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POSITIVE STATIONARY SOLUTIONS AND SPREADING SPEEDS
OF KPP EQUATIONS IN LOCALLY SPATTALLY
INHOMOGENEOUS MEDIA*
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Abstract. The current paper is concerned with positive stationary solutions and spatial spread-
ing speeds of KPP type evolution equations with local (i.e. the standard Laplacian) or nonlocal or
discrete dispersal in locally spatially inhomogeneous media. It is shown that such an equation has
a unique globally stable positive stationary solution and has a spreading speed in every direction.
Moreover, it is shown that the localized spatial inhomogeneity of the medium neither slows down
nor speeds up the spatial spreading in all the directions.
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1. Introduction. The current paper is devoted to the study of spatial spread-
ing dynamics of species in locally spatially inhomogeneous environments or media.
Reaction diffusion equations of the form

(1.1) ue(t,2) = Au(t, ) +ult,z) fi(z,u(t,z)), z=cRY

are widely used to model the population dynamics of many species in unbounded
environments, where u(t,x) is the population density of the species at time ¢ and
location z, Awu characterizes the internal interaction of the organisms, and f;(z,u)
represents the growth rate of the population, which satisfies that fi(x,u) < 0 for
u > 1 and 9, f1(z,u) < 0 for u > 0 (see [1], [2], [9], [22], [24], [25], [40], [51], [67], [69],
[71], [72], [76], etc.).

When using (1.1) to model the population dynamics of a species, it is assumed that
the underlying environment is not patchy and the internal interaction of the organisms
is random and local (i.e. the organisms move randomly between the adjacent spatial
locations). In practice, the environments in which many species live may be patchy
and/or the internal interaction of the organisms may be nonlocal. To model the
population dynamics of a species in the case that the underlying environment is
not patchy but the internal interaction is nonlocal, the following nonlocal dispersal
equation is often used,

(12 wta) = [ st =ty - u(t.a) + uta) falwult o), @ R,

where k(-) is a smooth convolution kernel supported on a ball centered at the origin
(that is, there is a dp > 0 such that x(z) > 0 if ||z|]| < do, x(z) = 0 if ||z|| > o,
where || - || denotes the norm in RY and d, represents the nonlocal dispersal distance),
Je~ K(2)dz = 1, and fs(-,-) is of the same property as f in (1.1) (see [3], [10], [16],
[17], [18], [23], [27], [37], [39], [41], [42], etc.). Spatially discrete dispersal equations of
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the following form arise when modeling the population dynamics of species living in
patchy environments,

(13)  w(t,j) =Y arlult,j+k) —ult,j) +ult,j) fs(,u(t, ), jezv,
keK

where K = {k € ZV | ||k|| = 1}, ax(k € K) are positive constants, and f3(j,u) < 0 for
u>> 1 and 9, f3(j,u) <0 for u > 0 (see [22], [48], [51], [67], [68], [71], [72], [73], etc.).

Spatial spreading dynamics is one of the central dynamical issues of (1.1)-(1.3).
Roughly speaking, it is about how fast the population spreads as time evolves. E.g.,
letting H = RY in the case (1.1) and (1.2) and H = Z" in the case of (1.3), ¢ €
SN=1.={¢ e RY|||¢]| = 1}, and a given initial population ug satisfy for some g > 0
that ug(x) > oo for € H with z - § < —1 and ug(x) =0 for x € H with - & > 1
(x - £ is the inner product of z and ), how fast does the population invade into the
region with no population initially?

Since the pioneering works by Fisher [25] and Kolmogorov, Petrowsky, Piscunov
[40] on the following special case of (1.1)

(14) ut(ta 1') = uii(ta 1') + u(t,:c)(l - u(ta Z))a T € Ra

a vast amount research has been carried out toward the spatial spreading dynamics of
(1.1)-(1.3) with f;(-,-) (¢ = 1,2, 3) being independent of the space variable or periodic
in the space variable, which reflects the spatial periodicity of the media. See, for
example, [1], [2], [6], [38], [44], [45], [46], [58], [70], [71], etc. for the study of (1.1)
in the case that fi(x,u) is independent of x and see [5], [7], [26], [31], [35], [52], [54],
[65], [72], etc. for the study of (1.1) in the case that fi(z,u) is periodic in z; see
[20], [21], [43], etc. for the study of (1.2) in the case that fa(z,u) is independent of
x and see [33], [64], [65], [66], etc. for the study of (1.2) in the case that fa(z,u)
is periodic in z; and see [11], [12], [13], [36], [47], [71], [74], etc. for the study of
(1.3) in the case that f3(j,u) is independent of j and [28], [29], [30], [72], etc. for
the study of (1.3) in the case that f3(j,u) is periodic in j. In such cases, the spatial
spreading dynamics is quite well understood. For example, consider (1.1) and assume
that fi(x + piei,u) = fi(z,u) for i = 1,2,--- N, where p; (i = 1,2,---,N) are
positive constants and

e = (5i1,5i2,~~~ ,5iN), 51]:11fz:j and01f27é]

If the principal eigenvalue of the following eigenvalue problem associated to the lin-
earized equation of (1.1) at u =0,

(15) Au(z) + fi(z,0)u(z) = Mu(z), xRN
' u(z +piei) = u(z), z€RY,

is positive, then (1.1) has a unique positive stationary solution uf(-) with uf(-+p;e;) =
ui(-) and for any ¢ € SN=1 := {¢ € RV |||¢]| = 1}, (1.1) has a positive spreading
speed ¢ (€) in the direction of £ in the following sense (see Definition 2.1 for detail):
for any given bounded ug € C(RY,R") with liminf,.c oo uo(z) > 0 and ug(z) =0
forx-&>1,

htrglor.}fm.lgngfctul(t,x;uo) >0 Ve< (6
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and

limsup sup wu(t,z;up) =0 Ve > i(§),
t—oo x-£>ct

where wu (t, x;ug) denotes the solution of (1.1) with u(0,z;u9) = uo(z). Observe
that (1.1) has also traveling wave solutions which connect u}(-) and 0 and propagate
in the direction of & with speeds greater than or equal ¢f(¢) and there is no such
traveling wave solution of slower speed (see [7], [45], [59], [72] for the definition of
spatially periodic traveling wave solutions). Hence ¢} () is also the minimal wave
speed of traveling wave solutions propagating in the direction of £. See [7], [35], [45],
[72] for the above mentioned results for (1.1) and see [64], [65], [66] for similar results
for (1.2) and [29], [30], [36], [45], [72], [74] for similar results for (1.3).

In the current paper, we consider (1.1)-(1.3) in the case that the growth rates
depend on the space variable, but only when it is in some bounded subset of the
underlying media, which reflects the localized spatial inhomogeneity of the media.
More precisely, let

o I

Hy = 7ZN.

We assume
(H1) f; : Hi x R = R is a C? function, fi(z,u) <0 for all (x,u) € H; x RT with
u > Bo for some Bo > 0, and 0, fi(x,u) <0 for all (x,u) € H; x RT, wherei =1,2,3.
(H2) fi(x,u) = f2(u) for some C? function f? : R — R and all (x,u) € H; x R with
llz|| > Lo for some Lo > 0, and f2(0) > 0, where i = 1,2,3.

Assume (H1) and (H2). Then (1.1), (1.2), and (1.3) have the following limit
equations as ||z|| = oo or ||]| — oo,

(17) ut(tvx) - Au(ta 1') + u(ta :L')f?(u(t,l‘)), T e RN;

(18 wlta)= [ wly= oty - ult.a) +ult.a) Butta), v R,
and

keK

Equations (1.7), (1.8), and (1.9) will play an important role in the study of (1.1),
(1.2), and (1.3). Clearly, (1.7) has similar spatial spreading dynamics as that of (1.4),
that is, it has a unique positive constant solution u{ and has a spatial spreading speed
c9(€) in the direction of ¢ for every ¢ € SV~1. Equations (1.8) (resp. (1.9)) has similar
properties as that of (1.7), that is, (1.8) (resp. (1.9)) has a unique positive constant
stationary solution uy (resp. u3) and has a spatial spreading speed c(¢) (resp. c3(£))
in the direction of ¢ for every ¢ € SV~ (see Definition 2.1 for detail).

Our objective is to explore the spatial spreading dynamics of (1.1)-(1.3) with
localized spatial inhomogeneity. The main results of this paper can be summarized
as follows:

o Assume (H1) and (H2). Then (1.1) (resp. (1.2), (1.3)) has a unique positive
stationary solution uj € C(RM,RY) (resp. uy € C(RN,RY), ui € C(ZN,RY))
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satisfying that inf, cpny ui(x) > 0 (resp. infyepyuj(x) > 0, inf;cpvui(j)) and
Ly, oo uf(2) = uf (resp. limyg) e us(x) = uf, lmy e ui(j) = uf). More-
over, u = ul(-) is globally asymptotically stable with respect to (strongly) positive
perturbations (and hence u = 0 is an unstable stationary solution of (1.7)) (i = 1,2,3)
(see Theorem 2.1).

o Assume (H1) and (H2). Then (1.1) (resp. (1.2), (1.3)) has a positive spatial spread-
ing speed ci(&) (resp. c3(&), c5(€)) in the direction of & for every & € SN™! (see
Definition 2.1 for the definition of spreading speeds). Moreover, c;(€) = ¢{(€) (resp.
e3(6) = (€), e5(€) = () Jor all € € SV, where A(€) (resp. B(€), (€)) is the
spatial spreading speed of (1.7) (resp. (1.8), (1.9)) in the direction of € (see Theorem
2.2).

o Assume (H1) and (H2). Then the solution of (1.1) (resp. (1.2), (1.3)) with a
nonnegative initial data which has a nonempty compact set spreads neither slower
than inf{c}(&)|¢ € SN~} (resp inf{c3(€)|€ € SN}, inf{c}(€)|€ € SN~} nor faster
than sup{ci(&)|¢ € SV} (resp sup{c3(€)|¢ € SN}, sup{c;(&)|¢ € SN1}) (see
Theorem 2.3 for detail).

The above results reveal such an important biological scenario: the localized
spatial inhomogeneity of the media does not prevent the population to persist and
to spread, moreover, it neither slows down nor speeds up the spatial spread of the
population.

It should be pointed out that the authors of [56] considered the transition fronts,
which are generalizations of traveling wave solutions, of (1.1) in the case that N =1,
f(z,1) =0, and f(x,0) > 0. They provided conditions under which transition fronts
of (1.1) exist and also showed that (1.1) may not have transition fronts. Hence the
localized spatial inhomogeneity of the media may prevent the existence of transition
fronts.

We remark that in literature (1.1) (resp. (1.2), (1.3)) with f1(z,u) (resp. fa(z,u),
f3(j,u)) being decreasing in u and negative for u > 1 and v = 0 being an unstable
solution is called a Fisher type or KPP type or monostable equation. The reader
is referred to [4], [56], and references therein for the study of transition solutions of
general spatially inhomogeneous Fisher or KPP type equations and to [34], [60]-[63] for
the study of spatial spreading dynamics of general temporally inhomogeneous Fisher
or KPP type equations. The reader is also referred to [49], [50], and references therein
for the study of transition solutions of general spatially inhomogeneous ignition type
equations.

We also remark that it would be interesting to study the spatial spreading dynam-
ics of KPP type equations in inhomogeneous media with more general limit media,
say, equation (1.1) (z = 1,2, 3) with f;(x, u) being replaced by f; (¢, z, u) satisfying that
filt,z,u) — f2(t,z,u) — 0 as ||z]| — oo for some function f2(¢,x,u) which is periodic
in ¢ and/or z. We will consider such general case elsewhere.

The rest of the paper is organized as follows. In section 2, we introduce the
standing notions to be used in the paper and the definition of spreading speeds and
state the main results of the paper (i.e. Theorems 2.1, 2.2, and 2.3). In section 3, we
present some preliminary materials to be used in later sections. Section 4 is devoted
to the study of positive stationary solutions of (1.1)-(1.3). Theorem 2.1 is proved in
this section. In section 5, we explore the existence of spreading speeds of (1.1)-(1.3)
and prove Theorems 2.2 and 2.3.



KPP EQUATIONS IN LOCALLY SPATIALLY INHOMOGENEOUS MEDIA 431

Acknowledgment. The authors thank the referee for careful reading of the
current paper and valuable comments which led to the improvement of our original
manuscript.

2. Standing notions, definitions, and main results. In this section, we first
introduce some standing notations and the definition of spreading speeds. We then
state the main results of the paper.

Let #H; be as in (1.6). Let p = (p1,p2, -+ ,pn) with p; > 0 for i = 1,2,--- | N.
We define the Banach spaces X; , (i = 1,2) by

(2.1) X1, ={uc CRY,R)|u(- +piei) =u(-), i=1,..,N}
with norm ||ul|x, , = max,cp~ |u(z)|, and
(2.2) Xop=X1p

(the introduction of X5 j, is for the convenience in notation). If p; € N, we define X3 ,,
by

(2:3) X3p = {u€ C(ZV,R) |u(- +piei) =u(-), i=12,--- N}

with norm ||ul|x, , = max;czn [u(j)]. Let

(2.4) X;rp ={ue X;,|u(x)>0Vr e H}
and
(2.5) X:'p"’ ={ue X;p|u(z)>0Ve et}

for i =1,2,3. We define X; (i =1,2,3) by

(2.6) X; = {u € C(RY,R)|u is uniformly continuous and bounded}
with norm ||ul|x, = sup,ep~ |u(z)],

(2.7) Xo=X3

(again the introduction of X5 is for the convenience in notation), and
(2.8) X3 ={ue C(Z",R)|u is bounded}

with norm ||u|x, = sup;ezn [u(f)|. Let

(2.9) X ={ue X;|u(x) >0Vr € H;}
and
(2.10) X ={ue X inf u(z) > 0}
TEH;
fori=1,2,3.
If no confusion occurs, we may write || - ||x,  and || - ||x, as || - || (: =1,2,3).

Assume (H1). By general semigroup theory (see [32], [57]), for any ug € X1 (resp.
ug € Xo, ug € X3), (1.1) (resp. (1.2), (1.3)) has a unique local solution wu; (%, -; uo)
(resp. ua(t,;u0), us(t,;u0)) with ui(0,5uo) = uo(-) (vesp. uz(0,-5u0) = uo(-),
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u3(0, 3 up) = uo(+)). Moreover, if ug € X", then w;(t, -;uo) exist and u; (¢, ;ug) € X,
for all t >0 (i = 1,2,3) (see Proposition 3.2).
Let
(2.11) SV = {e e RY | |l¢ll =1}
For given £ € SV~1 and u € X, we define

liminf w(z) = liminf inf u(z).
z-{——00 r——00 x€H;,z-E<T

For given w : [0,00) X H; = R (1 <i < 3) and ¢ > 0, we define

liminf w(t, ) = liminf inf u(t, z),
z-£<ct,t—o0 t—oo zeH;,x-(<ct

limsup wu(t,x) =limsup sup  u(t,z).

z-£>ct,t—00 t—o00 x€H;,x-E>ct
The notions limsup u(t, x), limsup u(t,x), limsup wu(t,z), and
|z-&|<ct,t—o00 |z-&|>ct,t—o00 [|z||<ct,t—o00

limsup wu(t, z) are defined similarly. We define X;"(¢) (i = 1,2,3) by

ll2|>ct t—o0

(2.12) X;7(¢) ={ue X | liminf u(z) >0, wu(z)=0forz &> 1}

v z-E——00

DEFINITION 2.1 (Spatial spreading speed). For given & € SN~ and given i € N
(1 <i<3), a real number cf(§) is called the spatial spreading speed of (1.7) in the
direction of & if for any ug € X;"(€),

liminf w;(t,xz;up) >0 Ve <ci(§)

z-£<ct,t—o0

and

limsup u;(t,x;u0) =0 Ve > ¢ (§).
x-£>ct,t—00

The main results of this paper are stated in the following three theorems.

THEOREM 2.1 (Positive stationary solutions). Assume (H1) and (H2).

(1) (Ezistence) Equation (1.1) (resp. (1.2), (1.3)) has a unique stationary so-
lution u = wi(-) € X; (resp. u = uw3(-) € X1, u = uj(-) € X51).
Moreover,

lim sup  |uj(x) —ud| =0,

"0 weH, ||| >

where ud > 0 is such that f2(u?) =0 andi=1,2,3.

(2) (Stability) For any uo € X;'T, limy o0 ||ui(t, -5 u0) — ul(-)||x, = 0.

(8) (Stability) For any uo € X;7 \ {0}, limy—eo ui(t, z5u0) = ul(z) uniformly in
x on bounded sets.
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THEOREM 2.2 (Existence and characterization of spreading speeds). Assume
(H1) and (H2). Then for any given & € SN=1, (1.1) (resp. (1.2), (1.3)) has a positive
spreading speed c;(§) (resp. c5(&), c5(§)) in the direction of & Moreover, for any
uo € X7 (¢),

(2.13) liminf |u;(t, z;u0) —ul(x)] =0 Ve < (),

z-£<ct,t—o0

and

ci(§) =€) for i=1,23,
where

0 2

(2.14) D(e) = inf fi (OLﬂL _ 2\/%’

e e "k (2)dz — 1+ £9(0)
(2.15) Cg(ﬁ) — ir;% R . 7
and
(2.16) A(€) = inf S per ak(e € —1) 4 £2(0)

pu>0 1%

are the spatial spreading speeds of (1.7), (1.8), and (1.9) in the direction of &, respec-
tively.

THEOREM 2.3 (Spreading features of spreading speeds). Assume (H1) and (H2)
and 1 <i < 3. Then for any given & € SN, the following hold.
(1) For each ug € X" satisfying that uo(x) =0 for x € H; with |z - & > 1,
limsup u;(t,z;u0) =0 Ve > max{c;(§),c;(—¢)}.
|z-&|>ct,t—o00

(2) For each 0 > 0, r > 0, and ug € Xi+ satisfying that ug(x) > o for x € H;
with |z - & <,

limsup |ui(t, z;u0) —uj(x)] =0 V0 < ¢ < min{c}(§),c; (—&)}.

|z-&|<ct,t—o00 ’
(8) For each ug € X" satisfying that ug(x) = 0 for x € H; with ||z|| > 1,

limsup w;(t,z;up) =0 Ve> sup c;(&).
[|z||>ct,t—00 ceSN-1

(4) For each o >0, r >0, and ug € X;" satisfying that ug(z) > o for ||z| < r,

limsup |u;(t,z;5u0) —uj(z)] =0 VO<e< inf cf(&).
gesSN—

L
[|z]|<ct,t—o00

To indicate the dependence of u}(-) and ¢} (§) on f;, we may sometime write u} ()
and ¢f (&) as ul(-; fi(+, ) and ¢f(&; fi(,-)), respectively.

We remark that most parts of Theorem 2.1 for (1.1) can de deduced from [8]. In
the current paper, we develop a unified approach to deal with the existence, unique-
ness, and stability of positive stationary solutions and the existence and character-
ization of spatial spreading speeds for KPP equations with three different types of
dispersal strategies in locally spatially inhomogeneous media.
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3. Preliminary. In this section, we present some preliminary materials to be
used in later sections, including some basic properties of solutions of (1.1)-(1.3); prin-
cipal eigenvalue theories for spatially periodic dispersal operators with random, non-
local, and discrete dispersals; and spatial spreading dynamics of KPP equations in
spatially periodic media.

3.1. Basic properties of KPP equations. In this subsection, we present some
basic properties of solutions of (1.1)-(1.3), including comparison principle, global ex-
istence, convergence in open compact topology, and decreasing of the so called part
metric along the solutions. Throughout this subsection, we assume (H1).

Let X1, X2, and X3 be asin (2.6), (2.7), and (2.8), respectively. For given ug € X;
(resp. ug € Xao, ug € X3), let ui(t,-;ug) (resp. usa(t, -;uo), us(t, ;up)) be the (local)
solution of (1.1) (resp. (1.2), (1.3)) with u1(0, -;ug) = ug(-) (resp. u2(0, 5 up) = uo(+),
us(0, 5 ug) = uo(")).

Let X;m and X;7* (i = 1,2,3) be as in (2.9) and (2.10). For given 1 <i < 3 and
u,v € X;, we define

(3.1) u<ov(u>v) fv—ueX; (u—veX)
and
(3.2) uv (u>v) fv—ue Xt (u—veXtT).

For given continuous and bounded function u : [0,7) x RN — R, it is called a
super-solution (sub-solution) of (1.1) on [0,T) if

wnltyz) > ()Ault,2) + ult, ) fi (5, ult, 7)) V(b 2) € (0,T) x RV,
Super-solutions (sub-solutions) of (1.2) and (1.3) are defined similarly.

PROPOSITION 3.1 (Comparison principle). Assume (HI).

(1) Suppose that u'(t,z) and u?(t,z) are sub- and super-solutions of (1.1) (resp.
(1.2), (1.3)) on [0,T) with u'(0,-) < u?(0,-). Then ul(t,-) < u?(t,-) for
t € (0,T). Moreover, if u'(0,-) # u*(0,-), then ul(t,z) < u?(t,z) for x € H,
(resp. x € Ho, x € Hz) and t € (0,T).

(2) If up1, w2 € X; and ugr < ugz (1 < i< 3), then u;(t, ;uo1) < ug(t, -5 uo2) for
t > 0 at which both w;(t,;up1) and w;(t,;uo2) exist.

(3) If Up1, Up2 € Xi and uon1 S U2, Uo1 7é up2 (1 S ) S 3), then ui(t,ac;uol) <
ui(t, z;uo2) for all x € H; and t > 0 at which both u;(t, -;uo1) and u;(t, -5 up2)
exist.

(4) If wor,up2 € X; and ugr < upz (1 < i < 3), then w;(t,-;uo1) < u;(t, - ug2)
for t >0 at which both u;(t,-;uo1) and u;(t,; ug2) exist.

Proof. (1) The case i = 1 follows from comparison principle for parabolic equa-
tions. The case i = 2 follows from [64, Propositions 2.1 and 2.2]. The case i = 3
follows from comparison principle for lattice differential equations (see the arguments
in [14, Lemma 1]).

(2) and (3) follow from (1).

(4) We provide a proof for the case i = 2. Other cases can be proved similarly.
Take any T > 0 such that both ua (¢, -; uo1) and ua (¢, -; ug2) exist on [0, T]. It suffices
to prove that ua(t, ;ug2) > ua(t,;ue1) for t € [0,T]. To this end, let w(t,z) =
ua(t, T3 up2) — ua(t, z;up1). Then w(t, z) satisfies the following equation,

wiltea) = [ wly = oyultn)dy  wit,) + alt. 0yu.a),
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where
a(t,x) = fo(x, ua(t, x5 uo2))

1
+ uQ(t,x;um)/ Ou fo(x, sua(t, ;up2) + (1 — s)ua(t, z;ue1))ds.
0

Let M > 0 be such that M > sup,cgn se(o,r(1 — a(t, 2)) and @(t,z) = eMtw(t, ).
Then w(t, x) satisfies

d(t,x) = / Ky — 2)ib(t,y)dy + [M — 1+ a(t, )] (t, ).
RN
Let K : X2 — X5 be defined by

(3.3) (Ku)(z) = /RN k(y — z)u(y)dy for wu € Xo.

Then K generates an analytic semigroup on X5 and
t
w(t,) = e (ugg — uo1) + / (M — 1+ a(r,-))w(r, - )dr.
0

Observe that e®ug > 0 for any ug € X5 and t > 0 and e*ug > 0 for any ug € X5
and t > 0. Observe also that ugs — ug1 € X2++. By (2), w(r,-) > 0 and hence
(M —1+a(r,-))w(r,-) > 0 for 7 € [0,T]. It then follows that w(t,-) > 0 and then
w(t, ) >0 (ie. ua(t,;uo2) > ua(t, ;uer)) for t € [0,7T]. O

PROPOSITION 3.2 (Global existence). Assume (H1). For any given 1 < i < 3
and ug € X1, ui(t, -;uo) exists for all t > 0.

K2

Proof. Let 1 < i < 3 and ug € X;r be given. There is M > 1 such that
0 <wg(x) < M and f;(z, M) < 0 for all x € H;. Then by Proposition 3.1,

for any ¢t > 0 at which wu;(t, -;ug) exists. It is then not difficult to prove that for
any T > 0 such that u;(t,;uo) exists on (0,7, lim; 7 u;(¢, -; up) exists in X;. This
implies that u;(t, -; ug) exists and w; (¢, ;ug) > 0 for all ¢ > 0. O

For given u,v € X;"", define

1
pi(u,v) =inf{lna|—u <v<au, a>1}.
a

Observe that p;(u,v) is well defined and there is a > 1 such that p;(u,v) = Ina.
Moreover, p;(u,v) = p;(v,u) and p;(u,v) =0 iff w = v. In literature, p;(u,v) is called
the part metric between u and v.

PROPOSITION 3.3 (Decreasing of part metric). For given 1 < i <3 and ug,vo €
X with ug # vo, pi(ui(t, 5 uo),ui(t,;v0)) is non-increasing in t € (0, 00).

Proof. We give a proof for the case ¢ = 1. Other cases can be proved similarly.
First, note that there is a* > 1 such that p;(up,v9) = Ina* and %uo < <
a*ug. By Proposition 3.1,

up(t, 5v0) <wui(t,;a*ug) for ¢>0.
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Let v(t,x) = a*uy(t, x;up). Then

vt ) = Av(t, x) + o(t, ) fr (2, ur (t, 25 u0))
= Av(tv l‘) + U(t, x)fl (l‘, U(t, l‘)) + U(t, x)fl (l‘, ul(ta 5 UO)) - U(t, x)fl (l‘, U(t, l‘))
> Av(t, z) + v(t, ) fi(x, v(t, ).

This together with Proposition 3.1 implies that
up(t, - a’ug) < a*uy(t,;ug) for t>0
and then
ui(t, - v0) < a*uy(t, 5ug) for ¢>0.

Similarly, it can be proved that

1
Eul(t, sug) <wui(t,5vp) for t>0.

It then follows that
p1(u1(t, -5 uo), ur(t, -;v0)) < p1uo,vo) YVt >0
and hence

p1(u(tz, 5 uo), ui(te, 5v0)) < pr(ua(ts, 5 uo), ui(ts, 5v0)) VO <ty <to.

a

To indicate the dependence of solutions of (1.1)-(1.3) on the nonlinearity, we

may write u; (¢, -;ug) as wu;(t,;uo, fi(-,-)). Observe that for any z, € H,;, if {z,} is

a bounded sequence, then there are z* € H; and {z,,} C {2,} such that z,, — z*

and fi(z + zn,,u) = fi(x + z*,u) uniformly in (z,u) on bounded sets. If {z,} is an

unbounded sequence, then there is z,, such that fi(z + 2, u) — f2(u) uniformly in
(x,u) on bounded sets.

PROPOSITION 3.4 (Convergence on compact subsets). Given 1 < i < 3, suppose
that ugn,uo € X; (n=1,2,--- ), {|luon||} is bounded, and uo,(r) — uo(x) as n — oo
uniformly in x on bounded sets.
(1) If zn,2* € H; (n=1,2,--+) are such that fi(x+zp,u) = fi(x+z*u) asn —
oo uniformly in (xz,u) on bounded sets, then for each t > 0, u;(t, x; uon, fi(-+
Zn, ")) = ui(t, ;3 ug, fi(- + 2*,+)) as n — oo uniformly in x on bounded sets.

(2) If z,, € Hi (n = 1,2,---) are such that fi(x + z,,u) — f2(u) as n —
uniformly in (z,u) on bounded sets, then for each t > 0, u;(t,x; uon, fi(- +
Zny ) = wi(t, 3 u0, f2(0)) as n — oo uniformly in x on bounded sets.

Proof. We prove (1) with ¢ = 2. All other cases can be proved similarly.
Let v™(t,x) = ua(t, z;uon, fo(- + 2n, ) — u2(t, z;u0, fo(- + 2*,-)). Then v"(¢, )
satisfies

ot ) = / Ky — o)™ (6, y)dy — 0"(t2) + an(t, 20" (1, 2) + bt ),
]RN
where
a/n(t7x) :fQ(x + ZTH/U’Q(t)ZC;uOTL) fQ( + Zns ))) + UQ(t,ZC;UO, f2( + Z*) ))

1
: / Oufo(x + zn, sua(t, T3 uon, fo(- + 2n,*)) + (1 = $)ua(t, x5 ug, fo(- + 2%, -)))ds
0
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and

bn(tvx) :UQ(ta:L';UOa f2( + Z*a ))
: (f2(1' + Zn;UQ(tax;UOafé(' + Z*a ))) - fg(l‘ + Z*aUQ(tax;UOafé(' + Z*a ))))

Observe that {ay(t, z)} is uniformly bounded and continuous in ¢ and « and by, (¢, z) —
0 as n — oo uniformly in ¢ € [0,00) and = on bounded sets.
Take a p > 0. Let

Xa(p) = {u € CRY,R) [u()e " € X,}

with norm [|ul|, = [Ju(-)e ?I'l||. Note that K : Xa(p) — Xa(p) also generates an
analytic semigroup, where K is as in (3.3), and there are M > 0 and w > 0 such that

€7D (0 < Me*t Wt >0,

where Z is the identity map on Xa(p). Hence

t
vn(ta ) :e(IC—I)tvn(()’ ) + / e(’C_I)(t_T)an(Ta ')Un('rv )dT
0

t
—|—/ eX=DEp (7, )dr
0
and then

t
o0 s < M 10" O s + M swp fan(r)] |10 ()
T€[0,t],z€RN 0

t
+M/() €w(t_T)||bn(T7 ')HX2(P)dT

¢
SMSWtHUn(O’ MNixso) + M sup |an(7—,m)|/ e“(t*T)HU"(T, M sz (pydT
0

T€[0,t],z€RN
M
+U sup [|bn (7, ) || x5 ("

T€[0,t]

By Gronwall’s inequality,
n T, M
an(t, ')sz(p) < e(w"!‘MSupq—G[O,t],weLRN lan (7,2)|)t (MHU”(O, ')HX2(P)+U self_g)t]|‘bn(7',-)||x2(p)).

Note that [[v™(0,)||x, (o) — 0 and sup, (g4 [10n(7, )l x5(5) — 0 as n — oco. It then
follows that

o™ (t, )| x,0) =+ 0 as n — o0

and then
UQ(t7x;uOnaf2('+Zn7'))_>u2(ta$;u05f2('+2*)')) as n — oo

uniformly in  on bounded sets. O
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3.2. Principal eigenvalues of spatially periodic dispersal operators. In
this subsection, we present some principal eigenvalue theories for spatially periodic
dispersal operators with random, nonlocal, and discrete dispersals.

Let p = (p1,p2,...,pn) with p; > 0 for ¢ =1,2,--- ,N and X, , be as in (2.1)-
(2.3). When X3, is considered, it is assumed that p; € N. We will denote Z as an
identity map on the Banach space under consideration. For given & € SVN=1, € R,
a; € X;p (i =1,2,3), consider the following eigenvalue problems,

(3.4) Au(z) —2u€ - Vu(z) + (a1(z) + p?)u(z) = Mu(z), ze RN
' u(z +piei) = u(z), x€RY,

s [ PSRl — D)y — ) + ase)ute) = ), 7 € R
' u(z + piei) = u(xr), = eRY

and
(3 6) ZkEK ak(eiuk{u(j + k) - ’U,(j)) + a&(])u(]) = )‘u(])a ] € ZN
u(j + pies) = u(j), JjeZN.
Observe that when p = 0, (3.4), (3.5), and (3.6) are independent of £. Observe also
that if u(t,z) = ef“(xf*%t)qb(ac) is a solution of
(3.7) ug(t, ) = Au(t, z) + ay (x)u(t,z), RN

with ¢(-) € X1, \ {0}, or a solution of

68)  wlta) = [ Hy-oulty)dy - ut.o) + @), o eRY
RN

with ¢(-) € Xz, \ {0}, or a solution of

(3.9) ue(t,§) = Y a(ult,k + §) = u(t, §)) + as(j)u(t,j), jez"

with ¢(-) € X3, \ {0}, then X is an eigenvalue of (3.4) or (3.5) or (3.6) with ¢(-)
being a corresponding eigenfunction. If aq(z) = fi(x,0) (resp. a2(x) = fa(z,0),
as(j) = f3(7,0)), then (3.7) (resp. (3.8), (3.9)) is the linearized equation of (1.1)
(resp. (1.2), (1.3)) at u = 0.
Define O; ¢ : D(Oj pe) C Xip — Xip (1 =1,2,3) by
(3.10)
(Orpc)(x) = Au(z) — 20 - V@) + (a1 (x) + p2)u(z) Yu € D(Oype) € X,

(3.11)

(O2 pcu)(z) = /RN e MmO (y—a)u(y)dy—u(z)+as(z)u(z) Yu € D(Ozue) = Xap
and

(3.12)

(O36w)(4) = Y anle™ u(j + k) — u())) + as(j)u(j) Vu € D(Ose) = Xa,p.
keK
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Let 0(O;,u,¢) be the spectrum of O; , ¢ (1 =1,2,3).

DEFINITION 3.1. Let 1 < i < 3, u € R, and & € SN~ be given. A real
number \;(1,§,a;) € R is called the principal eigenvalue of O; ¢ if it is an isolated
algebraic simple eigenvalue of O; ¢ with a positive eigenfunction and for any A €

0(Oi,pe) \ {Ni (1, €, ai) b, Red < Ai(p, €, ai).
For given 1 <9 <3, p € R, and £ € SN~ let

(3.13) X (1, €, a;) = sup{Re | € 0(Oy.6)}-

Observe that for any p € R and £ € SVN=1, O; , ¢ generates an analytic semigroup
{T;(t)}+>0 in X, , and moreover, T;(t) is strongly positive (that is, T;(¢t)ug > 0 for
any t > 0 and up € X:'p and T;(t)ug > 0 for any ¢t > 0 and g € X:’p \ {0}). Then
by [53, Proposition 4.1.1], »(T;(t)) € o(T3(t)) for any ¢ > 0, where r(T;(t)) is the
spectral radius of T;(t). Hence by the spectral mapping theorem (see [15, Theorem
2.70), X (p, &, a;) € 0(O; ) for i = 1,2,3. Observe also that A\?(0,¢,a;) (i = 1,2,3)
are independent of £ € SV~!. We may then put

)\?(ai) = )\?(O;E,ai); 1= 172a3'

It is well known that the principal eigenvalue A (1, €, a1) and Az(u, &, az) of O1 ¢
and O3, ¢ exist for all p € R and £ € SN~1 and

)‘i(uagaai):A?(uagaai)a Z:]-a'?)

The principal eigenvalue of O, ¢ may not exist (see [19] and [64] for examples). If
the principal eigenvalue \o(u, €, a2) exists, then

)\2(:”75; a2) = Ag(lu‘afa a2)'

Regarding the existence of principal eigenvalue of Oz , ¢, the following proposition is
proved in [64], [65].

ProposiTION 3.5 (Existence of principal eigenvalue).

(1) If ay € CV(RN,R) N X3, and the partial derivatives of ax(z) up to order
N — 1 are zero at some xq satisfying that az(xo) = max,crn az(x), then the
principal eigenvalue Ao(, &, az) of Oa ¢ exists for all p € R and & € SN~

(2) If az(x)  satisfies  that maxgepny az(z) — mingery az(x) <
infecgn-1 fz~§§0 k(z)dz, then the principal eigenvalue Aa(p,§,az) of O ¢
exists for all 4 € R and € € SN—1.

Proof. (1) It follows from [64, Theorem BJ.
(2) It follows from [65, Theorem B']. O

Let a; be the average of a;(+) (i = 1,2,3), that is,

{&i = |T17,“[Di a;(z)dr for i=1,2

(3.14) . ]
az = ﬁ Zjepg az(j),

where

(315) D; = [Oapl] X [0,[)2] X X [Ova] mHia 1= 1a273
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and

(3.16) {'Di|:p1XP2><"-><prorz’:1,2

#D3 = the cardinality of Djs.

By Proposition 3.5 (2), Aa(p, &, d2) exists for all 4 € R and & € SV~1. The following
proposition shows a relation between \? (i, €, a;) and \?(u, €, @;).

PropPOSITION 3.6 (Influence of spatial variation). For given 1 < i < 3, u € R,
and £ € SN~ there holds

M (s € ai) > N (1, &, a4).

Proof. The case i = 1 is well known. The cases i = 2 and 3 follow from [33,
Theorem 2.1]. O

We remark that \; (i, &, a;)(= (1, &, a;)) (i = 1,2, 3) have the following explicit
expressions,

)\l(uagadl) = dl + IU‘Q
(317) )\Q(M,E, dQ) = f]RN e*“z'gn(z)dz —1+4+as
A3, €,a3) = e an(e #F€ — 1) + ag.

3.3. KPP equations in spatially periodic media. In this subsection, we
recall some spatial spreading dynamics of KPP equations in spatially periodic media.
Consider

(3.18) us(t,x) = Au(t, ) +ult,z)g1 (z, u(t,z)), xRV,

(3.19)  w(t,x) = / Ky — 2)u(t,y)dy — u(t,z) + u(t, r)ga(z, u(t,z)), xRV,
RN
and

(320)  wilt,§) = Y ar(ult,j+k) —ult, ) +ult, ))gs(j,ult,5), j €V,
keK

where g;(+,-) (i = 1,2,3) are periodic in the first variable and monostable in the
second variable. More precisely, we assume

(P1)1 <i<3andg;:Hi xR — R is aC? function, g;(x + pre;,u) = gi(x,u),
where p; > 0 and p; € N in the case i = 3 (I = 1,2,---,N), and gi(z,u) < 0
for all (z,u) € H; x RY with u > ag for some ag > 0 and dygi(x,u) < 0 for all
(z,u) € H; x RT.

(P2) X\2(g:(+,0)) >0, wherei=1,2,3.

Assume (P1). Similarly, by general semigroup theory, for any uyp € X; (resp.
ug € X, ug € X3), (3.18) (resp. (3.19), (3.20)) has a unique (local) solution
ui(t, 5 u0,91(+-))(€ X1) (resp. ua(t,-suo, g2(-,-))(€ Xa), us(t, ;u0,93(-))(€ X3))
with initial data ug(-). Moreover, if uy € X, ,, then u;(¢, -;uo, ¢i(,-)) € X, for any
t > 0 at which w;(t, -;uo, g:(-, ) exists (i = 1,2,3). By Proposition 3.1, if up € X",
then w;(t, - uo, gi(-,-)) exists and u; (¢, ;uo, gi(+,-)) € X; forall t >0 (i = 1,2,3).



KPP EQUATIONS IN LOCALLY SPATIALLY INHOMOGENEOUS MEDIA 441

PROPOSITION 3.7 (Spatially periodic positive stationary solution). Assume (P1)
and (P2). Then (3.18) (resp. (3.19), (3.20)) has a unique spatially periodic stationary
solution ui(-;91(-,-)) € Xff;' (resp. u3(+592(-,7)) € X;;‘, ui(93(,-)) € X;:;) which
is globally asymptotically stable with respect to perturbations in X 1+ »\{0} (resp. X;f »

{0}, X3, \ {0}).

Proof. The cases that ¢ = 1 and 3 follow from [75, Theorem 2.3]. The case that
i = 2 follows from [65, Theorem C]. O

PROPOSITION 3.8 (Spreading speeds). Assume (P1) and (P2). Then for any
€ e SN (3.18) (resp. (3.19), (3.20)) has a positive spreading speed c;(&;91(,-))
(resp. c5(&92(+,-)), ¢5(&;g3(+,+))) in the direction of . Moreover,

0 .
6 gi(-, ) = ing ULE8(,0)

,=1,2,3
) 1 (Z 57)

and the following hold for i =1,2,3.
(1) For each ug € X" satisfying that uo(x) =0 for x € H; with |z - & > 1,

limsup  w;(t, z;u0,9i(+,-)) =0 Ve >max{c; (& 4i(,)), i (=& i)}

|z-&|>ct,t—00

(2) For each o > 0, 7 > 0, and ug € X; satisfying that uo(x) > o for v € H;
with |z - & <,

limsup  |u;(t, x5 u0,9i(-,-)) — uj (2;9:(-,-))] = 0

|z-&|<ct,t—o00

fOT’ all0 <c< min{c;{(f;gi('a ))a C;{(*E;gi(', ))}
(8) For each ug € X" satisfying that ug(x) = 0 for x € H; with ||z|| > 1,

limsup wu;(¢,x;up,g:(-,+)) =0 Ve> sup ¢ (&ail-,-)).
||z||>ct,t—o00 ¢esN-1

(4) For each o > 0, 7 > 0, and ug € X; satisfying that uo(x) > o for x € H;
with ||z]| < r,

limsup |u; (¢, z;u0, gi(+, ) —uj (z;9:(-,))| =0 VO<c< inf ci(&g:i(,-))-
gesN-1

llll <ct,t—oo

Proof. The cases i = 1 and ¢ = 3 follow from [45, Theorems 3.1-3.4 and Corollary
3.1] (see also [72, Theorems 2.1-2.3]) and the case ¢ = 2 follows from [65, Theorems
D and E|. O

Let g1(u) (resp. go(u), g3(u)) be the spatial average of g1 (z,u) (resp. ga(z,u),
g3(x, u)), respectively, that is,

(3.21) {gi(“) = 1 [, gilw,u)de for =12

g3(“) = ﬁ ZjeD3 g3(j7u)a

where D; (i =1,2,3), |D;| (i =1,2) and #Ds3 are as in (3.15) and (3.16).
Assume

(P3) §;(0) > 0 (i = 1,2,3).
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Observe that A;(§;(0)) = §;(0). Then by Proposition 3.6, (P3) implies (P2).
Assume (P3). By Proposition 3.8, for any ¢ € SV~1 (3.18) (resp. (3.19), (3.20))
with g1(z,u) (resp. ga(z,u), gs(j,u)) being replaced by g1(u) (resp. a(u), gs(u))
has a spreading speed ¢§(&;g1(+)) (resp. ¢5(&;g2(+)), ¢5(&;G3(+))) in the direction of
£e SN-1,

PROPOSITION 3.9 (Influence of spatial variation). Assume (P1) and (P3). Then
for any &€ € SN,
i(§9i(,) 2 (& 9:(), i=1,2,3.
Proof. Let a;(-) = g;(-,0). By Proposition 3.8,
AL (s €, ai) A, €, i)
“(€5gi(-, ) = inf ST d (€ 6(0) = inf ST
¢ (& 9i5)) = Inf === and ¢j(§9i()) = fnf =2
for ¢+ = 1,2,3. By Proposition 3.6,
A?(Ma€7ai) Z )‘ZO(IU/7§5&1) 1= 17253-

The proposition then follows. O

4. Positive stationary solutions and the proof of Theorem 2.1. In this
section, we investigate the existence of positive stationary solutions of (1.1), (1.2),
and (1.3), and prove Theorem 2.1.

Throughout this section, we assume (H1) and (H2). We first prove some lemmas.

LEMMA 4.1. For any 1 <i <3 and € > 0, there are p = (p1,p2, -+ ,pn) € NV
and h; € X;, N CN(H;,R) such that

fi(x,0) > hi(x) for x € H;,

hi = f2(0) = (hence  AP(hi()) = f7(0) — o),

and for the cases that i =1 and 2, the partial derivatives of h;(x) up to order N — 1

are zero at some xo € H; with h;(xg) = max,epn, hi(x), where h; is the average of
hi(+) (see (3.14) for the definition).

Proof. Fix 1 < i < 3. By (H2), there is Ly > 0 such that f;(z,0) = f?(0) for
r € H; with ||IH > Lg. Let My = inf:cE”Hi,lSiﬁ?) fi(.ﬁ,O). Let hg : R — [O, 1] be a
smooth function such that ho(s) = 1 for |s|] < 1 and ho(s) = 0 for |s| > 2. For any
p= (p1,p2, - ,pn) € NV with p; > 4Lg, let h; € X;,, N OV (H;,R) (i = 1,2,3) be
such that
[E§

huta) = £200) ~ ho(F ) (77(0) = M)

Then
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It is clear that for ¢ = 1 or 2, the partial derivatives of h;(z) up to order N —1 are zero
at some xg € H; with h;(x9) = max,ey, hi(z)(= £2(0)). For given € > 0, choosing
p; > 1, we have

>

i > f(0) —e.

By Proposition 3.6, A2(h;(-)) > A?(h;) = h; and hence
N (hi() = £2(0) .

The lemma is thus proved. O

LEMMA 4.2. Suppose that @5 : RN — [0g, Mo] is Lebesque measurable, where oy
and My are two positive constants. If

/}R Ky = 2)is(y)dy — G3(x) + @) e, T3(2) =0 Vi €RY,

where fo(x,u) = folz,u) or f9(u) for all z € RN and u € R, then a3(-) € X5+,

Proof. We prove the case that fo(x,u) = fo(x,u). The case that fo(z,u) = f9(u)
can be proved similarly.

Let h*(z) = [pn k(y — 2)03(y)dy for € RN, Then h*(-) is C' and has bounded
first order partial derivatives. Let

F(z,a) = h*(z) —a+afa(z,a) VreRY acR.

Then F : RY x R — R is C! and F(z,@%(x)) = 0 for each x € RY. If a* > 0 is such
that F(z,a*) =0, then

14 fo(z,a") = —

and hence
0o F(z,0") = =1+ fo(z,a”) + a0y fo(z, ) < 0.

By Implicit Function Theorem, 3(z) is C! in x. Moreover,

. Oh* (x)
ous(x) Ox; N .
- _ ; S Ve eRY, 1 <j<N.
Dy L+ folw, W5 (x)) + Oufo(w, iy (x) i3 (2) I

Therefore, 45 has bounded first order partial derivatives. It then follows that @5(x)
is uniformly continuous in x € RY and then @ € X, *. O

LEMMA 4.3. Suppose that u}(-) € X;" and u = u}(-) is a stationary solution of
(1.3) (1 <i<3). Then

ul(z) —u) as |zl — oco.

Proof. We first prove that

uj(z) — u(l) as x| = oo.



444 L. KONG AND W. SHEN

Assume that u}(z) 4 u? as ||z|| = co. Then there are ¢g > 0 and x,, € RY such that
||| = oo and

[uy (zn) _U?| >¢ for n=1,2,---.

By the uniform continuity of u}(x) in x € RY, without loss of generality, we may
assume that there is a continuous function uj : RN — [00, M| for some og, My > 0
such that

ur(x + zp,) — aj(x)

as n — oo uniformly in z on bounded sets. Moreover, by a priori estimates for
parabolic equations, @} is C?** for some o > 0 and we may also assume that

Auq(z + x,) — Auj(x)

as n — oo uniformly in 2 on bounded sets. This together with fi(z + 2, u) — f9(u)
as n — oo uniformly in  on bounded sets and in u € R implies that

A+ i fo(ay) =0, xeRN.

By Proposition 3.7, we must have @} (z) = u}(z; f2(-)) = v and hence uj(x,) — uf

as n — oo. This is a contradiction. Therefore uj(z) — uf as ||z| — oo.

Next, we prove that
uh(z) = ud as ||z|| — oo.

Similarly, assume that u}(z) /4 uJ as ||z|| — co. Then there are ¢y > 0 and z,, € RV
such that ||z,| — oo and

lus(rn) —u3| > € for n=1,2,---.

By the uniform continuity of u}(x) in z € RY, without loss of generality, we may
assume that there is a continuous function @} : RN = [00, Mp] for some oo, My > 0
such that

us(x + ) — u5(x)

as n — oo uniformly in z on bounded sets. By the Lebesgue Dominated Convergence
Theorem, we have

/R ly — )3y — w(r) + () S5 () =0 v € BY.

By Lemma 4.2, @3 € X,7t. By Proposition 3.7 again, we have @5(x) = u3 and then
u3(2n) — u as n — oo. This is a contradiction. Therefore uj(z) — uJ as ||z|| — oc.
Finally, it can be proved by the similar arguments as in the case ¢ = 2 that

ui(j) = ug as 4] — oo
O

LEMMA 4.4.  There is u; € X;H' such that for any § > 0 sufficiently
small, u;(t,z;0u; ) is increasing in t > 0 and u;’*"s € X;7t, where uf’*’é(:c) =

i
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limy 00 w; (¢, 25 6u; ), and hence u = u;*é() is a stationary solution of (1.i) in X
(i=1,2,3).

Proof. Fix 1 <i < 3. Let M* > 0 be such that f;(x, M*) < 0. Let ¢ > 0 be such
that

f2(0)—e>o0.
By Lemma 4.1, there are p € NV and h;(-) € X;, N CN(H;,R) such that
filz,0) > hy(z), and h; > f2(0) — (> 0).

Moreover, for i = 1 or 2, the partial derivatives of h;(x) up to order N — 1 are zero
at some xo € H; with hi(xo) = maxgzep, hi(x). Let u; be the positive principal
eigenfunction of O; ¢ with a;(-) = h;(-) and [Ju; || = 1 (the existence of u; is well
known in the case that i = 1 or 3 and follows from Proposition 3.5 in the case that
i =2). It is not difficult to verify that u = du; is a sub-solution of (1.i) for any ¢ > 0
sufficiently small. It then follows that for any § > 0 sufficiently small,

This implies that there is a Lebesgue measurable function u, 0 H; — |00, Mp] for
some og, My > 0 such that
. — —,%,0
tlggo wi(t, z;6u; ) = u; 70(x) Vo € H,.

Moreover, by regularity and a priori estimates for parabolic equations, uf’*"s eX 1+ +.
It is clear that uz ™ € X5+, By Lemma 4.2, u; ™ € X}, Therefore for 1 < i < 3,
u; " € X and w = u; *°(-) is a stationary solution of (1.i) in X;"* (i = 1,2,3). O

LEMMA 4.5. Let M > 1 be such that fi(x,M) <0 for x € H; (i =1,2,3). Then
limy s o0 w; (8, 5 u0) exists for every x € H;, where ug(xz) = M. Moreover, u:r*M() S
X7, where uj*M(:c) = limy 00 w; (¢, ;3 up), and hence u = uj'*M() is a stationary
solution of (1.i) in X;7T (i =1,2,3).

Proof. Fix 1 <i < 3. For any M > 1 with f;(z, M) <0 for all z € H;, u= M is
a super-solution of (1.i). Hence

wi(te, s M) <wui(ty, s M) <M Y0 <t <t

It then follows that limy o ui(t,2; M) exists for all x € RY. Let u:r*M(:E) =
+,

M) > u;7*(z) for 0 < § < 1. By the simi-
: +,,M ++ _ My :
lar arguments as in Lemma 4.4, u; € X;"" and u = u; () is a stationary
solution of (1.i) in X;7* (i =1,2,3). O

Proof of Theorem 2.1. (1) Let 1 < ¢ < 3 be given. First, by Lemmas 4.4
and 4.5, (1.i) has stationary solutions in X;r . We claim that stationary solution
of (1) in X;Hr is unique. In fact, suppose that ul* and uf* are two stationary

i
solutions of (1.i) in X;*. Assume that u,™* # u>*. Then there is &* > 1 such that
pi(u;*, uP*) =Ina* > 0. Note that

limy— o0 u; (¢, 2; M). We have u

%
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By Lemma 4.3, lim ;| o0 uzl’*(x) = uf and 1im| - 00 uf’*(x) = uY. This implies that
there is € > 0 such that

1 ul,*

(@) S u (@) < (07— ul (@) for [l > 1.

A i

By Proposition 3.1 and the arguments in Proposition 3.3,

1
Jui*(x) <ur*(z) < o*u;(z) Vo e RV

It then follows that for 0 < e < 1,

1
;" (@) SuP(2) < (" — ey (@) Vo eRY
a” — €

and then p;(u,™, u>™) < In(a* — €), this is a contradiction. Therefore u,* = u>"*
(1.i) has a unique stationary solution u} in X; .

(2) Fix 1 < i < 3. For any up € X; 7, there is > 0 sufficiently small and M > 0
sufficiently large such that ou; < wuy < M and u = du; is a sub-solution of (1.i) (u;
is as in Lemma 4.4) and w = M is a super-solution of (1.i). Then

and

ou; < wy(t, 5 ou; ) <wu(t,suo) <u(t, s M)<M Vt>0.
By (1), Lemmas 4.4 and 4.5, and Dini’s Theorem,
wi(t, @; 0u; ) <uj(x) <ui(t,z; M) V>0, z €M,
and
tlggo u;(t, x5 0u; ) = tlggo ui(t,x; M) = u}(x)
uniformly in  on bounded sets. It then follows that

i (f 25 u0) = uj(z)

uniformly in  on bounded sets.
We claim that ||u;(t,;up) —ul(-)|| = 0 as t = co. Assume the claim is not true.
Then there are ¢ > 0, ¢, — 00, and x,, with ||z, || — oo such that

|wi(tny Tnsuo) — ui(xn)| > €0 VYn €N.
Then by Lemma 4.3,
0 €0
|t (b, Tnjuo) — ug | > B Vn > 1.
Let 6 > 0 and M > 0 be such that
6 < ult,;up) < M Vit >0.
For any € > 0, let 7' > 0 be such that

(4.1) uilT, 58, () —ufl <& |ui(T,5 M, f() —uf] <e.
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Observe that
6 < wi(tn = T, 2y + 23 u9) < M
and
Ui(tn, Tt uo) = wi (T, opt-3ui(tn =T, 3 u0)) = wi(T, 5 ui(tn =T, +an; uo), fi-+2n, "))
for n > 1. Then
(42)  w(T, 56, fi(- + 2n)) < wiltn, on + 5 u0) < wi(T, 5 M, fi(- + 20, ).

Observe also that fi(z + z,,u) — f2(u) as n — oo uniformly in (z,u) on bounded
sets. Then by Proposition 3.4,

wi(T, 230, fi(- + @ny ) — wi(Ty 50, f2(-))
and
wi(T,x; M, fi(- + 2, ) = wi(T, 25 M, f2(-))
as n — oo uniformly in # on bounded sets. This together with (4.1) implies that
[ui(T, 00, fi(- + xp, ) —ul| < 2, |ui(T,0; M, fi(- + pn,-)) —ud| <2 for n>1
and then by (4.2),
|wi(tn, Tn;ug) — ul| < 26 for n>> 1.

Hence limy, o0 ;i (tn, Tn;uo) = uf, which is a contradiction. Therefore ||u;(t, ;ug) —
uf()|| = 0ast — oc.

(3) By Proposition 3.1, for any uo € X;" \ {0}, wi(t,z;u0) > 0 for all t > 0 and
x € H;. Hence for any given ug € X, \ {0}, there are ¢ > 0 and r > 0 such that
ui(1, z;u) > o for € H; with x| < r. Note that u;(¢, 5 ug) = ui(t—1, 5 u;(1, 5 up))
for ¢ > 1. (3) then follows from Theorem 2.3 (4) (see next section for the proof of
Theorem 2.3 (4)). O

5. Spatial spreading speeds and proofs of Theorems 2.2 and 2.3. In this
section, we explore the spreading speeds of (1.1), (1.2), and (1.3), and prove Theorems
2.2 and 2.3. Throughout this section, we assume (H1) and (H2).

We first prove two lemmas.

LEMMA 5.1. Let £ € SN71,¢>0,1<i<3, and ug € Xi+ be given.

(1) If iminfy.e<ct t—o0 wi(t, 25 up) > 0, then for any 0 < ¢ < c,

limsup |ui(t, x;u0) — uj (z)] = 0.
z-£<c't,t—00

(2) If iminf|,.¢|<cr t—so0 wi(t, ¥5u0) > 0, then for any 0 < ¢ <e,

limsup  |u;(t, z;u0) — uj(x)| = 0.
|z-€|<c't t—o00

(3) If Bminf)| ) <ct,t—o0 wi(t, T3 u0) > 0, then for any 0 < ¢ <e,

limsup |ui(t, z;uo) — u}(z)| = 0.
||z|| <"t t—00



448 L. KONG AND W. SHEN

Proof. (1) Suppose that liminf,.e<ct —o0 i (¢, 2;up) > 0. Then there are § and
T > 0 such that

wi(t,x;u0) >0 Y(t,x) eRY x Hy, x-&<ct, t >T.

Assume that the conclusion of (1) is not true. Then there are 0 < ¢ < c, €g > 0,
zn € H;, and t, € RT with z,, - € < ct, and ¢, — oo such that

(5.1) [t;(tn, Tnjuo) — ) (Tn)| > € Vn > 1.

Without loss of generality, we may assume that z,, — x* as n — oo in the case that
{||zx||} is bounded (this implies that f;(z + x,,u) — fi(x + 2*,u) uniformly in (z,u)
in bounded sets) and f;(z +z,,u) — f?(u) as n — oo uniformly in (z,u) on bounded
sets in the case that {||z,||} is unbounded.

Let iip € X',

ﬁo(l’) =0 VreH;.

By Theorem 2.1, there is T > 0 such that

(5.2) lui (T, 23 10) — ul(z)| < eo Vo€ Hi,
(5.3) fui(L 5o, fil- + ") — ui (@ + 27| <
and

(5.4) (s o, f7) = uf] < 5.

Without loss of generality, we may assume that ¢, — T > T for n > 1. Let
Uon € X;r be such that g, (z) = 0 for z - £ < CT*'C(tn — T), 0 <
ete(t, —T) <a-€&<c(ty, —T), and Gon(z) = 0 for - € > c(t, — T). Then

wi(tn — T, u0) > Uon(-)

and hence
Ui(t'mxn; UO) = UZ(T, Tn; ui(tn - T7 ';UO))
= UZ(T,O,UML(tn - Ta -+ In?“O)a f’L( + Tn, ))
(55) > Uz(Taoaﬁml(+xn)afz(+mna))

Observe that g, (z + x,) — U as n — oo uniformly in z on bounded sets. In
the case that f;(z + xpn,u) — f(u), by Proposition 3.4,

wi(T, 0 Gion (- + ), fil- + 2, ) = ws(T, 030, £7())
as n — oo. By (5.4) and (5.5),
(5.6) Wi (tny Tns o) > ud —€9/2 for n> 1.
By Lemma 4.3,

(5.7) ud > ul(zn) —€o/2 for n> 1.
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By (5.2), (5.6), and (5.7),
[t (tn, Tnsuo) — u) (xn)| <€ for n>1.

This contradicts to (5.1).
In the case that x,, — z*, by Proposition 3.4 again,

wi(T,0; on (- + xn), fi(- + 2n, ) = wi(T, 0540, fil- + 2, )
as n — oo. By (5.3) and (5.5),
(5.8) Ui (b, Tnjuo) > uj (x*) —eo/2 for n>1.
By the continuity of u}(-),
(5.9) ui(x*) > uj(zy) —€/2 for n>1.
By (5.2), (5.8), and (5.9),
[wi(tn, Tn;uo) — uj (zn)| <€ for n>1.

This contradicts to (5.1) again.
Hence

lim lui(t, z;u0) — ui(z)| =0
z-£<c tt—00

forall0 < ¢ <e.
(2) It can be proved by the similar arguments as in (1).
(3) It can also be proved by the similar arguments as in (1). O

LEMMA 5.2. Let M > 0 be such that fi(z,u) < 0 for x € H;, uw > M, and
i=1,2,3. Then for any € > 0, there are p € NV and g; : H; x R — R such that for
any u € R, g;(-,u) € Xip, gi(-,) satisfies (P1) and (P3), and

fl(x7u) > gl(x,u) Vo € Hiv u € [O7M]7

where g;(+) is as in (3.21) (1 =1,2,3).

Proof. By Lemma 4.1, for any € > 0, there are p € NV and h;(-) € X;, N
C™N(H;,R) such that

fi(z,0) > hi(z) Ve € H; and  h; > f2(0) — e
forv=1,2,3. Fix 1 <14 < 3 and choose M > 0 such that
fi(z,u) > hi(z) — Mu for ze€H;, 0<u<M.
Let
gi(x,u) =hi(x) — M VaxeH; ueR

It is not difficult to see that g;(-,-) (1 < i < 3) satisfy the lemma. O
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In the following, c9(€), c3(¢), and ¢3(€) are as in (2.14), (2.15), and (2.16), re-
spectively (€ € SN¥~1). Observe that \; (i, &, f2(0)) (i = 1,2, 3) exist and

M€, f(0)) = f7(0) + 1
Ao (11, €, £3(0)) = Jon e7#* 8k (2)dz — 1+ f3(0)
)\3([175, fso(o)) = ZkeK ak(e_ukf - 1) + f&o(o)

If no confusion occurs, we may denote \;(i, &, f2(0)) by Xi(p, &) (i = 1,2,3). Ob-

. 73] . w8)
serve also that vy (t,z) = CICS S D vyt z) = e H@E- e Y and vs(t,j) =
. A3 (1,8)

e~ e solutions of

(5.10) vi(t,x) = Av(t,z) + f(0)v(t,z), xRN,

(5.11) ve(t, ) = / Ky — 2)o(t,y)dy —v(t,z) + fSO0)(t,z), xRN,
RN

and

(512) Ut(taj): Zak(?}(t,]+k)*v(t,]))+‘f§)(0)1}(t,j), .7 EZN?
keK

respectively.

Proof of Theorem 2.2. Fix £ € S¥~! and 1 < i < 3. We first prove that for any
¢ > A2(€) and ug € X;7(€),

(5.13) limsup  w;(t, z;u0) = 0.

xz-&£>c t,t—00

To this end, take a ¢ such that ¢ >ec> ¢ (€). Note that there is pf > 0 such that

)\i €7 M*
Qe = 2i6s)
Hy
and there is p € (0, 1) such that
)\i ’
oo i)
W

Take d > M > 0 such that

up(z) <M and wup(z) < de M8 Yo e H,,

(5.14) fi(z, M) <0 VzeH,,
and
(5.15) filz,u) = f2(u) for x-€&> filn%(> 0).

Observe that by (5.14) and (H1), for (t,z) € (0,00) x H; with de ™ *(@¢=°) > M i.e.,
r- &< filn%Jrct,

fi(w, de™1@E=eDy < 0 < £2(0).
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By (5.15), for (t,) € (0,00) x H; with de™#(*¢=) < M, ie, x-& > — In & +ct,
filw, de™ = meD) = f(de” M) < £(0).

It then follows that u = de~#(#¢=Y) which is a solution of (5.10) or (5.11) or (5.12)
if i =1 or 2 or 3, is a super-solution of (1.i) and hence by Proposition 3.1,

(5.16) wi(t, T3 u0) < de™PTET > 0 e H,.

This implies that (5.13) holds.
Next, we prove that for any ¢ < ¢9(€) and any ug € X, (€),

(5.17) limsup  |u;(t, 25 u0) — uj ()| = 0.

z-£<c't,t—00

To this end, take a ¢ € R such that ¢ < ¢ < 2(¢). Let M > 0 be such that ug(z) < M
and f;(z, M) <0 for all z € H;. Then u = M is a super-solution of (1.i) and

wi(t,xyug) <M VE>0, x € H,.

For any € > 0, let ¢;(-, ) be as in Lemma 5.2. By Proposition 3.9, for € > 0 sufficiently
small,

i (§9i(+,-) =2 i (§,9i() > ¢
By Propositions 3.1 and 3.8,

liminf  w;(¢, x;u9) > liminf (¢, 2;ug, g;) > 0.
z-{<ct,t—00 Z(, ’ O)_;cfgct,t—mo z(; ’ O,gl)

(5.17) then follows from Lemma 5.1.
By (5.13) and (5.17), c}(£) exists and ¢} (¢) = c?(¢) for i = 1,2,3. Moreover,
(2.13) holds. O

Proof of Theorem 2.3. (1) It can be proved by similar arguments in [64, Theorem
D(1)]. For completeness, we provide a proof in the following.

Fix £ € SV "land1<i<3. Letuy € X;r satisfy that ug(z) = 0 for € H; with
|z - €] > 1. Then there are u € X (£) and uy € X;7(—¢€) such that

uo(x) < uf(z) Ve H,
By Proposition 3.1 and Theorem 2.2,

limsup w;(t,x;u0) < limsup w;(t,z;u}) =0 ve > c (&)
z-EZc/t,t%oo z-EZc/t,t%oo

and

limsup  wi(t,z;u0) < limsup  w, (¢, z5u; ) =0 ve > ¢ (=¢)
x-(—€)>ct,t—o0 x-(—€)>ct,t—o0

It then follows that

limsup  wi(t, m;u0) =0 Ve > max{c(€),c (=€)}

7
|z-£|>c"t,t—o00
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(2) Fix € € SN and 1 < i < 3. For given 0 < ¢ < min{c}(€),ci(—£€)}, take
a ¢ > 0 such that ¢ < ¢ < min{c}(€), ¢ (—€)}. For given ug € X" satisfying the
condition in Theorem 2.3 (2), let M > 0 be such that ug(x) < M and f;(x, M) <0
for all z € H;. Then u = M is a super-solution of (1.i) and

wi(t,xyug) <M VE>0, x € H,.

For any € > 0, let ¢;(-, ) be as in Lemma 5.2. By Proposition 3.9, for € > 0 sufficiently
small,

By Propositions 3.1 and 3.8,

| glfini?i u;(t, z;u0) Z‘ .gl\lgltlrtli u;(t, 3 u0, gi) > 0.
x-&|<ct, ) z-£|<ct, 00

It then follows from Lemma 5.1 that

limsup  |u;(t, x;u0) — u) (z)] = 0.
|z-€|<c't t—o00

(3) It can be proved by similar arguments as in [64, Theorem E (1)]. For com-
pleteness again, we provide a proof in the following.

Fix £ € SVl and 1 <i < 3. Let ¢ > supgcgn-1 ¢ (€). Let ug € X, be such that
ug(z) = 0 for ||z| > 1. Note that for every given £ € SN~1 there is ig(-;€) € X;"(€)
such that ug(+) < @o(+;€). By Proposition 3.1,

0 < u;(t, z;3u0) < wilt, z;t0(+; §))
for t > 0 and x € H;. It then follows from Theorem 2.2 that

0< limsup w(t,z;up) < lmsup wu,(t, z;a0(+;€)) =0.
z-£>ct,t—00 z-£>ct,t—o0

Take any ¢ > c. Consider all z € H; with ||z|| = ¢. By the compactness of
0B(0,c¢) = {x € Hi|||z|| = ¢ }, there are &1, &,--- & € SN~1 such that for every
x € 0B(0,c ), there is I (1 <1 < L) such that x - > ¢. Hence for every x € H; with

||| > ¢'t, there is 1 < I < L such that = - & = Izl (C—ac) S > ”Cx/”c > ct. By the

- < \l=ll

above arguments,

0< limsup wi(t,ziup) < limsup wi(t, a5d0(&)) = 0
x-& >ct,t—o00 x-&>ct,t—o00

for { =1,2,--- L. This implies that

limsup  w;(t, x;up) = 0.
lz]|>c"t, t—o00

Since ¢ > ¢ and ¢ > supgegn-1¢;(§) are arbitrary, we have that for ¢ >
supgesn-1 ¢ (€),

limsup u;(t, z;up) = 0.
llzl|> et t—o00
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(4) Tt can be proved by similar arguments as in (2). To be more precise, for
given 0 < ¢ < min{c(€)|€ € SN}, take a ¢ > 0 such that ¢ < ¢ < min{c}(€) | € €
SN=11. For given ug € satisfying the condition in Theorem 2.3 (4), let M > 0 be such
that uo(z) < M and f;(z, M) < 0 for all z € H;. Then u = M is a super-solution of
(1.i) and

wi(t,xyug) <M VE>0, x € H,.

For any € > 0, let g;(-, ) be as in Lemma 5.2. By Proposition 3.9, for € > 0 sufficiently
small,

i (§9i( ) = € (&, 9:() > .
By Propositions 3.1 and 3.8,

liminf w;(t,x;up) > Uminf wu;(¢, x;up,g;) > 0.
|zl <ct,t—o0 lzl| <ct,t—o0

It then follows from Lemma 5.1 that

limsup  |ui(t, x;u0) — uj ()] = 0.
lz||<c't,t—00
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