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1. Introduction. In 1916, Weyl [16] posed the following problem: Does any
smooth metric on S

2 with pointwise positive Gauss curvature admit a smooth isometric
embedding in R

3? The first attempt to solve the problem was made by Weyl himself.

He suggested the continuity method and obtained a priori estimates up to the second

derivatives. It was after twenty years that Lewy [10] solved the problem in the case of

g being analytic. The smooth case of the Weyl problem was solved independently by

Nirenberg [13] and Pogorelov [15]. Nirenberg used the continuity method and provided

a solution if the metric g is smooth. In a completely different approach to the problem,

Alexandroff in [2] obtained a generalized solution of the Weyl problem as a limit of

polyhedra. The regularity of this generalized solution was proved by Pogorelov in

[15]. Refer to [6] for detailed discussions. We point out that the isometric embedding

in R
3

of smooth metrics on S
2

with positive Gauss curvature remains to be the only

result of the isometric embedding of compact surfaces in R
3
.

In this paper, we initiate a study of the isometric embedding in R
3

of smooth

metrics on torus. We first start with a general discussion of compact surfaces. Suppose

(M2, g) is a compact surface, a 2-dimensional compact Riemannian manifold without

boundary. It is well-known that if g is isometrically embedded in R
3

then

(1.1)

∫

{K>0}

Kdg ≥ 4π,

where K is the Gauss curvature of g. Equality holds if and only if {p; K(p) > 0}
is convex in R

3
. It is unlikely that (1.1) itself is sufficient to yield the isometric

embedding of (M, g) in R
3
.

To find sufficient conditions for the existence of isometric embedding, we shall first

examine the rigidity, the uniqueness of the isometric embedding if it exists. The first

rigidity result was proved by Cohn-Vossen [3]; this states that any two closed isometric

analytic convex surfaces are congruent to each other. Later, Herglotz [8] gave a very

short proof of the rigidity, assuming that the surfaces are smooth. For compact

surfaces with Gauss curvature of mixed sign, Alexandrov [1] introduced a class of

surfaces satisfying some integral condition for its Gauss curvature and proved that any

compact analytic surface with this condition is rigid. Then, Nirenberg [14] generalized

this result to smooth surfaces. To do this, he needed some extra conditions, one of

which is not intrinsic. Again, refer to [6] for detailed discussions.
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Now we briefly recall the main result in [14] because of its importance in our paper.

Let (M, g) be a compact 2-dimensional Riemannian manifold without boundary such

that

(1.2)

∫

{K>0}

Kdg = 4π,

and

(1.3) ∇K 6= 0 whenever K = 0.

The assumption (1.3) means the Gauss curvature changes sign cleanly and it implies

that {p ∈ M ; K(p) = 0} consists of finitely many closed curves in M . Let M+ =

{p ∈ M ; K(p) > 0}. It is proved in [14] that (M+, g|M+
) is rigid in R

3
and that

(M, g) is rigid if there is at most one closed asymptotic curves in each component

of M− = {p ∈ M ; K(p) < 0}. We need to point out that the extra assumption on

asymptotic curves is not intrinsic. With this rigidity result, it seems reasonable to

start with 2-dimensional compact Riemannian manifolds (M, g) satisfying (1.2) and

(1.3) in our discussion of the isometric embedding of (M, g) in R
3
.

We now return to torus. Suppose {T
2, g0} is a standard torus with the standard

metric in R
3
. It is easy to check that {T

2, g0} satisfies (1.2) and (1.3). For metrics

on T
2
, instead of (1.3), we assume

(1.4) {K = 0} consists of two curves where ∇K 6= 0.

We propose the following problem.

Problem 1.1. Find sufficient conditions besides (1.2) and (1.4) on smooth met-

rics g on T
2

so that g can be isometrically embedded in R
3
. Furthermore, what is the

structure of those metrics in the space of smooth metrics on T
2
?

Let g be a smooth metric on T
2

satisfying (1.4). By applying the result of the

local isometric embedding with Gauss curvature changing type cleanly obtained by

C.-S. Lin [11], we conclude that g can be isometrically embedded in R
3

locally at

points where the Gauss curvature vanishes. The local isometric embedding for other

parts where the Gauss curvature does not vanish is straightforward. The question is

whether these small pieces form a global torus-like surface.

To study Problem 1.1, we may first concentrate on special classes of metrics. For

example, we may start with metrics on torus which are close to the standard metric.

We note that (1.4) holds for any metrics on T
2

which are close to the standard metric

since it holds for the standard metric. Moreover, the non-intrinsic assumption on

asymptotic curves in Niregberg’s rigidity result is also satisfied by metrics on the

torus which are perturbations of the standard metric. Therefore Nirenberg’s theorem

asserts that up to a rigid motion there is only one embedding if it exists. Another

special class of metrics on torus corresponds to surfaces of revolution in R
3
. These are

the metrics we will study in this paper. As we will see, (1.2) and (1.4) are not sufficient

for the isometric embedding of these metrics in R
3
. An extra condition is needed to

ensure that those metrics are realized by closed surfaces. Based on this, we can

construct smooth metrics on torus satisfying (1.2) and (1.4) which cannot be realized

by torus-like surfaces in R
3
. In fact, these metrics can be made as perturbations of

the standard metric g0 and satisfy (1.2).
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To present the main result, we identity T
2

= S
1 × S

1
and denote (x, t) ∈ S

1 × S
1
.

Let g be a smooth metric on T
2

given by

(1.5) g = E(t)dx2

+ G(t)dt2,

where E and G are smooth positive 2π-periodic functions.

The following is the main result in this paper.

Theorem 1.2. Suppose that g is a metric on T
2 as in (1.5) and satisfies (1.2)

and (1.4) with K = 0 on {t = t1} and {t = t2} for some t1, t2 ∈ [0, 2π) with t1 < t2.
Then g admits a smooth isometric embedding in R

3 if and only if

(1.6)

∫ t2

t1

√

1 −

(

E′

2

√
EG

)

2√
Gdt =

∫ t1+2π

t2

√

1 −

(

E′

2

√
EG

)

2√
Gdt.

We will interpret (1.2) and (1.6) for metrics given in (1.5) in the proof of Theorem

1.2.

As we know, basic equations for the isometric embedding of 2-dimensional Rie-

mannian manifolds in R
3

can be expressed either by the Darboux equation, a fully

nonlinear equation of Monge-Ampère type, or the Gauss-Codazzi equation, a qua-

silinear differential system of first order. These equations are of mixed type in our

setting, elliptic if the Gauss curvature is positive and hyperbolic if the Gauss curva-

ture is negative. Few results are available for global solutions of differential equations

of mixed type.

To prove Theorem 1.2, we first construct an isometric embedding by a surface of

revolution and then use the rigidity result by Nirenberg to prove there is no isometric

embedding in other forms of surfaces. Details will be given in the next section.

2. Proof of Theorem 1.2. First, we recall a result.

Lemma 2.1. Suppose a 2-dimensional metric g is given by

g = E(x, t)dx2

+ G(x, t)dt2.

Then its Gauss curvature is

K = −
1

2

√
EG

{

( Gx√
EG

)

x
+

( Et√
EG

)

t

}

.

We may also write K as

K = −
1

√
EG

{

∂x

(∂x

√
G

√
E

)

+ ∂t

(∂t

√
E

√
G

)

}

.

The proof is based on a straightforward calculation. Refer to Lemma 2.1.1 in [6]

for details.

Now we focus on surfaces of revolution in R
3
. We identity T

2
= S

1 × S
1

and

denote (x, t) ∈ S
1 × S

1
. Consider a closed curve {(0, f(t), h(t))} in R

3
with f(t) > 0.

Here f(t) and h(t) are periodic in t ∈ [0, 2π], and t is the angle in the x2-x3 plane

from the positive x2-direction. Denote by x the angle in the x1-x2 plane from the

positive x2-direction. Consider a surface of revolution in R
3

(2.1) r(x, t) = (f(t) cosx, f(t) sin x, h(t)).
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The induced metric on r has the form

(2.2) g = f2dx2

+
(

f ′2
+ h′2

)

dt2.

For future reference, we note that a unit normal vector is given by

n(x, t) =
1

f ′2(t) + g′2(t)
(h′

(t) cosx, h′
(t) sin x,−f ′

(t)),

and the corresponding second fundamental form is given by

(2.3) II =
1

f ′2 + g′2
(

− fh′dx2

+ (h′f ′′ − f ′h′′
)dt2

)

.

We point out that the second fundamental form is diagonal.

A standard torus and its induced metric are given by

f(t) = a + cos t, h(t) = sin t,

and

g0 = (a + cos t)2dx2

+ dt2,

for some constant a > 1.

In the following, we write the metric g in (2.2) by

g = E(t)dx2

+ G(t)dt2,

where E and G are smooth positive 2π-periodic functions given by

f2

= E, f ′2
+ h′2

= G.

We take f =

√
E and then have

h′2
= G − (

E′

2

√
E

)
2

= G

(

1 − (
E′

2

√
EG

)
2

)

.

This implies

(2.4) |E′| ≤ 2

√
EG.

In the following, we assume that the Gauss curvature K satisfies (1.2), i.e.,

∫

{K>0}

Kdg = 4π.

By Lemma 2.1, we have

K = −
1

2

√
EG

(

E′

√
EG

)′

,

and hence

Kdg = −

(

E′

2

√
EG

)′

dxdt.
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Now we assume there are t1, t2 ∈ [0, 2π) with t1 < t2 such that

(

E′

2

√
EG

)′

> 0 on Γ− = {t; t1 < t < t2},

(

E′

2

√
EG

)′

< 0 on Γ+ = {t; t2 < t < t1 + 2π}.

(2.5)

Then we have

K > 0 on S
1 × Γ+, K < 0 on S

1 × Γ−,

and

∫

{K>0}

Kdg = − 2π

∫

{t∈S;

�
E′

2
√

EG

�
′

<0}

(

E′

2

√
EG

)′

dt

=2π

(

E′

2

√
EG

(t1) −
E′

2

√
EG

(t2)

)

.

Hence, (1.2) is equivalent to

(2.6)
E′

√
EG

(t1) −
E′

√
EG

(t2) = 4.

Note that (2.5) implies

E′

√
EG

has only two critical points t1 and t2 on S
1

, and

E′

√
EG

attains its maximum at t1 and its minimum at t2.

With (2.4), we get

E′

√
EG

(t1) = 2,
E′

√
EG

(t2) = −2.

Last, we note that h′
is a function of mixed sign on S

1
with h′

(t1) = h′
(t2) = 0.

Hence,

h′
(t) = ±

√

G −
( E′

2

√
E

)

2

on Γ±,

or

h′
(t) = ∓

√

G −
( E′

2

√
E

)

2

on Γ±.

With
∫

2π

0
h′

(t)dt = 0, we have

∫ t2

t1

√

G −
( E′

2

√
E

)

2

=

∫ t1+2π

t2

√

G −
( E′

2

√
E

)

2

.
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The following result characterizes whether metrics in (1.5) can be realized by

surfaces of revolution.

Lemma 2.2. Suppose that g is a metric on T
2 as in (1.5) such that

∣

∣

E′

√
EG

∣

∣ ≤ 2 and
E′

√
EG

has only two critical points t1 and t2 with

E′

√
EG

(t1) = 2,
E′

√
EG

(t2) = −2.

(2.7)

Then g is realized by a vector-valued function r as in (2.1) if and only if (1.6) is
satisfied.

Proof. The discussion before the statement of Lemma 2.2 shows that (1.6) is a

necessary condition for g to be realized by r as in (2.1). Now we prove it is also

sufficient. Let g be a metric on T
2

as in (1.5) and satisfy (2.7) and (1.6). Set

f(t) =

√

E(t),

and

h(t) =















∫ t

t1

√

1 −
(

E′

2

√
EG

)

2√
Gds for t ∈ (t1, t2)

∫ t1+2π

t

√

1 −
(

E′

2

√
EG

)

2√
Gds for t ∈ (t2, t1 + 2π).

Then h(t2−) = h(t2+) by (1.6) and hence h is a well-defined function on S
1
. A

straightforward calculation shows that r defined by (2.1) with such f and h is an

isometric embedding of the metric g.

We point out that (1.6) is the extra condition we attempt to seek in order to

solve Problem 1.1 for metrics as in (1.5). In fact, (1.6) has a significant geometric

implication. As the proof of Lemma 2.2 shows, in order to construct a desired isometric

embedding, we start from a circle {t = t1} where the Gauss curvature is zero and

construct parts of the surface where the Gauss curvature is positive and negative

separately. Then (1.6) implies that these two parts coincide at another circle {t = t2}
where the Gauss curvature is zero to form a closed surface. If (1.6) is violated, then

no closed surface of revolution realizes the metric.

In Lemma 2.2, the isometric embedding of g is required to be a surface of revo-

lution in R
3
. There is no such a requirement in Theorem 1.2. In a sense, Theorem

1.2 supplements Lemma 2.2 by adding the uniqueness. The proof of Theorem 1.2 is

based on a rigidity result due to Nirenberg [14] which we now state.

Theorem 2.3. Let M be a smooth closed oriented surface in R
3 satisfying (1.2)

and (1.3). Then M+ = {p ∈ M ; K(p) > 0} is rigid. Moreover, if there is at most one
closed asymptotic curve in each component of M− = {p ∈ M ; K(p) < 0}, then M is
rigid.

The assumption on closed asymptotic curves is non-intrinsic. It should be under-

stood in the following way. Let M ′
be another smooth closed oriented surface in R

3

isometric to M , then M ′
is congruent to M . We do not need to put the assumption

on the closed asymptotic curves on M ′
. The proof of the rigidity of M− is based on

the uniqueness of solutions of Gauss-Codazzi system. Asymptotic curves form char-

acteristic curves for this system. The assumption on closed asymptotic curves enables
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characteristic curves to reach every point except a closed curve in each component of

M−. See Theorem 8.1.4 in [6] for details.

We are ready to prove Theorem 1.2.

Proof of Theorem 1.2. As in the proof of Lemma 2.2, we set f =

√
E and construct

h from t = t1. Geometrically, this defines the components M+ = {p ∈ M ; K(p) > 0}
and M− = {p ∈ M ; K(p) < 0}. The rigidity of M+ follows from the first part of

Theorem 2.3. In order to apply the second part of Theorem 2.3, we need to verify

that there are no closed asymptotic curves on M−. This is based on the fact that M−

is a surface of revolution. With r given by (2.1), the second fundamental form II is

given by (2.3), i.e.,

II =
1

f ′2 + g′2
(

− fh′dx2

+ (h′f ′′ − f ′h′′
)dt2

)

.

Then any asymptotic curve t = t(x) satisfies

( dt

dx

)

2

=
fh′

h′f ′′ − f ′h′′
.

By K < 0 in M− and K = 0, ∇K 6= 0 on ∂M−, we have f(h′f ′′ − f ′h′′
) 6= 0 on M̄−,

h′ 6= 0 on M− and h′
= 0 on ∂M−. A simple argument shows that any asymptotic

curves starting from t = t1 will reach t = t2. Therefore, there are no closed asymptotic

curves in M−. The proof of Theorem 2.3, implies that the Gauss-Codazzi system has

a unique solution with the initial condition at t = t1 induced from M+. Hence, any

isometric embedding of (T
2, g) is a surface of revolution in R

3
. Now we can apply

Lemma 2.2 to yield the desired result.

With Theorem 1.2, we can construct metrics on torus which does not admit

isometric embedding in R
3

and these metrics are perturbations of the standard metric

on torus. For example, we consider a family of smooth positive functions Eλ on S
1

such that

E0 = (a + cos t)2,

for some constant a > 1, and for λ 6= 0

(

√

Eλ)
′′ > 0 on (tλ1, tλ2), (

√

Eλ)
′′ < 0 on (tλ2, tλ1

+ 2π),

|(
√

Eλ)
′| ≤ 1 on S

1, and (

√

Eλ)
′
(tλ1) = 1, (

√

Eλ)
′
(tλ2) = −1,

∫ tλ2

tλ1

√

1 − (

√

Eλ)′2dt 6=

∫ tλ1+2π

tλ2

√

1 − (

√

Eλ)′2dt,

for some tλ1, tλ2 ∈ [0, 2π) with tλ1 < tλ2. It is easy to construct such a family of

functions {Eλ}. In fact, tλ1, tλ2 can be chosen independently of λ. For example, we

may take tλ1 = −π/2, tλ2 = π/2 and make small perturbations of E0 in (−π/2, π/2)

and (π/2, 3π/2) to satisfy the requirements. Then we set

gλ = Eλ(t)dx2

+ dt2.

Note that Eλ and G = 1 satisfy (2.7), but not (1.6) for λ 6= 0. Hence Theorem 1.2

implies that (T
2, gλ) does not admit a smooth isometric embedding in R

3
.
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