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BIFURCATIONS OF WAVEFRONTS ON r-CORNERS: SEMI-LOCAL
CLASSIFICATION*

TAKAHARU TSUKADAT

Abstract. We introduce the notion of multi-reticular Legendrian unfoldings in order to investi-
gate stabilities and a genericity of bifurcations of wavefronts generated by m points of a hypersurface
with a boundary, a corner, or an r-corner in a smooth n dimensional manifold. We define several
stabilities of multi-reticular Legendrian unfoldings and prove that they and the stabilities of corre-
sponding generating families are all equivalent and give the classification of all generic bifurcations
of their wavefronts in the cases r = 0,n < 5 and r = 1,n < 3 respectively.
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1. Introduction. In [3] K.J4nich explained the wavefront propagation mecha-
nism on a manifold which is completely described by a positive and positively ho-
mogeneous Hamiltonian function on the cotangent bundle and investigated the local
gradient models given by the ray length function. Caustics and Wavefronts generated
by an initial wavefront which is a hypersurface germ without boundary in the mani-
fold were investigated as Lagrangian and Legendrian singularities by V.I.Arnold (cf.,
).

In this paper and its prequel [7], we investigate the stabilities and the generic-
ity of bifurcations of wavefronts generated by a hypersurface germ with an r-corner.
Wavefronts generated by all edges of the hypersurface germ at a time give a contact
reqular r-cubic configuration on the 1-jet bundle. All wavefronts around a time give
a one-parameter family of contact regular r-cubic configurations on the 1-jet bundle.
In order to consider such families, we shall introduce the notion of unfolded contact
reqular r-cubic configurations on the big 1-jet bundle. A wavefront of an unfolded con-
tact regular r-cubic configuration is the big front of the corresponding one-parameter
family of contact regular r-cubic configurations. We shall consider their generating
families and equivalence relations.

t<0 t=0 t>0

FiG. 1. The generic bifurcation of wavefronts on a boundary ! Bs

We also consider bifurcations of intersections of wavefronts generated by m points
of the hypersurface. We introduce the notion of multi-reticular Legendrian unfoldings
which is a generalized notion of multi-Legendrian unfoldings given by S.Izumiya (cf.,
[2]) for our situation. We shall define several stabilities of multi-reticular Legendrian
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unfoldings and prove that they and the stabilities of their generating families are all
equivalent. We shall also classify generic multi-reticular Legendrian unfoldings and
give all figures of their wavefronts in the case r = 1,n <3,m=1and n < 3,m > 2.

In history, our theory in the case r = 0 is investigated as the theory of (multi-
)Legendrian unfoldings by S.Izumiya (cf., [2]) and the classification list of generic
Legendrian unfoldings is given by using V.M.Zakalyukin’s theory (cf., [10]) in which he
has classified generic quasihomogeneous function germs under the t-P-K-equivalence.
In [7] we have classified not only quasihomogeneous function germs but also all smooth
function germs under the reticular t-P-K-equivalence which is a generalized relation
of the t-P-K-equivalence.

I.G.Scherbak has studied the theory of boundary fronts in [4] and this corresponds
to our theory in the case 7 = m = 1. She has introduced the notion of Legendrian
pairs which is corresponding to the notion of regular 1-cubic configurations. But they
are not strictly formulated and no proof is given. In this paper, we shall define and
prove our theory strictly. Since the equivalence relation of function germ used in her
paper is slightly different from the one which is used in this paper (see the remark in
Section 2), the figures of wavefronts ® B, of fig.2 and ! B3 of fig.3(cf., Figure 1), and ° B3
of fig.4 in [4, p.365] do not coincide with our figures respectively. The classification
list of function germs also different from ours (compare [4, p.371 Proposition 3] with
[7, Theorem 4.7]).

For example we consider the below figures in which the initial wavefront with
a boundary in a plane and wavefronts generated by the initial wavefront and the
boundary to normal directions are described respectively. The generated wavefronts

FIG. 2. The initial wavefront VO with a boundary and generated wavefronts (e =0, t1 < ta < t3)

bifurcate and typical shapes of bifurcations occur. The Bz front occurs (compare this
to Figure 1). The 1(YA;°45), 1(°A;1°4;), and 1(°A1°Bs) fronts are intersections of
fronts generated by different points of the initial wavefront. The purpose of this paper
is the classification of such generic bifurcations of wavefronts and their intersections.

This paper consists of six sections. In Section 2 we give the review of stabilities
under the reticular t-(P-K),)-equivalence relation of map germs which play impor-
tant roles as generating families of multi-reticular Legendrian unfoldings (cf., [7]). We
shall also give the review of the theory of contact regular r-cubic configurations. In
Section 3 we shall introduce the notion of multi-reticular Legendrian unfoldings and
consider their generating families. In Section 4 we shall investigate several stabilities
of multi-reticular Legendrian unfoldings. In Section 5 we shall reduce our investigation
to finite dimensional jet spaces and give the classification of generic multi-reticular
Legendrian unfoldings in the cases r = 0 and 1 respectively. In Section 6 we shall
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show that our method do not work well for the cases r > 2 because of modalities of
generating families. All maps considered here are differentiable of class C'*° unless
stated otherwise.

2. Stabilities of unfoldings. In this section we investigate the theory of map
germs with respect to the reticular t-(P-IK)()-equivalence relation which is proved
by almost parallel methods of [7].

Let H" = {(x1,...,2) € R"Jzy > 0,...,2, > 0} be an r-corner. We denote
by E(r;k1,7;k2) the set of all germs at 0 of smooth maps H” x R¥ — H" x Rk2
and set M(r; k1, r ko) = {f € E(r;k1,r;k2)|f(0) = 0}. We denote E(r;ky, ko) for
E(r; k1,0;ka) and denote M(r; k1, ko) for M(r; k1, 0; k2).

If ko = 1 we write simply £(r; k) for E(r; k,1) and M(r; k) for M(r; k,1). Then
E(r; k) is an R-algebra in the usual way and 9(r; k) is its unique maximal ideal. We
also denote by E(k) for £(0; k) and M (k) for M(0; k). We remark that E(r; k,p) is an
E(r; k)-module generated by p-elements.

We denote by J!(r + k,p) the set of I-jets at 0 of germs in £(r;k,p). There are
natural projections:

m o E(ryk,p) — Jl(r—l—k,p), Fll; : Jll(r—l—k,p) — Jl2(r+k,p) (I > 12).

We write j! f(0) for m;(f) for each f € E(r;k, p).

Let (z,y) = (z1,- , &, 91, - ,Yk) be a fixed coordinate system of (H" x R¥, 0).
We denote by B(r; k) the group of diffeomorphism germs (H" x R¥,0) — (H" x R¥, 0)
of the form:

(b(xay) = (.fqu)%(.ﬁ,y), o aITéq(x7y)a¢%(x7y)a' o ,¢§($,y))

We denote by B,,(r; k + n) the group of diffeomorphism germs (H" x R¥t" 0) —
(H" x RE*t™ 0) of the form:

¢(37:Z/:U) = (x1¢i(x7y7u)7' o 7‘1’.T¢;(x7y7u)7¢%(x7y7u)7 e 7¢12€(x7y7u)7¢11i(u)7' . 7(1)_?(’[1,))

o) ) )
We denote ¢(x7yau) = (xd)l(x,y,u),q§2(ac,y,u),¢3(u)), aiyo = (6_5(1)5 75_/!):2)5 and
denote other notations analogously.

LEMMA 2.1. (cf.,, [9, Corollary 1.8]) Let B be a submodule of E(r; k+n+m',m),
A; be a finitely generated £(m')-submodule of £(r; k+n+m’,m) generated d-elements,
and Az be a finitely generated E(n +m') submodule of E(r;k +n 4+ m/;m). Suppose

E(rik+n+m/,m) = B+ Ao+ A1 +M(m)E (r; k+n+m/,m)+M(n+m" )T E(r; k+n4+m’,m).
Then

E(rik+n+m/,m) =B+ Ay + Ay,
M(n +m)E(r k+n+m',m) C B+ Ay +Mm)E(r; k+n+m',m).

We say that fo = (fo1,---, fom)(@¥),90 = (9015 -+, 90,m)(x,y) € E(r; k, m) are
reticular K, -equivalent if there exist ®; € B, (r; k-+n) and units a; € £(r; k+n) such
that go; = a;-fo,i0®; fori=1,...,m. Wedenote ® = (®1,...,P,,), a = (a1,...,am)
and we call (®,a) a reticular K,,)-isomorphism from fq to go. We remark that fo and
go are reticular KC(,,)-equivalent if and only if fo; and go; are reticular K-equivalent
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fori=1,...,m.

REMARK. The corresponding equivalence relation of function germs is given by
I.G.Scherbak (see [4, p.366 §2]) as follows: Function germs fo,g90 € E(1 + k) are
equivalent if there exist a diffeomorphism germ ¢ on (R'** 0) of the form ¢(z,y) =
(x¢1(2,y), 93(z,y), ..., d5(z,y)) and a unit a € £(r;k) such that go = a - fy o ¢.
The variable z is defined on (H,0) and ¢1(0) > 0 in our equivalence relation. On
the other hand x is defined on (R,0) and the condition ¢1(0) > 0 is not required
in I.G.Scherbak’s equivalence relation. These differences appear in the definition of
wavefronts and consequently the figures of wavefronts in [4] and the figures in this
paper are different to each other.

LEMMA 2.2. Let fo(x,y) € M(r;k,m) and z = j'fo(0). Let Oli(2) be the
submanifold of J'(r +k,m) consist of the image by m of the orbit under the reticular
K () -equivalence of fo. Put z = 31 f0(0). Then

0fo,1

dy
Doty + s ) (Z2),

L0 (2)) = (U 22200y + e ) 2200

dfo
X ({fom, w00
We say that a map germ fo = (fo,1,- .-, fom)(2,y) € M(r; k, m) is reticular K, -
I-determined if all map germ in 9(r; k, m) which has the same I-jet of fj is reticular
K (m)-equivalent to fo.

LEMMA 2.3. (cf., [7, Lemma 2.3]) Let fo = (fo1,---, fom)(x,y) € M(r; k, m)
and let

8f01 afOz

M (r; k)”l C M(r; k) ({foi,x 9

=) M k) {=5 =) + M k)

fori =1,...,m. Then fy is reticular K(y,-I-determined. Conversely if fo(z,y) €
M(r; k,m) is reticular KC(,-l-determined, then

fO’L

M(r; KY€ (o f>w@+kax L) fori=1m

We say that f = (fla T fm)(ma yau)ag - (gla s 7gm)(x7ya u) € E(T; k + n,m)
are reticular (P-K) () -equivalent if there exist ®; € B, (r; k + n) of the form:

(I)i(xa y?“’) = (xd)zl (Ia y7ta U), (1512(357?], t,’U;), ¢3(U’))

and a unit a = (a,...,an)(x,y,u) € E(r;k + n,m) such that g; = a; - f; o ®; for
i =1,...,m. We write ® = (®1,...,®,,) and call (®,a) a reticular (P-K) -
isomorphism from f to g.

We say that a map germ f = (f1,..., fm)(z,y,u) € M(r;k + n,m) is reticular
(P-K) (m)-I-determined if all map germ in 9 (r; k 4 n,m) which has the same I-jet of
[ is reticular (P-KC)()-equivalent to f.
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For f = (f1,..., fm)(z,y,u) € E(r; k + n,m) we set

Ok () = (12 ) iy + MU k+n><?;>> X (U e
fm of

LEMMA 2.4. Let f = (f1,...,fm)(@,y,u) € E(r;k +n,m) and z = j'£(0). We
write Ofnp_,c(m) (z) the submanifold which consists of l-jets of the orbit of f under the

reticular t-(P-KC) (m) equivalence relation. Then it holds that

Oi’P-IC(m) (z) - Wl(OT'P-’C(m) (f))

LEMMA 2.5. (cf., [7, Lemma 3.10]) Let f = (f1,..., fm)(z,y,u) € M(r; k+n,m)
and l be a non-negative integer. If

(1) M(r;k +n,m)" C Orpxc,,,, (f) + Mn)M(r; k + n,m),

then f is reticular (P-K)(m)-I-determined.

In convenience, we denote an unfolding of a function germ f(z,y,u) € M(r;k +
n,m) by F(x,y,t,u) € M(r; k +m’ +n,m).

Let F(x,y,t,u) € M(r;k+m) +n,m) and G(z,y, s,u) € M(r; k +mbH+mn,m) be
unfoldings of f(x,y,u) € M(r; k +n,m).

A reticular t-(P-KC)(ym)-f-morphism from F to G is a pair (®,a), where & =
(®1,...,Dp) for &; € M(r;k +mb +n,mk+m) +n)and a = (a1,...,an) is a unit
of £(r; k + mb + n, m) satisfying the following conditions:

(1) ®; can be written in the form:

q)i(ma Y, t, U) = (xd)i(xvyatau)a d)é(xvyatau)a ¢3(t)7 ¢4(t7u))a

(2) @ilgr xrrtn = idpr xritn, il xpein = 1,

(3) Gi(2,y, t,u) = ag(x,y, t,u)-Fio®;(z,y, t,u) for all (z,y,t,u) € (H" x REtmatn (),
If there exists a reticular ¢-(P-K)(y,)- f-morphism from F' to G, we say that G is

reticular t-(P-IC) m)-f-induced from F. If my = my and @ is invertible, we call (®, a)

a reticular t-(P-IK) (- f-isomorphism from F to G and we say that I is reticular

t-(P-K) (m)- f-equivalent to G.

We say that F(x,y,t,u),G(z,y,t,u) € E(r;k + m' + n,m) are reticular t-(P-
) (m) -equivalent if there exist diffeomorphism germs

O, : (H” x RFF™ 7 0) o5 (H” x RF™+7 0) (i=1,...,m)
of the form
q)i(ma Y, t, q, Z) = (1'@511 (:L'a Y, t, ’U,), ¢é(ma Y, t, ’U,), ¢3(t)a ¢)4(t7 u))

and a unit a = (a1,...,am) € E(r;k +m’ + n,m) such that G; = a; - F; o ®; for
i=1,...,m. We call (®,a) a reticular t-(P-IK)(,,)-isomorphism from F to G.
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We say that function germs Fy(21,...,&r, Y1, ,Ykys 4G, 2) € M(r1;ky +m/ +
n+1) and Fo(z1,.. ., Tryy Y1, s Yko»t, ¢, 2) € M(ra;ka + m/ + n + 1) are stably
reticular t-P-K-equivalent if F; and F5 are reticular t-P-K-equivalent after additions
of linear forms of x of which all coefficients are not zero and non-degenerate quadratic
forms in the variables y.

We define the notion of stable reticular t-(P-K) ) -equivalence in the same method
of the stable reticular t-P-K-equivalence.

DEFINITION 2.6.  We define stabilities of unfoldings. Let F = (Fy,
o FEn)(zyy,t,u) € Mk + m' 4+ n,m) be an unfolding of f = (fi,
s fm) (@, y,u) € M(rik + n,m).

We say that F' is reticular t-(P- IC)(m) -stable if the following condition holds: For
any neighborhood U of 0 in H" x RF+m 47 and any representative F € C>(U,R™),
there exists a neighborhood N of F in C°°-topology such that for any G € Ng
there exist (0,y%,t%,u) € U for i = 1,...,m such that G = (G1,...,Gn) and
F are reticular t—(’P—IC)(m)—equivalent, Where G; € M(r;k + m' + n) is defined by
Gilw,y, t,u) = Glayy + 't + 10, u+u®) = G0,y 10, u°).

We say that F'is a reticular t-(P-IKC)(,,)-versal unfolding of f if any unfolding of
[ is reticular t-(P-K) (- f-induced from F. We say that F' is a reticular t-(P-K) -
universal unfolding of f if m is minimal in reticular ¢-(P-K)(,,)-versal unfoldings of

f.

We say that F is reticular t-(P-IC) () -infinitesimally versal if

. o of
E(T, k + n7m) <f1; 8:0 ay > (r;k+n) X X
afm Ifm of oF
<fma 5 a—y>5(r;k+n + <au>5(n < ot |t 0>

We say that F is reticular t-(P-K) ) -infinitesimally stable if
OF 0F
(i‘)I ay >£(7‘;k+m’+n) X X

oF,, 0Fn, oF OF
<Fmax%7 ay >8(r k+m’+n) + <0u >€(m’+n) + < ot >€(m)

Ersk+m' +n,m)=(F,x

We say that F' is reticular t-(P-K) ) -homotopically stable if for any smooth path-
germ (R,0) — E(r;k +m/' +n,m), 7 — Fr = (Fir,...,Fy ;) with Fy = F, there
exists a smooth path-germs (R,0) — B(r;k+m'+n) x E(r;k+m/ +n), 7 — (<I>ZT, al)
with (@), af) = (id, 1) and ®! has the form

DL (2, y,t,u) = (vpit (z,y, t,u), 22 (z, y, t,u), 2 (1), ¢2 (L, )

such that each (®¢ i) is a reticular ¢-P-K-isomorphism and F; , = a - F; o o ®¢ for

7 Qr

€ (R,0)andi=1,...,m.

Let U be a neighborhood of 0 in H” x RFt™'+n [ — (F1 . F™):U — R™ be
a smooth map, and [ be a non-negative integer. We choose a neighborhood U’ of 0 in



BIFURCATION OF WAVEFRONTS ON r-CORNERS 309

RFm+m 47 such that (0,y%,¢,u) € U for any (y',...,y™, t,u) € U’ and i. We define
the smooth map germ

JF U — J(r+k+4+n,m)

as follows: For (y',...,y™ t,u) € U we set jLF(y',...,y"™ t,u) by the I-jet of the
map germ (f(ly1 by (gm tu)) € M(r;k + n,m) at 0, where fi is given by

flrw @y w) = F@ g+ tou+ ) — F(0, 4, t,u)

yi,tu)

Let F(x,y,t,u) € M(r;k + m’ + n,m) be an unfolding of f(z,y,u) € M(r; k +
n,m). Let [ be a non-negative integer and z = j'f(0). We say that F is reticular
t-(P-K) (m)-l-transversal if JLF at 0 is transversal to O£P-IC<7") (z) for a representative

F e C®(U,R™) of F.
LEMMA 2.7. (cf, [7, Lemma 3.4]) Let F(x,y,t,u) € M(r;k +m' +n,m) be an

unfolding of f(x,y,u) € M(r; k+n,m). Then F is reticular t-(P-K) ) -l-transversal
unfolding of f if and only if

0f1 0 Ofm Ofm
E(r;k+n,m) = (f1,x fl aj;lk(r den) X X (@ Ofm ,aiy)smmn)
af OF
—l—(%)g(n) + <E|t=O>R + M(r; k + n)l+15(r; k+mn,m).

THEOREM 2.8. (Uniqueness of universal unfoldings) (cf., [7, Theorem 3.13]) Let
F(z,y,u, t),G(x,y,u,t) € M(r;k +n+m',m) be unfoldings of f € M(r;k +n,m).
If F and G are reticular t-(P-K))-universal, then F and G are reticular t-P-K-f-
equivalent.

The following theorem is used to prove Theorem 4.6.

THEOREM 2.9. (cf., [7, Theorem 3.14]) Let F(x,y,t,u) € M(r;k + m' + n,m)
be an unfolding of f(x,y,u) € M(r;k + n,m) and let [ is an unfolding of fo(x,y) €
M (r; k,m). Then following are equivalent.

(1) There exists a non-negative number | such that fo is reticular K,)-l-determined
and F is reticular t-(P-K) () -l'-transversal for I" > Im +14m’,

(2) F' is reticular t-(P-K)n)-stable,

) F s reticular t-(P-IC) () -versal,

) F is reticular t-( )(m)-infinitesimally versal,

) F is reticular t-( )(m)-infinitesimally stable,

) F is reticular t-( )(m)-homotopically stable.

(3

(4 P-K
(5 P-K
(6 P-K

3. Reticular Legendrian unfoldings. In order to consider one-parameter fam-
ilies of Legendrian submanifold with an r-corner, we require the notion of reticular
Legendrian unfoldings, their equivalence relation, and generating families.

We consider the big 1-jet bundle J! (R xR™, R) and the canonical 1-form © on that
space. Let (t,q9) = (¢t,q1,...,¢n) be the canonical coordinate system on R x R™ and
(t,q,2,8,p) = (t,q1,.-,qn,2,8,P1,-..,Dn) be the corresponding coordinate system
on JY(R x R™,R). Then the canonical 1-form © is given by

n
@:dz—Zpidqi—sdtze—sdt,

i=1
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where 6 is the canonical 1-form on J'(R™, R).

Let {Lo,t}ocr, te(r,0) be a family of contact regular r-cubic configurations on
JY(R™,R) defined by a family of contact embedding germs C; : (J!(R",R),0) —
JY(R",R) depending smoothly on ¢ € (R, 0) such that 70Cy(0) = 0 and L, ; = C;(L2)
for all o C I, and t € (R, 0).

Then we consider the following contact diffeomorphism germ C on (J'(R x
R™ R),w) (II(w) = 0):

LEMMA 3.1. For any family of contact embedding germs Cy : (JL(R™,R),0) —
JHR™, R) (7 o Cp(0) = 0) depending smoothly on t € (R,0), there exists a unique
function germ h on (J*(RxR™ R),0) such that the map germ C : (JL(RxR",R),0) —
(J1(R x R™ R),0) defined by

C(ta q, 2, Sap) = (ta qo Ct(‘]a Zap)a Z0 Ct(‘]a Z,p), h(ta q, 2, Sap)ap © Ct(‘]a Zap))
is a contact diffeomorphism.

Proof. We denote Cy(q, z,p) = (¢:(q, z,p), 2:(2,4,p), pt(¢q, 2,p)). Since C; is a con-
tact embedding germ for all t € (R, 0), there exists a function germ «a(t, ¢, z, p) around
zero with Ot(O) 7& 0 such that dzt(‘]a Zap) 7pt(qa Zap)dqt(% Zap) = Oé(t, q, Zap)(dzfde)
for all fixed t. By the direct calculation of this equation, we have that

Oz O _ 0% O _ 0% On_

92 pt@zi " "0q pt@qi p " op pt@pi .
We also calculate C*(dz — pdq — sdt) by considering the above relations. Then we
have that

C™(dz — pdq — sdt)

= dZt(Z7 Q7p) - pt(Q7 Z,p)d(h(q, Z7p) - h(t7 q; 2, S7p)dt
82,5

ot

B
(4:2:0) — pe(9, 2,P) 2 (g, 2,p) — hlt, 0, 2, 5, ))dL.

= a(t7 2, Q7p)dz - a(t7 2, Q7p)pdq - ( ot

In order to make C' a contact embedding, the function h(t,q,z, s,p) is uniquely de-
termined that:

9z

ot

4:

2 h(t =
( ) (7qﬂzﬂsﬂp) 0t

((Lzap)*pt(%zap) (q,z,p)JrOz(t,q,z,p)S.

|

DEFINITION 3.2.  Let C be a contact embedding germ (J'(R x R™ R),0) —
JYR x R™,R). We say that C is a P-contact diffeomorphism if C' has the form:

(3) C(ta q, 2, Sap) = (ta qc(ta q, Zap)a Zc(ta q, Zap)a h’C(ta q, 2, Sap)apC(ta q, Zap))

We remark that a P-contact diffeomorphism and the corresponding one-
parameter family of contact embedding germs are uniquely defined by each other.

We define that Ly = {(t,q,2,5,p) € J'(R X R R)|gy = p1, 0 = gry1 = -+ =
Gn=5=2=0,q1,_o >0} for o C I, and L" = {(¢,q,2,s,p) € JHR x R",R)|q1p1 =
= Pr = Qrp1 = =@n = 8 =2z = 0,q, > 0} be a representative as a germ of
the union of L0 for all ¢ C I,. We denote that the set L7 is the normalization of the
particles incident from the o-corner of the initial hypersurface germ with a r-corner
at time ¢.
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DEFINITION 3.3. We say that a map germ £ : (L",0) — (JY(R x
R™ R),w) (II(w) = 0) is a reticular Legendrian unfolding if L is the restriction of
a P-contact diffeomorphism. We call {£(L7°)}oc1, the unfolded contact regular r-
cubic configuration of L.

We note that: Let {L,},cs, be an unfolded contact regular r-cubic configu-
ration associated with a one-parameter family of contact regular r-cubic configura-
tions {Ls.t}oc I,,te(R,0)- Then there is the following relation between the wavefront

W, =1II(L,) and the family of wavefronts Wy, = 7(Ls¢):

We= |J {t} xW,y forallocI,.
te(R,0)

In order to study bifurcations of wavefronts of unfolded contact regular r-cubic
configurations we introduce the following equivalence relation. Let ¥ be a contact
diffeomorphism germ on (J'(R x R™ R),0). We say that ¥ is a reticular Piry-
diffeomorphism if m; o ¥ depends only on ¢t and ¥ preserves EQO for all o C I,.

Let {L:},cs, (i = 1,2) be unfolded contact regular r-cubic configurations on
(JH(R x R™",R),w;) (I(w;) = 0). We say that a contact diffeomorphism germ K :
(JLHR x R*,R),w;) — (JL(R x R* R),ws) is a P-Legendrian equivalence if K has
the form:

(4) K(ta q, %z, 57p) = (¢1(t)a ¢2(ta q, 2)7 ¢3(t7 q, Z)a ¢4(t7 q, %, Sap)7 ¢5(ta q, %, 57p))

We say that they are P-Legendrian equivalent if there exist a P-Legendrian equi-
valence K such that L2 = K(L}) for all o C I,..

In order to understand the meaning of P-Legendrian equivalence, we observe the
following: Let {L! },cr, (i = 1,2) be unfolded contact regular r-cubic configurations
on (J'(R x R™,R),w;) (Il(w;) = 0) and {L ;}sc1, 1e(r,0) be the corresponding one-
parameter families of contact regular r-cubic configurations on J!(R™, R) respectively.
We take the smooth path germs w; : (R,0) = (J*(R™,R),0) such that {L} ,},cr, are
defined at w;(t) for ¢ = 1,2. Suppose that there exists a P-Legendrian equivalence
K from {Ll}ocs, to {L2}ocr, of the form (4). We set W, be the wavefront of
L, for o C I, t € (R,0) and i = 1,2. We define the family of diffeomorphism
gt - (Rn X Rﬂﬁ(wl(t))) — (Rn X R’W(MQ(t))) by gt(qaz) = (¢2(t7%z)a¢3(ta%z))'
Then we have that g,(W ;) = W;,m(t) forall o C I, t € (R,0).

We also define the equivalence relation among reticular Legendrian unfoldings.
Let £; : (L",0) — (JY(R x R",R),w;), (i = 1,2) be reticular Legendrian unfoldings.
We say that £ and Lo are P-Legendrian equivalent if there exist a P-Legendrian
equivalence K and a reticular r-diffeomorphism W such that K o L1 = L5 0 W.

We remark that two reticular Legendrian unfoldings are P-Legendrian equivalent
if and only if the corresponding unfolded contact regular r-cubic configurations are
‘P-Legendrian equivalent.

By the same proof of Lemma 5.3 in [6], we have the following:

LEMMA 3.4. Let {EU}UCIT be an unfolded contact regular r-cubic configuration on
(J'R x R™,R),w) (II(w) = 0). Then there exists a P-contact diffeomorphism germ
C on (JL(R x R™,R),0) such that C defines {Ly}ocr1, and preserves the canonical
1-form.



312 T. TSUKADA

By this lemma we may assume that all reticular Legendrian unfoldings (and all
unfolded contact regular r-cubic configurations) are defined by P-contact diffeomor-
phism germs which preserve the canonical 1-form.

We can construct generating families of reticular Legendrian unfoldings. A
function germ F(x,y,t,q,2) € M(r;k + 1+ n+ 1) is said to be P-C-non-degenerate
if 2£(0) = %—Z(O) =0and z,t, F, 2L %—Z are independent on (HF x RF+1+n+1 (),

A P-C-non-degenerate function germ F(z,y,t,q,2) € M(r; k+1+n+1) is called
a generating family of a reticular Legendrian unfoldings £ if

L) = ({0, e /(- 90), D0 )(-900) € (7 (R xR, ), )

ot 027" g
F F
e = F = air_a = ?Ty =0,27,—» >0} for all o C I,.

We remark that for a P-C-non-degenerate function germ F(z,y,t,q, z), the function
germ F'(-,-,t,- ) is C-non-degenerate (see [6, p.111]).

LEMMA 3.5. Let C be a P-contact diffeomorphism germ (J'(R x R™,R),0) —
(JLHRxR",R),w) (II(w) = 0) which preserves the canonical 1-form. If the map germ

(TaQaza S,P) — (T,Q,Z,SC(T,Q,Z, S,P),pC(T,Q,Z,S,P))

is diffeomorphism, then there exists a function germ H(T,Q,p) € M(1+n+n)? such
that the canonical relation Po associated with C has the form:

OH oOH
Pe ={(T Z, ——(T -
C {( 5Q7 ) 8T( 7Qap)+57 aQa
OH OH
(5) Tafa_paHf<a_pap+p0>+SOT+Z78+SOap+pO)}a

and the function germ F € M(r;n+ 1+ n + 1) defined by F(x,y,t,q,2) = —z +
H(t,z,0,y) + (y + p°, q) + s°t is a generating family of the reticular Legendrian un-
folding C|L.

Proof. We have that dz — (s + s%)dt — (p + p°)dq = dZ — SdT — PdQ on Pc. It
follows that d(z — Z) = (s + s%)dt + (p + p°)dg — SdT — PdQ and d(z — Z — (s +
st — (p +p°)q) = —tds — qdp — SdT — PdQ. Then there exists a function germ

S

H'(T,Q,s,p) € M1 +n+1+1+n)? such that
0 o oW 9H' . 9H | OH'
2727(84»8 )ti(p+p )q_H(T7Q7S7p)7t_ s 4 = 6]7 75_ 6T7P_ 6@

on Pg. Sincet =T = 768—11: on Pg, we have that H'(T,Q, s,p) = H(T,Q,p) — T's for
some H(T,Q,p) € M(1 +n + n)2. Then we have that

OH
z—Z— T(S + SO) - <_a_pap+p0> = H(Tanp) —Ts.
It follows that

OH
z = H(TaQap) - <8_p’p+p0> +SOT+ Z.
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Then we have the required form of Po. By the direct calculation with the form Pg,
we have that F' is a generating family of C|p~. O

We have the following theorem which gives the relations between reticular Leg-
endrian unfoldings and their generating families.

THEOREM 3.6. (1) For any reticular Legendrian unfolding £ : (L",0) — (J(R x
R™ R),w) (II(w) = 0), there exists a function germ F(x,y,t,q,z) € M(r; k+1+n+1)
which is a generating family of L.
(2) For any P-C-non-degenerate function germ F(z,y,t,q,z) € M(r;k+1+n+1)
with 2£(0) = %—5(0) = 0, there exists a reticular Legendrian unfolding £ : (L",0) —
(JL(R x R™ R),w) (Il(w) = 0) of which F is a generating family.
(3) Two reticular Legendrian unfolding are P-Legendrian equivalent if and only if
their generating families are stably reticular t-P-K-equivalent.

This theorem is proved by analogous methods of [5], [6]. We give the sketch of
the proof. We may assume that w = 0.
(1) Let C be a P-contact diffeomorphism germ on (J!(R x R™,R),0) such that C|, =
L. We may assume that C*O = ©. By taking a P-Legendrian equivalence of L,
we may assume that the canonical relation Pc associated with C' has the form (5)
for the function germ H € 9MM(1 + n + n)?. Then the function germ F(z,y,t,q,2) €
M(r;n + 1+ n+ 1) defined by

F(:c,y,t,q,z):72+H(t,:ﬂ1,...,xr,0,y)+(y,q)

is a generating family of L.

(2) Let a P-C-non-degenerate function germ F(z,y,t,q,2) € M(r;k+1+n+1) with
9L(0) = %—Z(O) = 0 be given. By [6, Lemma 2.1], we may assume that F' has the
form F(z,y,t,q,2) = —z + Fo(z,y,t,q) for some Fy € M(r;k + 1+ n). Choose an

(n —7) X k-matrix A and an (n — r) X n-matrix B such that the matrix

0’Fy  0*Fy 0%F
Odxdy 0xdq Ox0t
0’Fy, O0%’F, O°*F,
dydy Oydq Oyot
A B 0
0 0 1

is invertible.

0

Let F/ € M(r +k+1+n+ 1) be a function germ which is obtained by an extension
the source space of F to (R™T*+1¥n+1 (). Define the function G(S,Q,vy,t,q,2) €
Mn+1+1+k+1+n+1) by that

G(Q,Z,S,y,t,q,z) = 7Z+FI(Q17" '7QTay7taQ)+

Y1 q1
(Qrs1,---,Qn)A| +(Qr41,.--,Qn)B | + St.
Yk Gn
Then G is a generating family of the canonical relation P associated with some P-

contact diffeomorphism germ C. The function germ F is a generating family of the
reticular Legendrian unfolding CIy..
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(3) We need only to prove that: If Fy, Fy € M(r; k+ 1+ n) are generating families of
the same reticular Legendrian unfolding, then they are reticular t-P-K-equivalent.
We may reduce that F; has the form Fj(z,y,t,q,2) = —z + F2(z,y,t,q) for F? €
M(r;k +1+mn), i = 1,2. Then FY and FY are generating families of the same
reticular Lagrangian map in the sense of [5]. By [5, p.587 the assertion (3)], there
exists a reticular R-equivalence from Fy to FY of the form:

FIO(I) Y, ta Q) = F2O(x¢1 (Ia Y, ta Q)7 ¢2(Ia Y, ta Q)7 ta Q)
This means that F; and Fy are reticular t-P-K-equivalent. O

4. Multi-reticular Legendrian unfoldings. Let £; : (L™,0) — (J'(R x
R™ R),w;)(i = 1,...,m) be reticular Legendrian unfoldings with II(w;) = 0 where
W1, ..., Wy, are distinct. Then we call £ = (L1,..., L) a multi-reticular Legendrian
unfolding.

Let (L1,...,Ly) and (L£},..., L)) be multi-reticular Legendrian unfoldings. We
say that they are P(,,)-Legendrian equivalent if there exist contact diffeomorphism
germs

Ki: (J'RxR"R),w;) = (JHR x R",R),w}) (i=1,...,m)

7

of the forms

(7) Kz(t; q,z, 57]7) = (¢1 (t)7 ¢2(t7 q, Z)a ¢3(t7 q, Z)a ¢Z(t7 q, %, Sap)7 (b%(ta q,%, 57p))

and reticular r;-diffeomorphisms ¥; on (L™, 0) such that K; o £; = L, o ¥, for i =
1,...,m.

Let (L1,...,Ly) be a multi-reticular Legendrian unfolding and F; € M (r;; k; +
1+ n+ 1) be generating families of £; for i =1,...,m. We call F = (F1,...,Fy) a
generating family of (L1,...,Lm).

By the consideration of stable reticular t-(P-K)(,)-equivalences of gener-
ating families of multi-reticular Legendrian unfoldings, we may assume that
=17 =" ="y, k=k = - = ky by taking stable reticular t-(P-I) -
equivalences of them.

We say that a map germ (Fi,....F,) € Mrk + 1 + n +

L,m) is  Pgy)-C-non-degenerate if all F; are P-C-non-degenerate and
(@ (— 8F1) OF; (— 8F1)) (8Fm (— aFm) OF (,%
ot 0z /7 Oq 0z ’ Y\ Ot dz /7 9q 0z

)) are distinct.

By Theorem 3.6, we have the following:

THEOREM 4.1. (1) For any multi-reticular Legendrian unfolding L, there exists
a multi-generating family of L,
(2) For any P(n)-C-non-degenerate map germ F = (Fi,...,Fp) € M(rik +1 +
n+ 1,m), there exists a multi-reticular Legendrian unfolding of which F is a multi-
generating family,
(3) Let F = (F1,...,Fy) and F' = (FY, ..., F!.) be multi-generating families of multi-
reticular Legendrian unfoldings (L1,...,Lm) and (LY, ..., L)) respectively. Then
(L1,..., L) and (LY, ..., L},) are Piyy-Legendrian equivalent if and only if F' and
F' are stably reticular t-(P-K) () -equivalent.

Let U be an open set in J'(R x R®, R). We consider contact embedding germs
(JHR xR™ R),0) — J*(R x R",R) and contact embeddings U — J!(R x R",R). Let
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(T,Q, S, Z,P) and (t,q,z,s,p) be canonical coordinates of the source space and the
target space respectively. We define the following notations:

1 (JHR x R, R)N{Z = 0},0) = (J}(R x R",R),0) be the inclusion map on the
source space,

Cr(J'(R x R",R),0) = {C|C is a P-contact embedding germ
(JHR x R™,R),0) — J*(R x R",R)},
CR(JLR x R™,R),0) = {C € Cr(J'(R x R",R),0)| C*© = 0},
CZ(JYR x R",R),0) = {C 0 |C € Cp(J (R x R",R),0)},
C2Z(JY R x R, R),0) = {C o1 |C € CL(J'(R x R, R),0)}.

Let V=UN{Z =0} and 7: V — U be the inclusion map.

Cr(U, J'(R x R™",R)) = {C : U — J*(R x R",R)]
C is a contact embedding of the form (3)},
CR(U, JLR x R, R)) = {C € Cr(U, J*(R x R",R)) |C*© = 6},
CZ(V,JHR x R™",R)) = {C 07 |C € Cr(U, JHR x R",R))},
C2E(WV,JHR x R, R)) = {C0i |C € CR(U,J'(R x R",R))}.

DEFINITION 4.2. We define stabilities of multi-reticular Legendrian unfoldings.
Let L= (L4,...,Ly) be a multi-reticular Legendrian unfolding.

Stability. We say that £ is stable if the following condition holds: Let C%% ¢
Cr(JYR x R™,R),0) be P-contact embedding germs such that C%i| -, = £; and
C% e Cp(Us, JHR x R™,R)) be representatives of C%* for i = 1,...,m. Then there
exist open neighborhoods Ngo,; of C% in C*-topology for i = 1,...,m such that
for any O € Ngo., there exist points z; = (T%,0,...,0, P! ,,...,P!) € U; such that
the multi-reticular Legendrian unfolding (£ ,...,£7 ) and L are P(,,)-Legendrian
equivalent, where the reticular Legendrian unfolding £} is defined by

x=(T,Q,Z,8S,P) s Ci(zg +z) — Ci(x0) + (0,0, P 1 Qri1 + -+ PLQn,0,0).

Homotopical stability. A one-parameter family of P-contact embedding germs
C: (JHRxR™ R)xR,(0,0)) = JL(RxR",R) (T,Q, Z,S, P,7) — C.(T,Q, Z, S, P))
is called a P-contact deformation of L if Cy|p, = £. A map germ ¥ : (J*(R x R®, R) x
R, (0,0)) — (JY(R x R*,R),0)((T,Q, Z, S, P,7) — V. (T,Q, Z, S, P)) is called a one-
parameter deformation of reticular r-diffeomorphisms if Yo = id i (gyxrrr) and ¥y
is a reticular r-diffeomorphism for all ¢ around 0. We say that £ is homotopically
stable if for any reticular P-contact deformations C? = {C%} of L;, there exist one-
parameter families of P-Legendrian equivalences K* = {K'} on (J!(R x R",R), w;)
with K = id of the form

(8) Ki(t,q,z s,p) = (¢r(t), ¢2(t,q,2), P2(t, q,2), 67" (t.q. 2, 8,p), #2' (¢, ¢, 2,8, D))

and one-parameter deformations of reticular r;-diffeomorphisms ¢ = {¥¢} such that
Cl=KloCloU! for t around 0 and i = 1,...,m.
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Infinitesimal stability. Let C' € Cr(J*(RxR™, R),0) be a P-contact diffeomor-
phism germ. We say that a vector field v on (J!(R x R",R), w) (Il(w) = 0) along C is
an infinitesimal P-contact transformation of C' if there exists a P-contact deformation
C ={C;} on (JH(RxR"™,R),0) such that Co = C and %= |, _; = v. We say that a vec-
tor field € on (J*(R x R™,R),0) is an infinitesimal reticular r-diffeomorphism if there
exists a one-parameter deformation of reticular r-diffeomorphisms ¥ = {¥.} such
that 4¥=|._o = £&. We say that a vector field 7 on (J}(R x R, R),w) is an infinitesi-
mal P-Legendrian equivalence if there exists a one-parameter family of P-Legendrian
equivalences K = {K,} such that K, = id 1 (rxrn R) and %H:O = 1. We say that
L is infinitesimally stable if for any extension C" of £; and any infinitesimal P-contact
transformation v; of C?, there exist infinitesimal reticular r;-diffeomorphisms &; and

infinitesimal P-Legendrian equivalences 7; at w; of the form

0 0 0
ni(taQ7zasap) = al(t)a + a2(taQ7z)a_q + a3(taQ7z)£

, o B
a(t — £ (t —
(9) +a4( 7Qaza5ap)as +a’5( 7qaza5ap)ap

such that v; = Ci¢; +m0Cifori=1,...,m.

We denote Cr (U, JL(R xR™, R))™) = Cp (U, JH(RxR™,R)) x - - - x Cp (U, J*(R x
R™ R)) (m-products) and denote other notations analogously. We call an element
C = (Cy,...,Cp) € Cp(J' (R x R*,R),0)(™) q P(m)-contact diffeomorphism germ if
IToC(0) =0 and C1(0),...,Cyn(0) are distinct.

We may take an extension of a reticular Legendrian unfolding £ by an element
of CR(J'(R x R™",R),0) by Lemma 3.4. Then as the remark after the definition
of the stability of reticular Legendrian maps in [6, p.121], we may consider the
following other definitions of stabilities of multi-reticular Legendrian unfoldings: (1)
The definition given by replacing Cr(J*(R x R",R),0) and Cr(U;, JL(R x R™,R)) to
CR(J'(RxR™ R),0) and C2(U;, J'(RxR",R)) of original definition respectively. (2)
The definition given by replacing to CZ(J'(R x R™,R),0) and CZ(V;, J1(R x R™, R))
respectively. (3) The definition given by replacing to Co'?(JL(R x R™, R),0) and
C’?’Z(Vi, JHR x R™,R)) respectively, where V; = U; N {Z = 0}.

Then we have the following lemma which is proved by the same method of the
proof of [6, Lemma 7.2]

LEMMA 4.3. The original definition and other three definitions of stabilities of
multi-reticular Legendrian unfoldings are all equivalent.

By this lemma, we may choose an extension of a multi-reticular Legendrian
unfolding from among all of Cr(J'(R x R™,R),0))™, C2(J*Y(R x R™ R),0))™),
CZ(JY (R x R™,R),0))™ and C2Z(JL(R x R™,R), 0))™.

We say that a function germ H on (J!(R x R™ R),0) is P-fiber preserving if H
has the form H(t,q, z,s,p) = 2?21 hj(t,q, z)p; + ho(t, ¢, z) + a(t)s.

LEMMA 4.4. Let C € Cp(JY(RxR™,R),0). Then the following hold: (1) A vector
field germ v on (J*(RxR™,R),0) along C is an infinitesimal P-contact transformation
of C if and only if there exists a function germ f on (J*(R x R™ R),0) such that f
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does not depend on s and v = Xs5oC.

(2) A wector field germ 1 on (JH(R x R™ R),0) is an infinitesimal P-Legendrian
equivalence if and only if there exists a P-fiber preserving function germ H on (J* (R x
R™ R),0) such thatn = Xp.

(3) A wector field & on (J*(RxR™,R),0) is an infinitesimal reticular r-diffeomorphism
if and only if there exists a function germ g; € B" such that £ = X4, where B" =
(QP1s - @Dy Gty Qs 2)E, 4., T+ (S)E,

Let U be a neighborhood of 0 in J}(R x R™,R). We define:

Jee (U, J'(R x R",R)) = {j'C(wo) € J'(U, J*(R x R",R))|
C: (Uywy) = J'(R x R",R) is a P-contact embedding germ which preserves ©}.

THEOREM 4.5. Let Q;, 1= 1,2,... are submanifolds Olec@ (U, JHRxR™, R))(™).
T
Then the set

T={C=(C,...,Cn) € C2(U,J" (R x R",R))™)| j'C is transversal to Q; for all i € N}
is a residual set in O (U, J'(R x R, R))(™).

This is proved by an analogous method of [8, p.345 Theorem 6.4].

We denote the ring £(1 4+ n + n,m) on the coordinates (t,q,p) by & 4 p(m) and
denote other notations analogously.

THEOREM 4.6. Let L = (L1,...,Lm) be a multi-reticular Legendrian unfolding
with a multi-generating family F = (F1,...,Fy). Let C = (Cy,...,Cp) € CR(J'(Rx
R™ R), 0)(m) be an extension of L. Then the following are equivalent.

(u) F is a reticular t-(P-K) ) -stable unfolding of F|i—o.

(hs) L is homotopically stable.

(is) L is infinitesimally stable.

(@) Etgpim) = By x - x By +(1,p1oC’,...,pnoC)ocr)¢,, . +(50C")e,, where
C" = Clizs=0, By’ = (@1P1s- -1 @riPris Qrit1s - - - An)€iqp» and (ILo C")*Eq . be the
Etq,z-submodule of & 4 .(m) such that (Il o C')*a = (a(Il o C}),...,a(ll o C},)) for
a < gt,q,z-

We remark that sufficiently near multi-reticular Legendrian unfoldings of stable
one are also stable by the condition (a).
Proof. (u)=>(hs): Let P-contact deformations {C%} of £; be given for i = 1,...,m.
The homotopically stability of multi-reticular Legendrian unfoldings is invariant under
P(m)-Legendrian equivalences, we may assume that the map germs

(T7QaZ7S7P) — (T7QaZ7SOC7i—(TaQ7Za SaP)apOC:-(T7QaZ7S7P))

are diffeomorphisms for all 7 and ¢. By Lemma 3.5, there exists a one-parameter
families H(T,Q,p) € M(1 + n + n)? depending smoothly on 7 € (R,0) such that
the canonical relations Pg: associated with C% have the forms (5) for function germs
HT,Q,p) € M(1 + n+ n)%. We set (0,0,0,s°,p") = £;(0). Then the map germs
Fr=(Fl...,F™) € M(r;n+1+n+1,m) defined by

Fj(x,y,t,q,z) = 7Z+H7Z_(t,l‘,0,y) + <y+p17Q> +S’Lt
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are generating families of multi-reticular Legendrian unfoldings L, :=
(CHrra, ..., O |rm) for 7 € (R,0). Since Fy is a reticular ¢-(P-K)(,,)-stable
unfolding of F'|;—o, it follows that Fy is a reticular ¢-(P-K)(,,)-homotopically stable
unfolding of F|;—¢ by Theorem 2.9. Therefore there exists a one-parameter family
of reticular t-(P-K)(,,)-isomorphism from F, to Fy depending smoothly on 7. This
means that there exists a one-parameter families of P-Legendrian equivalences K
depending smoothly on 7 such that K? have the forms (7) and

CH(LI) = Ko L(L70) for all o C I, T € (R,0), i € {1,...,m}.

Then the map germs Wi := (C§) 1o (K%)™1 o C% give one-parameter deformations of
reticular 7;-diffeomorphisms on (J!(RxR™,R), 0) and we have that C* = KoC§oW:.
This means that £ is homotopically stable.

(hs)=(is): Let v = (v1,...,vy,) be an infinitesimal P-contact transformation of L.

Then there exist P-contact deformations {Ct} of £; such that v; = dd—Cf|T:0 for
i =1,...,m. Then there exist one-parameters of P-Legendrian equivalences { K"} of
the form (7) and one-parameter deformations of reticular Py,-diffeomorphisms {¥%}
such that C% = K o C} o U for 7 € (R,0) and i € {1,...,m}. Then we have that
dct dK? dv?

o= L) g0 O + (Co)e (S o).

Since v; has the form (9) for each i, it follows that £ is infinitesimally stable.
(is)=(a): Let a map germ f = (f1,...,fm) € Eiqpem) be given. We define
the function germs f/ on (J'(R x R™,R),w}) by fl(t,q,z,8,p) = fionrgp ©
C’;l(t,q,z,ai(t,q,z,p),p), where w, = (0,...,0,p") and the function germs a; are
defined by 7s 0 C; *(t,q,2,a:(t,q,2,p),p) = 0. This equation can be solved by (2).
Since f; does not depend on s, it follows that X/ o C; is an infinitesimal P-contact
transformation of C;. Therefore there exist an infinitesimal P-Legendrian equiv-
alence 7; of the form (9) and an infinitesimal reticular r;-diffeomorphism &; such
that Xz o C; = (Ci)«& + m; o C;. By Lemma 4.4, there exist a P-fiber preserv-
ing function germ H on (J!(R x R™,R),0) and g; € B™ such that & = X,, and
7; = Xpg. Then we have that f/ o C; = ¢g; + H o C;. Since f/ o C(T,Q,Z,S,P) =
inTrT,Q,PO (Ci)il(ta q,z, ai(Ta Qa Za 07 P)ap) = inTrT,Q,P(T; Qa Za 07 P) = fz(Ta Qa P)
and H has the form H(t,q,z,s,p) = 23;1 hj(t,q, 2)p; + ho(t, g, 2) + R/ (t)s, We have
that

v =

fi= 3 (hi(To C)(pi 0 C)) + ho(ILo Cf) + (W (0 C)))(s 0 Cf) mod By,

j=1

Since t o C; = t, we have the required form.

(a)=(u): By Lemma 3.5, there exists function germs H;(T,Q,p) € M(1 +n + n)?
such that the function germ H;(T,Q,p) — T's is a generating function of Pg, for
each i. Then the map germ F = (Fy,...,Fy) € M(r;n+ 1+ n+ 1,m) given by
Fy(z,y,t,q,2) = —2+ H;(t,z,0,y) + st + (y + p’, q) is a generating family of £. Then
Pg, =

o, . o
oQ’ "’ p
Then the map germ P/, — (R™"%70), w — 77 g, p( ) is a diffeomorphism. We set
D(F;) = {(z,y,t,q,2) € (H" x R*F1Hm+ () 6F = %IZ = 0}. We also define

0H;
op’

Péi:{(Tanf aHi*< p+pi>+s- ap+p)}

0T
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the map germ D(F;) — P¢, by

(x,y,t z)H(tmO—%—aHi (t,2,0,y) —%t z@ +p')
’y7 ’Q7 Y M ax’ 8Q7.+1 ) ) ’y7"" aQn7 ’Q7 7at 7y p *

Then the composition of the above two map germs induces the map germ
Erq.p/By — Ep(r,y. We denote T,Q, P for the variables on the source space of
this map germ. Then the correspondence is given that:

8Fi Pr — aFZ

T0—>t7Q10—>$1,...,QT0—>$T,P1 sy — s
31’1 axr

toC{(T,Q,P) = t,q0 C"i(T,Q, P) > ¢,z 0 C{(T,Q, P) = 2
6Fl i * *
W,poc;(T,Q,P) = Yy+p ,((HOO;) gt,q,z) — g,g’q,z, ((toC’Z) gt) — &t
Then (a) is transferred that

s0CiT,Q, P)

OF OF
E(T,n + 1 +n+ 1) = <F,$$, a—y>g(r;n+1+n+1)

oF oF oF oF
1my— _9F my = Py )= O
HA (= =Tl 2) (= ).+ 2) = G+ (e

where a(™ = (a,...,a) for each function germ a and (y; +p;)™ = (y; +p}, ...,y +
plt). It follows that F' is a reticular t-P-K-infinitesimal stable unfolding of F|;—o. We
have that F is a reticular ¢-P-K-stable unfolding of F|¢—¢ by Theorem 2.9. O

5. Genericity. In order to give a generic classification of multi-reticular Leg-
endrian unfoldings, we reduce our investigation to finite dimensional jet spaces of
P-contact diffeomorphism germs.

DeFINITION 5.1. Let £ = (L1,...,L,) be a multi-reticular Legendrian un-
folding. We say that L is [-determined if the following condition holds: For any
extension C; € Cp(J'(R x R™,R),0) of £;, the multi-reticular Legendrian un-
folding (CilLri,...,Cy,lLrm) and L are Pi,y-Legendrian equivalent for all Cj €
Cr(JY(R x R™ R),0) satisfying that j'C;(0) = 5'C/(0) for i = 1,...,m.

As Lemma 4.3, we may consider the following other definition of finitely determi-
nacy of reticular Legendrian maps:
(1) The definition given by replacing Cr(J'(R x R™, R ,O) to C2(JH(R xR™,R),0).
(2) The definition given by replacing Cr(J(R x R”,R),0) to CZ(J*(R x R™,R),0).
(3) The definition given by replacing Cr(J* (R x R™,R),0) to Cj(? Z(J1 (R xR™,R),0).
Then the following holds by [8, p.341 Proposition 5.6]:

PROPOSITION 5.2. Let L be a multi-reticular Legendrian unfolding. Then

(A) If L is I-determined of the original definition, then L is l-determined of the defi-
nition (1).

(B) If L is l-determined of the definition (1), then L is l-determined of the definition
(3).

(C) If L is (I + 1)-determined of the definition (3), then L is l-determined of the def-
ingtion (2).

(D) If L is l-determined of the definition (2), then L is l-determined of the original
definition.
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THEOREM 5.3. Let L = (L1,...,Ly) be a multi reticular Legendrian unfolding.
If L is infinitesimally stable then L is (n + 5)-determined.

Proof. Tt is enough to prove L is (n + 4)-determined of Definition 5.1 (3). Let
C; € C?’Z(JI(RXR", R),0) be extensions of £; fori = 1,...,m. Since the finite deter-
minacy of multi-reticular Legendrian unfoldings is invariant under P(,,)-Legendrian
equivalences, we may assume that P, have the form (5) for some function germs
Hi(T,Q,p) € M(2n + 1)%. Then F;(z,y,t,q,2) = —z + Hoﬂ-(x,y,_t) + (y+p'q) €
M(r;n + 1+ n+ 1) is a generating family of £;, where (0,0,0, s*,p*) = £;(0) and
Ho.i(z,y,t) = Hi(t,z,0,y) + st € M(r;n + 1).

By Theorem 4.6, we have that ' = (F1,...,F,) is a reticular t-(P-K) (-
infinitesimally versal unfolding of f := F|¢—g. It follows that

0F, OF
E(T;n +1+n+ 17m) = <F1a1'8—$1a a—yl>£(7';n+1+n+1) Xoeee X
0F,, 0F, OF OF oF

<Fm7$%7 8—y>8(r;n+1+n+1) + <é)_q’ £>£(1+n+1) + <W>£(1)

By the restriction of the both side to ¢ = z = 0, we have that

E(rin+1,m) =
OHy 1 OH, 0Hy., OHgm
<H0,17x 0;717 a;’1>5(7“;"+1) X X <H0,ma=’5 0; aa—2>£(rm+1)
(10) @+ )" ()™ S e ),
where Ho = (Ho1,--.,Hom). It follows that
M(r;n+1,m)" 2 C
OHy 1 OH, OH, OH,
<H0,17x 0;717 ayO,l >5(T;"+1) X X <H0,ma z a;,m’ aZm >£(7‘m+1)

(11)  +M(1)E(r;n +1,m).
By (10) and (11) we have that

0Hy 1

ox

OH,
M(r;n +1,m)"*> C ((Hoa,x )& (rint1) + DM(r;n 4 1)( a;l ) X

dHo m >
ox

(Hopm OHo.m,,

E(rin+1) +9ﬁ(7’;n+ 1)<
A, (1 + )™,y +pa) T

Let C! € C2Z(JY(R x R", R),0) satisfying j"T4C;(0) = j7T4C%(0) be given for i =
1,...,m. There exist function germs H!(T,Q,p) € M(2n + 1)? such that

OH! OH! OH!
Por = T5Q7_—Z T5Q7p +Sa_—z7 y T 17
OH' _ _ _ _
Hz/7< 1ap+pz>+SlTaS+Szap+pl)}'

Op

Since H; = z —gp on Pg, and H] = z — gp on Pcy, we have that J"4Ho i (0) =
j”+4H671-(0), where Hj ;(z,y,t) = H/(t,2,0,y) + s't € M(r;n +1). By (11) we have
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that

0H OH,
Sﬁ(r;n,m)”"'Q - <H071(3c,y,0),x 830371 ($,y70), 82’1 (xvyao»é'(r;n)

OHo m OHy
X X <H0,m(307ya0)7$a—;’( 'Y ) 80y7 (x7y50)>5(r;n)

and this means that Hy ;(x,y,0) is reticular -(n + 3)-determined by Lemma 2.3 and
hence Hy(x,y,0) is also reticular K(,,)-(n + 3)-determined. So we may assume that
Ho — H) € M(1)M(r;n + 1,m)"* 3. Then the function germs

Gi(,y,t,q,2) = =2+ H (x,y,t) + (y+p'sq) €Mrin+1+n+1)

are generating families of C}|~ fori=1,...,m.

We define the function germs E, ;(z,y,t,7) € E(r;n+1+1) by Er i(z,y,t,7) =
(1 =7 —70)Hoi(x,y,t) + (T +70)Hy ; (2, y,t) for 7o € [0,1] and define Er, (v, y,t,7) €
E(rin+1+4+1,m) by E;, = (Er1,---,Er.m) By an analogous method of the proof
of [7, Lemma 5.10], we have that

OF OE,, OE,, 1

8—770 € mt(<ETo,17xW>£(r;n+2) + M(r;n + 2)( Dy )) x
aE"I’O,’I”n aE"I’(),’I”n
(<E'ro,ma m7>8(7';n+2) +M(r;n + 2)( By )
0FE;,
+9ﬁt2<1(m)a (yl +p1)(m)7 sy (yn +pn)(m)7 7%

for 79 € [0,1]. This means that there exist ®;(x,y,t) € Bi(r;n + 1) and units a; €
E(rin+1) and by (t),...,b,(t),c(t) € M(1)? such that
(1) ®@; has the form

(I)i(I, y7t) = (I(b’i (I, y7ta q, 2)7 (b’é(xa y7ta q, 2)7 ¢3(t))a

(2) H(/),i(mﬂyat) = ai(l',y,t) ! HOJ o (I)i(xayat) + Z;‘Lzl(yj + p;)bj(t) + C(t) for
(r,y,t) eH" x R"™ and i =1,...,m,

(3) ¢(z,9,0) = (z,y),a(z,y) = 1 for (z,y) € H" x R™.

This means that F' and G = (G1,...,Gy) are reticular t-(P-K)(,,)-infinitesimal
versal unfoldings of f. It follows that F' and G are reticular t-(P-K),)-equivalent.
Therefore £ and (Ci|vr, ..., C},|Lrm) are Pp)-Legendrian equivalent. 0

Let J'(2n + 3,2n + 3)("™ be the set of multi-I-jets of map germs from (J'(R x
R™, R),0) to JL(RxR", R) and tC'(n, m) be the immersed manifold in J'(2n+3, 2n+
3)(™) which consists of multi-I-jets of P-contact embedding germs. Let L!(2n + 3)(™)
be the Lie group which consists of multi-I-jets of diffeomorphism germs on (J*(R x
R™, R), 0).

We consider the Lie subgroup rtLe!(n,m) of L'(2n 4 3)(™ x L!(2n + 3) which
consists of multi-I-jets of reticular r;-diffeomorphisms on the source space and [-jets
of P-Legendrian equivalences of II at 0:

rtLel (n,m) = {(5'¥1(0),..., 5" 9,,(0),7'K(0)) € L'(2n + 3)™ x L'(2n + 3) |
U, is a reticular r;-diffeomorphism on (J'(R x R™ R),0),

K is a P-Legendrian equivalence of II}.
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The group rtLe!(n,m) acts on J'(2n + 3,2n + 3) and tC'(n,m) is invariant
under this action. Let C' = (C1,...,Cy) be a P(y)-contact diffeomorphism germ
from (JY(R x R",R),0) to JY(R x R™ R) and set z; = j'C;(0), L; = Ci|vn,
L= (L1, Lm), 2 = (21,.--,2m,). We denote the orbit rtLe'(n,m) - z by [2].
Then

[z] = {5'C"(0) € tC'(n,m) | £ and (Cf|ur1,...,Chlirm ) are P(,-Legendrian equivalent}.

We denote by V¢ the vector space consisting of infinitesimal Py,,)-contact trans-
formation germs of C' and denote by VI the subspace of VI¢ consist of germs which
vanish on 0. We denote by V'L j1(rxr~ r) by the vector space consisting of infinitesi-
mal P-Legendrian equivalences on II and denote by VL?,l(]RX]Rn,R) by the subspace of
VL 1 (rxrr r) consists of germs which vanish at 0.

We denote by V% the vector space consisting of infinitesimal reticular r-
diffeomorphisms on (J!(R x R™,R),0) which vanishes at 0 and set V;* = V;%., x V{%,..
We have that by Lemma 4.4:

VIS = {(vi,...,vm)|vi : (JHR x R, R),0) — T(J'(R x R",R)),

UV = sz © Cz for some f € miq,z,p}7

VLgl(RanR) ={ne X(J'(R xR",R),0) | n = Xp for some

‘P-fiver preserving function germ H € m?%l(Ran,R)},
V]I? = {(517 s 7§m)|€’b € X(Jl(R X RR7R)70)7 f’b = ng, for some gi € B™ mm?ﬂ(RxR",R)}'

We define the homomorphism tC' : M j1 (rygn gy VIL — VI by tC(v) = (Cravy,
.+ oy Ciatyy) and define the homomorphism wC' : VLOJl(Ran’R) — VI by wC(n) =

(770017"'77700711)'

We denote VIlC the subspace of Vo consisting of infinitesimal P-contact trans-
formation germs of C' whose [-jets are 0:

VIL = {(v1,...,0m) € Ve | jv;(0) = 0}

_For C=(C,...,Cpn) e Cr(U,JYR x R™ R))(™) we define the continuous map
JC : U — tC'(n,m) by x to the l-jet of (Cia,...,Cmz)-

THEOREM 5.4. Let L = (L1,...,Ly) be a reticular Legendrian unfolding. Let
C; be an estension of L; and I > (n + 2)2. We set C = (Cy,...,Cy,). Then the
followings are equivalent:
(s) L is stable.
(t) j4C is transversal to [j5C(0)].
(a") 5t7q7p(m) =By x---x B+ (I,proC’,...,pyo0 Cl>(HOC')*5t,q,z + (so )¢, +
Emiyqyp(m), where C" = C|.—s—0 and By' = (q1P1,- - QriPri> Qrit1s - Gn)Evgps
(a) Egpm) = By x -+ x By™ +(L,p1oC’,....pnoC)rocryre, . + (50 C)e,,
(is) L is infinitesimally stable,
(hs) L is homotopically stable,
(u) A multi-generating family F' of L is reticular t-(P-K) ) -stable unfolding of F|i—o.

Proof.  (s)=(t): By theorem 4.5 and (s), there exists a multi-P-contact em-
bedding ¢’ = (C'y,...,C",,) around C such that jiC’ is transversal to [jC(0)],
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and ((C))aylLris. .5 (C! e, |Lrm) and L are Pmy- Legendrlan equivalent for x; =
(t,0,...,0,p%4,...,p,) € U. This means that [ C’( )] = [5}C(0)] and hence j\C
is transversal to [j4C(0)] at 0 for = (z1,...,Zm).

(t)<(a): This is proved by an analogous method of Theorem 4.6.
(a)<(a’): We need only to prove (a’)=-(a). By the restriction of (a’) to ¢ = 0 we have
that:

5117;0(7”) = B’{l X oo X BIM + <1,p1 9 C”, BRI % OC,I>(HOC”)*£1,7Q <SO C”>R +m

p(m)»
where C" = C'|;—p and B]* = Bj'|t=o. Then we have that

Eqp(my = Bt %+ x Bi™ +(I1oC" ) My,q.pE ¢ pm) +(1,p10C", ..., ppoC”  s0C" Y+, -
It follows that

E)JTZH C By x - x By™ 4 (Ilo C”)*mtyqypgqm(m)'

p(m)

Therefore

E)ﬁ?;i(m) C By x -+ x By + (Lo C) "My q,pEq,p(m) + Mt g,p(m)

and we have that

o M2 )" C Byt x By (Lo C' ) METEEL 4 () + Mg p(om)-

t,q,p(m) =( t,q,p(m) t,q,p

It follows that

gt,q,p(m) = BSI X -+ X Bgm + <1,p1 o Cl ..yPn o Cl>(HOC’)*5Lq,Z

+(s0C'e, + (o C)" m?;ié‘t,q,p(m) + Me&i g,p(m)-
This means (a) by Lemma 2.1.
(a)e(is)<(hs)<(u): This is proved in Theorem 4.6.
(t)&(is)=(s): Since jiC is transversal to [j,C(0)], it follows that there exists a
neighborhood Wy of C in C2(U, J'(R x R™,R))(™ such that for any C' € Wg
there exists z € UU™ such that j4C’ is transversal to [j5C(0)] at z. Since
GiCr e [jC(0)], it follows that there exists a multi-P-contact embedding germ
c" = (CY,...,C")  (JYR x R",R)™) 0) — JYR x R*,R)(™ such that £ and
L" = (C{lzrrs- s Clll5rm ) are P(y-Legendrian equivalent and jiCJ(0) = GLCt (0).
Since £ is infinitesimally stable, it follows that £ is (n + 3)-determined by The-
orem 5.3. Therefore we have that £” is also (n + 3)-determined. Then £” and
(C s lLrts -, (C!) e |Lrm ) are P-Legendrian equivalent. This means that £ is
stable. O

Let £L = (Ly,...,Ly) be a stable multi-reticular Legendrian unfolding. We say
that £ is simple if there exists a representative C' € Cp (U, J'(R x R, R))(™) of a
extension of £ such that {C,|z € U} is covered by finite orbits [C1], ..., [C)] for some
multi-P-contact embedding germs C1,...,Cy € Cp(U, JH(R x R™, R))(™),

PROPOSITION 5.5. Let L = (Lq,...,Ly) be a stable multi-reticular Legendrian
unfolding. Then L is simple if and only if all reticular Legendrian unfoldings L; are
simple fori=1,...,m.
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In order to classify generic multi-reticular Legendrian unfoldings, we classify
stable unfoldings F = (Fy,...,Fn) (n < 2,m > 2) of f = (f1,...,fm) and
fo = (fo,--., fom) satisfying the condition: the reticular (P-)(,,—1)-codimension

Of(flv"'afia"'aafm) :Oforanyi.

Let a stable unfoldings F' = (F1,..., Fpn) (n<2,m > 2) of f = (f1,..., fm) and
fo = (fo1,---, fo,m) satisfying the condition be given. Then each F; is a reticular
t-P-K-stable unfolding of f;, there exist monomials ¢;1,..., 9 € M(r4;k;) such
that they consist a basis of Qy,, (foﬁi,mag(;”', 6£Z’i>g(,«i;ki) and ¢;1 has the
maximal degree, and ¢;,, = 1. Then we have that p1 + - p,, < n 4 2. Since
St i < n+2 < 4, we have that all fy,; are simple singularities. Therefore f is
stably reticular KC(,,)-equivalent to one of the multi-germs in the following list:
n=1;

I
W N
e S
SIS
AN
[V
~—

Iy
»

+yd, 2%, 23, 2t oy + P, wy+yt, 2?48,
2 yh), (° 2@/3 , (y%2?), (¥2,2%), (v% fay+y°), (22, 2?),

—
< <
o
<
M)

3333ISIIS
I

I
el o
NN
<
< <
< <
w S
[N}
=

We construct a reticular (P-/)(,,)-versal unfolding for each germ by the usual
method. Then the corresponding list is as follows:
n=1;
(1) (v° +u, 1,21 +uz,1)
2) (y?+ur 1,y + U1y + u2,2)
(y + Uy 1,30 +u21$+u22)
(y +u1,1, Y%+ ug1, y? +us)

~—~
= W

y? + U1,1, v+ U2,1Y + U2,2)

y? + U1,1, yt+ u2,1y2 + ug 2y + U2,3)

v+ U1y + U1,2, y® + U2,1Y + U2,2)

(y? +u11,x +u21$+u22)

(y +U11,l‘ +u21:c +u221‘+U23)

(y* +urq, oy + o° +u21y + ug2y + u2,3)
(22 +u11$—|—u12,x +u21x+u22)

(y +u11,y +u21,y + us,1)
(y°
(v°
(v°

NN NN

Z/ +u11,y? +u21,y +uz 1y + us2)
Z/ +u11,y? +U21,9€ +U31IE+U32)
v+ ui,y? +u21,y +usz, Y+ ug ).

In the case that the reticular (P-K)(,,)-codimension of f = 0, the map germ F is
stably reticular ¢-(P-KC)(,,)-equivalent to G = (G4, ...,Gp), where Gy(z,y,t,q,2) =
foi(z,y)+uinei (@, y)+- -+ ppip, (T, y)—zfori=1,...,m—1, Gn(z,y,t,q,2) =
fO,i(fE; y) + Um,101 (I’, y) + et um,umflcpm,#m—l(xay) - % and (QIa <5 Qn, Z) =
(UL1s ey Ul e oo s Ui Ty oo ey Ui 1 Uy e - Uy Z).

In the case that the reticular (P-K),,)-codimension of f = 1, F'is stably reticular
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-(P-K) (m)-equivalent to (F7, ..., F},), where
) F = foa(z,y) + (t+alg, 2)ei(z,y) + wiip2(2,y) -+ w191, (T, y) — 2
) i fO ’L(x y)+u1 1901(1' y)+ +ui,#i¢i,ﬂi(xay)7'2for 1 <i<m7
(3) Fr/n = fo, m(T,y) + Um,1Pm, iz, y)+--+ Um,umfﬂpm,umfl(xay) -z
) (‘ha" yQn, % ) = (ul,la-' 7u1,p‘171;u2,17~"au2,u27"'aum,la-"au’myﬂm—la
9 UH,Z),
(5) 63;j (0) =0 for j = 1,...,u1 — 1, 22(0) = 0, and (Ma% (0))ij=1,....p 18
non-degenerate.

We denote the linear part of a by v = vy 4 - - - + v,,,, where v; depends only on
Ui 1, .-, Uiy, Then we may reduce a to

aztiuQJi---iumliu%i---ui.

Then F is stably reticular ¢-(P-K)(,,)-equivalent to one of the following list:
n=1;

m = 2;

00A°A)) s (P +q— 297 — 2);

04 A s (P Htxq® —zy2 —2);

YOAPAg) s (P +ttq—2,9° +qy — 2);

YOA®By) . (2 +t+q—z,2% +qz — 2).

m = 3;

YOAPAA) s (P +t— 2P+ q— 2,97 —q—2).
n=2;

m = 4

1OA%41): (P +t+qd iQQ—Z y? — 2);

00A1%45): (P +t+q — 2,y +q1y—q2—2)
'(0A°49) 0 (9P +tiqliq2*2y + qy — 2);
°04,°By) s (P4 q — 2 +q2z—z)

YOA4As) s (P4t g — 2yt + qy? +qu*Z)
10AAg) s (y? +(tiq1)y+qz—z v+ qy — 2);
104,9By) : (y +tiq1iq2—zx +q1x—z)
1(014133): (y +t+q —z,2° 4+ qra? ;i—qu—z)
LOACCE): (P +t+aq — 2z oy + 9% + @y + gy — 2);
YOB'By) . (2?2 + (t£q)r + g2 — 2,22 + v — 2).

m = 3;

00A94:°41) : (VP +q — 2,92 +Q2*Z y? - 2);
1OA94,941) 0 (y? thj:qu:quz y? +Q1*Z y? — 2);
'(°4,°A4,%4,) (y +ttq -z, -2y +Q1y+Q2*2)
1O0A1°4:°Bs) : (WP +t+q — 2,02 — 2,22 + uo + g2 — 2).
m = 4;

1

(PA1°A4:°4:°41) 0 (P +tE e — 292+ a1 — 2,97+ g — 2,y2 — 2).

THEOREM 5.6. Letr;, = 0 or 1 fori = 1,...,m and n < 2. Let U be a
neighborhood of 0 in J'(RxR™ R). Then there exists a residual set O C CR (U, J*(Rx
R™, R))™) such that for any C = (C1,...,Cp) € O and x = (1, ...,2m) € U™, the
multi-reticular Legendrian unfolding ((C1)a, |Lr1 s - - -5 (Con)a,, lLrm ) is stable and have
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a generating family which is stably reticular t-(P-IC) ) -equivalent for one of the types
in the above list.

Proof. Let X; = (X1, -, Xim) (i = 1,...,s) be all simple singularities with
Z;.":l r-K-codim X; ; < n+ 2, that is each X; ; is one of simple singularities A, B, C.
Let Fx, be P(,;,)-C-non-degenerate map germ which is unfolding of X; fori=1,...,s.
We choose an extension Coy,) and C(1x,) of multi-reticular Legendrian unfoldings
with multi-generating families Flox,) and F(1x,) respectively. Let [ > 16. We define
that

O ={C e CR(U,J' (R x R",R))™ |jC is transversal to
[(7'Cix,)(0)] for all i =1,...,s and j = 0,1}.

Let X! = (Xi1,..., Xim-1) (i =1,...,5) be all simple singularities with Z;n;ll r-K-
codim X; ; <n+1. We choose Cox/) € CR(U, J*(R x R",R))(™=1 by an analogous
way. Then we define that

0" ={C e CRU,J" (R x R",R))™ |(G\C1,...,56C;, ..., joCrm) is
transversal to [(le(OXD(O)] foralli=1---,5}.

Then O’ and O” are residual sets. We set

Y = {j'C(0) € tC'(n,m) | the codimension of [j'C/(0)] > 2n + 4}.
Then Y is an algebraic set in tC!(n, m). Therefore we can define that

0" ={C e CR(U,J*(R x R",R))™ | jLC is transversal to Y'}.

Then Y has codimension > 2n + 4 because all P(,,)-contact embedding germ with
4'C(0) € Y adjoin to the above list which are simple. Therefore

0" ={C e CR(U,J' (R x R",R)™ | j,C(U™) Ny = p}.

Then the set O = O’ N O" N O" has the required condition. 0.

6. Classification for the cases r > 2. In order to classify generic bifurcations
of wavefronts in the case r > 2, our methods do not work well. Since the most simple
singularity f(z1,22) = 22 + azy2g + 23 (B;E 3') have the reticular P-K-codimension 4
and one modality. By the classification list in [6, p.127], we have that all singularities
for r > 2 are adjacent to Bi’;(cf., [5, p-593]). This means that all of them have
modalities and hence Theorem 5.6 does not work well. We need other equivalence
relations among reticular Legendrian unfoldings for the cases r > 2.
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