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THE TRUNCATED MATRIX HAUSDORFF MOMENT PROBLEM*

SERGEY M. ZAGORODNYUKT

Abstract. In this paper we obtain a description of all solutions of the truncated matrix Hausdorff
moment problem in a general case (no conditions besides solvability are assumed). We use the basic
results of Krein and Ovcharenko about generalized sc-resolvents of Hermitian contractions. Necessary
and sufficient conditions for the determinateness of the moment problem are obtained, as well. Several
numerical examples are provided.
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1. Introduction. In this paper we analyze the following problem: to find a
non-decreasing matrix-valued function M (z) = (my; (:E))kNj_zlo on [a,b], which is left-
continuous in (a,b), M(a) = 0, and such that

b
(1) / 2"dM(x) = Sy, n=0,1,..,¢,

where {S,}_, is a prescribed sequence of Hermitian (N x N) complex matrices,
N e N, ¢ € Z,. Here a,b € R: a < b. This problem is said to be the truncated
matrix Hausdorff moment problem. If this problem has a unique solution, it is
said to be determinate. In the opposite case it is said to be indeterminate.

In the scalar case this problem was solved by Krein, see [1] and references therein.
The operator moment problem on [—1, 1] with an odd number of prescribed moments
{8, }24 , was considered by Krein and Krasnoselskiy in [2]. Among other results, con-
ditions for the solvability of the moment problem were obtained there. The operator
moment problem on [0, 1] with an arbitrary number of given moments {S,}!,_, was
considered by Ando in [3]. In particular, conditions for the solvability of the moment
problem were derived.

Recently, a detailed investigation of the matrix moment problem (1) by matrix
methods was done by Choque Rivero, Dyukarev, Fritzsche and Kirstein, see [4], [5].
These authors used the Potapov method for interpolating problems which was en-
riched by the Sachnovich method of operator identities.

Set
So ST ... Sk
. S1 Sy ceo Skt
2)  Tw=0ii)ij=o=| . . . . , k€Zy:2k<
Sp Spir ... Son

(3) fk = (7abSi+j + (a + b)SiJerrl — SiJerrQ),ﬁ;:lO, keN: 2k </

If we choose an arbitrary element f = (fo, f1,..., fzv—1), where all fj are some poly-
nomials and calculate f: fdM f*, one can easily deduce that

(4) I,>0, keZy: 2k<L.
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In the case of an odd number of prescribed moments ¢ = 2d, the result of Choque
Rivero, Dyukarev, Fritzsche and Kirstein states that conditions

(5) Ly>0, Ty >0,

are necessary and sufficient for the solvability of the matrix moment problem (1),
see [5, Theorem 1.3, p. 106]. In the case I'y > O,f‘d > 0, they parameterized all
solutions of the moment problem by a linear fractional transformation where the set
of parameters consisted of some distinguished pairs of meromorphic matrix-valued
functions. In the case [a,b] = [—1,1], conditions (5) were obtained by Krein and
Krasnoselskiy in [2]. In the case [a,b] = [0,1], conditions (5) were established by
Ando in [3].

Set

(6) Hi = (—aSiyj+Sivjs1) gy Hi = (bSis;—Sitjs1)¥ o, k€ Zy: 2k+1 < L.

In the case £ = 2d + 1, the result of Choque Rivero, Dyukarev, Fritzsche and Kirstein
states that conditions

(7) Hy >0, Hy >0,

are necessary and sufficient for the solvability of the matrix moment problem (1),
see [4, Theorem 1.3, p. 127]. In the case Hy > O,ﬁd > 0, they parameterized
all solutions of the moment problem by a linear fractional transformation. The set
of parameters consisted of some distinguished pairs of meromorphic matrix-valued
functions. In the case [a, b] = [0, 1], conditions (7) were obtained by Ando in [3]. The
scalar truncated Hausdorff moment problem was also studied in [6], [7], [8].

In this work we shall study the truncated matrix Hausdorff moment problem (1)
by virtue of the operator approach. The operator approach to the moment problem
originates from the papers of Neumark [9], [10] and Krein, Krasnoselskiy [2] (see the
remarkable books [11], [12] for more references). Different versions of the operator
approach appeared afterwards. Our approach in this paper is close to the ”pure
operator” approach of Szokefalvi-Nagy and Koranyi to the Nevanlinna-Pick inter-
polation problem [13], [14]. As usual, the moment problem (1) generates a positive
definite kernel constructed by the prescribed moments. Then the well-known con-
struction [14, p.177] provides a Hilbert space and a sequence of elements in it such
that the kernel is generated by the scalar products of these elements (see more precise
statements below). This construction goes back to the paper of Gelfand, Naimark [15].
A similar construction, from the point of view of linear functionals on *-algebras, is
called the Gelfand-Naimark-Segal construction (GNS-construction) [16]. Also a simi-
lar construction can be found in the book of Berezansky and Kondratiev [17, pp. 401,
418, 432]. We also refer to a survey of Fuglede [18, Section 5] (see also [19]).

After the construction of a Hilbert space, we consider the shift operator in it.
The generalized resolvents of this operator are in a bijective correspondence with
the solutions of the moment problem. This situation is similar to the situation in
the case of the scalar Hamburger moment problem studied in the above-mentioned
works. However all that works used orthogonal polynomials and the Jacobi matrix
related to the Hamburger moment problem. Therefore it was not possible to study the
degenerate case of the moment problem in this framework. Lately, we showed that the
Hamburger moment problem can be studied using generalized resolvents both in the
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nondegenerate and degenerate cases, see [19]. In particular, the Nevanlinna formula
for solutions was derived.

Our goal here is to describe all solutions of the matrix moment problem (1) in
a general case. This means that no conditions besides the solvability of the moment
problem will be assumed. Firstly, we study the case of an odd number of prescribed
moments ¢ = 2d. Then we shall reduce the case of an even number of moments ¢ =
2d+1 to the previous case (d € Z. ). In our investigation we shall use the basic results
of Krein and Ovcharenko on generalized sc-resolvents of Hermitian contractions, as
well as Krein’s theory of self-adjoint extensions of semi-bounded symmetric operators,
see [20], [21], [22]. The necessary and sufficient conditions for the determinacy of the
moment problem (1) (in the both cases ¢ = 2d and ¢ = 2d + 1) are obtained, as well.
Several numerical examples are provided.
Notations. As usual, we denote by R, C,N,Z, Z, the sets of real numbers, complex
numbers, positive integers, integers and non-negative integers, respectively. The space
of n~-dimensional complex vectors a = (ag, a1, - . ., an—1), will be denoted by C*, n € N.
If a € C™ then a* means the complex conjugate vector. For a complex matrix M, by
MT we mean its transposed matrix. By IP we denote the set of all complex polynomials
and by P4 we mean all complex polynomials with degrees less or equal to d, d € Z,
(including the zero polynomial). Let M (z) be a left-continuous non-decreasing matrix
function M (z) = (mk7g(x))g[:10 on R, M(—o0) = 0, and mpr(z) := ZkN:_Ol My k(T);
U(z) = (dmk,g/dTM)gl;lo. We denote by L?(M) a set (of classes of equivalence) of
vector functions f : R — CV, f(z) = (fo(), f1(x),..., fn_1(x)), such that (see,
e.g., [23])

110y = [ )W) @)dran(o) < .
The space L?(M) is a Hilbert space with the scalar product

(F.9) 120 = / F@)U(@)g* @dr(x),  f.g€ LA(M).

For a separable Hilbert space H we denote by (-,-)g and || - || the scalar product
and the norm in H, respectively. The indices may be omitted in obvious cases.

For a linear operator A in H we denote by D(A) its domain, by R(A) its range,
and by A* we denote its adjoint if it exists. If A is bounded, then ||A|| stands for
its operator norm. For a set of elements {z,},ep in H, we denote by Lin{z, }necp
and span{z, },cp the linear span and the closed linear span (in the norm of H),
respectively. Here B is an arbitrary set of indices. For a set M C H we denote by M
the closure of M in the norm of H. By Fy we denote the identity operator in H, i.e.
Epyx =z, x € H. If Hy is a subspace of H, by Py, = P,{,{ we denote the operator
of the orthogonal projection on Hy in H. A set of all linear bounded operators which
map H into H is denoted by [H].

2. The case of an odd number of prescribed moments: a description
of all solutions and the determinacy. We shall use the following important fact
(e.g. [14, p.177]):

THEOREM 2.1. Let K = (Kp )y, meo > 0 be a positive semi-definite complex
((r+1) x (r+1)) matriz, r € Z,. Then there exist a finite-dimensional Hilbert space
H with a scalar product (-,-) and a sequence {x,}},_, in H, such that

(8) Kpm = (Tn, Tm), n,m=0,1,...,r,
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and span{z, }I_, = H.

Proof. (We place the proof for the convenience of the reader). Let {z,}}_, be an
arbitrary orthonormal basis in C". Introduce the following functional:

(9) [Iay]: Z Kn,manﬁa

n,m=0

for z,y € C™,

r r
T = Z nTn, Y= Z bnTm, an, by €C.

n=0 m=0

The space C™ equipped with [-, -] will be a quasi-Hilbert space. Factorizing and making
the completion we obtain the required space H (e.g. [12, p. 10-11]). O

Consider the matrix moment problem (1) with ¢ = 2d, d € N. Suppose that 'y > 0

(this condition is necessary for the solvability of the moment problem). Let T'y =
(d+1)N—1

(’yd;n7m)n,m:0 , Ydin,m € C. By Theorem 2.1 there exist a finite-dimensional Hilbert
space H and a sequence {xn}fldiblw_l in H, such that
(10) (@n, Tm) = Vdsn,m, n,m=0,1,..,(d+1)N -1,

and span{xn}ndiblw_l = Lin{xn}gﬁblw_l = H. Notice that
(]-]-) ’}/d;rNJrj,tNJrn:S}];fta Og.]anSN*]-, Og'l’,tgd,

where

Su= (BN, nezy,

n

are the given moments. From (11) it follows that

(12)

VYd;a+N,b = Vd;a,b+N a:TN+j7 b:tNﬁ*Tl,OSj,nSN*]., Ogratgd*]-
In fact, we can write

_ _ I _ _
Yd;a+N,b = Vd;(r+1)N+jtN+n = Sppt+1 = Vd;rN+4,(t+1)N+n = Vd;a,b+N-

Set H, = Lin{xz, }%¥;!. We introduce the following operator:

n=0
dN—1 dN—1
(13) Az = Z QRTELN re€H,, v= Z apxr, ap € C.
k=0 k=0

The following proposition provides conditions for the operator A to be correctly de-
fined.

PROPOSITION 2.1. Let the matrix moment problem (1) with £ = 2d, d € N, be
given and conditions (5) hold. Then the operator A in (13) is correctly defined and
the following operator:

2 a+b

A
b—a b—a

(14) Br = Eg,  xe€H,,
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is a contraction in H (i.e. |B|| < 1). Moreover, the operators A and B are Hermitian.

Proof. Let the matrix moment problem (1) be given and condltlons (5) be satis-
fied. Then the moment problem has a solution M (x) = (my ¢(2))N ., 1—o- Consider the
space L?(M) and let @ be the operator of multiplication by an independent variable
in L?(M). The operator @ is self-adjoint and its resolution of unity is (see [23])

(15) Ep — Ea = E([a,)) : h(2) = Xa,p) (2)h(),

where x[4,5)(2) is the characteristic function of an interval [a, b), —oo < a < b < 4-o0.
Set € = (0k,0,0k,1,---,0k,n—1), for k=10,1,... N —1 (here d; ; is Kronecker’s delta).
A set of (classes of equivalence of) functions f € L?(M) such that (the corresponding
class includes) f = (fo, f1,.--, fn—1), fj € Pa, 0 < j < N — 1, is denoted by PA(M).
It is called a set of vector polynomials of order d in L?(M). Set Lz,o(M) =P3(M).
Since P2(M) is finite-dimensional, we have Lfl,O(M) =P%(M).

For an arbitrary polynomial (in a class) from P%(M) there exists a unique repre-
sentation of the following form:

N-1

d
(16) f(z) = Zak,jxjé'k, ag,; € C.
k=0 j=0

Let a polynomial g € P%(M) have a representation

N-1 d
(17) g() =Y Br,a"é, B, eC.
£=0 r=0

We can write

N-1 d N-1 d

(f9ean= Y. Y. ak]5€7/$J+7ede > an B
k,£=0 j,7=0 k,¢=0 j,r=0
N-1 d
(18) /ijermk f( Z Qg jﬂf TS]_H«-
R k,£=0 j,r=0

On the other hand, we can write

d d N—1 N-1 d
E ak,jxjNerg E BerTrNe = E E ki Ber(TjN+E, TrNte)H =
=0

=0 k=0 r=0 ¢= g k=04jr=0

=

-1

=
Il

N— d N-1 d
— ke
(19) Z Z Qi B VagN+kaN+e = D Y WSy,
k,6=0 j,r=0

k,0=07,r=0

where the space H and the elements {x)} were constructed before the statement of
the Proposition. From relations (18),(19) it follows that

d N—1
Qe jTiN+ks Z Z Be,rTrN+e
=0

0 r=0 (=

=

-1

d
(20) (fo9rzan =D

7=0

=
Il

H
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Set
d N—1
(21) VE=Y Y akjzinn
=0 k=0

for f(z) € PA(M), f(z) = kN;Ol Zj:o ay ;1 €, ay,j € C.
If f, g have representations (16),(17), and || f — g[/2(ar) = 0, then from (20) it follows
that

V=Vl =V (=9, V(f—9)a=(f—9,f =Dz = If = glli2ar) = 0-

Thus, V is a correctly defined operator from P%(M) to H.
Relation (20) shows that V is an isometric transformation from PZ%(M) onto

Lin{mn}i(:]\gﬂ)_l. Thus, V is an isometric transformation from L3 (M) onto H.
In particular, we note that

(22) Vol ey = 2Ntk 0<j<d;, 0<k<N-1.

Set Lg,l(M) = L*(M) o L3’O(M), and U :=V @ Erz (- The operator U is an
isometric transformation from L?(M) onto H & L3 (M) =: H. Set

(23) A:=UQU .
The operator Aisa self-adjoint operator in H. Notice that
UQU 'jnik = VQV 'awjngn = VQal ey = Val ey = 211y vk = Tjintrtn,
0<j<d-1; 0<k<N-1

By the linearity we get

dN—-1 dN—-1
UQU71Z: E QRLTE4N, r€ H,, v= E agxk, ai € C.
k=0 k=0

Consequently, the operator A in (13) is correctly defined, Hermitian and
(24) A=Aly,,

i.e. A is the operator A restricted to the subspace H,. Since A is self-adjoint, the
operator A is Hermitian.
Consider the following operators:

2 a-+b
(25) R::bfaQ_bfaElg(M),
. 2 ~ a-+bd
26 B:=URU!'= A———F-.
( ) b—a b—a H

Define an operator B by the equality (14). From (24),(26) we get

(27) B =DB|y,.
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For an arbitrary f € D(R) = D(Q) we can write

b
2 a+b
1Ry = |

b—a b—a

F(@)dM () f* (z) < / f(@)dM (2) F*(x) =

= |I1I%,

and therefore the operators R, B and B are contractions. Since R is Hermitian, the
operators B, B are Hermitian, as well. O

Let us continue our considerations before the statement of Proposition 2.1. In
what follows we shall assume that conditions (5) are satisfied. Therefore the operators
A in (13) and B in (14) are correctly defined Hermitian operators and || B| < 1.

Let E be an arbitrary self-adjoint extension of B in a Hilbert space H O H. Let
R.(B) be the resolvent of B and {E)}rer be an orthogonal resolution of unity of
B. Recall that the operator-valued function R.: R.h = PR, (Bs)h7 h € H, is said

to be a generalized resolvent of B, z € C\R. The function Ey: Eyh = PII}[E)\h,
A € R, h € H, is said to be a spectral function of the symmetric operator B
(e.g. [24]). There exists a bijective correspondence between generalized resolvents
and (left-continuous or normalized in another way) spectral functions established by
the following relation ([25]):

(28) (RZfag)H = /]R %d(E)\fag)H7 f7g € H7 KA (C\R

In order to obtain the spectral function by relation (28), one should use the Stieltjes-
Perron inversion formula (e.g. [11]).

In the case when EAiS a self-adjoint contraction, the corresponding generalized resol-
vent R,: R h = PgRZ(ﬁ)h, h € H, is said to be a generalized sc-resolvent of B,
see [20], [21]. The corresponding spectral function of B is said to be a sc-spectral
function of B. By Krein’s theorem [22, Theorem 2, p. 440], there always exists a
self-adjoint extension B of the operator B in H. This extension has the norm | B||.
Therefore the sets of generalized sc-resolvents and sc-spectral functions are non-empty.
_ Let B be an arbitrary self-adjoint contractive extension of B in a Hilbert space
H D H. Let

1
(29) B= / \E},
-1

where {EA} be the left-continuous in [—1, 1), right-continuous at the point 1, constant

outside [—1, 1], orthogonal resolution of unity of B.
Choose an arbitrary o, 0 < o < d(N+1)—1,a =rN+j,0<r <d,0<j < N-1.
Notice that

To = TrNyj = AT_n)Ntj = o = AT,

Then choose an arbitrary 8, 0 < 8 < d(N+1) -1, 8 =tN+n, 0 <t < d,
0<n <N —1. Using (11) we can write

Jjn _ _ t
870t = VdrN+j,tN+n = (TrN+j, TeNyn)H = (A2, Al ) g =
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b—a a+b " b—a a-+b t
= B N _
<( 5 + 5 EH) x],( 5 B+ 5 EH) Ty
H
b—a~ b\ = b\~
<< QGBJFG;r Eﬁ> :cj,:nn) :/ ( 2a)\+a;r ) d(Exzj, on) g
~ -1

1 r4+t
b—a a-+b &~
:/ ( A ) d(PHExz;,20) 5.

Set
(30) Mjn(@) = (PHE 2, wnjen)n,  0<jn<N-1,
Then
_ b
(31) si’ft:/ " dm; . (z), 0<jn<N-1,0<rt<d.
a

By relation (31) we conclude that the matrix-valued function M (z) = (ﬁl]n(x))év;io
is a solution of the matrix Hausdor{f moment problem (1) (Properties of the orthogonal
resolution of unity provide that M (z) is left-continuous in (a, b), non-decreasing and

M(a) = 0).

THEOREM 2.2. Let the matriz moment problem (1) with ¢ =2d, d € N, be given
and conditions (5) be true. All solutions of the moment problem have the following
form
(32)

M(z) = (mjyn(x))fgzlo, mjn(z) = (Eﬁm,%%’,mn)m 0<jn<N-1,
where E, is a left-continuous in [—1,1), right-continuous at the point 1, constant
outside [—1,1] sc-spectral function of the operator B defined by (14).

Moreover, the correspondence between all solutions of the moment problem and left-
continuous in [—1,1), right-continuous at the point 1, constant outside [—1,1] sc-
spectral functions of B in (32) is one-to-one.

Proof. Choose an arbitrary left-continuous in [—1,1), right-continuous at the
point 1, constant outside [—1, 1] sc-spectral function E, of the operator B from (14).
This function corresponds to a resolution of umty {EA} of a self-adjoint contraction
B D B in a Hilbert space H D H: E,h= PHE h, h € H. Considerations before the
statement of the Theorem show that formula (3 ) defines a solution of the moment
problem (1).

On the other hand, let M(z) = (my ;(z ))kNj_lo be an arbitrary solution of the
matrix moment problem (1). Proceeding like at the begmmng of the proof of Propo—
sition 2.1, we shall construct a self-adjoint contraction B DO B in a space H O H.
Repeatmg arguments before the statement of the Theorem, we obtain that the func-

tion M( ) = (m],n(:c))fnzlo, where m; ,(z) are given by

(33) My (z) = (PgEbzax_%xj,xn)H, 0<jn<N-1,
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is a solution of the Hausdorff matrix moment problem. Here {E)} is the left-

continuous in [—1,1), right-continuous at the point 1, constant outside [—1,1], or-

thogonal resolution of unity of B.
Let us check that M (z) = M(x). Choose an arbitrary z € C\R, X € [-1,1], and k, j:
0<k,j<N—1. We may write

1 1
1 b—a a+b 1 i
dmg ;| ——A = —d(Pg E ;
/,1)\—2 mkd( 7 T ) /,1)\—2 (Piy Bt %) n
1y R 1oy
/_1 TNk ) g = (/_1 —)\ZdEkxlmxj)ﬁ
-1 ' 1 ) -1 ' 1 -1 775 =
=(U —dE,\IL'k,U Z; = —dU EAUek,ej
L A—z L2(M) 1Az L2(M)

1
1 L. 1o =
_ </ )\—dER;)\ek, ].) = ((R*ZEL%M)) 1ek’€j)L2(M)
1A 2 L2(M)

b —1 b ~1
2 a+b - . 2 a+b
_/a (bax_ba_z) ede(x)ej—/a (bax A z) dmy, ;(x)
1
1 b—a a+b
- dmp; [ =22
/—1)\_2 mk7]< 2 " 2 >7

where {ER; A} is an orthogonal resolution of unity of the operator R. By the Stieltjes-
Perron inversion formula we conclude that

Z/W\(ac)zM(x), x € [a,b)].

Consequently, all solutions of the truncated matrix Hausdorff moment problem are
generated by left-continuous in [—1, 1), right-continuous at the point 1, constant out-
side [—1, 1] sc-spectral functions of B.

It remains to prove that different sc-spectral functions of the operator B produce
different solutions of the moment problem (1). Suppose to the contrary that two
different left-continuous in [—1, 1), right-continuous at the point 1, constant outside
[—1, 1] sc-spectral functions produce the same solution of the moment problem. This
means that there exist two self-adjoint contractions By 2 B, in Hilbert spaces Hy O H,
such that

(34) PIE,\ # PP B,

(35) (PglEl,,\xk,xj)H=(P52E27>\$k,acj)1{, 0<k,j<N-1, Xe[-1,1],

where {E, A }aer are orthogonal resolutions of unity of the operators B, n,f = 1,2.
Set Ly := Lin{zk}g;Ol. By the linearity we get

(36) (PglEl,)\zay)H = (PII;QEZA:E;?/)H; z,y S LN; A S [71, 1]
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Denote by Ry, » the resolvent of B,,, and set R, » = Pg" Ry xlm,n=1,2. By (36),(28)
we obtain that

(37) (Riyxz, ) = Ropz,y)m, x,y € Ly, XeC\R.
Choose an arbitrary z € C\R and consider the space H, := (B — zEy)H,. Since

R;.(B — z2Eg)x = (B; — zEg,) " (B; — 2Ey,)z = x, r € H, = D(B),

we get
(38) Ry ,u=Ry,u€ H, u€ H,;
(39) R .u =Ry u, u€e H,, z€C\R.

We may write

(R, u)i = (R 22,u)m, = (z, Ry zu)n, = (,Ryzu)n, * € H, u € Hz,

(40) n=1,2,

and therefore we get

(41) (Riz,u)g = (Roz,u)m, x € H, u€ Hz, z€ C\R.
Choose an arbitrary v € H, u = iZOJerl cpxk, cx € C. Consider the following
system of linear equations:
b
(42) <Z+ +z)dkck, k=0,1,...N—1;
—a

(43)

b
dg—N — &Jrz d = cy, k=N,N+1,...,dN+ N —1;
b—a b—a

where {dk}gﬁg N=1 are unknown complex numbers, z € C\R is a fixed parameter,
a,b are from (1). Set

dy =0, k=dN,dN+1,...,dN+ N —1;

b— b
(44) djp_y = 2“<<Z+ +z)dk+ck>, k=dN+N—1,dN+N—2,...,N;
—a

For the numbers {d;}¢Y V=1 all equations in (43) are satisfied. Equations (42)

are not necessarily satisfied. Set v = ZZ;—N—I dipxy = ZZO_I dixy. Notice that
v € Hy, = D(B). We can write
2 a+b
B-:zE = A— Ey —zE =
(B = zEm)v (ba B —> H)U

dN—1
2 a+b
= de(bafk+N—(m+Z)Ik):
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AN+N-1
2 b

= E dr—n — s + 2z |di | 2k,
b—a b—a

k=0
where d_1 = d_s = ... = d_xN = 0. By the construction of d; we have
N-1
a+b
(B—zEg)v—u= Y (— (ba +2) di —Ck) ks
k=0
N-1 atb
(45) u(BzEH)v+Z<<b_a+z)dk+ck>:ck, u€ H, ze C\R.
k=0

By (45) an arbitrary element y € H can be represented as y = yz + ¢/, yz € Hz,
y' € Ly. By (37) and (41) we get

(Rl,zx7y)H = (Rl,zxayf'i_ yl)H = (R2,2I5y7+ yl)H = (R272x7y)H7 T e LN) (/S H.
Thus, we obtain
(46) Ri .z =Ry .z, x € Ly, z€ C\R.

Choose an arbitrary x € H, z =z, + 2/, , € H,, 2’ € Ly. By relations (39),(46) we
obtain

(47) Ri.z =Ri.(x, +7) =Ro.(z, +2') = Ro .z, x € H, z€ C\R.

By (28) that means that the corresponding (left-continuous in [—1,1), right-
continuous at the point 1, constant outside [—1,1]) sc-spectral functions coincide
and we obtained a contradiction. O

Let us return to the considerations before the statement of the last theorem.
We shall use some known important facts about sc-resolvents, see [20], [21]. Set
D =D(B), R=HoD. A set of all self-adjoint contractive extensions of B inside H,
we denote by By (B). A set of all self-adjoint contractive extensions of B in a Hilbert
space HD H, we denote by B (B). As it was already mentioned, the set By (B) is
non-empty. There are the "minimal” element B* and the "maximal” element BM
in this set, such that By (B) coincides with the operator segment

(48) B* < B< BM,

In the case B* = BM the set By (B) consists of a unique element. This case is said
to be determinate. The case B* # B is called indeterminate. The case Btz #
BMz, 2 € R\{0}, is said to be completely indeterminate. The indeterminate case
can be always reduced to the completely indeterminate. If Rg = {x € R : Btax =
BMz}, we may set

(49) B.x = Bx, x € D; B.x = Bz, v € Ry.

The sets of generalized sc-resolvents for B and for B, coincide ([21, p. 1039]).
Elements of B (B) are canonical (i.e. inside H) extensions of B and their resolvents
are called canonical sc-resolvents of B. On the other hand, elements of Bz (B) for
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all possible HDH generate generalized sc-resolvents of B (we emphasize that the

space H is not fixed). The set of all generalized sc-resolvents we denote by R¢(B).
Set

(50) C =BM — B,

(51) Qu(z) = (C%R;‘;C% + EH) ‘R 2 e C\[-1,1],

where RY = (B* — zEg) L.
An operator-valued function k(z) with values in [R] belongs to the class Rg[—1, 1] if
1) k(z) is analytic in z € C\[—1,1] and
Im#k
m7(Z)§0, z€C: Imz#0;
Imz
2) For z € R\[—1,1], k(2) is a self-adjoint non-negative contraction.
In the completely indeterminate case, assuming that the restricted to R operator
C has a bounded inverse defined on the whole R, we come to the following theorem.

THEOREM 2.3. (/21, p. 1053]). The following equality:
(52) RS = R — REC?k(2) (Er + (Qu(2) — Er)k(2)) ™' O RE,

where k(z) € Rr[—1,1], RS € R°(B), establishes a bijective correspondence between
the set Rr|—1,1] and the set R°(B).

Moreover, the canonical resolvents correspond in (52) to the constant functions
k(z)=K, K € [0, Er].

Set Ly = Lin{:ck}kN:_Ol. Define a linear transformation G from CV onto Ly by
the following relation:

(53) Gey, = zy, k=0,1,... N —1,

where € = (00,%,01,k; -, ON—1,%). Using Theorem 2.2 and Theorem 2.3 we obtain the
following result.

THEOREM 2.4. Let the matriz moment problem (1) with £ = 2d, d € N, be
given and conditions (5) hold. Let the operator B be defined by (14). The following
statements are true:

1) If B* = BM | then the moment problem (1) has a unique solution. This
solution is given by
(54)
M(x) = (myn@) Yl myn(a) = (B,

j,m=0> . %Hmjaxn)H; OgjanSNf]-a

where {EL'} is the left-continuous in [—1,1), right-continuous at the point 1,
constant outside [—1,1], orthogonal resolution of unity of the operator B*.
2) If B* # BM | define the extended operator B by (49); R. = H & D(B.) and

(2) = (C%R’;C% + EH) ‘R , z € C\[-1,1]. An arbitrary solution M (-) of

H
the moment problem can be found by the Stieltjes-Perron inversion formula
from the following relation

/1 Ly ((b—a)t;—(a—i—b))

1 t—=z
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(55) = A(2) = C(2)k(2)(Er, + D(2)k(2)) "' B(2),

where k(z) € Rg_ [—1,1], and on the left-hand side one means the matriz of
the corresponding operator in CN. Here A(z),B(2),C(2),D(z) are analytic
operator-valued functions given by

(56) A(z) =GP RiPE G: CN —»CV,
(57) B(z)=C:R'PE G CN > R,,
(58) C(z) = G*PfL RECE - R, — CV,
(59) D(z) = Q,(2) — Er. : Re = Re.

Moreover, the correspondence between all solutions of the moment problem
and k(z) € Rg,[—1,1] is one-to-one.

Proof. Consider the case 1). In this case all self-adjoint contractions B2 B
in a Hilbert space H O H coincide on H with B¥, see [21, p. 1039]. Thus, the
corresponding sc-spectral functions are spectral functions of the self-adjoint operator
B# as well. However, a self-adjoint operator has a unique (normalized) spectral
function. Thus, a set of sc-spectral functions of B consists of a unique element. This
element is the spectral function of B*.

Consider the case 2). By Theorem 2.2 and relation (28) it follows that an arbitrary
solution M (t) = (mj,n(t))é\%_:lo of the moment problem (1) can be found from the
following relation:

1oy B
/1tzdmj,n((b a)t;—(a—l—b)):(szj,xn)H’ 0<jn<N-1; ze C\R.

where R, is a generalized sc-resolvent of B. Moreover, the correspondence between
the set all generalized sc-resolvents of B (which is equal to the set of all generalized
sc-resolvents of B.) and solutions of the moment problem is bijective. Notice that
B* = B and BM = BM. By Theorem 2.3 (for the operator B.) we may rewrite the
latter relation in the following form:

/_11 tizdmj,n ((b_ “)t; (a+b))

= ({BY - RECHR()(Br, +(Q)(2) = B )R(=) ' CHRE . 2,)

— (¢* { P REPE, — PERECHK(2) (xR,

(60) Q=) — Bro k(=) "OLRLPL [ GEen)

where k(z) € Rgr,([-1,1]). Introducing functions A(z), B(z),C(z),D(z) by formu-
las (56)-(59) one easily obtains relation (55). O
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REMARK 2.1. Observe that the function B(z) in relation (57) can be not invertible
for all z € C\R. The corresponding example will be given below.

REMARK 2.2. Observe that the relation (55) holds for the case B* = BM | as
well. In this case, the class Rg_([—1,1]) consists of a unique function k(z) = 0.

ExaMpPLE 2.1. Let £ =2d,d=1, N=2,a=—-1,b=1, and

10 0 0 10
oo v) m=(00) =)

Consider the moment problem (1

~—

with moments Sp, S1,S2. In this case

=~ 0 0

and therefore the moment problem has a solution.
Choose H = C3, and xj, = €, 0 < k < 2; 23 = 0. Here &, = (0o k, 1.k, 02,%). In this
case, we have:

Ly = Lin{zy}y ' = Lin{€, &1} = D(A) = D(B), R = Lin{é,},

' =

[l
o O = O
o= O o
o O oo

and the operator B = A has the following matrix representation in the basis {€x}2_:

0 0 =«
B=Brois—o=| 0 0 * |,
1 0

where * means that the corresponding value is not defined. If BOBisa self-adjoint
contractive extension of B in H, then its matrix representation should be of the form:

_ _ 0 0 1
B = (Bk,é)i,e:o = 00 0 ’
1 0 w
and
1 0 1 1 0 -1
0 1 0 >0, 0 1 0 > 0.
1 0 w+1 -1 0 1—-w
In particular 1 1 =w >0: 1 -1 = —w > 0, and therefor =0
particular, | w41 =w=>0 4, _ |F-w=20a erefore w = 0.

Thus, there exists a unique self-adjoint contractive extension

B* = BM =

= o O
o O O

1
0
0

The direct calculation shows that for z € C\R we have

—Z 0 1 - l—Zz2 O ﬁ
RF=(B"—zEg)'=| 0 -2 0 = 0o -1 0
1 0 —=z L 0 £
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By (54) we may write

1
1 .
/ = dej,n(t) = (Rtzj,zn)m, 0<jn<Ll
1

In particular we have

1 1
1 z 1 1 1 1
/ dmoﬁo(t) = 5 = + / dmm(t) = -,

1t—z 1—z 2(1—2)  2((-1)—2)’ 1 t—z z

and mg,1(t) =0, my,0(t) = 0. Therefore the unique solution of the moment problem
is given by

M(t) = ( mog(t) mli(t) ) :

where moo(t),m1,1(t) are left-continuous in (—1,1) and piecewise constant,
mo,0(—1) = my1(—1) = 0. The function mg,o(t) has jumps equal to 3 at points
—1 and 1. The function my ;(¢) has a jump equal to 1 at the point 0.

EXAMPLE 2.2. Let £ =2d,d=1, N=2,a=—-1,b=1, and

(10 (00 ([t 0
=0 v) (o) ==(iv)

Consider the moment problem (1) with moments Sy, S1, S2. In this case

1 ) >0,
and therefore the moment problem has a solution.
Choose H = C3, and 2, = €, 0 < k < 1; 29 = %é’g, xz3 = 0. Here
€r = (00,k, 01k, 92,%)- In this case, we have:

I =

oo o
o O = O
ow— O O
o O oo

\

=
sl

I
7N
O wln
(an)

Ly = Lin{z}2 ' = Lin{éy, &} = D(A) = D(B), R = Lin{é,},
and the operator B = A has the following matrix representation in the basis {€x}2_:

0 0 =x
B = (Br)i =0 = (1) 0
7 0

where * means that the corresponding value is not defined. If BOBisa self-adjoint

contractive extension of B in H, then its matrix representation should be of the
following form:

1

~ V3

0
(61) B = (Bi)i im0 = (1)
=

o o O

0
w
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and
1 1
L0 7 L0 =5
(62) 0 1 0 >0, 0 1 0 > 0.
1 1

Calculating all principal minors of the latter matrices we obtain that relation (62)
holds iff w € [—2, 2]. Therefore

—33
1 1

007§ OOE 0 0 O

B = 0o o o |, BM=| 0o o 0 |,c=(0 0 0 ],

1 2 1 2 4

0 73 03 003

and B, = B. By the direct calculation for z € C\R we obtain

1 -1 - ZJr% 1
—2 0 7 (z+1)(z—3) 0 V3(241)(2—3)
R = 0 -z 0 = 0 -1 0
% 0 7% _ 1 N

V3(z+1)(z— 1) - HDGE-3)

Notice that dim C¥ = 2 > dim R = 1, and therefore the operator B(z) defined by (57)
will be not invertible for all z € C\R. Let iy = (1,0),d; = (0,1) € C2. Then we may
calculate

2

B(2)(§otlo + &1i1) = 3G+ D=1
3

§o€2, 0,6 €C,

C(z)aey = ——— iy, «a€C,

_i 0
A(z) = GIGE=D  C ],

PEE = ~5 oy BT
Then
((A(z) —C(2)k(2)(Er, + D(z)k(z))*lB(z)) i, ﬁ‘))@
. z+2 B 4 ; I - ; !
ey wrre e (e )
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Therefore an arbitrary solution M(t) = (my ;(t))} may be obtained from the

n,j=0>
following relations:

/1 1 dmo o(t)

11—z

_ oz +E 4 a1 !
CrDGE_D) 9<z+1>2<z§>2k”(1 3 e )> ’

where k(z) € Rr([-1,1]), z € C\R;
mo,l(t) = ml,o(t) = O7
and my 1(¢) is the same as in Example 2.1.

Consider the matrix moment problem (1) with ¢ = 0. In this case the necessary
and sufficient condition of the solvability is

(63) So > 0.
The necessity is obvious. On the other hand, if relation (63) is true, we can choose

(64) M) = 7—

So, HARS [a,b].

This function is a solution of the moment problem. Set

(65) M(m):2§i§5’o, xe[a,a;b}; M(z) = So, IG(GT—H),I)]

If Sy # 0, then M is another solution of the moment problem. Thus, in this case the
moment problem is indeterminate. On the other hand, if Sp = 0, then M (z) = 0 is
the unique solution of the moment problem.

Observe that a set of all solutions consists of non-decreasing matrix functions
M(z) on [a,b], left-continuous in (a,b), with the boundary conditions M (a) = 0,
M(b) = Sp.

THEOREM 2.5. Let the matriz moment problem (1) with £ = 2d, d € Z, be
given and conditions (5) hold where in the case d = 0 the second condition in (5)
is redundant. In the case d = 0, the moment problem is determinate if and only
if So = 0. In the case d € N, the moment problem is determinate if and only if
B* = BM where the operator B is defined by (14) and B*,BM are the corresponding
extremal extensions of B.

Proof. The first statement of the theorem follows from the above considerations.
The second statement follows from Theorem 2.4, if we take into account that the class
Rr.([—1,1]), where dim R, > 0, has at least two different elements. In fact, from the
definition of the class Rr_([—1, 1]) it follows that k1(z) = 0, and k1 (z) = Er,, belong
to Rr,([-1,1]). O
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3. The case of an even number of prescribed moments: a description
of all solutions and the determinacy. Consider the matrix moment problem (1)
with ¢ = 2d 4+ 1, d € Z4. We shall use the following well-known lemma about the
block matrix (e.g. [26, p. 223]).

LEMMA 3.1. The block complex matriz

(66) T=[§‘* g]

is non-negative, T > 0, (here A and C are square complex matrices) if and only if the
following conditions hold:

1) A>0;

2) there exists a matriz solution X of the equation AX = B;

3) for the solution X the following relation holds: C — X*AX > 0.
If conditions 1)-3) are satisfied, then the value of X*AX does not depend on the choice
of X.

We shall need some conditions of the solvability of the moment problem which are
different from conditions (7). Of course, they are equivalent (however, we do not see
an easy way to show this equivalence without a reference to the moment problem (1)).

THEOREM 3.1. Let the matrix moment problem (1) with £ =2d+1, d € Z., be
giwen. The moment problem has a solution if and only if

(67) Iy >0; Ty>0,

and there exist matriz solutions X,Y of matriz equations

Sa+1 —abSy + (a + b)Sd+1 — Sat2

Sa+2 - —abSq41 + (a + b)Sd+2 — Sats
(68) 'y X = . , I'gY = . )

S2d+1 —abS2q—1 + (a + 0)S2q — S2d+1

and for these solutions X, Y the following relation hold:
(69) X*T4X < —abSaq + (a4 b)Sagi1 — Y*T3Y.

Here, in the case d =0, the second inequality in (67) and the second equality in (68)
are redundant, and in (69) the last term (Y*T'3Y ) should be removed.

Proof. Consider the matrix moment problem (1) with £ =2d+ 1, d € Z4. It has
a solution if and only if the moment problem with an odd number of moments

b b
(70) / x"dM(x) = Sp, n=0,1,...,2d + 1; / 224 T2dM (2) = Saayo,
a a

with some complex (N x N) matrix Saq4+2 has a solution. By (5) the solvability of
the moment problem (70) is equivalent to the matrix inequalities

(71) Tgg1 >0, Dapr > 0.
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If we apply to the latter inequalities Lemma 3.1, we obtain that solvability of (70) is
equivalent to the condition (67), existence of solutions X,Y of (68) and inequalities

(72) Soar2 > X*TgX, Ssarz < —abSaq+ (a+b)Sagy1 — Y TY.

Consequently, we obtain that the statement of the Theorem is true. O

THEOREM 3.2. Let the matriz moment problem (1) with ¢ = 2d+ 1, d € Zy,
be given and conditions (67),(68) and (69) hold. An arbitrary solution M (-) of the
moment problem can be found by the Stieltjes-Perron inversion formula from the fol-
lowing relation

1 t—=z

/1 L oyT ((b—a)t;—(a—i—b))

(73) = A(z;8) — C(2; S)k(z; S)(Er(s) + D(2;9)k(2; 8)) ' B(2; 9),

where k(z;5) € Rrs)[—1,1], § € [X*T4X, —abS2q + (a + b)S2q+1 — Y*de], and
on the left-hand side one means the matriz of the corresponding operator in CN.
Here A(z; S),B(2;5),C(z;5),D(2; S) are analytic operator-valued functions given by
relations (56)-(59) for the moment problem (1) with moments {Sy}374", Soqre = S.
Also, R(S) is the subspace R calculated for the latter moment problem.

Moreover, the correspondence between all solutions of the moment problem and pairs
k(z;S) € Rrs)[—1,1], S € [X*TaX, —abS2q+ (a+b)S2ay1 — Y*T'qY], is one-to-one.

Proof. The proof follows easily from the considerations in the proof of Theorem 3.1
and by applying Theorem 2.4 and Remark 2.2. 00

THEOREM 3.3. Let the matrix moment problem (1) with £ =2d+1, d € Z., be
given and conditions (67),(68) and (69) hold. The moment problem is determinate if
and only if the following two conditions hold:

1) X*T'y X = —abSsg + (a + b)52d+1 - Y*T';Y;

2) B* = BM | where B*,BM are extremal extensions of the operator B de-
fined by (14) for the moment problem (1) with moments {Si}ith!, Saqio =
X*T4X.

Proof. The proof follows directly from Theorem 2.4 and Theorem 3.2. O
ExampLE 3.1. Let £ =2d+1,d=0,N=1,a=—-1,b=1, and

So=1, 51 =0.

Consider the moment problem (1) with moments Sy, Sy. In this case o = Sp =1 > 0.
There exists a solution of I'yX = S; = 0: X = 0. Condition (69) is satisfied, as well.
Therefore the moment problem has a solution.

Choose an arbitrary S € [0,1] and consider the moment problem (1) with moments
So, 51,52 = S. It holds

10 ~
Fl_(o S)zo, Fi=1-S>0,

and therefore this extended moment problem has a solution.
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Case S = 0. In this case we may choose H = C, g = €y = (1), 21 = 0. Then
Ly = H, D(A) = D(B) = H, B = 0. Therefore B* = BM = B = 0, and the
moment problem is determinate. Then RY = — iE(c,

1
1 1
[ L=
1 t—=z z

and therefore M (t) coincides with the function mq ;(¢) in Example 2.1.

Case 0 < S < 1. In this case we may choose H = C?, 29 = &y = (1,0), 71 = N
V/S(0,1). Then Ly = Lin{éy}, D(A) = D(B) = Lin{€,}, R = Lin{é;}. The operator
B = A has the following matrix representation in the basis {€}}_,:

0 *
B = (Bk,f)ij:O = ( \/§ % > )

where * means that the corresponding value is not defined. If BOBisa self-adjoint
contractive extension of B in H, then its matrix representation should be of the form:

B = (Ek,e)i,z:o = ( \;% \?/ﬂg ) ’

(¢1§ w\ﬁ)ZO’ (1¢§ fﬁ)zo'

The latter relations hold iff

and

-1-5)<w<1-5.

Suppose that S = 1. In this case

B”:BM:Be:(

5e

— =
= (\/§ -z

—z \/5)1 ;(—z ~1

Then

1
1
/ AM(t) = ————,
1t—2 22 -1

and therefore M (t) coincides with the function mg (¢) from Example 2.1.
Suppose that 0 < .S < 1. In this case

BM<\?§ S\/_§1>’BM<¢O§ 1@5)’C<8 2(10_5)>;

and for z € C\R we have

-1 —z+5-1 _ VS
Ri— ( —z VS ) _ ( G=S)(zF1) =5)(=+1) )

_ _ S z
VS —z+8-1 TGo9F) G=9GTD
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Let C = Lin{do}, o = (1). Then

L 21-95)s __
B(z)&iy = — -9+ 1)561, £eC,
C(z)ae) = — 2= 5)S aty, aeC
1 (Z — S)(Z T 1) 05 )
z—S+1
A(Z)ﬂuo (Z S)(Z T 1)ﬂu07 ﬂ € (Ca
D(z)vé1 = — (22_(15)(5?1)751, yeC.

Then

((A(z) — C(2)k(2)(ERr, 4+ D(2)k(2)) "' B(z)) to, o) ¢

_ 2= S+1  21-8)s o 20-95 N\
ST Eo9GTD (25)2(z+1)2k()( PRI )) :

Therefore an arbitrary solution M (¢) (in the case 0 < S < 1), may be obtained from

the following relation:
|
/ dM(t)
1 t— =z

_z=S8+1  21-9)S a1 -85 -1
™ =96+ D (25)2(z+1)2()( R )) :

where k(z) € Rr([-1,1]), z € C\R.

Finally, the set of all solutions of the moment problem (1) with moments Sy = 1,
Sy = 0, consists of functions mg ¢(t), my,1(¢) from Example 2.1, and functions given
by relation (74), where k(z) € Rg([—1,1]), 0 < S < 1.

REMARK 3.1. It would be of interest to study the density questions for finite
sets of matrix polynomials by means of the truncated Hausdorff moment problem.
Also, the density questions for finite sets of complex polynomials on radial rays can
be studied in this framework (see [27]).
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