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RELAXATION TO ISENTROPIC GAS DYNAMICS FOR A BGK
SYSTEM WITH SINGLE KINETIC ENTROPY *

F. BERTHELINT AND F. BOUCHUT?

Abstract. We introduce a family of vector kinetic BGK equations leading to isentropic gas
dynamics in the relaxation limit, that have only one entropy at the kinetic level. These models
possess the generic structure of kinetic relaxation models. By a sharp adaptation of averaging
lemmas to BGK models that have a dissipative entropy, we establish an estimate in the inverse of
the square root of the relaxation parameter on the L? norm of the gradient of the approximations.
This estimation is new in the context of kinetic equations, and it allows, by the method of DiPerna,
to establish the convergence towards weak solutions of isentropic gas dynamics that satisfy a single
entropy inequality.

1. Introduction. The method developed by DiPerna [12] using Tartar’s com-
pensated compactness [25] for establishing the convergence of approximate solutions
to one-dimensional nonlinear hyperbolic systems of conservation laws is well-known.
It has been used mainly when dealing with viscosity or numerical approximations.
However, the problem of establishing similar results to relaxation models such as
those introduced in [11] is not solved in general. Apart from the scalar case, for which
we refer to the review [27], until now, only particular relaxation structures have been
treated in [26], [24], [3]. In [24] and [3], the main ingredient that is used is that many
entropies have a kinetic extension, in the sense defined in [11]. A general method
for finding such extensions in kinetic BGK models can be found in [6]. In physically
relevant models however, only one entropy has an extension, and therefore one has to
introduce other tools. This was done in [26], where from particular energy inequalities,
the author establishes an estimate on the gradient of the approximate solutions

102Uell 2, (1.1)

<<
= e
where ¢ is the relaxation parameter. This is indeed exactly the estimate used by
DiPerna in the viscosity approximation.

The purpose of this paper is to explain how this approach can indeed be used
generically when dealing with kinetic BGK models, even if we have a single entropy
extension. The new ingredient for establishing (1.1) is an averaging lemma which is
particularly adapted to the BGK relaxation term. With different scalings, related
appropriate sharp estimates for relaxation limits leading to incompressible models of
gas dynamics in multidimension have recently been the object of great progress, see
(10, (1], [19], [28], [15].

In order to be more specific, we shall deal with the one-dimensional system of
isentropic gas dynamics

Op + 0z (pu) = 0, .
{ (o) + D (02 + 1p?) = 0, in ]0, co[t xR, (1.2)
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314 F. BERTHELIN AND F. BOUCHUT

with p(t,z) > 0, u(t,z) € Rand K > 0, 1 < v < 3. Approximate solutions are
obtained via a kinetic BGK model
M(pe,ue, &) — fe

Orfe + €0, fe = . in ]0, o[t xRy x Re, (1.3)

with
(pes petic) = U. = / . de. (1.4)

Here f.(t,7,¢) € R? as in the general framework of [6], and the maxwellian equilibrium
M has to satisfy the consistency relations

[Mpwgyde=(ppn). [ MpudE=F = (upil ). (15)

The stability theory for (1.2), that has been completed in [21], [20], uses the entropy
inequalities

On(U) + 0. G(U) <0, (1.6)

for a whole family of couples entropy-entropy fluxes (1, G), with n convex, the so
called weak entropies. According to [6], a kinetic entropy associated to 7 is a function
H,,(f,&) which is convex in f, verifies the consistency relation

/Hn(M(p,u,é“),f) d§ = n(p, u), (1.7)

and satisfies a minimization principle

/mww%@@@s/muwﬂﬁ, MWb/ﬂ@% (18)

for any function f(§) € Lé taking values in suitable convex sets D, in the sense
that f(§) € D¢. The model used in [2], [3] (see also [4] and [5] for related problems)
possesses kinetic entropies H,, for all entropies 1. Here we shall consider more general
models that have a single kinetic entropy H corresponding to the physical energy,

n°(p,u) = pu’/2 + p’, G(pu) = (n°(psu) + Kp7)u. (1.9)

K
v—1
Therefore, we shall obtain in the relaxation limit weak solutions U = (p, pu) satisfying
only

Oy n(U) + 8, G(U) = my € Myoe (1.10)

for any (weak) entropy 7, and the measure m,, is nonpositive only for n = n°. This is
indeed the approach of [26], [17], [16]. Thus we look for approximate entropy equations

O U(Us) + 0y G(Ua) = Mne +Rn,e, (1.11)

where R, . — 0ase — 0in VVl;Cl’p for any 1 < p < oo, my . are measures locally
bounded uniformly in €, and my,e . < 0. This is sufficient to apply the compensated
compactness method. The measures m,, . are indeed bounded via the estimate (1.1),
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as in the viscosity approximation. The fact that the energy has a kinetic extension
comes into play only via an a priori estimate coming from the entropy dissipation,

IMe = fellzz,, < CVE, (1.12)

which enables to establish (1.1). However, to get this we need coercivity of the kinetic
entropy, and this holds in our model only for 1 < v < 5/3. We shall assume also some
a priori L*> bound on p., u. and that the vacuum does not appear. These are the
main restrictions of our work. The convergence result can be stated as follows.

THEOREM 1.1. We assume that 1 < v < 5/3, and that the solution f. to (2.1)-
(2.10) with initial data fO such that (2.22)-(2.24) and (4.2) hold, satisfies (2.35)-
(2.36) and (4.1). We set U. = (pe, petic) = [p fodE. Then there exists a subsequence
such that p. — p and p.u. — pu a.e., where (p, pu) is a weak solution to (1.2) with
initial data (p°, pPu®) = w-lim [ f2d¢, and (1.10) holds.

The outline of the paper is as follows. In Section 2, we introduce our BGK model
and establish the kinetic entropy dissipation estimate that leads to (1.12). In Section
3, we prove the key averaging lemma. Finally, in Section 4 we establish the relaxation
limit by combining the averaging lemma and the dissipation result, in order to obtain
(1.1), (1.11), and Theorem 1.1.

2. Kinetic equation. In this section, we introduce a family of vector kinetic
BGK models for isentropic gas dynamics, parametrized by a scalar 0 < § < 1. The
value 6 = (v — 1)/2 gives indeed the model of [2], [3], but for other values of 6, only
the energy of the system has a kinetic extension. This is the case in particular for the
most physical model, obtained for § = 1. We establish the estimates supplied by the
corresponding dissipation in Theorem 2.5.

2.1. BGK model. The model we consider is written as
MIf] —
Orf +80,f = y in ]0, 0o[xR x R, (2.1)

f(t,z,€) € D, (2.2)
M[f](t’x7§) = M(p(t,x),u(t,x),f), (23)
plt ) = /IR folt, z,€) d€, plt, z)ult, z) = /]R fi(tx,€) de, (2.4)
and
M(p,w.€) = (Mo(p.w. &), Mi(p,u,€) = (L= O)u+6)Mo(p,w.6)),  (25)
M, = 205 an 2.6
0(,0’“75)—09 (WP _(5_“))+7 ( . )
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Iy = /_11(1 — 29 dz = /AT (A +1)/T(A + 3/2). (2.8)

The parameter § must satisfy
0<6<1, (2.9)

and the model of [2], [3] corresponds to the choice § = (y—1)/2. The sets D¢ of (2.2)
are defined as

DEZD:{(f07f1)€R2, fo>0or f1 =fo=0} if6<1,
De = {(fo, /1) €R?, fo >0, f =Efor if6=1.

The kinetic entropy for (2.1) is defined as follows. In the case § < 1, for f = (fo, f1) €

D\{(0,0)},

(2.10)

9 & o fr 112 0
H(.8 =55/t 2/ AT+ 1/A 162y, =g/
0 2 141/ (2.11)
_ 1 1 fl 06 f + 0 0 + 0 2f >0
T1-02\Vfh Vo 2 A T+1/A T2 =T
and H(0,&) = 0, while in the case § =1, for f € D,
2 1 14+1/X
H =2 0 : 2.12
Indeed, making f; = £fo in (2.11) and letting 8 — 1 gives (2.12).
The value of the moments of M are
/ M d§ = (p, pu), / EM dg = (pu, pu® + kp”), (2.13)
R R
2 2, kp? 2 1
/§ Md¢ = | pu” + —, (pu + (24 ﬁf-@p”)u , (2.14)
R 0 0

for every p > 0 and u € R. These relations enable to compute the formal Chapman-

Enskog expansion for this model, which is, up to terms in €2,

QU + 8, F(U) = £0,(D(U)D,U), (2.15)
with
(1/6 — 1)yrp?! 0
)= ( (= 1)) = g (2= + 18 ) (219

and U = (p, pu). We observe that the least dissipative model is obtained for § = 1,
where D(U) becomes singular. This model is degenerate also because M(p,u,£) is
then colinear to (1,£), thus we have to look for solutions f = (fo,£fo). This is the
most physically relevant model, that is already mentioned in [6]. Our analysis also
works in this case.



BGK SYSTEM WITH SINGLE KINETIC ENTROPY 317

We have the following relations, that can be obtained with straightforward computa-
tions.

PRrROPOSITION 2.1. The energy n° and the kinetic entropy H are related through

[ HOM.0.0.9 de = (pu) for every p20, we R, (217)
R
| €HOMp0.0).9dE =G o) foreveryp=0, ue R, (218)
R
and if 6 < 1,
(19,6 = S () = Tyt = a2
9 e v (2.19)
0H _0n B
a_fl(M(p7u7£)7§) - 8(pu) (p7u) =u,

for every p >0, u € R and £ € R such that My(p,u,&) > 0.

With the same proofs as in [2], one can deduce the following results.
PROPOSITION 2.2 (Subdifferential inequality). For any p > 0, u,§ € R and
f € D¢, we have

H(f,€) = H(M(p.u.€),€) + (%/ﬂ—l -5 ) (f=Mlpu©).  (2:20)

PROPOSITION 2.3 (Minimization principle). Consider f € L'(R¢) such that
f(€) € D¢ a.e. and [p H(f(E),£)dé < oo. Then

/ H(MIf)(€),€) dé < / H(f(). ) de. (2.21)
R R

2.2. Dissipation estimates. We take an initial data f0 € L'(R, x R¢) which
satisfies

f2(x,6) € D¢ ae. nRxR, (2.22)
// f2(x,€)| dedg < CF < o0, (2.23)
RxR
J[ 129.€) dude < €5 < . (224)
RxR

Then with the same proof as in [2], there exists a solution f. to the BGK model
(2.1)-(2.10), with initial data fO, satisfying

fe € N L([0,00], LY (R, x Re)), (2.25)
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Vt >0, fo(t,z,§) € Deae inR xR, (2.26)
viz0, [ fttee)dedc = [[ £, ¢) dude, (2.27)
i I
>0, / H(f.(t2,€),€) dadé < CY, (2.28)
RxR
Oy / fedé+ 0, /{fs d¢ = 0. (2.29)

As in [2], we have the following identity.

PROPOSITION 2.4 (Entropy variation). The solution f. to (2.1)-(2.10), with
initial data fO satisfying (2.22)—(2.24), verifies

/ H(f(t,z,£),€) dxdé
RxR (2.30)

- (rweo (j_“lpzlf,ua)-(M[fs]fe)dtdxds.

10, T[xRxR

Moreover,
2

(H'(fa7$)—(%p3‘l—u—;7ua))-(M[fg]—fg)go se  (231)

In the case 6 < 1, the derivative H'(f, &) of H(f,&) with respect to f is given for
f#0by

g & 0 1A 1 1f7 0 1 fi
! _ > I S
H(f,g)<1_92+2c;/” erp T i) @®)

while if § = 1, we set by convention

2
H'(f,€) = (52 m 0.0 ) (2.33)

In (2.30), H'(0,€) needs not be defined since by applying the result of [7] to each
component of f., we have

M[f]— fe =0 ae. t,z,& where f. =0. (2.34)

We shall now assume L*° bounds, because we are not able to prove them. It was
possible in [3] because of the compatibility with all entropies, but here this property
does not hold. Thus we assume that for some F', A > 0 independent of ¢,

[fels IMIfL < F [(fol < A(fe)o, [(Mfa| < A(M[fe])o- (2.35)
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We assume also compact support in velocity, that is to say there exists a closed ball
B(0, Q) such that

suppg fe, suppe M[f.] C B(0,Q). (2.36)

These assumptions imply obviously that p., u. are bounded independently of e. We
are now able to establish the optimal rate of convergence for M[f.] — f-.

THEOREM 2.5. We assume that X\ > 1, that is to say 1 <y < 5/3, and that the
solution f. to (2.1)-(2.10) with initial data fO such that (2.22)-(2.24) hold, satisfies
(2.35). Then there exists C > 0 independent of €, such that

/ / / M{f.]|? dtdxdé < Ce. (2.37)

10,00[x RxR

Proof. Since the case § = 1 is the easiest and is performed with the same type of
estimates, we let it to the reader, and consider only the case § < 1. We start from
the dissipation identity of Proposition 2.4,

N[ (60— = ) ) -1 - Mg drdsde < Che. (239
10,00[xRxR K

We note that whenever M|f.] # 0,
(2 = ) = HOMEL ). (2.39)
We also notice that for X = (Xo, X;) € D\ {0}, Y = (Yp,V7) € R?,
H'(X,€)-Y Y = Ky X)W + Ko (X Yy — XoVh)2/ X3, (2.40)
with K7 = 9/2)\Cé/>\ and Ky = 1/(1 —6). We deduce as in [3] that

Luripz0(H'(M(f2],§) = H'(f,€)) - (M[fe] = f)

> Ky FY27 N (Mf])o — (£2)0)* Taggs. 0, (2.41)
thus
1-1/A 0
// ((£)o — (MIf.])o)? dtdade < FTche. (2.42)
M([fe]#0

We also have, recalling that by (2.34), M[f.] = 0 a.e. where f. =0,
Mo (H' (M[fe], &) — H'(f-,€)) - (M[f<] — £)

Ky ((f)1(M[f)o = (f)o(M[f)1)
> 7 (i, ) e (243)
In the case (fe)o < (M|[f:])o, we write
(fo)r — (M[fa »
_ (o (Mfe])o = (fe)o (M) (M[fe])1 (249

— ((M[f])o = (<)o)

(M[f<])o (M[fe])o’
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and in the case (f:)o > (M]f:])o, we write

(fs)l - (M[fs])l

(2.45)
_ (f)r(M[fe))o — (fe)o(M[f])1 a (fo
- (fE)O ((M[fs])o (fe)O) (fE)O.
In any case, we obtain
M| fe ];ﬁO((fs) - (M[fs]) )
< 100 (LD — U111 ) 2.16)
] 2

+ 2A21M[f o((M[f])o = (fe)o)™
thus we get

FCOO 2A2F1-1/20
/// (fo)r = (M[f])1)? dtdadg < (8[5*’ + T CH) €. (2.47)
MIf.]#0

Let us now treat the set {M[fc] = 0; fc # 0}. On this set, we have

K U2
(0 <j_ P ) ) . - ML)

1 2
’ k 1+1
_|:1f(9£2 + —= 5 777_ p31:| (f€)0+2cg/)\(f6)0+ /A
1 }( f)r 0 "
T EITAT AR
2
l(f) (0 + (1= 0)u)V/(Fodo |+ —og (£
(fo)o 2¢y
+{2(€ u.)? *% :|(fs) (2.48)

On the set {M[f.] = 0;f. # 0}, we have p. > 0, and £(¢ — u.)? — 50l Lis
nonnegative by definition of M, thus (2.48) and (2.38) give

1/>\
// (fo) > dtdwde < <2 CH (2.49)

M][f.]=0

Now, since A > 1, we have

// (fo)o — (M[f:])o)? dtdxd = // (f-)3 dtdxdg

M][f:]=0
<[] g5 dednd
M| f:]=0
2,/ Y F1 =1/

<=, (2.50)
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which gives the bound on the first component. Furthermore,

Lasp=o((f)r = (M[f)1)? = Tasgp=o(fe)?
< A*ypp=0(f2)5
= ATuggp=0((fo)o — (M[f:])o)?, (2.51)
which concludes the proof. 0

3. Averaging. The regularity theory for averages of kinetic equations has been
developed in [14], [13], [9], [22], [10], [18], [8]. We introduce here a result that is
particularly adapted to BGK right-hand sides. In order to treat correctly the initial
data, we use a Fourier transform in the variable x only, in the spirit of [9]. The dual
variable is denoted by k.

PROPOSITION 3.1. Let a € LS (RM RY) and ¢ € L?*(RM), such that for some
K>0and0<a<1, one has

Voe SN VzeR, V>0, / [p(&))?de < Kn™.  (3.1)
<a(§)-o<z+n
Let f € C([0,T], L*(Ry x R})) solve
. h—
ouf +divafae)s) = "L
for some g, h € L*(]0, T[xRY x Ré‘/[) and initial data f(0,.) = f°, and define

in )0, T[xRY x RY, (3.2)

poltia) = [t £0(€)ds € CQO.T)IRY)). (33
Then, for a.e. k,

( [ e dt) "
|k:|a/2 (/Ifol2cl§)1/2 (/f02d§> " (/OT/ |ﬁ2dtd§>
- </T/ Wdtdg) E (/OT/ m'thdf)é(lg) (/OT/ |§|2dtd§> "

a/4

60‘/2 (//|h2dtd£>§ v </OT/ |?L—f|2dtdg> , (3.4)

Proof. Denote g = % +g € L*(J0, T[xRY x R}'). Then

%(1—04)

Of +divgla(@)fl=g  in]0,T[xRY x RY, (3.5)
and by estimate (3.23) in [9], the Fourier transform in z, py (¢, k) satisfies for a.e. k

. 1/2 12
DU oVE [ 1 .
(/0 7t k) dt) < o = ([ Pt oPac)

1 T . 1/2
e (/0/|Af+g| <t,k,5>dtd§> ,

(3.6)
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for any function A = A(k) > 0. Since

-~

MA+G= o+ (= =N(h—f)+7, (3.7)

we deduce that

T 1/2
( / m(t,kn?dt)

0
C'\/_ 1 . 1/2 , T, 1/2

I 02 /2 2
|k|(x/2 e (/f df) + A (/0/|h dtd§>
1 T V21 1/2

+3F </0/|9|2dtd§> +|; - (//m f|2dtd£> (38)

By taking

(] ﬁ—f?dtd§)1/2+ (/] |a|2dtde) / PP de
ey o

A = min

3

o | =

we get the result. O
We can notice that in the important case a = 1, the last term of the second

argument in the right-hand side of (3.9) can be omitted.

COROLLARY 3.2. Ifin Proposition 3.1 we have h € HL(]0, T[xRY xRéw) and f° €

Hy?nHy P (RY xRY), g € Hy (10, T[xRY xRM), then py € HA(J0, T[xRY),
with

lowllas < CnVE | &7 (101l - R VR o o gl g2

- a/g) (3.10)

a/2 1—a/2 1—a/2
+ g2 bl ™ + Rl ™ || =

L2

4. Relaxation limit. This section is devoted to the proof of the a priori esti-
mates that enable to apply compensated compactness to the approximate solutions
Pe, Ue Obtained in Section 2.

4.1. Estimate in H!. We shall assume that vacuum does not appear. Since
pe € LL, we cannot have a global lower bound, thus we assume a local lower bound,

pe(t,x) > nr.r for0<t<T, —R<z <R, (4.1)

for some 17, g > 0 independent of e.
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THEOREM 4.1. We assume that X\ > 1, that is to say 1 <y < 5/3, and that the
solution f. to (2.1)-(2.10) with initial data f0 € H;/2(Rz xR¢) such that (2.22)-(2.24)
hold and

C

HfSHH;/Z(RIng) S 51/27 (42)

satisfies (2.35)-(2.36) and (4.1). We set U. = (pe, peue) = [ fedE. Then, there exists
Cr,r > 0, independent of €, such that for any 0 < e < gy,

|0, U.|? dtdx < % (4.3)
10,T[x]—R,R|[
0,U.|? dtdx < % (4.4)
10,T[x]—R,R|
If moreover f0 € HY(R, x R¢) with
C
1l xre) < (4.5)
then
2 2 Crr
/// |0, fo|? dtdxdé + /// 0, f|? dtdzdg < == (4.6)
10,T[x]—R,R[xR 10,T[x]—R,R[xR

Proof. Obviously, we can apply Proposition 3.1 to a vector function. We take
a(§) =¢ and Y € C.(R), 0 <1 <1, such that ) = 1 on the support in & of f.. Then
(3.1) holds with @ = 1, K = 1, and we have py, = [ f.4(§)d§ = U.. Therefore we
obtain with h = M[f.] and g =0

2 | MU= |
10 oy < € (190 o+ MU, |FEE| )
t,x,€
According to Theorem 2.5, we conclude that
||U€HHi/2 (10, T[xR) < Cre~ 4. (48)
Then we estimate M[f.] = M (U, &). We localize in x by taking a function (g(z) €

C°, Cr > 0, such that (g(x) =1 for —R < z < R. Since on the support of (g, p. is
lower bounded by (4.1), we have that there M(., &) is Lipschitz continuous, because
A > 1. Therefore, we deduce that

”CFi(x)M[fE] ||Hi/2(]O,T[XRme5) < CT,R e~ /4, (49)

We then write the characteristics formula

) = P16 90+ L [ ML s - g0 as (@0

0
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By multiplying by (g(z) and by taking the le/z norm, we obtain by using the trans-
lation invariance that for fixed ¢, &

HCR(x)fe(tvirvé)HH;/z(RT)
< ||<R(l‘+tf)fg(xaf)”H;/?(RI)e_t/E (4.11)

IR
2 [l gnta + SOMIULNE = 5.6y
0 :
Since £ remains in a bounded domain, we conclude with (4.9) that

||<R(x)f€”Hi/2(]0,T[><]Rm xRe) < C’T,R 571/4- (412)

Next, we would like to use the estimate of Corollary 3.2, but we need to localize in .
We write

at(CRfs) + gam(ngs) -

Ms - € /
= SeMeZChle 4 et (113)

thus we can apply Corollary 3.2 to f£ = (gf. with h = (gM. and g = (R f.. We
obtain

102 (CRU 2z

<C

HCRfSHH;ﬂ(RzXRs) + 51/2||§G‘3f€||H;/2(]O,T[XRI><RE)

1/2 1/2 M — J. Y2
+ ||6'QE(CRM5)IIL/3é (II&C&J‘EIILQ === )]
T tx L,Tg

(4.14)

CR

We notice that since M[f.] = M(U., &), we have 0, M[f.] = M'(Us,£)0,U.. One can
check that p., u. being bounded, we have

—3(~y—1
M (U, )|l g2 < Cpz *O7Y, (4.15)

this is true indeed for 1 < v < 2, and this is a bit more general than the Lipschitz
argument used in (4.9). We deduce with (4.14), (4.12) and Theorem 2.5 that

ICROLUL 2. < Cror|e™'/? +571/4HCRamUEH2/?i ; (4.16)

which gives (4.3). Then, we multiply (4.13) by £ and apply again Corollary 3.2, which
gives that ||Crd, [£f- d€llpz, < Cr.re™1/?, and since Q,U. + 0, [ €f-dé = 0, we get
(4.4). The last estimate (4.6) is finally obtained by replacing the H/? norm by the
H! norm in (4.11), and by expressing 0; f. from the BGK equation with the estimate
of Theorem 2.5. o

4.2. Entropy equations and compensated compactness. We conclude
here the proof of Theorem 1.1, by establishing the strong convergence of U.. It is
obtained by the method of DiPerna [12].

Proof of Theorem 1.1. We have from (2.29)

OtU. + 0y /Rff6 d¢ =0, (4.17)
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thus by (1.5)
U + 0, F(Ue) = W, with W, = 0, /Rf(M[fs] — fo) d¢&. (4.18)

Take now a smooth entropy 7, with entropy flux G. Recalling that by Theorem 4.1,
U. € H}, locally, we multiply (4.18) by n’(U.), and get

O n(Ue) + 9. G(U:) =0/ (U:) - We. (4.19)
Now
n/(Ue) -We
= 81 [ﬁ/(Ua) ' / S(M[fs] - fs) d£:| - aﬂc W(Ua)] : / g(M[fs] - fe) d§7 (420)
R R
therefore we get
Oy n(psvus) + 0y G(psaus) = Mpye +Rn,€7 (421)
with
o == (U2)- 0,0+ [ €L~ £ de, (4.22)
and
o =0, [0 [ (11~ £)de]. (423
R
Using Theorem 2.5, we obtain
7 (U.) - / E(MIf) — f2)dE —0 in L2, ase 0, (4.24)
R

and indeed also in LP for p < oo since this is bounded in L°°. Furthermore, by
Theorems 4.1 and 2.5,

10,0 - \ /R (ML) — £.)de| dida
10,T[x]—R,R[
< O|0:Ucll 2o, 71x)-r.BD I M [ fe] — szng

which yields that m,, . is bounded in M;,. uniformly with respect to . We obtain
therefore that 0 n(pe, ue) + 0x G(pe, ue) is compact in Hl;i We are now able to apply
compensated compactness, and the result of [20] allows to conclude the compactness
of the sequence (pe, psue). By passing to the limit in (4.18), we obtain (1.2) together
with the initial data. Finally, it remains to establish an inequality for the physical
entropy. We use a differential form of (2.30), that is fully justified in [3],

(4.25)

s Cr.R.

o / H(f.,€) dé + 0, / EH(f..£)de <0, (4.26)
which gives with (2.17), (2.18) that

O ne(p€7 ua) + 0, Ge(pavué)
< O / (H(M[fe],€) — H(f,€)) d§+3z/§(H(M[fs]vf) — H(fe,€)) d§  (4.27)

. -1
—0 in W, "7,
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and the desired result. 0

REMARK. The above proof shows that the rate | M[f.] — fe|z2 < Ce'/? cannot
be improved, otherwise we would get in the relaxation limit a solution that satisfies
entropy equalities, which is not possible in general. The rates of Theorem 4.1 are
therefore also sharp, since they say that all the terms of the BGK equation are of
the same order in terms of e. However, for other norms than L?, the rate could be
improved. For example, one can have ||M[f.] — fc||: < Ce, this should be somehow
related to a BV bound.
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