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TRANSMISSION PROBLEM FOR THE ELECTROMAGNETIC
SCATTERING BY A DISSIPATIVE CHIRAL OBSTACLE*

HANNA KIILI

Abstract. Electromagnetic scattering by a dissipative chiral obstacle in achiral surrounding
leads to a transmission problem. The transmission problem is reduced to a single integral equation
over the boundary of the obstacle with one unknown tangential vector field. The equation is shown
to be uniquely solvable except for some values of the material parameters and the frequency. The
principal symbol of a boundary integral operator is also calculated.
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1. Introduction. In the early nineteenth century Arago and Biot discovered in-
dependently that the plane of polarization of linearly polarized light rotates in certain
substances e.g. in sugar solution. In 1848 Pasteur proposed that this phenomenon is
caused by the chirality at the molecular level. Chirality is an asymmetry; a molecule
is called chiral if it cannot be superimposed onto its mirror image. Chiral media can
be characterized by constitutive equations, where the electric and magnetic fields are
coupled by a material parameter called chirality measure. There are different expres-
sions for these equations [13, 10], and we will use the Drude-Born-Fedorov constitutive
equations

D=¢E+pBV xE) 1)
B =u(H+ BV x H),

where FE is the electric field, H is the magnetic field, B is the magnetic flux density, D
is the electric flux density, € is the electric permittivity, p is the magnetic permeability
and ( is the chirality measure.

In chiral media we have two wave numbers

_ k
1+ kB

v = 1= &5 and
for left-circularly (LCP) and right-circularly polarized (RCP) waves respectively. Here
k = w,/ep and w > 0 is the angular frequency. The real parts of the wave numbers
are related to unequal phase velocities of RCP and LCP waves, which causes the
rotation. Presence of the imaginary parts of v, and 72 results in that RCP and LCP
waves attenuate unequally. This phenomenon is called optical activity.

In this work we solve the transmission problem for the electromagnetic scattering
by a chiral obstacle in an achiral medium by a single integral equation over the bound-
ary. We consider the problem in the time-harmonic case. We assume that the obstacle
and the surrounding are homogeneous and the material of the obstacle is defined by
complex material parameters. Earlier the problem has been solved by different meth-
ods. In the article [2] Athanasiadis and Stratis consider this transmission problem via
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a weak solution. In [6] Athanasiadis, Martin and Stratis solve the problem by a pair
of coupled boundary integral equations. In [4, 5] Athanasiadis, Costakis and Stratis
assume in addition that the surrounding is chiral, and in [19] Ola assumes that all
the material parameters are real. See also the book [21] for various electromagnetic
problems in chiral media.

The single integral equation method is used for solving acoustic transmission
problem by Kleinman and Martin in the article [12]. The simplest problem in electro-
magnetism, which can be written as one boundary integral equation, is the scattering
by a perfectly conducting obstacle in free space [7]. The case when perfectly conduct-
ing body is in a chiral environment is studied in [3]. In [15] Martin and Ola solve
the electromagnetic transmission problem for an achiral non-dissipative scatterer by
a single integral equation. The same problem with complex wave numbers is reduced
to a single integral equation by Costabel and Le Louér in [8]. They assume only Lip-
schitz continuity for the boundary of the obstacle whereas Martin and Ola consider
smooth boundary. In [15] the operator is proved to be Fredholm with index zero by
using pseudodifferential operators and in [8] by Grding inequality.

In this work we generalize a part of the article [15] for a chiral scatterer. The
transmission problem can be reduced to a single integral equation by first choosing
an ansatz (with one unknown tangential vector field) as a solution for the Maxwell’s
equations in the exterior domain and the representation formulas as a solution for the
Drude-Born-Fedorov equations (2) in the interior domain. Then the tangential traces
of both the solutions on the boundary and the transmission boundary conditions
give one boundary integral equation with one unknown. By solving the boundary
integral equation we get a solution for the transmission problem. Because some of
the operators in the equation are not compact, we interpret the boundary integral
operators as pseudodifferential operators and show that an operator is elliptic. For
proving the ellipticity with chiral scatterer we have to choose the ansatz differently
than in [15] (Remark 1) and calculate the principal symbol of a boundary integral
operator. Because we use pseudodifferential operators and compute a symbol in local
coordinates, we assume that the boundary of the obstacle is defined by C'*°-functions.
However, by different method this transmission problem is shown to be uniquely
solvable for C2?-domains [2]. Mainly the results in this paper were also proved in the
dissertation [11] where we consider real and positive permittivities and permeabilities
and real chirality. Now we show that the method works with complex parameters
as well, without any new difficulties. Compared to other methods the single integral
equation method seems to offer computational advantages.

In Section 2 we introduce the Drude-Born-Fedorov equations and formulate the
transmission problem. In Section 3 we define appropriate Sobolev spaces and needed
integral operators, their mapping properties and the representation formulas for
Drude-Born-Fedorov equations. In the last section we write the transmission problem
as a single integral equation and show that the equation is uniquely solvable with
some restrictions for the material parameters and the frequency.

2. Statement of the problem. We will consider the time-harmonic Maxwell’s

equations

VxFE=1iwB
VxH=—iwD.
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By substituting the constitutive equations (1) we get the Drude-Born-Fedorov equa-
tions

(2)

where 72 = v172.

Let © C R? be a bounded and smooth penetrable chiral obstacle in achiral medium
such that the exterior domain R?\ is simply-connected. Then the scattering of time-
harmonic electromagnetic waves leads to the following problem:

TRANSMISSION PROBLEM. Find vector fields {E;, H;} and {E,., H.} that satisfy
the Maxwell’s equations

V X By —iwpeHse =0 in R3\Q,
V X Hye +iwe.Ese =0 in R3\Q,

the Drude-Born-Fedorov equations

2
VXEi’YQﬂEiiwui< > H; =0 in Q,

=

2
V x H; —v*BH; +iwe; (k_) E;=0 in Q,

and the transmission conditions
nxFE,=nxFE; and nx H,=nx H; on 0, (3)
where
Ee = Es+ Eine, He=Hy+ Hine in R*\Q,

and the incident wave { Ejnc, Hinc} is a whole space solution of the Maxwell’s equation
with p = pe and € = .. Furthermore, the scattered fields {Fs., Hs.} must satisfy
one of the Silver-Miiller radiation conditions

e 1
L S Het+ [ EEe=0(—=), |2| = oo, (4)
|| [he ||

or
T Le 1
_XESC* _Hsc:0 I E |Q’J|*>OO,
|| €e ||

uniformly for all directions %. We assume that the constants €. and p. are real and

||
positive. The constants g, €; and p; can be complex, and the following restrictions
must hold:

Imk; >0, ITmy; >0, Imyy, >0 and 5 >0, (5)
where
k; k; i
ki = wy\/Eiptis = ) = dn= :
e e N T £
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In the following we always assume that |k;8] < 1. The next boundary value
problem will be important in the uniqueness considerations.

AssocIATED PROBLEM. Find fields {F, H} that satisfy the Maxwell’s equations
VXxE—iwpgH=0 and VX H+iweE=0 in
and the boundary condition
aln x E)+b(nx H)=0 on 09, (6)

where a and b are (complex) constants.

If this problem has a non-trivial solution, the constant k2 = w?ue is called an
eigenvalue of the associated interior Maxwell problem.

3. Function spaces and integral operators. Let us assume that ) is a
bounded smooth obstacle in R®. We denote by H*(Q2) (or H*(9Q)) the usual L>-
based Sobolev space in © (or on 99), where s € R. In the exterior domain the space
H,,.(R*\Q) consists of all such distributions u € D'(R3\Q) that

ul gy € HY (BN (R°\Q))
for all open balls B for which  C B. In this space
HUH2B = HU|BO(]R3\5)H?{s(Bm(R:s\ﬁ))v B an open ball, ﬁ - B;

are seminorms. . _

The aim is to find a solution {E;, H;} € Hp, (Q) and { Esc, Hoe} € Ho 1y (R*\Q)
for the transmission problem, where

Hb,(Q) == {u e (H'(Q)® : Div(n x ulhy) € HY/*(00)}

and

ey (R\Q) = {u € (Fo(BND)) : Divin x ulsg) € H2(00)).

Here Div is the surface divergence, n is an outward unit normal to 02 and the notation
|%qs ¥ =i, e, means the trace from the interior and the exterior domain, respectively.
The space Hp, () is equipped with the norm

FullZs iy = Iull2s s + I Div(n % wlbe) 2 2o
and FllquiV (R3\ﬁ) with the family of seminorms
[l piv = [lullf + I Div(n x ul50) 71 /290
On the boundary we define the spaces
TH*(09) := {u € (H*(00))* : n-u=0}, s€eR,
and

THY2(09) = {u e THY2(99Q) : Divu € H/*(00)}.
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The space THééf(@Q) is equipped with the norm

2

= Hu” (H1/2(69))

[l s ||D1V“||§{1/2(69)-

2
Ty 00)

The same spaces have been used e.g. in [20, 3, 4, 1, 11].

In the following, we will denote by x and y the points in QU (R?\Q) and by x and
y the points on 0. Further, we will use the subindex v to denote in which domain
x belongs so that

i, if x €,
v = —
e, if x € R3\Q.

The single-layer potential is defined by

S f(x) = /8 B (x = 1)/ () do ),

where f is a scalar or vector-valued function and

cialx—yl

D,(x—y) eC,

Tamx—y

is a fundamental solution of the Helmholtz operator —A — a?I. For a vector-valued
function u we define the operators

Co vt =V x {Squ} and F, ,u=V xV x {Sqyu}.
It is known [20] that the mappings
Coir Fai : THiy(99) = His, (©) (7)
and
Coe: Fae : THYH(09) = Hige, iy (B*\D) (®)

are continuous. On the boundary we will need the tangential components of C, ,, and
F, ., which we denote by

Mou(z) = n(x) x (V x {Squ(z)})
and
Pou(x) = n(x) x (V x V x {Su(z)}),

where
Suu@) = [ Bl = pulw)do(y). o 00,
o9
Ifue THll)/is (0K2), we have the jump relations [7]

1 _ 1
Mou = u+nx (Cau)lpg = —5u+nx (Cacu)lse (9)
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and
Pou=nx (Fa,zU)VaQ =nx (Fa.cu)|jg- (10)
It is known [20, 14, 15, 11] that
My, P, : THY2(09) — THYZ(09), (11)

where M, is compact and P, is continuous, and

M, : TH*(0Q) — TH*(09), s€R, (12)
P, : TH*(0Q) — TH*1(09), seR, (13)

and
Py — Py : TH*(0Q) — TH*T(09), s€R, (14)

are continuous. Moreover, the operators M,, and P, a € C, satisfy the equalities [17,
18]
Lo 1 2
—P; = ZO&I —aM; and M,P,=-P,M, (15)
a
on THE)éi(@Q).
If the fields {E, H} satisfy the Drude-Born-Fedorov equations in €, then E and
H have the representations [1]

—2F(x) = K;(n x E)(x) +1 \/ng(n x H)(x), x€Q, (16)
and
—2H(x) = K;(n x H)(x) —1i \/%Dz(n x E)(x), x €, (17)
where
Ki=C,,i+Cyit+ %('YQFMJ —mF.,.0)
and

1
D; = CVl,i - 07271' + ?(’VQF%J + 71F727i)'

If we choose 8 = 0, we get the representation formulas for the usual Maxwell’s equa-
tions [7]
—2B(x) = Cp.i(n x E)(x) + iFm(n x H)(x), x€Q, (18)

and

—2H(x) = Cpi(n x H)(x) — wqukyi(n x E)(x), x€ Q. (19)
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When we denote

1
K =M, +M,, + ?(VQP% - ’Ylp’vz)
and

1
D =M, — M, + ?(VQP% +71P’Vz)a

we get by (9) and (10) that
Ku=u+n x (Kju)lhq = —u+n x (Ku)|bq, (20)
and
Du =n x (Dju)|5q =n x (Deu)|q- (21)

4. Single integral equations via representation formulas. In this section
we reduce the transmission problem to a boundary integral equation with one un-
known tangential vector field. We use an ansatz with one unknown tangential vector
field in the exterior domain and the representation formulas in the interior domain
for constructing the equation.

In achiral surrounding we choose that

Bue(x) = a—Fp, cj(x) = bCr, cj(x), x € RNQ, (22)

and

i

H,(x) = aCy, j(x) + b Fi, .j(x), x€ R3\ﬁ, (23)

Whte

where j € THééf(@Q), ke = wy/ecfte and a and b are complex constants. The con-
stants a and b will be chosen later. The fields F,. and Hy. satisfy the Maxwell’s
equations in the exterior domain and the Silver-Miiller radiation condition (4) at
infinity. By (9) and (10) the tangential components on the boundary are

1

nx FEs=a
WEe

1
Py, j—b <§I + Mke> Ji=Tej (24)
and
i

Wke

1
ansca<§I+Mke)j+b Py, 7 = Lej. (25)

In the interior domain we use the representation formulas

—2F;(x) =K;(n x E;)(x) +1 \/EDi(n x H;)(x), x € Q,

2

and

—2HZ(X) = Kz(n X Hz)(X) —1i \/%Dz(n X Ei)(X), x € Q.
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By the jump relations (20) and (21) and the boundary condition (3) we get that

X B, = (I +K)(nxE)+1i, /%D(n x H.,) (26)
and
o x H,=(—I+K)nxH)—i,/2D(nx E,). (27)
i

Next we substitute the equalities

nXEe=nXEy+nx FEp.=T,j +n X Ei. (28)
and

nX Ho=nX Hge +n X Hipe = Lej +n X Hype (29)

into the equation (26) and obtain

1+ KT i P DL = . (30)
where
f=—(U+K)nxEjp.)—1i \/gD(n X Hine). (31)

In the same way, the equation (27) gives that

[E€i .
(I+K)Lej —1 ;DTeJ =9, (32)

where

9= I+ K)nx Hine) +i,/2D(n x Ejne). (33)

i

Notice that the functions f and g belong to TH];éf(aQ) because {n X Eijpe,n X Hipe} €

THll)/if (09Q) and the operators K and D map continuously on this space.

The boundary integral equations (30) and (32) are the single integral equations
which we are going to consider. If we solve j from either one of them, then the exterior
field {Es., Hs.} is given by the representations (22) and (23), and the interior field is
given by the representation formulas with the boundary conditions (28) and (29) i.e.

“2E,(x) = Ki(n X Epne + T.§)(x) +11/2Di(n x Hipe + Lej)(x), x€Q,  (34)

K2

and

*QHi(X) = Kz(n X Hinc + Lej)(x) - i“ %Dz(n X Einc + Tej)(x)v x €. (35)

Next we prove the connection between the equations (30) and (32) and the transmis-
sion problem. The proof is similar to the proof of [15, Theorem 7.1].
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THEOREM 4.1. If j € TH[l)/if(é)Q) solves (30) or (32), then {Es., Hsc} and
{Ei, H;} given by (22), (23), (34) and (35) solve the transmission problem.

Proof. Because by the mapping properties (7) and (8) the fields {E;, H;} €
HL, () and {Eq., Hoo} € Flloc,Div (R3\Q), and they satisfy the required equations, it
is enough to show that the transmission boundary conditions hold.

Assume that j solves (30). By the definition (24), the representation (34) and the
jump relations (20) and (21) we get that

2(n X Ese +n X Ejpe —n X E)
= Q(Tej +n X Eznc) — Tej —n X Einc + K(n X Einc + Tej)

+i\( ?D(n X Hinc+Lej)
:(I+K)Tej+i,/%DLej—f
K3

on the boundary. By the assumption it follows that n x E. =n x E;.
We still have to show that n x H, = n x H;. To prove this we construct the fields

2E,0(x) = Ke(n X Eine + Te)(x) +1 4/ 2 De(n % Hine + Lej)(x), x € RA\Q,

?

and

2H,o(x) = Ke(n X Hine + Lej)(x) =1,/ “De(n % Eine + Tej)(x), x € R\,
i

that satisfy the Drude-Born-Fedorov-equations in the exterior domain, which has the
same material parameters as the interior domain in the transmission problem. They
also satisfy the Silver-Miiller radiation condition (4) which can be checked by using [7,
Theorem 4.4]. Since j solves (30), we get by (20) and (21) that n x Es. = 0 on the
boundary. Because the exterior boundary value problem for the Drude-Born-Fedorov
equations has at most one solution (see [3, Lemma 1]), the fields E,. = H,. = 0 in
R3\ Q. Since

o x Hyo = (I + K)(n % Hype + Lej) — iy 2D(n x Eje + Toj) = 0,
1223
we get that
2n x Hye + 1 x Hipe —nx Hy) = (I + K)Lej — i) 2DTj — g = 0.
273

Therefore n x H, = n x H;. The proof for the equation (32) is similar. O

4.1. Uniqueness. Next we study the uniqueness of solutions to the boundary
integral equations (30) and (32). It will be shown that the uniqueness depends on the
eigenvalues of the associated interior Maxwell problem. If the incident fields are zero,
we have the homogeneous boundary integral equations

((I + KT, +1i \/’EZZDLe) Jo=0 (36)
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((I +K)L, —i \/gDTe) jo=0. (37)

THEOREM 4.2. The equations (36) and (37) have a non-trivial solution jo €

and

TH[l)/if(é)Q) if and only if k% is an eigenvalue of the associated interior Mazwell prob-
lem.

Proof. We will prove this claim in the similar manner as [15, Theorem 7.2]. First
we assume that jo # 0 solves (36) or (37). We denote by {E°, H}, v = i, sc, such
fields (22), (23), (34) and (35) that j is replaced by jo and nx Ejpe = n X Hipe = 0. By
Theorem 4.1 these fields solve the homogeneous transmission problem which has only
the trivial solution by [2, Theorem 1]. It means that the fields {ES, HO}, v = i, sc,
vanish identically.

Next we construct the fields

- i

Ei(x) = a— Fy. ijo(x) — 0Ci, ijo(x), x €,

and

i

H;(x) = aCy, ijo(x) + b Fy.ijo(x), x€Q,

Wie

which satisfy the Maxwell’s equations with the material parameters ¢, and p.. Be-
cause the field {E?,, H® } vanishes, we get by the jump relations (9) and (10) that

n x E; =n x E% + bjo = bjo (38)
and
nx H; =nx H®, — ajo = —ajo (39)
on the boundary. These equalities give us that
a(n x E;) +b(n x H) =0 on .

Because jo # 0, then also H; # 0 and E; # 0. Hence, k2 = w?c,pie is an eigenvalue of
the associated interior Maxwell problem.

Next we assume that k2 is an eigenvalue of the associated interior Maxwell prob-
lem. Then the problem has a non-trivial solution which is given by the representation
formulas

. . i .

—E;(x) = Cy, i(n x E;)(x) + Fi. i(n x H;)(x), x €8,

WEe

and

~ ~ 1 ~

—Hi(X) = Cy (n X Hz)(X) — er’i(n X Ei)(X), x € Q.

67’Ll

Whte

By the jump relations we get the equalities

(%I + Mke) (n x E;) 4+ — Py, (n x H;)) =0 (40)

WEee
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and
i

Wke

1 - .
<§I+ Mke> (n x H;) — Py, (nx E;) =0 (41)
on the boundary. If a # 0, we can solve n x E; from the boundary condition (6) and
substitute it into the above equalities. We get that Te.(nx H;) = 0 and Le(nx H;) = 0,
and therefore n x H; is a non-trivial solution of the equations (36) and (37). In the
case a = 0 the boundary condition is equal to n x H; = 0. Then the equations (40)
and (41) give that Te(n x E;) = 0 and L.(n x E;) = 0, and the field n x E; is a
non-trivial solution of (36) and (37). O

4.2. Solvability. Let us denote
7= and p= Hi
& He

When we substitute (24) and (25) into the equation (30) and separate the a dependent
and b dependent terms, the equation (30) can be written in the form

1 .
<aw£5 Brg— bAp,5> i=f

e

where

1 1
BT,5<I+M71+MV2+ P%* P’Y2>Pke
71 V2

1 1 1
+ ki (M’h - M, + =P, + _P'yz) (_I + Mke)
T V2 2

and
1 1 1
App = (I+le + M, + —Py, — _P’vz) (_I—"_Mke)
gt 2 2

p 1

1
M., — M. —P P P .
+ k; ( Y1 vo T+ " vt Yo 72) ke

We will first consider this equation on the space TH'/ 2(0€2). In general, the

i
operator a
we

B — bA, s is not continuous on TH/2(99). But, if we choose

(&)

. Pwee

a=-i—+ and b= —1, (42)
we get the operator
Ts = Tf Brst App THY?(9Q) — THY?(Q),
which is continuous. The operator is
Ts :%IJF% <Pke - %(P'Yl +P72)> + [221 - %} (Py, = Py,) + M,
+ %aJer - %a,MVz + lay My, —a_M, | My, + [b4 My, +b_M,,]Py,

a4 a_— b+ b_
(e, +%p )Me—i——PlPe——P Py,
(,}/1 f% P Y2 ke " Y1tk . Yo ke
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where
@k T4+1 and b ki(r+1)
and it is continuous because
1 .
Py Py, = Py(Py, = Py) + 21— M2), =12, (43)

which holds by the equality (15). From now on, we will only consider the equation (30).
The equation (32) could be handled in a similar manner.
We will prove the unique solvability of the equation

Tsi=f (44)

in TH'/2(0Q) by using the Fredholm alternative [16, Theorem 2.27], and therefore we
need to show that 73 is a Fredholm operator with index zero. We get the Fredholm
property by showing that 7z is an elliptic pseudodifferential operator (see [22]). A
classical pseudodifferential operator is said to be elliptic if the determinant of the
principal symbol is non-zero. All the operators we are considering in this work are
classical pseudodifferential operators.

REMARK 1. In achiral case the operator A, ¢ is elliptic and we can choose a = 0
and b = —1. In chiral case we need the combination of the operators A, 3 and B: g
in order to get an elliptic operator. Because of this we chose the ansatz (22) and (23)
differently than Martin and Ola in [15] (we replaced n x j by j). Furthermore, the
choice of the ansatz is related to the boundary condition of the associated interior
Maxwell problem (Theorem 4.2). Therefore, our associated interior Maxwell problem
differs from the impedance problem which was used in [15].

The principal symbols for P, and P, P, are known [15] but for

Mou(z) = n(z) x (vx x /89 Bo(z — y)uly) da(y)> , z €,

where u is a tangential density, we need to calculate it. If we calculate the symbol for
the corresponding operator in halfspace, we will get zero matrix (see [9]). This is not
enough for us because we need M, as an operator of order —1. Therefore we must
take into account the boundary of the domain. In the symbol calculations we will use
the following lemmas.

LEMMA 4.1. Let V,s be a neighborhood of ' = (x1,72) € R? and let ¢ : Vr — R
be a C*°-function such that V¢(z') = 0. Then

!
dr|a’ —y'|3

O, @a(a’ =y, 0(z') — o(y')) = +0(1), 1=1,2,

as |z’ —y'| — 0.
Proof. Since V¢(a') = 0, we get that

__hzuw
drr|z’ — y'[3

8zl®a(x’ - y/a ¢($/) - (;S(y/)) = (xlay/) + O(]-)a
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where

ole') = (14 M)/

Furthermore, by the Taylor’s formula

1

o(y') — p(a') 15((311 —21)?070(2") + 2(y1 — 21) (y2 — 22)01020(2) (45)
+ (y2 — 22)°036(a")) + O(|2" — o' P).
The claim follows by the binomial series because
o =1 - B AP o (166) o1
=14+0(2' —y'|?).
O

In the following we will need the Fourier transform
Fu(€) = / e~ 1y () da!, € € R?,
R2

and the inverse Fourier transform

Flua!) = (2—7;2 /R e Cu(e) dg, of € RZ.

LEMMA 4.2. Let 2’ = (x1,72) € R? and & = (£1,&) € R2. Then
2 2
Ty _ S
(1) © = 3

12 _ &é 3 &
d <4w|x'|3)(5)2|£|3 and 7 <47r|x'|3>(§)2|e|3'

Proof. The first claim follows from

() © = 37 (= (o)) 0 - (5) - 3

The other claims can be proved in a similar manner. 0

In the next theorem it is essential to assume that the density is tangential. If the
normal component is involved, the symbol will be of order zero.

THEOREM 4.3. Let ¢ be a C*®-function which graph defines the boundary OS2
in a neighborhood of ' € R%. Then the operator M, with tangential density has the
principal symbol of order —1 of the form

1 ( 0ip(a")€3 — D5(a")EF  201020(2')&5 — 2056(2')6162 )
4¢3\ 2010:0(2')6F — 2070(2")612  O36(a")€T — OFg(a")€3 '
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This statement holds in such a local coordinate system that Vo(z') = 0.

Proof. Let u be a smooth tangential vector field on the boundary. Then the
operator M, can be written as

Myu(z) = /6 920 = y)in(a) - uly)] doty)
- / (z) - VoBal(z — y)u(y) do(y).
o0

Let U, be a neighborhood of 2 € R3. Then it is enough to calculate the symbol in the
domain U, N 012, xz € 0F2, because the kernel @, is smooth if = # y. Let us denote

(I — L)u(x) = /U Vel = y)ina) )] do(y)
- / (z) - Vobal(z — y)u(y) do(y). (46)
U,NOY

We assume that ¢ is defined in a neighborhood V. of z’. In addition, we choose such
a local coordinate system that at a fixed point 2’ we have V¢(z') = 0 which we get
by applying rotation in R?. Because the outward unit normal vector for y € 02 is of
the form

(—=Vo(y'),1)
L+ [Vo(y)P?

Vo(z') =0 and n-u =0, then n(z) = (0,0, 1),
us(y) = (O10(y"))ua (y) + (926(y)ua(y),

and further, V,®4(2) = V(4 ¢(2)Pa (2, ¢(2")). By these equalities and the change
of variables y = (v, ¢(y’)) we have in a neighborhood V. that

Lu(e!, ¢(z'))
- / ¥ tar-oa @a (@ — o, 8(@) — by sy, ) VI T NG dy’

— [Firown®ale’ = 60") = W N@r6() - Bla’ s, 6(1)
+(D20(y") = Da6(2)Jua(y', (Y )]V + [Voly)? dy'.
By the binomial series and the Taylor’s formula
(1+ Vo)) = (1+ 1v9(y ) = Vo))
=1+ §|w>(y’) = Vo@@)® +
=1+ 0(' ~y/P).

n(y) =

Next we simplify the notations and denote
&)a(m/a y/) = (I)a('r/ - yla (;5(1'/) - (b(y/))
and

w(y') =w o)), 1=1,2. (47)
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Then by the Taylor’s formula the first component of the vector I1u is equal to

(e, g(a')) = — / 00 Bala VoL - (& — o )ir(y)
+Voap(2) - (2 —y' )ua(y')] dy' + R(2',y")
— — () / [0, B!, 1)) (1 — 1) (o) dy/

_0016(a") / (O, 8ol )] (22 — y2)in(y') dyf
_0,.0:0(a") / (O, o’ (21 — y1)in(y') dyf

_a2(«') / (00, Bz’ 4] (22 — y2)ia(y’) dyf + Rz, ),
where
R, yf) = / (0o, B!,y (!, s (o) + B2(y')]

and k(z',y') = O(|2' — ¢'|?). Then by the power series of the exponential function
and the equality (45) the first component of the integral Iyu is

Lu(a', ¢(z)) := /%(xf)@a(w’ =y o) = o(y') i (y') dy’

]_ ’ / —3~
o [ X oot — ) e~y )

Ja’[=2

+ [k i) dy.
where k(2,y') = O(1). By Lemma 4.1, the equality
/v(:c’ — Y u(y)dy' = F 1 F(vxu)(2') = F Y (FoFu)(z))

and Lemma 4.2 we obtain that the principal part of the first component of the operator
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M, i.e. the principal part of I} — I3, is

(e’ 6() = (') [ @ 9”5 oy ay

dr|a’ —y'|3 !

+8261¢(II)/ ($1 - yl)(xQ _ y2)ﬂ1(yl) dy/

Arr|x’ — '3

2
+01020(2") / LM)PQQ@,) dy'

dr|z’ — o

+ojo(e) [ ) ) ay

1 ' / _3~
e Y o) [ -y )

o |=2

= 3080 [ ) ay

dr|a’ — y'[3 !

xg — y2)? .
—30800) [ 22 ) ay

dr|a’ —y'[3 !

+8162¢(:c’)/(xl_7y1)d (v') dy’

dr|a’ — y'|3 2

+a§¢(x/)/ (1'1 7y1)(1'2 7y2) ( )dy

dr|z’ — y'|3

- o) [+ (ghrm) i

—W%%(xl)/w e (|§|13 ’ (§)> “
+2(;_ﬂ)26182¢(x,)42 s e(& i (é)) 3

st (S

In the same way, we get the principal part of the second component

, Ny 1 1;c~§ i

4<1>2 ool )/Rz N €(|§|3 ) de

’ iz’ 5_ ~
+—2(2W)Qalag¢<x e (8 m(e)) s

it ()

These are all we need to calculate because the third component is equal to zero. When
we combine m; and ms, we get that the principal part of the operator M, is

o) = b [ (i ) (g ) e

fﬂz(é)) dg
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where
mu(z',€) = 4|§|3(3f¢( a')€5 — 039 (a")ED),
maz(a’, §) = 2|£|3 (D1020(a")€5 — B3 p(x")612),
ma1 (2, §) = 2|£|3(3132¢( @&} — O p(a)€1€2) and
maa(a',€) = = (05(¢ )€} — B p(a)E3).

4I§I3

Because the functions m11, mia, ma1 and maz belong to C°(V,, x (R?\{0})) and are
positively homogeneous of degree —1 in &, then

( my (2, €)  maz(a’,€) > (48)

mar1(2/,€)  maa(2,€)

is a classical symbol and the operator m is a classical pseudodifferential operator of
order —1 in R2. The operator m is the principal part of M,, and therefore (48) is the
principal symbol for M,. O

We will denote the principal symbol of an operator T' by o,,(T"), where the
subindex m indicates the order of the operator T'.

LEMMA 4.3. The principal symbol of the operator P,My: for tangential fields is
equal to

_ a (1'/,5) a (l‘/,f)
oo(FaMar) = ( a;(fﬂ/af) aZ(x’@) )

where
(@, €) = 8|£|4( RO aed - Bola ) + 200010 )EE)
arz(’,€) = 8|§|4 (2010:9(2")6165 — D30(a)E165 — D p(a)E5)
o (#,€) = 8@ (R0 616 + R0’ )&t — 20,010 )61E2)

ags(z', &) = 8|£|4 ( 201020(x )f%f% + 822¢(93/)§?§2 + 8%@5(:10’)5153) .

Proof. Because the principal symbol of the product P,M, is oo(PaMy) =
01(Py)o_1(My) (see [22]), and [15]

1 [ && & )
Ul(Pa) 2|§| < €1 _§1€2 )

we get the symbol o¢(P, My ) by Theorem 4.3 and straightforward calculations. O
LEMMA 4.4. The operator T (for tangential fields) is elliptic if (k;3)* # 1,

T# -1, (kiB)* # = (r+1) and (k;B)? #

(L+7)(1+p) (49)
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Proof. Since M, P, = —P, M, by (15), and the principal symbols of the operators
M, and P, do not depend on «, we have that

1 a a_
o0(7Ts) = o0 (‘IJF [b4 My, +b-_My,| Py, + (,V_JIPM + EP%) M,

b b_
+—P,, Py, _P’Ysze>
7 Y2
1. 48 by b
=-]— P.,M, —00(Py, Pr.,) — —00(Py, Px,).
B T—l—lUO( )+ 710—0( o1 ke) 720—0( Y2 ke)

Since the principal symbol of Py, Py, , [ = 1,2, is (see [15])

R B S 7 S O ST
oo(Py, Pr.) = g ( (7112 L kf)&gz kég% + 22 ) ’

by Lemma 4.3 the principal symbol of the operator 73 is equal to

_( tn(@,§) t2(2',§)
o0(Ts) = ( tor(a',€)  taa(2/,§) )’

where

1 48

t11(2',€) = = — ——=an (2, &) +

2 (T+1) ( 1€1 +k2€2)

b
amléP

b- 2 2
7472|€|2 (72251 + kz§2)a
4
t12($l,€) = _(Tf].)

b
ma(e 6+ g Ol ~ R

(722 - kg)flg%

by
47 Am g2

———= (75 — k2)a1&,

(Vi — kD)a1&

(13€5 + k2€3)

b
az(@, )+ e

|§|2( 252 +k 51)

where a;5, 7,j = 1,2 are given in Lemma 4.3. We get the determinant of this symbol
by using the equalities

1 b b_ 1
e ( +( 765 + k2D — o — (& + kgf%)) = W(Aﬁ% + A28?),
1 by b 1
/€2 ( (i€ +k283) — %( &+ k2§2)> = W(Alff + A283),
1 (be, 5 . b
W (i(,yl - ke) - %(7 )) 5152 2|§|2( A2)€1€27
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a1l = —az2, a11022 — ai2a21 = 0,

a11€5 + a2} — a12€1&s — a2161&5 = 0

and
a11€7 + a22€3 + a12€1&2 + a12€1€s = 0,
where
~ p(L+7) 4 (kiB)? ~ R2(p(L+7) — (kiB)?)
A= A (mpy 4 A2 K2(r +1) '

Then the determinant is equal to
1
detfoo(Ts)] = 7 (A1 +1)(A2 + 1),

and it is non-zero when the given assumptions hold. O

THEOREM 4.4. The operator Tz is a Fredholm operator with index zero on
THY2(0Q) if the restrictions (49) and |k;B| < 1 hold.

Proof. With the given restrictions the operator 73 is Fredholm because of the
ellipticity. Thus, it is enough to show that the index is zero.

If |k; 8] < 1, the operator Tga, is continuous with respect to ¢ € [0, 1] in the operator
norm TH'Y?(9Q) — TH'/?(99). Then it follows from [22, Proposition 8.1] that

index 73 = index g = index A, o.

In the same way,
1
index Ap70 = index A0,0 = index 5([ + 2Mke)(l + 2Mk7’) =0

since M}, and My, are compact. O
The following theorem is the main result in this paper.

THEOREM 4.5. Assume that |k; 3| < 1 and the restrictions (49) hold. If k2 is not
an eigenvalue of the associated interior Mazwell problem with the boundary condition

Bwee
T+1

i

(nx E)4+(nx H)=0,

the equation (44) is uniquely solvable in TH'Y?(98). In addition, if f € TH[l){VQ(é)Q),
then j € THY2(09).
Proof. The first claim holds by Theorem 4.2, Lemma 4.4 and the Fredholm

alternative. So it remains to prove the second part of the theorem. First we use the
equality (43) for the terms Py, Py, and P,, Py, in the operator 73. Then we show that

all the operators or their combinations in 73 map from TH'Y?(9Q) to THééf(@Q),
except the identity operator I. First, by the mapping properties (12), (14) and (11)
we get that

Po(Py, — P.), PaMy, : THY?(0Q) — THY2(09).

e
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Because the equality (15) gives us that
MyPi, = Mo(Py, — Py) + Mo Py = My(Py, — Py) — PaM,,

then

My Py, : THY?(0Q) — THY2(09).
Secondly, it is clear that

My, M2, Py — Po : THY?(09) — THY2(09),

and hence

Tp — ol : TH?(0Q) — THY2(09),

where c is the coefficient of I in the operator 73. The constant c is equal to

7(1 = (k;B)?) +p(1+7)+1
2(1 — (k:8)?) (7 + 1) ’

which is non-zero by the assumptions. Finally, if f € THll)/if (09)), then
cj+(Tg—cl)j=f

if and only if
1 :
j=-f = (Ts — eD)j) € THy(09).

0
Since the transmission problem has at most one solution [2], we get the following
corollary.

COROLLARY. If the same assumptions as in Theorem 4.5 hold, then the trans-
mission problem has a unique solution.
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