)

ri QkT

for all » € (0,00) and k € [ko, 00), where B, is a ball with center in the origin and
radius r, Q, = (—7?™,0) x B,, ko is a fixed integer. The mean oscillation estimates
we prove follow by a particular case of a mean oscillation estimate contained in [5],
similar to that in estimate (1.3), and are obtained by suitably adapting the techniques
in [12] to higher-order systems.

When the leading coefficients depend on ¢ and = and the lower-order coefficients
are zero, we use the method of freezing the coefficients. Afterwards some interpolation
inequalities are used to obtain Schauder type estimates in the presence of lower-order
terms. These results allow us to prove the solvability of the related Cauchy problem.

For future work we intend to generalize the results in [13] for higher-order systems.
In particular, we intend to prove the following result for elliptic systems.

THEOREM. Let A7 be independent of t and satisfy the assumptions stated in
Section 2. Let Mu = (Mu?, ..., Mu™) be given by

Mu* = " D; Dju* + b' D",

where (a') is a constant nonnegative definite matriz and b* are constant. Then there
exists a constant N depending only on 6, o, K, n, and m (see Section 2), but inde-
pendent of ¥ and b® such that

[ul2mra < N(|(L+ M)ula + |ulo)

for any u € C?mHo(RY).

To the best of the author’s knowledge this result is unknown even for single
equations of second order. Even the following version of a slightly more general result
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than the above theorem seems to be unknown: in one dimensional case (d = m = 1,
u real valued) we have

[Uu]o4ra < [au” + bu' + culq,

whenever a, b, and ¢ are constant and a > 1 and ¢ < 0.

This result would be rather surprising since it states that the constants in the
classical Schauder estimates for systems with constant coefficients are independent of
the magnitudes of first and zero-order coefficients.

The proof of the above theorem we have in mind only works on the basis of the
solvability of parabolic systems with coefficients measurable in time variable.

The paper is organized as follows. We introduce some notation and state the main
results in the next section. Section 3 deals with some necessary auxiliary results. In
Sections 4 and 5 we consider the case in which the leading coefficients of the operator
L are independent of x and all other coefficients are zero. In particular, Section 4 is
devoted to some preliminary mean oscillation estimates. In Section 5 we are able to
prove our first main result, Theorem 2.1, after proving Lemma 5.1. In Section 6, we
consider the more general case when the leading coefficients depend on ¢ and on x and
we prove our second main result, Theorem 2.4, that, together with some interpolation
inequalities and with the results from Section 3, gives us Holder space estimates in z
and in ¢ for the space derivatives of the solutions to our system. In the last section
we state and prove an existence and uniqueness result for the Cauchy problem in a
domain 2 = [0, 7] x R Actually, to solve such problem, we divide the domain € into
a finite number of domains [e5_1, 5] X R with each e, sufficiently small and smaller
than T. First we solve the Cauchy problem in the smaller domains and then we find
the solution of the Cauchy problem in the whole domain €. A similar tecnique was
used in [21].

Acknowledgement. Boccia conducted the research while visiting the School of
Mathematics, University of Minnesota. The author is very grateful to N. V. Krylov
for his invaluable insights, suggestions and guidance during the work. The author
would also like to thank the referees for their useful comments.

2. Main result. We first introduce some notation used throughout the paper.
A point in R is denoted by = = (x1,...,14). For any T € (—o0, ), we define

REH = (—00,T] x RY, (2.1)

and, if T = oo, we set RdTH =R A point in RdTH is denoted by X = (¢, z).

We set B,.(z) = {y € R?: |z —y| <1}, B, = B.(0),Q.(t,z) = (t—7r*"t) x B.(x)
and @, = Q,(0,0). Denote

UQ, (t,x) = u(s,y)dyds = ———— u(s,y)dyds,
@it ][ 1Qr(t, 2)| Jq, (t,2)
Qr(t,)
the average value of a function u(s,y) over Q. (t,x) and
1

up, ()(t) = 7[ U(t,y)dy:T u(t,y)dy
AT T
e |Br(z)| /B, (2)

the average value of a function u(t,y) over B, (x).
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Now we specify some notations in (1.1) and (1.2). The symbol v denotes a multi-
index, i.e.,

Y=, 7)), % >0 Vi=1,....d, [=7+...4+a,

JVu ou
Vi=1,...,d = —.
? ) s Wy Ut at

D'=D}'...D), D} =

Sometimes, if 7 is a multi-index of length &, we use the notation D* to denote D?.
For each v, A7 = [A];(t,)]};—; is an n x n complex matrix-valued function. The
involved functions are compleX vector-valued functions, that is,

w=(ul,. . u™)" f = (T
Moreover, we put
Lo=Lo(t,x) = »_  AV(t,x)D
[v|=2m
In the first part of the paper we will be fixing our attention on the system
ug(t, ) + (=)™ Lou(t,z) = f(t,z), (t,x) € (—o0,T) x RY, (2.2)

For k =0,1,2,..., as usual, we denote CF _(R%) the set of all functions u = u(z)
whose derivatives D7 for |y| < k are continuous in R%. We set

lulo = sup|ul, [u]x = max |DVulo.
R lv|=k

The space C*(R?) is the Banach space of all functions u € CF _(R?) for which the
following norm

k

Jul =) _[ul;

Jj=0

is finite. If @ € (0, 1), we call v Holder continuous with exponent « if the seminorm

o= - 77
w,yin |l‘ - y|a
zFy

is finite. We set,

[U]kta = max[DVu],
[v|=F

and C*t(R%) is the space of functions u € C*¥(R?) such that
[ulkta = [ulk + [u]kta

is finite.
For any function f(t,z), defined for  in R% and for ¢ in some range, we denote

[flo(®) = [£(& o, |f1k(®) =[£Ik (2.3)
(Fla@®) =) [flrera®) = 1FE ) kta 24
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which are functions of the time variable.

Let T € (—o0,00] and S € [—o00,T). We will be working with the set C2™+(S,T)
of functions u(t,z) defined for all finite ¢ € [S,7] and x € R such that

(i) the function w is continuous in its domain;

(ii) for each finite S < t < T, we have u(t,-) € C?*"*(R?) and |u|amra(t) is
bounded in t;

(iii) there is a measurable function ¢(t,z) defined on the domain of the function
u such that for any ¢ € C§°(R) the function {(t)g(t,z) is bounded and « - Holder
continuous in z with constant independent of ¢t and for any x € R? and any finite s
and ¢, such that S < s <t < T, we have

u(t,x) —u(s,x) = / g(r,x)dr. (2.5)

For such a function u we denote u; = g. Obviously g is the generalized derivative
of u with respect to t. By C?™+(T') we denote the space C?"+%(S,T) when S = —cc.

Recall that a continuous function w has a bounded generalized derivative with
respect to a coordinate if and only if it is Lipschitz continuous with respect to this
coordinate and if and only if u is absolutely continuous with respect to the coordinate
and its classical derivative (existing almost everywhere) is bounded. Under any of
the above conditions the classical derivative coincides with the generalized one and
its essential supremum equals the Lipschitz constant.

The solution of the Cauchy problem (which we will consider in the last section)
will be looked for in C2™+%(0, T) and in this class (1.1) is equivalent to the fact that,
for any = € R¢ and finite 0 < s < ¢t < T, we have

u(t,z) —u(s,z) = / f(r,x)dr — (—1)m/ Lu(r, x)dr. (2.6)

In addition to the well known spaces L, and W;, we introduce the following
function spaces:

Wpl’Qm(Rd“) = {u:uy, D7u € LR |y| < 2m}

equipped with its natural norm.
For any T € (—o00,00], we define the parabolic distance between two points
(t,x),(s,y) € RdTH with finite ¢, s in the following way:

1
7+ |z —yl.

(t=s,x—y):=lt—s

If f is a function defined on RdT+1 we denote

‘f(t,I) B f(57y)|
[flar = sup o Aflor = sup |u(t,x)|.
: (t,z(?(z,;:iem%*l <(t —S5T— y)>a (t,l‘)ERgfl
@) #(s,y

By C2m*(R4™) we denote the space of all functions f for which [f]a. 7+ | flo.r < .
Let 6, K > 0 be two constants. We assume that all coefficients are measurable in
R*1, complex valued, bounded,

|AY(t,2)] <671, VY, |yl < 2m, V(t,2) € RTT, (2.7)



52 S. BOCCIA

and, for some a € (0,1),
ATa(®) <K V¥, ]r] < 2m, Vi€ R (28)

In addition, we impose the Legendre-Hadamard ellipticity condition on the leading
coefficients (see, for instance, [8], [9]). Here we call A7 the leading coefficients if |y| =
2m. All the other coefficients are called lower-order coefficients. By the Legendre-
Hadamard ellipticity condition we mean

R 0o a7 | > oigPmer

ly|=2m

for all (t,z) € R¥*! ¢ € RY and 6§ € C". Here we use R(f) to denote the real part of
f and &7 to denote (%) -...- (£]9).

From now on, we always suppose that our previous hypotheses on the coefficients
are satisfied. Let T € (—o0,00] and « € (0,1) be the number for which hypothesis
(2.8) holds.

Note that the notation sup f(t) we often deal with in the following has the usual
t<T
meaning if T is finite and means the upper bound over all finite ¢ if T = oc.

Here are our main results.

THEOREM 2.1. If the coefficients of the operator Lo depend only on t and u €
C?m+a(T) satisfies (2.2), then for all (t,x), (s,y) € RE with finite t, s and for all
such that |y| = 2m, we have

[DYu(t, z) — Du(s, y)| < N;gg[f]a(f)«t — s,z —y))%, (2.9)

where N = N(d, a,n,m,9).

REMARK 2.2. This is a basic Holder space estimate for parabolic systems. A
somewhat unusual feature of it is that D?™u admit a Holder space estimate even in ¢
without requiring f and the coefficients of the operator to satisfy a Hélder condition
in t. Of course, if the leading coefficients and f are C'zw Hélder in ¢ uniformly respect
to z, then from the equation u; = f — (—1)™Lou we see that u; is also C3m Holder
in ¢t and C® Holder in z, which gives a standard basic Holder space estimates for
parabolic systems.

REMARK 2.3. One can ask a natural question as to weather Theorem 2.1 can
be extended to bounded domains. Unfortunately, it cannot. Even in one space di-
mension for the scalar heat equation u; = D?u + I;<; in {z € (0,1)} with boundary
data u(t,0) = 0 the function D?u cannot be Hélder continuous in x with constant
independent of ¢ because by our Corollary 3.3 it would be then Hoélder continuous
with respect to t but I;<; = u;(¢,0) — D?u(t,0) = D?u(t,0) and the left-hand side is
not even continuous.

THEOREM 2.4. Let u € C*™t%(T) satisfy (1.1). Then there exists a constant
N = N(K,d,a,n,m,d) such that

up [ulam () < N sup ([fa(t) + | flo(t) + ulo(t))- (2.10)
s<T t<T
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REMARK 2.5. As consequence of Theorem 2.4, by means of interpolation inequal-
ities, we will obtain an a priori estimate analogous to (2.10) for the solutions to (1.1).
Such estimate will be necessary to use the classical method of continuity and, then,
to solve our Cauchy problem.

3. An embedding theorem. This section is devoted to prove a result, that
is, actually, an embedding theorem which has little to do with parabolic systems.
However it is very useful in order to show that, under suitable hypotheses about the
function u, the derivatives D?™u in x are Holder continuous with respect to the time
variable.

Before to state and prove the theorem, we need of the following elementary result.

In the sequel k denotes a fixed positive integer number.

LEMMA 3.1. Let V be a convex closed round cone in R? with vertex at the origin
and nonempty interior. Let u” be a collection of real numbers varying the multi-index
v of length k. Then, for any v, |v| = k, there is a constant N, independent of u”,
such that

N <N } " ’7‘. 3.1
el \&\mlagev l;kug (3.1)
”7:

Proof. By contradiction, we assume that for each n € N, exists a sequence {u)}
such that

max |u’| > max ‘ ul! ”‘ 3.2
L ||Zk s (32)

Without loss of generality, we can assume that

max |u)| = 1. (3.3)
Ivl=k

Then from (3.2) and (3.3) we obtain
ul ’7‘ <= 3.4
le|= 1§ev‘zk né (3:4)

By the boundedness of the sequence u;, we deduce that there exists a subsequence,
still denoted by u, such that

lim u) =u" Yv,|y|=k. (3.5)

n—-+oo
Passing to the limit in (3.3) and in (3.4) we get, respectively,
|m‘aux [u”] =1, (3.6)

dugn=0 VEeV ¢ =1 (3.7)

Inl=F
We show that (3.7) implies that

u?=0 Vn,|n| =k (3.8)
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and this is a contradiction. In order to prove (3.8), denote

F© =Y urer (3.9)

Inl=k
and observe that, using (3.7), we can say that for any multi-index 7,
D) =0 VEeVi|el=1. (3.10)
In particular, if £ € V such that |{] = 1 and 7 is a multi-index of length k, we have
Df(&) =nlu" =0 (3.11)
and so (3.8). The proof is complete. O

Take v and V' as in Lemma 3.1, take an h > 0, and consider the truncated cone
k
Vh=Vn {ac el < §h}

The spaces C%(V},) are defined in the same way as C%(R%). We also write []a,v;, to
denote the usual Holder seminorm in C*(V4). In the same way we introduce the spaces
Ck*+(V;,) and the seminorms [-]x1. Notice that Vj, is a closed set. In particular, the
functions from C*+%(V},) are k-times continuously differentiable in the interior of
Vi, and their derivatives admit continuous extension to the boundary of V;. In the
following lemma by D7u(r,0) we mean these continuations.

THEOREM 3.2. Let u : [0,h¥] x V), — R be a continuous function such that
u(t,-) € C*+2(V,),t € [0, h*], and assume that there exists a function g(t,z) defined
on [0, h*] x V3, such that g(t,-) € C*(Vy), t € [0,h¥], and (2.5) is verified for 0 < s <
t<h* x eV, (wesetu, =g).

Then there is a constant N > 0, independent of h and uw such that, for any -,
vl =k,

|DYu(h*,0) — D7u(0,0)| < NI,h*, (3.12)
where
Iy = sup  ([udla,v, (1) + [ulkta,v, (7)) -
rel0,hk]

Proof. The parabolic dilation (s,z) — ((27'h)"s,271ha) allows us to assume
that h = 2.

Next assume that the first basis vector [ is inside Vo = V}. After denoting with
T, the operator u(t,z) — u(t,x +y) and with v = (k,0,...,0), we can write

| DY u(28,0) — DMu(0,0)] < }DM@’%O) - [(Tl - 1)%(2’20)”
+ ‘D“u((), 0) — [(Tl —1)* (0, 0)} ‘ i (3.13)
where

I =|[(T7 — 1)*u)(2%,0) — (T3 — 1)*u](0,0)]. (3.14)
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Before estimating the quantities in (3.13), we need to observe some facts.
By induction we prove that, for each (¢,z) in [0, h¥] x V5,

(T — 1)* u(t,z) = (D u)(t,z +0l), 0<0<k. (3.15)
When k£ = 1, our aim is to prove that
(Ty — D u(t,z) = (D u)(t,z +01), 0<6<1, (3.16)

and this easily follows by Lagrange Theorem.
Now consider k > 1 and suppose that (3.15) holds for k — 1, we want to prove
that holds for k. If we denote

Vit,z) = (T, — 1) u(t, ) (3.17)
by (3.16) and the induction hypotesis, we have
(T, — 1) u(t,z) = (T, — 1) V(t,z) = (D'V)(t,z + 0l)
= (T, - 1) N (DY) (t,x + 01) = D2 (D ) (t,z + 0 + 611) (3.18)

where 0 <0 <1,0<6; <k-—1and vy =(k—1,0,...,0). From the last equality,
we easily get (3.15).
Then, using (3.15), we obtain

‘D%u@’f, 0) — [(Tl —1)F (2t 0)} ‘ = | DM u(2",0) — DM u(2k, 041))|

< Ci [D™u(2t,0)], 4, (3.19)
and
‘D“u(O, 0) - [(7 = 1)* u(0,0)] ‘ = | D™ u(0,0) — D" u(2", 651)]
< Cy [Du(2F, WMoy (3.20)

where C7, C5 depend only on k, 0 < 61,65 < k.
Now we estimate I. First we note that for each function v(¢,x), defined on
[0, h*] x V3,

(T — Dot z)| < 2max{|v(t,y)] :x <y <z +1}. (3.21)
Using (3.21), by induction, we can easily see that, for any k > 1,
‘(Tl L m)‘ < 2*max{[v(t,y)| : z < y < z + kl}. (3.22)

Observe that, by the linearity of the operator and Newton-Leibnitz formula, it follows
that for any function ¢ independent of x

2k 2k
I / () — 1)Fur] (r, 0)dr = / [(Ty — 1) (ue — )] (r, 0)dr- (3.23)
0 0
Choosing ¢ = u(r, 0) and using (3.22), from the last equality, we get

I<2% sup lue(r, ) —u(r,0)| < Cs sup [ue(r,*)]a,vas (3.24)

0<z<kl rel0,2¥]
o<r<2k
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where C3 depends only on k.
Upon combining the above estimates, we come to

| DY u(2%,0) — D u(0,0)| < NI. (3.25)

Since by an orthonormal change of coordinates any unit vector £ € V5 can be trans-
formed into the first basis vector, we have the previous estimate proved also for the
k-order directional derivative of u along &, i.e.,

> (& D7u(2¥,0) - £ DYu(0,0)) | < NI (3.26)
lyI=k

for all unit £ € V4 and for any multi-index v, |v| = k.
The result now follows from Lemma 3.1. O

COROLLARY 3.3. Let S be in [—oo0,T). For any u € C**(S,T) and finite S <
t,s <T,r€R? and v, |y| = k we have

|DYu(t,z) — DVu(s,z)| < NIt — s|*/*, (3.27)
where N is independent of u,t,s,x and

I'= sup, ([ (r, Na + [u(r; )sta) - (3.28)

Proof. 1t is sufficient to apply Theorem 3.2 denoting ¢ — s = h* and shifting the
origin in R4+ to point (s, ). O

REMARK 3.4. If we come back to our system, Corollary 3.3 allows us to conclude
that if the solution u of (1.1) belongs to C?™ (S, T) then the derivatives D?*™u are
also Holder continuous in ¢ with exponent «/2m. Moreover, the Holder seminorm in
t of each space derivative of order less or equal than 2m is bounded by

N sup ([u(r, )]a + [u(r, )|2m-+a) -

Here the constant N being independent of u depends only on d, o, n, and m. However,
the author does not know any way how to compute this constant.

In connection to this, is also worth noting that if u € C?>"+%(S,T), then u is
locally Lipschitz in (¢, ) since, by the definition of such space, the derivative Du is
bounded and wu; is locally bounded.

It is noteworthy that, for example, the estimate (3.27) may not be as useful as
estimates as in (2.9) where information about the constant N is known.

4. Auxiliary results. Throughtout the next two sections we consider only the
case when the leading coeflicients are independent of z and the lower-order coefficients
are zero.

From Corollary 2 in [5] we obtain the following

THEOREM 4.1. Let r € (0,00),k € [8,00), X = (to,70) € R¥! and f €

Lo 10c(R4TY). Assume that u € Wii?(Rd‘H) satisfies

U + (71)mL0U = f mn ri(XO) (41)
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Then for any v,|y| = 2m, we have

3
][ |DYu — (D7) g, (x,) |dedt < Nk1< ][ |D7u|2d:udt>
Qr(Xo) Qrr(Xo)

3
+ NE™ s ( | f|2dxdt> (4.2)

Qrr(Xo)

where N = N(d,n,m,d) > 0.

REMARK 4.2. The system considered in [5] is formally different from our sys-
tem. However, if we take into consideration the fact that every multi-index of length
2m can be written as the sum of two multi-indices of length m, we obtain that
all the hypotheses of Corollary 4.7 in [5] are verified. This last states that, for
any r € (0,00),k € [8,00),A > 0, Xo = (to,70) € R and f € Lg o (R4, if
u € WQI,’I?)T(R‘IH) satisfies uy + (—=1)™Lou + Au = f in Qkr(Xo) then for any ~,
|v] = 2m we have

|D'Y’u, — (D’YU)QT(XO) ‘dl’dt + A ][ |u — (U)QT(XO) |dﬂ?dt
Qr(Xo) Qr(Xo)

2m )
< NETPY A2 (|DM)?)
=0

+ NE™5(|f]?)

) )
Qrr(Xo) Qrr(Xo)

where N = N(d,n,m,d) > 0. Then we can use it, after letting A \, 0.

Improving the above theorem and following the hints to Exercises 4.3.5 and 4.3.6
in [12], we get the following two corollaries.

COROLLARY 4.3. Let v € (0,00),k € [8,00), X0 = (to,z0) € R and f €
Lo joc(R¥Y). Assume that u € Wy 2 (R satisfies (4.1). Then for any v, |y| = 2m,
we have

3
‘Dvu — (Du)g, (x,)|dedt < NE™! < |D7u|2d:cdt>
Qr(Xo) Qir(Xo)
%
+ NEm+E < ]/ |f - f f(t, y)dy|2dacdt>
Qrr(Xo) Bir(Xo)
(4.3)
where N = N(d,n,m,d) > 0.
Proof. We consider a new function v defined in the following way
¢
v(t,z) = u(t, x) f/ ][ f(s,x)dxds. (4.4)
0

B (Xo)



58 S. BOCCIA

By the definition it follows that v € W;li? (R4*+1) and satisfies

v+ (=1)"Lov = f — ][ ft,z)dz. (4.5)
Brr(Xo)

Applying Theorem 4.1 to the function v, we obtain for any =, |y| = 2m,

=

][ |D70—(D0) ) (x| dadt < Nk~ ( ][ |D7v‘2dmdt>

Qr(Xo) Qrr(Xo)
d 2 %
+Nkm+5< f ‘ f ][ f(t,y)dy‘ dxdt) (4.6)
Qrr(xg) Brr(xg)

where N = N(d,n,m,d) > 0. Again by the definition of v, it follows DYv = DYu and
so we, easily, have the result. 0

In the following corollary having the factor k=1 in (4.7), which can be made as
small as we wish, will be crucial to obtain a Holder space estimate.

COROLLARY 4.4. Let r € (0,00),k € [8,00), X0 = (to,x0) € R, and f €
Lo ioc(R™1). Assume that u € W, li?(Rd‘H) satisfies (4.1). Then for any v, || = 2m,
we have

]/ |DYu— (D), |dudt

Q+(Xo)
< Nk1<

+Nk;m+§< ][ |F - ][ f(t,y)dyfdxdt> (4.7)

Qrr(Xo) Bir(Xo)

3
2
|D7u — (DVU)QM(XO)| d:cdt)
Qrr(Xo)

where N = N(d,n,m,d) >0

Proof. We define a new function v in the following way:

v(t, z) = u(t, x) Z Bz (4.8)
ly|=2m
where
1
BY =~ f D7u(t, x)dtdz.
~!
Qrr(Xo)

It is easy to see that v € W21 2 (RA+1Y and v satisfies

loc

vt ()" Lov = f — (1) Y ATBy! (4.9)

ly|=2m
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Now apply Corollary 4.3 to the function v and we get for any =, |y| = 2m,

3
|D7’u - (D’Y’U)
Qr(Xo)

0. (xoldzdt < Nk1<

|Dm\2d:cdt>
Qrr(Xo)

+Nk:m+3< ][ ‘f*(*l)m Z AYBYA!

Qrr(Xo) ly|=2m

- ][ (r=cum > AWB”V‘)dy’QdIth (4.10)

Bir(Xo) ly1=2m

where N = N(d,n,m, ) > 0. By the definition of v and taking into account that the
average value of a constant on a set is the same constant, it follows

DV = D" — By = D"u — (D"u)q,. (x); (4.11)

DY — (D), .y =D"u— (Du) (4.12)

(Xo) Qr(Xo)”
Combining the previous inequalities, we have the result. O

5. A Schauder estimate for systems with coefficients independent of x.
If T = oo the statement of the following lemma becomes a more general version of an
exercise suggested by Krylov in [12] (see Chapter 10, Exercise 9).

LEMMA 5.1. Assume that we have a function u = u(t,z) of class C'zm-*(RET)
such that for all (t,x),(s,y) € RdT+1 with finite t,s and p > 0, we have
/ / |u(r1,p1) — u(ra, p2)|dridpidradps
p(6,@) Y Qp(s,y)
< M{(t —s,2 — y))> T2 (5.1)
whenever
dp<((t—s,2-y),  Qplt,2),Q,(s,y) C RF,
where M is a constant. Then for all (t, ), (s,y) € RE it holds that
lu(t, z) —u(s,y)| < NM((t — s,z —y))", (52)
where N = N(d, o, n, m).
Proof. Define

P sup |U’(ta$) _U’(57y)|

(t@),(s,y)erEt! ((t—s,2—y))> .
(t,x)#(s,y)

By the hypothesis about u, P < oco. Take a p > 0 and for (r1,p1) € Q,(t,z),
(7"2,])2) € Qp(S; y) write

u(t, z) —u(s,y)| < |u(t, ) —u(ri,p1)] + [u(r1, p1) — u(ra2, p2)|

+ [u(ra, p2) — u(s, y)| < P22%1p% 4 u(ri, p1) — u(rz, p2)|. (5.3)
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Assuming that p = pu((t—s, z—y)) where the constant y € (0, 1], we integrate through

this estimate over (r1,p1) € Q,(t,x) and (r2,p2) € Q,(s,y) and due to (5.1) find

P, 2) — (s, )| < PR TR L NM{(1 — 5, — )T,

[ult, ) — u(s, )] < (P2Hp® + MNp-27) (¢ — 5,0 — )}, (5.4)

where N depends only on d, which by the definition of P means that
P < P2otty® 4 MNp~2d=4m, (5.5)
Finally, choose any p so that not only p < i but also 2°+1 > < % which is possible

due to a > 0. So we obtain the result. O

Proof of Theorem 2.1. Take a p > 0 such that 4p < ((t — s,z —y)) and a
multi-index v such that |y| = 2m. For (¢, 2), (s,y) € RE write

/ / |DVu(ry1,p1) — DYu(ra, p2)|dridpydradps

»(t,2) o(5,y)

< / / | DYu(ry,p1) — (DVU)QT(C)|d7’1dp1d7’2dp2
o(t,z) Y Qp(s,y)

+/ / ‘D’YU(TQ,]JQ) - (D’YU)Q .(C)‘drldpldrgdpg
p(t,2) 0 (5,9) !

< Npimt2d ][ | DYu(rs, ps) — (Dwu)@.(c)‘drgdpg (5.6)
Q-(C)
where N = N(d), @-(C) is a cylinder with radius » = 2((t — s, — y)) and center
C = (s, ZY) if s > t otherwise C = (¢, Zf%). Using only the condition about p and
the definition of parabolic distance, one can easily check that @Q,(C) is a subset of
RdT+1 which contains both Q,(t,z) and Q,(s,y).
Now, if we define u(t,z) := (T, z) for t > T, we can apply Corollary 4.4 to the
extended function, which we still call u, to obtain

‘D’YU(T‘:;,pg) — (Dvu) Q.(0) ‘d?"3dp3
Qr(C)
1
2
< Nkt ][ |D7u(rs,ps) — (Du) |2d7“3dp3>
- ’ Qrr(c)
Qrr(c)
1
d 2 2
+ lem+§ ][ |f(7"37p3) — kaT(c) | d?"3dp3> (57)
Qrr(c)

where N1 = Ny(d,n,m,d), and k € [8,00). Taking into consideration that the follow-
ing estimates hold

f |DYu(rs, ps) — (Dvu)ch) ‘ergdp3> < No(kr) " [DVu)o,r (5.8)

Qrr(c)
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2

][ | f(r3,p3) = [Brric ‘2d7’3dp3) < N;(kr)® Sli%[fh(?%), (5.9)
Qrr(c) =

where No and N3 depend only on «, by (5.6) and (5.7) we find that the function D7u
verifies (5.1) with constant

M = Nyk® ' [DVular + Nyk™ 5+ sup [fla(rs),

r3<T

where Ny = Ny(d, a,n,m, ). Combining the hypothesis about the function u with
Corollary 3.3, we see that D7u verifies the assumptions of Lemma 5.1. Then, applying
it, we obtain

(D)7 < Nsk® ' [DVu]q.r + Nk™ 5t sup [fla(rs) (5.10)
r3x

where N5 = N5(d, ,n,m,d). Finally, choose any k so that not only k¥ > 8 but also
Nsko—! < %, which is possible due to 0 < a < 1, we have the result. O

6. Schauder estimates in the general case. From now on, we assume that
all coefficients depend on t and x. We recall the following well-known lemma that is
proved for scalar-valued functions in [11] (see Section 4.1).

LEMMA 6.1. Fiz a cut-off function ¢ € C§°(R?) such that {(z) = 1 for |z| <1
and ((x) = 0 for |x| > 2 and 0 < ¢ < 1, and fix an integer r. Then there is a
constant N = N(d,r,n,0) such that for any 6 € [0,1], R > 1, finite t < T and
u(t,-) € C™9(RY) we have

|ulrto(t) <N sup ([uCglr+o(t) + [uCklo(t)) , (6.1)

where (H(x) = (R (z —y)).

Before proceeding, we recall an inequality which will be used in the proof of
Theorem 2.4. If u(t,-),v(t,-) € C%(R?) for any t < T then

[uv]a(t) < fulo(®)[v]a(t) + [v]o(t)[ula(?)- (6.2)

Proof of Theorem 2.4. Take a constant R > 1, the function ¢ from Lemma 6.1,
take a point y € R? and finite s < T. We use the idea of freezing the coefficients to
obtain, by Theorem 2.1,

[uCkl2m+a(s) < Nsup ([(uC)e + (—=1)™ Lo(t, y) (u¢k)]a (t)), (6.3)

t<T

where N = N(d,a,n,m,d). After evaluating Lo(t,y)(u(t,z)(}(x)) and applying in-
equality (6.2), we obtain

[(uCq)e + (=1)™Lo(t,y) (ulk)]a(t) < [Cg(ur + (1) Lo(t, y)u)]a(t)

+ NR™ ulom-14a(t) < [Chfla(t) + [CR{Lo(t,y) — Lo}ula(t)
+ NR™ulamralt). (6.4)
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Moreover,

[Crfla(t) < [flalt) + NE™|flo(t), (6.5)

[Ch{Lo(t,y) — Lotula(t) < N max. CR{A™(t,y) — A7 }Ho(t) - [ul2m+a(t)

+ Nlulam (O(CEJalt) + max (A7)0 (0} < NRulam (1)
£ NR + K)[ulam(®) (6.6)
By (6.6), applying an interpolation inequality (see Theorem 3.2.1 in [11]), we get

[Ch{Lo(t,y) — Lo}ula(t) < N(R* + R™“€® + &%) |u|am+a(t)
+ N(R™™™ 4+ e72™)[ulo(t) (6.7)

for all € > 0.
Coming back to (6.3) we get

(uhlana(s) < Nsup (NR=2|flo(t) + [Fla(t) + e1(R. &) ka1

+02(R,5)|u|0(t)), (6.8)

which by Lemma 6.1 implies that

|ul2m+a(s) < N sup ([f]a(t) + NR™[flo(t) + c1(R, &) |ulom+a(t)

t<T
+ ea(R. ) ulo(t) ). (6.9)
One can choose first R and then € such that
1
N-ei(R,e) < 5. (6.10)
Using (6.10), from (6.9), it follows
SUp [t]2m+a(s) < N sup ([fa(t) + NIflo(t) + Nlulo()) 0 (6.11)
s<T t<T

As consequence of the previous theorem, we obtain a Hoélder estimate for the
solutions of system with non-zero lower-order terms.

COROLLARY 6.2. Let u € C*™T(T) satisfy (1.1). Then there exists a constant
N = N(K,d,a,n,m,d) such that

Sup [ulzm.a(5) < N sup ([f]a(t) + |flo(t) + ulo(t)). (6.12)
s<T t<T

Proof. Considering the fact that we can write our system in the form

up+ (~1)"Lou= f + (-1)™ > A'Du, (6.13)

lv[<2m
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and then using Theorem 2.4, we get
sup |u|2m+a(s)
s<T

<sup ([fla®+ Y. (47D ula(t) + [A7D o)) + [ Flo(t) + [ulo(t) ), (6:14)

<T
= yl<2m

where N = N(K,d,a,n,m,d). As always, using (6.2) and some interpolation in-
equalities, the additional terms on the right can be estimated through e|u|am4q(t)
plus N(e)|ulo(t); and then by choosing small e, collecting like terms we arrive at
(6.12). The corollary is proved. O

7. An existence result. Let T € (0,00) and f be in the space €*(0,T) of all
measurable functions defined on [0, 7] x R? such that

[ fll&=0,1) == sup |fla(t) < oco. (7.1)
0<t<T

The aim of this section is to prove the unique solvability in a suitable space of
the problem

{ut +(-1)"Lu=f in(0,T)xR% (7.2)

u(0,2) =0 in R9.

In order to do this, we start to solve the same system in a smaller domain. To be
more precise, let € be a small positive number. We consider the following problem:

uy + (—1)™Lu= f in (0,&) x R%. (7.3)

Introduce the space €2™(0, €) as a subspace of C2™%(0, €) such that u(0,x) =
0 for any = € R? and

[|ul|g2mta(o,e) = sup |utla(t) + sup |ulomya(t) < oo. (7.4)
0<t<e 0<t<e

One can easily check that €*(0,T) and €*™"*(0,¢) are Banach spaces.

THEOREM 7.1. There exists € > 0 such that, for any f € €%(0,¢), system (7.3)
admits a unique solution u € €*™+(0,¢).

Proof. Let € be a positive number lesser than T" which we will specify later. At
first suppose that such solution u € €*™(0,¢) of (7.3) exists. We define u(t,z)
for negative t as zero, f(t,x) for t < 0 and ¢ > € as zero and we still call v and f
the extended functions. By the definition, the function u belongs to C*™*%(¢) and
satisfies

ug + (=1)™Lu = f in R (7.5)
By Corollary 6.2 we get the a priori estimate

sup [ulamia(t) <N sup ([fla(t) + [flo(t) + |ulo(t)), (7.6)

0<t<e 0<t<e

where N = N(K,d,a,n,m,J).
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Now, Newton-Leibnitz formula allows us to estimate the last term in the right
hand side of (7.6) in the following way

sup |ulo(t) <e sup |ug|o(t). (7.7)
0<t<e 0<t<e

From system (7.3) we get an estimate of |ut|o(t) in terms of [f]o(¢) and |f]o(?).
In fact

S luelo(t) < JSup (If1o(®) + Nlul2m (1)) , (7.8)
and
Oggg[%]a(t) < s (f]a(®) + Nlulzmta(t)) - (7.9)

Then, using again Corollary 6.2,

sup |ugla(t) < N sup ([fla (@) + 1£lo(2) + [ulo(?)) - (7.10)

0<t<e

Moreover, from (7.7), using (7.8), we have

sup [ulo(t) < sup (e[ flo(t) + Nelulam+alt)) s (7.11)
0<t<e 0<t<e

Combining such estimate with (7.6) and (7.10), we get

sup [ugfa(t) + sup |ulomia(t) SN sup (c(e)|fla(t) +elulamialt)) . (7.12)
0<t<e 0<t<e 0<t<e

Choosing € such that € < min{ﬁ7 T} we deduce

[[ullg2mta(o,e) < NI fllgo,e) (7.13)

where N = N(K,d, a,n,m,J).

Now we are interested in the proof of the existence of a unique solution u which
solves (7.3). Uniqueness obviously follows from this last estimate. To prove existence,
we use the method of continuity. For 7 € [0, 1] define

LT =1L+ (1 —7)A%™ (7.14)

where A2™ denotes the operator with coefficients AY = 0yInxn, and let Z be the set
of all points 7 € [0, 1] for which the statement of the theorem is true (with L7 in place
of L).

First we want to prove that Z is not empty. Our aim is to find a unique function
u in €*m*(0, ) which solves the system

ug + (—1)™A*u = f  in (0,¢) x R%. (7.15)

Observe that if f is Holder continuous also in time, the proof of this fact becomes
well known.

In our case, let ®(¢) be a smooth compactly supported function in R, with
Jg ®(t)dt = 1. For any v > 0 and (¢, ) € R we introduce the function

f(y)(ta 1') - (f(ax) * (I)u)(t) (716)
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where

t

u(t) = =@ (VQ—m> . (7.17)

For any v, the functions f(*) are Holder continuous in both variables. Then, by a
classical result (see Theorem 4'.3 of [6]), we get that there exists a unique function
u®), with all derivatives of order less or equal than 2m Hélder continuous in ¢ and in
x, solution of the system

(W), + (=1 A2 ) = )i (0,€) x RY, (7.18)

and that satisfies the initial zero condition. Obviously, for such function, the a priori
estimate

[ || g2mrao.e) < NIIFP|lgao.0 (7.19)

holds with N independent of f and e. This estimate shows that the family u(1/7),
DWW/ D2/ D?m(1/9) s uniformly bounded and equicontinuous on any
bounded subset of [0,¢] x R%. Then, by Ascoli-Arzeld theorem and Theorem 7.17 in
[18], there are a continuous function u on [0, ] x R? having bounded and continuous
derivatives with respect to x up to the order 2m and a sequence j,, — oo such that

(u(l/jn)7 D (M) D2 /an) D2 ()Y (u, D'u, D?u, ..., D* )

as j — oo, uniformly on bounded subsets of [0, €] x R%. Passing to the limit in equation
(7.18) (of course, in the integral form, see (2.6)), corresponding to u*/n) we obtain
that u satisfies (7.15). The fact that u € €?™7(0, ) follows by estimate (7.19) which
holds with the same N with u in place of u(*/7). So we obtain the desidered result.

Obviously estimate (7.13) holds with the same constant N for all solutions of the
equation us + (—1)™L7u = f. This implies that Z is closed. Therefore, to finish the
proof it remains only to prove that Z is open in the topology of [0, 1]. Take any point
7o in Z N[0, 1] and define the linear operator

R:%%(0,e) — €*™F*(0,¢) (7.20)

such that it takes any f € €“(0,¢) into the set of functions €2 +*(0,¢) which solve
us + (—1)™ L™y = f. By the assumption R is well defined and by (7.13) is bounded.

Now in order to show that for 7 € [0, 1] close to 7y the system u; 4+ (—1)""L7u = f
is solvable, we write this system as

ug+ (=1)"Lu = f4+ (=1)™(L™ — L")u (7.21)
or, equivalently,
u=Rf+ R[(-1)™(L™ — L7)]u, (7.22)

and we show that the operator R[(—1)™(L™ — L7)] is a contraction in ¥(0,¢) for
all 7 close to 7.
By the above for certain constants N independent of 7, u
[[R[(=1)"™ (L™ = LM)]ullgzm+a(o,e) < NI(L™ = L7)|lga(0,e)
= Nlro — 7| |(L = A*)|ga(0,e) < Ni|1o — 7l[ul|g2m+e(0,6)- (7.23)
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For 7 such that Ni|ro — 7| < 3, the operator R(L™ — L7) is indeed a contraction and
the theorem is proved. O

Our next result concerns the Cauchy problem with non-zero initial condition.

COROLLARY 7.2. Assume that we are given a function ¢ € C*"T(RY). Let ¢
the positive number which comes out from Theorem 7.1. Then for any f € €*(0,¢)
there exists a unique u € C*™+(0,¢) satisfying (7.3) and such that u(0,x) = ()
for any x € R%.

Proof. From Theorem 7.1 we know that there exists a unique solution v €
€*m+(0,¢) of the problem

v+ (—1)"Lv=f (7.24)

with f = f — (=1)" Lt in €*(0,¢).
Now, if we consider the function w(t,z) = v(t,x) + ¥(x), we easily see that
u € C?m+2(0,¢) is a solution of (7.3) and satisfies u(0,z) = 9 (z) for any = € R%.
The uniqueness of such solution follows by the uniqueness of (7.24). O

Finally we conclude explaining as the above results can be used to solve problem
(7.2).

Let f € €*(0,T), ¢ be the positive number which comes out from Theorem 7.1,
fi[0,e] be the right-hand side of equation (7.3) and u be in €*m+(0, ¢) the correspond-
ing solution of such equation. Consider the following problem:
v+ (=1)™Lv = f‘[E,Q'E] din (e,2¢) x RY, (7.25)

v(e,x) = u(e, x) in R®.

Repeating the argument of Corollary 7.2, replacing, in the definitions, (0,¢) with
(,2¢), we obtain the existence of a unique function v in C?>™*% (e, 2¢) solution of
(7.25).

Thus, after a finite number of steps, we obtain a unique solution u in 2™ (0, T)
which solves problem (7.2). Such solution is built as combination, through character-
istics functions, of the solutions in the smaller domains. The fact that this solution is
just in the space €>m+(0,T) is guaranteed by the required initial conditions and by
the integral form (2.6) of the systems considered in the single Cauchy problems. The
uniqueness follows by the uniqueness of the single solutions.

So we have proved the following.

THEOREM 7.3. For any f in €%(0,T), there exists a unique u in €*™+*(0,T),
solution of (7.2).

REMARK 7.4. Taking into account Corollary 3.3, we can also state that the
derivatives D?™u of the solution u that comes out from the last theorem are Holder
continuous in ¢ with exponent 5. Owing to the lack of regularity of the coefficients
with respect to the variable ¢, we do not expect the solution to problem (7.2) to be
continuously t-differentiable in the whole of [0,7] x R? even if the coefficients are
smooth with respect to z. Nevertheless, the discontinuity of the coefficients does not
influence the regularity of the solution with respect to the space variables.
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