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DETERMINANTS OF PSEUDODIFFERENTIAL OPERATORS AND
COMPLEX DEFORMATIONS OF PHASE SPACE*

A. MELINT AND J. SJOSTRAND?

Abstract. Consider an h-pseudodifferential operator, whose symbol p extends holomorphically
to a tubular neighborhood of the real phase space and converges sufficiently fast to 1, so that the
determinant is welldefined. We show that the logarithm of the modulus of this determinant is bounded
by (2h)~"™(I(A,p) + o(1)), h — 0, where I(A,p) is the integral of log |p| over A and A belongs to a
class of deformations of the real phase space on which the restriction of the symplectic form is real
and non-degenerate. We show that I is a Lipschitz function of A and we study its differential and
sometimes its Hessian. Under weak additional assumptions, we show that critical ”points” A of the
functional I are infinitesimal minima to infinite order.

0. Introduction. In the theory of non-selfadjoint operators, determinants play
an important role (see for instance [GoKr|, [MaMal) and recent developments in the
theory of resonances have brought new interest in operator determinants (see for
instance [Me], [Zw3], [Vo], for the use of determinants in getting upper bounds on the
density of resonances, and [GuZw], [Zwl], [Sj4] for the use in getting traceformulae).

There does not seem to be many works devoted to estimates and asymptotics
of determinants by direct microlocal methods, and the present work is an attempt
in that direction. An interesting feature is that the determinant of an operator is
independent of the choice of norm of the Hilbert space where the operator acts, and
sometimes to some extent even of the space itself. In the study of resonances the
possibility of changing the ambient Hilbert space has played an important role since
the beginning of the method of complex scaling and many variants of that method
have been used, including phase space versions (see [AgCo|, [BaCol, [HeSj], [SjZw]).
To get optimal estimates, one often has to choose a Hilbert space norm adapted to
the problem (see for instance [HeSj], [Sj5], [Ze]) and this choice is often the result of
phase space analysis.

The work [Da] gives examples of paradoxes encountered when not looking for the
optimal Hilbert space. In that work, Davies considers a non-selfadjoint Schrodinger
operator on R with a complex valued potential and shows that one can obtain open
sets of "pseudo spectral” values z € C for which the norm of the resolvent (when it
exists) is exponentially large, while for this class of operators, the true spectrum is
discrete and confined to a smaller h-independent set. The explanation of this (see
also [Zw2]) is quite obvious to specialists in partial differential equations: If we con-
sider more generally an h-pseudodifferential operator p(z, hD;) on R™ with symbol
p(z,€) in a suitable class, and if po = (x0,&0) € R2" is a point where the Poisson
bracket satisfies +{p,p}(po) > 0, then if zo = p(po), we can construct a WKB-solution
u(z; h) = a(x; h)ei®@)/h with Im ¢(x) > 0 with equality precisely at 2o and where a
is an amplitude, such that ||ul|2 = 1, [[(P — 20)ul|2 = O(h*®) (i.e. On(hN) for every
N). (See [H62] for this result in the high frequency setting. The modifications for the
proof in the semi-classical framework are obvious. Also, if p(x, hD) is an analytic h-
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pseudodifferential operator in a suitable class, for instance a differential operator with
analytic coefficients, then O(h*°) can be sharpened to O(e=1/(€h)) for some C > 0.
See [Sj1] for the additional information needed about the WKB method with analytic
symbols.) While the closure of the set p(R2") will contain all limit points of the spec-
trum, when A — 0, there is no reason to expect equality in general. In the case of
an analytic h-pseudodifferential operator, say when p extends to a bounded holomor-
phic function in a tubular neighborhood of R?", one is tempted (as in the method of
complex scaling and its variants) to look for some other Hilbert space norm for which
the pseudo-spectrum becomes smaller. There are ways of doing such modifications
of the space that are associated to deformations of the real phase space. (See [Sjl],
[HeSj] and the works on complex scaling already cited). Instead of R2", we are led to
consider some other closed IR-manifold A C C?7, i.e. a manifold A of real dimension
2n such that the restriction to A of the complex symplectic form

o= d¢ Ndxj, (,§) € Cn =Ch x C, (0.1)
1

is real and non-degenerate (so that A is I-Lagrangian, i.e. Lagrangian for Im o and R-
symplectic, i.e. symplectic with respect to the restriction of Re o). If A is close to R2"
or has some suitable transversality property (as in Theorem 3.6 below), we can find a
naturally associated Hilbert space, on which p(z, hD;) acts a bounded operator and
it turns out that the principal symbol is now p|, rather than pg,,. The idea would
then be to try to find A such that p(A) is as small as possible. The problem of finding
such an optimal A is probably very difficult and very deep, and it is not excluded that
one gets some more complicated set than a smooth manifold. Nevertheless, we think
that the problem should be attacked even though a complete success may be remote
or even out of reach.

Recent uses of Carleman estimates in semi-classical problems by Lebeau-Robbiano
[LeRo] and N. Burq [Bu] are somewhat related to the ideas developed here. Carleman
estimates are weighted estimates and when proving such estimates, one effectively
replaces p(x, hD) by a conjugation e®®)/hp(z, hD)e=¢®)/h with symbol py(x,&) =
p(z, € 4+ i¢/(x)) for some real-valued function ¢(z). Geometrically, this amounts to
replacing the real phase space by the IR-manifold Ay = {(z,& + i¢'(z)); (x,&) €
R27}. When proving such estimates one exploits the negativity of the Poisson bracket
1{ps,Ps} on the characteristic set py(z, &) = 0 or equivalently on the set p=1(0) N Ag.
(This method is originally due to Hérmander in a different context.) This looks first
somewhat contradictary with what we shall do in the present paper, namely look for
IR-manifolds on which the Poisson bracket vanishes where p does, but if we consider
how the Carleman estimates are used for instance in [Bu], we see that the sharpest
results will be obtained in some kind of a limiting case where the bracket above would
be close to 0.

In this paper we do not try to study the spectral problem, but we apply the same
philosophy to determinants of h-pseudodifferential operators p(xz, hD) for which the
symbol tends to 1 sufficiently fast when (z,£) — oo, so that the operator is of the
form I+q(z, hD), with ¢(z, hD) of trace class (and so that det p(x, hD) is well-defined
([GoKr))). It should be noticed that in practice the condition that p — 1 suffiently fast
at infinity can be replaced by an ellipticity assumption near infinity. Then one chooses
some reference operator p(x,hD) which is elliptic everywhere (and hence invertible
for sufficiently small h) and with the property that p(x,£)/p(x,€) — 1 sufficiently
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fast when (z,£) — oo, and the discussion will apply to the relative determinant
det(p(x, hD)p(x, hD)~1).

In section 1 and 3 we develop the geometrical and analytical framework for our
results. We define a class of IR-manifolds contained in a tubular neighborhood of
R2" (or of some other fixed linear IR-manifold.) If A is such a manifold, we define a
corresponding h-dependent Hilbert space H(A) where for simplicity we have imposed
conditions at infinity that imply that the space coincides with L2(R"), while the norm
will in general, be equivalent to the standard L2 norm only up to exponentially large
factors. If p is a bounded holomorphic function in a sufficiently large tube, containing
R2" and A, we show that p(x, hD) (in Weyl quantization) acts as a uniformly bounded
operator in H(A). If p(z,§) — 1 = O({(z,£))™), m < —2n, then p(z,hD) — 1 is of
trace class and det p(x, hD) is well-defined and independent of whether we consider
p(z, hD) as an operator in LZ(R™) or in H(A). In sections 2, 3 we show that

log |det p(z, hD)| < (2wh)—"(I(A,p) + o(1)), h — 0, (0.2)

where

I(89) = 5 [ Tox(olp)o) ldp) 03)

Here pu(dp) = |om|/(n!) is the symplectic volume element on A. When p is elliptic on
A in the sense that p(p) # 0, p € A, we have equality in (0.2) and in that case it is
easy to see directly that I(A, p) remains unchanged under small deformations of A (as
long as the global ellipticity is conserved). The major problem is then to choose A
so that I(A,p) becomes as small as possible and this is the subject of the remainder
of the paper. As already pointed out we do not solve this major problem but obtain
several results of some independent interest. The discussion also applies to the similar
frameworks developed in [HeSj] (see [Ze] for corresponding trace class considerations)
and [Sj2].

As reviewed in section 1, to smooth deformations I > ¢ — A; of IR-manifolds
(where I is some bounded open interval containing 0), we have an associated smooth
family of functions I 3 t — f; € C°(A4; R) well-defined up to a ¢t-dependent constant,
such that if we let f; also denote an almost holomorphic extension to a neighborhood of
A¢ and define a flow @4, by 0;®+(p) = iHy, (p) with Hy, denoting the complex Hamilton
field, defined with the help of the complex linear part of the differential of f; and the
complex symplectic form, and where iHy, = iH ¢, +iH s, denotes the corresponding real
vector field, then Ay = ®¢(Ag). The flow ®; is not a complex canonical transformation,
because of lack of holomorphy, but the restriction x; : Ag — A: becomes a real
canonical transformation. In the case of deformations of the class of manifolds used in
this paper, the corresponding f; belong to the space Cp°(A¢;R) of smooth functions
on Ay which are bounded at infinity together with all their derivatives.

In section 4, we show that I(A,p) is a Lipschitz function with respect to such
deformations (where the deformation parameter may also be multi-dimensional, ¢ €
neigh (0, R*¥) (=some neighborhood of 0 in R¥)), and that the corresponding derivative
(defined for almost all t) is given by

"OI(Ar,p) = /A (darg pla,, Hy,)u(dp) = /A (Hasgplae didu(dp).  (0.4)

Here a step in the proof is to see that the differential form dargps, and the Hamilton
field Harg p,, , where pa, = Py, have L coefficients (in a suitable sense). By [dargp]a,
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and [Hargp|a, we denote the L1 extensions from A; \ pxtl(O) to all of A¢. The last
expression in (0.4) can also be written as

-/ div [Harg pla, () fi(p) p(dp), (0.5)

where
div [Harg p)a, (0.6)

is a distribution of order < 1 with support in pX}(O) and with integral 0. (The
divergence of a Hamilton field is zero.) The problem of minimizing I(A,p) can be
thought of as a variational problem, and we are then interested in critical points, i.e
we would like to find an IR-manifold, such that the distribution (0.6) is zero.

We do not solve the variational problem in this paper, but in section 7, we show
under some additional fairly weak assumptions on A = Ag, that if I 3 ¢ +— A is a
smooth deformation such that Ag is critical (in the sense that (0.6) vanishes), then for
every N € N, there is a constant Cn such that

I(Av,p) = I(Ao,p) — On |tV (0.7)

So, the critical points (with some weak additional assumptions) are infinitesimal min-
ima. This result depends on two observations. The first one is that if f is independent
of t and extends to a bounded holomorphic function in a tube, then we can define
the IR-manifolds A; = exp(tiHy)(A) for ¢ € neigh (0,C), and it is quite easy to see
that I(A¢,p) becomes a subharmonic function of ¢t. But if fp is real, then we see
that A¢ only depends on Ret, so I(A,p) becomes a convex function of ¢. Hence, if
Ao is critical, I(Ao,p) has to be a minimum for the particular family I(A,p). The
above observation can be partially extended to the case when f is only C'* on Ay,
and we use it in section 5 to compute second derivatives of I(A,p) with respect to
the deformation parameter, for more general deformations. The second observation is
that for a general deformation I > ¢ — A; of IR-manifolds, we can approximate A; to
infinite order when ¢t — 0 by the result of an autonomous deformation acting on Ag.
(The deformation will depend on ¢ but will be approximately autonomous.) Another
more technical ingredient in the proof is the approximation of I(A,p) by

1) = 5 10O ), (0.8)

when € Y\, 0. This approximation is used at many places, and some more refined
considerations are developed in section 6.

In section 8, we consider the case when the differentials of the real and imaginary
parts of pp are linearly independent at every point of p/_\l(O). In this case we see that
I(A, p) becomes a smooth function of A in a neighborhood of A and the differential is
now a Radon measure acting on f;:

i 1
Z I\ (do) = 2 ——on=1. (0.9
ft2{pAt7pAt} t( ,0) Tr/Atﬂpl(O) ft(n_l)la ( )

6t[(At7p) = 27T/

A:Np—1(0)

Here A\¢(dp) denotes the Liouville measure on pl_\t1 (0). From this result we see that
A is critical iff %{p/\,pT\} =0 on pxl(O). Notice that this property implies that if
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we let p(x, hD)* denote the adjoint with respect to the scalar product of H(A), then
there exist h-pseudodifferential operators A, B,C of order 0 in h, such that for the
commutator of p and p*:

%[p(:z:7 hD),p(x,hD)*] = Ap(x,hD) + Bp(x,hD)* + hC. (0.10)

In other words, in order to minimize I(A,p) (and the corresponding determinant in
view of (0.2)), we should choose A so that p(z,hD) : H(A) — H(A) tends to be a
normal operator.

In section 8, we also consider the case when p depends holomorphically on a
spectral parameter, and investigate the minimization problem on an infinitesimal level.
(In a future paper we return to this situation in the case of dimension 2, and get much
more complete results, including the determination of all eigenvalues of the operator
in some fixed h-independent domain in the complex plane.)

In section 9, we make some further considerations in the case when pp is of
principal type (dpa # 0 on p;'(0)). On one hand we see that there are situations
when 0:I(A,p) is not a Radon measure in f¢, and in the case when py, is real, we
see that I(As,p) is in general not differentiable at ¢ = 0, because of a jump in the
derivative at that point. We compute the amount of the jump.

In section 10, we consider two examples of bounds for relative determinants with
a spectral parameter

det((p(z, hD) — 2)(p(z, hD) — z)~1), (0.11)

ie. we study I(A,(p — 2)(p — 2)~1). If z varies in a region where p(x, hD) has no
spectrum then 9.9z applied to the determinant (0.11) is a constant times the positive
measure obtained by putting a Dirac measure at each eigenvalue of p(x,hD). It is
therefore of interest to consider 0,071 (A, (p — z)(p — z)~1) which is easily seen to be
> 0. (In this section we let A be constant, while at the end of section 7, we give an
argument that indicates that we still have positivity if we let A = A, depend on z in
such way that A, becomes a minimizer.) The first example is when py is real, we see
here that 9,0z1 behaves in good agreement with what can be obtained for (0.11) from
the Weyl asymptotics of the real eigenvalues. The second example concerns the case
when pa vanishes to precisely the second order at a point. This is related to resonances
for a semi-classical Schrodinger operator, generated by a non-degenerate critical point
of the potential. Here we also get good agreement with the known exactly computable
case of harmonic oscillators.

Many estimates in the case when A is of limited regularity, did not get room in
the present paper and we plan to collect these results in a separate work (different
from the one mentioned above).

The contents of the paper is:

IR manifolds and their deformations.

Determinants of h-pseudodifferential operators on R™.
h-pseudodifferential operators and IR deformations of R2".
Hélder properties of I(A,p), Ic(A, p), the differential w.r.t. A.
Second derivative under non-autonomous flows.

Continuity and convergence for the differential of A — I(A,p).
Minimality to infinite order of critical points.

The codimension 2 case.
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9. The case when pp, is of principal type.
10. Examples.

Acknowledgement: The authors are greatly indepted to N. Lerner for inter-
esting comments.

1. IR manifolds and their deformations. In this section we recall some more
or less well-known facts. Consider first locally in R2? a smooth family A, t € I C R of
smooth Lagrangian manifolds, so that A; is Lagrangian for every ¢ in the interval I and
of the form x¢(R™), where £(y) is smooth in (¢,y) and has injective y-differential. Let
ve(ke(y)) = Oe(ke)(y) be the corresponding deformation field, first defined as a section
of T(R2n), A If K¢ is a second family with the same properties relative to the family A;
and 7y the corresponding vectorfield, then vy — 7y € T(A;), so we can define invariantly
a deformation field 14 as a section of the normal bundle N(A;) = (T(RZ”)‘At)/T(At).

Let 0 =Y d&; Adz; be the canonical 2 form on R?". We add ¢ as a variable and
consider

L:={(t,z,8); (z,§) € At} C R x R?™.

Differential forms on R2” will be considered also as differential forms on R x R2” in
the natural way. Let w be a smooth one form on R2?" with dw = 0. (We can for
instance take w = > &;dx;.) Since dw‘ = 0, we have w = df; locally on A, where f;
is smooth and well defined up to a ¢ dependent constant. Adjusting the constants we
may assume that f(¢,z,£) = fi(z,€) is smooth on L. On L we see that the restriction
of w to each submanifold ¢t = const. is equal to the corresponding restriction of df and
hence

Wy, = df + ai(w, €)dt, (L.1)
for some function ¢ = q;(x,&) which is smooth on L. If we replace w by another
primitive @ of o, then ©® = w + dw for some smooth function w, and f above is

replaced by fwith ﬁ = fi + (w At). This does not change ¢;, so we get a function

qt(x,€) on L which is well defined up to some arbitrary smooth function C(t). We fix
such a choice of ¢; and define

A= {(t,T,:L'7§); (1’76) € At’ T = _qt(x7£)}'

Then
(rdt + (,u)|A ~ (—qedt + w)|L =df,

0
(dr Ndt + o)), =d(Tdt +w), =0.

Hence A is Lagrangian. Let ¢(t,z,£) be an extension of ¢ (x,&) to R x R?". Then
T + ¢ vanishes on A so its Hamilton field ‘9 + H~ is tangent to A. This means that
H~ = 14 is the deformation field defined earher Notlce that the choice of extension
Gt of q¢ affects the Hamilton field only by a component which is tangent to A¢, so with
some slight abuse of notation, we can say that

V¢ ZHqt. (12)

Here it is understood that the RHS is defined only as a section of the normal bundle
of A;. We formulate the main result so far as a lemma:
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LEMMA 1.1. Let Ay € R® x R», ¢t € neigh (0,R), be a smooth family of La-
grangian manifolds, in the sense that L above is a smooth submanifold. Then locally
we can find a smooth real-valued function gi(x,§), (z,€) € Ay (on L) such that if
Ge(z, &) is any smooth real extension of ¢+ to R x R® x R, then 2 5 T H~ is tangent
to A defined earlier. In other words, H~ 18 a local representative for the deforma-
tion field of the family {A+}. Moreover, qt is uniquely determined on each Ay up to a
t-dependent constant.

If A; are defined globally as closed manifolds of R™ x R™ and simply connected,
then the ¢; can be defined globally on A; and are unique up to a t-dependent constant.

We shall apply this discussion to I-Lagrangian submanifolds of C2» = Cf x Cg
and we first review some differential-geometric and symplectic notions. On this space
we have the complex symplectic 2-form:

o= d& Nduxj, (1.3)

which is a non-degenerate closed (2,0)-form. The corresponding real 2-forms Reo =
2(0 +7), Imo = 5 (0 — @) are closed and non-degenerate and hence give rise to real
symplectic structures on C27. A general vectorfield of type (1,0) is a vector field of
the type

n

0 0
V= ;(aj(xag)aixj +bj(xﬂ€)67§j

where a; and b; are complex functions defined on some open subset of C27. To v we
associate the real vectorfield

); (1.4)

vV:=2Rev=v+7, (1.5)

which is simply the vector (a1, ..,an,b1,..,b,) when identifying C*» x Cm with the
underlying real manifold R2" x R2». Notice that ¥ is the unique real vectorfield with
the property that v(f) = U(f) at every point where the function f is differentiable
and satisfies 0f = 0. (Here we use the standard notation: df = Of + df, where
df and Of denote the complex linear and antilinear parts of the differential.) If
aj, b;j are sufficiently smooth, then locally and for ¢ small enough, we can define
®4(p) = exp(tv)(p) and we notice that the components (®¢(p))z;, (Pi(p))e; solve the
system of ODEs

@), = as(®ilp)), S (Bil))e, = by (@), Bolp)=p. (16)

Let f be a complex-valued C'l-function on some open subset of C27. We define
the complex Hamilton field of f, to be the unique complex vectorfield of type (1,0)
which satisfies the pointwise relation

(o, Hy Nt) = —(0f, 1), t € T(C2") @ C. (1.7)

We have the usual formula:

N~ 0f O Of 0
=2 e oy~ w96, .
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If g is a real-valued C! function on an open subset of C27, we define the real Hamilton
fields HY, for « = Reo, Imo, by the usual relation:

(o, HY A t) = —(dg,t), t € T(C2n). (1.9)

There are some useful relations between the three types of Hamilton fields, when
we have some additional information about f. The most important case is the one
when df is complex linear at some given point pg:

9f(po) =0, (1.10)

and in the following calculations, we restrict the attention to that point. Since o is of
type (2,0) and H; is of type (0,1), we have

(o,Hy Nt) =0, t € T,,(C2n) ® C. (1.11)

From (1.7), (1.10), we get
(o, Hy Nt) = —(df,t), t € T, (C*") ® C. (1.12)
Restrict the relations to real tangent vectors (¢ € T,,(C?")) and take sums and dif-

ferences:
(0,2Re Hy A t) = —({df,t), (1.13)
1

(0,2Im Hy A t) = —g<df,t). (1.14)

Taking the real and imaginary parts of these relations, we get

(Reo,2Re (Hy) Nt) = —(dRe f, 1), (1.15)
(Imo,2Re (Hy) AN t) = —(dIm f, ), (1.16)
(Reo,2Im (Hy¢) At) = —(dIm f,t), (1.17)
(Imo,2Im (Hy) At) = (dRe [, 1), (1.18)

so at points where df = 0:

Hy =2Re Hy = HESY = HI™? (1.19)
Hiy = —2lm Hy = HEn ¢ = —HEe?.

Later, it will be useful to have a relation also in the case when df(po) is real.
From (1.7) we get for ¢ € T, (C?"):

(0,iHy Aty = —(idy, 1),
(o,iH; Nt) =0,
2(c,Re (iHf) At) = —(i0f, 1),
2(,Re (iHy) A t) = (i0f, 1),
(Ima,4Re (iH ) A t) = —(df, t),
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SO
H™o = 4Re (iHy) = 2iH, (1.20)

at every point where df is real.

A smooth submanifold A C C2?7 is called I-Lagrangian if it is Lagrangian (and
hence of real dimension 2n) with respect to Imo. It is called R-symplectic if it is
a symplectic manifold with respect to the restriction Reoy,, ie. if this 2-form is
non-degenerate. We say that A is an IR-manifold if A is both I-Lagrangian and R-
symplectic. It is easy to see that an IR-manifold is totally real of maximal dimension
(m.t.r from now on, see [HoWe]) and for such a manifold A we know that every
f € Co°(A) has a smooth extension f to some neighborhood of A such that gf
vanishes to infinite order on A. Moreover this extension is unique modulo functions
which vanish to infinite order on A. We say that f is almost holomorphic (a.h.) at
A. We recall that the notion of almost holomorphic extensions was introduced by L.
Hormander [H61].

Let A be a smooth family of IR-manifolds. Let ¢; be the corresponding smooth
family as in Lemma 1.1, now with Im o as the real symplectic form. Let fi = q; + iry
be an a.h. extension of ¢, so that ¢ is a smooth real extension of ¢;. Then (1.19)
applies and we get at the points of A; a corresponding deformation field,

v =iHy, = Hmo = _HReo, (1.21)
qt

Since the differential of f; is uniquely determined by that of ¢: at every point of
A+, we see that (1.21) gives a unique section in T(CQ”)|At and not just a normal
vector. Integrating vy, we get local diffeomorphisms x; s : As — Ay and from the last
expression in (1.21), it follows that ;  (Re O"At) =Reo|, , 50 ks are real canonical
transformations, i.e. canonical transformations between the real symplectic manifolds
As and A;.

Finally we notice that 1+ in (1.21) is the realization of the deformation field
as a section in JT'(A¢), where J denotes the mapping of T'C” into itself, induced by
multiplication by the imaginary unit i. Indeed, iv = Jv for every (1,0)-type vectorfield
v and since f; is real on A; , we see that f[; is the vector field tangent to A, given
by

Hy, = H, ™
go=HM (1.22)
IAg

2. Determinants of pseudodifferential operators on R™.
If m € C>(R2";]0, c0[), we denote by S(m) the space of all a € C>°(R2") such
that

0807 a(x,€) = Oa,p(m(z,£)), (2.1)

uniformly on R2?” for all multiindices o and 3. We will always assume that m is an
order function in the sense that m(z, &) < Co((x,&) — (y,n))Nom(y,n) for some fixed
positive constants Co, Ny, where we use the notation ((z,€)) = (1 + |(z,£)[2)1/2. For
a symbol a = a(z,&; h) depending on h €]0, ho], ho > 0, we say that a € S(m), if
(2.1) holds uniformly w.r.t. h. Most of the time such symbols will be of the type
a = ap(x,&) + hr(x, & h) with ap,r € S(m). We then call ag the principal part or the
principal symbol of a.
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If a € S(m), we denote by Op (a) the corresponding h-Weyl quantization:

e%’(x—y)'@a(x + Y
2

Op (a)u(x) = 75 O uly)dydd,  (22)

and recall (see for instance [DiSj]) that Op(a) is continuous S(R”) — S(Rm),
S'(R") — S/(R7). If m = 1, then Op(a) is O(1) : L2 — L2 If m is inte-
grable, then Op (a) is of trace class and the corresponding trace class norm satisfies
[|Op (a)|ltr = O(1)h—". The trace is given by

tr Op (a 27rh // a(x,0; h)dzdo. (2.3)

Let m € S(m) be integrable and let p € S(1) be of the form
p=14a, a € S(m), (2.4)

with principal symbol po = 1 + agp, where ag is the principal symbol of a. Then
det(Op (p)) is well defined, and if I 3 ¢t — at € S(m) is a mapping of class C1 defined
on some interval I, and we put pt = 1 + at, then we have

0t det Op (pt
o)~ (0p ()10 (2191 (25)
whenever Op (pt) has an L2 bounded inverse (Op (pt))~!. See also the remark at the
end of this section for some related observations. If we assume that p in (2.4) is elliptic
in the sense that po(z,£) # 0 on R27, then we can find a map as above with I = [0, 1],
such that pt is elliptic for all ¢ and with p® = 1, p! = p. In fact, we only have to notice
that log po is globally well defined in S(m), and put pt = pf, + t(p — po), ply = etlogro.
For h > 0 small enough, we then know that Op (pt) is invertible with inverse Op (qt),
where gt = 14bt, bt € S(m), ¢§ = 1/pl. Combining this with (2.5), (2.3) and standard
h-pseudodifferential calculus, we get

Oy det Op (pt i pl
40t Op (1) %h // Ldzd¢ + O(h)) (2.6)

log(ph)dadé + O(h)).
Integrating, we get

log det Op (p log(po)dzdé + O(h)). (2.7)

In this identity, we use the natural branch of the logarithm obtained by continuous
deformation with log(1) = 0. In the RHS, we have a natural deformation from (z, ) =
oo, while a priori, we need to use the specific deformation Op (pt) in order to define
the LHS. Tt is clear however that these two branches of log(pg) coincide.

We now drop the ellipticity assumption, and derive an upper bound on

1
log | det Op (p)| = 7 log det(Op (p)*Op (p)),
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where Op (p)* denotes the adjoint operator. If € > 0, the preceding discussion applies
with Op (p) replaced by Op (p)*Op (p) + €20p (q), if ¢ € S(m), Op(q) > 0, go > 0
near p; ' (0). We get for h > 0 small enough:

log | det Op (p)| < 5 log det(Op (p)*Op (p) + 20p (¢) (28)

B (%rlh)n <// 5 108l + q0)dodg + Ou(h).

For later convenience, we observe that if go = 1 near py'(0) or if log|po| is
integrable, then

pol® + €2
log(|po|? + €2qo)dxd€ — log(ﬁ)da@dﬁ —0, ¢ —0. (2.9)
Notice that
tny /[ tog(ml2 + a0)dode = [ g lpo(a, ) 2dade € [-oc, ool (210

From (2.8), (2.10), we get

1

log | det <
og|det Op (p)| < @nh)

( / / log |po(x, €)|ddé + o(1)), h— 0, (2.11)

provided that the integral to the right is # —oo. (It is easy to see that so is the case
when po never vanishes to infinite order at any point. See Lemma 4.2 below.) Note
that in the elliptic case, we get by taking real parts in (2.7):

g et Op ()] = ([ 08 ol + O(0).

Remark. Let 7; denote the space of trace class operators on H = L2(R"). The

mapping
A p(A) = (det(I + A)([I + A)1

which is defined near 0 € 77 extends to an analytic mapping
¢: T — L(K)

where the space to the right is the space of continuous linear operators on H. (The
analyticity of ¢ at Ag € 7; follows easily from the corresponding property in the
finite-dimensional situation if one approximates Ap in 7; by a finite rank element.) It
is natural to consider £(H) as the dual of 7; obtained via the pairing 71 x L(H) >
(A,B) — tr(AB). Since Y(A)(I + A) = (I + A)p(A) = det(I + A) - I it follows in
particular that det(I + A) is analytic in 77. Its differential at Ap is an element in
L(H), and we claim that it is equal to ¥(Ag) (cf. (2.5)). For reasons of analyticity
in Ap it suffices to verify this when I + A is invertible. Replacing A by (I + Ag)A
in our considerations and using the multiplicative property of the determinant we see
that our assertion follows from the fact that tr (A) is the linear part in the Taylor
expansion of det(I + A) at the origin.
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If A denotes the Banach space of all functions a(z, ) in R2” such that

> / / 0202 a(a, &)| da dg < oo,

lo+[BI<N

where N is a sufficiently large positive integer, then the Weyl quantization a — Op (a)
is a continuous linear mapping from A to 7;. It follows that log|det(Op (p))|, where
p = 1+ a, is a plurisubharmonic function in .A. The inequality (2.11) provides us with
a bound from above for that function in terms of [[ log |p(z,&)|dx d§, which is also a
plurisubharmonic function of a.

3. h-pseudodifferential operators and IR deformations of R27. Let ®¢(z)
be a real quadratic form on C™ which is strictly plurisubharmonic (st.pl.s.h.). Let
Hg, = Hol (C") N L2(Cn;e—2®0/h [(dx)),

where L(dx) denotes the Lebesgue measure on C" ~ R2n and Hol (C") is the space
of all holomorphic functions on C. We recall (see for instance the beginning of [Sj2])
that there exists a unitary operator (a generalized Bargman transform) W : L2(R") —
Hgy,, given by

Wu(z) = Ch*3”/4/e%¢0(”’y)u(y)dy, (3.1)
where ¢¢ is quadratic and holomorphic on C} x Cj with
det 9,0y o (z,y) # 0, Im 2o > 0, (3.2)

and such that the complex canonical tranformation

Rw : (y7 _81/¢0(x7y)) = ($,6$(]50("E,y)> (33)
maps R2" onto
Ay = (0, 22200 o e ony

If we define R2" 5 (y(z),n(z)) = ki3 (z, 20:Po(x)), then it follows that

—(0y¢o) (2, y(x)) = n(x), (9x¢0)(x,y(x)) = %@c%(x), (3-4)

—Im ¢o(z,y(x)) = Po(z), Po(z) + Imo(z,y) ~ +|y — y(z)[2. (3.5)

We also recall that if a € Cp°(Ag,) (meaning that a € C>*(Ag,) is bounded
together with all its derivatives to all orders), then

O (@)u(e) = e [ eF 0 L pu(r)dyat (3.6)

can be defined as a bounded operator Hg,(C") — Hg,(C"), by choosing the only
possible integration contour: 6 = %8;5(1)0(96—;1/). More generally, if m € R and
a € S({(z,£))™) in the sense that ((z,&))~™V*a is bounded for every k € N, then
we can still define Op (a) by the oscillatory integral (3.6) to be a bounded operator
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Ha, ((z)%) — He, ((x)"~m) where He, ((x)*) = Hol (C")NL2(C"; (z)2ke2%0/M L(dx))
is equipped with the natural norm. (We have bounds on the operator norms which
are uniform in h. See [Sj2].) The standard metaplectic invariance for the Weyl quan-
tization holds in this setting and we get

W-=10p (a)W =Op (b), b=aokw. (3.7)

We also recall that the orthogonal projection Il : Léo — Hg, is given by
C [ et wom)y(y)e- 220w
Mou(z) = e | e ol@ ¥y (y)e” #PoW L(dy), (3.8)

where Wo(z,y) is the unique quadratic form on C% x Cj§ which is holomorphic in
and anti-holomorphic in y (from now on hol-a-hol) and satisfies

Yo(x,x) = Oo(z). (3.9)

(We recall from [Sj1,2] that this is obtained by writing the identity operator as an
h-pseudodifferential operator

and choosing the integration contour 6 = 7.)

Let W CC W CC Cn be convex open neighborhoods of 0. Let ® € C>(C™";R)
with V®(z) — V®q(x) € Cp°(C) := S(C, 1), so that V& — V®( and its derivatives
are all bounded. Define

Ao = {(5, 250 (@)sw € Cv)

and assume that 5 5 5 5
0 w n
so that A C Ag, + {0} X w.
Let p(z, &) be holomorphic in Ag, + {0} x W with p(z, &) = O({(z, £))™) for some

m € R. We define Op (p) as in (3.6) and get a uniformly bounded operator
Op (p) : Ha,((2)*) = Hao ((2)F7m), (3.11)
where we recall that
Hg, ({x)k) := Hol (C") N L2(Cm; (x)2ke—2%0(2)/h [(dx)). (3.12)

This only requires that pr,, = pj, € S(Aa,, ((x,£)™). We now exploit the
0

holomorphy assumtion and make contour deformations. Let

1209
n(e.y) = [ 25—ttt
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and notice that

- 2 0% T+y
0@0(m7y) - ; Oz ( 9 )a
so that 5 5 N
0Tty = .
Os(x,y) ; 83:( 5 ye W, x,y € Cn. (3.13)

As in [Sj1,2], we can replace the contour 6§ = g, (z,y) in (3.6) (with a = p) by

r—y

i
0=0s(x,y)+ Cla—y (3.14)
where C' > 0 is large enough. It follows that
Op(p) = O(1) : Ha({z)*) — Ha((x)k~™), (3.15)
uniformly in h, where He({x)*) is defined as in (3.12).
Now add the assumption that
070, ® > Const. > 0, (3.16)

so that Ag is an IR manifold. We shall describe Op (p) as a kind of Toeplitz operator in
the spirit of [BoSj] and start by studying the asymptotics of the orthogonal projection

H@ : L2(€72q>/h) — H.:p(l). (3.17)

Let ¢(x,y) € C(C% x C}) be almost holomorphic in = and almost anti-holomorphic
in y at the diagonal diag (C™ x C), such that

Y(z,x) = (x), 95,0y = On(lz —y|V),VN, (3.18)

V2 € C5°, O, b € CF°. (3.19)

For the last part of (3.19), we write ® = ®¢ + f, where Vf € C;° and take ¢ =
Uy + f, where fis an almost holomorphic-anti-holomorphic extension of f (viewed as
a function on diag (C" x C")) with (%f, 8yf€ Cp°. It is wellknown and easy to check
that

®(z) + D(y) — 2Re y(x,y) ~ [z —y[?, (3.20)

uniformly for |z —y| < 1/C, if C' > 0 is large enough.
Put

Zj = hoz; + 05,9, zZy = —h0y; + 0x;®, Zj = —hOz, + 0z, P, 2 = hOy; + 0, .
If Fx,y) = 2¢(z,y) — ®(z) — D(y), we get
Zj(x,hDy) o eF@)/h = eF(z.y)/h o (hOz, + 20z,1(x,y)),

Z¥(x,hDy) 0 ef'/h = eF/h o (=hdy; + 204, (P (x) — 1)),
'Zj(y,hDy) o eF/h = el'/h o (~hdg, + 205 (2(y) — ),
7% (y,hDy) o eF'/h = eF'/h o (hd,, + 20,,1).
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We will use these relations only in a region |x —y| < 1/C, where we notice that the Oth
order coefficients of the operators in the right most factors, (20z,1, 20.,(®(x) — 1)
etc) all belong to Cp°.

Definition. Let m(z) be an order function on C™ (as after (2.1)). An integral operator

Ku(a) = [ ko, hu(w)dy (321)
will be called m-negligible if k is negligible in the sense that
|28(Z2)P (2 ) (Zy) k(2 y; h)| < ONa,6.4,60N (2 —y)"Nm(z), (z,y) € C (3.22)

for all N € N and all multiindices «, 8,7, € N™. Here we use the subscripts z, y to
indicate in which variables the operators Z, Z* etc should act.

Ezemple. Let a(x,y) be smooth with support in a sufficiently small neighborhood of
diag (C2") of the form |z —y| < 1/O(1) and satisfy V&Vha = On (1)m(z)(|z — y|N +
hN) for all N and all multiindices «, 3, where m is an order function. Then

k(z,y; h) = en @¥@v)=2@)=2W)g(z y)
is m-negligible. In fact, the preceding computations show that
Z8(Z3)3(2y)1(123) (k(w,y; b)) = e CVen) =2 @)= ag 5, 5,
where aq,3,~,5 satisfies the same estimates as a above. It then suffices to use that

|e% (2 (2,y) =2 (@) -2()| < e—orle—yl*

LEMMA 3.1. Let K be an integral operator as in (3.21). Then K is m-negligible
if
m~ladg Zo(Z*)BKZV(Z*) = O(hN) : L2 — L2, (3.23)
for all a, 8,v,6,e € N», N € N.
Proof. The kernel of the operator in (3.23) is

m(x) =z —y)Zg(Z2:)°('2y)7("Zy)° (k(x, y; h)), (3.24)

and if K is m-negligible, this kernel is O(hN (x —y)—) for all N > 0, so (3.23) follows.
For the opposite implication, let g € Cm and put § = 2i0,P(x¢). Then with
fi = 0z,®(z) — 0z, P(x0), we get

Z; = e=iRe (&0 (N/h o (hds, + f;(x)) 0 eiRe o ()/h,

Z; = e=iRe (€ (N/h o (=hdy, + f;(@)) o eiRe € (D/h,

Notice that f; and all its derivatives with respect to = are uniformly bounded with
respect to zo, in a domain |z — zo| < O(1).
Similarly, put no = —2i0y®(yo). Then we get

Z; = e=Re (o O/h o (~hdy + f(y)) o eiRe (/.
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tZ; = e—iRe(n0-(*))/h o (hayj + E(y)) o ¢tRe (770~(-))/h7

Now assume (3.23). Then for (xo,y0) € C* x C™, |z — x0], |y — yo| < 1, we reduce
Z, Z*, .. as above and conclude by letting first |a| + 3] + || + 0] < 4n + 1, that
m(x)~leiRe Coz)/hf(x, y; h)eRe(mov)/h = O(hN), i.e. m(x)"1k(z,y;h) = O(RN). In
fact, we multiply k(z, y; h) by x(z—zo)etRe €o-2)/hy (y—yq)etRe (0v)/h where x € C§°.
Since the f; are uniformly bounded, the corresponding operator will then satisfy (3.23)
with the Z; replaced by their leading parts. Repeating this argument with K replaced
by ads Z(Z*)PK Z7(Z*)9, we see that

W ZREAL, (k) = O(hY)
(We first get this for |z — xol, |y — yo| < 1, but uniformly with respect to o, yo, which
are arbitrary.) (3.22) follows. O

As a second example of negligible operators, we look at the off-diagonal contri-
bution to Op (p) above, with the contour (3.14). Along this contour we have

Aba(x,y) + &=
5

dfdy = + det ( )>dydy = J(z,y)L(dy). (3.25)

It is clear that J € Cg°. The realization of e=®/"Op (p)e®/" becomes

e /O0p (p)e?/ulz) = 15 1h) / FECN=EEZ g0y hyuly)L(dy),  (3.26)
T n
where
L od
F(z,y) = —®(z) + P(y) + 2/ %((1 —t)x +ty)dt - (x —y), (3.27)
0
o T4y 1 x—y
We notice that L
x

VeV a(w,yih) = Oa p((F)m). (3.29)

2

F is purely imaginary, and if we let Fy denote the corresponding function, defined
with ®q instead of ®, then Fp is quadratic and

VEE = Fo) = O((z — y))
for every k. (Recall that V(® — ®¢) € C;°.) It follows that
VE(VE)(z,y) = (VF)(z,2)), VE(VF(z,y) = VF(y,y)) = O((x —y)).  (3.31)
We compute for z = y:

O, F = 0,0, 0zF = —05®, 0,F = —0,®, d5F = 9;®, (3.32)

so if G(x,y) = F(x,y) — %% is the exponent in (3.26), we get

&CG(x, y) = 8517(1)(1') + 7’1($,y), (%G(x,y) = _aa_tcb(x) + Tz(l',y), (333)
9yG(x,y) = =0y ®(y) +r3(2,y), HG(2,y) = OyP(y) + ra(z,y),
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with
VEri(z,y) = O((z — y)). (3.34)

Consequently

Zjx(eG@n)/hg) = eC@n/h(hdg, 4 12,5(, y))g, (3.35)
Z% (eCl@wn/hg) = eC@v)/h(—hdy; —r1,5(2,Y))q,

75y (eC@V)/hg) = eC@n)/h(—hdy —r4,(z,y))q,

75,y (eC@0/hg) = eC@N/M(hDy, + 73 j(2y))q-

Now (3.29), (3.34) give

Z(Z2)0(Z,)1(Z2)% (G g) = ehCO(1)(a — y)lal+I8I+11+3] <xT+y

>m

le—yl?
Using finally that |enG@v)| = ¢ —oR Gy , we conclude that

— (leh)n /e L (F(2,y)— 72 |y>)(1 —x(z —v))q(x, y; h)u(y) L(dy) (3.36)

is (-)m-negligible, if x € C§°(Cn) is equal to 1 near 0.
Formal construction of the orthogonal projection Ilg. Let v be as in (3.18-20). Let
a(z,y;h) € S(C27,1) have its support in |z — y| < 1/C, with C large enough, and
such that

Oza(x,y; h), Oya(z,y; h) = O(|x — y|>° + he). (3.37)

Consider the operator
Au(z) = (ah)=n [ e ao,yihyuty)e- 240/ Lidy), (3.39)

which is O(1) : L2(e=2%/h[(dx)) — L2(e~2%/hL(dz)) and satisfies o A = O(h>) :
L2(e=2%/h) — [2(e=2%/h). Equivalently for the reduced operators, we have

e=®/hAe®/h = O(1): L2 — L2, Zje=®/hAe®/h = O(h>): L2 — L2.
The calculations in the first example above show that
Zo(Z*)Be=2/h Ae®/h 77 (Z*)8 = O(hlel+IBlI+ I+l . [2 — [2] (3.39)

and applying adS to this operator, we gain another power h¢/2 in the estimates
(3.39). Notice that the composition of e®/hAe®/m with an m-negligible operator is
m-negligible in view of Lemma 3.1. _

Formally A is a pseudodifferential operator, for if we put ¢ (z,y) = ¥(z,7),
a(z,y) = a(z,y), then '[/;, @ are almost holomorphic on the anti-diagonal : y = T,
and

2 (4 (2,5) ~ 9 (4.7)) i
Au(x) 27rh //ei a(z,7; h)u(y)dydy

(27rh) // 7eh( (.0)— w(yG)a(g; 6; h)u(y)dyds.
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With this in mind, we compute
(e /et mula) = (e [ I,y h)uto)Lidy) (3.40)

I((Ij, y; h) = (ﬂ'h)*” / e(*¢‘(1)+2w(@z)*2¢(z)+2w(zay)*q’(y))/ha(x7 z; h)a(z’ Y; h)L(dz)

(3.41)
Because of the support property of a, the support of I is contained in a set where
|z — y| is small.
We have

Re (=®(z) 4 2¢(x, 2) — 20(2) + 2¢(z,9) — @(y)) ~ —(Jo — 2> + |z —y[?). (3.42)
Further, when x = y, the function
2 —®(x) + 2¢(x, 2) — 20(2) + 2¢(2,y) — P(y) (3.43)

has the non-degenerate critical point z = z = y. We then know from [MeSj] that
I(z,y; h) has an asymptotic expansion, when h — 0 and to understand the exponent
appearing there, we should look for the critical point of the almost holomorphic ex-
tension to the complexification of C%. For that, it is convenient to identify C% with
the anti-diagonal {(z,w) € C27; w =z} and write the function (3.43) as

A natural choice of almost holomorphic extension is then

We get the critical point z = z, w = § (mod O(Jx — y|>)) and the corresponding
critical value

—0(x) + 20 (2,7) — D(y) = —(x) + 2(x,y) — B(y). (3.46)
The stationary phase method gives
I(z,y; h) = en(C*@+20@N=2W)p(z, y; h) + r(x,y; h), (3.47)

where r = O(h*>) and b ~ bo(x,y) + bi(z,y)h + .. in S(1), and each term in this
asymptotic expansion is determined by the behaviour of (z,w) +— a(x,w;h)a(z,7y;h)
near the critical point w =7, z = x, so 9zb, 9yb = O(|x — y|>° + h>°), and bo(z,y) =
f(z,y)ao(z,y)2, where
1
ol < flz,z) < C. (3.48)
We also notice that if a ~ ap + hai + ..., then b; = 2fapa; + ¢;, where g; depends on
ag, ...,a;j—1 only. If we choose v such that ¢ (z,y) = ¢¥(y, ), as we may, and assume
that a(z,y; h) = a(y, z; h) we achieve that I(xz,y;h) = I(y,x;h).
From (3.39), (3.45), the symbol properties of b and (3.47), we deduce that

Z3(2:)%2("Z3)°r (w,y; h) = O(hN(:5.7.9)), (3.49)
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Combining this with the fact that » = O(h>), we get
ZE(ZH)PZ ) (1Z3)0r(x, y; h) = O(h®). (3.50)

In fact, using the reduction in the second part of the proof of Lemma 3.1, we see that
for |z — xo|, |y — yo| < 1, o = yo, we have:

5%53@3;33(@%(% (Eoatnoy)y) = O(RN(@:7.0)), (3.49)
while (3.50) is equivalent to
a%afa;ag(eime (&o-w+m00) ) = O(hoe). (3.50)

By interpolation inequalities for derivatives, (3/\4/9) and the fact that r = O(h>), we

get (3.50) and hence (3.50) as claimed.
The result (3.50) can be reformulated, as saying that

(e=®/h Ae®/h)2q(z) = (3.51)
(Wh)_"/6%(*MI)*w(m’y)*@("’))b(x,y; h)u(y)L(dy) + e=*/" Re®/Mu(x),

where e=®/h Re®/ is 1-negligible and

Ru(e) = (ah)= [ v ysh)ul)L(dy), supp (1) € (o) o~ ] < 5 (352

(1)
We can now construct a as above with a(z,z;h) real, 1/C < ag(z,z) < C, such
that b = a + O(Jz — y|*° + h>°). Let IIs be the correponding operator as in (3.38).

Then _ _
112 =1l + R, (3.53)

for a new operator R with e~®/hRe®/h 1-negligible. Further, we may arrange so that

1/)(%50) = 7/1(507y)a a(y,x) = a(x,y),

I, = g, (3.54)

where the star indicates that we take the adjoint in L2(e=2%/"L(dz)).

We pause in order to recall some general estimates for Il by means of the 0-
operator, and we will follow the appendix of [Sj2] with some routine elaborations. Put
X; = h~12Z; = h'/205, + h=1/205,®, 0 = e~ ®/Mh1/20e®/h = 3" X; ® dZ , where
w” denotes the operation of left exterior multiplication by the 1-form w. Then Jg is
a complex and we put

Agp = 5;5¢ +5<1>5;> = (Z XJ*X]) ®1+ Z[Xj,X]:]df?dl’#
7,k

where [X;, X;] = 205,0,,® € Cp° and wl denotes the transpose of left exterior mul-
tiplication by w”. Here we use the scalar product (z,y) = %Rex -y on C™ extended
to the complexified space, so that (dz;,dxy) = (dZ;,dTr) = 0, (dzj,dTk) = 0. As
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conserves the degree of differential forms and if we identify (0,1)-forms with functions
with values in C7, the restriction to such forms is given by

AY =" XX @1+ 202,

Let HO = L2 (here in the vector-valued version L2(C7;C")) and let H! C L2 be the
Hilbert space with norm

el =D IXGull? + Y 1 X ull? + [lul.
(More precisely, we define H! as the closure of the Schwartz space S for the norm above
and check that this space coincides with {u € L?; X;u, Xfu € L?}.) By construction,
the map
H!' 5 u— ((Xju)y, (X;u)j,u) € (L2)2n+l
is an isometry. Let H—1 C &’ be the dual of H!. Then the adjoint map
(L2)2n+1 5 ((uyg) 4, (v5)4, u0) — v = ug + ZXjuj + ZX;UJ‘ € H-1

is surjective of norm 1 with a right inverse of norm 1. In particular,

inf ol + > g1+ s 1>

[l
v=uot+y | Xjuj+y  X:v;

We have H! C HO C H-1 with corresponding inequalities for the norms.
An easy calculation shows that

Y X5 =D feX+ g, [AY X7 =Y fiXp +3, (3.55)

with fg, fk,g,ﬁ bounded in C;° when h — 0.
In [Sj2] we recalled the estimate

ull g < OWAD ull -1, u € S,

implying that AEI} )L H! - H1is bijective with a uniformly bounded inverse for
small h. Applying this to X;u we get

1Xull e < O (XA ull -1 + [[AS, X;Jull 1)

Using (3.55) and the fact that multiplication by a Cp® function is bounded Hi — H7,
7 =-1,0,1, we get

1 1
1Xull < O)(IA ull + O() uf g1) < O AL ul.
Similarly,
* 1
X zull s < OM)AS u]).
For s € N, let Hs be the Hilbert space of L2 functions for which the norm

lullf = >0 X (X*)0u|? (3.56)
lal+18]<s
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is finite. (Again one checks that S is a dense subspace.) Let H—35 C S’ be the dual
space. Then
Z.CH?2CH'CHYCH'CH2C.

with corresponding inequalities for the norms. The last estimates show that
lullze < O AG . (3.57)
Continuing this argument, we get
lullzese < O A5 ull (3.58)

for —1 < s € Z. By regularization and bijectivity for s = 1, we see that Ag)  Hs+2 —
Hs is bijective with a uniformly bounded inverse for s > —1. By duality this extends
to all s € Z. (It helps to use that (Ag))—l :§ — &, as we recalled in [Sj2].)

We have ad,AY) = O(h'/?) : Hst1 — Hs, ad?A) : O(h) : Hs — Hs
adfAY) =0, k > 3. It follows that ad,(AL)~1 = —(AP)1ad,(AP)(AP)-1
O(h'/2): Hs — Hs+3 and more generally,

i

adb (AU -1 = O(hk/2) : Hs — Hs+2+k, (3.59)
Recall also (see for instance [Sj2]), that
e/ Ige®/h =1 — Op(AL))104. (3.60)
Since dgpe—®/hIlge®/P is 1-negligible, we see from (3.59), (3.60) that
e=®/hIge®/he=2/MIge®/h = e=®/hI5e®/h + negligible.
By duality,
e~®/hIge®/he=2/M1ge®/h = e=®/hI5e®/h + negligible.

Here "negligible” means some (1-)negligible operator. Put

Iy = Helley, (3.61)
so that R B
e=2/Mlgpe®/h = e=®/MIge®/h + negligible. (3.62)
Then
e = O(1) : L2(e22/ML(dz)) — Hy, 11 = I, (3.63)

ﬁ%{) = Iy + e®/"(negligible)e—®/h.

It follows from (3.63) that the spectrum of Iy is concentrated to an O(h*°) neigh-
borhood of {0,1}. Let Ilg be the spectral projection associated to the part of the
spectrum close to 1:

T i/(z ~ fig)-1dz, (3.64)
Y

~ omi
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where 7 is the positively oriented boundary of the disc D(1,1/2).
PROPOSITION 3.2. Ilg = Ilg + ¢®/(negligible)e=®/".
Proof. As an approximation for (z — 1/'\[4))*17 we try
R(z) = 2(1 — Tip) + —— o
z z—1
Then, dropping the subscript @,

(z—MR(z) =1- (L -

S 1)ﬁ(1 —10). (3.65)

Here ﬁ(l — f[) = e®/h(negligible)e~®/" and we next verify that if K is of the form
e®/h(negligible)e=®/" then (1—K)~! = 1+ L, where L has the same property. Indeed,
L=K+K2+K3+4..= K+ K(1- K) 1K and we see that L has the required property.
It follows that uniformly for z € :

~ 1 1 ~

(z=I)1 =R(=)(1~ (S - = 1)ﬁ(1 —10))~1 = R(2) + e®/"(negligible)e—2/h.

Plugging this into (3.64), we get the proposition. O

Notice that we also have
Iy = Ig + e®/"(negl.)e—®/", (3.66)

and that by construction, ITg is an orthogonal projection in L2(e=2%/h[(dx)) with
image contained in Hg, so that Il < Ig in the sense that R(Ils) C R(Ilg). In
particular, IIs — Il is an orthogonal projection.

PROPOSITION 3.3. Ilg = .

Proof. In the case ® = &, we have Ilg, = [y, + O(h>°), since our construction
will reproduce the explicitly known Ile,. Hence ﬂ% = Ilg,.

Assume first that ® — ®¢ is bounded so that ® — & € Cp°. Put &; = t® +
(1 —t)®o. Then L2(e=2%t/h) Hg, are independent of ¢ as spaces and the norms vary
continously with ¢. It is therefore clear that Ilg, is norm-continuous in ¢ in the sense
that ||Ilp, — Ig,|| — 0, s — t. We can make the construction of IIp, so that this
operator also becomes norm-continous in t. We then have a norm-continous family of
orthogonal projections Ilg, — pr,/ which vanishes for ¢ = 0, and hence for all ¢. Hence
we get the proposition when & — ®¢ is bounded.

In the general case, let R(t) be a smooth increasing function: [0,1[— [R(0),4o0[
with R(0) > 0, R(t) — oo, t — 1, and put

x

O'(z) = Po() + (P(x) — ‘I’O(JJ))X(%

), 0<¢t<1, (3.67)
with the convention that ®! = ®. Here x € C5°(B(0,2);[0,1]), x(z) = 1 for z €
B(0,1). Then V2®* belongs to a bounded set in Cp°, V@ -V ® is uniformly bounded.
®t is uniformly st.pl.sh. also with respect to t. Moreover Vk®; — Vk®, ¢ — 1,
uniformly on every compact, and ®* — &g is bounded for every fixed t < 1. We then
know that ITg, = Ilg: for t < 1.
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On the other hand, the projections e=® /7 IIg:e® /7 e=® /hIIg1e® /h are strongly
continuous on [0, 1], in the first case by examining the construction and restricting to
S, in the second case by looking at the representation (3.60), that we also restrict to
S. It follows that the two operators coincide also for t = 1, so we get the proposition
in the general case. O

The proposition and (3.66) imply that
Iy = Iy + ¢®/"(negligible)e—®/h, (3.68)

which completes the promised asymptotic study of I1g. _
We next prepare for trace computations. Write (3.38) for Ilg:

Mpu(z) =

(Wh)" /e%(ib(m,y)*@(y))f(x’ v h)u(y)L(dyL (3.69)

where f ~ 3% fi(z,y)h/ in S(1), supp f C {(z,y); |v — y| < 1/C}, 0@y f =
Oz — y[*), and put ¥(z,y) = ¥(x,7), f(z,y;h) = f(2,7;h). Recall that Ilg

is formally the identity operator viewed as a pseudodifferential operator, and that
L(dy) = (i/2)"dydy:

7 27 0 iy
tu(w) = ()" [ FF0T00 fa,bsh)u(y)dyds.

Use the Kuranishi trick:

~ ~ . ~ ~ 200
20 (2,6) ~ By, ) = il ~ ) - 0w,9,0), 8z,2,0) = > 5 (2,0)
and ) N
1 - - #(z—y)-0 /]

u(x) Gnh) //e! u(y)dydd,

to see that _ _
" fo(x,0)dxdd = dxdf(z, x,0).
Put 0 =7: _
in fo(x,T)dxdT = dxdf‘Acp,

since 0(z, z,7) = 292 (). This can also be written

o, ) L(dr) = o dede (3.70)

o olT, T xT) = (27Th)" T |Aq>’ .

where we identify C3 with Ag by means of the natural projections and dzd§ Ao =
w(d(z,€)) is the symplectic volume form on Ag.

Consider the operator Op (p) in (3.11), (3.15). Noticing that g, Il act as
bounded operators on Hg ({z)*), we write Op (p) = Op (p)Ilp, recall that e = Ig +
e®/h(negl.)e=®/h and develop Op (p)pr by means of stationary phase (after pealing
off negligible off-diagonal parts), to see that

Op (p) = top(q) + e®/"((-)m-negl.)e=2/", (3.71)
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1
(mh)™

Here g(z,y;h) € S({-)™) has its support in |z —y| < 1/C, ¢ ~ Yo" ¢j(z,y)hi in
S(()™), Bz.)a5 = Ol — y[>*(x)™), and qo(x, ) = p(z, 2 37 (2)).

Let S((-)™) be the space of ¢(z,y; k) € S({-)™) with support in |z —y| < 1/C,
such that 0z ,q = O((|z — y|>° + h>)(x)™). Let Sa({-Y™) be the subspace of ¢ with
g~ g i(x,y)hi in S((-)™), where 05 ,q; = O(|lz — y[>(x)™). B

If g(x,y) € Co°(C2n), we define ¢*(z,y) = q(y,x). The self-adjointness of Ilg is
equivalent to f* = f (assuming that we have chosen v with ¥* = 1)). We have

top (q)u(x) = / et W@ =2W) f(2, y: h)g(x, y; h)u(y) L(dy). (3.72)

top (¢)* = top (¢*). (3.73)
Moreover, by stationary phase,
top (¢)*top (q) = top (r) + e®/"((-)2m-negl.)e~*/h, (3.74)

where 7 € S((-)2m), r* =1, r ~ > 1, Oz i = Oz — y[=(x)2™), ro = ¢iqo-
(3.74) is a special case of a more general result for the composition of two Toeplitz
operators top (a) o top (b) that can be formulated in the obvious way.

Recall that if k& € C§°(C?»), diamsupp(k) < Cp and Ku(r) =
J k(x,y)u(y)L(dy), then the trace class norm of K is < C1(Co, n)||k| 1, where k is the
Fourier transform of k. Moreover the trace of K is given by tr (K) = [ k(x, z)L(dx).

LEMMA 3.4. Let m < —2n. If R is (-)™-negligible, then R is of trace class with
trace class norm < O(h°).

Proof. Let r(z,y;h) be the kernel of R. For (zo,y0) € C2», we define & =
2i0;P(x0), no = —2i0yP(yo) as in the proof of Lemma 3.1. Then for |z —xo|, |y —yo| <
1, we have

VEVG (etRecon/hy(a,y; h)eilenov/h) = O(1)hN (w0 — yo) =N (zo)™,

for every N C N and all multiindices k,¢. (The estimates are uniform in (zo,yo).)
If x € C§°(B(0,1)), it follows that x(- — zo)Rx(- — yo) is of trace class norm <
O(1)hN{(xo—yo)~N (x0)™. Using partitions of unity separately in the x and y variables,
we get the lemma. O

LEMMA 3.5. Let m < —2n, and let ¢ € S({-)™), with support in |z —y| < 1/C.
Then top (q) is of trace class as an operator on L2(e=22/M[(dx)) and the corresponding
trace class norm is O(h="), for every p > 5n/2. Further,

trt0p (0) = ([ aw (e )+ O) [l (e ).

o

Proof. Let x be a cut-off function with support in the unit ball and let b(z,y) be
the integral kernel of the operator B = x(- — x¢9)e~®/"top (q)e®/Px(- — yo). This has
the same trace class norm | B||t+ as the operator By with integral kernel b;(z, &) =
eiRe (ox)/hp(z, y)eiRe (mo-v)/h Tf 2n < 7 < 2n + 1, then

IBiller < Cllballpe < CII(DYbi]l 2 < Cr([(D)2rbal|2)2n 1= (| (D)2n by | 2)7=2m
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The estimates above together with (3.20) show that

|KDV6NL2:anh_mﬁ@mww//Xﬁ”—$@ng—y@e%W*MWhLMxﬂX@ﬁﬂm

where j = 2n,2n + 1 and c is a positive constant. The right hand-side may be
estimated from above by a constant times h=7—i+n/2(zq)ms(xg — o) where s is a
rapidly decreasing function. A combination of these estimates with j = 2n and j =
2n + 1 gives

[Bller = O(1)h="/277 (o)™ s(x0 — yo).

The assertion about the trace class norm of top (¢) follows then by a partition of unity
if one chooses 7 = p — n/2 (assuming that p < 5n/2 4+ 1).
The second statement follows from (3.70). O

With ¢ € S({-)™), we put
Top (¢q) = Ilatop (¢)e. (3.75)

Then
Top (q) = top (q) + e®/h({-)m-negl.)e=®/h. (3.76)

Notice that if m < —2n, then the trace of Top (¢q) is independent of whether we view
our operator as acting in Hg or in L2(e2®/h[(dx)).
If we choose ¢ as in (3.71), then

Op (p) = Top (q) + e®/"((-)™-negl.)e=®/. (3.77)

We can now adapt the discussion in section 2. Assume that p(z,&) =1+ a(x, &)
with a = O(((x,£))™) in As, + {0} x W for, m < —2n. If we first assume that p # 0
on Ag, we see that Op (p) : Hp — Hg has a bounded inverse

O (p) 1 = Top (r) + e®/A (negl. Je=?/n, (3.78)
where r € Sq(1), ro(z, ) = 1/p(z, 29,®(x)). The same holds for Op (p?), if we define

the deformation p? from 1 to p as in section 2. Using the calculus above, we get the
analogue of (2.7):

log det Op (p) =

(Q%JAI%MMM@chm, (3.79)

where p is the symplectic volume density on Ag. The subsequent argument of section
2 can also be carried over, so if we now allow p to vanish on Ag, we get

log | det Op (p)| <

e Toelplolutdn) +on). =0, (350

We can now state the main result of this section.

THEOREM 3.6. Let p(x,£) be holomorphic in an open tubular neighborhood of
R2n of the form R2m +iW, 0 € W CC R2" and satisfying p(z,£) — 1 = O(((z, £))™)
there for some m < —2n. Let F C C2" be a complex Lagrangian space (i.e. a complex
subspace of dimension n on which o vanishes) which is strictly negative in the sense
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that 50(t NT) <0, Vt € F\ {0}. Let W CC W be an open conver neighborhood of
0 € R?" and let A C R2" +iW be an IR-manifold of the form {p + £(p); p € R2"},
where € Cp°(R2™; F). Then 0|, is real, where Ay = {p+tl(p); pec R} 0<t <1,
and we assume this form to be non-degenerate, uniformly on each A, uniformly for
t €10,1]. Then

log| det p (z, hD,.)| < (o) + [ Toglplutdp)). h—0. (381

(2mh)m

Proof. Let k : C2n — C2n be a complex linear canoncial transformation with
K(F) = {(z,€) € C2n; x = 0}. The negativity of F' implies that this space is of the
form of

=5

T

, xeCn

where f is a holomorphic quadratic form with Im f” < 0. Then it is clear that
is of the form (3.3) where ¢ satisfies (3.2) (noticing that ¢0(0,y) = —f(y)), and
hence that k = kK with W as in (3.1). Then x(R?2") = Ag,, where @ is a st.pl.s.h.
quadratic form. The assumption about the form of A implies that k(A) = Ag with
Vo — V& € Cp°, and more generally, k(A¢) = Ag,, Pr = t® + (1 —t)Po. Since T,
is uniformly non-degenerate, we see that g;g; is uniformly non-degenerate and hence
strictly positive, since so is the case for ¢t = 0.

We recall the metaplectic invariance (3.7), so that W—1pw(z, hAD)W = qw(z, hD),
where ¢ = po k—L. Clearly detp®(z,hD) = det q¥(x, hD), where we first consider
q*(z, hD) as a bounded operator Hp, — Hg,. If we assume that & — ®¢ is bounded,
then (3.81) follows from (3.80) (with p replaced by ¢), since Hg is then the same space
as Hg,. In the general case, we can approach ® by a sequence of ® such that ® — @ is
bounded, V& — V& in e, P is uniformly st.pl.s.h. and A3 stays inside the convex
tube x(R2" +iW). We then have (3.80) uniformly (with p, Ag replaced by g, Az) and
passing to the limit we get it also for ®. O

In [Sj2] function spaces are defined associated to IR-manifolds which are ob-
tained by certain global holomorphic deformations and it is showed there how h-
pseudodifferential operator s act on these spaces and that this action can be pulled
back to an action on Hg,. Under essentially the same assumptions on P, we still have
the conclusion (3.81).

4. Holder properties of I(A,p), I.(A,p); the differential w.r.t. A. Let ®g

and Ag, be as in section 3. Let W CC W be open bounded neighborhoods of 0 in
Ag,. Let p be holomorphic in Ag, + iWW and satisfy

p(z,&) —1=0{(z,£))™), for some m < —2n. (4.1)
The IR manifolds A under consideration in the remainder of this paper will satisfy:
AC Ay, + iW is closed. (4.2)

A is diffeomorphic to R?". (4.3)
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Outside a bounded set, we have A = Ay, (4.4)
with ¥ — &g € Cp°, (050, V)1 = O(1).

(From the discussion in section 3 and in this section, it will be clear that the assumption
on ¥ — @ can be weakend to: U/ — &) € Cp°.)

The last assumption allows us to identify A near infinity with a neighborhood of
infinity of C" by means of C" 3 x ~ (z,22%(z)) € A, and we can therefore define
the space Cp°(A).

Sometimes we let A = A; depend smoothly on ¢ € neigh (0; R*). We then require
A; to fulfill (4.2)—(4.4) with uniformity in (4.2), (4.4). Moreover, if we represent

A = Ay, outside a bounded set, then we assume that for every N > 0,
VNWY € Cg°, uniformly in ¢. (4.5)

We will write pa or sometimes only p for the restriction p, A+ The zeros of p in

Ay, + iW are confined to a bounded set and there exists mg € N, such that for every
p € Ao, + iw, there exists m € {0,1,..,mo}, such that V™p(p) # 0. If A is an IR
manifold as above, we conclude (since A is maximally totally real) that for every
p € A, we have V™py(p) # 0 for some 0 < m < myg. Let po € A be a zero of py and
choose m as above. Then we can find a real smooth vectorfield v on neigh (po, A) such
that v™pa(po) # 0. Choose local coordinates (z1,x2, .., z2n) = (z1,2’) for A centered
at po, such that v = 8%' By Malgrange’s preparation theorem ([Mal), we have in a
neighborhood of & = 0:

pa() = q(@) (@ + > a;(@)a ™) = (@) [ (@1 = A (@), (4.6)
1 j=1

where a;(z’), ¢(z) are smooth with a;(0) = 0, ¢(0) # 0, and A;(2’) are the zeros of the
second factor in the middle expression. (The ordering of the roots does not matter.)
If we let A = A+ depend smoothly on ¢ € neigh (0, R*) as above, and let pg be a zero of
DAy, and if we choose x1, .., £2, to be local coordinates on A; depending smoothly on ¢
and centered at pg when ¢ = 0, then (4.6) extends to pa, with ¢ = ¢(t, x), a; = a;(t, 2’)
being smooth in (¢, ), and with A\; = A\;(t,2’). From (4.6), we get easily:

LEMMA 4.1. For the choice of coordinates above and for eg > 0 small enough, we
have
A({z1 € [—eo, €0l [pa(a)] < 6}) < Cot/m, (4.7)

for|z'| <€ and 0 < § < 1. Here X denotes the one dimensional Lebesque measure. In
the parameter dependent case, the estimate is uniform int for |t| < eg (small enough).

Proof. It suffices to observe that {z1 € [—eo, €0]; |pa(x)| < &} is contained in the
union of the intervals [Re \j(z’) — C§/™ Re \;(2') + C§Y/™]. O

If u(dp) = pa(dp) denotes the symplectic volume element on A, it follows that
n({p € A; Ipa(p)| < 0}) < Co1/mo, (4.8)

again locally uniformly in ¢ in the parameter dependent case.
For 0 < e <1, we put

1 D 2 + €2
I(A,p) = i/AIOg % p(dp). (4.9)
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Notice that the integral converges in view of (4.1), (4.4). We also define I(A,p) =
Io(A, p):

I(A,p) = /A log [pa(p)] 1(dp). (4.10)

Here the convergence over a neighborhood of infinity follows from (4.1), (4.4) but the
possible presence of zeros of py requires a verification of the convergence of

1/2
/ log [pa(p)| u(dp) = / logt dV(t), (4.11)
lpal=1([0,3]) 0
where V(t) = u(|pa|=1([0,])) = O(t/™0), by (4.8). Integration by parts shows that
the last integral is equal to

1/2 4

[(log )V (1)]y/* — /0 SV (Bt

From the dominated convergence theorem, we see that
I.(A,p) — I(A,p), € — 0. (4.12)

Using (4.8), we can estimate the rate of convergence.

LEMMA 4.2. We have

I(A, p) — I(A,p) = O(el/mo), € — 0. (4.13)

Proof. For € > 0, we have

€ €
pa(p)2+e  1+e

DeI(A,p) = / [ Ju(dp). (4.14)

The contribution to the integral from the region where |pa(p)| > 1/2 is O(e) and the
contribution from the bounded region where |pa(p)| < 1/2 is

€ €

1/2
O(e) + /lpA|—1([o,§]) W u(dp) = O(e) +/0 mdv(t) =

1/2
€ 1/2 2et _

O(e) + 0(1)/1/2 2 j1/mody — O(ero )
€ A (62 T t2)2 = € .

Hence OcIc(A,p) = O(e~1+1/m0) and the Lemma follows by integration. O

We next study the differential of I. and I with respect to A. Let neigh (0,R) >

t — A; be a smooth family of IR-manifolds as above, satisfying (4.1)—(4.5). We then

have a corresponding generator ¢; € Cp°(A¢; R) such that a deformation field of the
family is given by

v = Hé"“’, (4.15)
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when ¢; is a smooth real extension of ¢; to a full neighborhood of A;. If f; denotes an
almost holomorphic extension of ¢:, we take ¢ = Re f¢, so that (cf. (1.19)):

v =iHy,, on A;. (4.16)
With . _—_
1. ppte
Fe(p) = 5 log( T e ),
we have
L(Anp) = /A F.(p)uldp),
and

ol(hep) = [ (Ggenl)+ S mutdn), (1.17)

where we also used that v; in (4.16) induces canonical transformations k¢ s : As — Ag,
which conserve the symplectic volume element (see (1.19)). Since p is holomorphic,
we have v¢(p) = iHy,p, where in the last expression, we may view Hy, = ffz as the
real Hamilton field on A; of ft|At = q¢ with respect to Tlp, From (4.17), we get

OF. . oFe, ... _
ol hp) = [ (@i~ S )it pndp) (4.18)
Ay 8p ap
i D P i pp ,dp dp
= — dp — d,Ht dp) = - — *_Tth dp).
| Gty i Hautdo) = 5 [ (P e
Here 1 d .
p  dp
29 _apy 4.1
22.(p ﬁ) dargp, (4.19)
where p = pp # 0, so we get
ohp) =~ [ (P dargpn,), Hy u(d). (4.20)
A, DD+ €2
which can also be written
OrIe(Ar,p) Z/ <ﬂHar dfe)p(dp). (4.21)
’ A, DD+ 2 P

In the last two integrals the integration is restricted to A; \ p—1(0), and the Hamilton
fields are the ones for the real symplectic structure on A;.

PROPOSITION 4.3. The coefficients of the differential form dargpa, (defined on
A¢ \p=1(0)) belong to L1 (A¢, p).

Proof. The integrability near infinity follows from (4.1) (and we there identify
A; with a neighborhood of infinity in C™ as indicated after (4.4)), so we only have to
establish the local integrability near every point in p—1(0) N A;. Let po be such a point
and let m € {1,2,..} be the order of vanishing, so that V¥p(pg) =0, 0 < k <m — 1,
Vmp(po) # 0. Choose 2n linearly independent and commuting vector fields vy, .., vap
in a neighborhood of po such that ijp(po) # 0. Let z1, .., z2n, be the local coordinates

centered at po with v; = %j. Let Aj = %argp/\t for x € neigh (0) \pK}(O), so that
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dargpy, = Zf" Aj(z)dx;. We have to show that A; is locally integrable near 0 and
may choose j = 1 for simplicity. Applying (4.6) to pao = pa,, we see that

/ |iargpAt (z)|dz1 < Const.,
{z1€[—€0,€0]; pA, (z)#0} dz1

for |a'| < ep, and the local integrability follows. O

Let [dargp]a, denote the differential form on A; with L! coefficients whose re-
striction to A \ p~1(0) is equal to dargpa,. Similarly let [Hargp|a, be the L1 vector
field on A; determined by Hargp,, on A¢ \ p~1(0). Write

lc(Ae,p) = —/A <pp+€2 [darg pla,, Hy,)1u(dp), (4.22)
OT80p) = [ (P Huvgy s dtap). (1.23)

Hy,, dft have bounded coefficients near infinity (using the identification with C» near
infinity indicated after (4.4)), and from Proposition 4.3 and the dominated convergence
theorem, we get the first part of the following result:

PROPOSITION 4.4. We have O¢lc(A¢,p) — "0 I(As,p)”, € — 0, where

776tI(At7p)” — _/

A <[dargp]A“Hft>u(dp)=/ ((Hargpla,» dfe)u(dp).  (4.24)

Ay

Moreover, t — I(A¢,p) is a Lipschitz function and the a.e. derivative is given by
? BtI(At, p)” .

Here the last statement follows from the fact that ¢ — ||[dargp]a,||r: is locally
bounded, as we can see by adding a smooth ¢ dependence in (4.6).

A Hamilton field is divergence free in symplectic coordinates, so div [Hargpla, is
a distribution of order < 1 with support in p~1(0) N A;. From (4.24), we get

DuAep)” = = [ i (Hugyla,nldp) (4.25)

Notice that the integral does not change if we add a t-dependent constant to f;. When
dpy, dpa are pointwise linearly independent on pXI(O), we shall obtain in section 8 a
simple expression for this distribution and see that it is a Radon measure.

5. Second derivative under non-autonomous flows. Let I 3¢t — A; be a
smooth deformation of IR-manifolds as in the preceding section, where I is a small
open interval which contains 0. Let f; € Cp°(A¢; R) be a corresponding smooth family
of generating functions (unique up to a t dependent constant) so that if we extend
ft to an almost holomorphic function in a neighborhood of A¢, then a corresponding
deformation field is given at A; by

vi = iHy, = 2Re (iHy,), (5.1)

and we recall that v generates a family k¢ s : As — A; of canonical diffeomorphisms.
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Let p be a holomorphic function as in the preceding section and let F' be a smooth
real-valued function defined on a complex neighborhood of p(Ar), with F(1) = 0,
where A; = UierAy. Put

J(t) = A F(p)u(dp). (5.2)

With ps = po k¢, Kt = Kt,0, we get

J(t) = / F(pou(dp),

and
oF

oI (1) = /A (5 )0 + %—gmmu(dm

oOF . OF .
- /A (5 P)ity,p — ST pluldp)

Since p is holomorphic near A¢, we can consider (as in the preceding section) Hy, as

the real Hamilton field H ;tlAt. Viewing in the same way H,, Hy as complex Hamilton
fields on A, we get

o =i [ t@i@)Hﬂ v) - %ﬁ;(p)Hft ®)lu(dp)

— /At[a_p(p)Hp(ft) - Fp(p)Hﬁ(ft)]u(dp)_

i
Since the transpose of Hp, with respect to u(dp) is equal to —H,, we get

Oy J (t) = A Gi(p)fe(p)uldp), Gi(p) =i(Hp(g—i) _Hﬁ(%))- (5-3)

Notice that G¢(p) is defined on A with Hy, Hp defined as complex vectorfields on Ay,
so G¢(p) depends both on p and on T,A;.

Let I > t — A; be a second family with the same properties and let ft be
a corresponding smooth family of generating fucntions, that we also extend almost
holomorphically. We assume that

Ao = Ao, (5.4)
fo = fo. (5.5)

Equivalently, we have _
dist (At7 At) = O(tQ) (56)

Possibly after shrinking I around 0, we can define

J(t) = | F(p)uldp), (5.7)

and analogously to (5.3), we have

arJ(t) = | Gi(p)fe(p)r(dp). (5.8)

Ay
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Let ®; = Fror; ' Ay — Ay, where A, = kt(Ao), so that @, is symplectic and
Dilp) - p = O(t2). (5.9)

Since we also have dist (T, () (Ae), T,o(Ar)) = O(t2), we get G(P+(p)) = Gi(p)+O(t2),
and hence

O J(t) — 0 (t) = A Gi(p)ge(p)uldp) + O(t?), (5.10)

where _
gt = fro P — [, (5.11)

and we can assume that g.(p) € C>°(I x neigh (Ag)) with g;(-) almost holomorphic on
A¢. We can also assume that

go(p) = 0. (5.12)
(5.10) implies that

02.7(0) - 82.7(0) = /A Golp) (Br9)e=o (0)1(dp) (5.13)

iy / [Hp@—i) - Hﬂg—;ﬂ((atﬁ)t:o = (e f)e=0) (P)pi(dp),

and where we used (5.9) in the last step. Here we can undo the previous integration
by parts and get

02J(0) —92J(0) = 1/ [a_FHp(atf — O f)t=0 — 8_€Hﬁ(atf — Otf)e=0lp(dp).
i Ja, Op op
(5.14)
Notice that (9 f1)i—o = 9 (f(t, ki(p)))i=o is real, and similarly for O, f;.
In order to exploit the last relation, we need to compute the second derivative
in the case of "autonomous flows”, and we shall temporarily consider the case of a
special family of deformations. Let f € Cg°(Ao; R) and denote by f also an almost

holomorphic extension of f. For t € neigh (0,C), consider the IR-manifolds A, =

%t(Ao), where %y = exp H;m(‘tﬂ. To infinite order on Ag, we have
e

HIma~ = it/H\~E _‘E[Rea~
Re (tf) f Im (tf)’

and it follows that Kjo = o + O(t>®) on Ao. Let 0y, 0; denote holomorphic and
antiholomorphic derivatives. We also see that dzk¢(p) = O(t>°) on Ag. We have

Jtt) = /X F(p)uldp) = /A F(pou(dp) + O(t%), pi = poFe,

9 J(t) = A 9 (F(pe))puldp) + O(t>) =
[ G womn+ G Butdn) + 0=) = [ S8 podm i) + 0,
_ 2F
0:01T(1) = () Be0upe ) + ().

B A, ODOp
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For t = 0 we have Oip: = zHJ;(p) and hence

O T = [ S ) () () ). (515)

Next we compute

O T(6) = i(01T(0) = B5T(0) =1 [ (5-(p)0upn — o (i Bmmutdp) + O(t)
=i [ (G it~ G @) o) + 0)

Modulo O(t*), we have H~p H~‘Atp, Imfz 0, on Ay, so we get

e T(0) = = [ (GO, o+ S Sputan) +06) (5.0

%3,
—— [ H P @)tdp) + 0(t) = O(r)
(The idea behind this is that in the case when ]7 is  holomorphic,
then A¢ = expitH;(Ao) only depends on Ret, and hence we have the same for J(t).)
The last relation can be differentiated any number of times w.r.t. Ret, Im¢ and
combining this with (5.15), we get

0?F
Ao OPOP

(03 1T (£))1=0 = 4304 (£))1=0 = 4

(p)H ¢ (p)H j(p)p(dp). (5.17)

We now restrict the attention to real ¢ and write 0; instead of Ore¢. In order to
apply (5.17) in (5.13), we let f(t, p) € Cpo(I x CQ”) be such that f(¢,-) is an almost
holomorphic extension of f\[\ and observe that 9 f(£, p) = O(t> + dist (p, Ag)>). We
can apply (5.13) and get the following identity for ¢t = 0:

0?F

02J(t) = N

=—-Hy.(p)Hy, (p)n(dp) (5.18)
. oF oF
i [ 1)~ Bt Gt

Comparing with (5. 3) We see that the last term in (5.18) is equal to (0s),_,J(t,s),
with J(t,s) = [, dp), A¢s = exp s2Re (iHp,f,)(A¢). Clearly this extends to
general ¢t and the last term can also be written

1 oF oF
7 /At(a_PHp - %Hﬁ)atft/L(dp)a (5.19)

where Hp, Hp in the last two formulae denote the complex vector fields on Ay.
Notice that the bracket in the last integral in (5.18) can also be written as

oF OF 82F
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where {p,p} = Hp(P) denotes the Poisson bracket of p and p for the symplectic
structure of A;.

6. Continuity and convergence for the differential of A — I(A,p). Let
A be an IR-manifold and p a holomorphic function as in section 4. We recall (see
also below) that by Malgrange’s preparation theorem, the differential form dargp on
A\ p~1(0) has L! coefficients, and the same holds for the Hamilton field Hargp. Let
[dargp|a and [Hargp]a denote the corresponding L! form and L! vectorfield respec-
tively on A.

We review some calculations for the differential of A — I(A,p). Let t — A; be
a smooth deformation of IR-manifolds as in section 4, where I is an open bounded
interval containing t = 0, and let ¢ — f(t,p) € C;°(A¢; R) be a corresponding gener-
ating family (unique up to a ¢ dependent constant and extended to be almost holo-
morphic in p), so that Ay = ®(Aog), with 0:P+(p) = iﬁ;(@t(p)), p € Ag. With

F.(p) = %log(”fjj ), we obtained in section 4 that

I(Arp) = /A F.(p)u(dp) = I(As,p) + O(et/m), (6.1)

for some m € N\ {0}. Moreover, we saw that

i pp__dp dp
0dhep) = 5 [ (S (= )t ).

Here %(% — %) = dargp where p # 0, so that

0l(hesp) = = [ (s ldarg ) H ) (62

~ [ S Hala i)

By the dominated convergence theorem, we got

Oule(Ae,p) — —/

[ (dtarepln.. 5 (o) = / (Hasgolne dfyuldp).  (63)

Ay

when € — 0, and since [|[d(arg p)]a, ||z (a,u) s locally uniformly bounded with respect
to t, we concluded that ¢ +— I.(A,p) is uniformly Lipschitz with respect to €, and
in particular that ¢ — I(A,p) is Lipschitz and that the a.e. derivative of the last
function is given by

() /A ([d(arg p)]a,. Hy,)uldp) = / (Hugpln, dfu(dp).  (6.4)

In a more fancy way, we can consider an open connected set L in the family of smooth
IR-manifolds as in section 4, and define the ”distance” between Ay, A1 € L to be

1
dist (Ao, A1) = inf/ ldftll Los (a,)1e(dp)dt, (6.5)
0



DETERMINANTS AND COMPLEX PHASE SPACE DEFORMATION 211

where the infimum is taken over all smooth curves [0,1] ¢ — A; € L, that link Ag to
Aq. (We did not check that this is really a distance, nor did we consider the problem
of studying the completion of L.) We can think of L as a manifold. The tangent space
of L at a point A is then the space of all df, where f € C;°(A; R). In the same spirit,
we have the differentials

(AT (A.0).08) = [ (g, P ldp) (6:6)

(daI(A,p)” ) = /A (Havgpla, dfypldp) = — /A (argpla, Hp)u(dp),  (6.7)

where df is the differential on A corresponding to the infinitesimal variation JA. Here
7daI(A, p)” becomes the almost everywhere differential of our Lipschitz function I(-, p)
whenever we restrict A to vary in a curve or more generally in a finite dimensional
submanifold.

We next give sufficient conditions for the continuity of "daI(-,p)” at some given
point A, and for having a power law estimate in the convergence dplc(A,p) —
"daI(A,p)”. We start with the continuity question. Let Ag be a fixed IR-manifold (as
in section 4). Let z¢p € Ag be a point, where p(xo) = 0 and choose local coordinates
(21, .., x2n) centered at xo, such that for some 0 < No € N: 92°p(0) # 0, 0%, p(0) = 0,
0<k<Nyo—1,1<j<2n. Letpy= Pl We are interested in studying how
dargpp varies when we make a small variation of A. For simplicity, we concentrate
on Oz argpa, and we view pp as a small perturbation in C> of py,, by choosing
coordinates (1, ..,Z2,) on As depending smoothly on ¢.

By Malgrange’s preparation theorem:

No ‘
pao () = q(@) (@Y + Y a (@), (6.8)

where ¢, a; are smooth with ¢(0) # 0, a;(0) = 0, and we write (x1,z2,..,2Z2,) =
(x1,2'). Let Ai(a’),..,An,(2’) be the roots of the last factor of (6.8) (where the
ordering doesn’t matter) so that locally, up to a multiple of 2,

No
arg pa, (z) = arg (q(z)) + Zarg (x1 — Aj(2")), for pa,(z) #£0. (6.9)
1
From this we see that

/ |0z, arg pA, (2)|d21 < C < o0, (6.10)

—€o

for |2/| < €, with €9 > 0 fixed and sufficiently small, and where the integration is
restricted to the points where pa,(z) # 0. Assume,

No
U{x’ € R2n—1; |2'| < e, Aj(2’) € R} is of Lebesgue measure 0. (H(z1))
j=1
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(Equivalently, II,- (pXOl(O) N ([—eo, €0] x B(0,€p))) should be of measure 0, where II,-
denotes the projection = +— z’.) Let A¢, t € neigh (0,RF) be a smooth family of
IR-manifolds. Then for ¢ sufficiently close to 0, (6.8) extends:

No
pa,(z) = gz, t) (2N + Z a;(a!, t)xlo™7), (6.11)
1
(choosing the local coordinates to depend smoothly on ¢) and we want to estimate

/ 190, 818 Piro () — Oy arg pa, (z)|de, (6.12)

where we integrate over {z; |z1] < e€o, |2/| < €0, pa,(x) # 0 # pa,(x)}. The corre-
sponding integral

K (') = / 1O, 828 Pio (&) — Das 818 i, (2)|d (6.13)

is a bounded function of z’/, and converges to 0 when ¢ — 0 for x/ outside the set in
(H(z1)). So under that assumption, the integral (6.12) converges to 0 when ¢ — 0.

We next find an equivalent form of (H(x1)), which is easier to formulate globally
on Ag: Introduce the assumption

For every smooth hypersurface I' C] — €, €o[x B(0, €o), (A)
p/:; (0) N T is of (Lebesgue) measure 0 in T

PROPOSITION 6.1. (A) and (H(x1)) are equivalent.

Proof. We first prove (H(z1))=-(A) and assume that (A) does not hold. Let
I C] — €0, e0[xB(0,€0) be a smooth hypersurface such that p=1(0) N T is of measure
> 0in I'. The set

vol (p~1(0) NT'N B(x,¢€))

(P~ (0)ND)oc = {z €T Np~1(0); vol (T'N B(z,¢€))

—1,e— 0}

is of full measure in 'Np~1(0) considered as a subset of I'. We notice that p| . vanishes
to infinite order on (p~1(0) NI")oo. The set

Foo ={z € (T'Np~1(0))oo;
vol({y € T Np=1(0))oo; (dxa A .. A dzon) | (y) = 0} N B(z,€))
vol (B(z,e)NT)

—1,e— 0}

is of full measure in {z € I' N p=1(0); (dw2 A .. Adx2,)|(¥) = 0}. At the points of
Fio, the form (dza A .. Adan). vanishes to infinite order as well as pj.. Let y0 =
(v9,..,99,,) € Fso. We may assume that T is of the form x2,, = a(x1, .., Z2n—1) near yO.
Then a%‘l(z) vanishes to oo order at (y?,..,49, ), so at y° the hypersurfaces I' and
Tan = a(y?,z2,..,v2n—1) are tangent to oo order. It follows that p(x1,x2,..,z2n-1,
a(y?, za, .., T2,—1)) vanishes to co order at (y?,..,49,_;) in contradiction with the fact

that dN°p(y°) # 0. Consequently F., is empty and hence

{z e D Np=1(0); (dw2 A .. Adzon)|(z) = 0}
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is of measure 0. In particular {z € (p=1(0) N [")oo; (dz2 A .. A dx2n)|(7) # O} is of
non-vanishing measure, and the same holds for its x’ space projection, which is in
contradiction with (H(z1)). We have proved that (H(x1)) implies (A).

It remains to prove that (A) implies (H(z1)). Recall that d2°p # 0 in
] — €0, €0[xB(0,€). Without loss of generality, we may assume that dN°Rep # 0
there. Then

pH(0) € UNL, T,
where
Iy = {; 9 Rep(z) # 0, 05, 'Rep(z) = 0}

are smooth hypersurfaces such that Il /| is a local diffeomorphism for j = 1,.., No.
Applying (A) to p~1(0) N Ty, it follows that I,/ (p—1(0)) is of measure 0. O

Combining Proposition 6.1 with its preceding discussion, we get

THEOREM 6.2. Let Ay be an IR manifold and assume

For every smooth hypersurface T' C Ao, (Agion)
p~1(0) NT is of Lebesgue measure 0 in T.

Then "dpI(-,p)” is continuous at A = Ao in the following sense: Let neigh (0, R*) 3
t — At be a smooth family of IR manifolds as in section 4, such that Ai—o = Ao.
Let f1(t), .., fx(t) be a corresponding system of generating functions on At, so that fy
is generating for the one parameter family obtained by varying te, (freezing all the t;
with j # ¢) and hence that

”%HmmV:*AqmmeHMMMW) (6.14)

Then "0y, 1(A¢,p)” are continuous at t = 0 and consequently t — I(A¢,p) is differen-
tiable at that point with partial derivatives (without the ” 7) given by (6.14).

In practice, it might be preferable to use Proposition 6.1, which says that (Agiob)
holds iff for each xzo € p=1(0) there is a (or equivalently for all) system(s) of smooth
local coordinates x1, .., x2, centered at that point, such that 63]X°p(0) = 0 for some
No € N\ {0} (that we choose to be minimal), and the roots A;(z’) of the last factor
in (6.8) have imaginary parts that are # 0 on a set of full measure in a neighborhood
of ' = 0.

We now turn to the question of having a power law for the convergence da Ic(Ao, p)
— 7dal(Ao,p)”, € — 0. Here we did not find a nice invariant condition and content
ourselves with

For every xo € p~1(0) N Ap, we can find 2n linearly independent vectorfields (B)
V1, .., Vap, Dear xo, such that V]’»“p(O) =0,0<k<N;—1, V]]»Vjp(O) # 0, for

some 0 < N; € N, and such that if I'; is a hypersurface passing through =,
transversal to v;, then there exist €, do > 0, such that for 0 < e < g,

vol ({z' € Ty; dist (2/, x20) < €0, \tillio Ip(exptvj(z’))| < €}) < edo.

PROPOSITION 6.3. Under the assumption (B), there exists 61 > 0 such that

__pp
€2+ pp

[darg pla, [dargpla, = O(ed), in L1. (6.15)
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Proof. The expression in (6.15) is equal to

2

€
——|dar . 6.16
—ldmgpls, (6.16)
The L' norm of this function over any region |p| > Const. > 0 is O(e2), so we only
have to examine what happens near a point xo, where p vanishes. If v1, .., 9, are the
corresponding vectorfields appearing in (B), it is enough to show that

= i) o s eigh a0, 000) = O(E), (6.17)
for every j, with the obvious definition of [vj(argp)la,. Fix a j and choose local
coordinates x1, .., X2, centered at xg, such that v; = 0,,.

Independently of the proof we are engaged in, it may be of interest to notice that
if we write (6.8) and let A1(’), .., An; (z’) be the corresponding roots, (with N; = No)
then the volume estimate in (B) implies that for some new do:

vol ({z/ € B(0,€0); |Im Ag(z')| < €}) < O(edo), (6.18)

for all k. Conversely we can go from (6.18) to the volume estimate in (B) (with a new
50).
Rather than quoting (6.8) directly we shall only use the fact that

€0
sup / |0z, arg p(z)|dz1 < Const. (6.19)

|z’ |<eq J —e€o

Let 0 < e < €< 1. Then, with ¢(z/) = inf_¢j<t<e, [P(t, 2')],

€0 62
——— |0z, arg p(z)|dz1da’ =
/B(o,eo> /—eo pp+er

/ . / 0, pl()|dinda? + O((5)2) < O@o + (
q(z’)<e €

%)2),

€

and choosing € = e* with a = 2/(2 + do), we get (6.17) with 01 = 209/(2 + o). O

7. Minimality to infinite order of critical points. Let Ag C C2" be an IR
manifold and p(zx, &) a holomorphic function as in section 4. We assume that Ag is a
critical point for the functional

I(A,p) = % /Alog(p;ﬁ)u(dp), (7.1)
in the sense that
CrT(0.)",58) = [ (Hassplasrd i) =0, (7.2)

for f € Cp°(A; R) corresponding to the infinitesimal variation Ag + dA. Equivalently,

div [Harg pla, = 0, (7.3)
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where we recall that div [Harg p]a, is a distribution of order < 1 on Ag with support
in p~1(0) N Ap. We assume that Ay is a regular point in the sense that there exists
01 > 0 such that

[darg pla, — 5 zfpﬁ [dargp]a, = O(e) in L1, (7.4)
and recall that this implies that
(dale(Ao,p), 0A) — ("dal(Mo,p)”, 6A) = O(en), (7.5)

when the form df, corresponding to dA is bounded. We also recall that (7.4) is a
consequence of the property (B) of the preceding section.

THEOREM 7.1. Assume (7.3), (7.4) and let
neigh (0, R*) 5t +— Ay
be a smooth family of IR manifolds as in section 4, with As—o = Ao. Then
I(A¢,p) — I(Ao,p) > —COn|t|V, (7.6)

for every N € N.

Proof. Since our estimates will be uniform w.r.t. additional parameters, we may
assume that k¥ = 1. The next result says that up to an error O(t>°) it is possible to
obtain A; as the result of an autonomous almost holomorphic flow acting on Ag, with
a real generator (on Ay).

PROPOSITION 7.2. There exists fi(p) = f(t,p) € Cg°(neigh (0,R) x C27), real-
valued on Ao and almost holomorphic in p on Ay, such that

dist (A, exp(tiHy,)(Ao)) = O(t>). (7.7)

Moreover df: is unique on Ao mod O(t>).

Proof. We first consider the situation locally near a point (xo,&y) € Ag. After a
complex canonical transformation, we may assume that A; is given by

20H,
= ;E(x)» (7.8)

where Hi(x) is real and smooth in (¢,z) and strictly plurisubharmonic in x. Let
f € C>(Ap;R) and extend f to a smooth function on C27, almost holomorphic at
Ag. Then up to O(t>®), Ay = exp(tiHy)(Ao) is given by

=2 ) (7.9

where G¢(x) = G(t, ) solves the Hamilton—Jacobi problem

0,G(t, ) — Re f(x, %&G(t, 7)) =0, G(0,z) = Ho(x). (7.10)
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(Here we use that up to infinite order at Ag,we have E-I\f = H%{g}’ = H:gg;{) More-
over, it follows that

Re f(z, %awc;(t,x)) — f(a, %&G(t,x)) + o), (7.11)
so (7.10) gives
0,G(t, ) — f(x, %@G(t,x)) — O(t), G(0,2) = Ho(x). (7.12)
Notice that 9
G(t,2) = Holw) + tf(x, 20, Ho(x)) + O(12). (7.13)

If we let f = fs depend smoothly on a real parameter s, then differentiating
(7.12), we get 9:G|,_, =0,

0,0,G — %ag folz, %@G(t, 2)) - 0:0,G(t,7) = (D ) (x %axc(t, ) + O, (7.14)

and it follows that 5
0sG =10, fs(z, gawHo) + O(t2). (7.15)

So if we replace f(x,€) by f(z,&) + ek(x, &), then G(t,z) is replaced by
2
G(t,x) + tek(x, =0 Ho) + O(t2¢) + O(te?). (7.16)
i

It is now clear how to get the local existence of a suitable f, in (7.7) by successive
approximations. We start by choosing (cf. (7.13)) f®(z,€) so that

G(t,z) = H(t,z) + O(t?). (7.17)
Then (with € = s), we try a corrected

& = f@(2,) + sk(x,). (7.18)
Then (with s =t), G(t,x) is replaced by

Gt z) + 2k(x, %&Ho(x)) + o),

so there is a unique choice of k so that for the new G(t, ), we have

G(t,x) = H(t,xz) + O(t3). (7.19)
Now we take € = s2 and try a corrected

£ (@, €) = 1O (x,€) + s2k(z,€),

with a new k. Then G(t,x) in (7.19) is replaced by

Glt z) + 13k (x, %GIHO(J:)) + O, (7.20)
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and there is a unique k so that the new G satisfies
G(t,x) = H(t,z) + O(t*). (7.21)

Continuing this way we get the local existence of fs.

We next look at the local uniqueness. Let fs(z,£), gs(z,€) be two functions
which are almost holomorphic in (x,€) at Ao, smooth in (s,x,£) and real-valued for
(x,€) € Ao. Let k € N be such that f(x, &) — gs(w &) = skh(x,§) +O(5k+1) for some
smooth function h. Then the two varieties exp(tzH #.)(Ao), exp(tzHgt)(Ao) are given
(mod. O(t=)) by £ = 29, H(t,z) and £ = 29,G(t, z), with

Hy(z) — Gy(x) = th+1h(z, %(%Ho(:c)) + O(tk+2),

and if H = G, it follows that h(z, 29, Ho(z)) = 0, and hence (since Ay is maximally
totally real), that h = O(dist (-, Ag)>°). (That we have uniqueness only up to a ¢
dependent constant is due to the fact that H¢(x) is unique only up to such a constant.)

O

As already used in the proof above, we may replace exp(ti?[?t (Ap)) in the last
proposition by A, where Ay = exp s(HEE 7 )(Ao). According to (5.18), we have

oF

3 - F(p)u(dp) = 4 Kts%(p)Hg,s(p)H;;ys(z‘?)u(dp) (7.22)
. OF IF . =
+i Kt,S[H () — (G5 105 fusiildp),

where j?t,s denotes an almost holomorphic extension of Re f; from Kt,s and all the
Hamilton fields are in the sense of the symplectic manifold 1~\t7s. Now f; is almost
holomorphic on Ag and f; = Re fi + O(s®) on A;.. Consequently, Vs,p(ﬁ,s(p) -
fi(p)) = O(s°) on A ¢ and in particular

Osfr.s = O(5) on Ay . (7.23)

We shall use this in (7.22) with F(p) = $ log(5:E2 2-:;)1}7) Since adg > 0 (as we shall
review in the beginning of section 8), the ﬁrst term to the right will be > 0. The
second derivatives of F' are O(e~2) on some compact subset of /N\tys and uniformly
bounded outside, so the last term in (7.22) is O(sM /€2) for every M € N. It follows

that
tM

IE(Kt,tap) - IG(A07p) > t(aS)SZO[G(Kt,&p) OM( ) 2 (724)

Here
(0)s=01c(Ar,s,p) = (Ds)s=0(Ie(Ars, p) — To(Ass,p)) (7.25)

= _/1\0<[dargp]AO 2 Zip [dargp]AO,Hf, Yu(dp) = O(edr),

according to (7.3), (7.4), and using this in (7.24) together with the fact that I (A ¢, p)—
I.(As,p) = O(t®) (since dist (A, Ar) = O(t>*) and A — I.(A, p) is uniformly Lips-
chitz), we get

M
— -

Le(Av,p) = Le(Ao,p) = —O(e)[t] = Onm (1) (7.26)
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Finally we use that I.(A,p) — I(A, p) = O(e}/™) (see Lemma 4.2), to get
M
I(As,p) = (Ao, p) = =Oni(e!/™ + e + ). (7.27)

Choosing first € = tK with K very large, and then M sufficiently large, we obtain
(7.6) with N as large as we like, and the proof of Theorem 7.1 is complete. O

Assume that p(p) = p(z, p) depends holomorphically on z € Q C C. It is clear
that I(A,p(z)) is subharmonic in z for every fixed A. We end this section by giving a
completely formal argument which indicates that if we have a minimizer A = A(z) to
A — I(A,p(2)), then I(A(z),p(2)) will also be subharmonic. The argument is formal
but it should be possible to turn it into a proof whenever we have a sufficiently good
control over the variational problem:

For A close to A(0), we have

A=Ay = exp(iH5)(A(0)),
to infinite order at A(0), where f € Cp°(A(0); R) is small and we also let f denote
an almost holomorphic extension. If we allow f to be complex valued, we still get an
IR-manifold, close to A(0), and we see that I(Af,p(2)) = I(f,z) is plurisubharmonic
in (z, f). At z=0, f =0, the Hessian (that we assume exists) of I(f, z) is a quadratic
form in (Re f, z) and the plurisubharmonicity means that

1gyn 1gn

ZIff §Ifz >0
)=
2°Zf zZz

Here the subscript f indicates ordinary (real) derivatives with respect to f, while z

and Z indicate holomorphic and anti-holomorphic derivatives (as in the Levi form). In

other terms: )

1 1
0= 7 (IFp0l0) + 5(I7Cl0) + 5 (Ip91C) + (1£.€10), (7.28)
for all tangent vectors (¢, (), where we use standard sesquilinear scalar products.
Assume (for instance after an arbitrarily small convexification in f) that I}, > 0.
For z close to 0, let f(z) be the real function with A(2) = Ay(.), so that I}(f(2),z) = 0.
Differentiating, we get 0 = I}/ff; + I}’Z, = f(I]’c’f)—lfj’c’z. On the other hand,

(I(f(2),2))z = Iz(f(2), 2), so that
(I(f(2),2))z. = IZ.(f(2), 2) + I, (f(2), 2) f2(2) = IZ, — I, (I5,) I
Choosing ¢ = —2(I%;)~11%_( in (7.28), we see that this quantity is > 0.
8. The codimension 2 case. We start by recalling a very classical formula and
its proof. Let ¢ > 0. Then for p € C:

p 1 o€
e+pp  e€+pp  (+pp)? (€ +pp)?
This is a non-negative function which tends to 0 for p # 0. If L(dp) denotes the
Lebesgue measure on C, we have

€2 Lidp) — o €2 o
/cm (p)_%/o @t = (8.2)

oo 2 p €2
— dt=g—— ] =
”/0 (2 +1)2 | (62—|—t)]t70

OpOp log(e? + pp) = Op (8.1)
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We conclude that log(e2 + pp) is subharmonic for 0 < e < 1, and that
8,05 log(4D) = 70, (5.3)

Let A C C2» be an IR manifold, and let p be a holomorphic function as in section
4. Recall that

1 €2+ pp
Ie A, - = 1 d 5 I = I 4
(a9 =5 [ 1oe( G D tdn). 1 (84)

If p = p(p,z) depends holomorphically on a complex parameter z, we get for
e>0:

1 -
0.0:1.(0,p) = ;. [ Oy051og(e® + pp)) 0-pTop ldp) (35)
A

1 €2 _
== | ———8.p0.pu(dp),
Q/A(€2+p]_3)2 p0=p p(dp)

so I.(A, p) is a subharmonic function of z. This also holds for the limiting case ¢ = 0.

We shall investigate the effect of small variations of A. Let A = Ao, where
] —8,6[> t— A is a smooth deformation as in section 4. Let H;y, be the correspond-
ing deformation field, f; € Cy°(Ay;R) and f; also denotes a corresponding almost
holomorphic extension in p. Let k¢ : Ao — A+ be the corresponding flow, so that «; is
symplectic. Repeating earlier calculations,

I(At,p) = Ic(Ao, pi), where p; = po ky. (8.6)

Since
atpt = ZI{ft (p) O K, (87)
we get
Orle(At,p) = (8.8)
1 . 1 [ —
2/, Op(log(€ +pipy)) il (p) © ke pu(dp) + 5 A 95(log(€? + pep,)) iH g, p o ke p(dp)
0 0
= Re A Op(log(€? + pip,;)) iH g, (p) o k¢ p(dp).
0

This can also be written

Ot (At,p) = Re A Op(log(e2 + pp)) iHy, (p) p(dp). (8.9)

Take ¢t = 0 for simplicity, and use that Hy, (p) = —Hp(f:), to get

(Or)t=0lc(A¢,p) = —Rei/Aap(log(62 +pp)) Hp(fo)p(dp), (8.10)

where H,, is viewed as a differential operator on A, namely the Hamilton field of the
restriction of p to A with respect to the restriction of o to A. In order not to make the
notations too heavy, we shall often not distinguish between functions on C2" and their
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restrictions to A. Since the transpose of H, with respect to the symplectic volume
form p(dp) is equal to —Hp, we get

(@)eole(Ar,p) = Rei /A foHy(Dy(log(€ + pp))) u(dp) (8.11)

= Rei [ Jo(030,108(c + 59) (o Phtap) =2 [ for i Bhudp).
A A

€2 +pp)? 2
Here {p,p} = {pa,Da} denotes the Poisson bracket for the symplectic manifold A.
Throughout the remainder of this section, we shall assume with p = pa:

dp, dp are independent at all points of A N p~—1(0). (H)

This implies that 3 := AN p—1(0) is a smooth (possibly empty) submanifold of codi-
mension 2 in A. Since A is symplectic, it is orientable: We say that the volume form
o™ /n! is positive on A (and hence identified with the volume density u(dp)). We then
have a natural induced orientation on ¥ depending also on p: We say that a 2n — 2
form « on X is positive at some point in ¥ if o A %dp A dp is a positive multiple of
o™ /n! at that point. (Here we notice that %dp A dp = dRep A dlmp.) We define the
Liouville measure on X to be the density alias positive 2n — 2 form A, ¢ on X, such
that

A /\—idp/\dp———n 8.12
».0 2 n!’ (8.12)
In the next lemma we continue to write {p,p} = {pA , PA }

LEMMA 8.1. Forn > 2, we have

Lo = () (313)

(n—1""

In particular, it follows that fF %{p,ﬁ}/\pyo(dp) =0, for every connected component I’
of X.

Proof. We know that ¥ is symplectic at a point p € ¥ (i.e. 0|y, is non-degenrate
at p) iff {p,p} # 0, and we know that o1, is non-vanishing precisely at the points
where ¥ is symplectic. Consequently both members of (8.13) vanish at the points
where ¥ is not symplectic. On the other hand, near a point where X is symplectic, we
can choose symplectic coordinates 1, .., Tn,&1,..,&, on A, so that X is given by x,, =
& = 0. Since A\p o is a form of maximal degree in (2/,¢') = (21, .., Tn—-1,&1, -, &€n—1),
we get from (8.12):

o DD e O OB O

)
— =Moo A=dpNdp=XApo A= dén + —dzn) N dén dzrn,
n| p,0 2 p p p,0 Q(agn g +8In €z ) (agn g +8.Tn x )
7
= 5{1),?})\1),0 A dgn A dxy,.
Now use that on
g =d& ANdxy ANdéa ANdxa N .. AN dép N dxy,
to conclude that
e PV A0 = &1 Adws A AdEnr Adznt = (-2 ——), . O
2 DsPsAp,0 = 1 1 . n—1 n—1 = (n_ 1)' \Z-
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Next we consider the limits of (8.5), (8.11), when e — 0. It is easy to see that the
contribution from the region where [p| > ¢ is 0, for every fixed § > 0. On the other
hand, in the region |p| < §, we introduce X, := p~1(w), for w € D(0,9) := {w €
C; |w| < ¢}, and the corresponding Liouville form A, .,. Then

) 1
)\p’w/\idp/\dp:ﬁo— y

at the points of X, and in view of (8.5):

1/ €2 _
5 =5 0:p0:p p(dp) = *
2 Janp-1(D(0,6)) (€2 +pP)? (dp) (*)

1 €2 o
2 ———5 ([ 9:p9.p Npw(dp)) A dRew A dlmw.
2 /D(o,a) (€2 +ww)2(/2w PO=p Ap,w(dp)) ew A dlmw

As we saw in the beginning of this section,

€2
@Fwmp T
so the expression (*) converges to
T R
5 0:p0=pApo(dp). (8.14)
by
We conclude that
i —_
00000 =5 [ opTpN0ldp). (5.15)
Anp=1(0)

first in the sense of distributions, then in the classical sense, since the RHS in this last
equation is smooth.
The discussion also applies to (8.11), and shows that

i L
foz P, P}Apo(dp) = 27T/Amp1(0) LT E
(8.16)

We conclude that A = Ag is a critical point for the functional A — I(A,p) iff for
p =p|,, we have on A:

(0)),—L(At,p) = 27r/

Anp=1(0)

p(p) =0={p,p} =0. (8.17)

Combining (8.1) and the earlier discussion with (5.18) and the subsequent remark, we
get

021(Ap) = 2n [ (00f2) 5 10, PP poldp).

Hy i Fdpoldp) + 27
AyNp—1(0)

A¢np=1(0)

If we extend the definition of I(A¢, p) to complex ¢ by almost holomorphic extension
of the flow k¢, a simpler and more direct computation shows that

0;0¢I(Ay,p) = z/ HpyfeHp ftApo(dp), for t real. (8.18)
Aenp=1(0)
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In this last identity, we let 0; and Jd; denote holomorphic and antiholomorphic deriva-
tives.

Let A be critical for I(-,p) in the sense that we have (8.17). We shall next see
that if n = 2 and if we make an infinitesimal change p +— p + dp, then there is
a corresponding infinitesimal change A — exp(iHss)(A) = A of A, such that A is
critical for I(-,p + dp):

THEOREM 8.2. Letn =2, let A be an IR-manifold and p a holomorphic function
as in section 4. Assume (H) and (8.17). Let q be holomorphic and O({(x,&))™), m <
—2n, in some tubular neighborhood of A and put p,(p) = p(p)+2q(p), z € neigh (0, R).
Then there exists f € Cg°(A; R) such that if A, = exp(zz’/f{\f)(A), is the corresponding
IR-deformation, we have

{p-,p.} = O(22) on pz'(0) N A..

Here the Poisson bracket is the one given by the symplectic form on A, .

In a forthcoming paper, we shall show, by using non-linear 9 equations, a stronger
version of the above result, namely that the O(z2) can be replaced by 0, for small
z. We think that the proof below has some independent interest and reveals some
intereresting structures. It is based on the use of second order elliptic operators rather
than O type operators.

In proving the theorem, it will be convenient to use the terminology of infinites-
imal variations dp = zq, z — 0, and §f = zf, z — 0, so that our calculations will be
modulo errors O(z2).

From (8.17) and (H), we see that

for some smooth function a which is uniquely determined on ¥ (and where the Poisson
bracket is the one of the symplectic manifold A). For a general infinitesimal change

op, of p, we get

{p+0p,p+ op} = ap — ap+ {op. P} + {p, 0D} = (8.20)
a(p+6p) —a(p+6p) + (Hp + a)(dp) — (Hp +a)(dp),

so (on A)
{p+dp.p+dp} = (Hp + a)(6p) — (Hp +@)(dp) on (p + dp)~1(0). (8.21)
If we apply an infinitesimal change A — A= expiHs¢(A), we get
(p+0p)x ~p+dp+iHst(p), = (p+0p—iHy(3f)),,
so we get

{P 4000+ 0P} 13 sy -1 (0) = (8.22)

{p+3dp—iHp(0f),p+ op— in(df)}‘Aﬂ(p—‘—(sp—in(éf))fl(()) =
(Hp + a)(0p + iHpd f) — (Hp + @) (6p — iHpd f),
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where we used (8.21) with a new infinitesimal change in the last step. Since the
last expression is already infinitely small, we can ignore the effect of the infinitesimal
displacement of the zero set of p and consider that it is given on p—1(0). To have it
equal to 0 amounts to solving on p~1(0) the equation

i((Hp + a)Hp + (Hp + @) Hy)o f = —(Hy + a)dp + (Hp + a@)dp,
or in other terms
Re (Hp + a)Hpd f = —Im (Hp + a)0p on p~1(0) N A. (8.23)
Here (Hp+a)Hy is an elliptic second order operator on the leaves of the bicharacteristic

foliation of ¥ = p=1(0) N A, so when n = 2, it is an elliptic operator on 3. Let us
notice that it is real on X:

2¢Im (Hp + a)HI_) = (Hp + Q)Hﬁ — (HI_) + E)Hp = [Hp, HI_)} — (EHP — aHI—,) = O,

where in the last step we used (8.19) and the fact that [Hy, Hp] = Hy, 5. Since §f is
real the problem (8.23) reduces to

—(Hp + a)Hyp(6f) = Im (Hp + a)dp on X. (8.24)

LEMMA 8.3. For every smooth function u on % and every component I' of ¥, we
have

/(Hp + a)up,o(dp) = 0. (8.25)
r
In particular, if we replace u by a product uv, we see that

(Hp + a)* = —Hyp, (8.26)

where the star indicates that we take the complex adjoint in L2(T'; \p0(dp)).

Proof. We compute the Lie derivative Lg,(Ap,0): First we recall that Lx,0 = 0
and hence Lg,0™ = 0. Secondly, at the points of X, we get

L, (dp A dp) = dp A\ d{p,p} = dp A (adp — adp) = —adp N dp.

Still at the points of ¥, we apply Lg, to the relation

) 1
)\p,o A\ Edp/\dﬁ: EO’”,

and get
0= ﬁHp(Ap,O)A%dpAdmAp,oA%LHp(dpAdp) = ,ch(Ap,O)A%dpAdﬁ—aAp,oA%dpAdp

It follows that
La,(Apo) = arpo. (8.27)
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To get (8.25), we write
0= [ Lu,whnodo) = [ (Hpwno +uliNso) = [ (Hy + audgoldp). O
r r r

The operator in the LHS of (8.24) can be written in different forms:
—(Hp + a)Hp = (Hp)*Hpy = Hjy Hp. (8.28)

Here the first equality follows from (26) and second one from the fact that the operator
is real. In particular, our operator is formally self-adjoint. If u € C>°(T"), where T" is
a component of ¥, and (Hj, + a)Hpu = 0, we get

||H5U||%2(F,/\p‘o) - ||HP“H%2(F,AP,0) =0,

So HReptt = Himpu = 0. This means that u is constant on every bicharacteristic leaf
and hence on the whole component I', since n = 2. Let us now check that the RHS
in (8.24) is orthogonal to C°(I') N Ker (—(H)p + a)Hp) also for general n: The latter
space is the complexification of its maximal subspace of real functions, and for such a
real function u, we get

(Im (H, + a)5p|u) = Im ((H, + a)p|u) = —Im (3| Hypu) = 0.

Returning to the case n = 2, our operator is elliptic and essentially self-adjoint. The
previous discussion implies that for every dp € C°°(I'), the equation (8.24) has a
solution §f € C'>°(T"), which is unique up to a constant. Theorem 8.2 follows. O

Let p, be as in Theorem 8.2, now with z € neigh (0,C) and assume that p, is
holomorphic in z. We want to choose z; — f;,j = 1,2, so that with z = 21 + 422, A,
is critical for I(-,p.), where Ay = expi(wiHy, +w2Hy,)(Ag), and where f; are real
and smooth on Ag and the Hamilton flow is defined to infinite order at Ag x {w = 0}.
We will only consider the infinitesimal solution of the problem, that we obtain from
(8.24), so that for z = w = 0:

Op 1 _. Op
ORe z Z(Hp—’_a)aRez’

~(Hy + 0) Hzfy = o (Hy + )

dp 1 _. Op
olmz Z(Hp+a)81mz'

~(Hy + a)Hyfo = 5-(Hy + 0)

Equivalently we have for z = w = 0:

0
~(Hy + a)Hpfu = - (Hp + 3)(30), (329)
Jp
~(Hy + ) Hip o = - (Hy + a) (50),

where f, = %(fl + %fg). We then know that for the function I(Ay,p2),

V.(VoI)(As,ps)) =0, at 2 = 0, (8.30)
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or equivalently that
(V24 V)Vl (Aw,p:) =0, at z=w =0,
which can be expanded in terms of holomorphic and antiholomorphic derivatives as:

(020w + 02)I =0, (020w + Ouwiz)I = (8.31)
(020 + O0)I = 0, (8—6—4—82)[—0 for 2 = w = 0.

From these relations we see that 9,051 = 0z0,,1 is real (at z = w = 0) and that:

aéaz(I(Azmpz)) = (82 + aﬁ)(az + 8w)I(Awapz) = afazI(Aunpz) - aﬁawI(Aw;pz)'
(8.32)
Since

we have for z = w = 0:

(e ) (Aupe) = 7 (G T2 (1) + (o P Ta(w2),

. ) I(A(w1,0)7p0)7 =1
Ij (wj) B { I(A(O,wg)apo)v =2.

In the definition of I;(w;) we can let w; be complex and we notice that to infinite
order at w; = 0, we have I;(w;) = I;(Rew; ). Hence for w; =0, z = 0:

0 0 0
(G 2111 = (e + (G )?) I (wn)
o 0 T _
4——]1(11)1) =4— / pralfl)\p,o(dp),
2 Jp=1(0)

aU)1 8w1

where we abused the notation since aiwlv % in the third member denote holomorphic
and antiholomorphic derivatives, and where we used (8.18) in the last step. The same
calculation is valid for j = 2, and we get for z = w = 0:

2

2
T Iy NN
= 5;/})1(0) Hy fiHp fidpo(dp) = 5 /p1(0)((Hp"‘a)prJ)fJ)‘p,O(dP)'

j=1

Here we used again that the adjoint of H) for Ao is —(Hp + @). Now recall that
(Hp + a)H, is a real selfadjoint operator, to get

2

s D) Aoldp) =4 [ (@) fuTodvaldp),
.

and

Oz0u] = —27T/

o D Toaldp) =27 [y T FuAsode)

p~1(0)
(8.33)
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Since (Hp+a)Hp is a real operator, the first equation in (8.29), can also be written
_ 1
(Hp +a)(Hpfuw — Zazp) =0. (8.34)

Here the orthogonal of the image of H,, is the kernel of —Hj = (Hp + @), so (8.34)
says that
1

Hp(fu) = 11(5;0:p), (8.35)

where II is the orthogonal projection onto the image of H,. Then (8.33) becomes

Ol = © / 110, p[27,.0(dp). (8.36)
p~1(0)

Using this and (8.15) in (8.32), we finally get for z = 0:

™ ™
00.(10ep)) = 5 [ fpPa(d) = G [ [0pRA(de). (837
p=1(0) p~1(0)

which can also be written

™

90.(1(0ep) = 5 [ 101001 0(dp). (3.39)

This formula gives some possible indication about the distribution of zeros of
det p¥ (z, hDy).

9. The case when p,, is of principal type. Let Ag be an IR-manifold and p
holomorphic as in section 4. Write pg = pa,. Assume,

po(p) = 0= dpo(p) # 0. (9.1)

Let po € py'(0). We can find local symplectic coordinates (z,£) on neigh (po, Ao),
centered at po, such that with « = (2/,2,), & = (&,&):

Po = Q(x7 §)(§n + iT(.%', 5/))7 (92)

with ¢, r smooth, ¢(0) # 0, r real valued with (0) = 0. We want to study

(dal(Ao,p)”,A) = / (g o df ) u(dp) = — / (dargpo, Hp)p(dp),  (93)

with the integrals over Ag, where we recall that d arg po, Harg p, extend from Ao\py 1 (0)
to L1 functions on Ag. Here df is the generator of the infinitesimal deformation dA of
Ao. We restrict the attention to f € C§°(neigh (po, Ao); R), so that (9.2) is applicable
with a non-vanishing ¢. Since

/ (darg g, Hy)u(dp) = 0,
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we get

CArT(h0.p)" 08) = [{Huwgpy df)ldp) =~ [(dasgpr, Hputdp), (0

where p1 = &, + ir(z,£’). We can view (9.4) as the limit when e — 0 of

(daJe(Ao,p1),0A) = Rei/A0 #Hﬁh n(dp) (9.5)
- —Rez‘/AU L ) = R/A Hyu () tdp)
~hei | 0 o (), (1) ().
Since r is independent of &,, we see that
H,,p1 = Hy,'pr, (9.6)

where H,S?) denotes the (0,0, ) component of Hy,, , i.e. the Hamilton field of pi,
in the variables (zp,&,) with (2/,&) as parameters. We can insert this in the last

expression of (9.5) and run the computation there backwards with Hzg?), H J(cn) instead
of Hp,, Hy, to get

, P1 (n)
drJe(Ao,p), 0A) = — H; d .
(AT (h0,p).68) = Rei [ —PL 1y (dp). 0.7

Here we can integrate first in (zn,&,) and then in (2/,¢’). The earlier discussion then
applies to the (zy,&,) integral, making use of the fact that d(™argp: := d(,, ¢,)arg py
is uniformly in L1, when (a/,&’) varies. (Cf the remark on parameter dependence
giving the last part of Proposition 4.4, where ¢ can be replaced by (z7,¢’).) We get

("daI(Aosp)”, OA) = / (HS 0 d fyu(dp) = — / (d™arg pr, HYu(dp),  (9.8)

where we recall that in view of the uniform boundedness of d(™argp; in L1, we have

Rez'// #H}")pl dznd&n — //<H§?§p17d(n)f>dxnd§n7 €— 0, (9.9)

uniformly in (a7, &’), since the LHS in (9.9) is equal to

- / / %(d(")argm,H}")>dxnd£n. (9.10)

Now recall that the LHS of (9.9) is also equal to

// opt P1P1 + 62){p1,p1}f dondin = (9.11)

€2

Re // WZ{Pl,Z?_l}fdendfn = 2// (62 —|—§% n T(l‘,f’)2)2 (3znr)f dl’ndgn
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As we already know in arbitrary dimension the limit only depends on the behaviour
of f near the points (zn,&n) = (n,0), with r(z,£’) = 0.
Assume for some fixed (2/,¢’), that

The zeros of z,, — r(z,&’) are all of finite order. (9.12)

Assume that z,, = 0 (say) is a zero of order m and assume that supp,,, ¢, f is contained
in a small neighborhood of (0,0). We have

r = aRu(zy,), u(0) #0, (9.13)

and consider 4 different cases.

1) m is odd and u(0) > 0. Then r considered as a function of z,, is invertible near 0
and using that Oy, 7 dxy, = dr, the integral in (9.11) becomes

// €2+ 52 + y f(ril(y)7§n) dydfn - Wf(0,0) (914)

2) m is odd and u(0) < 0. Now the map r reverses the orientation and we get the
limit —x f(0,0).

3) m is even and u(0) > 0. The restrictions r+ to a neighborhood of 0 on the positive
and negative half axes respectively are now invertible and we can cut the integral into
two, which simplifies to

// >0 <62+§%2+y2>2<f (r3 (@), 6n) — FOr= (), 6n))dydén
— S(£(0,0) = £(0,0)) = 0.

4) m is even and u(0) < 0. We get a change of sign compared to the previous case,
and hence we still have the limit 0.

Summing up, we get

ProproOsITION 9.1.
(A) Assume for a given (x/,&'), that (9.12) holds and define the index ((xy) of a zero
Tn of r(a’,-, &) to be +1 if r changes sign from — to +, —1 if r changes sign from
+ to —, and to be 0 if we have no change of sign which happens precisely when m is
even. Then

T 7(2,8")=0

(9.15)
(B) Assume that (9.12) holds for almost all (x',&'). Then

("dpI(Ao,p)", 6A) = 27 // (S e fla€,0))datde. (9.16)

T r(z,€)=0

It is easy to construct an example of a pg of the form (9.2) which does not satisfy
(9.12), such that r has infinitely many zeros in z, and for which ("daI(Ao,p)”,0A) is
a distribution of order 1, but not a Radon measure, acting on f.
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The codimension 2 case, i.e. the case when dpg, dpg are linearly independent at
every point of 1051(0)7 is equivalent to the case when r(z,£') = 0 = dr(z,£’) # 0, and
in this case (9.12) does hold for almost all (z/,&’). In this case we can get (9.16) more
directly from (8.16). Indeed, consider the situation locally and assume that po(po) = 0
and that

dRepg, dImpg are linearly independent at po. (9.17)

Choose local symplectic coordinates (z, &) centered at pog, so that

po = &n + ir(z, §). (9.18)
Notice that r is now allowed to depend on &,. Then by (9.17):
d(z.e1r(0) # 0. (9.19)
Let us first assume that
{Repo, Impo}(po) # 0, (9.20)

or equivalently that 9, 7(0) # 0. Then near po, the surface p; 1(0) is given by &, = 0,
r(x,£,0) = 0 and can be parametrized by x, = z,(2/,£’). The Liouville measure
becomes

L(d(a, ) = ZE (9.21)

and hence (8.16) becomes

(dal(Mo),6A) = 27 / / F(ar an(at, €0), €, 0)ud(a, €7)),

where

Oz, 7

n= {Repo,ImPO}L(d(xlaf/)) = |8 T|

da'd¢’ = sgn (Op, r)da’dE’. (9.22)

Recall from Lemma 8.1, that this density is also given by

1 O-n—l
(n—1)! Ipy t(0)

with a suitable choice of orientation on py*(0). Since &, = 0 on py'(0), we see that
even when (9.20) is not fulfilled (but still under the assumption (9.17)), the absolute
value of the density appearing in (8.16) is bounded by

da'dg] . (9.23)

~1(0)Ng; " (0)

We already know that this density vanishes precisely when 0., r = 0, and those points
are precisely the ones where the projection

r=10) N & H(0) 3 (2,€) — (a,&) € R2(n—1)

is not a local diffeomorphism. The Lebesgue measure on 7—1(0) N &, '(0) is locally
equivalent to the Liouville measure L, given by (9.21), and by (9.22), we have

\u| = |0, 7| L. (9.24)
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We conclude that

/ ul(d(z,¢')) = 0, € =0, (9.25)
{(@.&",0)€r=" (0)Nneigh (0., r|<e)

and this means that the points in pal(O)7 where 0, 7(x,&’,0) = 0 can be neglected in

the (local) formula for (daI(Ao,p),dA). Further, by Sard’s theorem (here in an easy
case), the set

{(2’,¢") € neigh (0, R2(»=1)); Jz,, € neigh (0, R), r(z,£&,0) =0, y, r(z,¢,0) = 0}
(9.26)
is of Lebesgue measure zero.
Summing up, under the assumption (9.17), and for f € C§°(neigh (po, Ao)), we
have, using the coordiates in (9.18):

(@n(ap).o0) =2r [[dvdg S merf@e0.  020)

Ty r(x,6,0)=0
where ¢(z, &) = sgn 0y, r(x,£,0), if Oz, r(x,£,0) # 0 and ¢(x, &) = 0 otherwise. Here
we use the fact that the set (9.26) is of measure 0. Notice that if (2/,£’) is not in that

set, and we enumerate the zeros x, = a%(2/,&’) of r(z,£’,0) in increasing order for j
in a subinterval of Z, then we may assume that sgnd,, r = (—1)7, and we get

|Z (@' 20, €0, €)' 20, €O = | DS ,€,0) = £, €1, 0)
S Csup|81nf(x 7ta§/70)|a
t

so we have a locally uniform bound on the RHS even when approaching the set (9.26)
where the number of zeros may tend to infinity. (The need to use |V f| looks a little
strange since we are working under assumptions that imply that our differential is a
Radon measure with respect to f.)

We next want to globalize the formula (9.27) and make the global assumptions

po(p) = 0= dRepo(p), dImpo(p) are independent, (9.28)
Repo(p) =0 = dRepo(p) # 0. (9.29)

If we choose local symplectic coordinates such that Repg = &,, then the Liouville
measure on (Repo)~1(0) is da’d{’dt where t = x, corresponds to the time of the
Hamilton flow of Repo. A contribution from a zero in (9.27): (2’ 23, &) f (2, 27, €, 0)
can be expressed as

1 . ,
2T /// —1 x’7x%,£/ f x/7xg“§/’0 dtdﬂ;’df’,
tel, g T(x', &) ( ) f( )

where I/ ¢ is some interval of length T'(a’,&’) > 0.

We shall use this without refering to (9.18) first in the case when the length of
the time interval is fixed and then for a special choice of variable length. First in the
case of a fixed length we have

(dpI(Ao,p),dA) (0.30)
- §—§ Z L(P(p)) f(Pe(p)) ARepo=0(dp),

(Repo) =1 (0) 4] 1, 7[; Tm po (@4 (p)) =0
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where ®;(p) = exptHRep,(p); ARepo=0 is the Liouville measure on (Repg)~1(0) and
t(p) is equal to £1 if £Im po(Ps(p)) has a simple zero at s = 0 with a change of sign
from — to + and is 0 otherwise. Notice that for p € (Repo)—1(0) away from some set
of measure 0, all the zeros of R 3 ¢t — Im po(P+(p)) are simple.

LEMMA 9.2. The set of points p € (Repo)~1(0), such that Im po(P+(p)) is < 0
for some t € R and > 0 for all sufficiently large positive t, is of measure 0.

Proof. Let © be the set in question, so that €2 is a union of non-closed trajectories.
Let
Qr ={p € Q; ITmpo(P+(p)) >0, for t > 0}.
Then
Q)a t— +OO,
Q, t— —00

#(0:) ~ {
so by the dominated convergence theorem,

0, t — +o0,
)\Re;Do:O((I)t(Q-F)) - {)\RCPO—O(Q)a t — —00.
But ®; is measure preserving so Are po=0(®:(2+)) is independent of ¢ and we conclude
that Arepo=0(2) = 0. O

We have 4 variants of the lemma since we may replace Impg by —Impg and ¢ by
—t. It follows that for p outside some set of Liouville measure 0, we are in one of the
following three cases:

1) Im po(®+(p)) > 0 for all t € R,
2) Im po(P+(p)) <0 for all t € R,

3) t — Im po(P+(p)) has infinitely many changes of sign both when ¢ — 400 and when
t — —oo. Moreover each zero is simple.

Here the last sentence in 3) could be added because of the observation prior to
Lemma 9.2.

Define a function F on (Repg)—1(0) in the following way: Put F(p) = 0 in the
cases 1) or 2) above or if ¢ — Impo(®.(p)) has at least one zero which is not simple.

In case 3) let ¢(p) < 0 < s(p) be the zeros of Im po(P;(p)) which are closest to 0

in the sense that Im po(P¢(p)) # 0 for t(p) < t < s(p). If Impo(q).(p))ut(p) )l > 0,
we put F'(p) = 0 and in the opposite case we put
1
F(p) = ———(f(Ps(p) — f(® p 9.31
0= 557 =057 @)~ T @i (2) (931)
L [ e @)
=— Hgepo f)(®e(p))dt.
s(p) —t(p) Jup) bo
Alternatively we could take _
F(p) = Hrepo (f)(p) (9.32)
in the last case and F(p) = F(p) = 0 in the other cases.
With this choice of F' or with F replaced by F, we have
(dnI (Ao, p), dA) = 27 / F(p) Are poo(dp). (9.33)
(Repo)~1(0)
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Before continuing the main discussion, we need an auxiliary result:

LEMMA 9.3. Let M be a compact smooth manifold and let v be a smooth non-
vanishing vector field on M. If fo € C<(M;R), then we can find f € C>°(M;R)
arbitrarily close to fo in the C> topology, such that

v(f)(z) = 0= d(v(f))(z) #0, (9-34)

for every x € M.

Proof. We can cover M by finitely many open sets €2;, j = 1,.., N such that for
each j there is a real function g; € C°° (M) with vg; = 1in Q;. Consider fi = fo—e1g1.
In Q1 we have v(f1) = v(fo) — €1, and we can choose €; arbitrarily small, so that e is
not a critical value of v(fy) on Q1. Then there exists §; > 0, such that

IV(vf)l + [vfi] = 61 (9.35)

in Q1. Define fo = fi — e2g2, so that v(f2) = v(f1) — e2 in Q2. We choose €2 very
small and not equal to any critical value of v(f1) on Q2. Then (9.35) holds in ; after
replacing (f1,01) by (f2,01/2) and there is some d2 > 0 such that

[V(vfa)| + [vfa] = 62, (9.36)

on Q1 UQs. Continuing this procedure we get the Lemma after N steps. O

We next consider the case when pg is of real principal type. Let Ay be an IR
manifold and p a holomorphic function as in section 4. Let pg = pa,. We now assume

po is real-valued. (9.37)

dpo # 0 on py ' (0), (9.38)

and that py'(0) # 0. Let neigh (0,R) > ¢ ~— A be a smooth deformation of IR
manifolds as in section 4, with Ay=g = Ag. Let f; € Cb"o(At;R) be a corresponding
smooth family of generators. Then (7.3), (7.4) are satisfied, so Theorem 7.1 applies
and shows that

I(A¢,p) > I(Ao,p) — OntV, (9.39)

for every N € N. Ag is therefore a critical manifold in a generalized sense and we
shall now see that the derivative of ¢ — I(A+,p) has a jump discontinuity at t = 0 if
fo is appropriately chosen.

Apply Lemma 9.3 with M = pal(O), v = Hp, and conclude that there exists
f = fo € C°(Ao; R) such that:

dHy, f),, # 0 whereever Hp,f = 0. (9.40)
From now on we will assume that fo has this property.
Identifying A; and Ao by means of the symplectic map ko : Ao — Ay of section

1, we can view p; as a function on Ag. By Taylor expansion, we get

pe(p) = po(p) +itHspo(p) + O(t2) in Cp°. (9.41)
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Hence 1
Rep: = po + O(2), EImpt =—Hp, f+ O(1). (9.42)
For t # 0, we put
¥ = {p € Ao; pe(p) = 0}, (9.43)
and for t = 0:
Yo = {p € Ao; po(p) =0, Hp, f(p) = 0}. (9.44)

From (9.40,42) it follows that X;, 3¢ are smooth compact submanifolds of Ay of
codimension 2, and that dist (29,%;) = O(t), in the natural sense. We notice that
¥ = p; 1(0), where p; := Rep; + iImPe for ¢ £ 0 and po = po — iHpyf. Then

7
Pt —Dpo = O(t) in Cp° and dRepy, dlmp; are linearly independent on ¥;. For ¢ # 0,

we have ]
1 _ ~ =
5 P, P} Api—o = (sgn ) {Pe. pe} Ap =0 (9.45)

on X;. Further
7; ~ _— ~ ~ o~ ~
§{pt7pt} = {Reps,Imp;} = {Repo,Impo} + O(t) = —Hp, f + O(t),

and we get for ¢ # 0 (cf. (8.16)):
0 (,p) = a2 [ g (i b o () (9.40)
= (sgnt)2m /Eo fO%{ﬁO;ﬁifO}/\ﬁO:O(dﬂ) +O(1).
From this and (9.39) we see that

[ RPp—
27 foi{m,po})\ﬁozo(d/’) > 0. (9.47)
Yo

The following proposition shows that most of the time we have strict inequality
and hence that 9.I(A¢,p) has a jump discontinuity at ¢ = 0. The proof also gives a
more direct explanation of (9.47).

PROPOSITION 9.4. Assume that there is a point po € Yo where %{1707%} =
—HZ f # 0. Then we have strict inequality in (9.47).

Proof. The expression (9.47) if formally equal to (daI(Ao,po),dA), with JA gen-
erated by fo. (This is only formal, since pp does not in general have a holomorphic
extension.) The discussion starting at (9.17) applies and we have (9.33) with F' defined
there with f equal to fo and with po replaced by po. The points p € py L(0) of type
3) are the ones for which ¢ — —(Hp, f)(®¢(p)) has only simple zeros, infinitely many
near both t = 400 and ¢ = —oo. The assumption in the proposition implies (and is
in fact equivalent to) the fact that the points of type 3) form a set of measure > 0.
Let p be point of type 3) for which F(p) maybe # 0 i.e. for which the closest zeros
t(p) < 0 < s(p) of Impo(P+(p)) = —(Hp, f)(Pe(p)) are such that —(Hg, f)(P+(p)) is
< 0fort =t(p) and > 0 for t = s(p). Then t = t(p), s(p) are subsequent local extrema
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of the function ¢ — f(®:(p)) which is strictly increasing between the two points. Con-
sequently f(®(,)(p)) — f(Pyp)(p)) > 0. We conclude that F(p) in (9.31) is > 0 with
strict inequality on a set of measure > 0. As already noticed,

[ —
2r [ fog B Tobm-olde) =27 [ | F(pDAneo(de) (9.48)
o Py (0)

and the proposition follows. O

At least in the case when f = fy extends to a bounded holomorphic function
in a tube and Ay = expiHf(Ag), there is a more general way of detecting a jump
discontinuity at t = 0 of 9:1(A+,p), when py *(0) contains a real hypersurface, even
without assuming that po is of principal type. This can be done by examining the
second derivative and the Levi form with respect to ¢, and we hope to develop this
point of view in some future work. Another possible approach would be to look for
jump discontinuities in d arg p; as a function of ¢.

10. Examples. We consider two simple examples with A fixed and with p de-
pending on a complex spectral parameter. Let Ag and p be as in section 4, and assume
that p = p(z) depends holomorphically on z €  where 2 CC C is open. Recall that

I80,p(:)) = 5 [ og(p(2pEnldp)

Ao
Using (8.3), we get

@8;(% log(p(p, 2)p(p, 2))) = m(p(p, 2))9=p(p, 2))0:p(p, 2), (10.1)

near simple zeros of z — p(p, z). We want to discuss the special case when p(p, z) =
p(p) — z, with p(p) as in section 4, but since this symbol tends to 1 — z rather than 1
when p — oo, we need to consider a modified symbol, corresponding to the estimate
of a relative determinant. Let p(p) € S(A, 1) with

p(p) —b(p) = O((p)™), m < —2n. (10.2)
Assume that Q CC C\ {1} and that
p(p) 9, p € Ao. (10.3)

Consider
p—=z

1) = 1080, 2=2) = 5 [ (log((p— 5o —2) ~ log((F — 25— 2)udp). (10.9
Ao

for z € Q. Then,
0.0:1() = [ 50(p) - 2)utdp). (10.5

This means that if ¢ € C§°(£2), then

/Z¢@xax%uz»L@k)=7r S(p(0))(dp). (10.6)

Ao
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In other words 0,0zI(z) can be described in  as the direct image under p of the
symplectic volume on Ag:
0.0=1(2) = mp. (1), (10.7)

If we assume that pg = pa, is real-valued and that @ N R C] — 00, 0], then the
measure 0,0z1(z) on € is supported in Q N R, and is given there by the Stieltjes
measure 7dV (E), with

v - [ o), (10.8)

For our second example, we drop the assumption that po = pa, be real and assume
instead that 2 is a small neighborhood of 0 in C, that p, 1(0) consists of precisely one
point po and that |po(p)| ~ dist (p, po)2, for p € neigh (po, Ao). Let v = po«(p), so
that 0,0:1(z) = mv. We observe that v(D(0,7)) ~ rm.

Let p be a second holomorphic function with the same properties and the same
point pp, and assume that

po(p) — po(p) = O(dist (p, po)?No), (10.9)

for some No > 1. (Actually the discussion is valid with a comparison function py €
Cp°(Ao) which does not necessarily have a holomorphic extension p.) Let V =V, C
C\ {0} with V € D(0,7), 0 < r < 1. If z = po(p) € V for some p € Ag, then
dist (p, po) = O(r1/2) and it follows that po(p) € V + D(0,CrNo). Consequently,

v(V) <v(V + D(0,Crive)), (10.10)
where U = Do «(u). The preceding argument is symmetric in p, p, so we also have

(V) <v(V + D(0,CrNo)). (10.11)
The last two estimates express that 9.051(z) and 8.951(z) (where I(2) is defined as
in (10.4), with p replacing p) are close to each other near z = 0.

The last example is motivated by the study of resonances for the semi-classical
Schrodinger operator that are generated by a non-degenerate critical point of the
potential, and we refer to [HeSj], [Sj3], [BrCoDu] for more details. After a suitable
complex scaling or application of the theory of [HeSj], we can reduce the study of
resonances of a Schrodinger operator —h2A 4 V(z) in R” in a neighborhood of 0
(say), to that of the zeros of a relative determinant det(P — z)(P — z)~!, where P
is a realization of —h2A + V' in a suitable space that is associated to an IR-manifold
Ao and with principal symbol p, and P is a Schrodinger operator with a potential V'
such that V —V is sufficiently short range and such that P has no resonances in some
neighborhood of 0. (Actually, the property p(p) — 1, p — oo, must be replaced by a
more general ellipticity property, but that does not affect the validity of the discussion
above.) Then as we saw in section 3, though we now have to appeal to the [HeSj]
theory which is similar but slightly heavier than the one we explained in that section,
we obtain

log | det((P — 2)(P — 2)~1)| < (2xh)—"(I(2) + o(1)), h — 0. (10.12)

The symbol p may be obtained by using a quadratic approximation of V' at the critical
point and then we can take No = 3/2, or it can be obtained by using a (more elaborate)
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Birkhoff normal form in which case we may have larger values of Ny sometimes even
Ny = +o0.

As a special case, we may take n = 2, and assume that for some local smooth
symplectic coordinates (z, &), centered at pg, we have

. 1 1
polp) = f(5(& + 1), 5(&5 + a3)),
near po with f € C'>°(neigh (0, C)) with

fe1,02) = paer —ipats + O(2),

with p1, p2 > 0. Then near 0: ¥ = 27 f. L, where L is the Lebesgue measure on the
4th quadrant in R2.
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