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A CLASS OF THE QUASILINEAR PARABOLIC SYSTEMS ARISING
IN POPULATION DYNAMICS *

YANG WANLIT

Abstract. This paper,using the duality technique and Hélder’s inequality, proves the global ex-
istence of solutions for the quasilinear parabolic systems with Cross-diffusion effects and compectition
interaction on any smooth bounded domain in RZ2.

1. Introduction. The purpose of the present paper is to study the existence
and uniqueness of Wz%lvalued solutions for quasilinear parabolic systems arising in
population dynamics as

uy = A (a1u + duwv) + uF (u,v), (x,t) € Q x (0,00).

vy = A (agv) + vG(u,v), (x,t) € Q x (0,00).

ou+ (1 —9d)uy =0, (x,t) € 082 x (0, 00). (1.1)
ov+ (1—-40)vy, =0, (z,t) € 92 x (0, 00).

u(z,0) = up(x), v(x,0) = vo(z), x e Q.

Here, 2 is a bounded domain in R? with smooth boundary 92 ; a;(i = 1,2),d are
positive constants; F, G are given C!—functions;d € {0, 1};~ denoting the outer unit
normal on 9€2; uy and vgare initial functions which are assumed to satisfy

ug,vg € H*4(Q) for some 0<e<1; (Ho)
uo(z),vo(z) >0, Vo € 0/

This systems has been introduced by Shigesada et al.[1] as a model of two com-
petitive species which are interacting each other and migrating under self and cross-
diffusion effects. The unknown functions u and v denote the population densities of
the two species at time ¢ and position x € €. The two boundary conditions show that
the flow of an individual is tangential on the boundary 0f2.

Masuda and Mimura (cf. [2]) proved, for the first time, global existence of a
solution in the case that ® =0 and Q C R '
Yagi [3] studied the following systems.

up = div{ V(a1 + a11u + a12v)u]

+61uV®} + cru — y11u? — y1puv, in  x (0,00),
vy = div{V[(a2 + a21u + a2v)v]

+B20V P} + cov — Yo1uv — Yo20?%, in  x (0, 00),
(a1 + 11w+ argv)uly + B1u®, =0, on 92 x (0, 00),
(2 + a21u + agov)v]y + fov®y =0,  on IQ x (0, 00),

where a;(¢ = 1,2) are positive constants,a;; 7v;; and 5; ,¢;(i,7 = 1,2) are non-
negative constants . ® is the C'—function; In the case, global existence results are
shown when one of the following conditions holds:
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(1) 0 < ag; <8ajp and 0 < aga < 80&22;
(2) o1 > 0, Q] = gy = 0.

We should note that the situation is quite different from our problem where
aj; = ag; =0.

In [4], Redinger given the global existence of the solution for the system (1.1)
under the following assumption conditions

(D) F(u,v) =e1 — h(u) — dyv, G(u,v) = eg — dau — bav;
(2)h € C*(R, R),and, lim inf h(s),/s* > 0.

for some v > 1.

where the e;, d; and by are positive constants .

(1.3)

In this present paper, our main result can be stated as following

THEOREM. Assume ug and vg satisfy (Ho),and, F(u,v),G(u,v) to have the fol-
lowing properties:

(1)F(u,v) =e1 — h(u) — div, G(u,v) = ex — dau — bav;
(2)h € C*(R, R),and, h(s) > Aps. (1.4)
where the e;,d; ,Apand by are positive constants .

Then, systems (1.1) has a unique global solution.

To prove this result , we will work in the framework of L, and Wg’land employ
the L,-requarity theory for the linear parabolic equations. Our basic tools, which help
us to derive some a priori estimates, are the duality technique and the Gronwall’s
inequality.

Notation: (see [5][8])
QT =0 x [07 T}

L,(£2) is the Banach space consisting of all measurable functions on 2 that are p
th-power(p > 1) summable on 2. The norm in it is defined by the equations

1 :
[ullp.0 = (/ ()" dz)? and [|ul|s o = vrimaz |u]
Q
W2H(Qr)(p > 1) is the Banach space consisting of the elements of L,(Qr) having

generalized derivatives of the form D] D7 with r and s satisfying the inequality 2r+s <
2. The norm in it is defined by the equality

2
lull?s, = > 1D D3ully o,
2r45<2
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2. Preliminaries.
2.1. Existence and uniqueness of local solutions. A local existence result

for (1.1) is given by the following theorem (see Amann [6],Yagi [7]).

LEMMA 2.1. Suppose that ug and vy satisfy (Hp), then, there exists a positive
constant T* such that (1.1) has a unique nonnegative solution (u,v), s.t.: V0 <T <
T,

u,v € C((0,T); H*(Q)) N CH((0,T); L*()).

2.2. The (backward) adjoint equation. In order to use a duality technique
to obtain estimates on (u,v) in W2'(Qr)(p > 1), we need estimates on the solution
x of the (backward) adjoint equation

Xt +aplAx+60=0,in Qr,
X~y =0, on 092 x (0,T), (2.1)
x(+,T) =0, in Q.

where 0 € L,(Qr)(¢ = ;27),0 = 0;a0 € C9*(Qr) for some A > 0,and, there
exists a constant pg,s.t.:

ap(z,t) > po, for all (z,t) € Qr (2.2)

We now state some well-known L,-regularity results for (2.1).

LEMMA 2.2. The adjoint equation (2.1) has a unique solution x € W2 (Qr)
with x > 0. If ||0]|, o, = 1, then there exists a constant C' = C(p,T) independent of

0, and, is continue to T, such that ||X||£1%T < C. Furthermore, C can be chosen so
that

{ () 109> 2, then iy, ugar <O o V¥l /0opar SOy

(i) [x( 0)llg,0 < C.

Proof. From [4](Theorem 1V.9.1), there is a constant Cy(p) independent T', such
that

XN, < Co®)9ll,.0n = Colp)-

Furthermore, there is a constant Cy(p) independent T such that

[divx

2
ar < CLOIXIES,

where ¢* = 4q,/(4 — q)(see [4] lemma IT 3.3).
Therefore, it follows that (2.3)(i) holds.
The same is true for (2.3)(ii) due again to [4] (lemma IT 3.4).
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3. The estimates for © and v. We note the nonnegativity of u, v follows from
theorem 2.1, and ,denote by T* a maximal existence time of the solution (u,v) to

(1.1)

LEMMA 3.1. If T* < oo, then, under the assumptions (Hy) and (1.4), we have
the following estimates

V)00, @y < Const. lullyq,. < Const.
Proof. From the system (1.1),we see that v satisfies

vy < A (agv) + eqv — bov?,  (z,t) € Q x (0,T%).

v+ (1—-40)v, =0, (x,t) € 0 x (0,T™).

v(x,0) = vo(z), x €.

Hence, it follows from the comparison principle that v is bounded from above by
a constant Mjy.i.e.

V]l co,0pn < Mo = const. (3.1)

Integrating (1.1)-u equation over Q7 (0 < T < T*), results in

/Qu(T)dx < /Quo(x)d:v + /OT /BQ (a1u + duv), (3.2)
+/QT [exu — h(u)u]dzdt

T
< / uo(z)dz +/ / (a1 + dv) uy + duv,]
Q 0o Joo
—|—/ (e1u — Agu?)dxdt,

From the boundary condition of the system (1.1), we have that

/T/ [(a1 + dv) uy + duv,] <0, (3.3)
o Joa

Thus, (3.2) becomes that

/u(T)dm+/ A0u2dxdt§/u0(w)dx+/ erudxdt, (3.4)
Q T Q

Qr

§/u0(x)dx+/ eru?drdt,
Q QT

By use of Gronwall’s inequality, (3.4) implies that

||UH2,QT* < C(uo, T). (3.5)

Thus,

g1(z,t) = v(ea — dau — bav) € La(Qr~) (3.6)
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and, v solves the following equation

ve = A (agv) + g1(x,t), (x,t) € Q x (0,T*);
v+ (1—-90)v, =0, x,t) € 00 x (0,T%); (3.7
v(z,0) = vo(x), xz e Q.
From [4], we have that
v € W3 (Qr+), Vo € Li(Qr+), (38)

From system (1.1), (3.1),(3.3) and (3.7),we known that u solves the following
equation

up = hi(z, t)Au+ ha(x,t)Vu

+hs(z, t)u + he(x,t), (x,t) € Q x (0,T);

t)
5+ (1— 8w, =0, ( 1) € a9 x (0,T); (3.9)
u(z,0) = up(x), Q.
where,
hi(z,t) = (a1 + dv) € Loo(Qr+)
ha(z,t) = 2d(Vv) € La(Qr+) (3.10)
hs(z,t) = dAv+ e € Ly(Qr+) :
hy(z,t) = —h(uw)u — dyvu € L1(Qr+)
Set,
hi(z,t) = 0.
then,
h4($,t) < hZ(Jf,t), V(x,t) € QT*
Let u* solves the following equation
’Z,LI = hl(:c,t)Au* + hg(l‘ t)
+hs(x, t)u* + hj(z,t), V(z,t) € Q x (0,T*); (3.11)
du* + (1= d)us =0, (x,t) € 02 x (0,T*); ’
u*(z,0) = ug(x), x € Q.

By use of the comparison principle, we known that

0<u<u”, Y(x,t) € Qp~

From [4] and (3.11),we have that,Ve € (0,1)

u* € Wil (Qr+) C Wi_(Qr+) C Laa—oy /110 (Q1+), (3.12)
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Thus, taking € = %, we have that

u* e L4(QT*) = u E L4(QT*)

Furthermore ,we can also obtain the following estimate for v.

LEMMA 3.2. If T* < oo, then, under the assumptions (Hy) and (1.4), there exists
a positive constant A\(T*) > 0, s.t.

v e CONTI(@Gy)

Proof. From the Lemma 3.1, we have that

g1(x,t) = eqv — dyuv — byv* € Ly(Qr-). (3.13)

Hence, v also solves the following parabolic equation
vy = asAv + g1 (z,t), in Q-

v+ (1-0)v,=0, ondQx(o,T*) (3.14)
v(z,0) = vo(x), in Q

From [4], we have that
ve Wi (Qr) € Wi(Qr-)
By use the embedding theorem (see [4]), there exists a positive constant A(T*) > 0
(Notice that 4 > N + 1 = 3), s.t.
Wi (Qr-) € C**T(@Qr-)
We have completed the proof of lemma 3.2

We are now ready to derive an important estimate for u. Our main methods are
the duality technique and the Holder inequality.

We first give two lemmas.

LEMMA 3.3. Under the hypotheses (Hy) and (1.4), if T* < oo, then, for allp > 1,
we have

lully,q,. < Cp,T7).

Proof. Let ¢ satisfy the following backward equation

ot + (a1 + dv)Ap+6 =0 in Qr,
@y =0o0n 00 x (0,7), (3.15)
o(-T) = 0in ,



A CLASS OF THE QUASILEAR PARABOLIC SYSTEMS ARISING 267

Where, 0 € Ly(Qr)(q = ;%5,p > 2) with 6 > 0 and [|0[|, 5, = 1, (u,v) is the
local solution of (1.1) in ©Q x [0,7*),0 < T < T*.

Multiplying u— equation of (1.1) by ¢ and integrating the product in Qr, we
have

/ purdzdt = / eA[(ar + dv)u]dzdt —|—/ puler — h(u) — dyv]dezdt,  (3.16)

T
ie.
7/ ugptdasdtf/ o(+, 0)updx (3.17)
- Q
<[ el o, (@ dojug,)
0% (0,.T)

+/ (al—i—dv)uAgodxdt—i—/ e1pudxdt,
T

T

From the lemma 3.2, and the boundary condition of the system (1.1),and (3.15),
we obtain that

Hudmdtg/ap(-,())uodx—i—/ erpudrdt (3.18)
Q

T

Qr

By lemma 3.1, (3.18) becomes that

/ Oudxdt < C(“Oapv T) + C(M(),p, T) Hu||4p/(4+p),QT : (319)
T
We write
1 4p 4
HN)= —[——— —_— 3.20
() = Tl = kA € (0.2, (3.20)
then
2
dH()N) _ 1 —p <0,
d\ (I1=X2 4+p
and
H( 4 )=0 (3.21)
4+4p’ 7 '

Therefore, there exists Ag, s.t.

H(/\()) <1, X € (0, ) (322)

44p
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(4+p)/4p

Xop+Xo
Iy amr = w572 (3.23)
— Hu(l—Ao)H(Ao)qupH(4+p>/4p
17QT
O [[TEER
LA [l
QT
while by lemma 3.1 and (3.23) it is seen that
(1=X0)(4+p) /4p
HUH()\O)H 0 < C(TH),0< T < T, (3.24)

LQr
where Cp,(T™) is a positive constant depending on T* and p.

Hence, (3.23) becomes

%« Ao (4 4
[ty 4y 00 < Co(T) P[50 (3.25)

this then shows, in view of (3.25), that we can conclude from (3.19) that

0 Gudrdt < C(uo,p,T) + C(Mo,p, T) |vllapa4p),0r (3:26)
T

< O(ug,p, T) + C(Mo, p, T*) [[ul X255

From the process of the proof, it is easy to see that we can choose C(ug,p,T)
and C'(My, p, T*) are continuous functions depending on T'. Therefore, (3.26) can be
written that

Qudzdt < C(uo,p, T*) + C(Mo,p, T*) |Ju] ) 55e . (3.27)
Qr

Noting that A\g € (0
that

, 4+p) ¢ € L,(Qr) is arbitrary and 6 > 0, then, (3.24) implies

ull, 0, < Clug,p, T*),Y0 < T < T". (3.28)
Thus, we can obtain the following estimates for u
||u||p Qrx S C(u()»va ) (329)
We complete the proof.

We now establish the a priori estimates in W' (Qr+).

LEMMA 3.4. Under the hypotheses of lemma 3.3, we have
u,v € Wg’l(QT*)Np > 1.
Proof. Because of lemma 3.3, we have that g;(z,t) € L,(Qr~) (p > 1), and ,v
solves the equation (3.14). From [5], we have that
ve W (Qr-),vp> 1. (3.30)

From u—equation of systems (1.1), we known that u solves equation (3.10). By
use of the lemma 3.3, we have also that

ueWrNQr+), Vp>1 (3.31)
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4. The existence of global solutions. Now, we can begin to prove the exis-
tence theorem of global solutions.

THEOREM 4.1. Assume that (Hy) and (1.4) are satisfied, then, (1.1) has a unique
solution in © x (0, 00).
Proof. The proof consists of four steps.

Step 1:
Suppose for contradiction that T™* | co, from lemma 3.4, it follows that

u,v € Wg’l(QT*),Vp > 1. (4.1)

Now, let us differentiate the u—equation of (1.1) in ¢, and take the product with
(a1 + dv)u,. Integrating the product on Q X [do.t] with a fixed dp(0 < Jp < t < T*),
we obtain that

1 2
2 /Qx[ao,t] (o + ) (t)s 2

= / (a1 + dv) w,{Al(a1 + dv) u] }4
Qx[do,t]
+/ (a1 + dv) uy(eruy — ub/(u)uy — dyvuy — duvy).
Qx[do, 1]

From (4.1), the last term of (4.2) has the following estimate

/ (a1 + dv) uy(eyuy — uh/ (w)uy — dyvuy — duvy) < C(p, T, dp). (4.3)
QX[(S()_’t]
We have that the (4.2) becomes that
1 2
3 (a1 + dv) (ui)e (4.4)
Qx[d0,t]
< C(p,T*, o) + / (a1 + dv) uy[(a1 + dv) uy + duv, ]y
QX [0, 1]

/ Vi(a + dv) u]V[(a1 + dv) u]s
Qx[do,t]

=C(p, T, d0) + / (a1 + dv) u{(a1 + dv) (uy)¢ + dvuy + dugvy, + du(vy)e}
0 x[50.1]

- [(a1 + dv) Vu, + duVo][(a1 + dv) Vu, + dvVu + du Vo + duVuy.

Next, let us differentiate the second equation in (1.1) in ¢, and, multiplying by
(1 + u?)vy, and integrating the product in © x [dg, t], we can obtain that

1
3 | @) (45)
2 Ja
< / as(1+ ’U,2)vtA’Ut + / (1+ u2)vt(62vt — douvy — davuy — 2bsvvy)
QX[(so’t] QX[&o,t]

< C(pa T*750) +/

o+ o)~ [ eVl u)ul Vo
X [60.1]

QX[éoyt]
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From the boundary conditions of systems (1.1), we have that

Déo=1l:u=v=0=u =v,=0,V(z,t) € 0Q x [p,1] (4.6)
(2) 6=0: Uy = Vy = 0= (u’Y)t = (U,Y)t = O,V(l',t) € 00 x [50’15] ’
Then, (4.4) (4.5) become that
1
f/ (a1 + dv) (u?); < C(p,T*,6) — (4.7
2 Jax(so.

- / [(a1 + dv) Vu, + du V)[(ar + dv) Vu, + doVu + dus Vo + duVoy,
Qx[do,t]

%/Q(H?f) vi (1) SO(p,T*,cSo)—/Q azV[(1 4 u?)v] Vo, (4.8)

x[d0, 1]

we known that
— / [(a1 + dv) Vu, + dusVol[(a1 + dv) Vu, + dviVu + du Vo + duVuy)
Qx [(sgyt]

= —/ {(a1 + dv)* |Vu,)* + (a1 + dv) [dv,Vu + 2du, Vo (4.9)
QX[JO,t]
+d (a1 + dv) uVvVu, + d*u; VouVo, },

< _/ (1= &) (a1 + dv)? |V |* —
QX[JO,t]

—d (a1 + dv) uVu, Vo, — e/ IV (v,)]> + Clp,T*, 6, €). (4.10)
Qx[do,t]

here, € € (0,1) is arbitrary.

For (4.7), we have the similar estimates
—/ as V(1 + u?)ve] Vg (4.11)
Qx[do,t]
< —ag(l—a)/ (14 4?) [V 2 + Cp, T, 6, ).
Qx[do,t]

From, (4.7)-(4.11), we obtain that, for any 6y <t < T™*,e € (0,1),k >0
1 2 k 2\ .2
= [ (ar+dv)ui(t)+ = [ (1+u?)vi(t) (4.12)
2 Jo 2 Ja
< 7/ {(1 —¢) (a1 + dv)? |V, |* + d (a1 + dv) uVu, Vv, + g/ 1V (v,)]?

QX[(s(]’t] QX[(S(),t]

—k:ag(l—s)/ [(1—|—u2)\Vvt|2—|—0(p,T*,50).
QX[(SQ’t}

= —/ {(1 =) (a1 + dv)? |V, |* + d (a1 + dv) uVu, Vo,
SZX[éoyt]

+kas(1 —€) — (1 +w?) Vo [} + Clp, T*, 60)-
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Taking € = mz’n{%, d—;}, k= %me have that

1 2 d 2\ .2 1 2 2
§/Q(al+dv)ut(t)+—/ﬂ(l+u)vt(t)g—/ §(a1+dv) |Vu,|

a2 Qx[éo,t]
—/ d (a1 + dv) uVu, Vv, + d*(1 4+ u?) |V > + C(p, T*, &) (4.13)
QX[éo,t]
i.e.
1 2 d2 2 2
| (e +dv)ui(t)+ — [ (1+u?)vi(t) (4.14)
2 Jao az Jo

1 d?
+/ {= (a1 + dv)* |Vu,|? +/ — (1 +u?) |Vo|* < Clp, T, 8).
Qx[50.1] 16 Qx[60.t] S

Step 2:
Multiplying the first equation of (1.1) by u? and integrating the product in Q+(0 <
t < T*), we have

1 1
m o Up+1(t) = m o Ug+1 +/ Up A [(CLl —+ dv) U] (415)

+/ uPt{e; — h(u) — dyv}
t
(from lemma 3.4) < C(uo,vo,p, T™)

From the second equation of (1.1), a similar inequality for v is obtained

1
m va+1(t) < C(ug,vo,p, T). (4.16)

Hence, from the systems (1.1) and the above estimates, we have, for all 0 < t < T,
I {Al(az + dv)u]}(t) [l2.0 + | (Av)(8) [l20< Cluo, T). (4.17)

Furthermore, differentiating the v—equation in (1.1) in ¢, and take the scalar
product with v7”*!(p > 1). Then integration of the product on [0,t]( 0 < ¢ < T*)
yields that

| (ve)(@) ll2p+2,0< Clug, p, T), for all 0 <t < T, (4.18)
thus
| (Av)(#) |l2pre,0< C(uo,p,T*), for all 0 <t < T™*. (4.19)
In view of the embedding theorem

HY(Q) = W3 (9) C Li(Q).
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We have that

| {Vi(az + dv)u]}(t) [la,0< Clug,vo, T*), forall 0 <t < T, (4.20)
| (Vo)(@) |lp.a< C(ug,vo, T*), forall 0 <t <T* ‘
Thus
I (Vu)(®) ||lp.a< Clug, v, T*), forall 0 <t < T, (4.21)
Noting that
|Aul < |(ag + dv)Au| < |Al(az + dv)u]| + 2d |[VuVv| + d|u A ]
then
| Au |30<Il Al(az + dv)u [13.o +4d*(| Vu |lig + | Vo [[10) (4.22)

+d?(|| u ”iﬂ + || Av ||37Q) < C(ug, T), forall 0 < t < T,
Hence, the norms || u(t) || g2(oyand || v(t) ||g2(q) remain bounds as t — T™.

Step 3:
From [8], then the solution u, v, can be extended to a nonnegative solution beyond
the T*. Hence, (1.1) has a global solution, we complete the proof.
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