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ON THE EXISTENCE OF SMOOTH SOLUTIONS FOR FULLY
NONLINEAR ELLIPTIC EQUATIONS WITH MEASURABLE
“COEFFICIENTS” WITHOUT CONVEXITY ASSUMPTIONS*

NICOLAI V. KRYLOVT

Abstract. We show that for any uniformly elliptic fully nonlinear second-order equation with
bounded measurable “coefficients” and bounded “free” term one can find an approximating equation
which has a unique continuous and having the second derivatives locally bounded solution in a given
smooth domain with smooth boundary data. The approximating equation is constructed in such a
way that it modifies the original one only for large values of the unknown function and its derivatives.
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1. Introduction and main result. In this article, we consider elliptic equa-
tions

(1.1) H[v](z) := H(v(z), Dv(z), D*v(z), ) =0
in subdomains of R¢, where
R? = {x = (21, ..., 24) : T1, ..., 7qg € R = (—00,00)}.

Here

0

D?u = (Djju), Du=(Dju), D;= pr

Dij = DZD]
We introduce S as the set of symmetric d x d matrices, fix a constant 6 € (0, 1], and
set

S5 ={a € 8: 06 <ay&ig; <57'EfP, VEeRY,

where and everywhere in the article the summation convention is enforced unless
specifically stated otherwise.
Recall that Lipschitz continuous functions are almost everywhere differentiable.

AssuMPTION 1.1. (i) The function H (u,z), u = (uv’,u"),

u' = (up,ul, .. uly) eRITL W €S, zeR?,
is measurable with respect to x for any u, and Lipschitz continuous in u for every
x € R%,
(ii) For any z, at all points of differentiability of H (u,x) with respect to u, we
have
(Hyr) €8s, |Hy|<67', k=1,.,d 0<—Hy <45 "

1"
3
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120 N. V. KRYLOV
(iil) Finally,
H := sup |H(0,z)| < oo.
zeRd
Let © be an open bounded subset of R? with C? boundary and take a function
g € CH1(Q). Here is our main result, in which K > 0 is a fixed constant.

THEOREM 1.1. There is a constant § € (0,8] depending only on & and d and
there exists a function P(u) (independent of x), satisfying Assumption 1.1 with ¢ in
place of &, such that the equation

(1.2) max(H[v], Plv] — K) =0

in Q (a.e.) with boundary condition v = g on 0 has a unique solution v € C%(Q)N
Cl’l(Q). In addition, for all i,j, and p € (d, c0),

loc
(1.3) |v],|Dsvl, p|Dijv| < N(H + K + lgllcri)) i Q (ae.),
(1.4) [vllwzc0) < Np(H + K + |lgllwz@),
(1.5) [ollcae) < NUHO]|Luw) + llgllca);
where

p(z) = dist (vad \ ),

a € (0,1) is a constant depending only on d and §, N is a constant depending only
on 2 and &, whereas N, only depends on the same objects and p.

Finally, P(u) is constructed on the sole basis of & and d, it is positive homogeneous
of degree one and convex in u.

REMARK 1.1. If we drop (1.4) and replace C*! in (1.3) with C1®, a € (0,1], the
assumptions of Theorem 1.1 about smoothness of 2 and g can be somewhat relaxed. It
is sufficient to have the exterior ball condition on © and g € C1(£2). Furthermore, if
we multiply the derivatives in (1.3) by one more p, then one can deal with € such that,
for each boundary point xy and all » > 0 small enough with the smallness independent
of xg, there is a ball of radius er at the distance r from xg lying outside Q2. Here e > 0
is a fixed constant. Of course, in that case the asserted regularity should be changed
towv € CO(Q)N C’llc;i (Q), where 8 € (0,1] is determined by other parameters of the
problem. All these and other possible extensions and generalizations are left to the
interested reader.

To the best of the author’s knowledge Theorem 1.1 is the first uniqueness and ez-
istence result for general fully nonlinear elliptic equations with measurable coefficients
without convexity assumptions. In case H is Lipschitz continuous in x the theory of
viscosity solutions provides the existence and uniqueness. Generally, one only knows
that such solutions are in C1T® (see Trudinger [15]). N. Nadirashvili and S. Vladut
[14] found an example in which viscosity solutions even for H independent of  do
not have bounded second-order derivatives.
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It is also worth mentioning that M. G. Crandall, M. Kocan, and A. Swiech [4]
developed a theory of L,-viscosity solutions for equations with measurable coefficients
(see also the references therein).

As far as a priori estimates in Sobolev spaces are concerned, L. Caffarelli was
the first author who derived interior W; estimates under an assumption that certain
estimates hold for equations with zero “free” term, which are known to hold only for
H that are either convex or concave with respect to v, Dv, D?v (see [1] and [2]). A
particular case of C?T< a priori estimates without this assumption is presented in [3].
Another case is found in [7].

The activity which started in [1] was continued by L. Wang in [16] who obtained
similar interior a priori estimates for parabolic equations, by M. G. Crandall, M.
Kocan, and A. Swiqch [4] who established the solvability in local Sobolev spaces of
the boundary-value problems for fully nonlinear parabolic equations, and by N. Winter
[17] who established the solvability in the global W;—space of the associated boundary-
value problem in the elliptic case. In the existence parts in [4] and [17] the function
H is supposed to be convex with respect to D?v and continuous in z (concerning the
latter assumption see [17, Remark 2.3], [9], and [4, Example 8.3]). However, in the
above references the authors consider equations like (1.1) with the right-hand side
which is not zero but rather a function from an L,-space. In our setting we can only
treat bounded right-hand sides.

Recently a new method, very different from the methods in the above cited refer-
ences, emerged in [5] for treating fully nonlinear elliptic and parabolic equations with
VMO “coefficients”. Still the convexity of H with respect to D?v is required in [5]
while proving the existence result.

In our Theorem 1.1 we do not impose any convexity assumption on H and allow
it to be just measurable in x. By the way, this theorem is obviously applicable to
linear equations. Yet we approximate them with nonlinear ones.

The methods of the present article are quite elementary and, apart from what is
related to (1.4) and (1.5) and uniqueness, are not using anything from any existing
theory of partial differential equations in the main case where H depends only on
pure second-order derivatives and is continuous in z. Our main tool is finite-difference
approximations, best demonstrated in Sections 5 and 6, which the reader may like to
read first.

REMARK 1.2. It is almost obvious that Assumption 1.1 (ii) is equivalent to the
requirement that, for any u € R4 x S, x, & € R n € {+£ey, ..., keq}, where e1, ..., eq
is the set of standard basis vectors in R%, and r > 0, we have

SlE[* < H(u',u" + €%, 2) — H(u',u",z) < 5 [¢[%,
[H (u' +1(0,m),u",2) — H(u',u",2)| < 67",

Hu' v x) =6 r < H@ +7(1,0),u", 2) < H@' v, z),
where (0,7) = (0,71, ...,m4) and (1,0) = (1,0,...,0).

REMARK 1.3. Estimate (1.5) follows from other assertions of Theorem 1.1 and the
classical results about linear equations with measurable coeflicients (see, for instance,
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Section 9.9 of [6]). Indeed, as is easy to see for v € W2(Q) satisfying (1.2) we have
that

—max(H|[0], P[0] — K) = max(H|[v], P[v] — K) — max(H|[0], P[0] — K)

= aijDijv -+ szﬂ} — CU

with some functions a = (ai;) € S;, |bs| < 61,0 < e <" (cf. the proof of Lemma
2.2). Furthermore, | max(H|[0], P[0] — K)| < |H|[0]|.

The assertion of Theorem 1.1 concerning uniqueness in our class of functions is
also a classical result derived from the Alexandrov estimate.

Here is an almost trivial generalization of Theorem 1.1 which may be useful in
some applications.

THEOREM 1.2. Let ¢ € C?(Q) be a strictly positive function. Then there is a
constant & € (0,0] depending only on &, ¢, and d and there exists a function P(u)
(independent of x), satisfying Assumption 1.1 with 5 in place of §, such that all
assertions of Theorem 1.1 hold true if we replace Plu] with Pl¢u] and allow the
constants to also depend on ¢.

This result is obtained from Theorem 1.1 just by replacing there v and g with ¢u
and ¢g, respectively.

Here is a version of Theorem 1.1 which is obtained by just replacing H (u, z) with
—H(—u,x).

THEOREM 1.3. With P from Theorem 1.1 the equation
min(H[v], —P[—v]+ K) =0

in Q (a.e.) with boundary condition v = g on 0 has a unique solution v € C%(Q)N
Cl’l(Q). In addition, for all i,j, and p € (d, c0),

loc

[v, |Dsvl], p|Dsjv| < N(H + K + ||gllcra) in Q (ae),
lvlwz@) < Np(H + K +lglwz@),

[vllca@) < N(IH[O]|L,0) + l9llca()
where o, N, and N, are the constants from Theorem 1.1.

It is an interesting issue as to what is happening to v = v as K — oo, where vg
is taken from Theorem 1.1. We have the following

Conjecture. Assume that H(u,x) is Lipschitz continuous with respect to & with
Lipschitz constant equal to a constant times 1 + |u|. Let w be a unique viscosity
solution of equation (1.1) in Q € C® with boundary condition g € C®. Then |w—vg| <
N/K where N is a constant.

To conclude our comments about Theorem 1.1 we show how P is constructed.
By Theorems 3.1 of [10] there exists a set

{lla ad) lm} - Zda
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m = m(d,d) > d, chosen on the sole basis of knowing § and d and there exists a
constant

6 =0(6,d) € (0,5/4]

such that:
(1) We have

e;,e; e; € {11, ey Zm} = {—ll, . _Zm}

for all 4,7 = 1,...,d (recall that ey, ..., eq is the standard orthonormal basis of R%);
(ii) There exist real-analytic functions A;(a), ..., Am(a) on Ss/4 such that for any
a < 85/4

(1.6) a=> Me(a)xly, 07" >A(a) >0, V.

Now introduce

6/2<ar <2671 by | <2671 §/2<c<26-1

m d
P(z) = max max max_ [ Y apzj + brzj, — ¢z
k k<L 0]

k=1,...,m k=1,....d k=1 k=1

and for u = (u/,u”) € R4 x S define
P(ula u//) = P(ulv <u//lla ll>7 ar <u//lm7 lm>)a

where (-, -) is the scalar product in RY.

The rest of the article is organized as follows. In Section 2 we show that one
may safely impose an additional assumption while proving Theorem 1.1. In Section 3
Theorem 1.1 is deduced from Theorem 3.2 in which even more additional assumptions
are made. Then in Section 4 the function H is rewritten in terms of pure second-order
derivatives along certain directions.

In a quite long Section 5 we consider finite-difference approximations for equa-
tions with “constant” coefficients and prove interior estimates for the second-order
differences of solutions. In Section 6 we use the results of the previous section in
order to prove an analog of Theorem 1.1 for H, that include only pure second-order
derivatives. Here the reader will see the main underlying idea of the paper, which
roughly speaking is that on the set, say I', where the second-order derivatives of v are
large we have P[v] = K and estimates similar to the ones from Section 5 show that
the second order derivative on I' are controlled by their values on the boundary of T,
where they are under control by the definition of I'. Of course, the implementation
of this idea requires first proving that there are sufficiently regular solutions of (1.2).
Since we do not know how to do that, we apply the above idea at the level of finite
differences.

In the final short Section 7 we prove Theorem 3.2.

In the proofs of various results in this article we use the symbol N sometimes
with indices to denote constants which may change from one occurrence to another
and we do not always specify on which data these constants depend. In these cases
the reader should remember that, if in the statement of a result there are constants
called NV which claimed to depend only on certain parameters, then in the proof of the
result the constants N also depend only on the same parameters unless specifically
stated otherwise.
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2. Reducing Theorem 1.1 to a particular case where —H,;, > ¢. Suppose
that Theorem 1.1 is true under the additional assumption that

(2.1) ~Hy >6

at all points of differentiability of H(u,z) with respect to u. Then we are going to
prove it in the original form. Take an H satisfying only Assumption 1.1, take n > 0,
and consider the mapping T, : w — v defined for any w € C(Q) and mapping it into
a unique solution of

(2.2) max(H[v] — v + nx(w/n), Plv] — K) =0
in Q (a.e.) with boundary condition v = g, where
xt)=(-1)VtALl
By assumption v is well defined and v = T,,w € C%(Q) N C’llc;i (©) and

[v|,|Dsv], p|Diju| < N(H +n+ K + [|gllcri) in Q (ae),

[vllwzc0) < Np(H +n+ K+ |lgllwz@)

if p > d. It follows that, for each n, T,, maps C(f2) into its compact subset.

LEMMA 2.1. For each n, the mapping T), is continuous in C(£2).

Proof. Let w,w,, € C(), m = 1,2,..., and assume that |[w — wy,[loo — 0 as
m — oo, where || - [|o.q is the sup norm in C(Q). In light of uniqueness of solutions of
(2.2) with boundary condition v = g, to prove the lemma, it suffices to show that, at
least along a subsequence, | T,w — v |lo.o — 0, where vy, = T wy,. Since TnC’(Q) is
a compact set, there is a subsequence and a v € C(Q) such that ||[v — vy, 0.0 — 0 and
v = g on 0f). Without losing generality we may assume that the above convergence
holds along the original sequence. Now we need only show that v = T,,w.

Observe that for m > r we have

max(H [vm] — vm + nsup x(wg/n), Ploy]) — K) >0
k>r
in © (a.e.). Since the norms |[vy,|[w2(q) are bounded, by Theorems 3.5.9 and 3.5.15
of [8], whose conditions are easily checked on the basis of Remark 1.2, we have (a.e.)

max(H[v] — v + nzlipx(wk/n),P[v] —-K)>0.

By letting r — oo we get (a.e.)
max(H[v] — v + nx(w/n), Plv] — K) > 0.
One obtains the opposite inequality starting with

max(H [vy] — vm + négf x(wg/n), Pluy] — K) <0.

It follows that v = T,,w indeed and the lemma is proved.
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Now by Tikhonov’s theorem we conclude that, for each n, there exists v" € C Q)
such that v = T,,v". By assumption v” € C%'(Q) N CL' () and

loc

D, plDiy0" | < N(H + 0" o0 + K + lgllcniiy) I Q (ae),

(2.3) 0" [lwz(e) < Np(H + [[0"]lo,0 + K + lgllwz)-

LEMMA 2.2. There is a constant N depending only on the diameter of Q and ¢
such that

[v™lo,.0 < N(H + K + ||gllco))-

Proof. Introduce
HE (u, ) = max(H (u, z) — ug + nx(ug/n), P(u) — K)
and observe that H}é% < 0 and by Hadamard’s formula

1
Hp(u' v, x) — HE(0,2) = uf. | Hpn (tu/ tu” x)dt
0 Y

1 1
(2.4) + Z u /0 Hicw (tu/, tu” ) dt + ug /0 Hig (tu' 1", z) dt

provided that H™(u,z) is differentiable with respect to u at (tu,z) for almost all
t € [0,1]. Since this happens to be the case for almost all u, we see that, for each n,
there exist Ss-valued function a and real-valued functions by, ..., by, ¢, and f satisfying
|bi] <071, ¢>0,|f| < H+ K such that in Q (a.e.)

aijDijv" —+ lez’l)n N — f

Now our result follows by the Alexandrov maximum principle (see, for instance, Sec-
tion 3.3 of [8]). The lemma is proved.

Due to this lemma one can drop ||v"||o,q in the right-hand sides of estimates (2.3).
After that it only remains to observe that for n > [[v"|o.q, the function v™ satisfies
(1.2) since x(v™/n) = v™/n and Theorem 1.1 holds in its original form.

Hence, in the rest of the article we suppose that (2.1) holds at all points of
differentiability of H with respect to u.

3. Further reductions of Theorem 1.1.
1. First, we show that we may additionally assume that for any z,y € R¢ and
u=(u,u")

(3.1) |H (u, z) — H(u,y)| < Nz —y|(1 4 [u]),

where N is independent of z,y, u.

Indeed, if Theorem 1.1 is true in this particular case, take a nonnegative ( €
C5°(R%), which integrates to one, set (" (x) = n((nz), and introduce H"(u, z) as the
convolution of H(u,x) and (" performed with respect to . Observe that H™ satisfies
(2.1) and Assumption 1.1 with the same constant ¢, whereas

[H" (u, z) = H" (u,y)| < nlz —y|sup [H(u, z)| sup | D(]|
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and (3.1) is satisfied since |H (u,z)| < |H(0,2)| + N(d)d~!|u|. Then assuming that
the assertions of Theorem 1.1 are true under our additional assumption, we conclude
that there exist solutions v™ € C%'(Q) N CL1(Q) of

(3.2) max(H"[v"], P[v"] — K) =0

in 2 (a.e.) with boundary condition v™ = g, for which estimates (1.3) and (1.4) hold
with v™ in place of v with the constants N and NNV, from Theorem 1.1 and with

H" = sup |H™(0,z)| (< H)
zER

in place of H. In particular,
(3.3) Hiwv™ >0

in Q (a.e.) for all m > n, where

HY (u,z) := supmax(H* (u, z), P(u) — K).
k>n
Furthermore, being uniformly bounded and uniformly continuous, the sequence
{v"} has a subsequence uniformly converging to a function v, for which (1.3) and (1.4),
of course, hold and v € C%1(( )ﬁC’llocl( ). Inlight of (3.3) and the fact that the norms

[v"[lwz(e) are bounded, by Theorems 3.5.9 and 3.5.15 of [8] (the applicability of which
is shown by an argument similar to the one in Remark 1.3) we have

(3.4) Hi[v] >0
in Q2 (a.e.).
Then we notice that by the Lebesgue differentiation theorem for any u
(3.5) lim HY(u,z) = max(H(u,z), P(u) — K)
n—oo

for almost all . Since H} (u,z) are Lipschitz continuous in u with a constant inde-
pendent of = and n, there exists a subset of Q of full measure such that (3.5) holds
on this subset for all u.

We conclude that in Q (a.e.)

(3.6) max(H[v], Plv] — K) > 0.
The opposite inequality is obtained by considering
inf max(H"*(u,z), P(u) — K).

k>n

2. Next, we show that one may assume that H is boundedly inhomogeneous with
respect to u. Introduce

Py(u) = max max max (aijug; + biuj — cug),
a€Ss/a |b;| <261 c€[6/2,261]
i=1,...,d

where the summations are performed before the maximum is taken. It is easy to see
that Py[u] is a kind of Pucci’s operator:

d
Po(u) = —(6/2) > A (u")+26~ lzv "426~ 1Z|u,€|— (6/2)(up)t+20" (up) ™,
k=1 k=1 k=1
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where A\ (u”), ..., \a(u"") are the eigenvalues of v’ and a* = (1/2)(|a| + a).
Recall that the function P is introduced in the end of Section 1 and observe that

Pu) = max max max E g aklmlkjum + E b cuo
6/2<ak<25 b |<25 L§/2<c<26-1 =1
k=1,. i=1,. b=

Moreover, owing to property (ii) in the end of Section 1, the collection of matrices

Z aklkl;;
k=1

such that & < aj, < 5‘1,k =1,...,m, covers Ss/4. By combining this with the fact
that § < §/2 (actually, § < §/4, which will be used much later) we see that

d d
P(u) > —(8/4) > A, (") +4571 > N (u")
k=1 k=1
d
45N Jug] — (8/4)(up) T + 46 (up)
k=1

(3.7) > Py(u) + (6/4) ZW N+ (6/4) Z|uk|

In particular, Py < P and therefore,
max(H, P — K) = max(Hg, P — K),

where Hx = max(H, Py — K). It is easy to see that the function Hy satisfies As-
sumption 1.1 and (2.1) with 6/2 in place of §. It also satisfies (3.1) with the same
constant N.

Furthermore, we have the following.

LEMMA 3.1. There is a constant k > 0 depending only on 6 and d such that for
al z € Q and u = (u',u")

(3.8) H < Py—w( Y Julll+ Y [ufl) + H(0,2),
1,7 7

(3.9) Hy < P k(D fuffl + Y lu]) + H*(0,2).
i,j i

Furthermore,

H(u,2) < N(D |ufj| + Z ul|) + H(0, ),

ij
|H (u,z)| < N Zlu |+Zluz| + [H(0,z)],

where the constant N depends only on §.
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Proof. Observe that if a number p € (a,b), a < b, and y € R, then
yp <yTb—y a.

Then from Hadamard’s formula

HW' v z) — H(0,0,2) = / Hyy (tu', tu”, ) dt

+Zu;/ Hy (tu', tu”, x dt+u0/ Hyy (tu' tu”, x) dt
i>1 0

we obtain (see our comments regarding (2.4))

H' u",z) — H(0,0,7) < 5_12)\Z(u”) —(52)\;(1/') +(5_1Z ||
k

k i>1
—5(%)+ + 5*1( 0)”

= Py(u/,u") — 12)‘+ ") (5/2)2)\’;@”
k
—5 > upd = 6 (up)” — (6/2)(up)t

i>1

and (3.8) follows since

[DoOd ") + A5 Zw ")
k
zzm Zm 12> a2 (Y Jugyl)’
k ]

Estimate (3.9) follows from (3.8) and (3.7). Finally, the second assertion of the
lemma follows directly from the above Hadamard’s formula. The lemma is proved.

In addition, Hg is boundedly inhomogeneous with respect to u in the sense that
at all points of differentiability of Hy (u,x) with respect to u

(3.10) |Hg (u,z) — HKuu (u, :E)u — Hgw (u,z)uy| < N(|Hg (0,2)] + K),
where N depends only on § and d.

Indeed, if
(3.11) Zm |+Z|u| ) > H*(0,2) + K,

then by Lemma 3.1
H(u,x) < Po(u) = r(D_ |ufs| + Y [uf]) + HT(0,2) < Po(u) - K,
i, i
so that Hg(u,z) = Py(u) — K and the left-hand side of (3.10) is just K owing to
the fact that P, is positive homogeneous of degree one. On the other hand, if the
opposite inequality holds in (3.11), then again in light of Lemma 3.1 the left-hand
side of (3.10) is dominated by

Z|u |+Z|uz| +|Hg (0,2)] < N(|Hg(0,2)] + HT(0,2) + K),
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where
H(0,7) < max(H(0,7),-K) = Hg(0,z), HT(0,2) <|Hg(0,2)|.

Furthermore, as we have noticed above Hy satisfies Assumption 1.1 and (2.1)
(with 6/2 in place of d) and as is easy to see |Hg[0]| < |H[0]| + K, which shows that
in the rest of the article we may (and will) assume that not only Assumption 1.1 and
(2.1) are satisfied with /2 in place of § and (3.1) holds with a constant N, but also
at all points of differentiability of H with respect to u
(3.12) |H (u,x) — Hyy (u, w)uj; — Hyy (u, x)uy.| < No,

where Ny is a constant and

(3:13) H <P (Y [ufl+ 3 |uil) + [H(0,)],

4,J

where £ is the constant from Lemma 3.1. By the way we keep track of the value of §
in Assumption 1.1 and (2.1) because P(u) is already fixed and defined by d and 0.
3. Finally, we show that we may assume that,

(3.14) H(u,z) = tru” — uy for all w if  is in a neighborhood of 92,

that is, for an € > 0, we have H(u,x) = tru” — uj, if p(x) < e. Indeed, take a
continuous function ((t), t > 0 such that {(¢t) = 1 for t € [0,1], ((¢) = 0 for ¢t > 2, and
0 < (¢ < 1. Introduce

H'Y*(u, ) = (1= ((p(x) /) H (u, ) + ((p(x) /) (tru” — up).

Notice that H'/¢ satisfies Assumption 1.1 and (2.1) with §/2 in place of , satisfies
(3.1) with a constant N depending on & but independent of z, y, u, and satisfies (3.12)
with the same constant Ny. As long as (3.13) is concerned, observe that by Lemma
3.1 applied to H = tru” — uj and by the inequality Py < P we have

tru” —up < P—n(Z|u;’j| +Z|u;|)
i

4,J

Then owing to (3.13)

HYE < P = k(Y[ + D luil) + 101 = C(p/e) H(0, )]
= P w3l + D ul) + [HV5(0,)]

4,9

Therefore, if the assertions of Theorem 1.1 hold under the above additional as-
sumptions, then we have a sequence of functions v™ € C%!(Q) N Cllo’cl,(Q) satisfying
(3.2) (with new H™ = H'/® for ¢ = 1/n).

After that by repeating literally the argument in no. 1 we come to (3.4) and since,
obviously, HY*(u,z) — H(u,z) as £ | 0 for any = € Q, we conclude that equation
(3.6) holds (a.e.) and we finish the argument as in no. 1.

As a result of the above arguments we see that to prove Theorem 1.1 it suffices
to prove the following.
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THEOREM 3.2. Suppose that Assumption 1.1 is satisfied with §/2 in place of 0.
Also assume that (3.13) and (3.14) hold. Finally, assume that estimate (3.1) holds
for any z,y € R? and u = (v/,u") with a constant N and (2.1) and (3.12) hold at all
points of differentiability of H (u,x) with respect to u.

Then the assertions of Theorem 1.1 hold true with P introduced in the end of
Section 1.

REMARK 3.1. One may wonder why we need (3.12) with a constant which does
not enter the assertions of Theorem 3.2 in any way. The only reason to reduce general
H to boundedly inhomogeneous ones is that for those we can rewrite H[u] in such a
way that only pure second-order derivatives of u(¢,z) with respect to = enter. Then
the whole operator max(H[u], P[u] — K) also has this form.

Another possible question is: Why don’t we start with max(H, P — K), which is
already boundedly inhomogeneous by the above? The point is that our way to trans-
form boundedly inhomogeneous operators does not preserve the particular structure
of max(H, P — K).

4. Writing H in Theorem 3.2 in a special form. Here we suppose that the
assumptions of Theorem 3.2 are satisfied and take the objects introduced in the end
of Section 1. Owing to the the assumptions of Theorem 3.2 by Theorem 7.1 of [10]
(see the beginning of its proof in [10]) there exists a function H(z,x) defined for

z=(,2"), 2= (2.2} eRI* ' cR™ geR?

such that:
(i) The function H is Lipschitz continuous in z with Lipschitz constant 6—! and
there exists a constant N’ such that

[H(z,2) = H(z,y)| < N'|lz = yl(1+ |2])

for all z,y € R% and z.
(ii) We have H(z,x) = H(u,x) if 2/ =« and for all j =1,....m
Z;-l = (u”lj,lj>.

In particular, H(0,z) = H(0,z) and if v(z) is a real-valued function which is twice
differentiable at a point z € R?, at this point we have

where
H[’U](:L’) = H(v(x), D’U(l‘), Di’u(x), ceey D?,nv(m)a :L')a Dl2v = va:imjlilj-

(iii) At all points (z,z) at which H(z,z) is differentiable with respect to z we
have

(4.1) [Ha(z,2)| <467, i=1,...d,

(42) 5/4 < *’Hz(’) (Za 1') < 4571; ot >H,
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The proofs in [10] use the fact that (3.12) holds and yield the function A such
that, in addition, at all points (z,z) at which H(z,z) is differentiable with respect to
z we also have

[H(z,x) — (2, D, H(z,x))| < 2Np.

However, the latter property of H will not be used in the future, so that we only used
assumption (3.12) to be sure that H with the properties (i)-(iii) exists.

5. An auxiliary equation. Some notation in this section are different from the
previous ones. Fix an h € (0,1] and for £ € R? and any function ¢ on R? introduce

Tep(x) = ¢p(x + hE), S =h""Te —1), Ag=h"?(Te —2+T_¢).

Notice that h enters the definition of T¢ and §¢ and A¢ are usual approximations for
the first and second-order derivatives along &.

Let m > 1 be an integer and let {_,,,...,¢_1,/1, ..., {m, be some fixed vectors in
R? such that

g = —Lg.
Next denote A = {l : k = 1, ..., m},

A=A, Appi=An+ A n21 As=[JAn.
n

Let m’ > 0 be an integer < m and let A = {a = (a,b,¢)} be a closed bounded
set in R?™ x R™ x R, so that

2m
a = (a—maa—m-'rla"'aa—laala-"aam) eR )

b= (by,....by) € R™,

and ¢ € R. Also let f(a,z) be a real-valued function defined for a € A, z € R
Fix an r € {1,...,m} and for k = +1,..., £m set

Ok =0k =00, App=~0r=2Ag.

ASSUMPTION 5.1. There are constants 6 > 0 and K1, K2 € [0,00) such that
(i) For any (a,b,c) € A and all k we have

ak=a—p, O6<ap<d' |bg| <5, hb, <ak, c>0;

(ii) The function f is continuous in « for any = and |4, f| < K1, A, f > —Ks on
R4.
For u = (v/,u”) with

! I i I 1 1 " 1
w = (UG, ULy ey Uy )y U = (U ey Ul U ey U,

introduce

/

_ " betd — e .
P(ua x) ()(:(I;/}}E)i:)(/()eA ( kz_l ak;Uk + ; ku‘k} CUO + f(a7 LL‘))
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For any function u on R? define

where

ou = (01U, .oy Opprt),

82u = (At o) A_qu, Aru, ..., Apu).

In connection with this notation a natural question arises as to why use ¢; along with
{_, = —¥), since A, = A_; and

akAk =2 Z akAk

k>1

owing to the assumption that ax = a_j. This is done for the sake of convenience of
computations. For instance,

Ak (uv) = ul v + vAgu + (0pu) (0kv) + (—ku)(d-xv)
(no summation in k). At the same time
arp Ak (uv) = uarAgv + var Agu + 2a (0ru) (d,v)

as if we were dealing with usual partial derivatives.
Fix a nonempty finite set Q° C hA, and let

Q:=Q°U{z+hA:ze€Q°}.

Next take a function € C*°(R%) with bounded derivatives, such that |n| < 1 and set
¢=n

' (@)] = |0 ()[n = sup [o77 ()], " (@) = In" (z)|n = sup [ Aen(@)],

II|

'l = {7l = sup [#'[n, 10"l = In"lln = sup [n"|n.
hh oo hAoe

Finally, let u be a function on R? such that in Q°
(5.1) Plu] =0

and Plu] <0 on Q\ Q°.

THEOREM 5.1. There exist constants N = N(m,0) > 1 and N* = N*(m, §) such
that for any constant v satisfying

v > N |+ N ("l + 1111%),
we have in Q that (recall that a™ = (1/2)(|a| £ a))

(5.2) ClAau)T]? < g{zg{ Cl(Au) )P+ (Nv+ NOW, + Nv 2K2 + v K2,
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where

W, = mcezxx(|5ru|2 + 10_pul?).
Furthermore, N* =0 if b= 0.

REMARK 5.1. Theorem 5.1 looks very much like Theorem 1.1 of [11]. However, in
the latter the boundary of Q° is “twice fatter” and all mixed second-order differences
are present under the maximum sign in the corresponding counterpart of (5.2). Our
idea is to apply Theorem 5.1 to regions where at least one of pure second-order
differences is large. Then outside the region all of them will be under control. Yet
this does not provide any control of mized differences on the boundary of the region
and makes it impossible to apply Theorem 1.1 of [11], where the driving goal was
to obtain estimates for equations with variable coefficients and estimating all mixed
second-order finite differences was necessary.

In the following arguments no summation with respect to r is done. The number
r is fixed in the beginning of the section. For simplicity of notation set

Upr = Dy, Up = Opll,  Ugyr = —0_gOpU.

Notice that in the above line the last notation when k = r is consistent with the first
one.
In the following two lemmas the fact that u is a solution of (5.1) is not used and

Uy = (Urp) ™

LEMMA 5.2. There exists N = N(m,d) and N* = N*(m,d) such that, if N*h <
1, on Q° for any o = (a,b,c) € A we have

—2C%u [apAg + bedluy, > —[arAk + brdr) (¢ (u;)?)

(5.3) —N*|n'|Caru, — N(In"| + 10" 1*)¢(up)® = (N*[0[* + N[ W,

72<ur[akAk + bkdk]ur > —[akAk + bkdk](g‘uz)
(5.4) +Cagui, — N(|n"| + o')Wy — N* || W,..

Furthermore, N* =0 if b= 0.

Proof. Here is the result of simple computations, which can be found, for instance,
in the proof of Lemma 5.1 of [11]. For any a € A we have

arAk(C(uy,)?) = 2CuapAgur, + 2ax [0k (Cur,)]* + daguy, (656 (Cu,,)
(55) +2ak(u;r)2[<Ak< - 2(5k<)2] - 4h’u;ra’k (5]9()26]9“7"_7“'

We also know from Lemma 4.3 of [11] that
Akl < 2"+ 0'17), (0kC)” < NI/ *C+ NR2Jn'|* < N |2,

It follows that, for any € > 0,
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[4arur, (0:0)6k (Cur,)| < ear[0r(Cup)]® + Ne ™ (us) 2 (10 7¢ + B2 0 [*),
where
(5.6) (ur)?B? < [P | = (T2, = Du—,|?,

so that |n/[*(u;,)?h? < 4|n'|*W, in Q°. Therefore, in Q°

[akuy, (0rC)0k (Cur, )| < £ar [0k (Cup,)]* + Nem o' [2¢(uy,)* + Ne 7 W[
Similarly
120k (u7,)*[CARC — 20060 < N(In"[ + |0’ ") (up)? + NWo |2,

By Lemma 4.3 of [11] for any € € (0, 1]

h(0kC)? [ureditur,| < €ldi(Cur)[* + el *Cur)® + Ne7 oy [*H(hur,)® + (h*65ur,.)?).

Estimate (5.6) leads to

h(0k€)? [ury Gitiyy | < €8s (Cur) P + |0 *C(ury)® + N7 Wl [* + Nem o' [ (h*6u,.)?

on °, where the last term is estimated by using the fact that |6, | < [0;4| for any
function v implying that

' [* (65w, )? < |0 [*|hés (ur +ur) [ = |0/ [*[(Te, = 1) (ur +u—r)|* < N7/ |*W,.
Hence on Q°
h(0kC)? |ty G5ty | < €103 (Cur )P+ 10 PC (ur ) + Nem W o[

Upon combining these estimates, choosing € appropriately, and coming back to (5.5),
we find on Q° that

—2CCurarApuy, > —apAR (¢ (up)?) + arldk(Cuy,)]
(5.7) =N(n"|+ 0" )¢ (upp)? = NW|n'[*.

Next,

b0k (¢ (uyy)?)) = 2Cu,bibk (Cuyn) + bih[61(Cuy, )]
= 2C%u,, bidru,, + 2¢(u,,) bkdiC

Here |0xC| < 2|7/[, since |n| < 1. Also ar > 4, so that

12¢ (u)2br0x ] < N* |0 |[Cagus,..
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Furthermore, hTy, u,.,. = Ty, (ur + u_,) ", implying that on Q°

|2hbku;r(:(6kg)6ku;r| = |2hbku;r(5kC)[6k(Cu;r) - (5kC)T€ku;r]|

< N*|n'|W a2 18 (Cur )| + N ur Y (6:0)* W2,
k

where, owing to the inequality h|n’| < 2, the last term is dominated by

N W P, (Clf [P+ B2’ |) < (N2 PRW2) (' )/2¢ P y,)
N PWe < N [Cawui, + N[/ P W

3 o
Hence, in Q

—2C% U, bk, > —broe(C(ury)?) — N* |0’ [Capui,

T Tr —

(5.8) —(N*h +1/2)ag [k (Cup)* = N*(10' [ + [ )W
For N*h < 1/2 estimates (5.7) and (5.8) and the fact that [n|3 < [n/|? + |/|* lead to
(5.3).
To prove (5.4) observe that (recall that dpu, = —u_g, and a_r = ay)
akAk((uf) = apC2uAgu, + 2uir] + akqukC + 2ak(5kC)(hu%kr — 2UpU_fyr ),

where

uR | Akl < N (| + I )W,
and owing to (5.6)

12ar(6kC) (i g = 2urugr)| < Nag(|n'[CM2 + bl ) (| + .,
< Nag|ugr|(In'[C? + hln' )W}
< Nag|ugr|[nf [¢ W2 + Ny PW,
< (1/2)¢axui, + N|n'[PW,.

It follows that in Q°

(5.9)  —2CakurApur > —apAp(Cu?) + (3/2)Carui, — N(|n"| + |n'|*) Wi

Also

b0k (Cu?) = 2Cu,bpdgu, + Chphu? y, 4 u2brorC 4 hby (010 [hu? 4, — 2upti_gr).

Here in Q°

2 s,/ 2 o | 11T,
T — —Kkr — =
[uzbrdkCl < N7 |n'|We,  |hbr (0kC) [pu” g, — 2uru—py] < N[0 [W,

where the last estimate follows from an equality similar to (5.6). Furthermore,
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|Cbkhu2—kr| < (1/2)(:0%’“’%7“

if N*h <1 and N* is chosen appropriately.

Upon combining this estimates with (5.9) we come to (5.4) and the lemma is
proved.

For a constant v > 0 introduce an operator (recall that r is fixed)

Ly = Cup, Ard — vCu,6,¢.
Observe that

(5.10) Lou=—C*(u,)? — v¢u? = -V,

LEMMA 5.3. There exists N = N(m,d) > 1 and N* = N*(m, ) such that if

(5.11) v = Nl |+ N (" + l'11%)

and N*h < 1, then on Q° for any a = (a,b,c) € A we have

(5.12) 2Ly[akAk + bkék]u > —[akAk + bkék]V,, — (NV2 + N*Z/)W,« + (V/Q)(:akuir.

Furthermore, N* =0 if b= 0.

Proof. Since, for each k, the operators ap Ay +bgdy, respect the maximum principle,
it follows by Lemma 4.2 of [11] that

u;r(akAk —+ bkék)uw > 7’U,T_T[akAk —+ bkék]u;
Hence,
I := CQU‘;TAT[G’]{}A]{: + bkék]u = <2U;T[akAk + bkék]uw > f(2u;T[akAk + bkék]u;ﬂ

which by Lemma 5.2 and the observation that

C(UT_T)Q < NCakuira

for N*h <1 yields

21 > —[ap Ay + bebr] (C(up)?) = N(N* '] + 0" + [0 ) arui,.
(5.13) —(N*|7'|* + N/ |y W,.

Furthermore, by Lemma, 5.2

—QV(:UT(S,«[akAk + bkék]u = —2V§ur[akAk + bkék]ur
> —[anAk + bpdg](vCu?) + vCaus,
—Nu([n"| + [0 + N*|n' )W,
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By combining this with (5.13) and recalling (5.10) we find

2Ll,[akAk + bkék]u > —[akAk + bkék]VV
+(v = Ni|n'| = Ni|n"| = Ni|n'*)Carui,
(5.14) —IN*(In'PP +vn'l) + N(I0'[* + vin"| + vin' )] W,

We may assume that N7 > 1 and then, if

v > 2N7 || + 2N (|0 + [0 [%),

we have that |'|> < v, [n"| < v, and

I |t 4+ v+ v |? < 302

Also

N> +v|n']) < N*(v +v*?) < N*(v + %) < N*v + N2,
After that (5.14) clearly yields (5.12) and the lemma is proved.

Proof of Theorem 5.1. Denote by Ny and N{j the constants N and N* in Lemma
5.3 and take and fix a v satisfying (5.11) (with Ny and N in place of N and N*).

Observe that (5.2) obviously holds on @ \ Q° and we only need to prove it on Q°.
Also notice that

[trr| = Bty 4+ u_p| < 2072,

which shows that (5.2) holds if » > v=/2 or if Nih > 1. Therefore below we assume
that

(5.15) h<v™12  Nih<1.
Introduce
D? ={zx € Q°: ((v)u,.(x) > vhu,(x)}.

If € Q°\ D°, then ((2)u,,.(z) < vhu,(z) and (5.2) holds at x in light of (5.15).
Therefore, in the remaining part of the proof we concentrate on establishing (5.2) for
2 € D°, assuming, of course, that D° # ().

Denote

D=D°U{z+hA:ze D} (CQ).
If V,, in D° is less than its maximum over D \ D°, then in D°

27, —12 21, —12 21, — 12 =
C [urr] § VV § max[gizggc [urr] ’QI?\agoC [urr] ] + VWT;
where the maximums are less than the right-hand side of (5.2) by the above. Hence, in
the rest of the proof we consider the case that the maximum over D of V, is attained
at a point zg € D°.
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Notice that if a function ¢(z) is such that ¢(z) < ¢(xg) for & € xo + hA, then at
Zo

h2L,¢(x0) = ([d(wo + hly)(Cuy, — vhuy) + d(wo — hlr)Cuy,] — ([2Cu,, — vhu,]¢

where the last expression is zero. Thus
LV(z)(xO) S 07

which in the terminology from [11_] means that L, respects the maximum principle.
Next, we can find an & = (@, b, ¢) € A such that

arAgu(zo) + brdgu(ro) — eulzo) + f(a, xo) = Plu](wo) = 0.
Since Plu] < 0 in @, we have that
() := arpApu(x) + brdpu(r) — cu(x) + f(a,z) <0
for x € o + hA. Hence,
0> 2L,¢(20) = ax2L, Apu(zo) + 0121, 0ku(wo) — 2L, u(zo) + 2L, f (&, ) (o),
which owing to (5.10) and (5.12) yields
0 < [anAg + brdx — 26 Vo (20) — (v/2)Canui, (xo) + (Nv? + N*v)W, — 2L, f(@, -) (o).
Here the last term is dominated by
KoCur, (z0) + v|u(x0)| K1 < NvT K2 + (v/4)Capui, (x0) + K2 4+ 2 W,.
Furthermore, by the maximum principle
[ar A + brdx — 2¢V, (z0) <0,

since V,, > 0 attains its maximum at xg.
We now conclude that

(v/4)Carui, (vo) < (Nv? + N*)W, + Nv ' K3 + K7,
which implies that in D°
C(u,)? < Vy(zo) < NCapuy, (zo) + vW, < (Nv+ N YW, + Nv?K2 + v ' K2

Thus, estimate (5.2) holds on D° as well and this proves the theorem.

6. A model cut-off equation. We will work in the setting of Section 5. How-

ever now h > 0 is not fixed. Take a function H(u,z), where z € R? u = (u',u") €
R1+m’+2m.

ASSUMPTION 6.1. (i) The function H is Lipschitz continuous in w for every z,
and at all points of differentiability of H with respect to u we have

§<Hur <671, k=x%1,.,4m, §<—Hy <57,
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Hu | <671, k=1,..,m;
(ii) The number H = sup, |#(0,0,z)| is finite;
(iii) The function H is locally Lipschitz continuous in z for every w and there

exists a constant N’ such that at all points of differentiability of H with respect to x
we have

[Ha, (u, )] < N'(1+[u]), Vi

(iv) We have Span ({1, ..., £,,) = R
Define

P v z) =P, u")

=261 Z —(6/2)> (uy

k
+26 1Z|u,€|— (6/2)(up) T + 2671 (up)~
k>1
6.1 = ” b;
(6.1) 6/2<a2<2/6 \bk|<2/6 5/2<c<2/5 Zazu +Z i CUO}
|k|=1,..,m |k|=L,.. lil=1 =1

For functions v(z) introduce
H[v](z) = H(v(x), 0v(z), d*v(x), x)
whenever and wherever it makes sense, where

ov = (v(gl), ...,U(gm,)),

00 = (V(0_ ) (t-m)s s V(1) (E-1)> V) (E1) 5 02 V() () )

and vgy = £ivz;, Vrye) = LiljVg,o,;. Similarly,
Pl](z) = P(v(), dv(x), 8*v()).

Let © be a bounded C? domain in R?, ¢ be a bounded function on R? such that
g € C11(Q), and let K > 0 be a finite number.

THEOREM 6.1. In addition to Assumption 6.1 suppose that te;, +(e; +¢;),¢€;
ej € A, i,j =1,..,d, were ey, ...,eq is the standard orthonormal basis in R and
assume that all vectors in A have rational coordinates. Then there exists a unique
ve COYQ)NCEYQ) such that v =g on 8Q and

loc
(6.2) Hyelo] = 0
(a.e.) in Q, where
Hyg[v] = max(H[v], P[v] — K).

Furthermore,

(6.3) [ol, IDol. plDijol < N(H + K + llgllcna o)
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in Q (a.e.) for all i,j, where N is a constant depending only on , {l1,....,0n}, d,
and § (but not on N').

To prove the theorem, we are going to use finite-difference approximations of the
operators H[v] and P[v]. For h > 0 introduce

Py[v](z) = P(v(), dnv(x), 0hu(2)),
where naturally

5hu = (5h,1u, ceey 5h,m/u),

2
5hu = (Ah,_mu, ceey Ah,_lu, A;Llu, ceey Ah,mu).

Similarly we introduce Hj, and Hg p,.

LEMMA 6.2. Under Assumptions 6.1 (i), (i)

(6.4) H<P—(6/2) (>l + 3 fuk]) +H
k k

Proof. Basically, we just repeat part of the proof of Lemma 3.1. From Hadamard’s
formula

Hu' v z) — H(0,0,x —uk/ Hoy (tu', tu”, ) dt
1
+Zuk/ Ho tu',tu”,x)dt+u6/0 Hoy (tu/ 1", ) dt
k>1

we obtain

Hw' u” x) — H(0,0,2) <51 (W)t =6 (uf)” +5 1> |upl
k k E>1
—0(ug) + 07 (up)”
=P/, u") IZ DT =0/2)> (W) =67 fugl

k k>1
—(0/2)(ug)™ — 571(“6)7

and (6.4) follows. The lemma is proved.
Introduce B as the smallest closed ball containing A and set

Qp={ze€Q:x2+hBCQ}={x:plx)> A},

where X is the radius of B.
Consider the equation

(65) HK’h[’U] =0 in Qh
with boundary condition

(6.6) v=g on R\ Q.
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It is a rather simple fact that for sufficiently small A > 0 there exists a unique
bounded solution v = vy, of (6.5)—(6.6) (see, for instance, [13] or Theorem 8.2 in [10]
or else Theorem 2.2 in [12]). By the way, we do not include K in the notation vy,
since K is a fixed number.

Below by hg and N with occasional indices we denote various (finite) constants
depending only on , {¢1,...,¢n}, d, and 4.

In the following lemma the additional assumption of Theorem 6.1 concerning the
e;’'s and the ¢;’s is not used.

LEMMA 6.3. Under Assumptions 6.1 (i), (ii), (iv) there are constants hg > 0
and N such that for all h € (0,ho] and |r| =1,...,m

(6.7) lvw — gl < N(H + K + |lgllcra(o))p,
(6.8) [Onrvon] < N(H + K + |lglloraa)
on .

Proof. Introduce
Hrx = max(H,P — K).

Clearly, H i satisfies Assumption 6.1 with /2 in place of §. Therefore, by Hadamard’s
formula there exist functions ag, b, k = *+1,...,£m, and ¢ such that

(6.9) §/2<ar <2071, |bp| <207, 6/2<c<207!
and in €, we have

7HK[O] = HK,h[Uh] — HK[O]
= apAp kVn + bkbp kUR — cUp
= apApk(vn — g) + bidnk(vn — g9) — c(vn — g) + f,

where
[ =arAprg +bpdprg — cg.

After that (6.7) is proved by using the barrier function ® from Lemma 2.4 of [12] (cf.
Lemma 2.5 in [12]). It implies that

(6.10) o — gl < N (L4 K + gllonsaph on 2\ Qup.
To prove (6.8), fix an r and define
Q° = {x € Qap : (6/2)|6hrvn| > H + K}.
If Q° =0, then (6/2)|0p,vn| < H + K in Qap, and by virtue of (6.10),
|0n,r(vn — )| < 2N1(H + K +[|gllcra(a))

in Qp \ Q2p,. In that case (6.8) obviously holds.
Therefore, we assume that Q° # () and owing to Lemma 6.2 conclude that

(611) Ph[vh] =K
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in Q°. Furthermore, (6.5) implies that
(612) Ph[vh] S K

in Qh.
Now use again the mean value theorem to conclude that

On,r Prlvn] = apAn i (On,rvn) + bidn,k(0n rvn) — c(On.rvn)

for some functions ay(z), bk (), c(z) satisfying (6.9). In addition, 6, Pplvs] < 0 in
Q° owing to (6.11) and (6.12), that is in Q°

apAp g (0n,rvn) + bi0n & (On,rvn) — c(On,rvn) < 0.

For small enough hg the operator arAp i + brdpr — ¢ with h € (0, ho] respects
the maximum principle and therefore in Q° (see Theorem 2.2 in [12])

(6.13) (On,rvr)” < sup (Oprvn)”.
Qp\Q°

While estimating the right-hand side of (6.13), notice that if = € Qj, \ Q°, then either
x & Qop, in which case (6.8) holds by the above, or else o € Qo but (6/2)[0 0| <
H + K. It follows that the right-hand side of (6.13) is dominated by the right-hand
side of (6.8), if h € (0, ho] and hy > 0 is sufficiently small.

Thus, in all cases

(Onrvn)” S NH+ K + |gllorao)
on €2;,. Upon replacing here r with —r, we get
Th—t,(Onpvn)" < NH + K +|gller o))

in Qp, which after being combined with the previous estimate proves (6.8) in Qgp. In
Qp \ Q2p, estimate (6.8) has been established above. The lemma is proved.

LEMMA 6.4. Suppose that Assumptions 6.1 (i), (ii), () are satisfied. Assume
also that all vectors in A have rational coordinates. Then there are constants hg > 0
and N such that for all h € (0,ho] and |r| =1,...,m

(6.14) (p — 6AR)|Aprvn| < N(H+ K + ||lgllcrro)

on R? (we remind the reader that X is the radius of B).

Proof. Clearly, the assertion of the lemma would follow if we can prove that (6.14)
holds on y + hA for any y € R? with a constant N independent of h and y. Without
losing generality we concentrate on y = 0. Then for a fixed r define

Q° = {:L' € (hAOO) N Qsp - (5/2)|Ahyrvh(z)| > H + K}

If x € hA is such that = & Q°, then either x ¢ Q3y,, so that p(x) < 3\h and (6.14)
holds, or else x € Q35 but (§/2)[Ap vn(x)] < H+ K, in which case (6.14) holds again.

Thus we need only prove (6.14) on Q° assuming, of course, that Q° # (). Then
define

Q={z+hA:2ze€Q’}.
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Observe that @ is a finite set since £, have rational coordinates and there is a number
M such that the coordinates of all points in M A o, are integers and the number of
points with integral coordinates lying in a bounded domain is finite.
Next by Lemma 6.2 we have that (6.11) holds in @° and (6.12) holds in @ \ Q°.
To proceed further observe a standard fact that there are constants pp > 0 and
N € [0,00) depending only on § such that for any p € (0, o] there exists an 7, €
C§°(92) satistying

Nu=1 on Qg,, n,=0 outside €,

(6-15) |77u| <1, |D77u| < N//J/v |D277u| < N/N2-

By Theorem 5.1 and Lemma 6.3 there are constants N and hg > 0 such that, for any
number v satisfying

v > N(|lplln + 117 + 1),
we have in Q° that

Tl(Avon) 1P < max nil(Aren) ")+ N+ D+ K +llgllonso)’

if h € (0,ho]. In light of (6.15) one can take v = Nu~2 for an appropriate N and
then

ME(A (@) I < mae (Ao ()72 + N (R K+ gllenae)?

for x € Q°. We will only concentrate on p > 3h, when 7,, = 0 outside 23;,. In that
case, for any y € Q \ Q°, either y & Q3 implying that

Ml (Arop) ] (y) = 0
or else y € Q3;, N (hAs) but
(8/2)|Anon(y)| < H + K.
It follows that as long as h € (0, hol, z € Q°, and p > 3h we have
(6.16) Mul(Arvp) ™ (@)]? S Nu72(H + K + ||gllorae)®.

If x is such that p(z) > 6Ah, take u = po A (p(x)/(2))), which is bigger than 3h
provided that h < po/3. In that case also

p(x) = 2X[p(x)/(2))] = 2Au,
so that n,(xz) = 1 and we conclude from (6.16) that

p(@)(Arun) () < NH + K + llglloray).

(6.17) (p(x) — 6AR) (D)~ () < NCH + K + [lgllonren)

for € Q° such that p(x) > 6A\h. However, the second relation in (6.17) is obvious
for p(x) < 6Ah.
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As a result of all the above arguments we see that (6.17) holds in hA for any r
whenever h € (0, ho.
Finally, since Pp[v,] < K in ), we have that

2071 (Avon) 1 < (5/2) > (Avn) -
_26_1 Z |57‘Uh| + (5/2)(’Uh)+ — 25_1(Uh)— + K,

r>1

which after being multiplied by p — 6k along with (6.17) and Lemma 6.3 leads to
(6.14) on hA,. As is explained in the beginning of the proof, this finishes proving
the lemma.

Proof of Theorem 6.1. Owing to Assumption 6.1 (iii), by Corollary 2.7 of [12],
which is applicable in light of Lemmas 6.3 and 6.4, there exists a constant M such
that for all sufficiently small h and z,y € R? we have

|on(2) — on(y)] < M(jz —y| + h).

Here Assumptions 6.1(iii) plays a crucial role.

After that our theorem is proved in exactly the same way as Theorem 8.7 of
[10] on the basis of Lemmas 6.3 and 6.4 and the fact that the derivatives of v are
weak limits of finite differences of vp, as h | 0 (see the proof of Theorem 8.7 of [10]).
One also uses the fact that there are sufficiently many pure second order derivatives
in directions of the [;’s to conclude from their boundedness that the Hessian of v is
bounded. The theorem is proved.

7. Proof of Theorem 3.2. The functions H from Section 4 and P from Section
1 are instances of H and P from Section 6. To see this, of course, one has to change
the constant ¢ in Section 6 and renumber the I;’s in Section 1. We also take into
account that § < §/4 which allows us to match (4.1) and (4.2) with the requirements
of Assumption 6.1 (i). Furthermore, H = H. Therefore, Theorem 6.1 is applicable
and yields a unique v € C%1(Q) N O} (Q) such that v = g on N, estimates (6.3),
that is (1.3), hold true, and

max(H (v, Dv, v, )(11)s > Vin)(im)> ) P (0, DU, 0 115 0 V) (1)) — K] =0

in © (a.s.). In light of the construction of H and F in Section 4 this equation coincides
with (1.2), so that the only remaining assertions of Theorem 3.2 to prove are that for
p>d

(7.1) lvlwz@) < Np(H + K +[lglwz@)

and estimate (1.5) holds. The latter follows from other assertions of Theorem 3.2 by
Remark 1.3, so that we may concentrate on (7.1).
Observe that

max(H (u,z), P(u) — K) = P(u) + G(u, z),

where G(u,z) = (H(u,x)— P(u)+ K)1 — K and, owing to condition (3.13), G(u,x) =
—-Kif

K(D luigl + Y lwil) > H+ K.
,J i
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If the opposite inequality holds, then
(72) |G| < |H(u,z) - HO,2)| + [P@w)|+ H + K < N(H + K),

where N depends only on § and d. It follows that the inequality between the extreme
terms in (7.2) holds for all v and x. This allows us to apply Theorem 1.2 of [5] and
shows that (7.1) holds if v € W2(Q) or if w := v — g € W2(Q). In light of (1.3) it
suffices to show that w € W2 (D N Q), where D is a neighborhood of €.

To prove the latter we use the fact that, according to (3.14), in a neighborhood
D of 99 intersected with €2 the function w satisfies the equation

(7.3) max(Au—u+Ag—g,Plu+g]— K)=0,

in which the left-hand side is given by a convex function of u and its derivatives. We
may certainly assume that D € C? and then, by relying on (1.3), find a ¢ € C§°(Q)
such that (w = w on (DN and (w € WZ2(DNQ). Then due to Theorem 1.2 of [5]

equation (7.3) with boundary condition v — (w € I/TO/ZQ)(D N Q) has a (unique) solution
ueW2(DNQ).

By uniqueness of Wd2’ loc
and the theorem is proved.

(DNQ)NC (D N Q)-solutions we obtain w = u € W7 (DNQ)
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