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DIRICHLET PROBLEMS FOR A NONSTATIONARY

LINEARIZED SYSTEM OF NAVIER-STOKES

EQUATIONS IN NON-CYLINDRICAL DOMAINS∗

Steve Hofmann† and Kaj Nyström‡

Abstract. In this paper we consider the solvability of L2-boundary value problems for a non-
stationary linearized system of Navier-Stokes in the time-varying cylinders of Hofmann and Lewis

[19], i.e., we consider the problem

∂~u

∂t
= ∆~u −∇p in Ω

div~u = 0 in Ω

in a class of time-varying, infinite cylinders

Ω = {(x0, x, t) ∈ R × R
n−1 × R : x0 > A(x, t)},

with Dirichlet and Neumann type boundary conditions.

0. Introduction. Let D ⊂ R
n be an open set. The Navier-Stokes equations is a

n+1 by n+1 system of equations for the unknowns u1(x, t), ..., un(x, t) representing a
velocity vector and p(x, t) representing specific pressure. The variables (x, t) ∈ D×R

1
+

represent position and time. The equations are,

(1)
∂~u

∂t
− υ∆~u+ ~u · ∇~u+ ∇p = ~F ,

(2) div~u = 0.

The coefficient υ > 0 is called the kinematic viscosity coefficient and ~F (x, t) is the
specific body force. The equations are supplemented with boundary conditions and
in the initial boundary value problem ~u(x, t) is assumed to be known for t = 0. For
the fundamentals on the Navier-Stokes equation we refer the reader to the book of
Constantin-Foias [6]. It is of interest to study linearized versions of the equation in
(1). In this paper we consider a nonstationary linearized version of the Navier-Stokes
equations and we are interested in solvability of this system using the relevant single
and double layer potentials. To be precise we consider,

∂~u

∂t
= ∆~u−∇p in Ω

div~u = 0 in Ω,
(∗)

with L2-boundary data and the main novelty is that we consider this problem in a
class of nonsmooth time-varying domains Ω. It is a well known principle in the study
of nonstationary nonlinear partial differential equations that a careful study of an
associated linear problem quite often yields information for the nonlinear problem at
least for some time interval [0, T0). This is also true in the case of Navier-Stokes
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equations, see [12] where the Navier-Stokes equations are studied in smooth time-
independent cylinders and where the solvability of the system in (∗) plays an important
role. The stationary version of the system in (∗) is often referred to as the Stokes
system. In recent years solvability and regularity results for the Stokes system have
been established in as non smooth domains as Lipschitz, see [10][14][31]. These results
have also proven useful in the study of long-time behaviour of solutions to initial
boundary value problems for the Navier-Stokes equations in infinite time-independent
Lipschitz cylinders, see [11][3].

The nonstationary linearized system of Navier-Stokes, i.e. the system in (∗) was
studied by Shen [32] in time-independent Lipschitz cylinders and this paper general-
izes to a certain extent the results of Shen to the setting of nonsmooth time-dependent
cylinders. This should not be misunderstood in the sense that this is not a straight-
forward generalization.

Before proceeding we would shortly like to describe some of the development of
partial differential equations in as nonsmooth domains as Lipschitz in order to put
our paper in perspective. In fact, in the last 20 years there has been a considerable
amount of activity in the study of boundary value problems in Lipschitz domains with
Lp boundary data. For the Laplace operator the Dirichlet and Neumann problems
are well understood (see [24][30]). The initial Dirichlet and Neumann problems for
the heat operator in nonsmooth time-independent cylinders have also been analyzed
in depth (see [1][2]). Also, as mentioned above in case of the Stokes system, the
theory of systems has reached a considerable level of maturity. In [10] and [14] L2-
solvability for boundary value problems in Lipschitz domains for the Stokes system
and the systems of elastostatics are considered. Parabolic versions of these results are
proved in [32]. There are furthermore several other important contributions to the
study of linear systems of partial differential equations on domains as nonsmooth as
Lipschitz, see e.g. [9][17].

In [19] Hofmann and Lewis were able to find the optimal condition on a time-
varying cylinder in order to garantee the solvability of L2-boundary value problems for
the heat operator in the time-varying cylinder. In [20], [21] these problems are studing
in the setting of Lp-boundary data. This is an impressive achievement and concludes
a development to which several researchers have contributed (see [18][19][22][25][26]).
In [27] Nyström studied the solvability of L2-boundary value problems for the so called
parabolic Lamé system in the time-varying cylinders of Hofmann and Lewis.

In order to formulate the results of this paper we have to introduce some notation
and give a description of our time-varying cylinders.
Our geometric set up is graph domains of the form

Ω = {(x0, x, t) ∈ R × R
n−1 × R : x0 > A(x, t)}

where n ≥ 2. We have to impose restrictions on A(x, t) and in order to do so we need
to introduce some parabolic concepts.
Let z = (x, t) ∈ R

n−1 × R and we let ‖z‖ denote the parabolic norm of z. Note that
‖(δx, δ2t)‖ = δ‖(x, t)‖. Recall that parabolic BMO is the space of locally integrable
functions modulo constants satisfying

‖b‖∗ := sup
B

1

|B|

∫

B

|b(z) −mBb|dz <∞
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where z = (x, t) and B denotes the parabolic ball

B = Br(z0) = {z ∈ R
n : ‖z − z0‖ < r}

mBb =
1

|B|

∫

B

b(z)dz

|B| = |Br(z0)| = c(n)rd where d = n+ 1.

Let ∧,∨ be the Fourier and the inverse Fourier transform on R
n, and let ξ, τ denote

the phase variables. Following Fabes-Riviere[15] we define a parabolic half-order time
derivative by

DnA(x, t) :=

(

τ

‖(ξ, τ)‖
Â(ξ, τ)

)∨

(x, t).

Define

‖A‖comm = ‖∇xA‖∞ + ‖DnA‖∗

where

∇x =

(

∂

∂x1
, . . . ,

∂

∂xn−1

)

,

and ‖∇xA‖∞ := supt ‖∇xA(·, t)‖∞. The basic geometric restriction we impose on our
domains is that

‖A‖comm = ‖∇xA‖∞ + ‖DnA‖∗ <∞.

The main reasons why we consider domains defined by a function A(x, t) satisfying
such a smoothness condition are the results of S. Hofmann[18] on singular integrals
on these domains and Hofmann-Lewis[19] results on boundary value problems for the
heat equation in these domains. In fact, as explained in [18, p.213] the notation
‖A‖comm reflects the fact that this quantity is equivalent to the operator norm of the

first commutator [
√

∆ − ∂/∂t,A]. Since this commutator is the parabolic analogue
of the first Calderon commutator, the present condition is, at least from the point of
singular integrals the appropriate parabolic analogue of the Lipschitz domains which
have been considered in the elliptic theory. In particular, one can not expect to relax
the condition on A to Lip1/2 in the time variable [22]. We define a surface measure
on ∂Ω as dσtdt, where dσt is the naturally defined surface measure on the Lipschitz
graph ∂Ωt, Ωt =

{

(x0, x, t) ∈ R × R
n−1 × {t};x0 > A(x, t)

}

. The unit outer normal

to Ωt is denoted by Nt = (N0
t , ..., N

n−1
t ).

We define Lp(∂Ω) to be Lp-spaces w.r.t. the measure dσtdt and following Fabes and
Jodeit[13] we define a parabolic Sobolev space in the following way. Let π : ∂Ω → R

n

be the projection π
(

A(x, t), x, t
)

= (x, t) and set f̃ = f ◦ π−1. Lp
1,1/2(∂Ω) consists

of equivalence classes of functions f with distributional derivatives in x satisfying
‖f‖Lp

1,1/2
(∂Ω) <∞, where

‖f‖Lp
1,1/2

(∂Ω) := ‖f̃‖Lp
1,1/2

(Rn) := ‖Df̃‖p.

Here,

(Df̃)∧(ξ, τ) := ‖(ξ, τ)‖
ˆ̃
f(ξ, τ)
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i.e.

f̃ = D
−1φ, φ ∈ Lp(Rn),

where D
−1 is a parabolic Riesz potential. If p = 2 we have, by applying Plancherel’s

theorem, that

‖Df̃‖2 ≈ ‖Dt
1/2f̃‖2 + ‖∇xf̃‖2.

Here Dt
1/2 denotes the one-dimensional one half fractional derivative of f in the time

variable.
Recall that for 0 < α ≤ 2 and g ∈ C∞

0 (R) the fractional differentiation operators Dα

are defined by

(Dαg)
∧(τ) := |τ |αĝ(τ).

It is well-known that if 0 < α < 1 then

Dαg(s) = c

∫

R

g(s) − g(τ)

|s− τ |1+α
dτ,

whenever s ∈ R. Iα = cD−1
α , where Iα(s) = |s|α−1 for s ∈ R is the one-dimensional

Riesz transform of order α and c is a universal constant. If h ∈ C∞
0 (Rn) then by

Dt
αh : R

n → R we will mean Dαh(x, ·) defined a.e. for each x ∈ R
n−1. In [19] it is

proved that

‖A‖comm := ‖∇xA‖∞ + ‖DnA‖∗ ≈ ‖∇xA‖∞ + ‖Dt
1/2A‖∗

and that given ε > 0, 0 < ε < 1 and γ, 0 < γ <∞ there exists δ = δ(ε, γ) > 0 s.t.
if ‖∇xA‖∞ ≤ γ <∞ then

min
{

‖Dt
1/2A‖∗, ‖DnA‖∗

}

≤ δ ⇒ max
{

‖Dt
1/2A‖∗, ‖DnA‖∗

}

≤ ε.

I.e. the smallness of ‖DnA‖∗ could equivalently be stated as a smallness condition on
‖Dt

1/2A‖∗.

One may also prove that ‖A‖comm ≤ β < ∞ implies that A(x, t) is parabolically
Lipschitz in the following sense,

|A(x, t) −A(y, s)| ≤ β(|x− y| + |t− s|1/2) x, y ∈ R
n t, s ∈ R.

As mentioned above we are interested in solvability of the system in (∗) using the
relevant single and double layer potentials. As our cylinders are non smooth we can not
expect to use the Fredholm theory of compact operators to prove invertibility of the
boundary operators that naturally appear. Instead we follow the by now ”standard”
approach on domains of Lipschitz type as laid out in Verchota[30]. I.e using the
relevant Rellich-type equalities we try to relate the L2-norm of conormal derivatives
of our singular layer potential to a L2-regularity norm on the boundary. In this paper
we do carry out all the necessary steps in order to prove the relevant Rellich-type
inequalities for the system in (∗) on smooth approximating domains Ωǫ defined below.
The constants of our inequalities are independent of ǫ. As the reader will notice this
is a nontrivial task in the case of our nonsmooth time-dependent domains. Equipped
with these inequalities we then approach questions of invertibility and existence for the
Dirichlet-, Neumann-, and regularity-type problems on the approximating domains Ωǫ

and on the limiting domain Ω = Ω0.
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Let P (z) ∈ C∞
0 (Rn). We furthermore assume that P (z) is a non-negative function

and that
∫

Rn P (z)dz = 1. I.e. we assume that P (z) is a parabolic approximate identity.
Let d = n+ 1 and define

Pλ(z) = λ−dP (λ−αz) = λ−dP (
x

λ
,
t

λ2
).

For a locally integrabel function f we let Pλf(z) be the naturally defined convolution
operator. The “parabolic” lifting ρ(λ, x, t) from R

n+1
+ = R+ × R

n−1 × R onto Ω =
{(x0, x, t) ∈ R × R

n−1 × R : x0 > A(x, t)} defined in the following way,

ρ(λ, x, t) = (λ+ PγλA(x, t), x, t) ρ(0, x, t) = (A(x, t), x, t),

plays, as described in Section 1, an important role in our paper. Let for ǫ > 0

Ωǫ = {(x0, x, t) ∈ R × R
n−1 × R : x0 > ǫ+ PγǫA(x, t)}

L2
N (∂Ωǫ) = {~f ∈ L2(∂Ωǫ) :

∫

∂Ωǫ
t

〈~f,Nt〉 dσ
ǫ
t = 0 for almost all t}

We define a regularity space on ∂Ωǫ in the following way,

R(∂Ωǫ) =

{

~g ∈ L2
1,1/2(∂Ωǫ) ∩ L2

N (∂Ωǫ), 〈
∂~g

∂t
,N ǫ

t 〉 ∈ L2(−∞,∞, [L2
1(∂Ωǫ

t)]
∗)

}

,

where [L2
1(∂Ωǫ

t)]
∗ is the dual space of L2

1(∂Ωǫ
t). For each t, L2

1(∂Ωǫ
t) consists of

functions with distributional derivatives in x satisfying ‖f‖L2
1(∂Ωǫ

t)
< ∞, where

‖f‖L2
1(∂Ωǫ

t)
= ‖∇xf̃‖2 and f̃ = f ◦ π−1, π(A(x, t), x, t) = (x, t). The norm of an

element ~g ∈ R(∂Ωǫ) is defined as

‖~g‖L2
1,1/2

(∂Ωǫ) +

[

∞
∫

−∞

‖〈
∂~g

∂t
,N ǫ

t 〉‖
2
[L2

1(∂Ωǫ
t)]

∗ dt

]1/2

.

For more details on this space we refer to Section 9. In Section 8 the relevant Rellich-
type inequalities containing the regularity norm of R(∂Ωǫ) are proved on ∂Ωǫ with
constants independent of ǫ provided ‖A‖comm ≤ β < ∞, ‖Dt

1/2A‖∗ ≤ ǫ0 < ∞ with

ǫ0 = ǫ0(‖∇xA‖∞) small enough. These inequalities enable us to prove solvability
for the regularity problem in ∂Ωǫ. One may then hope to use this result to study a
regularity problem in the nonsmooth cylinder Ω = Ω0 = {(x0, x, t) ∈ R × R

n−1 × R :
x0 > A(x, t)} by some approximation argument. To us this seems to be a delicate
and subtle point and we have decided to treat the issue separately in an other paper.
One resonable thing to do in order to handle the regularity problem is to make use of
the ordinary Dirichlet problem and in particular the double layer potential to extend
the data into the domain in a way adapted to the problem and then hope that the
restriction to ∂Ωǫ of the extension belongs to R(∂Ωǫ) and that the R(∂Ωǫ)-norm of
the restriction is bounded with a constant independent of ǫ. In the case of the system

in (∗) the relevant double layer potential of ~f ∈ L2(∂Ω) is defined in the following
way,

~v(X, t) = D~f(X, t) :=

t
∫

−∞

∫

∂Ωs

∂Γ

∂Ns(Q)
(X −Q, t− s)~f(Q, s) dσs(Q)ds
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−

∫

∂Ωt

Q−X

wn|X −Q|n
〈~f(Q, t), Nt(Q)〉 dσt(Q).

For more details we refer the reader to Section 2. What we want to point out is that

formally D~f solves the equation in (∗) with associated pressure given by

∂

∂t

∫

∂Ωt

1

wn|X −Q|n−2
〈~f(Q, t), Nt(Q)〉 dσt(Q),

i.e. the double layer is not a classical solution and weak solutions has to be defined.
The fact that one has to resort to weak solutions complicate matters both in the
Dirichlet problem and in the regularity problem in the nonsmooth time-dependent
cylinder and we have decided (as mentioned above) to return to the regularity problem
in an other paper. We feel that leaving that issue to a separate paper serves to
emphasize that our results are non trivial generalizations of the results of Shen [32].

We are now ready to formulate our theorems. Apart from these theorem many
other results are proved in the bulk of the paper. Let in the following the symbols
Ñ∗, Ñ∗,e refer to non tangential maximal function operators defined in the bulk of the
paper. The goal in case of the Dirichlet problem is to prove the following theorem,
Theorem A. For the definition of weak solutions we refer to Section 9.

Theorem A. (The Dirichlet problem) Let Ω = {(x0, x, t) ∈ R×R
n−1 ×R : x0 >

A(x, t)} where ‖A‖comm ≤ β < ∞ and ‖Dt
1/2A‖∗ ≤ ǫ0 < ∞. If ǫ0 = ǫ0(‖∇xA‖∞) is

small enough then the following is true. Given ~f ∈ L2
N (∂Ω) there exists a unique weak

solution ~u solving,

∂~u

∂t
= ∆~u−∇p in Ω,

div~u = 0 in Ω

~u = ~f a.e on ∂Ω,

‖Ñ∗,e(~u)‖2 <∞.

There furthermore exists ~g ∈ L2(∂Ω) such that ~u can be represented as a double layer
potential, ~u = D~g, and

‖Ñ∗,e(D~g)‖2 ≤ Cβ‖~f‖2.

In the following two theorems p is unique modulo a function just depending on
time and HDt

1/2 is the composition of the half time derivative operator described

above and the Hilbert transform in t. The following Neumann problem is treated.

Theorem B. (Neumann problem) Let Ω = {(x0, x, t) ∈ R × R
n−1 × R : x0 >

A(x, t)} where ‖A‖comm ≤ β < ∞ and ‖Dt
1/2A‖∗ ≤ ǫ0 < ∞. If ǫ0 = ǫ0(‖∇xA‖∞)

is small enough then the following is true. If ~f ∈ L2(∂Ω) then there exists a unique
solution (~u, p) to the problem,

∂~u

∂t
= ∆~u−∇p in Ω

div~u = 0 in Ω

∂~u

∂ν
= (∇~u)N − pN = ~f on ∂Ω
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‖Ñ∗(~u)‖2 + ‖Ñ∗(∇~u)‖2 + ‖Ñ∗,e(p)‖2 <∞.

Furthermore there exists ~g ∈ L2(∂Ω) such that ~u can be represented as a single layer
potential, ~u = S~g, and

‖Ñ∗(~u)‖2 + ‖Ñ∗(∇~u)‖2 + ‖Ñ∗(HD
t
1/2~u)‖2 + ‖Ñ∗,e(p)‖2 ≤ C‖~f‖2.

We have the following result on the regularity problem.

Theorem C. (Dirichlet regularity problem on the smooth approximating do-
mains) Let Ωǫ = {(x0, x, t) ∈ R × R

n−1 × R : x0 > ǫ+ PγǫA(x, t)} where ‖A‖comm ≤
β < ∞ and ‖Dt

1/2A‖∗ ≤ ǫ0 < ∞. If ǫ0 = ǫ0(‖∇xA‖∞) is small enough then the

following is true. If ~f ∈ R(∂Ωǫ) then there exists a unique solution (~u, p) to the
problem,

∂~u

∂t
= ∆~u−∇p in Ωǫ

div~u = 0 in Ωǫ

~u = ~f on ∂Ωǫ

‖Ñ∗(~u)‖2 + ‖Ñ∗(∇~u)‖2 + ‖Ñ∗,e(p)‖2 <∞.

Furthermore there exists ~g ∈ L2(∂Ωǫ) such that ~u can be represented as a single layer
potential, ~u = S~g, and a constant C independent of ǫ such that

‖Ñ∗(~u)‖2 + ‖Ñ∗(∇~u)‖2 + ‖Ñ∗(HD
t
1/2~u)‖2 + ‖Ñ∗,e(p)‖2 ≤ C‖~f‖R(∂Ωǫ).

The paper is divided into the following sections,

1. Carleson measures and maximal functions.
2. Layer potentials for a nonstationary linearized system Navier-Stokes equation.
3. Estimates of square functions.
4. Smallness of commutators and more Carleson measures.
5. Estimates of the L2-norms of certain fractional derivatives of the single layer po-
tential.
6. The estimate of a difficult term involving the pressure.
7. Estimates of the pressure.
8. Inequalities based on Rellich identities.
9. Invertibility of the single layer potential and existence results.
10. Proof of the uniqueness statements.

In Section 1 we introduce the relevant nontangential maximal functions. We also
state an important result which shows how the condition imposed on A(x, t) shows up
in the framework of Carleson measures. In Section 2 the relevant potentials for the
linearized system of Navier-Stokes equations are introduced. Mapping properties for
the potentials are deduced using the results of Hofmann [18] and traces to the boundary
of our potentials are considered. Some fundamental non tangential maximal function
estimates for our potentials are also proved. The main purpose of Section 3 is to
prove certain square function estimates for the single layer potential (Theorem 3.1).
The approach is via integration by parts in ”good” directions and estimates using
the Carleson measure descriptions of our geometry as outlined in Section 1. Section
4 contains certain technical estimates of commutators and Carleson measures. In
Section 5 we prove Theorem 5.1 which states estimates of fractional time derivatives
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of the single layer potential. This kind of estimates play an important role both
in the work of Shen[32], Hofmann-Lewis[19] and Nyström[27]. In [32] the estimates
are less complicated as the set up of [32] is time-independent cylinders. In our case
we try to redo the calculations of Shen [32] but as our domains are time-dependent
the nice cancellations used in [32] do not appear and we get complicated corrector
terms. The main focus is then to prove that these corrector terms are small if ‖DnA‖∗
is sufficently small. The main tools are partial integration, Carleson measures and
estimates of certain commutators. This is combined with the estimates derived in the
previous sections. In estimating the corrector terms just described one term turns
out to be particularly hard. This term contains the pressure and the main obstacle
is that the pressure does not behave well with respect to the parabolic nontangential
maximal function. Section 6 is devoted entirely to this term. Section 7 contains some
inequalities for the pressure and in Section 8 Rellich identities are explored. The
definition of weak solutions and the proof of invertability of our potentials can found
in Section 9. In that section the existence results of Theorem A, B and C are also
treated. The proof of invertibility of the singular layer potential follows, after some
additional arguments, from the inequalities proved in Section 8. In Section 10 we
prove the uniqueness part of Theorem A, B and C.

1. Carleson measures and maximal functions. Our geometric set up is, as
described in the intoduction, graph domains of the form

Ω = {(x0, x, t) ∈ R × R
n−1 × R : x0 > A(x, t)}

where n ≥ 2 and the basic geometric restriction we impose on our domains is that

‖A‖comm = ‖∇xA‖∞ + ‖DnA‖∗ <∞.

In the introduction we introducedDt
1/2, the one-dimensional one half fractional deriva-

tion operator in the time variable and we mentioned that the smallness of ‖DnA‖∗
could equivalently be stated as a smallness condition on ‖Dt

1/2A‖∗.

We also mentioned that ‖A‖comm ≤ β < ∞ implies that A(x, t) is parabolically
Lipschitz in the following sense,

|A(x, t) −A(y, s)| ≤ β(|x− y| + |t− s|1/2) x, y ∈ R
n t, s ∈ R.

In this section we will now state an important result which shows how the condition
imposed on A(x, t) shows up in the framework of Carleson measures.
Let P (z) ∈ C∞

0 (Rn). We furthermore assume that P (z) is a non-negative function and
that

∫

Rn P (z)dz = 1. I.e. we assume that P (z) is a parabolic approximate identity.
Let d = n+ 1 and define

Pλ(z) = λ−dP (λ−αz) = λ−dP (
x

λ
,
t

λ2
).

For a locally integrabel function f we introduce the convolution operator

Pλf(z) =

∫

Rn

Pλ(z − v)f(v)dv.

Following Dahlberg[7] and Hofmann-Lewis [19] we use a construction of Kenig-Stein to
define a “parabolic” lifting ρ(λ, x, t) from R

n+1
+ = R+×R

n−1×R onto Ω = {(x0, x, t) ∈
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R × R
n−1 × R : x0 > A(x, t)} in the following way,

ρ(λ, x, t) = (λ+ PγλA(x, t), x, t) ρ(0, x, t) = (A(x, t), x, t).

Here γ is a small parameter at our disposial and we may adjust γ, as ‖∇xA‖∞ <∞,
so that,

1

2
≤ 1 +

∂PγλA(z)

∂λ
≤ 3/2.

The following lemma is crucial and incorporates the geometrical information in an
analytic and quantitative way (for a proof see [19, p.365-366]).

Lemma 1.1. Let σ, θ be non-negative integers and let φ = (φ1, . . . , φn−1) be a
multiindex. Define ℓ = σ + |φ| + θ. If ‖A‖comm ≤ β < ∞ and if we define measures
in the following way,

dv =

(

∂ℓPγλA(x, t)

∂λσ∂xφ∂tθ

)2

λ2ℓ+2θ−3dxdtdλ,

then this is a Carleson measure on R
n+1
+ if either σ + θ ≥ 1 or |φ| ≥ 2 with

(i)v
(

Br(z) × (0, r)
)

≤ Crdγ(2−2|φ|−4θ)b2(1 + β)2

where b = ‖DnA‖∗ if θ ≥ 1 and b = 1, if θ = 0.
Moreover if ℓ ≥ 1 then

(ii)

∥

∥

∥

∥

∥

∂ℓPγλA

∂λσ∂xφ∂tθ

∥

∥

∥

∥

∥

∞

≤ C1γ
(1−|φ|−2θ)λ1−ℓ−θb(1 + β)

while if either σ + θ ≥ 1 or |φ| ≥ 2 then

(iii) lim
(λ,y,s)→(0,x,t)

(

λℓ+θ−1 ∂
ℓPγλA(y, s)

∂λσ∂yφ∂sθ

)

= 0

for a.e. (x, t) ∈ Rn.
It is a well known fact that Carleson measures and maximal functions play an

important role in harmonic analysis. In our case the important maximal function is
the non tangential maximal function operator that we now intend to introduce. Let
a > 0 and (P, t) = (p0, p, t) ∈ ∂Ω. We let Γ̃(P, t) = Γ̃a(P, t) be the parabolic cone

Γ̃(P, t) =
{

(q0, q, s) ∈ Ω : ‖(p− q, t− s)‖ < a|q0 −A(p, t)|
}

.

We also introduce an elliptic cone,

Γ̃e(P, t) =
{

(q0, q, t) ∈ Ω : |p− q| < a|q0 −A(p, t)|
}

.

If h is a function defined on Ω we define the non-tangential maximal function Ñ∗h :
∂Ω → R by

Ñ∗h(P, t) = sup
(Q,s)∈Γ̃(P,t)

|h|(Q, s).

If (P, t) ∈ ∂Ω then by lim
(Q,s)→(P,t)

h(Q, s) we mean the limit as (Q, s) → (P, t) in Γ̃(P, t).

We furthermore define an elliptic non-tangential maximal function Ñ∗,eh : ∂Ω → R in
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the following way,

Ñ∗,eh(P, t) = sup
(Q,t)∈Γ̃e(P,t)

|h|(Q, t).

And if (P, t) ∈ ∂Ω then by
e

lim
(Q,t)→(P,t)

h(Q, t) we mean the limit as (Q, t) → (P, t) in

Γ̃e(P, t).
For a function g defined on R

n+1
+ and for a ≥ 1 fixed we also introduce the following

maximal function N∗g : R
n+1
+ → R,

N∗g(x, t) = sup
λ>0,(y,s)∈Baλ(x,t)

|g|(λ, y, s),

where Baλ(x, t) is the parabolic ball described in the introduction. If we let
Γa(x, t) := {(λ, y, s), λ > 0, (y, s) ∈ Baλ(x, t)} one may easily proved that

Γ̃a(ρ(0, x, t)) ⊂ ρ(Γa(x, t)), for a sufficiently small depending on a and ‖A‖comm.
Given a ≥ 1 we will by lim(λ,y,s)→(0,x,t) mean that (λ, y, s) → (0, x, t) in Γa(x, t).
Again we define an elliptic counterpart in the following way,

N∗,eg(x, t) = sup
λ>0,(y,t)∈Baλ(x,t)

|g|(λ, y, t).

If, as in the statement of Lemma 1.1, dν is a Carleson measure on R
n+1
+ and g :

R
n+1
+ → R then it is well known that,

∫

R
n+1

+

|g|p dν ≤ Cν

∫

Rn

|N∗(g)|
p dxdt, (∗)

where Cν is the Carleson norm of the measure ν. I.e., Cν is the smallest constant C∗

such that

ν(Br(x, t) × (0, r)) ≤ C∗rd,

for all (x, t) ∈ R
n and r > 0. We refer the reader to Stein [29] for more information

on Carleson measures. The version of (∗) that we will make use of in our paper is
the following. We let u be function defined on Ω. If either σ + θ ≥ 1 or |φ| ≥ 2 then
according to Lemma 1.1 the following is true,

∞
∫

0

∫

Rn

|u ◦ ρ|2

(

∂ℓPγλA(x, t)

∂λσ∂xφ∂tθ

)2

λ2ℓ+2θ−3dxdtdλ

≤ Cγ(2−2|φ|−4θ)b2(1 + β)2
∫

Rn

|N∗(u ◦ ρ)|2 dxdt

where b = ‖DnA‖∗ if θ ≥ 1 and b = 1, if θ = 0.

2. Layer potentials for a nonstationary linearized system of Navier-

Stokes equations. Let in the following (X, t) = (x0, x1, ..., xn−1, t),
(x, t) = (x1, ..., xn−1, t). Let W (X, t) be the fundamental solution to the heat equa-
tion and let δ(t) be the Dirac delta function concentrated at t = 0. wn denotes the
surface measure on the unit sphere in R

n. Let Γ(X, t) = {Γjk(X, t)}n×n denote the



linearized navier-stokes equations in non-cylindrical domains 23

Oseen’s tensor and let (q0(X, t), ..., qn−1(X, t)) denote the corresponding ”pressure”
vector. I.e.,

Γjk(X, t) = δjkW (X, t) +

∞
∫

t

∂2W (X, s)

∂xj∂xk
ds,

qj(X, t) =
δ(t)xj

wn|x|n
.

Then Γ is a fundamental solution to the linearized Navier-Stokes equation. For ~f ∈
L2(∂Ω) we introduce,

~u(X, t) = S ~f(X, t) =

t
∫

−∞

∫

∂Ωs

Γ(X −Q, t− s)~f(Q, s) dσs(Q)ds,

p(X, t) =

∫

∂Ωt

〈X −Q, ~f(Q, t)〉

wn|X −Q|n
dσt(Q).

The pair (~u, p) solves the system,







∂~u

∂t
= ∆~u−∇p

div~u = 0,

in R
n+1 \ ∂Ω. Note that for each fixed t, pt(X) = p(X, t) is a harmonic function in

Ωt. We introduce the following conormal derivative

∂~u

∂ν
:= (∇~u)N − pN.

We first state two important results on Lp- continuity of potentials.

Theorem 2.1. Let ‖A‖comm ≤ β < ∞ and let ~f ∈ Lp(∂Ω) with 1 < p < ∞.
Define for (P, t) ∈ ∂Ω and j = 0, 1 . . . , n− 1 the following operators

Kj ~f(P, t) := p.v

t
∫

−∞

∫

∂Ωs

∂Γ

∂xj
(P −Q, t− s)~f(Q, s)dσs(Q)ds.

Then

‖Kj ~f‖p ≤ Cβ,p‖~f‖p.

Proof. Using the argument of Coifman-David-Meyer [4] the theorem is a conse-
quence of [18,Theorem 1], i.e. a consequence of the results of Hofmann on parabolic
singular integrals. In case of the parabolic Lamé system the argument is presented in
[27]. We only need to slightly modify that argument in order to cover the proof of
Theorem 2.1.
A consequence of the theorem is that Kj ~f(P, t) exists for a.e. (P, t) ∈ ∂Ω w.r.t. dσtdt.
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We now consider continuity of Sb
~f in the regularity space L2

1,1/2(∂Ω). By definition,

Sb
~f(P, t) =

t
∫

−∞

∫

∂Ωs

Γ(P −Q, t− s)~f(Q, s)dσs(Q)ds.

for all (P, t) ∈ ∂Ω for which this expression makes sense. Recall that L2
1,1/2(∂Ω)

consists of functions with distributional derivatives in x satisfying ‖f‖L2
1,1/2

(∂Ω) <∞,

where ‖f‖L2
1,1/2

(∂Ω) = ‖Df̃‖2 and f̃ = f ◦ π−1, π(A(x, t), x, t) = (x, t). We have, by

applying Plancherel’s theorem, that

‖Df̃‖2 ≈ ‖Dt
1/2f̃‖2 + ‖∇xf̃‖2,

where Dt
1/2 denotes the one-dimensional one half fractional derivative of f̃ in the time

variable.
Using [18, Theorem 2] of Hofmann and standard arguments one may prove the follow-

ing continuity result for Sb
~f in the space L2

1,1/2(∂Ω). Again the argument is presented

in case of the parabolic Lamé system in [27].

Theorem 2.2. Let ‖A‖comm ≤ β <∞ and let ~f ∈ L2(∂Ω). Then

‖Sb
~f‖L2

1,1/2
(∂Ω) ≤ Cβ‖~f‖2.

We will frequently make use of the following interior regularity estimate.

Lemma 2.3. Let the pair (~u, p) solve the linearized system of Navier-Stokes in
the parabolic cylinder B2r(0) × (−4r2, 4r2). Then

∫

Br/2(0)×(− 1
4
r2, 1

4
r2)

|∇~u|2 dxdt ≤
c

r2

∫

Br(0)×(−r2,r2)

(|~u|2 + |p|2) dxdt

Proof. Let r = 1 by rescaling and let ϕ ∈ C∞
0

(

B1(0) × (−1, 1)
)

, ϕ ≡ 1

on B3/4(0) × (−( 3
4 )2, ( 3

4 )2). Then
∫

B1(0)×(−1,1)

〈~ut, ~u〉ϕ
2dXdt =

∫

B1(0)×(−1,1)

〈∆~u, ~u〉ϕ2dXdt−

∫

B1(0)×(−1,1)

〈∇p, ~u〉ϕ2 dXdt.

Integrating by parts we have

−
1

2

∫

B1(0)×(−1,1)

|~u|2ϕ
∂ϕ

∂t
dXdt = −

∫

B1(0)×(−1,1)

|∇~u|2ϕ2 dXdt

+2

n−1
∑

i=0

∫

B1(0)×(−1,1)

〈∇ui,∇ϕ〉uiϕdXdt−

∫

B1(0)×(−1,1)

〈∇p, ~u〉ϕ2 dXdt.

As div~u = 0,

−

∫

B1(0)×(−1,1)

〈∇p, ~u〉ϕ2 dXdt =

∫

B1(0)×(−1,1)

〈∇ϕ2, ~u〉p dXdt.
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The conclusion now follows from simple manipulations.

We now define the relevant double layer potential of ~f ∈ L2(∂Ω) in the following
way,

~v(X, t) = D~f(X, t) :=

t
∫

−∞

∫

∂Ωs

∂Γ

∂Ns(Q)
(X −Q, t− s)~f(Q, s) dσs(Q)ds

−

∫

∂Ωt

Q−X

wn|X −Q|n
〈~f(Q, t), Nt(Q)〉 dσt(Q).

The following lemma contains crucial estimates that will be used frequently in the
forthcoming sections.

Lemma 2.4. Let ‖A‖comm ≤ β and let ~f ∈ L2(∂Ω). Then

(i)‖N∗,e(D~f ◦ ρ)‖2 ≤ Cβ‖~f‖2,

(ii)‖N∗(∇S ~f ◦ ρ)‖2 ≤ Cβ‖~f‖2,

(iii)‖N∗

(

HDt
1/2(S

~f ◦ ρ)
)

‖2 ≤ C(1 + γ−1‖DnA‖∗)‖~f‖2.

Proof. (i) and (ii) are proved by standard arguments. Left to prove is (iii). The
following is an adaption of the argument of Hofmann-Lewis [19,p.367-371]. At one
important step the argument below is fundamentally different from the argument in
[19] as well as the argument in [27]. The reason for this is the poor continuity of the
pressure in the time-direction.

Let (x, t) ∈ R
n. Fix a ≥ 1,K ≥ 2, λ > 0 and let (x̃, t̃) ∈ Baλ(x, t). Let ~u = S ~f . Then,

HDt
1/2(~u ◦ ρ)(λ, x̃, t̃) = lim

ε→0

∫

ε<|s−t̃|<1/ε

sign(t̃− s)

|t̃− s|3/2
(~u ◦ ρ)(λ, x̃, s)ds

= lim
ε→0

∫

{ε≤|s−t̃|<(Kaλ)2}

sign(t̃− s)

|t̃− s|3/2
(~u ◦ ρ)(λ, x̃, s)ds

+ lim
ε→0

∫

{(Kaλ)2≤|s−t̃|<1/ε}

sign(t̃− s)

|t̃− s|3/2
(~u ◦ ρ)(λ, x̃, s)ds

= g1(λ, x̃, t̃) + g2(λ, x̃, t̃).

Note that if we define

g3(λ, x̃, t̃) = sup
{τ :|τ−t̃|≤(2Kaλ)2}

|(~u ◦ ρ)τ (λ, x̃, τ)|

then

|g1|(λ, x̃, t̃) ≤ g3(λ, x̃, t̃)

∫

|s−t̃|≤(2aKλ)2

|s− t̃|−1/2ds ≤ CaKλg3(λ, x̃, t̃).

Furthermore, if (τ − t̃) ≤ (2Kaλ)2, then at (λ, x̃, τ),

(~u ◦ ρ)τ = (~uτ ◦ ρ) + (~ux̃0
◦ ρ)

∂PγλA

∂τ
,
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and by applying Lemma 1.1 we have

∣

∣(~ux̃0
◦ ρ)

(

∂PγλA

∂τ

)

(λ, x̃, τ)
∣

∣ ≤ Ca,K,β(γλ)−1‖DnA‖∗N∗∗(~ux̃0
◦ ρ)(x, t),

where N∗∗ is the nontangential maximal function defined relative to Γc1Ka(x, t), where
c1 is so large that (λ, x̃, τ) ∈ Γc1Ka(x, t).
We need to estimate |~uτ ◦ρ(λ, x̃, τ)|. Using the equation as in Hofmann-Lewis[19] and
Nyström[27] we will run into trouble because of the poor continuity of the pressure

in the time-direction. Instead we use the homogenity of the kernel of S ~f , i.e. the
homogenity of Γ(X, t). Recall that

Γ(δX, δ2t) = δ−nΓ(X, t) = δ−d+1Γ(X, t).

I.e, the kernel is homogenous of degree d−1. The kernel of ~uτ is therefore homogenous
of degree d+ 1. Using this we get, after some fairly standard arguments that,

|~uτ ◦ ρ(λ, x̃, τ)| ≤ Cλ−1M(~f)(x, t).

Here M is a parabolic Hardy-Littlewood maximal function.
Summarizing we have proved the following estimate of g3(λ, x̃, t̃) when (x̃, t̃) ∈ Baλ(x, t).

|g3(λ, x̃, t̃)| ≤ Ca,K,β

[

(γλ)−1‖DnA‖∗N∗∗(~ux̃0
◦ ρ)(x, t) + λ−1M(~f)(x, t)

]

.

Using part (ii) of the lemma and continuity of the maximal function we may conclude
that

‖N∗(g1)‖2 ≤ C‖~f‖2[1 + γ−1‖DnA‖∗].

We therefore have the desired estimate for g1.
To estimate g2(λ, x̃, t̃) we do study the function

g4(λ, x, t) := lim
ε→0

∫

{(kaλ)2<|s−t|<1/ε}

sign(t− s)

|t− s|3/2
(~u ◦ ρ)(0, x, s)ds.

From Sobolev type estimates we conclude that g4(λ, x, t) is well defined for a.e. (x, t) ∈
R

n. Arguing as in [19, p.368] we have, as |x− x̃| + |t− t̃|1/2 ≤ caλ,

|g2(λ, x̃, t̃) − g4(λ, x, t)| ≤

ca,βK
−1

(n−1
∑

i=0

Mn

(

N∗(~u ◦ ρ)xi

)

(x, t) + λM (2)
n

(

(~u ◦ ρ)t̃

)

(λ, x̃, t̃)

)

,

where Mn denotes the one-dimensional Hardy-Littlewood maximal function in the

t-variable, while the other variable is held constant and M
(2)
n = Mn ◦Mn. With the

same deductions as above, in particularly noting the estimate of ~ut, we get

λ(~u◦ρ)t̃(λ, x̃, t̃+ξ) ≤ ca,β

(

M(~f)(x, t+ξ)+γ−1‖DnA‖∗×

(n−1
∑

i=0

N∗

(

(~uxi
◦ρ))(x, t+ξ)

))
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where N∗ is defined relative to Γca. Note again that for 0 ≤ i ≤ n− 1,

(~u ◦ ρ)xi
= (~ux0

◦ ρ)
∂PγλA

∂xi
+ (~uxi

◦ ρ).

Using Lemma 1.1 once again and the inequality above we deduce

N∗g2(x, t) ≤ sup
λ>0

g4(λ, x, t) +K−1Ca,β(1 + γ−1‖DnA‖∗)
n−1
∑

i=0

M (2)
n

(

N∗(~uxi
◦ ρ)

)

(x, t)

+K−1Ca,βM
(2)
n (M(~f))(x, t)

Define ψ(x, t) = sup
λ>0

|g4(λ, x, t)| whenever (x, t) ∈ R
n. We have from Part (ii) of our

lemma and the Hardy-Littlewood maximal function theorem that

‖N∗g2‖2 ≤ K−1Ca,β(1 + γ−1‖DnA‖∗)‖~f‖2 + ‖ψ‖2.

It therefore sufficies to prove the estimate

‖ψ‖2 ≤ Ca,β‖~f‖2.

But this estimate follows from the argument presented in [19, p.369-370]. The proof
is therefore complete.

We will now consider traces to the boundary of ∂Ω of the potentials under con-
sideration. Recall that Nt(P, t) is the unit outer normal to ∂Ωt at (P, t) ∈ ∂Ωt. The
normal exists a.e w.r.t the projective surface measure.

Lemma 2.5. Let ~f ∈ L2(∂Ω), a > 0 and j, k ∈ {0, · · ·n − 1}. Let uj = (S ~f)j.
Then for a.e. (x, t) ∈ R

n,

lim
(λ,y,s)→(0,x,t)

∂uj

∂xk
◦ ρ(λ, y, s) =

1

2
{Nk

t f
j −Nk

t N
j
t 〈Nt, ~f〉}

+p.v

t
∫

−∞

∫

∂Ωs

∂Γjr

∂xk
(P −Q, t− s)fr(Q, s) dσs(Q)ds,

and

e

lim
(λ,y,t)→(0,x,t)

p ◦ ρ(λ, y, t) = −
1

2
〈Nt, ~f〉 + p.v

∫

∂Ωt

〈P −Q, ~f(Q, t)〉

wn|P −Q|n
dσt(Q).

In the first terms in these two expressions ~f is evaluated at the point
(P, t) = (A(x, t), x, t). Nt is the unit normal at (A(x, t), x, t).

Proof. The proof follows from standard arguments. See [25] in case of the heat
operator.

We know that there exists a basis for the tangent space of ∂Ωt at (P, t). Let
{Tj}

n−1
j=1 = {Tj(P, t)}

n−1
j=1 be such a basis. Using Lemma 2.4 and following [19,25] one

may prove the following for appropriate operators Kν and K̃ν .
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Lemma 2.6. Let ~f ∈ L2(∂Ω). Fix a > 0. 1 ≤ j ≤ n−1. Then for a.e. (x, t) ∈ R
n

we have

(i)
e

lim
(λ,y,t)→(0,x,t)

D~f ◦ ρ(λ, y, t) =

(

−
1

2
f + K̃ν

~f

)

◦ ρ(0, x, t),

(ii)

e

lim
(λ,y,t)→(0,x,t)

[

〈
(

(∇S ~f) ◦ ρ(λ, y, t), Nt ◦ ρ(0, x, t)
)

〉 − (p ◦ ρ(λ, y, t)) · (Nt ◦ ρ(0, x, t))

]

=

(

1

2
f +Kν

~f

)

◦ ρ(0, x, t),

(iii) lim
(λ,y,s)→(0,x,t)

〈∇(S ~f) ◦ ρ(λ, y, s), Tj ◦ ρ(0, x, t)〉 =
[

(S ~f) ◦ ρ(0, x, t)
]

xj
,

(iv) lim
(λ,y,s)→(0,x,t)

HDt
1/2(S

~f ◦ ρ)(λ, y, s) = HDt
1/2(S

~f ◦ ρ)(0, x, t).

Now let ρ−(λ, x, t) = ρ(−λ, x, t) when (λ, x, t) ∈ R
n+1
− = {(λ, x, t) = λ < 0 and

(x, t) ∈ R
n}. Then ρ− maps R

n+1
− onto R

n+1 \ Ω and ρ− extends continuously to the

closure of R
n+1
− by putting ρ− = ρ on the boundary of the domain. Non-tangential

cones and maximal functions are naturally defined. In the same way as the lemmas
above are proved one may prove the following

Lemma 2.7. Let ~f ∈ L2(∂Ω) and let ~u− = S ~f |Ω− . Fix a > 0. 1 ≤ j ≤ n − 1.
Then for a.e. (x, t) ∈ R

n we have

(i)
e

lim
(λ,y,t)→(0,x,t)

(D~f)− ◦ ρ−(λ, y, s) =

(

1

2
f + K̃νf

)

◦ ρ−(0, x, t),

(ii)

e

lim
(λ,y,t)→(0,x,t)

[

〈
(

∇~u−)
)

◦ ρ−(λ, y, t), Nt ◦ ρ−(0, x, t)
)

〉 − (p− ◦ ρ−(λ, y, t)) · (Nt ◦ ρ−(0, x, t))

]

=

(

−
1

2
f +Kνf

)

◦ ρ−(0, x, t),

(iii) lim
(λ,y,s)→(0,x,t)

〈∇(~u−) ◦ ρ−(λ, y, s), Tj ◦ ρ−(0, x, t)〉 =
[

(~u−) ◦ ρ−(0, x, t)
]

xj
,

(iv) lim
(λ,y,s)→(0,x,t)

HDt
1/2(~u− ◦ ρ−)(λ, y, s) = HDt

1/2(~u− ◦ ρ−)(0, x, t).

3. Estimates of square functions. This section is devoted to the proof of the
following two results.

Theorem 3.1. Let ‖A‖comm ≤ β < ∞ and ~f ∈ L2(∂Ω). Let S ~f be the single
layer potential associated to the linearized system of Navier-Stokes. Assume that γ ≤
1/2 and b = ‖DnA‖∗ ≤ ǫ0 = γ8+d. Then

(i)

∞
∫

0

∫

Rn

|~uxixj
◦ ρ|2λ dzdλ ≤ cβ‖~f‖

2
2, 0 ≤ i, j ≤ n− 1,

(ii)

∞
∫

0

∫

Rn

|~uxit ◦ ρ|
2λ3 dzdλ ≤ cβ‖~f‖

2
2, 0 ≤ i ≤ n− 1,
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(iii)

∞
∫

0

∫

Rn

|Dt
1/2(~uxj

◦ ρ)|2λ dzdλ ≤ cβ‖~f‖
2
2, 0 ≤ j ≤ n− 1.

Corollary 3.2. Let ‖A‖comm ≤ β < ∞ and ~f ∈ L2(∂Ω). Let ~v = D~f be the

double layer potential of ~f . Then,

∞
∫

0

∫

Rn

|vxj
◦ ρ|2λ dzdλ ≤ cβ‖~f‖

2
2, 0 ≤ j ≤ n− 1.

Proof. D~f = D1
~f +D2

~f where D2
~f , for each t, is the gradient of a single layer

potential associated to the Laplace operator. D1
~f is treated using Theorem 3.1 and

D2
~f is treated using square function estimates for the single layer potential associated

to the Laplace operator in an argument similar to the one carried out in the proof of
Lemma 3.3 below.

Recall that the pressure

p(X, t) =

∫

∂Ωt

〈X −Q, ~f(Q, t)〉

wn|X −Q|n
dσt(Q)

is harmonic as a function of the space variables for fixed t. We will need the following
lemma,

Lemma 3.3. Let the pressure be defined as above with ~f ∈ L2(∂Ω). Then

∞
∫

0

∫

Rn

|∇p ◦ ρ|2λ dzdλ ≤ C

∫

Rn

|p ◦ ρ(0, x, t)|2 dz ≤ C

∫

∂Ω

|~f |2 dσtdt.

Proof.
∞
∫

0

∫

Rn

|∇p ◦ ρ|2λ dzdλ =

∞
∫

−∞

∞
∫

0

∫

Rn−1

|∇p ◦ ρ|2λ dxdλdt

≤ C

∞
∫

−∞

(

∫

Ωt

|∇p|2δ((x0, x), ∂Ωt) dx0dx)dt ≤ C

∫

Rn

|p ◦ ρ(0, x, t)|2 dz.

Here we have used the result of [8][30] on the solvability of the Dirichlet problem for
the Laplace operator on Lipschitz domains as well as a square function estimate.

Lemma 3.4. Let r, i ∈ {0, ..., n − 1}, E = (1 +
∂PγλA)

∂λ )2/(1 + |∇xPγλA|
2) and

~u = S ~f with ~f ∈ L2(∂Ω). Let p be the associated pressure. Define,

Ar,i :=

∞
∫

0

∫

Rn

E(ur
xi

◦ ρ)(
∂2p

∂xr∂xi
◦ ρ)λ dzdλ.

There exits a constant C = Cβ such that,

n−1
∑

r=0

n−1
∑

i=0

|Ar,i| ≤ C

[

‖~f‖2
2 + ‖~f‖2

( n−1
∑

r,i,j=0

∞
∫

0

∫

Rn

|ur
xixj

◦ ρ|2λ dzdλ

)1/2]

.
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Proof. Recall that for fixed t, pt(X) = p(X, t) is harmonic. Let i 6= 0. Then,

(
∂p

∂xr
◦ ρ)xi

= (
∂2p

∂xr∂x0
◦ ρ)

∂PγλA

∂xi
+ (

∂2p

∂xr∂xi
◦ ρ)

(
∂p

∂x0
◦ ρ)xr

= (
∂2p

∂x2
0

◦ ρ)
∂PγλA

∂xr
+ (

∂2p

∂xr∂x0
◦ ρ).

I.e.,

(
∂p

∂xr
◦ ρ)xi

−
∂PγλA

∂xi
(
∂p

∂x0
◦ ρ)xr

= (
∂2p

∂xr∂xi
◦ ρ) − (

∂2p

∂x2
0

◦ ρ)
∂PγλA

∂xr

∂PγλA

∂xi
.

Using this identity to express ( ∂2p
∂xr∂xi

◦ ρ) we have for i 6= 0, r 6= 0,

Ar,i =

∞
∫

0

∫

Rn

E(ur
xi

◦ ρ)(
∂p

∂xr
◦ ρ)xi

λ dzdλ

−

∞
∫

0

∫

Rn

E(ur
xi

◦ ρ)
∂PγλA

∂xi
(
∂p

∂x0
◦ ρ)xr

λ dzdλ

+

∞
∫

0

∫

Rn

E(ur
xi

◦ ρ)(
∂2p

∂x2
0

◦ ρ)
∂PγλA

∂xr

∂PγλA

∂xi
λ dzdλ

= −

∞
∫

0

∫

Rn

(E(ur
xi

◦ ρ))xi
(
∂p

∂xr
◦ ρ)λ dzdλ

+

∞
∫

0

∫

Rn

(E(ur
xi

◦ ρ)
∂PγλA

∂xi
)xr

(
∂p

∂x0
◦ ρ)xr

λ dzdλ

+

∞
∫

0

∫

Rn

E(ur
xi

◦ ρ)(
∂2p

∂x2
0

◦ ρ)
∂PγλA

∂xr

∂PγλA

∂xi
λ dzdλ.

Obviously by definition,

A0,0 =

∞
∫

0

∫

Rn

E(u0
x0

◦ ρ)(
∂2p

∂x2
0

◦ ρ)λ dzdλ.

We now let i = 0 and r 6= 0. We need to manipulate ( ∂2p
∂xr∂x0

◦ ρ). But

(
∂p

∂x0
◦ ρ)xr

= (
∂2p

∂x2
0

◦ ρ)
∂PγλA

∂xr
+ (

∂2p

∂xr∂x0
◦ ρ).

We therefore have,

Ar,0 =

∞
∫

0

∫

Rn

E(ur
x0

◦ ρ)(
∂p

∂x0
◦ ρ)xr

λ dzdλ
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−

∞
∫

0

∫

Rn

E(ur
x0

◦ ρ)(
∂2p

∂x2
0

◦ ρ)
∂PγλA

∂xr
λ dzdλ

= −

∞
∫

0

∫

Rn

(E(ur
x0

◦ ρ))xr
(
∂p

∂x0
◦ ρ)λ dzdλ

−

∞
∫

0

∫

Rn

E(ur
x0

◦ ρ)(
∂2p

∂x2
0

◦ ρ)
∂PγλA

∂xr
λ dzdλ.

i.e., using the Carleson measure characterizations of Lemma 1.1 we have

n−1
∑

r,i=0

|Ar,i| ≤ C

[

‖N∗(u
r
xi

◦ ρ)‖2

(

∞
∫

0

∫

Rn

|∇p ◦ ρ|2λ dzdλ

)1/2

(n−1
∑

j=0

∞
∫

0

∫

Rn

|ur
xixj

◦ ρ|2λ dzdλ

)1/2(
∞
∫

0

∫

Rn

|∇p ◦ ρ|2λ dzdλ

)1/2

+

n−1
∑

r,i=0

∣

∣

∣

∣

∞
∫

0

∫

Rn

E(ur
xi

◦ ρ)(
∂2p

∂x2
0

◦ ρ)
∂PγλA

∂xr

∂PγλA

∂xi
λ dzdλ

∣

∣

∣

∣

+

n−1
∑

r=0

∣

∣

∣

∣

∞
∫

0

∫

Rn

E(ur
x0

◦ ρ)(
∂2p

∂x2
0

◦ ρ)
∂PγλA

∂xr
λ dzdλ

∣

∣

∣

∣

+

∣

∣

∣

∣

∞
∫

0

∫

Rn

E(u0
x0

◦ ρ)(
∂2p

∂x2
0

◦ ρ)λ dzdλ

∣

∣

∣

∣

]

.

Using Lemma 2.4 and Lemma 3.3 the first two products are controlled. We therefore
have to handle terms of the form,

∞
∫

0

∫

Rn

F (ur
xi

◦ ρ)(
∂2p

∂x2
0

◦ ρ)λ dzdλ,

where F is a function containing derivatives of the defining function for the domain.
Using that p is harmonic for each fixed t we have

∂2p

∂x2
0

◦ ρ = −

n−1
∑

j=1

∂2p

∂x2
j

◦ ρ

= −

n−1
∑

j=1

(

(
∂p

∂x0
◦ ρ)xj

∂PγλA

∂xj
− (

∂p

∂xj
◦ ρ)xj

)

− |∇PγλA|
2(
∂2p

∂x2
0

◦ ρ).

I.e.,

(1 + |∇PγλA|
2)(

∂2p

∂x2
0

◦ ρ) =

n−1
∑

j=1

(

−(
∂p

∂x0
◦ ρ)xj

∂PγλA

∂xj
+ (

∂p

∂xj
◦ ρ)xj

)

.
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Therefore,

∞
∫

0

∫

Rn

F (ur
xi

◦ ρ)(
∂2p

∂x2
0

◦ ρ)λ dzdλ

=

∞
∫

0

∫

Rn

F (ur
xi

◦ ρ)

(1 + |∇PγλA|2)

n−1
∑

j=1

(

−(
∂p

∂x0
◦ ρ)xj

∂PγλA

∂xj
+ (

∂p

∂xj
◦ ρ)xj

)

λ dzdλ

= −

n−1
∑

j=1

∞
∫

0

∫

Rn

(

F (ur
xi

◦ ρ)

(1 + |∇PγλA|2)

)

xj

(
∂p

∂xj
◦ ρ)λ dzdλ

+

n−1
∑

j=1

∞
∫

0

∫

Rn

(

F (ur
xi

◦ ρ)

(1 + |∇PγλA|2)

∂PγλA

∂xj

)

xj

(
∂p

∂x0
◦ ρ)λ dzdλ.

Now all the terms in this expansion can be handled using Lemma 1.1, Lemma 2.4 and
Lemma 3.3.

Proof of Theorem 3.1. We start by proving (i). Integrating by parts twice in λ
we have,

I := −
1

2

∫

Rn

(ur
xi

◦ ρ)2 dz =

∞
∫

0

∫

Rn

(ur
xi

◦ ρ)(ur
xi

◦ ρ)λ dzdλ

= −

∞
∫

0

∫

Rn

|(ur
xi

◦ ρ)λ|
2λ dzdλ−

∞
∫

0

∫

Rn

(ur
xi

◦ ρ)(ur
xi

◦ ρ)λλλ dzdλ.

Using that

(ur
xi

◦ ρ)λ = (ur
xix0

◦ ρ)(1 +
∂PγλA

∂λ
),

(ur
xi

◦ ρ)λλ = (ur
xix2

0
◦ ρ)(1 +

∂PγλA

∂λ
)2 + (ur

xix0
◦ ρ)

∂2PγλA

∂λ2

we have that

−
1

2

∫

Rn

(ur
xi

◦ ρ)2 dz = −

∞
∫

0

∫

Rn

(ur
xix0

◦ ρ)2(1 +
∂PγλA

∂λ
)2λ dzdλ

−

∞
∫

0

∫

Rn

(ur
xi

◦ ρ)(ur
xix2

0
◦ ρ)(1 +

∂PγλA

∂λ
)2λ dzdλ

−

∞
∫

0

∫

Rn

(ur
xi

◦ ρ)(ur
xix0

◦ ρ)(
∂2PγλA

∂λ2
)λ dzdλ

:= T1 + T2 + T3.
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As ur
t = ∆ur − pxr

we have that ur
xit = ∆ur

xi
− pxrxi

. Let,

K :=

n−1
∑

k=1

[

(ur
xix0

◦ ρ)xk

∂PγλA

∂xk
− (ur

xixk
◦ ρ)xk

]

.

Then,

K + ur
xit ◦ ρ−

∂2p

∂xr∂xi
◦ ρ = (1 + |∇xPγλA|

2)(ur
xix2

0
◦ ρ).

Substituting this into T2 and introducing E = (1 +
∂PγλA

∂λ )2/(1 + |∇xPγλA|
2),

T2 =

∞
∫

0

∫

Rn

n−1
∑

k=1

∂

∂xk

(

E(ur
xi

◦ ρ)

)(

(ur
xix0

◦ ρ)
∂PγλA

∂xk
− (ur

xixk
◦ ρ)

)

λ dzdλ

+

∞
∫

0

∫

Rn

E(ur
xi

◦ ρ)

(n−1
∑

k=1

(ur
xix0

◦ ρ)
∂2PγλA

∂x2
k

)

λ dzdλ

−

∞
∫

0

∫

Rn

E(ur
xi

◦ ρ)(ur
xi

◦ ρ)tλ dzdλ

+

∞
∫

0

∫

Rn

E(ur
xi

◦ ρ)(ur
xix0

◦ ρ)
∂PγλA

∂t
λ dzdλ

−

∞
∫

0

∫

Rn

E(ur
xi

◦ ρ)(
∂2p

∂xr∂xi
◦ ρ)λ dzdλ.

Using that

−

∞
∫

0

∫

Rn

(ur
xix0

◦ ρ)2(1 +
∂PγλA

∂λ
)2λ dzdλ

+

∞
∫

0

∫

Rn

n−1
∑

k=1

∂

∂xk

(

E(ur
xi

◦ ρ)

)(

(ur
xix0

◦ ρ)
∂PγλA

∂xk
− (ur

xixk
◦ ρ)

)

λ dzdλ

= −

∞
∫

0

∫

Rn

E
n−1
∑

k=0

|ur
xixk

◦ ρ|2λdzdλ

+

∞
∫

0

∫

Rn

∂E

∂xk
(ur

xi
◦ ρ)

[n−1
∑

k=1

(ur
xix0

◦ ρ)
∂PγλA

∂xk
− (ur

xixk
◦ ρ)

]

λdzdλ

and collecting the expressions we have derived so far,

I = −

∞
∫

0

∫

Rn

E
n−1
∑

k=1

|ur
xixk

◦ ρ|2λdzdλ
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+

∞
∫

0

∫

Rn

∂E

∂xk
(ur

xi
◦ ρ)

[n−1
∑

k=1

(ur
xix0

◦ ρ)
∂PγλA

∂xk
− (ur

xixk
◦ ρ)

]

λdzdλ

+

∞
∫

0

∫

Rn

E(ur
xi

◦ ρ)

(n−1
∑

k=1

(ur
xix0

◦ ρ)
∂2PγλA

∂x2
k

)

λ dzdλ

−

∞
∫

0

∫

Rn

E(ur
xi

◦ ρ)(ur
xi

◦ ρ)tλ dzdλ

+

∞
∫

0

∫

Rn

E(ur
xi

◦ ρ)(ur
xix0

◦ ρ)
∂PγλA

∂t
λ dzdλ

−

∞
∫

0

∫

Rn

E(ur
xi

◦ ρ)(
∂2p

∂xr∂xi
◦ ρ)λ dzdλ

−

∞
∫

0

∫

Rn

(ur
xi

◦ ρ)(ur
xix0

◦ ρ)(
∂2PγλA

∂λ2
)λ dzdλ.

I.e.,

I = S1 + S2 + S3 + S4 + S5 + S6 + S7,

by definition. S1 is the expression we want to estimate. S2, S3, S5 and S7 can be
handled using Lemma 1.1 and Lemma 2.4. This gives,

|S2| + |S3| + |S5| + |S7| ≤ C‖~f‖2

(n−1
∑

j=0

∞
∫

0

∫

Rn

|ur
xixj

◦ ρ|2λ dzdλ

)1/2

.

We therefore need to consider

S4 = −

∞
∫

0

∫

Rn

E(ur
xi

◦ ρ)(ur
xi

◦ ρ)tλdzdλ.

S6 = −

∞
∫

0

∫

Rn

E(ur
xi

◦ ρ)(
∂2p

∂xr∂xi
◦ ρ)λ dzdλ.

We first consider S4. Integrating by parts w.r.t λ we have,

S4 =

∞
∫

0

∫

Rn

Eλ(ur
xi

◦ ρ)(ur
xi

◦ ρ)tλ
2dzdλ+

∞
∫

0

∫

Rn

E

2
[(ur

xi
◦ ρ)2]tλλ

2dzdλ.

Integrating by parts w.r.t. to t in the last term we may continue,

=

∞
∫

0

∫

Rn

Eλ(ur
xi

◦ ρ)(ur
xi

◦ ρ)tλ
2dzdλ−

∞
∫

0

∫

Rn

Et(u
r
xi

◦ ρ)(ur
xi

◦ ρ)λλ
2dzdλ

:= S41 + S42.
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Calculating Et and using Lemma 1.1, Lemma 2.4 we have

|S42| ≤ C‖~f‖2

(n−1
∑

r=0

n−1
∑

j=0

∞
∫

0

∫

Rn

|ur
xixj

◦ ρ|2λ dzdλ

)1/2

.

S41 =

∞
∫

0

∫

Rn

Eλ(ur
xi

◦ ρ)(ur
xix0

◦ ρ)
∂PγλA

∂t
λ2dzdλ

+

∞
∫

0

∫

Rn

Eλ(ur
xi

◦ ρ)(ur
xit ◦ ρ)λ

2dzdλ

:= S411 + S412.

Again using Lemma 1.1 and Lemma 2.4 we have,

|S411| ≤ C‖~f‖2

(n−1
∑

r=0

n−1
∑

j=0

∞
∫

0

∫

Rn

|ur
xixj

◦ ρ|2λ dzdλ

)1/2

.

The same estimate is true for S412 using the interior regularity estimate in Lemma
2.3.
We now turn to S6. But by Lemma 3.4,

|S6| ≤ C

[

‖~f‖2
2 + ‖~f‖2

(n−1
∑

r=0

n−1
∑

j=0

∞
∫

0

∫

Rn

|ur
xixj

◦ ρ|2λdzdλ

)1/2]

.

Combining our estimates and using Cauchy Schwarz with ǫ we may conclude the proof
of part (i) of the theorem.
Part (ii) is an immediate consequence of part (i), the interior regularity estimate of
Lemma 2.3 and the estimate in Lemma 3.3. To prove (iii) we integrate by parts w.r.t λ,

∞
∫

0

∫

Rn

|Dt
1/2(~uxj

◦ ρ)|2λ dzdλ = 2

∞
∫

0

∫

Rn

Dt
1/2(~uxj

◦ ρ)Dt
1/2[(~uxj

◦ ρ)λ]λ2 dzdλ

= 2c

∞
∫

0

∫

Rn

(~uxj
◦ ρ)t(~uxj

◦ ρ)λλ
2 dzdλ.

(iii) now follows from (i), (ii), Lemma 1.1 and Lemma 2.4.

4. Smallness of commutators and more Carleson measures. In this sec-
tion we collect a few estimates of commutators frequently used in the forthcoming
sections. By Mn we denote the Hardy- Littlewood maximal function in the n-variable.
We also define a truncated maximal function in the following way. Let σ > 0. Then,

Mσ
n (h(x, ·))(t) := sup

0<a≤σ2

1

2a

a
∫

−a

|h(x, zn + t)| dzn.
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The kernel of HDt
1/2 is k(t) = csgn(t)|t|−3/2. Let

k1(t) = k(t)χ{s:|s|≤R2λ2}(t), k2(t) = k(t)χ{s:|s|>R2λ2}(t),

where R, λ > 0 and let D1 and D2 be the associated operators. The following lemma
is essentially Lemma 5.16 in [19]. We only spell it out in a more general form as it
will be used frequently in the forthcoming sections.

Lemma 4.1. Let R ≥ 2 and let j ∈ {0, ..., n− 1}. Then,

(i)

∣

∣

∣

∣

[

D1,
∂PγλA

∂xj

]

g(x, t)

∣

∣

∣

∣

≤ cβλ
−1Rγ−2‖DnA‖∗Mn(g(x, ·))(t),

(ii)

∣

∣

∣

∣

[

D2,
∂PγλA

∂xj

]

g(x, t)

∣

∣

∣

∣

≤ cβλ
−1R−1Mn(g(x, ·))(t),

(iii)

∣

∣

∣

∣

[

D1,
∂2PγλA

∂xj∂λ

]

g(x, t)

∣

∣

∣

∣

≤ cβλRM
Rλ
n

(

∂3PγλA(x, ·)

∂xj∂λ∂zn

)

(t)φRλ ∗ g(x, ·)(t),

(iv)

∣

∣

∣

∣

[

D2,
∂2PγλA

∂xj∂λ

]

g(x, t)

∣

∣

∣

∣

≤ cβλ
−1R−1Mn

(

g(x, ·)
∂2PγλA(x, ·)

∂xj∂λ

)

(t)

+ cβλ
−1R−1φ∗Rλ ∗ g(x, ·)(t)

(

∂2PγλA(x, t)

∂xj∂λ

)

where φRλ(t) = (Rλ)−1|t|−1/2χ{s:|s|≤(Rλ)2}(t), φ
∗
Rλ(t) = Rλk2(t).

Proof.
[

D1,
∂PγλA

∂xj

]

g(x, t) =

∫

{s:|s−t|≤R2λ2}

k(t− s)

(

∂PγλA(x, s)

∂xj
−
∂PγλA(x, t)

∂xj

)

g(x, s) ds.

Using the mean-value theorem and Lemma 1.1,
∣

∣

∣

∣

[

D1,
∂PγλA

∂xj

]

g(x, t)

∣

∣

∣

∣

=

∣

∣

∣

∣

1
∫

0

∫

{s:|s−t|≤R2λ2}

k(t− s)(t− s) ×
∂2PγλA

∂xj∂zn
(x, s+ η(t− s))g(x, s) dsdη

∣

∣

∣

∣

≤ cβγ
−2‖DnA‖∗λ

−2

∫

{s:|s−t|≤R2λ2}

|t− s|−1/2|g(x, s)| ds

≤ cβγ
−2R‖DnA‖∗λ

−1Mn(g(x, ·))(t).

Also,
∣

∣

∣

∣

[

D2,
∂PγλA

∂xj

]

g(x, t)

∣

∣

∣

∣

=

∣

∣

∣

∣

∫

{s:|s−t|>R2λ2}

k(t− s)

(

∂PγλA(x, s)

∂xj
−
∂PγλA(x, t)

∂xj

)

g(x, s) ds

∣

∣

∣

∣

.
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Applying part (ii) of Lemma 1.1 we immediately get the estimate stated in part (ii)
of the lemma.

[

D1,
∂2PγλA

∂xj∂λ

]

g(x, t)

=

∫

{s:|s−t|≤R2λ2}

k(t− s)

(

∂2PγλA(x, s)

∂xj∂λ
−
∂2PγλA(x, t)

∂xj∂λ

)

g(x, s) ds.

Again using the mean value theorem as well as the truncated maximal function defined
above we have the following estimate,

∣

∣

∣

∣

∂2PγλA(x, s)

∂xj∂λ
−
∂2PγλA(x, t)

∂xj∂λ

∣

∣

∣

∣

≤ cβ |s− t|MRλ
n

(

∂3PγλA(x, ·)

∂λ∂xj∂zn

)

(t).

The inequality stated in part (iii) of the lemma is a consequence of this estimate and
standard arguments.

[

D2,
∂2PγλA

∂xj∂λ

]

g(x, t)

=

∫

{s:|s−t|>R2λ2}

k(t− s)

(

∂2PγλA(x, s)

∂xj∂λ
−
∂2PγλA(x, t)

∂xj∂λ

)

g(x, s) ds.

As in the estimate of

[

D2,
∂PγλA

∂xj

]

g(x, t),

∣

∣

∣

∣

∫

{s:|s−t|>R2λ2}

k(t− s)
∂2PγλA(x, s)

∂xj∂λ
g(x, s) ds

∣

∣

∣

∣

≤ cβλ
−1R−1Mn

(

g(x, ·)
∂2PγλA(x, ·)

∂xj∂λ

)

(t).

Also using Lemma 1.1,
∣

∣

∣

∣

∫

{s:|s−t|>R2λ2}

k(t− s)
∂2PγλA(x, t)

∂xj∂λ
g(x, s) ds

∣

∣

∣

∣

≤ cβ
∂2PγλA(x, t)

∂xj∂λ
(φ∗Rλ ∗ g(x, ·))(t)λ−1R−1,

where φ∗Rλ(t) = Rλk2(t).

Let in the following φRλ(t) = (Rλ)−1|t|−1/2χ{s:|s|≤(Rλ)2}(t).

Lemma 4.2. The following measures are Carleson measures on R
n+1
+ having Car-

leson norms stated below.

(i) dµ1(λ, x, t) =

[

MRλ
n

(

∂3PγλA(x, ·)

∂xj∂λ∂zn

)

(t)

]2

λ5dzdλ,

(ii) dµ2(λ, x, t) = φRλ ∗

[

MRλ
n

(

∂3PγλA(x, ·)

∂xj∂λ∂zn

)

(t)

]2

λ5dzdλ,
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(iii) dµ3(λ, x, t) =

∣

∣

∣

∣

λMλ2

n

(

∂

∂zn
PγλA(x, ·)

)

(t)

∣

∣

∣

∣

2

dz
dλ

λ
,

(iv) dµ4(λ, x, t) =

(

1

λ
|(I − Pγλ)A(x, t)|

)2

dz
dλ

λ
.

(i) µ1((0, r) ×Br(x, t)) ≤ Cβγ
−4‖DnA‖

2
∗R

drd,

(ii) µ2((0, r) ×Br(x, t)) ≤ Cβγ
−4‖DnA‖

2
∗R

drd,

(iii) µ3((0, r) ×Br(x, t)) ≤ Cβγ
−2‖DnA‖

2
∗,

(iv) µ4((0, r) ×Br(x, t)) ≤ Cβγ
2‖A‖comm.

Proof. The estimates of the measures in part (i) and (ii) can be found in [19,
p.394-395]. The estimates in (iii) and (iv) are proved by similar arguments.

Lemma 4.3. Let ~u = S ~f with ~f ∈ L2(∂Ω). Let γ < 1/2 and ‖DnA‖∗ ≤ γ8+d.
Then the following is true for all tripples (j, k, r),

∞
∫

0

∫

Rn

∣

∣

∣

∣

∣

[

HDt
1/2,

∂PγλA

∂xj

]

(

ur
xk

◦ ρ
)

∣

∣

∣

∣

2

λdzdλ . γ2‖~f‖2
2.

Proof. Integrating by parts with respect to λ and using Cauchy-Schwarz with ǫ
we have

∞
∫

0

∫

Rn

∣

∣

∣

∣

∣

[

HDt
1/2,

∂PγλA

∂xj

]

(

ur
xk

◦ ρ
)

∣

∣

∣

∣

2

λdzdλ

.

∞
∫

0

∫

Rn

∣

∣

∣

∣

∣

[

HDt
1/2,

∂PγλA

∂xj

]

(

ur
xk

◦ ρ
)

λ

∣

∣

∣

∣

2

λ3dzdλ

+

∞
∫

0

∫

Rn

∣

∣

∣

∣

∣

[

HDt
1/2,

∂2PγλA

∂xj∂λ

]

(

ur
xk

◦ ρ
)

∣

∣

∣

∣

2

λ3dzdλ

:= N1 +N2.

Using part (i) and (ii) of Lemma 4.1 with R = γ−1, Lemma 1.1, Lemma 2.4 and

Theorem 3.1 we have, N1 . γ2‖~f‖2
2. Using Lemma 4.1 we have

N2 .

∞
∫

0

∫

Rn

∣

∣

∣

∣

R−1Mn

(

(

ur
xk

◦ ρ
)

(

∂2PγλA(x, ·)

∂xj∂λ

))

(t)

∣

∣

∣

∣

2

λ dzdλ

+

∞
∫

0

∫

Rn

∣

∣

∣

∣

R−1[φ∗Rλ ∗
(

ur
xk

◦ ρ
)

](t)

(

∂2PγλA(x, t)

∂xj∂λ

)
∣

∣

∣

∣

2

λ dzdλ

+

∞
∫

0

∫

Rn

∣

∣

∣

∣

RMRλ
n

(

∂3PγλA(x, ·)

∂xj∂λ∂zn

)

(t)φRλ ∗
(

ur
xk

◦ ρ
)

∣

∣

∣

∣

2

λ5 dzdλ.
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Noting that [φ∗Rλ ∗
(

ur
xk

◦ ρ
)

(x, ·)](t) is non tangentially bounded by MnN∗

(

ur
xk

◦ ρ
)

,

letting R = γ−1, using Lemma 2.4, Lemma 1.1 and continuity of the Hardy-Littlewood
maximal function we have,

|N2| . γ2‖~f‖2
2 +

∞
∫

0

∫

Rn

∣

∣

∣

∣

RφRλ ∗MRλ
n

(

∂3PγλA(x, ·)

∂xj∂λ∂zn

)

(t)
(

ur
xk

◦ ρ
)

∣

∣

∣

∣

2

λ5 dzdλ.

Choosing R = γ−1 and using Lemma 4.2 on Carleson measures as well as Lemma 2.4

we may conclude that, |N2| . γ2‖~f‖2
2. This completes the proof of Lemma 4.3.

5. Estimates of the L2-norms of certain fractional derivatives of the

single layer potential. This section is devoted to the proof of the following theorem.

Theorem 5.1. Let ‖A‖comm ≤ β < ∞ and ~f ∈ L2(∂Ω). Let ~u = S ~f be the
single layer potential associated to the linearized system of Navier-Stokes. Assume
that γ ≤ 1/2 and b = ‖DnA‖∗ ≤ ǫ0 = γ8+d. Then,

∞
∫

0

∫

Rn

|Dt
1/4(~uxj

◦ ρ)(λ, z)|2 dzdλ ≦ Cβ‖~f‖
2
2,

∞
∫

0

∫

Rn

|Dt
3/4(~u ◦ ρ)(λ, z)|2 dzdλ ≦ Cβ

[

γ‖~f‖2
2 + ‖

∂~u

∂ν
‖2‖Sb

~f‖L2
1,1/2

(∂Ω)

]

.

Proof.

∞
∫

0

∫

Rn

|Dt
1/4(u

r
xj

◦ ρ)(λ, z)|2 dzdλ = (partial integration inλ)

= −2

∞
∫

0

∫

Rn

Dt
1/4(u

r
xj

◦ ρ)Dt
1/4((u

r
xj

◦ ρ)λ)λ dzdλ

= −2

∞
∫

0

∫

Rn

Dt
1/2(u

r
xj

◦ ρ)(ur
xj

◦ ρ)λλ dzdλ

≤ (

∞
∫

0

∫

Rn

|(ur
xj

◦ ρ)λ|
2λ dzdλ)1/2 × (

∞
∫

0

∫

Rn

|Dt
1/2(u

r
xj

◦ ρ)|2λ dzdλ)1/2

. (

∞
∫

0

∫

Rn

|(ur
xjx0

◦ ρ)|2λ dzdλ)1/2 × (

∞
∫

0

∫

Rn

|Dt
1/2(u

r
xj

◦ ρ)|2λ dzdλ)1/2.

Using Theorem 3.1 our estimate follows. We now turn to the other estimate in the
theorem. Define w̃r = HDt

1/2(u
r ◦ ρ).

∑

r

∞
∫

0

∫

Rn

|Dt
3/4(u

r ◦ ρ)|2 dzdλ =
∑

r

∞
∫

0

∫

Rn

w̃r(ur ◦ ρ)t dzdλ
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=
∑

r

∞
∫

0

∫

Rn

w̃r(ur ◦ ρ)t(1 +
∂PγλA

∂λ
) dzdλ−

∑

r

∞
∫

0

∫

Rn

w̃r(ur
t ◦ ρ)

∂PγλA

∂λ
dzdλ

+
∑

r

∞
∫

0

∫

Rn

w̃r(ur
x0

◦ ρ)
∂PγλA

∂t

∂PγλA

∂λ
dzdλ = T1 + T2 + T3.

We first focus on T1. Recall the definition of the conormal derivative

∂~u

∂ν
:= (∇~u)N − pN.

If ~w is a vector and if (~u, p) solves the linearized Navier-Stokes then,
∫

Ω

~w
∂~u

∂t
dXdt =

∫

Ω

~w∆~u dXdt−

∫

Ω

~w∇p dXdt.

But,
∫

Ω

wr∆ur dXdt =

∫

∂Ω

wr∇urNt dσtdt−

∫

Ω

∇wr∇ur dXdt.

We now let ~w = wrer where wr ◦ ρ = w̃r and er is the unit vector in the xr-direction.
i.e.,

∫

Ω

wr ∂u
r

∂t
dXdt =

∫

∂Ω

wr∇urNt dσtdt−

∫

Ω

∇wr∇ur dXdt−

∫

Ω

wr ∂p

∂xr
dXdt

=

∫

∂Ω

wr(∇urNt − pNr
t ) dσtdt−

∫

Ω

∇wr∇ur dXdt

+

∫

∂Ω

wrpNr
t dσtdt−

∫

Ω

wr ∂p

∂xr
dXdt.

As
∫

∂Ω

wrpNr
t dσtdt−

∫

Ω

wr ∂p

∂xr
dXdt =

∫

Ω

∂wr

∂xr
p dXdt

we have

T1 =
∑

r

∞
∫

0

∫

Rn

w̃r(ur ◦ ρ)t(1 +
∂PγλA

∂λ
)dzdλ

=
∑

r

[
∫

∂Ω

wr(∇urNt − pNr
t ) dσtdt−

∫

Ω

∇wr∇ur dXdt+

∫

Ω

∂wr

∂xr
p dXdt

]

.

To estimate T1 we therefore have to consider terms of the following forms,

Ar,j = −

∫

Ω

∂wr

∂xj

∂ur

∂xj
dXdt B =

n−1
∑

r=0

∫

Ω

∂wr

∂xr
p dXdt.

We postpone the proof of Lemma 5.2 and Lemma 5.3 below in order to complete the
proof of Theorem 5.1. Lemma 5.2 is proved at the end of this section. All of Section 6
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is devoted to the proof of Lemma 5.3. As div~u = 0 the term B would be zero if we were
studing a time independent cylinder. Now we want to prove that this term is small
in an appropriate sense. This turns out to be highly non trivial and for expositure
reasons we have devoted a whole section to that term.

Lemma 5.2. Assume that γ ≤ 1/2 and b = ‖DnA‖∗ ≤ ǫ0 = γ8+d. Then, |Ar,j | .

γ‖~f‖2
2.

Lemma 5.3. Assume that γ ≤ 1/2 and b = ‖DnA‖∗ ≤ ǫ0 = γ8+d. Then, |B| .

γ‖~f‖2
2.

Using Lemma 5.2 and Lemma 5.3 we have now proved the following estimate for T1,

|T1| ≤ Cβ

[

γ‖~f‖2
2 + ‖

∂~u

∂ν
‖2‖Sb

~f‖L2
1,1/2

(∂Ω)

]

.

Recall our main objective, i.e to estimate,

∑

r

∞
∫

0

∫

Rn

|Dt
3/4(u

r ◦ ρ)|2 dzdλ := T1 + T2 + T3.

T2 and T3 are left to treat. In the following we use the summation convention. Triv-
ially,

|T2| ≤ C

(

∞
∫

0

∫

Rn

|w̃|2(
∂PγλA

∂λ
)2

1

λ
dzdλ

)1/2

×

(

∞
∫

0

∫

Rn

|∆uj ◦ ρ+
∂p

∂xj
◦ ρ|2λ dzdλ

)1/2

≤ C(1 + γ−1b)‖~f‖2
2 . γ‖~f‖2

2,

by Lemma 1.1, Lemma 2.4, Lemma 3.3 and Theorem 3.1.
Left is therefore to manipulate T3. Integrating by parts w.r.t. λ we have that the
following formula is valid for T3.

T3 =

∞
∫

0

∫

Rn

w̃r
(

ur
x0

◦ ρ)
∂PγλA

∂t
dzdλ = −

∞
∫

0

∫

Rn

w̃r
λ

(

ur
x0

◦ ρ)
∂PγλA

∂t
λdzdλ

−

∞
∫

0

∫

Rn

w̃r
(

ur
x0

◦ ρ)λ
∂PγλA

∂t
λdzdλ−

∞
∫

0

∫

Rn

w̃r
(

ur
x0

◦ ρ)
∂2PγλA

∂t∂λ
λdzdλ.

Using this formula for T3 we have

|T3| .

( ∞
∫

0

∫

Rn

∣

∣

∣

∣

Dt
1/2

(

(ur ◦ ρ)λ

)

∣

∣

∣

∣

2

λdzdλ

)1/2( ∞
∫

0

∫

Rn

∣

∣(ur
x0

◦ ρ)
∣

∣

2
(

∂PγλA

∂t

)2

λdzdλ

)1/2

+

( ∞
∫

0

∫

Rn

∣

∣HDt
1/2(u

r ◦ ρ)
∣

∣

2
(

∂PγλA

∂t

)2

λdzdλ

)1/2( ∞
∫

0

∫

Rn

∣

∣(ur
x0x0

◦ ρ)
∣

∣

2
λdzdλ

)1/2

+

∣

∣

∣

∣

∞
∫

0

∫

Rn

w̃r
(

ur
x0

◦ ρ)
∂2PγλA

∂t∂λ
λdzdλ

∣

∣

∣

∣

=M1 ·N1 +M2 ·N2 +A.
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Applying Lemma 1.1, Lemma 2.4 and Theorem 3.1 we have

|N1| . γ−1b‖~f‖2 |M2| . γ−1b‖~f‖2

|N2| . ‖~f‖2 |M2| . ‖~f‖2.

i.e.,

|T3| .

[

γ‖~f‖2
2 +A

]

.

To estimate A remains. Integrating by parts w.r.t t in A we have

A =

∞
∫

0

∫

Rn

HDt
1/2(u

r ◦ ρ)
(

ur
x0

◦ ρ)
∂PγλA

∂t∂λ
λdzdλ

= −

∞
∫

0

∫

Rn

[HDt
1/2(u

r ◦ ρ)]t
(

ur
x0

◦ ρ)
∂PγλA

∂λ
λdzdλ

−

∞
∫

0

∫

Rn

HDt
1/2(u

r ◦ ρ)
(

ur
x0

◦ ρ)t
∂PγλA

∂λ
λdzdλ

= −

∞
∫

0

∫

Rn

HDt
1/2

[

(ur
x0

◦ ρ)
∂PγλA

∂t
+ (ur

t ◦ ρ)

]

(

ur
x0

◦ ρ)
∂PγλA

∂λ
λdzdλ

−

∞
∫

0

∫

Rn

HDt
1/2(u

r ◦ ρ)

[

(ur
x0x0

◦ ρ)
∂PγλA

∂t
+ (ur

x0t ◦ ρ)

]

∂PγλA

∂λ
λdzdλ

=

∞
∫

0

∫

Rn

[

(ur
x0

◦ ρ)
∂PγλA

∂t
+ (ur

t ◦ ρ)

]

HDt
1/2

[

(ur
x0

◦ ρ)
∂PγλA

∂λ

]

λdzdλ

−

∞
∫

0

∫

Rn

HDt
1/2(u

r ◦ ρ)
(

ur
x0x0

◦ ρ)
∂PγλA

∂t

∂PγλA

∂λ
λdzdλ

−

∞
∫

0

∫

Rn

HDt
1/2(u

r ◦ ρ)
(

ur
x0t ◦ ρ)

∂PγλA

∂λ
λdzdλ = A1 +A2 +A3.

Using Lemma 2.4, Theorem 3.1 and Lemma 1.1 one may conclude that

|A2| + |A3| ≤ Cβγ‖~f‖
2
2.

A1 =

∞
∫

0

∫

Rn

[

(ur
x0

◦ ρ)
∂PγλA

∂t
+ (ur

t ◦ ρ)

][

HDt
1/2,

∂PγλA

∂λ

]

(ur
x0

◦ ρ)λdzdλ

+

∞
∫

0

∫

Rn

[

(ur
x0

◦ ρ)
∂PγλA

∂t
+ (ur

t ◦ ρ)

]

HDt
1/2[(u

r
x0

◦ ρ)]
∂PγλA

∂λ
λdzdλ.
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Applying Lemma 4.3, Lemma 1.1, Lemma 2.4, Theorem 3.1 and Lemma 3.3 in a by
now familar way we may conclude that, |A1| ≤ Cβγ‖f‖

2
2. Putting it all together we

have proved that |T3| . γ‖f‖2
2. This proves Theorem 5.1 modulo Lemma 5.2 and 5.3.

We now turn to the proof of Lemma 5.2. First we will derive an expansion of Ar,i

from which we will able to handle all terms. Such an expansion was presented in a
similar way in [27].

Lemma 5.4. Let r, j ∈ {0, ..., n− 1}. Then

Ar,j = − δj,0

∞
∫

0

∫

Rn

HDt
1/2((u

r
x0

◦ ρ)
∂PγλA

∂λ
)(ur

x0
◦ ρ) dzdλ

− (1 − δj,0)

∞
∫

0

∫

Rn

HDt
1/2

[

(

ur
xj

◦ ρ)
)

]

(

ur
xj

◦ ρ
)∂PγλA

∂λ
dzdλ

+ (1 − δj,0)

∞
∫

0

∫

Rn

([

HDt
1/2,

∂PγλA

∂xj

]

(

ur
x0

◦ ρ
)

)

(

ur
xj

◦ ρ)λλdzdλ

+ (1 − δj,0)

∞
∫

0

∫

Rn

([

HDt
1/2,

∂PγλA

∂xj

]

(

ur
x0

◦ ρ
)

λ

)

(

ur
xj

◦ ρ)λdzdλ

+ (1 − δj,0)

∞
∫

0

∫

Rn

HDt
1/2

[

∂2PγλA

∂xj∂λ

(

ur
xj

◦ ρ
)

]

(

ur
xj

◦ ρ)λdzdλ

− (1 − δj,0)

∞
∫

0

∫

Rn

∂2PγλA

∂xj∂λ
HDt

1/2

[

(ur
x0

◦ ρ)
]

(ur
xj

◦ ρ)λdzdλ

− (1 − δj,0)

∞
∫

0

∫

Rn

HDt
1/2

[

(ur
xj

◦ ρ)
∂PγλA

∂xj

]

(ur
x0

◦ ρ)
∂PγλA

∂λ
dzdλ

− (1 − δj,0)

∞
∫

0

∫

Rn

HDt
1/2

[

(ur
x0

◦ ρ)
∂PγλA

∂xj

]

(ur
xj

◦ ρ)
∂PγλA

∂λ
dzdλ.

Proof of Lemma 5.4.

Ar,0 = −

∫

Ω

∂wr

∂x0

∂ur

∂x0
dXdt = −

∫

∂Ω

w̃r
λ(ur

x0
◦ ρ)(1 +

∂PγλA

∂λ
) dzdλ

= −

∞
∫

0

∫

Rn

HDt
1/2((u

r
x0

◦ ρ)λ)(ur
x0

◦ ρ)(1 +
∂PγλA

∂λ
) dzdλ

= −

∞
∫

0

∫

Rn

(HDt
1/2(u

r
x0

◦ ρ))(ur
x0

◦ ρ)(1 +
∂PγλA

∂λ
) dzdλ
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−

∞
∫

0

∫

Rn

HDt
1/2((u

r
x0

◦ ρ)
∂PγλA

∂λ
)(ur

x0
◦ ρ)(1 +

∂PγλA

∂λ
) dzdλ

= −

∞
∫

0

∫

Rn

HDt
1/2((u

r
x0

◦ ρ)
∂PγλA

∂λ
)(ur

x0
◦ ρ) dzdλ,

by anti-symmetry. Let j 6= 0. Then

Ar,j = −

∞
∫

0

∫

Rn

(wxj
◦ ρ)

(

ur
xj

◦ ρ
)

(

1 +
∂PγλA

∂λ

)

dzdλ

If we define D = 1 +
∂PγλA

∂λ then,

wr
xj

◦ ρ = w̃r
xj

− w̃r
λ

∂PγλA

∂xj

1

1 +
∂PγλA

∂λ

= w̃r
xj

− w̃r
λ

∂PγλA

∂λ

1

D
.

But

w̃r
xj

= HDt
1/2(u

r
xj

◦ ρ) +HDt
1/2

[

(ur
x0

◦ ρ)
∂PγλA

∂xj

]

w̃r
λ = HDt

1/2[(u
r
x0

◦ ρ)D].

I.e.

w̃r
xj

= HDt
1/2(u

r
xj

◦ ρ) +HDt
1/2

[

(ur
x0

◦ ρ)
∂PγλA

∂xj

]

−
1

D

∂PγλA

∂xj
HDt

1/2[(u
r
x0

◦ ρ)D].

I.e.

Ar,j = −

∞
∫

0

∫

Rn

HDt
1/2

[

(ur
xj

◦ ρ)
]

(ur
xj

◦ ρ)Ddzdλ

−

∞
∫

0

∫

Rn

HDt
1/2

[

(ur
x0

◦ ρ)
∂PγλA

∂xj

]

(ur
xj

◦ ρ)dzdλ

+

∞
∫

0

∫

Rn

∂PγλA

∂xj
HDt

1/2

[

(ur
x0

◦ ρ)D
]

(ur
xj

◦ ρ)dzdλ

= −

∞
∫

0

∫

Rn

HDt
1/2

[

(ur
xj

◦ ρ)
]

(ur
xj

◦ ρ)dzdλ

−

∞
∫

0

∫

Rn

HDt
1/2

[

(ur
xj

◦ ρ)
]

(ur
xj

◦ ρ)
∂PγλA

∂λ
dzdλ
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−

∞
∫

0

∫

Rn

([

HDt
1/2,

∂PγλA

∂xj

]

(ur
x0

◦ ρ)

)

(ur
xj

◦ ρ)dzdλ

+

∞
∫

0

∫

Rn

HDt
1/2

[

(ur
x0

◦ ρ)
]∂PγλA

∂λ

]

(ur
xj

◦ ρ)
∂PγλA

∂xj
dzdλ.

Integrating by parts in λ we have

−

∞
∫

0

∫

Rn

([

HDt
1/2,

∂PγλA

∂xj

]

(ur
x0

◦ ρ)

)

(ur
xj

◦ ρ)dzdλ

=

∞
∫

0

∫

Rn

([

HDt
1/2,

∂PγλA

∂xj

]

(ur
x0

◦ ρ)

)

(ur
xj

◦ ρ)λλdzdλ

+

∞
∫

0

∫

Rn

([

HDt
1/2,

∂PγλA

∂xj

]

(ur
x0

◦ ρ)λ

)

(ur
xj

◦ ρ)λdzdλ

+

∞
∫

0

∫

Rn

([

HDt
1/2,

∂2PγλA

∂xj∂λ

]

(ur
x0

◦ ρ)

)

(ur
xj

◦ ρ)λdzdλ

Note that by the anti-symmetry of HDt
1/2 we have

∞
∫

0

∫

Rn

HDt
1/2

[

(ur
xj

◦ ρ)

]

(ur
xj

◦ ρ)dzdλ = 0,

∞
∫

0

∫

Rn

HDt
1/2

[

(

ur
x0

◦ ρ
)∂PγλA

∂λ

]

(

ur
xj

◦ ρ
)∂PγλA

∂xj
dzdλ

=

∞
∫

0

∫

Rn

HDt
1/2

[

(

ur
xj

◦ ρ
)∂PγλA

∂xj

]

(

ur
x0

◦ ρ
)∂PγλA

∂λ
dzdλ.

Collecting we get the formula stated in the lemma.

Proof of Lemma 5.2. We intend to estimate |Ar,j |. Using Lemma 5.4 we have

that Ar,j =
∑8

k=1Mk where Mk are the expressions stated in the lemma. Using the
antisymmetry of HDt

1/2 and the self-adjointness of the commutator all of these terms

can be expressed on one of the following forms for relevant indicies r, j,m and k,

N1 =

∞
∫

0

∫

Rn

HDt
1/2

[

(

ur
xk

◦ ρ)
)

]

(

ur
xj

◦ ρ
)∂PγλA

∂λ
dzdλ

N2 =

∞
∫

0

∫

Rn

([

HDt
1/2,

∂PγλA

∂xj

]

(

ur
xk

◦ ρ
)

)

(

ur
xm

◦ ρ)λλdzdλ
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N3 =

∞
∫

0

∫

Rn

∂2PγλA

∂xj∂λ
(ur

xk
◦ ρ)HDt

1/2(u
r
xm

◦ ρ)λdzdλ

N4 =

∞
∫

0

∫

Rn

HDt
1/2

[

(ur
xk

◦ ρ)
∂PγλA

∂xj

]

(ur
xm

◦ ρ)
∂PγλA

∂λ
dzdλ.

Applying Lemma 1.1 and Theorem 3.1 we have,

|N1| ≤

(

∞
∫

0

∫

Rn

∣

∣

∣

∣

HDt
1/2

[

(

ur
xk

◦ ρ
)

]

∣

∣

∣

∣

2

λ dzdλ

)1/2(
∞
∫

0

∫

Rn

|
(

ur
xj

◦ ρ
)

|2
(

∂PγλA

∂λ

)2
1

λ
dzdλ

)1/2

. γ‖~f‖2
2.

Using Theorem 3.1 and Lemma 4.3 we get,

|N2| . ‖~f‖2

(

∞
∫

0

∫

Rn

∣

∣

∣

∣

∣

[

HDt
1/2,

∂PγλA

∂xj

]

(

ur
xk

◦ ρ
)

∣

∣

∣

∣

2

λdzdλ

)1/2

. γ‖~f‖2
2.

Integrating by parts w.r.t. xj in N3 we have

N3 = −

∞
∫

0

∫

Rn

∂PγλA

∂λ
(ur

xk
◦ ρ)xj

HDt
1/2(u

r
xm

◦ ρ)λdzdλ

−

∞
∫

0

∫

Rn

∂PγλA

∂λ
(ur

xk
◦ ρ)HDt

1/2[(u
r
xm

◦ ρ)xj
]λdzdλ

= −

∞
∫

0

∫

Rn

∂PγλA

∂λ
(ur

xk
◦ ρ)xj

HDt
1/2(u

r
xm

◦ ρ)λdzdλ

+

∞
∫

0

∫

Rn

[

HDt
1/2,

∂PγλA

∂λ

]

(ur
xk

◦ ρ)(ur
xm

◦ ρ)xj
λdzdλ

+

∞
∫

0

∫

Rn

∂PγλA

∂λ
[HDt

1/2(u
r
xk

◦ ρ)](ur
xm

◦ ρ)xj
λdzdλ.

As above |N3| . γ‖~f‖2
2. The same estimate is true for |N4|. This is proven by similar

manipulations.

6. The estimate of a difficult term involving the pressure. This section
is devoted to the proof of Lemma 5.3 in the previous section. I.e., define w̃r =
HDt

1/2(u
r ◦ ρ) where ur is component r of the single layer potential associated to the

system of linearized Navier-Stokes. We want to estimate

B :=

n−1
∑

r=0

∫

Ω

∂wr

∂xr
p dXdt
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where wr ◦ ρ = w̃r. As div~u = 0 the sum under consideration would be zero if we
were considering a time-independent cylinder. We will prove that in our situation B
is small in the sense that if γ < 1/2 is small enough and if b = ‖DnA‖∗ ≤ γ8+d then

|B| . γ‖~f‖2
2. Changing coordinates,

B =

n−1
∑

r=0

∞
∫

0

∫

Rn

(
∂wr

∂xr
◦ ρ)(p ◦ ρ)(1 +

∂PγλA

∂λ
) dzdλ

Recall that if we define D = 1 +
∂PγλA

∂λ then for r 6= 0,

wr
xr

◦ ρ = (wr ◦ ρ)xr
− (wr ◦ ρ)λ

∂PγλA

∂xr

1

1 +
∂PγλA

∂λ

= (wr ◦ ρ)xr
− (wr ◦ ρ)λ

∂PγλA

∂xr

1

D
,

w0
x0

◦ ρ = (w0 ◦ ρ)λ
1

D
.

Using this we may write,

B =

∞
∫

0

∫

Rn

(w0 ◦ ρ)λ(p ◦ ρ) dzdλ

+
n−1
∑

r=1

[

∞
∫

0

∫

Rn

(wr ◦ ρ)xr
(p ◦ ρ)(1 +

∂PγλA

∂λ
) dzdλ

−

∞
∫

0

∫

Rn

(wr ◦ ρ)λ(p ◦ ρ)
∂PγλA

∂xr
dzdλ

]

Using that div~u = 0 we can derive the following equality,

HDt
1/2[(u

0 ◦ ρ)λ] +

n−1
∑

r=1

HDt
1/2

[

(ur ◦ ρ)xr
D − (ur ◦ ρ)λ

∂PγλA

∂xr

]

= 0.

Combining these identities with the facts that,

HDt
1/2[(u

0 ◦ ρ)λ] = HDt
1/2[(u

0
x0

◦ ρ)D],

HDt
1/2[(u

r ◦ ρ)xr
] = HDt

1/2

[

(ur
xr

◦ ρ) + (ur
x0

◦ ρ)
∂PγλA

∂xr

]

,

we have the following equality,

HDt
1/2[(u

0 ◦ ρ)λ] +
n−1
∑

r=1

HDt
1/2[(u

r ◦ ρ)xr
]

= −

[n−1
∑

r=1

HDt
1/2

[

(ur
xr

◦ ρ)
∂PγλA

∂λ
− (ur

x0
◦ ρ)

∂PγλA

∂xr

]]

.

Continuing the derivation started above we may therefore conclude, after some ma-
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nipulations,

B =

n−1
∑

r=1

[

∞
∫

0

∫

Rn

[

HDt
1/2,

∂PγλA

∂xr

]

(ur ◦ ρ)λ(p ◦ ρ) dzdλ

−

∞
∫

0

∫

Rn

[

HDt
1/2,

∂PγλA

∂λ

]

(ur ◦ ρ)xr
(p ◦ ρ) dzdλ

]

.

We have to prove that this term is small. For simplicity we just consider the term

T := −

∞
∫

0

∫

Rn

[

HDt
1/2,

∂PγλA

∂xr

]

(ur ◦ ρ)λ(p ◦ ρ) dzdλ,

the other one being treated similarly. Integrating by parts w.r.t λ we have,

T =

∞
∫

0

∫

Rn

[

HDt
1/2,

∂PγλA

∂xr

]

(ur ◦ ρ)λ(p ◦ ρ)λλ dzdλ

+

∞
∫

0

∫

Rn

[

HDt
1/2,

∂PγλA

∂xr

]

(ur ◦ ρ)λλ(p ◦ ρ)λ dzdλ

+

∞
∫

0

∫

Rn

[

HDt
1/2,

∂2PγλA

∂xr∂λ

]

(ur ◦ ρ)λ(p ◦ ρ)λ dzdλ

=: T1 + T2 + T3.

T1 can be easily handled using Cauchy-Schwarz giving,

|T1| ≤ C

(

∞
∫

0

∫

Rn

∣

∣

∣

∣

[

HDt
1/2,

∂PγλA

∂xr

]

(ur ◦ ρ)λ

∣

∣

∣

∣

2

λ dzdλ

)1/2

×

(

∞
∫

0

∫

Rn

|∇p ◦ ρ|2λ dzdλ

)1/2

.

Using Lemma 3.3 and Lemma 4.3 and b ≤ γ8+d we may conclude that |T1| . γ‖~f‖2
2.

We now have to estimate T2 and T3. The problem here is that we have no
good estimates for the parabolic non-tangential maximal function of p ◦ ρ. Let in the
following Pλ, as usual, be a smooth parabolic approximation to the identity. We now
decompose the pressure in the following way,

(p ◦ ρ)(λ, x, t) = Pλ(p ◦ ρ) + (I − Pλ)(p ◦ ρ).

The following is true (the proof is given at the end of the section),

Lemma 6.1.

‖N∗(Pλ(p ◦ ρ))(x, t)‖L2(Rn,dxdt) ≤ c‖~f‖L2(∂Ω).

Using the decomposition of the pressure we can write,

T2 =

∞
∫

0

∫

Rn

[

HDt
1/2,

∂PγλA

∂xr

]

(ur ◦ ρ)λλPλ(p ◦ ρ)λ dzdλ
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+

∞
∫

0

∫

Rn

[

HDt
1/2,

∂PγλA

∂xr

]

(ur ◦ ρ)λλ(I − Pλ)(p ◦ ρ)λ dzdλ

= T21 + T22

Using Theorem 3.1, Lemma 1.1 and Lemma 2.4 we have

|T21| . ‖~f‖2

(

∞
∫

0

∫

Rn

∣

∣

∣

∣

[

HDt
1/2,

∂PγλA

∂xr

]

Pλ(p ◦ ρ)

∣

∣

∣

∣

2

λ dzdλ

)1/2

.

Integrating by parts w.r.t xr in T3 we have

T3 = −

∞
∫

0

∫

Rn

[

HDt
1/2,

∂PγλA

∂λ

]

(ur ◦ ρ)xrλ(p ◦ ρ)λ dzdλ

−

∞
∫

0

∫

Rn

[

HDt
1/2,

∂PγλA

∂λ

]

(ur ◦ ρ)λ(p ◦ ρ)xr
λ dzdλ

= T31 + T32.

Using Lemma 3.3 and slightly adjusting the argument in the proof of Lemma 4.3,

|T32| . γ‖~f‖2
2. Decomposing the pressure in T31 we have

T31 = −

∞
∫

0

∫

Rn

[

HDt
1/2,

∂PγλA

∂λ

]

(ur ◦ ρ)xrλPλ(p ◦ ρ)λ dzdλ

−

∞
∫

0

∫

Rn

[

HDt
1/2,

∂PγλA

∂λ

]

(ur ◦ ρ)xrλ(I − Pλ)(p ◦ ρ)λ dzdλ

= T311 + T312.

As above

|T311| . ‖~f‖2

(

∞
∫

0

∫

Rn

∣

∣

∣

∣

[

HDt
1/2,

∂PγλA

∂λ

]

Pλ(p ◦ ρ)

∣

∣

∣

∣

2

λ dzdλ

)1/2

.

We may therefore conclude that

|T2| + |T3| . γ‖~f‖2
2 + ‖~f‖2

(

∞
∫

0

∫

Rn

∣

∣

∣

∣

[

HDt
1/2,

∂PγλA

∂xr

]

Pλ(p ◦ ρ)

∣

∣

∣

∣

2

λ dzdλ

)1/2

+ ‖~f‖2

(

∞
∫

0

∫

Rn

∣

∣

∣

∣

[

HDt
1/2,

∂PγλA

∂λ

]

Pλ(p ◦ ρ)

∣

∣

∣

∣

2

λ dzdλ

)1/2

+

∣

∣

∣

∣

∞
∫

0

∫

Rn

[

HDt
1/2,

∂PγλA

∂xr

]

(ur ◦ ρ)λλ(I − Pλ)(p ◦ ρ)λ dzdλ

∣

∣

∣

∣



50 s. hofmann and k. nyström

+

∣

∣

∣

∣

∞
∫

0

∫

Rn

[

HDt
1/2,

∂PγλA

∂λ

]

(ur ◦ ρ)xrλ(I − Pλ)(p ◦ ρ)λ dzdλ

∣

∣

∣

∣

.

We first treat the term

A :=

∞
∫

0

∫

Rn

∣

∣

∣

∣

[

HDt
1/2,

∂PγλA

∂xr

]

Pλ(p ◦ ρ)

∣

∣

∣

∣

2

λ dzdλ.

The term containing
∂PγλA

∂λ instead of
∂PγλA

∂xr
is treated in the same way. Integrating

the expression in A w.r.t λ we have after some simple manipulations that,

A .

∞
∫

0

∫

Rn

∣

∣

∣

∣

[

HDt
1/2,

∂PγλA

∂xr

]

∂

∂λ
(Pλ(p ◦ ρ))

∣

∣

∣

∣

2

λ3 dzdλ

+

∞
∫

0

∫

Rn

∣

∣

∣

∣

[

HDt
1/2,

∂PγλA

∂xr∂λ

]

Pλ(p ◦ ρ)

∣

∣

∣

∣

2

λ3 dzdλ

:= A1 +A2.

Using Lemma 4.1 with R = γ−1 and ‖DnA‖∗ ≤ γ8+d we have that

A1 . (R−2 +R2γ−4‖DnA‖
2
∗)

∞
∫

0

∫

Rn

∣

∣

∣

∣

∂

∂λ
(Pλ(p ◦ ρ))

∣

∣

∣

∣

2

λ dzdλ

. γ

∞
∫

0

∫

Rn

∣

∣

∣

∣

∂

∂λ
(Pλ(p ◦ ρ))

∣

∣

∣

∣

2

λ dzdλ.

From now on we let Pλ have the following product structure, Pλ(x, t) = P
(1)
λ (x)P

(2)
λ (t)

where P
(1)
λ (x) = λ−n+1φ(|x|/λ) and P

(2)
λ (t) = λ−2φ(|t|/λ). Here φ ∈ C∞

0 (−1, 1) and
∫

φ = 1. Then

∂Pλ

∂λ
=

1

λ
(Q

(1)
λ )2P

(2)
λ +

1

λ
(Q

(2)
λ )2P

(1)
λ ,

where Q
(i)
λ is an approximation to the zero operator. I.e., Q

(i)
λ denotes the operator

of convolution with a generic kernel of the form Q
(i)
λ (·) = λdiQ(i)(·/λαi) where Q(i) ∈

C∞
0 (Rni) and

∫

Rni

Q(i)(z) dz = 0. Here d1 = n − 1, α1 = n − 1, n1 = n − 1, d2 = 2,

α2 = 2, n2 = 1.
Now

∂

∂λ
(Pλ(p ◦ ρ)(λ, x, t)) = Pλ((p ◦ ρ)λ)(λ, x, t) + (

1

λ
(Q

(1)
λ )2P

(2)
λ +

1

λ
(Q

(2)
λ )2P

(1)
λ )(p ◦ ρ).

Using this,

∞
∫

0

∫

Rn

∣

∣

∣

∣

∂

∂λ
(Pλ(p ◦ ρ))

∣

∣

∣

∣

2

λ dzdλ .

∞
∫

0

∫

Rn

∣

∣

∣

∣

Pλ((p ◦ ρ)λ)

∣

∣

∣

∣

2

λ dzdλ
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+

∞
∫

0

∫

Rn

∣

∣

∣

∣

(Q
(1)
λ )2P

(2)
λ (p ◦ ρ)

∣

∣

∣

∣

2
1

λ
dzdλ+

∞
∫

0

∫

Rn

∣

∣

∣

∣

(Q
(2)
λ )2P

(1)
λ (p ◦ ρ)

∣

∣

∣

∣

2
1

λ
dzdλ

= A11 +A12 +A13.

A11 is treated by using the square function estimate of Lemma 3.3, A11 . ‖~f‖2
2. We

now estimate A12. Let ψλ(x) be the convolution kernel of (Q
(1)
λ )2. Then

∫

ψλ = 0
and

|(Q
(1)
λ )2(p ◦ ρ)(λ, x, t)|

=

∣

∣

∣

∣

∫

Rn−1

ψλ(x− y)[p ◦ ρ(λ, y, t) − p ◦ ρ(λ, x, t)] dy

∣

∣

∣

∣

=

∣

∣

∣

∣

1
∫

0

∫

Rn−1

ψλ(x− y)(x− y) · [∇x(p ◦ ρ)](λ, y + θ(x− y), t) dydθ

∣

∣

∣

∣

=

∣

∣

∣

∣

1
∫

0

∫

Rn−1

ψλ(h)h · [∇x(p ◦ ρ)](λ, x− (1 − θ)h, t) dhdθ

∣

∣

∣

∣

≤ cλM (1)(|∇x(p ◦ ρ)|)(λ, x, t),

where M (1) is the Hardy-Littlewood maximal function in the x-variable. Using square
function estimates for the pressure, i.e. Lemma 3.3, as well as continuity of maximal

functions we may conclude that A12 . ‖~f‖2
2. Using an argument identical to the one

in the proof of Lemma 6.2 below one may prove that

A13 .

∞
∫

0

∫

Rn

∣

∣

∣

∣

(Q
(2)
λ )2(p ◦ ρ)(λ, x, t)

∣

∣

∣

∣

2
1

λ
dxdtdλ ≤ Cβ‖~f‖

2
2.

Put together, A1 . γ‖~f‖2
2. Using Lemma 4.1 we have

|A2| .

∞
∫

0

∫

Rn

∣

∣

∣

∣

R−1Mn

(

Pλ(p ◦ ρ)

(

∂2PγλA(x, ·)

∂xj∂λ

))

(t)

∣

∣

∣

∣

2

λ dzdλ

+

∞
∫

0

∫

Rn

∣

∣

∣

∣

R−1(φ∗Rλ ∗ (Pλ(p ◦ ρ)))(x, ·)

(

∂2PγλA(x, t)

∂xj∂λ

)
∣

∣

∣

∣

2

λ dzdλ

+

∞
∫

0

∫

Rn

∣

∣

∣

∣

RMRλ
n

(

∂3PγλA(x, ·)

∂xj∂λ∂zn

)

(t)φRλ ∗ (Pλ(p ◦ ρ))(x, t)

∣

∣

∣

∣

2

λ5 dzdλ.

Noting that φ∗Rλ ∗ (Pλ(p ◦ ρ)) is nontangentially bounded by MnN∗(Pλ(p ◦ ρ)), letting
R = γ−1, using Lemma 6.1, Lemma 1.1 and continuity of the Hardy-Littlewood
maximal function we have,

|A2| . γ‖~f‖2
2 +

∞
∫

0

∫

Rn

∣

∣

∣

∣

RφRλ ∗MRλ
n

(

∂3PγλA(x, ·)

∂xj∂λ∂zn

)

(t)(Pλ(p ◦ ρ))(x, ·)(t)

∣

∣

∣

∣

2

λ5 dzdλ.
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Choosing R = γ−1 and using Lemma 4.2 on Carleson measures as well as Lemma 6.1

we may conclude that, |A2| . γ‖~f‖2
2.

We may therefore conclude that |T | . γ‖~f‖2
2 + |B| + |C|, where

B =

∞
∫

0

∫

Rn

[

HDt
1/2,

∂PγλA

∂xr

]

(ur ◦ ρ)λλ(I − Pλ)(p ◦ ρ)λ dzdλ

C =

∞
∫

0

∫

Rn

[

HDt
1/2,

∂PγλA

∂λ

]

(ur ◦ ρ)xrλ(I − Pλ)(p ◦ ρ)λ dzdλ.

We just treat B as C is treated analogously. Using the notation introduced above,

−(I − Pλ)(p ◦ ρ) =

λ
∫

0

P (2)
ν (Q(1)

ν )2(p ◦ ρ)(λ)
dν

ν
+

λ
∫

0

P (1)
ν (Q(2)

ν )2(p ◦ ρ)(λ)
dν

ν
.

In estimating the expression in B we therefore have to consider

B1 =

∞
∫

0

∫

Rn

λ
∫

0

[

HDt
1/2,

∂PγλA

∂xr

]

(ur ◦ ρ)λλP
(2)
ν (Q(1)

ν )2(p ◦ ρ)λ
dν

ν
dzdλ,

B2 =

∞
∫

0

∫

Rn

λ
∫

0

[

HDt
1/2,

∂PγλA

∂xr

]

(ur ◦ ρ)λλP
(1)
ν (Q(2)

ν )2(p ◦ ρ)λ
dν

ν
dzdλ.

Note that as above,

|(Q(1)
ν )2(p ◦ ρ)(λ, x, t)| =

∣

∣

∣

∣

∫

ψν(x− y)[p ◦ ρ(λ, y, t) − p ◦ ρ(λ, x, t)] dy

∣

∣

∣

∣

≤ cνM (1)(|∇x(p ◦ ρ)|)(λ, x, t),

where M (1) is the Hardy-Littlewood maximal function in the x-variable. Using this
observation, the selfadjointness of the commutator and Lemma 4.1 we have

|B1| =

∣

∣

∣

∣

∞
∫

0

∫

Rn

λ
∫

0

(ur ◦ ρ)λλ

[

HDt
1/2,

∂PγλA

∂xr

][

P (2)
ν (Q(1)

ν )2(p ◦ ρ)

]

λ
dν

ν
dzdλ

∣

∣

∣

∣

≤ c(R−2 +R2γ−4‖DnA‖∗)

∞
∫

0

∫

Rn

λ
∫

0

|(ur ◦ ρ)λλ|

∣

∣

∣

∣

M (2)(P (2)
ν (Q(1)

ν )2(p ◦ ρ))

∣

∣

∣

∣

dν

ν
dzdλ

≤ c(R−2 +R2γ−4‖DnA‖∗)

∞
∫

0

∫

Rn

λ
∫

0

|(ur ◦ ρ)λλ|M
(2)M (2)M (1)(|∇x(p ◦ ρ)|)(λ, x, t) dνdzdλ

≤ c(R−2 +R2γ−4‖DnA‖∗)‖~f‖
2
2 . γ‖~f‖2

2

by the continuity of the maximal functions, the square function estimates of Theorem
3.1 and Lemma 3.3 and the choice R = γ−1. Left is to treat the term B2. Let in the
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following ǫ = 1/2.

|B2| ≤

(

∞
∫

0

∫

Rn

λ
∫

0

∣

∣

∣

∣

Q(2)
ν

[

HDt
1/2,

∂PγλA

∂xr

]

(ur ◦ ρ)λλ

∣

∣

∣

∣

2

(
ν

λ
)−ǫ dz

dν

ν
λ3dλ

)1/2

×

(

∞
∫

0

∫

Rn

λ
∫

0

∣

∣

∣

∣

P (1)
ν Q(2)

ν (p ◦ ρ)

∣

∣

∣

∣

2

(
ν

λ
)ǫ dz

dν

ν

dλ

λ

)1/2

.

Note that,

∞
∫

0

∫

Rn

λ
∫

0

∣

∣

∣

∣

P (1)
ν Q(2)

ν (p ◦ ρ)

∣

∣

∣

∣

2

(
ν

λ
)ǫ dz

dν

ν

dλ

λ
≤ C

∞
∫

0

∫

Rn

λ
∫

0

∣

∣

∣

∣

M (1)(Q(2)
ν (p ◦ ρ))

∣

∣

∣

∣

2

(
ν

λ
)ǫ dz

dν

ν

dλ

λ

≤ C

∞
∫

0

∫

Rn

λ
∫

0

∣

∣

∣

∣

Q(2)
ν (p ◦ ρ)

∣

∣

∣

∣

2

(
ν

λ
)ǫ dz

dν

ν

dλ

λ
.

I.e., what we have to do is to estimate the terms,

B21 :=

∞
∫

0

∫

Rn

λ
∫

0

∣

∣

∣

∣

Q(2)
ν (p ◦ ρ)

∣

∣

∣

∣

2

(
ν

λ
)ǫ dν

ν
dz
dλ

λ
=

∞
∫

0

∫

Rn

∞
∫

ν

∣

∣

∣

∣

Q(2)
ν (p ◦ ρ)

∣

∣

∣

∣

2

(
ν

λ
)ǫ dλ

λ
dz
dν

ν

B22 :=

∞
∫

0

∫

Rn

λ
∫

0

∣

∣

∣

∣

Q(2)
ν

[

HDt
1/2,

∂PγλA

∂xr

]

(ur ◦ ρ)λλ

∣

∣

∣

∣

2

(
ν

λ
)−ǫ dz

dν

ν
λ3dλ.

We first consider B21. Integrating by parts w.r.t λ we have (ǫ = 1/2),

B21 = 2

∞
∫

0

∫

Rn

∣

∣

∣

∣

Q(2)
ν (p ◦ ρ)(ν, x, t)

∣

∣

∣

∣

2

dz
dν

ν

+ 4

∞
∫

0

∫

Rn

λ
∫

0

Q(2)
ν (p ◦ ρ)Q(2)

ν (p ◦ ρ)λ(
ν

λ
)1/2 dλdz

dν

ν
= B211 +B212.

Using Cauchy-Schwarz we have,

|B212| ≤

(

∞
∫

0

∫

Rn

λ
∫

0

∣

∣

∣

∣

Q(2)
ν (p ◦ ρ)

∣

∣

∣

∣

2

(
ν

λ
)1/2 dν

ν
dz
dλ

λ

)1/2

×

(

∞
∫

0

∫

Rn

λ
∫

0

∣

∣

∣

∣

Q(2)
ν (p ◦ ρ)λ

∣

∣

∣

∣

2

(
ν

λ
)1/2 dν

ν
dzλdλ

)1/2

.

Using Cauchy-Schwarz with ǫ and standard arguments we have,

|B21| . |B211| +

∞
∫

0

∫

Rn

λ
∫

0

∣

∣

∣

∣

Q(2)
ν (p ◦ ρ)λ

∣

∣

∣

∣

2

(
ν

λ
)1/2 dν

ν
dzλdλ
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. |B211| +

∞
∫

0

∫

Rn

|(p ◦ ρ)λ|
2λ dλdz . |B211| + ‖~f‖2

2.

Lemma 6.2.

∞
∫

0

∫

Rn

∣

∣

∣

∣

Q(2)
ν (p ◦ ρ)(ν, x, t)

∣

∣

∣

∣

2

dz
dν

ν
≤ Cβ‖~f‖

2
2.

Using lemma 6.2 we may conclude that |B21| . ‖~f‖2
2. Left is therefore to estimate

B22 :=

∞
∫

0

∫

Rn

λ
∫

0

∣

∣

∣

∣

Q(2)
ν

[

HDt
1/2,

∂PγλA

∂xr

]

(ur ◦ ρ)λλ

∣

∣

∣

∣

2

(
ν

λ
)−ǫ dz

dν

ν
λ3dλ.

But the relevant estimate of this term is stated in the following lemma.

Lemma 6.3. Let R ≥ 2. Then there exist integers m1 and m2 such that,

|B22| ≤ Cβ(R−2 +Rm1γ−m2)‖~f‖2
2.

By an appropriate choice of R we may therefore conclude that,

|B| ≤ |B1| + |B2| . γ‖~f‖2 + (B21 ×B22)
1/2 . γ‖~f‖2 + ‖~f‖

1/2
2 × γ‖~f‖

1/2
2 . γ‖~f‖2

2.

The proof of Lemma 5.3 of the previous section is therefore complete modulo Lemma
6.1-6.3.

We now end the section with the proof of Lemma 6.1, 6.2 and 6.3.

Proof of Lemma 6.1. Recall that

p(X, t) =

∫

∂Ωt

∇Γ(X −Q)~f(Q, t) dσt(Q),

where Γ in this context is the fundamental solution of Laplace operator. Let

g(λ, x, t) = (p ◦ ρ)(λ, x, t) =

∫

Rn−1

K(λ, x, y, t)~g(y, t) dy,

where ‖~g‖L2(Rn,dxdt) ∼ ‖~f‖L2(∂Ω) andK(λ, x, y, t) = ∇Γ(λ+PγλA(x, t)−A(y, t), x−y).
We may without loss of generality assume that ~g is non negative. Let φλ be a smooth
function of (y, s). Let λ > 0 and (x, t) ∈ Baλ(x0, t0). Assume that φλ = 1 on
Bcaλ(x0, t0) and φλ = 0 on the complement of B2caλ(x0, t0) for some constant c >> 1.
We decompose,

~g(y, s) = φλ~g(y, s) + (1 − φλ)~g(y, s) = ~g1(y, s) + ~g2(y, s).

Then g(λ, x, t) = g1(λ, x, t) + g2(λ, x, t) and one easily derives that

|Pλg1(λ, x, t)| ≤
∑

r

cλ−d

∫

Bcaλ(x0,t0)

|gr
1(y, s)| dyds ≤

∑

r

cM(gr)(x0, t0),
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where M is a parabolic Hardy-Littlewood maximal function. We now consider
Pλg2(λ, x, t).

Pλg2(λ, x, t)

=

∫

Rn

∫

Rn−1

λ−dP (
x− z

λ
,
t− s

λ2
)(K(λ, z, y, s) −K(0, x0, y, s))~g2(y, s) dydzds

+

∫

Rn

∫

Rn−1

λ−dP (
x0 − z

λ
,
t0 − s

λ2
)K(0, x0, y, s)~g2(y, s) dydzds = M1 +M2.

Obviously,

|M2| ≤ cM (2)(g2(0, x0, ·))(t0),

where again M (2) is a Hardy-Littlewood maximal function with respect to t with good
continuity in Lp. We now focus on M1.

K(λ, z, y, s) −K(0, x0, y, s)

= K(λ, z, y, s) −K(λ, x0, y, s) +K(λ, x0, y, s) −K(0, x0, y, s).

|K(λ, z, y, s) −K(λ, x0, y, s)|

= |∇Γ(λ+ PγλA(z, s) −A(y, s), z − y) −∇Γ(λ+ PγλA(x0, s) −A(y, s), x0 − y)|

≤ c|x0 − y|−n

[

|PγλA(z, s) − PγλA(x0, s)| + |z − x0|

]

≤ cλ|x0 − y|−n.

Analogously

|K(λ, x0, y, s) −K(0, x0, y, s)| ≤ cλ|x0 − y|−n.

I.e,

|Pλg2(λ, x, t)| ≤ cM (2)(g2(0, x0, ·))(t0)

+
∑

r

∞
∑

j=0

λ−dλ

∫

2jλ≤|x0−y|<2j+1λ

∫

|x0−z|<cλ

∫

|t0−s|<cλ2

gr
2(y, s)

|x0 − y|n
dsdydz

≤ cM (2)(g2(0, x0, ·))(t0) +
∑

r

cM (1)(M (2)(gr
2(−, ·)(t0))(x0).

Again, the desired continuity follows by continuity of maximal functions and as p ◦
ρ(0, x, t) is continous in L2(Rn, dxdt).

Proof of Lemma 6.2. Recall once again that

p(X, t) =

∫

∂Ωt

∇Γ(X −Q, t)~f(Q, t) dσt(Q),

where Γ in this context is the fundamental solution of Laplace operator and

(p ◦ ρ)(ν, x, t) =

∫

Rn−1

K(ν, x, y, t)~g(y, t) dy,
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where ‖~g‖L2(Rn,dxdt) ∼ ‖~f‖L2(∂Ω) andK(ν, x, y, t) = ∇Γ(ν+PγνA(x, t)−A(y, t), x−y).
We define

Tν~g(x, t) :=

∫

Rn−1

K(ν, x, y, t)~g(y, t) dy.

Then p ◦ ρ(ν, x, t) = Tν~g(x, t) and

‖Tν~g‖L2(Rn) ≤ C‖~f‖L2(∂Ω)

with a C independent of ν. We intend to prove that,

∞
∫

0

∫

Rn

∣

∣

∣

∣

Q(2)
ν Tν~g(x, t)

∣

∣

∣

∣

2

dxdt
dν

ν
≤ C‖~g‖2

L2(Rn).

Note that Q
(2)
ν Tν = TνQ

(2)
ν − [Tν , Q

(2)
ν ] and trivially

∞
∫

0

∫

Rn

∣

∣

∣

∣

TνQ
(2)
ν ~g(x, t)

∣

∣

∣

∣

2

dxdt
dν

ν
≤ C

∞
∫

0

∫

Rn

∣

∣

∣

∣

Q(2)
ν ~g(x, t)

∣

∣

∣

∣

2

dxdt
dν

ν
≤ C‖~g‖2

L2(Rn).

We are therefore left with the commutator. Let ψ
(2)
ν be the kernel of Q

(2)
ν .

[Tν , Q
(2)
ν ]~g(x, t) =

∫

R

ψ(2)
ν (t− s)

∫

Rn−1

(K(ν, x, y, t) −K(ν, x, y, s))~g(y, s) dyds.

Let K̃(ν, x, y, t, s) = K(ν, x, y, t) −K(ν, x, y, s) and decompose ~g(y, s), for fixed ν, in
the following way,

~g(y, s) = Pν~g(y, s) + (I − Pν)~g(y, s) = Pν~g(y, s) +

ν
∫

0

Q2
µ~g(y, s)

dµ

µ
,

where Pν is a nice parabolic approximation to the identity. I.e., we have to consider

M1 =

∫

R

∫

Rn−1

ψ(2)
ν (t− s)K̃(ν, x, y, t, s)Pν~g(y, s) dyds,

M2 =

ν
∫

0

∫

R

∫

Rn−1

ψ(2)
ν (t− s)K̃(ν, x, y, t, s)Q2

µ~g(y, s) dyds
dµ

µ
.

Define,

Aν,µ(x, t) :=

∫

R

∫

Rn−1

ψ(2)
ν (t− s)K̃(ν, x, y, t, s)Q2

µ~g(y, s) dyds.

We now use the following lemma. The proof is postponed for now.

Lemma 6.4.

‖Aν,µ‖L2(Rn,dxdt) ≤ C(
µ

ν
)‖Qµ~g‖L2(Rn)
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for some C > 0 independent of ~g, µ, ν, µ ≤ ν.
Using the orthogonality statement in Lemma 6.4 and Littlewood-Paley theory we have,

∞
∫

0

∫

Rn

∣

∣

∣

∣

[Tν , Q
(2)
ν ]~g(x, t)

∣

∣

∣

∣

2

dxdt
dν

ν
≤

∞
∫

0

∫

Rn

|M1|
2 dxdt

dν

ν
+

∞
∫

0

∫

Rn

|M2|
2 dxdt

dν

ν

.

∞
∫

0

∫

Rn

|M1|
2 dxdt

dν

ν
+ ‖~g‖2

L2(Rn).

We now focus on M1. Define

H(ν, x, y, t) = ∇Γ(ν + PγνA(x, t) − PγνA(y, t), x− y)

H̃(ν, x, y, t, s) = H(ν, x, y, t) −H(ν, x, y, s).

Then M1 = M11 +M12 where,

M11 =

∫

R

∫

Rn−1

ψ(2)
ν (t− s)H̃(ν, x, y, t, s)Pν~g(y, s) dyds,

M12 =

∫

R

∫

Rn−1

ψ(2)
ν (t− s)(K̃(ν, x, y, t, s) − H̃(ν, x, y, t, s))Pν~g(y, s) dyds.

Using calculus we may express M11 in the following way,

M11 =

∫

R

∫

Rn−1

ψ(2)
ν (t− s)(t− s)

[

1
∫

0

∂

∂zn
H(ν, x, y, s+ θ(t− s)) dθ

]

Pν~g(y, s) dyds.

Obviously

∂

∂zn
H(ν, x, y, t) = ∇Γx0

(ν+PγνA(x, t)−PγνA(y, t), x−y)·
∂

∂t
(PγνA(x, t)−PγνA(y, t)).

As |∂2Γ/∂xi∂xj | ≤ c|x|−n we may conclude that

|M11| ≤ C

∫

R

∫

Rn−1

|ψ
(2)
ν (t− s)||t− s|

(ν + |x− y|)n

×

[

1
∫

0

|
∂

∂zn
PγνA(x, s+ θ(t− s))| + |

∂

∂zn
PγνA(y, s+ θ(t− s))| dθ

]

Pν |~g(y, s)| dyds.

Here ∂
∂zn

denotes the derivative in the t-direction. Assume without loss of generality

t− s > 0, |t− s| < r2. Then

∣

∣

∣

∣

1
∫

0

|
∂

∂zn
PγνA(·, s± θ(t− s))| dθ

∣

∣

∣

∣

≤
1

|t− s|

|t−s|
∫

0

|
∂

∂zn
PγνA(·, s± θ)| dθ ≤Mν2

n

(

∂

∂zn
PγνA(·,−)

)

(s).
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I.e.,

|M11| ≤ cMν2

n

[
∫

Rn−1

ν2

(ν + |x− y|)n
Mν2

n

(

∂

∂zn
PγνA(x,−)

)

(∗)Pν |~g(y, ∗)| dy

]

(t)

+ cMν2

n

[
∫

Rn−1

ν2

(ν + |x− y|)n
Mν2

n

(

∂

∂zn
PγνA(y,−)

)

(∗)Pν |~g(y, ∗)| dy

]

(t)

≤ cMν2

n

[

νM (1)

(

Pν |~g(·, ∗)|

)

(x)Mν2

n

(

∂

∂zn
PγνA(x,−)

)

(∗)

]

(t)

+ cMν2

n

[

νM (1)

[

Mν2

n

(

∂

∂zn
PγνA(·,−)

)

(∗)Pν |~g(·, ∗)|

]

(x)

]

(t).

Using this estimate of M11 and continuity of maximal functions we have,

∞
∫

0

∫

Rn

|M11|
2dxdt

dν

ν

≤ C

∞
∫

0

∫

Rn

∣

∣

∣

∣

νM (1)

(

Pν |~g(·, t)|

)

(x)Mν2

n

(

∂

∂zn
PγνA(x,−)

)

(t)

∣

∣

∣

∣

2

dxdt
dν

ν

+ C

∞
∫

0

∫

Rn

∣

∣

∣

∣

νM (1)

[

Mν2

n

(

∂

∂zn
PγνA(·,−)

)

(t)Pν |~g(·, t)|

]

(x)

∣

∣

∣

∣

2

dxdt
dν

ν
.

Using this estimate, the fact that according to Lemma 4.2 part (iii) the measure
∣

∣

∣

∣

νMν2

n

(

∂PγνA(x,−)

∂zn

)

(t)

∣

∣

∣

∣

2

dxdt
dν

ν

is a Carleson measure with norm no larger than cγ−2‖DnA‖
2
∗, the fact that

M (1)(Pν(~g(·, t)))(x) ≤ Pν(M (1)(~g))(x, t) we get as Pν~g has good continuity with re-
spect to N∗,

∞
∫

0

∫

Rn

|M11|
2dxdt

dν

ν
≤ C‖~g‖2

2.

We now focus on M12. Recall that

M12 =

∫

R

∫

Rn−1

ψ(2)
ν (t− s)Θ(ν, x, y, t, s)Pν~g(y, s) dyds,

where

Θ(ν, x, y, t, s)

= ∇Γ(ν + PγνA(x, t) −A(y, t), x− y) −∇Γ(ν + PγνA(x, t) − PγνA(y, t), x− y)

+ ∇Γ(ν + PγνA(x, s) − PγνA(y, s), x− y) −∇Γ(ν + PγνA(x, s) −A(y, s), x− y).

I.e., by the mean-value theorem,

|Θ(ν, x, y, t, s)| ≤
|(I − Pγν)A(y, t)|

(ν + |x− y|)n
+

|(I − Pγν)A(y, s)|

(ν + |x− y|)n
.
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Therefore,

|M12| ≤

∫

R

∫

Rn−1

|ψ
(2)
ν (t− s)|

(ν + |x− y|)n

[

|(I − Pγν)A(y, t)| + |(I − Pγν)A(y, s)|

]

Pν |~g(y, s)| dyds

≤ cM (1)

[

1

ν
|(I − Pγν)A(·, t)|

[
∫

R

|ψ(2)
ν (t− s)|Pν |~g(·, s)| ds

]]

(x)

+ cMn

[

M (1)

[

1

ν
|(I − Pγν)A(·, ∗)Pν~g(·, ∗)

]

(x)

]

(t) := M121 +M122.

But
(

1

ν
|(I − Pγν)A(x, t)|

)2

dxdt
dν

ν

is a Carleson measure with norm no greater that cγ2‖A‖comm. This is statement (iv)
of Lemma 4.2. Therefore by continuity of maximal functions we have the desired
estimate for M122. Left to estimate is

∫

R

∫

Rn

M2
121 dxdt

dν

ν
.

But
∫

Rn

M2
121 dxdt ≤ C

∫

Rn

∣

∣

∣

∣

1

ν
|(I − Pγν)A(x, t)|

∫

R

|ψ(2)
ν (t− s)|Pν |~g(x, s)| ds

∣

∣

∣

∣

2

dxdt

≤ C

∫

Rn

|ψ(2)
ν | ∗

∣

∣

∣

∣

1

ν
|(I − Pγν)A

∣

∣

∣

∣

2

|Pν |~g||
2 dxdt.

Again, as is easily seen, the measure

|ψ(2)
ν | ∗

∣

∣

∣

∣

1

ν
|(I − Pγν)A

∣

∣

∣

∣

2

(x, t) dxdt
dν

ν

is a Carleson measure with norm ≤ cγ2‖A‖comm. Using this and the fact that the
non-tangential maximal function of Pν |~g| is good we may complete the proof. I.e., the
proof of Lemma 6.2 is complete modulo Lemma 6.4.

Proof of Lemma 6.4. Set

Vν(x, y, t, s) = ψ(2)
ν (t− s)K̃(ν, x, y, t, s)

= ψ(2)
ν (t− s)[∇Γ(ν + PγνA(x, t) −A(y, t), x− y) −∇Γ(ν + PγνA(x, s) −A(y, s), x− y)].

Using that if ‖(y, s) − (ỹ, s̃)‖ ≤ µ then,

Vν(x, y, t, s) − Vν(x, ỹ, t, s̃) ≤ cβ
µ

ν

[

1

ν2
χ{|t−s|<ν2}(t) ·

ν

(ν + |x− y|)n

]

,

we may conclude that

|Aν,µ(x, t)| :=

∣

∣

∣

∣

∫

R

∫

Rn−1

ψ(2)
ν (t− s)K̃(ν, x, y, t, s)Q2

µ~g(y, s) dyds

∣

∣

∣

∣

∣
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=

∣

∣

∣

∣

∫

R

∫

Rn−1

QµVν(x, y, t, s)Qµ~g(y, s) dyds

∣

∣

∣

∣

∣

≤ Cβ
µ

ν
Mn(M (1)(Qµ~g(·, ∗)(x)))(t).

Continuity of maximal functions now completes the proof.

Proof of Lemma 6.3. Again the kernel of HDt
1/2 is k(t) = csgn(t)|t|−3/2. Let

k1(t) = k(t)χ{s:|s|≤R2νλ}(t), k2(t) = k(t)χ{s:|s|>R2νλ}(t),

where R, ν, λ > 0 and let D1 and D2 be the associated operators. Using part (i) of

Lemma 4.1 we have with R replaced with R̃ such that R̃2λ2 = R2νλ,
∣

∣

∣

∣

λ

[

D1,
∂PγλA

∂xr

]

g(x, t)

∣

∣

∣

∣

≤ cβR̃γ
−2‖DnA‖∗Mn(g(x, ·))(t)

≤ cβRγ
−2‖DnA‖∗(

ν

λ
)1/2Mn(g(x, ·))(t).

Again Mn is the Hardy-Littlewood maximal function in the t-variable. As
∣

∣

∣

∣

[

Q(2)
ν

[

D1,
∂PγλA

∂xr

]

(ur◦ρ)λλ

]

(λ, x, t)

∣

∣

∣

∣

≤ CMn

[([

D1,
∂PγλA

∂xr

]

(ur◦ρ)λλ

)

(λ, x, ·)

]

(t),

we have,

∞
∫

0

∫

Rn

λ
∫

0

∣

∣

∣

∣

Q(2)
ν

[

D1,
∂PγλA

∂xr

]

(ur ◦ ρ)λλ

∣

∣

∣

∣

2

(
ν

λ
)−ǫ dz

dν

ν
λ3dλ

. R2γ−4‖DnA‖
2
∗

∞
∫

0

∫

Rn

λ
∫

0

∣

∣

∣

∣

Mn((ur ◦ ρ)λλ(x, ·))(t)

∣

∣

∣

∣

2

(
ν

λ
)1−ǫ dz

dν

ν
λdλ . γ‖~f‖2

2,

with an appropriate choice of R and an application of Lemma 1.1, Lemma 2.4 and
Theorem 3.1. Next we consider the part of B22 coming from the operator D2.

Q(2)
ν

[

D2,
∂PγλA

∂xr

]

= Q(2)
ν D2

∂PγλA

∂xr
+
∂PγλA

∂xr
Q(2)

ν D2 +

[

Q(2)
ν ,

∂PγλA

∂xr

]

D2

= S1 + S2 + S3.

Let us consider an expression of the form λQ
(2)
ν D2g. Standard deductions give,

|λQ(2)
ν D2g(x, t)| ≤ CR−3(

ν

λ
)1/2Mn(g(x, ·)(t).

I.e., the contribution from the operators S1 and S2 to expression under consideration
can be handled. We now focus on the commutator part and we let in the following

ψ
(2)
ν be the kernel of Q

(2)
ν .

∣

∣

∣

∣

[

Q(2)
ν ,

∂PγλA

∂xr

]

g

∣

∣

∣

∣

=

∣

∣

∣

∣

∫

R

ψ(2)
ν (t− s)

(

∂PγλA(x, s)

∂xr
−
∂PγλA(x, t)

∂xr

)

g(x, s) ds

∣

∣

∣

∣
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=

∣

∣

∣

∣

1
∫

0

∫

{s:|s−t|≤ν2}

ψ(2)
ν (t− s)(t− s)

∂2PγλA(x, s+ θ(t− s))

∂zn∂xr
g(x, s) dsdθ

∣

∣

∣

∣

≤ cν2γ−2‖DnA‖∗λ
−2

∫

{s:|s−t|≤ν2}

|ψ(2)
ν (t− s)||g(x, s)| ds

≤ c(
ν

λ
)1/2γ2‖DnA‖∗Mn(g(x, ·))(t).

Furthermore

|λD2g| ≤ R−1(
λ

ν
)1/2φ̃Rν1/2λ1/2 ∗ g ≤ cR−1(

λ

ν
)1/2Mn(g(x, ·)),

where

φRν1/2λ1/2(t) =
Rν1/2λ1/2

|t|3/2
χ{|t|>R2νλ}(t).

Combining these estimates and appealing to the continuity of Mn we have completed
the proof of the estimate stated in the lemma.

7. Estimates for the pressure. The main identity explored in this section
and stated in Lemma 7.4 below was, as far as we know, first discovered and used in
this context by Shen [32]. Let in the following,

Ωǫ = {(x0, x, t) : x0 > ǫ+ PγǫA(x, t)},

Ωǫ
t0 = Ωǫ ∩ {t = t0} = {(x0, x) : x0 > ǫ+ PγǫA(x, t0)}.

Note that if ǫ2 < ǫ1 then ǫ1 + Pγǫ1A(x, t0) > ǫ2 + Pγǫ2A(x, t0). I.e., Ωǫ2
t0 ⊂ Ωǫ1

t0 and
Ωǫ

t0 ր Ωt0 for each t0 as ǫ → 0. Obviously we also have that, Ωǫ ր Ω as ǫ → 0. N ǫ
t

is the unit outer normal to ∂Ωǫ
t. N

ǫ,j
t is the j-te component of N ǫ

t . Let Sǫ
tf be the

singular layer potential associated to the Laplace operator in the domain Ωǫ
t. The first

result is the following and is essentially due to Shen[30],

Lemma 7.1. Let ~v ∈ C2(Rn+1 \ ∂Ω) and div ~v = 0 in R
n+1 \ ∂Ω. Then,

‖Sǫ
t (〈(∆~v,N

ǫ
t 〉)‖L2(∂Ωǫ

t)
≤ C‖∇~v‖L2(∂Ωǫ

t)
.

Here C is independent of t and ǫ.
In order to formulate the other two results we need to introduce some more notation.
Define for δ > 0,

Ωǫ,δ = {(x0, x, t) : x0 > δ + ǫ+ PγǫA(x, t)},

Ωǫ,−δ = {(x0, x, t) : x0 < −δ + ǫ+ PγǫA(x, t)}.

In the following we let Sǫ,±δ
t denote the singular layer potential associated to the

Laplace operator on Ωǫ,±δ
t . N ǫ,±δ

t is the unit outer normal to ∂Ωǫ,±δ
t . We also intro-

duce the maps,

ρǫ,δ(ǫ, x, t) = (δ + ǫ+ PγǫA(x, t), x, t) ρǫ,−δ(ǫ, x, t) = (−δ + ǫ+ PγǫA(x, t), x, t).

We will prove the following two lemmas,
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Lemma 7.2. Let in the following (~u, p) = (Sǫ ~f, pǫ) = (S ~f, p) be the singular

layer potential and pressure defined with Ωǫ as the domain of reference and let ~f ∈
C∞

0 (Rn+1). Then the following inequalities are valid with a constant C independent

of ǫ and ~f ,

(i) ‖p+‖L2(∂Ωǫ)

≤ C

[

‖∇~u+‖L2(∂Ωǫ) +

(

lim
δ→0+

∞
∫

−∞

∫

∂Ωǫ,δ
t

|Sǫ,δ
t (〈

∂~u

∂t
,N ǫ,δ

t 〉)|2 dσǫ,δ
t dt

)1/2]

,

(ii) ‖p−‖L2(∂Ωǫ)

≤ C

[

‖∇~u−‖L2(∂Ωǫ) +

(

lim
δ→0+

∞
∫

−∞

∫

∂Ωǫ,−δ
t

|Sǫ,−δ
t (〈

∂~u

∂t
,N ǫ,δ

t 〉)|2 dσǫ,−δ
t dt

)1/2]

,

(iii)

(

lim
δ→0+

∞
∫

−∞

∫

Ωǫ,±δ
t

|Sǫ,±δ
t (〈

∂~u

∂t
,N ǫ,−δ

t 〉)|2 dσǫ,−δ
t dt

)1/2

≤ C

[

‖p±‖L2(∂Ωǫ) + ‖∇~u±‖L2(∂Ωǫ)

]

.

Lemma 7.3. Let in the following (~u, p) = (Sǫ ~f, pǫ) = (S ~f, p) be the singular

layer potential and pressure defined with Ωǫas the domain of reference and let ~f ∈
C∞

0 (Rn+1). Then,

lim
δ→0+

∞
∫

−∞

∫

∂Ωǫ,δ
t

|Sǫ,δ
t (〈

∂~u

∂t
,N ǫ,δ

t 〉)|2 dσǫ,δ
t dt = lim

δ→0+

∞
∫

−∞

∫

∂Ωǫ,−δ
t

|Sǫ,−δ
t (〈

∂~u

∂t
,N ǫ,δ

t 〉)|2 dσǫ,−δ
t dt

and

lim
δ→0+

∞
∫

−∞

∫

∂Ωǫ,δ
t

|Sǫ,δ
t (〈

∂~u

∂t
,N ǫ,δ

t 〉)|2 dσǫ,δ
t dt =

∞
∫

−∞

∫

∂Ωǫ
t

|Sǫ
t (〈

∂~u

∂t
,N ǫ

t 〉)|
2 dσǫ

tdt.

Let in the following (~u, p) = (Sǫ ~f, pǫ) = (S ~f, p) be the singular layer potential

and pressure defined with Ωǫ as the domain of reference and let ~f ∈ L2(∂Ωǫ). Let
~fj ∈ C∞

0 (Rn+1) be such that ~fj → ~f in L2(∂Ωǫ). Using Lemma 7.2 and 7.3 we define,

Sǫ
t (〈

∂S ~f

∂t
,N ǫ

t 〉) = lim
j→∞

Sǫ
t (〈

∂S ~fj

∂t
,N ǫ

t 〉),

with convergence in L2(∂Ωǫ). Obviously the definition is independent of the sequence

fj . The quantity Sǫ
t (〈

∂S ~f
∂t , N

ǫ
t 〉) is therefore well defined for every ~f ∈ L2(∂Ωǫ).

We end the section with the proof of Lemma 7.1-7.3.

Proof of Lemma 7.1. 〈∆~v,N ǫ
t 〉 =

∑n−1
i=0 ∆viN ǫ,i

t . Here ,

N ǫ,i
t =

∂PγǫA

∂xi
·

1

|N ǫ
t |

for i ∈ {1, ..., n− 1}, N ǫ,0
t = −

1

|N ǫ
t |
.
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Note that on ∂Ωǫ
t we have x0 = ǫ+ PγǫA(x, t0). Let

Tj := (
∂PγǫA

∂xj
, 0, , , , , 0, 1, 0, ...0)/|N ǫ

t |,

where we have placed the number 1 at position j. Here j ∈ {1, ..., n − 1}. Note that
Tj is tangent to ∂Ωǫ

t. A direct calculation using that div ~u=0 shows that the following
formula is true.

Lemma 7.4.

〈∆~v,N ǫ
t 〉|N

ǫ
t | =

[ n−1
∑

j,k=1

∂

∂Tj
(
∂vk

∂xj

∂PγǫA

∂xk
) −

∂

∂Tk
(
∂vk

∂xj

∂PγǫA

∂xj
)

−

n−1
∑

j=1

∂

∂Tj
(
∂v0

∂xj
) +

n−1
∑

k=1

∂

∂Tk
(
∂vk

∂x0
)

]

|N ǫ
t |.

Using Lemma 7.4 we now consider the singular integrals we want to estimate, i.e.,

Sǫ
t (〈∆~v,N

ǫ
t 〉)(P, t)

= p.v

∫

∂Ωǫ
t

〈∆~v,N ǫ
t 〉(Q, t)

wn(2 − n)|P −Q|n−2
dσǫ

t (Q)

=

n−1
∑

j,k=1

∫

∂Ωǫ
t

1

wn(2 − n)|P −Q|n−2

[

∂

∂Tj
(
∂vk

∂xj

∂PγǫA

∂xk
) −

∂

∂Tk
(
∂vk

∂xj

∂PγǫA

∂xj
)

]

dσǫ
t

−
n−1
∑

j=1

∫

∂Ωǫ
t

1

wn(2 − n)|P −Q|n−2

∂

∂Tj
(
∂v0

∂xj
) dσǫ

t

+

n−1
∑

k=1

∫

∂Ωǫ
t

1

wn(2 − n)|P −Q|n−2

∂

∂Tk
(
∂vk

∂x0
) dσǫ

t .

Using integration by parts along ∂Ωǫ
t and regularity estimates for the Dirichlet problem

on Lipschitz domains, see e.g. [30], we may conclude that,

‖Sǫ
t (〈∆~v,N

ǫ
t 〉‖L2(∂Ωǫ

t)
≤ C‖∇~v‖L2(∂Ωǫ

t)
,

with C as in the statement of the Lemma.

Proof of Lemma 7.2. We start out by proving (i). As p is harmonic and ∂Ωǫ
t is

smooth we have using the Gauss Green formula that

p(X, t) =

∫

∂Ωǫ,δ
t

〈Q−X,N ǫ,δ
t (Q)〉(Q, t)

|X −Q|n
p(Q, t) dσǫ,δ

t (Q)

−

∫

∂Ωǫ,δ
t

∂p

∂Nǫ,δ
t

(Q, t)

wn(2 − n)|X −Q|n−2
dσǫ,δ

t (Q).
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Here dσǫ,δ
t , N ǫ,δ

t are naturally defined. Let Sǫ,δ
t be the singular layer potential op-

erators for the Laplace operator on Ωǫ,δ
t . If we let X → P ∈ ∂Ωǫ,δ

t we have the
relation

p(P, t) =
1

2
p(P, t) +Kǫ,δ

t (p)(P, t) + Sǫ,δ
t (

∂p

∂N ǫ,δ
t

)(P, t).

Here,

Kǫ,δ
t (p)(P, t) := p.v

∫

∂Ωǫ,δ
t

〈P −Q,N ǫ,δ
t (Q)〉(Q, t)

wn|P −Q|n
p(Q, t) dσǫ,δ

t (Q).

I.e., Sǫ,δ
t ( ∂p

∂Nǫ,δ
t

)(P, t) = ( I
2 −Kǫ,δ

t )(p)(P, t). Therefore,

‖(
I

2
−Kǫ,δ

t )(p)‖L2(∂Ωǫ,δ
t ) = ‖Sǫ,δ

t (
∂p

∂N ǫ,δ
t

)‖L2(∂Ωǫ,δ
t )

≤ C(‖Sǫ,δ
t (〈∆u,N ǫ,δ

t 〉)‖L2(∂Ωǫ,δ
t ) + ‖Sǫ,δ

t (〈
∂~u

∂t
,N ǫ,δ

t 〉)‖L2(∂Ωǫ,δ
t ).

As Ωǫ,δ
t is an unbounded Lipschitz domain it follows from the invertibility of I

2 −Kǫ,δ
t

that,

‖p‖L2(∂Ωǫ,δ
t ) ≤ C‖(

I

2
−Kǫ,δ

t )(p)‖L2(∂Ωǫ,δ
t ).

I.e. by continuity and Lemma 7.1,

‖p‖L2(∂Ωǫ) ≤ C

[

‖∇~u‖L2(∂Ωǫ) +

(

lim
δ→0

∞
∫

−∞

‖Sǫ,δ
t (〈

∂~u

∂t
,N ǫ,δ

t 〉)‖2
L2(∂Ωǫ,δ

t )
dt

)1/2]

.

All of the constants in these inequalities are independent of ǫ and δ.

The proof of (ii) follows the same lines as the proof of part (i) with the modification
that we instead work with domains,

Ωǫ,−δ = {(x0, x, t) : x0 < −δ + ǫ+ PγǫA(x, t)}.

We now prove (iii). We choose to consider the case of Ωǫ,−δ. Then

∞
∫

−∞

‖Sǫ,−δ
t (〈

∂~u

∂t
,N ǫ,−δ

t 〉)‖2
L2(∂Ωǫ,−δ

t )
dt

≤

∞
∫

−∞

∫

Ωǫ,−δ
t

|Sǫ,−δ
t (〈∆~u,N ǫ,−δ

t 〉)|2 dσǫ,−δ
t dt+

∞
∫

−∞

∫

Ωǫ,−δ
t

|Sǫ,−δ
t (

∂p

∂N ǫ,−δ
t

)|2 dσǫ,−δ
t dt

≤ C(‖∇~u−‖L2(∂Ωǫ,−δ) + ‖(
I

2
−Kǫ,−δ

t )(p)‖L2(∂Ωǫ,−δ)

≤ C(‖∇~u−‖L2(∂Ωǫ,−δ) + ‖p−‖L2(∂Ωǫ,−δ)).

Arguing as above we may complete the proof.
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Proof of Lemma 7.3.

Sǫ ~f(X, t) :=

t
∫

−∞

∫

∂Ωǫ
s

Γ(X − Y, t− s)~f(Y, s) dσǫ
s(Y )ds

=

t
∫

−∞

∫

Rn−1

Γ(x0 − (ǫ+ PγǫA(y, s)), x− y, t− s)~f(ǫ+ PγǫA(y, s), y, s)

×
√

1 + |∇PγǫA(y, s)|2 dyds.

I.e.,

∂Sǫ(~f)

∂t
(X, t) =

t
∫

−∞

∫

Rn−1

∂Γ

∂t
(x0 − (ǫ+ PγǫA(y, s)), x− y, t− s)~g(y, s) dyds,

where,

~g(y, s) = ~f(ǫ+ PγǫA(y, s), y, s)
√

1 + |∇PγǫA(y, s)|2.

But,

∂

∂s
Γ(x0 − (ǫ+ PγǫA(y, s)), x− y, t− s)

= −
∂Γ

∂x0
(x0 − (ǫ+ PγǫA(y, s)), x− y, t− s)

∂PγǫA(y, s)

∂s

−
∂Γ

∂t
(x0 − (ǫ+ PγǫA(y, s)), x− y, t− s).

Therefore,

∂Sǫ(~f)

∂t
(X, t)

= −

t
∫

−∞

∫

Rn−1

∂Γ

∂x0
(x0 − (ǫ+ PγǫA(y, s)), x− y, t− s)

∂PγǫA(y, s)

∂s
~g(y, s) dyds

−

t
∫

−∞

∫

Rn−1

∂

∂s
Γ(x0 − (ǫ+ PγǫA(y, s)), x− y, t− s)~g(y, s) dyds

= −

t
∫

−∞

∫

Rn−1

∂Γ

∂x0
(x0 − (ǫ+ PγǫA(y, s)), x− y, t− s)

∂PγǫA(y, s)

∂s
~g(y, s) dyds

+

t
∫

−∞

∫

Rn−1

Γ(x0 − (ǫ+ PγǫA(y, s)), x− y, t− s)
∂~g(y, s)

∂s
dyds.

We introduce the following notation,

~h1(ǫ+ PγǫA(y, s), y, s)
√

1 + |∇PγǫA(y, s)|2 =
∂PγǫA(y, s)

∂s
~g(y, s),
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~h2(ǫ+ PγǫA(y, s), y, s)
√

1 + |∇PγǫA(y, s)|2 =
∂~g(y, s)

∂s
.

We may therefore conclude that,

∂Sǫ(~f)

∂t
(x0, x, t) = −

∂

∂x0
Sǫ(~h1)(x0, x, t) + Sǫ(~h2)(x0, x, t).

We are interested in

Sǫ,±δ
t (〈

∂Sǫ(~f)

∂t
,N ǫ,δ

t 〉)(P, t) =

∫

∂Ωǫ,±δ
t

〈∂Sǫ(~f)
∂t , N ǫ,δ

t 〉(Q, t)

wn(2 − n)|P −Q|n−2
dσǫ,±δ

t (Q),

for P ∈ ∂Ωǫ,±δ
t . But,

〈
∂Sǫ(~f)

∂t
,N ǫ,δ

t 〉 = −〈
∂

∂x0
Sǫ(~h1), N

ǫ,δ
t 〉 + 〈Sǫ(~h2), N

ǫ,δ
t 〉.

We need to examine the first term on the right hand side a bit more closely. Using
the trace result of Lemma 2.5 we have

lim
δ→0+

(
∂

∂x0
Sǫ(~h1)

j) ◦ ρǫ,±δN
ǫ,δ,j
t

= ±
1

2
N ǫ,j

t {hj
1 −N ǫ,j

t 〈~h1, N
ǫ
t 〉}N

ǫ,j
t +Kj,0(~h1)N

ǫ,j
t .

I.e.,

lim
δ→0+

〈
∂

∂x0
Sǫ(~h1)) ◦ ρǫ,±δ, N

ǫ,δ
t 〉 =

n−1
∑

j=0

Kj,0(~h1)N
ǫ
t,j ,

and we may therefore conclude that 〈∂Sǫ(~f)
∂t , N ǫ,δ

t 〉 is a continuous function in all of

R
n+1. The conclusion in the statement of the lemma now follows from the smoothness

of ∂Ωǫ and the continuity of Sǫ
t .

8. Inequalities based on Rellich identities. In this section we focus on
inequalities based on Rellich identities. Let Ω+ := Ω, Ω− := R

n+1 \Ω. We also define

~u+ := S ~f |Ω+ , ~u− := S ~f |Ω− , p+ := p|Ω+
, p− := p|Ω−

. Then the following identities are
valid,

∞
∫

−∞

∫

∂Ωs

〈α,Ns〉|∇~u±|
2 dσsds = 2

∞
∫

−∞

∫

∂Ωs

αj(
∂u±
∂xj

)r(
∂u±
∂ν

)r dσsds

±

∞
∫

−∞

∫

Ω±
s

(div~α)|∇~u|2 dxds∓ 2

∞
∫

−∞

∫

Ω±
s

[

∂αj

∂xk

∂ur

∂xj

∂ur

∂xk
−
∂αj

∂xr

∂ur

∂xj
p

]

dxds

∓2

∞
∫

−∞

∫

Ω±
s

αj ∂u
r

∂xj

∂ur

∂s
dxds.
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∞
∫

−∞

∫

∂Ωs

〈α,Ns〉|∇~u±|
2 dσsds = 2

∞
∫

−∞

∫

∂Ωs

αj ∂u
r
±

∂xk
(
∂ur

±

∂xk
N j

s −
∂ur

±

∂xj
Nk

s ) dσsds

+2

∞
∫

−∞

∫

∂Ωs

αjp±(
∂ur

±

∂xk
N j

s −
∂ur

±

∂xj
Nk

s ) dσsds

∓

∞
∫

−∞

∫

Ω±
s

(div~α)|∇~u|2 dxds± 2

∞
∫

−∞

∫

Ω±
s

[

∂αj

∂xk

∂ur

∂xj

∂ur

∂xk
−
∂αj

∂xr

∂ur

∂xj
p

]

dxds

±2

∞
∫

−∞

∫

Ω±
s

αj ∂u
r

∂xj

∂ur

∂s
dxds.

To simplify notation we introduce the following,

Definition. For each f ∈ L2(∂Ωǫ) we let ~u = S ~f be the singular layer potential
with Ωǫ as the domain of reference. We define

A(~u) :=

∞
∫

−∞

∫

∂Ωǫ
t

∣

∣

∣

∣

Sǫ
t (〈

∂~u

∂t
,N ǫ

t 〉)

∣

∣

∣

∣

2

dσǫ
tdt.

The main results are Lemma 8.1 and Lemma 8.2 below. ∇T denotes the naturally
defined tangential derivatives.

Lemma 8.1. Let in the following (~u, p) = (S ~f, p) be the singular layer potential

and pressure defined with Ωǫas the domain of reference and let ~f ∈ L2(∂Ωǫ). Then

the following inequalities are valid with a constant C independent of ~f and ǫ.

(i) ‖∇~u±‖
2
L2(∂Ωǫ) + ‖p±‖

2
L2(∂Ωǫ)

≤ C

[

‖∇T~u‖
2
L2(∂Ωǫ) +A(~u) +

∣

∣

∣

∣

n−1
∑

r=0

∫

Ωǫ,±

∂ur

∂x0

∂ur

∂t
dXdt

∣

∣

∣

∣

]

,

(ii) ‖∇T~u‖
2
L2(∂Ωǫ) +A(~u) ≤ C

[

‖
∂~u±
∂ν

‖2
L2(∂Ωǫ) +

∣

∣

∣

∣

n−1
∑

r=0

∫

Ωǫ,±

∂ur

∂x0

∂ur

∂t
dXdt

∣

∣

∣

∣

]

.

Proof. Using the second Rellich identity we have

‖∇~u±‖
2
L2(∂Ωǫ) ≤ C

[

‖∇~u±‖L2(∂Ωǫ)‖∇T~u‖L2(∂Ωǫ)

+ ‖p±‖L2(∂Ωǫ)‖∇T~u‖L2(∂Ωǫ) +

∣

∣

∣

∣

n−1
∑

r=0

∫

Ωǫ,±

∂ur

∂x0

∂ur

∂t
dxdt

∣

∣

∣

∣

]

.
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Using part (i),(ii) of Lemma 7.2 as well as Lemma 7.3 we have,

‖∇~u±‖
2
L2(∂Ωǫ) + ‖p±‖

2
L2(∂Ωǫ) ≤ C

[

‖∇~u±‖
2
L2(∂Ωǫ) +A(~u)

]

.

Combining these estimates we get the conclusion in (i). To prove the second inequality
we use the first Rellich identity. This gives us,

‖∇~u±‖
2
L2(∂Ωǫ) ≤ C

[

‖∇~u±‖L2(∂Ωǫ)‖
∂~u±
∂ν

‖L2(∂Ωǫ) +

∣

∣

∣

∣

n−1
∑

r=0

∫

Ωǫ,±

∂ur

∂x0

∂ur

∂t
dxdt

∣

∣

∣

∣

]

.

Using Lemma 7.2 part (iii) we have

‖∇~u±‖
2
L2(∂Ωǫ) +A(~u) ≤ C

[

‖p±‖
2
L2(∂Ωǫ) + ‖∇~u±‖

2
L2(∂Ωǫ)

]

.

As furthermore,

‖p±‖
2
L2(∂Ωǫ) ≤ ‖

∂~u±
∂ν

‖2
L2(∂Ωǫ) + ‖∇~u±‖

2
L2(∂Ωǫ)

we get the following,

‖∇~u±‖
2
L2(∂Ωǫ) +A(~u) ≤ C(‖

∂~u±
∂ν

‖2
L2(∂Ωǫ) + ‖∇~u±‖

2
L2(∂Ωǫ))

≤ C

[

‖
∂~u±
∂ν

‖L2(∂Ωǫ)‖∇~u±‖L2(∂Ωǫ) + ‖
∂~u±
∂ν

‖L2(∂Ωǫ) +

∣

∣

∣

∣

n−1
∑

r=0

∫

Ωǫ,±

∂ur

∂x0

∂ur

∂t
dxdt

∣

∣

∣

∣

]

.

From this we get (ii).

Lemma 8.2. Let in the following (~u, p) = (S ~f, p) be the single layer potential and

the pressure defined with Ω as the domain of reference and let ~f ∈ L2(∂Ω). Then the

following inequalities are valid with a constant C independent of ~f and γ if γ < 1/2
and ‖DnA‖∗ ≤ ǫ0 ≤ γ8+d is small enough.

∣

∣

∣

∣

n−1
∑

r=0

∫

Ω

∂ur

∂t

∂ur

∂x0
dXdt

∣

∣

∣

∣

≤ Cβ

[

γ‖~f‖2
2 + ‖~f‖2

[

‖Sb
~f‖L2

1,1/2
(∂Ω)‖

∂~u

∂ν
‖2

]1/2]

,

∫

Rn

|Dt
1/2(~u ◦ ρ)(0, z)|2 dz ≤ Cβ

[

γ‖~f‖2
2 + ‖~f‖2

[

‖Sb
~f‖L2

1,1/2
(∂Ω)‖

∂~u

∂ν
‖2

]1/2]

.

Proof.

∫

Ω

∂ur

∂t

∂ur

∂x0
dXdt =

∞
∫

0

∫

Rn

(ur
x0

◦ ρ)(ur
t ◦ ρ)(1 +

∂PγλA

∂λ
) dzdλ

Using that

(ur ◦ ρ)t = (ur
x0

◦ ρ)
∂PγλA

∂t
+ ur

t ◦ ρ
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we have,

∫

Ω

∂ur

∂t

∂ur

∂x0
dXdt =

∞
∫

0

∫

Rn

(ur
x0

◦ ρ)(ur
t ◦ ρ)

∂PγλA

∂λ
dzdλ

−

∞
∫

0

∫

Rn

(ur
x0

◦ ρ)2
∂PγλA

∂t
dzdλ+

∞
∫

0

∫

Rn

(ur
x0

◦ ρ)(ur ◦ ρ)t dzdλ

= I1 + I2 + I3

Integrating by parts w.r.t λ in I2 we have

I2 =

∞
∫

0

∫

Rn

2(ur
x0

◦ ρ)(ur
x0

◦ ρ)λ
∂PγλA

∂t
λ dzdλ+

∞
∫

0

∫

Rn

(ur
x0

◦ ρ)2
∂2PγλA

∂λ∂t
λ dzdλ

= partial integration w.r.t t in the second term =

∞
∫

0

∫

Rn

2(ur
x0

◦ ρ)(ur
x0x0

◦ ρ)(
∂PγλA

∂t
)λ dzdλ−

∞
∫

0

∫

Rn

2(ur
x0

◦ ρ)(ur
x0t ◦ ρ)

∂PγλA

∂λ
λdzdλ

Distributing the t-derivative in the term I3 we have proved the following identity,

∫

Ω

∂ur

∂t

∂ur

∂x0
dXdt =

∞
∫

0

∫

Rn

(ur
x0

◦ ρ)(ur
t ◦ ρ)

∂PγλA

∂λ
dzdλ

+

∞
∫

0

∫

Rn

2(ur
x0

◦ ρ)(ur
x0x0

◦ ρ)(
∂PγλA

∂t
)λ dzdλ

−

∞
∫

0

∫

Rn

2(ur
x0

◦ ρ)(ur
x0t ◦ ρ)

∂PγλA

∂λ
λdzdλ

+ c

∞
∫

0

∫

Rn

HDt
3/4(u

r ◦ ρ)Dt
1/4(u

r
x0

◦ ρ) dzdλ.

I.e,
∣

∣

∣

∣

∫

Ω

∂ur

∂t

∂ur

∂x0
dXdt

∣

∣

∣

∣

can be estimated with the following sum of products.

(

∞
∫

0

∫

Rn

(ur
x0

◦ ρ)2(
∂PγλA

∂λ
)2
dzdλ

λ

)1/2

×

(

∞
∫

0

∫

Rn

((∆ur ◦ ρ) + (pxr
◦ ρ))2λ dzdλ

)1/2

+

(

∞
∫

0

∫

Rn

(ur
x0

◦ ρ)2(
∂PγλA

∂t
)2λ dzdλ

)1/2

×

(

∞
∫

0

∫

Rn

(ur
x0x0

◦ ρ)2λ dzdλ

)1/2
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+

(

∞
∫

0

∫

Rn

(ur
x0

◦ ρ)2(
∂PγλA

∂λ
)2
dzdλ

λ

)1/2

×

(

∞
∫

0

∫

Rn

(ur
x0t ◦ ρ)

2λ3 dzdλ

)1/2

+

(

∞
∫

0

∫

Rn

|Dt
1/4(u

r
xj

◦ ρ)|2 dzdλ

)1/2

×

(

∞
∫

0

∫

Rn

|Dt
3/4(u

r ◦ ρ)|2 dzdλ

)1/2

.

Using Lemma 1.1, Lemma 2.3, Lemma 2.4, Theorem 3.1 in an by now familar manner
we may conclude that,

∣

∣

∣

∣

∫

Ω

∂ur

∂t

∂ur

∂x0
dXdt

∣

∣

∣

∣

. γ‖~f‖2
2 +

(

∞
∫

0

∫

Rn

|Dt
1/4(u

r
xj

◦ ρ)|2 dzdλ

)1/2

×

(

∞
∫

0

∫

Rn

|Dt
3/4(u

r ◦ ρ)|2 dzdλ

)1/2

.

Applying Theorem 5.1 completes the proof.
We now manipulate the second quantity in the lemma.

∫

Rn

|Dt
1/2(u

r ◦ ρ)(0, z)|2 dz = −

∞
∫

0

∫

Rn

∂

∂λ
|Dt

1/2(u
r ◦ ρ)(λ, z)|2 dzdλ

= − 2

∞
∫

0

∫

Rn

Dt
1/2(u

r ◦ ρ)Dt
1/2(u

r
x0

◦ ρ) dzdλ

− 2

∞
∫

0

∫

Rn

Dt
1/2(u

r ◦ ρ)Dt
1/2[(u

r
x0

◦ ρ)
∂PγλA

∂λ
] dzdλ,

where we have used that

(ur ◦ ρ)λ = (ur
x0

◦ ρ)(1 +
∂PγλA

∂λ
).

Using the self-adjointness and the fact that Dt
1/2 ∗D

t
1/2 = cH ∂

∂t we have

∫

Rn

|Dt
1/2(u

r ◦ ρ)(0, z)|2 dz = − 2

∞
∫

0

∫

Rn

Dt
3/4(u

r ◦ ρ)Dt
1/4(u

r
x0

◦ ρ) dzdλ

− 2c

∞
∫

0

∫

Rn

H(ur ◦ ρ)t(u
r
x0

◦ ρ)
∂PγλA

∂λ
dzdλ.

I.e,
∫

Rn

|Dt
1/2(u

r ◦ ρ)(0, z)|2 dz

.

(

∞
∫

0

∫

Rn

|Dt
1/4(u

r
xj

◦ ρ)|2 dzdλ

)1/2

×

(

∞
∫

0

∫

Rn

|Dt
3/4(u

r ◦ ρ)|2 dzdλ

)1/2
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+

(

∞
∫

0

∫

Rn

(ur
x0

◦ ρ)2(
∂PγλA

∂λ
)2
dzdλ

λ

)1/2

×

(

∞
∫

0

∫

Rn

|(ur ◦ ρ)t|
2λ dzdλ

)1/2

.

But

(ur ◦ ρ)t = (ur
x0

◦ ρ)
∂PγλA

∂t
+ ur

t ◦ ρ = (ur
x0

◦ ρ)
∂PγλA

∂t
+ (∆ur) ◦ ρ+ pxr

◦ ρ.

I.e,
∫

Rn

|Dt
1/2(u

r ◦ ρ)(0, z)|2 dz

.

(

∞
∫

0

∫

Rn

|Dt
1/4(u

r
xj

◦ ρ)|2 dzdλ

)1/2

×

(

∞
∫

0

∫

Rn

|Dt
3/4(u

r ◦ ρ)|2 dzdλ

)1/2

+

(

∞
∫

0

∫

Rn

(ur
x0

◦ ρ)2(
∂PγλA

∂λ
)2
dzdλ

λ

)1/2

×

(

∞
∫

0

∫

Rn

|((∆ur) ◦ ρ) + (pxr
◦ ρ)|2λ dzdλ

)1/2

+

∞
∫

0

∫

Rn

(ur
x0

◦ ρ)2(
∂PγλA

∂λ
)2
dzdλ

λ
.

The estimates stated in the corollary now follow from Lemma 1.1,Lemma 2.3, Lemma
2.4, Theorem 3.1 and Theorem 5.1.

Lemma 8.3. Let in the following (~u, p) = (S ~f, p) be the single layer potential and

the pressure defined with Ωǫ as the domain of reference and let ~f ∈ L2(∂Ωǫ). Then the

following inequalities are valid with a constant C independent of ǫ, ~f and γ if γ < 1/2
and if ‖DnA‖∗ ≤ ǫ0 ≤ γ8+d is small enough.

(i) max{‖
∂~u+

∂ν
‖2
2, ‖

∂~u−
∂ν

‖2
2} ≤

1

4
‖~f‖2

2 + Cβ

[

‖Sb
~f‖2

L2
1,1/2

(∂Ωǫ) +A(~u)

]

,

(ii) ‖Sb
~f‖2

L2
1,1/2

(∂Ωǫ) +A(~u) ≤ η‖~f‖2
2 + Cβ min{‖

∂~u+

∂ν
‖2
2, ‖

∂~u−
∂ν

‖2
2},

where η → 0 as ‖DnA‖∗ → 0.

Proof. Using Lemma 8.1 and 8.2 we have,

‖
∂~u±
∂ν

‖2
2 ≤ C

[

‖Sb
~f‖2

L2
1,1/2

(∂Ωǫ) +A(~u) +

∣

∣

∣

∣

n−1
∑

r=0

∫

Ωǫ,±

∂ur

∂x0

∂ur

∂t
dxdt

∣

∣

∣

∣

]

≤ C

[

‖Sb
~f‖2

L2
1,1/2

(∂Ωǫ) +A(~u) + γ‖~f‖2
2 +

[

‖Sb
~f‖L2

1,1/2
(∂Ωǫ)‖

∂~u±
∂ν

‖2

]1/2

‖~f‖2

]

This gives the first inequality after some simple manipulations.
Again using Lemma 8.1 and Lemma 8.2 we have

‖Sb
~f‖2

L2
1,1/2

(∂Ωǫ) +A(~u)

≤ C

[

min{‖
∂~u+

∂ν
‖2, ‖

∂~u−
∂ν

‖2} + γ‖~f‖2
2 + ‖~f‖2

[

‖Sb
~f‖L2

1,1/2
(∂Ω)‖

∂~u±
∂ν

‖2

]1/2]

.
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Again this gives the inequality after some simple manipulations.

9. Invertability of the single layer potential and existence results. We
will now prove the existence part of Theorem A-C. First we will state an appropriate
definition of weak solutions for the Dirichlet problem. Let as usual Ωǫ = {(x0, x, t) :
x0 > ǫ+ PγǫA(x, t)}. Recall the definition of the regularity space R(∂Ωǫ).

R(∂Ωǫ) =

{

~g ∈ L2
1,1/2(∂Ωǫ) ∩ L2

N (∂Ωǫ), 〈
∂~g

∂t
,N ǫ

t 〉 ∈ L2(−∞,∞, [L2
1(∂Ωǫ

t)]
∗)

}

,

where [L2
1(∂Ωǫ

t)]
∗ is the dual space of L2

1(∂Ωǫ
t) and

L2
N (∂Ωǫ) = {~f ∈ L2(∂Ωǫ) :

∫

∂Ωǫ
t

〈~f,Nt〉 dσ
ǫ
t = 0 for almost all t}.

Recall that for each t, L2
1(∂Ωǫ

t) consists of functions with distributional derivatives

in x satisfying ‖f‖L2
1(∂Ωǫ

t)
< ∞, where ‖f‖L2

1(∂Ωǫ
t)

= ‖∇xf̃‖2 and f̃ = f ◦ π−1,

π(A(x, t), x, t) = (x, t). The norm of an element ~g ∈ R(∂Ωǫ) is defined as

‖~g‖L2
1,1/2

(∂Ωǫ) +

[

∞
∫

−∞

‖〈
∂~g

∂t
,N ǫ

t 〉‖
2
[L2

1(∂Ωǫ
t)]

∗ dt

]1/2

.

Definition 9.1. We call (~φ, q) a pair of admissible test functions in Ωǫ if the
following is true,

(i) ~φ ∈ C∞(Ωǫ), q ∈ C∞(Ωǫ)

(ii) div~φ = 0 in Ωǫ

(iii) ~φ = ~0 on ∂Ωǫ in R(∂Ωǫ)

(iv) For all α ∈ N and all multiindices β, ~φ satisfies the following decay estimate

for (|X| + |t|1/2) sufficiently large : |∂α
t ∂

β
X
~φ(X, t)| ≤ C(α, β, ~φ)(|X| + |t|1/2)−n−2α−|β|

(v) For almost every t and every multiindex α there exists a constant C such that

for |X| sufficiently large : |∂α
x q(X, t)| ≤ C(α, q)|X|1−n−|α|.

Definition 9.2. We say that ~u is a weak solution to the problem

∂~u

∂t
= ∆~u−∇p in Ω = {(x0, x, t) : x0 > A(x, t)},

div~u = 0 in Ω

~u = ~f ∈ L2
N (∂Ω) a.e on ∂Ω

if and only if it is true that for for almost every t, Ñ∗,e(~u) ∈ L2(∂Ωt), and for almost
every (x0, x) ∈ ∂Ωt w.r.t dσt

e

lim
(y0,y,t)→(x0,x,t)

~u(y0, y, t) = ~f(x0, x, t).
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Furthermore, for every ǫ > 0 and every pair of admissible test functions (~φ, q) in Ωǫ

the following should be true,

∫

Ωǫ

〈~u, ~φs + ∆~φ+ ∇q〉 dY ds =

∫

∂Ωǫ

〈~u,
∂~φ

∂N ǫ
s

〉 dσǫ
sds+

∫

∂Ωǫ

〈~u,N ǫ
s 〉q dσ

ǫ
sds.

Let us for clarity prove that the double layer potential ~u = D~f is a weak solution.
We want to prove that the difference

∫

Ωǫ

〈~u, ~φs + ∆~φ+ ∇q〉 dY ds−

∫

∂Ωǫ

〈~u,
∂~φ

∂N ǫ
s

〉 dσǫ
sds−

∫

∂Ωǫ

〈~u,N ǫ
s〉q dσ

ǫ
sds

is zero. As 〈~u,∇q〉 = div(~uq) we have using decay properties of ~u and q that
∫

Ωǫ

〈~u,∇q〉 dY ds−

∫

∂Ωǫ

〈~u,N ǫ
s〉q dσ

ǫ
sds = 0.

Therefore we have to focus on the difference,

∫

Ωǫ

〈~u, ~φs + ∆~φ〉 dY ds−

∫

∂Ωǫ

〈~u,
∂~φ

∂N ǫ
s

〉 dσǫ
sds

which by integration by parts equals
∫

Ωǫ

〈~u, ~φs〉 + 〈∆~u, ~φ〉 dY ds.

Recall that the double layer by definition is,

~u(X, t) = D~f(X, t) :=

t
∫

−∞

∫

∂Ωs

∂Γ

∂Ns(Q)
(X −Q, t− s)~f(Q, s) dσs(Q)ds

−

∫

∂Ωt

Q−X

wn|X −Q|n
〈~f(Q, t), Nt(Q)〉 dσt(Q).

I.e., ~u = ~u1 + ~u2 with ~u2 harmonic. Therefore,
∫

Ωǫ

〈~u, ~φs〉 + 〈∆~u, ~φ〉 dY ds

=

∫

Ωǫ

〈~u1, ~φs〉 + 〈∆~u1, ~φ〉 + 〈~u2, ~φs〉 dY ds

= −

∫

Ωǫ

〈
∂~u1

∂s
− ∆~u1, ~φs〉 +

∫

Ωǫ

〈~u2, ~φs〉 dY ds.

As ~u1 essentially can be written as a sum of derivatives of single layer potentials we
essentially have ∂~u1

∂s − ∆~u1 = ∇pxk
for some harmonic pressure p. Again using the
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divergence theorem and the fact that our test function ~φ is zero on the boundary we
have

∫

Ωǫ

〈
∂~u1

∂s
− ∆~u1, ~φs〉 = 0.

Left to prove is that,
∫

Ωǫ

〈~u2, ~φs〉 dY ds = 0.

But ~u2 = ∇Sg for an appropriate g. Here Sg is the single layer potential associated

to the Laplace operator. Therefore as ~φ = ~0 in R(∂Ωǫ) we have,
∫

Ωǫ

〈~u2, ~φs〉 dY ds =

∫

Ωǫ

〈∇Sg, ~φs〉 dY ds =

∫

∂Ωǫ

〈~φs, Ns〉Sg dσsds = 0.

One also easily verifies that the double layer potential D~f , ~f ∈ L2(∂Ω), has boundary

values (~f/2 + K̃ ~f).

We will now prove the relevant invertibility results on the approximating domains
Ωǫ with ǫ > 0 small. In the case of the Dirichlet and Neumann problems we can then
easily pass to the limiting domain ( see the remark after Theorem 9.2). Combining
the inequalities of Lemma 8.3 we have that there exists a constant C independent of
~f ∈ L2(∂Ωǫ) and ǫ such that if ~u = S ~f = Sǫ ~f then,

‖~f‖L2(∂Ωǫ) ≤ Cmin{‖
∂~u+

∂ν
‖L2(∂Ωǫ), ‖

∂~u−
∂ν

‖L2(∂Ωǫ)}, (1)

‖~f‖L2(∂Ωǫ) ≤ C

[

‖~u‖L2
1,1/2

(∂Ωǫ) +

(

∞
∫

−∞

∫

∂Ωǫ
t

|Sǫ
t (〈

∂~u

∂t
,N ǫ

t 〉)|
2 dσǫ

tdt

)1/2]

(2).

Now assume ~f ∈ L2(∂Ωǫ). Then ∂~u±/∂ν = (±I/2 +Kν)~f = (±I/2 +Kǫ,ν)~f a.e on
∂Ωǫ by Lemma 2.6 and 2.7.

Theorem 9.1. Let Ωǫ = {(x0, x, t) ∈ R×R
n−1 ×R : x0 > ǫ+ PγǫA(x, t)} where

‖A‖comm ≤ β < ∞ and ‖Dt
1/2A‖∗ ≤ ǫ0 < ∞. If ǫ0 = ǫ0(‖∇xA‖∞) is small enough

then (± 1
2I +Kν) = (± 1

2I +Kǫ,ν) is an invertible operator from L2(∂Ωǫ) to L2(∂Ωǫ).

Proof. We want to prove that ~f → (I/2 + Kν)~f is 1-1 and onto L2(∂Ωǫ). We

know that the map is into L2(∂Ωǫ). Let Tα(x, t) = ((I/2+Kα
ν )~f)◦ρ(0, x, t) where Kα

ν

is the operator we get if A(x, t) is replaced with αA(x, t), α ∈ [0, 1]. Then obviously

Tα : L2(Rn) → L2(Rn) with norm independent of α and ‖~f◦ρ‖L2(Rn) ≤ C‖Tα
~f‖L2(Rn),

where C is independent of α. The last inequality is the inequality stated in (1). Using
arguments similar to the ones needed in the proof of Theorem 2.1, i.e. the results
on singular integrals of Hofmann[18], one can prove that dTα

dα : L2(Rn) → L2(Rn).
Invertibility now follows from the method of continuity as described in [23,p.150].

Theorem 9.2. Let Ωǫ = {(x0, x, t) ∈ R×R
n−1 ×R : x0 > ǫ+ PγǫA(x, t)} where

‖A‖comm ≤ β < ∞ and ‖Dt
1/2A‖∗ ≤ ǫ0 < ∞. If ǫ0 = ǫ0(‖∇xA‖∞) is small enough

then (± 1
2I + K̃ǫ,v) = (± 1

2I + K̃v) is an invertible operator from L2(∂Ωǫ) to L2
N (∂Ωǫ).
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Proof. Note that if (~u(X, t), p(X, t)) solves the system of linearized Navier-Stokes
in {(X, t) : x0 > ǫ+PγǫA(x, t)} then (~u(X,−t), p(X,−t)) solves the adjoint system in
{(X, t) : x0 > ǫ+PγǫA(x,−t)}. Obviously, A(x,−t) has the same properties as A(x, t).

Let K̃∗
ν be the boundary operator associated to the adjoint single layer potential on

{(X, t) : x0 > ǫ+PγǫA(x,−t)}. Invertibility of ± 1
2I + K̃∗

ν then follows from Theorem

9.1. The invertibility of ± 1
2I + K̃ν now follows by duality.

Remark. That Theorem 9.1 and 9.2 remain valid with Ωǫ replaced with Ω follows
from a simple approximation argument.

Theorem 9.3. Let Ωǫ = {(x0, x, t) ∈ R×R
n−1 ×R : x0 > ǫ+ PγǫA(x, t)} where

‖A‖comm ≤ β < ∞ and ‖Dt
1/2A‖∗ ≤ ǫ0 < ∞. If ǫ0 = ǫ0(‖∇xA‖∞) is small enough

then the map ~f → Sǫ ~f = S ~f from L2(∂Ωǫ) to R(∂Ωǫ) is one-to-one and onto, i.e.
invertible.

Proof. Let ~f ∈ L2(∂Ωǫ) and let ~u = S ~f . Consider St, the single layer potential
operator associated to the Laplace operator on Ωǫ

t. Using elliptic theory we know that
S−1

t exists and is continuous from L2
1(∂Ωǫ

t) to L2(∂Ωǫ
t). For ψ ∈ L2

1(∂Ωǫ
t) we define

the functional,

〈
∂~u

∂t
,N ǫ

t 〉(ψ) =

∞
∫

−∞

∫

∂Ωǫ
t

Sǫ
t (〈

∂~u

∂t
,N ǫ

t 〉)S
−1
t (ψ) dσǫ

tdt.

Using Lemma 7.2 and Lemma 7.3 it then follows that ~u ∈ R(∂Ωǫ) and

‖~u‖R(∂Ωǫ) ≤ C‖~f‖L2(∂Ωǫ).

Therefore the map ~f → S ~f is into R(∂Ωǫ). Using inequality (2) above we also have
the opposite inequality. Furthermore, using the results of Section 7 we have,

‖~u‖2
L2

1,1/2
(∂Ωǫ) +

∞
∫

−∞

‖〈
∂~u

∂t
,N ǫ

t 〉‖
2
[L2

1(∂Ωǫ
t)]

∗ dt ∼

‖~u‖2
L2

1,1/2
(∂Ωǫ) +

∞
∫

−∞

∫

∂Ωǫ
t

|Sǫ
t (〈

∂~u

∂t
,N ǫ

t 〉)|
2 dσǫ

tdt.

I.e we may consider the latter an equivalent norm.
We will now use a continuity type argument to prove invertibility. We have chosen
to present our argument as it is, because of the complexity of the regularity norm,
nontrivial.
In the following we will not as before all the time indicate that our quantities depend
on ǫ. Let α ∈ [0, 1]. Define,

ρα(x, t) = (ǫ+ αPγǫA(x, t), x, t)

πα(ǫ+ αPγǫA(x, t), x, t) = (x, t)

∂Ωα = {(ǫ+ αPγǫA(x, t), x, t) : (x, t) ∈ R
n}.

Let the regularity space, Rα(∂Ωα), be defined with the equivalent norm

Rα(∂Ωα)
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= {~u ∈ L2
N (∂Ωα) : ‖~u‖L2

1,1/2
(∂Ωα) +

(

∞
∫

−∞

∫

∂Ωα
t

|Sα
t (〈

∂~u

∂t
,Nα

t 〉)|
2 dσα

t dt

)1/2

<∞}.

In the following we will assume that S−1
β exists for sufficiently small values of β. This

can be proved using an argument similar to the one presented below and the fact that
we have invertibility in the halfplane {(x0, x, t) : x0 > 0}. Recall that if ~u0 ∈ Rα(∂Ωα)
then by definition

∫

∂Ωα
t

~u0 · Nα
t dσ

α
t = 0 for almost every t. All the α’s indicate that

things are defined w.r.t ∂Ωα. Given ~u0 ∈ Rα(∂Ωα) we define a vector ~v0 on ∂Ωβ in

the following way. For j ∈ {1, ..., n− 1}, vj
0 = α

β (uj
0 ◦ ρα ◦ πβ), and v0

0 = (u0 ◦ ρα ◦ πβ).

Then for almost every t,
∫

∂Ωβ
t

~v0 ·N
β
t dσ

β
t = 0.

Suppose that ~u0 ∈ Rα(∂Ωα) and suppose that S−1
β exists. Construct ~v0 as above.

Then ~v0 ∈ Rβ(∂Ωβ). Therefore there exists ~g0 ∈ L2(∂Ωβ) such that Sβ~g0 = ~v0. I.e.,

~g0 = S−1
β ~v0. Define ~f0 ∈ L2(∂Ωα) in the following way,

~f0 = (~g0 ◦ ρβ ◦ πα).

Let Aα,β denote an n × n matrix having all off diagonal elements equal to zero and
(Aα,β)11 = 1, (Aα,β)jj = α

β for j ∈ {1, ..., n− 1}. Then,

~g0 = S−1
β ~v0 = S−1

β (Aα,β~u0 ◦ ρα ◦ πβ).

I.e.,

Aα,β~u0 = Sβ(~f0 ◦ ρα ◦ πβ) ◦ ρβ ◦ πα.

We hope that Sα
~f0 is a good first approximation of ~u0. Define ~u1 = ~u0 − Sα

~f0.
Repeating the argument above in an iterative fashion we can construct two sequences

of vectors ~uj and ~fj in such a way that

~uj+1 = ~uj − Sα
~fj , ~u0 =

∞
∑

k=1

Sα
~fk.

We want to prove that
∑∞

k=0
~fk converges in L2(∂Ωα) if α − β is sufficiently small.

As above,

~f1 = (~g1 ◦ ρβ ◦ πα),

~g1 = S−1
β ~v1 = S−1

β (Aα,β~u1 ◦ ρα ◦ πβ),

Aα,β~u1 = Aα,β~u0 −Aα,βSα
~f0 = Sβ(~f0 ◦ ρα ◦ πβ) ◦ ρβ ◦ πα −Aα,βSα

~f0.

Using our Rellich inequality in (2),

‖~f1‖L2(∂Ωα) ∼ ‖~g1‖L2(∂Ωβ) ∼ ‖Aα,β~u1 ◦ ρα ◦ πβ‖Rβ(∂Ωβ)

= ‖Sβ(~f0 ◦ ρα ◦ πβ) −Aα,βSα
~f0 ◦ ρα ◦ πβ‖Rβ(∂Ωβ).

Define, Tα,β
~f0 = Sβ(~f0 ◦ ρα ◦ πβ) −Aα,βSα

~f0 ◦ ρα ◦ πβ .
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We want to estimate the operator norm of this operator in Rβ(∂Ωβ). For simplicity

we surpress the index of ~f0. We consider Tα,β
~f . Then

‖Tα,β
~f‖2

L2
1,1/2

(∂Ωβ) = ‖D(Tα,β
~f ◦ ρβ)‖2

L2(Rn)

and

Tα,β
~f ◦ ρβ = Sβ(~f ◦ ρα ◦ πβ) ◦ ρβ −Aα,βSα

~f ◦ ρα

=

∞
∫

−∞

∫

Rn−1

Γ(ρβ(x, t) − ρβ(y, s))~f ◦ ρα(y, s)
√

1 + β2|∇PγǫA(y, s)|2 dyds

−

∞
∫

−∞

∫

Rn−1

Γ(ρα(x, t) − ρα(y, s))~f ◦ ρα(y, s)
√

1 + α2|∇PγǫA(y, s)|2 dyds.

Define a kernel in the following way,

Kα,β(x, t, y, s)

:= Γ(ρβ(x, t) − ρβ(y, s))
√

1 + β2|∇PγǫA(y, s)|2

− Γ(ρα(x, t) − ρα(y, s))
√

1 + α2|∇PγǫA(y, s)|2

=

[

Γ(ρβ(x, t) − ρβ(y, s)) − Γ(ρα(x, t) − ρα(y, s))

]

×
√

1 + β2|∇PγǫA(y, s)|2

+ Γ(ρα(x, t) − ρα(y, s))

[

√

1 + β2|∇PγǫA(y, s)|2 −
√

1 + α2|∇PγǫA(y, s)|2
]

.

Obviously,
[

√

1 + β2|∇PγǫA(y, s)|2 −
√

1 + α2|∇PγǫA(y, s)|2
]

=

(α− β)(α+ β)|∇PγǫA(y, s)|2
[

√

1 + β2|∇PγǫA(y, s)|2 +
√

1 + α2|∇PγǫA(y, s)|2
] .

Define,

K1
α,β(x, t, y, s) =

[

Γ(ρβ(x, t) − ρβ(y, s)) − Γ(ρα(x, t) − ρα(y, s))

]

,

K2
α,β(x, t, y, s) = Γ(ρα(x, t) − ρα(y, s)),

~F (y, s) = ~f ◦ ρα(y, s)
√

1 + β2|∇PγǫA(y, s)|2,

~G(y, s) = ~f ◦ ρα(y, s)
(α+ β)|∇PγǫA(y, s)|2

[

√

1 + β2|∇PγǫA(y, s)|2 +
√

1 + α2|∇PγǫA(y, s)|2
] .

Let T i
α,β be the operator corresponding to the kernel Ki

α,β(x, t, y, s). Then,

Tα,β
~f ◦ ρβ(x, t) = T 1

α,β
~F (x, t) − (α− β)T 2

α,β
~G(x, t).
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Using the results of Hofmann[18] we immediately get,

‖D(T 2
α,β

~G)‖2
L2(Rn) . ‖~f‖L2(∂Ωα).

The fundamental theorem of calculus gives,

K1
α,β(x, t, y, s)

= −

α
∫

β

∂

∂σ
Γ(σPγǫA(x, t) − σPγǫA(y, s), x− y, t− s) dσ

= −

α
∫

β

Γx0
(σ(PγǫA(x, t) − PγǫA(y, s)), x− y, t− s)(PγǫA(x, t) − PγǫA(y, s)) dσ.

Again the continuity of the operator T 1
α,β follows from the result of Hofmann[18] and

we may conclude that,

‖Tα,β
~f‖2

L2
1,1/2

(∂Ωβ) ≤ C(α− β)‖~f‖L2(∂Ωα),

where C is a constant independent of α and β.
We now have to consider the rest of the norm, i.e.,

∞
∫

−∞

∫

∂Ωβ
t

|Sβ

t (〈
∂Tα,β

~f

∂t
,Nβ

t 〉)|
2 dσβ

t dt.

Recall that

Tα,β
~f ◦ ρβ = Sβ(~f ◦ ρα ◦ πβ) ◦ ρβ −Aα,βSα

~f ◦ ρα.

Let pβ and pα be the pressures associated to Sβ(~f ◦ρα ◦πβ) and Sα
~f respectively. By

definition if (P, t) ∈ ∂Ωβ

Sβ

t (〈
∂Tα,β

~f

∂t
,Nβ

t 〉)(P, t) = p.v

∫

∂Ωβ
t

〈
∂Tα,β

~f
∂t , Nβ

t 〉(Q, t)

wn(2 − n)|P −Q|n−2
dσβ

t (Q)

= p.v

∫

∂Ωβ
t

〈 ∂
∂tSβ(~f ◦ ρα ◦ πβ), Nβ

t 〉(Q, t)

wn(2 − n)|P −Q|n−2
dσβ

t (Q)

− p.v

∫

∂Ωβ
t

〈 ∂
∂t (Aα,βSα

~f ◦ ρα ◦ πβ), Nβ
t 〉(Q, t)

wn(2 − n)|P −Q|n−2
dσβ

t (Q)

:= I1(P, t) + I2(P, t).

We now want to spell out these expression in graph coordinates on ∂Ωβ . Let for

the moment ~v = Sβ(~f ◦ ρα ◦ πβ) and consider Sβ
t (〈∆~v,Nβ

t 〉(P, t). 〈∆~v,Nβ
t 〉 =

∑n−1
i=0 ∆viNβ,i

t . Here ,

Nβ,i
t = β

∂PγǫA

∂xi
·

1

|Nβ
t |

for i ∈ {1, ..., n− 1}, N ǫ,0
t = −

1

|Nβ
t |
.
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Note that on ∂Ωβ
t we have x0 = ǫ+ βPγǫA(x, t). Let

T β
j := (β

∂PγǫA

∂xj
, 0, , , , , 0, 1, 0, ...0)/|Nβ

t |,

where we have placed the number 1 at position j. Here j ∈ {1, ..., n − 1}. Note that

Tj is tangent to ∂Ωβ
t . Using the formula of Shen stated in Lemma 7.4 and partial

integration,

Sβ
t (〈∆~v,Nβ

t 〉(P, t)

= p.v

∫

∂Ωβ
t

〈(∆~v,Nβ
t 〉)(Q, t)

wn(2 − n)|P −Q|n−2
dσβ

t (Q)

=

n−1
∑

j,k=1

∫

∂Ωβ
t

β

wn(2 − n)|P −Q|n−2

[

∂

∂T β
j

(
∂vk

∂xj

∂PγǫA

∂xk
) −

∂

∂T β
k

(
∂vk

∂xj

∂PγǫA

∂xj
)

]

dσβ
t

−
n−1
∑

j=1

∫

∂Ωβ
t

1

wn(2 − n)|P −Q|n−2

∂

∂T β
j

(
∂v0

∂xj
) dσβ

t

+

n−1
∑

k=1

∫

∂Ωβ
t

1

wn(2 − n)|P −Q|n−2

∂

∂T β
k

(
∂vk

∂x0
) dσβ

t

= −
n−1
∑

j,k=1

∫

∂Ωβ
t

∂

∂T β
j

(
β

wn(2 − n)|P −Q|n−2
)(
∂vk

∂xj

∂PγǫA

∂xk
) dσβ

t

+

n−1
∑

j,k=1

∫

∂Ωβ
t

∂

∂T β
k

(
β

wn(2 − n)|P −Q|n−2
)(
∂vk

∂xj

∂PγǫA

∂xj
) dσβ

t

+

n−1
∑

j=1

∫

∂Ωβ
t

∂

∂T β
j

(
1

wn(2 − n)|P −Q|n−2
)(
∂v0

∂xj
) dσβ

t

−
n−1
∑

k=1

∫

∂Ωβ
t

∂

∂T β
k

(
1

wn(2 − n)|P −Q|n−2
)(
∂vk

∂x0
) dσβ

t .

Changing to graph coordinates and introducing,

K(β, x, y, t) = (β(PγǫA(x, t) − PγǫA(y, t)), x− y)

Sβ
t (〈∆~v,Nβ

t 〉 ◦ ρβ(y, t) =

−

n−1
∑

j,k=1

∫

Rn−1

β

[

β2 ∂PγǫA

∂xj

PγǫA(y, t) − PγǫA(z, t)

wn|K(β, y, z, t)|n
+

yj − zj

wn|K(β, y, z, t)|n

]

∂PγǫA

∂xk

∂vk

∂xj
◦ ρβ(z, t) dz
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+
n−1
∑

j,k=1

∫

Rn−1

β

[

β2 ∂PγǫA

∂xk

PγǫA(y, t) − PγǫA(z, t)

wn|K(β, y, z, t)|n
+

yk − zk

wn|K(β, y, z, t)|n

]

∂PγǫA

∂xj

∂vk

∂xj
◦ ρβ(z, t) dz

+

n−1
∑

j=1

∫

Rn−1

[

β2 ∂PγǫA

∂xj

PγǫA(y, t) − PγǫA(z, t)

wn|K(β, y, z, t)|n
+

yj − zj

wn|K(β, y, z, t)|n

]

(
∂v0

∂xj
) ◦ ρβ(z, t) dz

−

n−1
∑

k=1

∫

Rn−1

[

β2 ∂PγǫA

∂xk

PγǫA(y, t) − PγǫA(z, t)

wn|K(β, y, z, t)|n
+

yk − zk

wn|K(β, y, z, t)|n

]

(
∂vk

∂x0
) ◦ ρβ(z, t) dz.

We also recall that Sβ
t ( ∂pβ

∂Nβ
t

)(P, t) = ( I
2 −Kβ

t )(pβ)(P, t) where

Kβ
t (pβ)(P, t) := p.v

∫

∂Ωβ
t

〈P −Q,Nβ
t (Q)〉(Q, t)

wn|P −Q|n
pβ(Q, t) dσβ

t (Q).

Using the formulas just developed we will write down a formula for I1 ◦ρβ(y, t) below.

But first we focus on I2. If (p0, p, t) ∈ ∂Ωβ
t then πβ(p0, p, t) = (p, t). Consider

−I2 ◦ ρβ(x, t) =

∫

Rn−1

〈 ∂
∂t (Aα,βSα

~f ◦ ρα ◦ πβ) ◦ ρβ , N
β
t 〉

wn(2 − n)|ρβ(x, t) − ρβ(y, t)|n−2

√

1 + β2|∇PγǫA(y, t)|2 dy.

Let H := Aα,βSα
~f ◦ ρα ◦ πβ be defined on ∂Ωβ . Then H ◦ ρβ = Aα,βSα

~f ◦ ρα and,

∂

∂t
(H ◦ ρβ) = Ht ◦ ρβ + βHx0

◦ ρβ
∂PγǫA

∂t
.

I.e.,

∂

∂t
(Aα,βSα

~f ◦ ρα ◦ πβ) ◦ ρβ =
∂

∂t
(Aα,βSα

~f ◦ ρα)

− β
∂

∂x0
(Aα,βSα

~f ◦ ρα ◦ πβ) ◦ ρβ
∂PγǫA

∂t

= Aα,β
∂Sα

~f

∂t
◦ ρα + αAα,β(

∂Sα
~f

∂x0
◦ ρα)

∂PγǫA

∂t

−
β

∂PγǫA
∂t

1 + β
∂PγǫA

∂ǫ

∂

∂ǫ
(Aα,βSα

~f ◦ ρα).

But

∂

∂ǫ
(Aα,βSα

~f ◦ ρα) = (Aα,β
∂Sα

~f

∂x0
◦ ρα)(1 + α

∂PγǫA

∂ǫ
).

We may therefore conclude that,

∂

∂t
(Aα,βSα

~f ◦ ρα ◦ πβ) ◦ ρβ = Aα,β
∂Sα

~f

∂t
◦ ρα + αAα,β(

∂Sα
~f

∂x0
◦ ρα)

∂PγǫA

∂t

− β
∂PγǫA

∂t

(1 + α
∂PγǫA

∂ǫ )

(1 + β
∂PγǫA

∂ǫ )
(Aα,β

∂Sα
~f

∂x0
◦ ρα).
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Using these calculations we see that the expression,

∫

Rn−1

〈( ∂
∂t (Aα,βSα

~f ◦ ρα ◦ πβ) ◦ ρβ , N
β
t 〉)

wn(2 − n)|ρβ(x, t) − ρβ(y, t)|n−2

√

1 + β2|∇PγǫA(y, t)|2 dy

equals

∫

Rn−1

〈Aα,β
∂Sα

~f
∂t ◦ ρα, N

β
t 〉

wn(2 − n)|ρβ(x, t) − ρβ(y, t)|n−2

√

1 + β2|∇PγǫA(y, t)|2 dy

+

∫

Rn−1

(

α− β
(1+α

∂PγǫA

∂ǫ )

(1+β
∂PγǫA

∂ǫ )

)

〈Aα,β
∂Sα

~f
∂x0

◦ ρα, N
β
t 〉

wn(2 − n)|ρβ(x, t) − ρβ(y, t)|n−2

∂PγǫA

∂t

√

1 + β2|∇PγǫA(y, t)|2 dy

:= (I21 + I22) ◦ ρβ(x, t)

Note that,

(α− β
1 + α

∂PγǫA
∂ǫ

1 + β
∂PγǫA

∂ǫ

) =
α− β

1 + β
∂PγǫA

∂ǫ

.

Therefore,

∞
∫

−∞

∫

Rn−1

(I22 ◦ ρβ(x, t))2 dxdt ≤ C(α− β)‖∇Sα
~f‖2

L2(∂Ωα) ≤ C(α− β)‖~f‖2
L2(∂Ωα).

We now focus on I21. Retreating to ordinary coordinates and again using the formula
of Shen we have

I21(p0, p, t)

= p.v

∫

∂Ωα
t

〈∂Sα
~f

∂t , Nα
t 〉

wn(2 − n)|((p0 −
β
αq0 + (β

α − 1)ǫ), p− q)|n−2
dσα

t (Q)

=

n−1
∑

j,k=1

∫

∂Ωα
t

α

wn(2 − n)|((p0 −
β
αq0 + (β

α − 1)ǫ), p− q)|n−2

∂

∂Tα
j

(
∂(Sα

~f)k

∂xj

∂PγǫA

∂xk
) dσα

t

−

n−1
∑

j,k=1

∫

∂Ωα
t

α

wn(2 − n)|((p0 −
β
αq0 + (β

α − 1)ǫ), p− q)|n−2

∂

∂Tα
k

(
∂(Sα

~f)k

∂xj

∂PγǫA

∂xj
) dσα

t

−
n−1
∑

j=1

∫

∂Ωα
t

1

wn(2 − n)|((p0 −
β
αq0 + (β

α − 1)ǫ), p− q)|n−2

∂

∂Tα
j

(
∂(Sα

~f)0

∂xj
) dσα

t

+

n−1
∑

k=1

∫

∂Ωα
t

1

wn(2 − n)|((p0 −
β
αq0 + (β

α − 1)ǫ), p− q)|n−2

∂

∂Tα
k

(
∂(Sα

~f)k

∂x0
) dσα

t

− p.v

∫

∂Ωα
t

〈∇pα, Nα
t 〉

wn(2 − n)|((p0 −
β
αq0 + (β

α − 1)ǫ), p− q)|n−2
dσα

t (Q)
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= −
n−1
∑

j,k=1

∫

∂Ωα
t

∂

∂Tα
j

(
α

wn(2 − n)|((p0 −
β
αq0 + (β

α − 1)ǫ), p− q))|n−2
)(
∂(Sα

~f)k

∂xj

∂PγǫA

∂xk
) dσα

t

+

n−1
∑

j,k=1

∫

∂Ωα
t

∂

∂Tα
k

(
α

wn(2 − n)|((p0 −
β
αq0 + (β

α − 1)ǫ), p− q))|n−2
)(
∂(Sα

~f)k

∂xj

∂PγǫA

∂xj
) dσα

t

+

n−1
∑

j=1

∫

∂Ωα
t

∂

∂Tα
j

(
1

wn(2 − n)|((p0 −
β
αq0 + (β

α − 1)ǫ), p− q))|n−2
)(
∂(Sα

~f)0

∂xj
) dσα

t

−
n−1
∑

k=1

∫

∂Ωα
t

∂

∂Tα
k

(
1

wn(2 − n)|((p0 −
β
αq0 + (β

α − 1)ǫ), p− q))|n−2
)(
∂(Sα

~f)k

∂x0
) dσα

t

− p.v

∫

∂Ωα
t

〈∇pα, Nα
t 〉

wn(2 − n)|((p0 −
β
αq0 + (β

α − 1)ǫ), p− q)|n−2
dσα

t (Q).

By arguments similar to those used in the proof of Lemma 7.2 we have
∫

∂Ωα
t

〈∇pα, Nα
t 〉

wn(2 − n)|((p0 −
β
αq0 + (β

α − 1)ǫ), p− q)|n−2
dσα

t (Q) =

1

2
pα(P, t) − p.v

∫

∂Ωα
t

〈((p0 −
β
αq0 + (β

α − 1)ǫ), p− q), Nβ
t (Q)〉

wn|((p0 −
β
αq0 + (β

α − 1)ǫ), p− q)|n
pα(Q, t) dσβ

t (Q).

Changing to graph coordinates

I21 ◦ ρβ(y, t) =

−

n−1
∑

j,k=1

∫

Rn−1

α

[

β2 ∂PγǫA

∂xj

PγǫA(y, t) − PγǫA(z, t)

wn|K(β, y, z, t)|n
+

yj − zj

wn|K(β, y, z, t)|n

]

×
∂PγǫA

∂xk

∂(Sα
~f)k

∂xj
◦ ρα(z, t) dz

+

n−1
∑

j,k=1

∫

Rn−1

α

[

β2 ∂PγǫA

∂xk

PγǫA(y, t) − PγǫA(z, t)

wn|K(β, y, z, t)|n
+

yk − zk

wn|K(β, y, z, t)|n

]

×
∂PγǫA

∂xj

∂(Sα
~f)k

∂xj
◦ ρα(z, t) dz

+

n−1
∑

j=1

∫

Rn−1

[

β2 ∂PγǫA

∂xj

PγǫA(y, t) − PγǫA(z, t)

wn|K(β, y, z, t)|n
+

yj − zj

wn|K(β, y, z, t)|n

]

× (
∂(Sα

~f)0

∂xj
) ◦ ρα(z, t) dz

−

n−1
∑

k=1

∫

Rn−1

[

β2 ∂PγǫA

∂xk

PγǫA(y, t) − PγǫA(z, t)

wn|K(β, y, z, t)|n
+

yk − zk

wn|K(β, y, z, t)|n

]
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× (
∂(Sα

~f)k

∂x0
) ◦ ρα(z, t) dz

−
1

2
pα(P, t) + p.v

∫

∂Ωα
t

〈((p0 −
β
αq0 + (β

α − 1)ǫ), p− q), Nβ
t (Q)〉

wn|((p0 −
β
αq0 + (β

α − 1)ǫ), p− q)|n
pα(Q, t) dσβ

t (Q).

Before continuing we have to summarize what we have achieved so far. Recall that

Tα,β
~f = Sβ(~f ◦ ρα ◦ πβ) −Aα,βSα

~f ◦ ρα ◦ πβ

and that our main objective is to prove the estimate

‖Tα,β
~f‖Rβ(∂Ωβ) ≤ C(α− β)‖~f‖L2(∂Ωα).

But

‖Tα,β
~f‖2

Rβ(∂Ωβ) . ‖Tα,β
~f‖2

L2
1,1/2

(∂Ωβ) +

∞
∫

−∞

∫

∂Ωβ
t

|Sβ

t (〈
∂Tα,β

~f

∂t
,Nβ

t 〉)|
2 dσβ

t dt.

Above we have proved that,

‖Tα,β
~f‖2

L2
1,1/2

(∂Ωβ) ≤ C(α− β)‖~f‖L2(∂Ωα),

where C is a constant independent of α and β. We have also derived a decomposition

Sβ

t (〈
∂Tα,β

~f

∂t
,Nβ

t 〉) = I1 − I21 − I22,

and we have proved that

∞
∫

−∞

∫

Rn−1

(I22 ◦ ρβ(x, t))2 dxdt ≤ C(α− β)‖~f‖2
L2(∂Ωα).

We therefore just have to focus on I1 − I21. Let ~v = Sβ(~f ◦ ρα ◦ πβ). pβ and pα be

the pressures associated to Sβ(~f ◦ ρα ◦πβ) and Sα
~f respectively. We have derived the

following formula for this difference.

I1 ◦ ρβ(y, t) − I21 ◦ ρβ(y, t) =

−

n−1
∑

j,k=1

∫

Rn−1

β

[

β2 ∂PγǫA

∂xj

PγǫA(y, t) − PγǫA(z, t)

wn|K(β, y, z, t)|n
+

yj − zj

wn|K(β, y, z, t)|n

]

×
∂PγǫA

∂xk

∂vk

∂xj
◦ ρβ(z, t) dz

+

n−1
∑

j,k=1

∫

Rn−1

α

[

β2 ∂PγǫA

∂xj

PγǫA(y, t) − PγǫA(z, t)

wn|K(β, y, z, t)|n
+

yj − zj

wn|K(β, y, z, t)|n

]

×
∂PγǫA

∂xk

∂(Sα
~f)k

∂xj
◦ ρα(z, t) dz
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+
n−1
∑

j,k=1

∫

Rn−1

β

[

β2 ∂PγǫA

∂xk

PγǫA(y, t) − PγǫA(z, t)

wn|K(β, y, z, t)|n
+

yk − zk

wn|K(β, y, z, t)|n

]

×
∂PγǫA

∂xj

∂vk

∂xj
◦ ρβ(z, t) dz

−

n−1
∑

j,k=1

∫

Rn−1

α

[

β2 ∂PγǫA

∂xk

PγǫA(y, t) − PγǫA(z, t)

wn|K(β, y, z, t)|n
+

yk − zk

wn|K(β, y, z, t)|n

]

×
∂PγǫA

∂xj

∂(Sα
~f)k

∂xj
◦ ρα(z, t) dz

+

n−1
∑

j=1

∫

Rn−1

[

β2 ∂PγǫA

∂xj

PγǫA(y, t) − PγǫA(z, t)

wn|K(β, y, z, t)|n
+

yj − zj

wn|K(β, y, z, t)|n

]

× (
∂v0

∂xj
) ◦ ρβ(z, t) dz

−

n−1
∑

j=1

∫

Rn−1

[

β2 ∂PγǫA

∂xj

PγǫA(y, t) − PγǫA(z, t)

wn|K(β, y, z, t)|n
+

yj − zj

wn|K(β, y, z, t)|n

]

× (
∂(Sα

~f)0

∂xj
) ◦ ρα(z, t) dz

−

n−1
∑

k=1

∫

Rn−1

[

β2 ∂PγǫA

∂xk

PγǫA(y, t) − PγǫA(z, t)

wn|K(β, y, z, t)|n
+

yk − zk

wn|K(β, y, z, t)|n

]

× (
∂vk

∂x0
) ◦ ρβ(z, t) dz

+
n−1
∑

k=1

∫

Rn−1

[

β2 ∂PγǫA

∂xk

PγǫA(y, t) − PγǫA(z, t)

wn|K(β, y, z, t)|n
+

yk − zk

wn|K(β, y, z, t)|n

]

× (
∂(Sα

~f)k

∂x0
) ◦ ρα(z, t) dz

−
1

2
pβ ◦ ρβ(y, t)

+

∫

Rn−1

[

β∇PγǫA · (y − z) − β(PγǫA(y, t) − PγǫA(z, t))

]

wn|K(β, y, z, t)|n
pβ ◦ ρβ(z, t) dz

+
1

2
pα ◦ ρβ(y, t)

−

∫

Rn−1

[

α∇PγǫA · (y − z) − β(PγǫA(y, t) − PγǫA(z, t))

]

wn|(K(β, y, z, t)|n
pα ◦ ρα(z, t) dz.
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Introduce the following notation,

Aj(β, y, z, t) =

[

β2 ∂PγǫA

∂xj

PγǫA(y, t) − PγǫA(z, t)

wn|K(β, y, z, t)|n
+

yj − zj

wn|K(β, y, z, t)|n

]

.

Using this and summation convention we can rewrite the formula above in a shorter
form,

I1 ◦ ρβ(y, t) − I21 ◦ ρβ(y, t) =
∫

Rn−1

αAj(β, y, z, t)
∂PγǫA

∂xk

∂(Sα
~f)k

∂xj
◦ ρα(z, t) − βAj(β, y, z, t)

∂PγǫA

∂xk

∂vk

∂xj
◦ ρβ(z, t) dz

+

∫

Rn−1

βAk(β, y, z, t)
∂PγǫA

∂xj

∂vk

∂xj
◦ ρβ(z, t) − αAk(β, y, z, t)

∂PγǫA

∂xj

∂(Sα
~f)k

∂xj
◦ ρα(z, t) dz

+

∫

Rn−1

Aj(β, y, z, t)(
∂v0

∂xj
) ◦ ρβ(z, t) −Aj(β, y, z, t)(

∂(Sα
~f)0

∂xj
) ◦ ρα(z, t) dz

+

∫

Rn−1

Ak(β, y, z, t)(
∂(Sα

~f)k

∂x0
) ◦ ρα(z, t) −Ak(β, y, z, t)(

∂vk

∂x0
) ◦ ρβ(z, t) dz

−
1

2
pβ ◦ ρβ(y, t) +

∫

Rn−1

[

β∇PγǫA · (y − z) − β(PγǫA(y, t) − PγǫA(z, t))

]

wn|K(β, y, z, t)|n
pβ ◦ ρβ(z, t) dz

+
1

2
pα ◦ ρβ(y, t) −

∫

Rn−1

[

α∇PγǫA · (y − z) − β(PγǫA(y, t) − PγǫA(z, t))

]

wn|(K(β, y, z, t)|n
pα ◦ ρα(z, t) dz.

We need to estimate I1 ◦ ρβ(y, t) − I21 ◦ ρβ(y, t) in L2(Rn, dydt). Obviously in order
to do so we only have to consider the following operators for relevant indicies.

T1
~f(y, t) =

∫

Rn−1

[

α
∂(Sα

~f)k

∂xj
◦ ρα(z, t) − β

∂vk

∂xj
◦ ρβ(z, t)

]

Aj(β, y, z, t)
∂PγǫA

∂xk
dz

T2
~f(y, t) =

∫

Rn−1

Ak(β, y, z, t)

[

(
∂vm

∂xj
) ◦ ρβ(z, t) − (

∂(Sα
~f)m

∂xj
) ◦ ρα(z, t)

]

dz

T3
~f(y, t) =

1

2
[pα ◦ ρβ(y, t) − pβ ◦ ρβ(y, t)]

T4
~f(y, t) =

∫

Rn−1

[

β∇PγǫA · (y − z) − β(PγǫA(y, t) − PγǫA(z, t))

]

wn|K(β, y, z, t)|n
pβ ◦ ρβ(z, t) dz

−

∫

Rn−1

[

α∇PγǫA · (y − z) − β(PγǫA(y, t) − PγǫA(z, t))

]

wn|(K(β, y, z, t)|n
pα ◦ ρα(z, t) dz.
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We will now treat each of these operators. Rewriting T1
~f we get,

T1
~f(y, t) =

∫

Rn−1

[

(α− β)Aj(β, y, z, t)
∂(Sα

~f)k

∂xj
◦ ρα(z, t)

]

∂PγǫA

∂xk
dz

+

∫

Rn−1

βAj(β, y, z, t)

[

∂(Sα
~f)k

∂xj
◦ ρα(z, t) −

∂vk

∂xj
◦ ρβ(z, t)

]

∂PγǫA

∂xk
dz

:= T11
~f(y, t) + T12

~f(y, t).

As T11 essentially is an elliptic singular integral operator of the type considered by
Coifman-Macintosh and Meyer[5] we deduce using the usual nontangential estimate
that

‖T11
~f‖L2(Rn,dydt) ≤ C(α− β)‖~f‖L2(∂Ωα).

In the same way,

‖T12
~f‖2

L2(Rn,dydt) ≤ C

∞
∫

−∞

∫

Rn−1

∣

∣

∣

∣

∂(Sα
~f)k

∂xj
◦ ρα(z, t) −

∂vk

∂xj
◦ ρβ(z, t)

∣

∣

∣

∣

2

dzdt.

But,

∂(Sα
~f)k

∂xj
◦ ρα(z, t) =

n−1
∑

i=0

∞
∫

−∞

∫

Rn−1

Γik
xj

(α(PγǫA(z, t) − PγǫA(w, s)), z − w, t− s)

× fi ◦ ρα(w, s)
√

1 + α2|∇PγǫA(w, s)|2 dwds

∂vk

∂xj
◦ ρβ(z, t) =

n−1
∑

i=0

∞
∫

−∞

∫

Rn−1

Γik
xj

(β(PγǫA(z, t) − PγǫA(w, s)), z − w, t− s)

× fi ◦ ρα(w, s)
√

1 + β2|∇PγǫA(w, s)|2 dwds

Using the fundamental theorem of calculus we have,

Γik
xj

(α(PγǫA(z, t) − PγǫA(w, s)), z − w, t− s)

− Γik
xj

(β(PγǫA(z, t) − PγǫA(w, s)), z − w, t− s)

=

α
∫

β

Γik
xjx0

(σ(PγǫA(z, t) − PγǫA(w, s)), z − w, t− s)(PγǫA(z, t) − PγǫA(w, s)) dσ

Again using the results of Hofmann[18] on parabolic singular integrals we may conclude
that,

∞
∫

−∞

∫

Rn−1

∣

∣

∣

∣

∂(Sα
~f)k

∂xj
◦ ρα(z, t) −

∂vk

∂xj
◦ ρβ(z, t)

∣

∣

∣

∣

2

dzdt ≤ C(α− β)‖~f‖L2(∂Ωα).

This completes the estimate of T1
~f . By a similar argument we see that

‖T2
~f‖L2(Rn,dydt) ≤ C(α − β)‖~f‖L2(Ωα). Introducing, K̃(β, α, y, z, t) = (βPγǫA(y, t) −
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αPγǫA(z, t), y − z) and rewriting T3
~f we get,

T3
~f(y, t) =

1

2

∫

Rn−1

〈ρβ(y, t) − ρα(z, t), ~f ◦ ρα〉

wn|K̃(β, α, y, z, t)|n

√

1 + α2|∇PγǫA(z, t)|2 dz

−
1

2

∫

Rn−1

〈ρβ(y, t) − ρβ(z, t), ~f ◦ ρα〉

wn|K(β, y, z, t)|n

√

1 + β2|∇PγǫA(z, t)|2 dz

=
1

2

∫

Rn−1

〈ρβ(y, t) − ρα(z, t), ~f ◦ ρα〉

wn|K̃(β, α, y, z, t)|n

×
(α− β)(α+ β)|∇PγǫA(y, s)|2

[

√

1 + β2|∇PγǫA(y, s)|2 +
√

1 + α2|∇PγǫA(y, s)|2
] dz

+
1

2

∫

Rn−1

〈ρβ(z, t) − ρα(z, t), ~f ◦ ρα〉

wn|K̃(β, α, y, z, t)|n

√

1 + β2|∇PγǫA(z, t)|2 dz

+
1

2wn

∫

Rn−1

[

1

|K̃(β, α, y, z, t)|n
−

1

|K(β, y, z, t)|n

]

× 〈ρβ(y, t) − ρβ(z, t), ~f ◦ ρα〉
√

1 + β2|∇PγǫA(z, t)|2 dz

:= T31
~f(y, t) + T32

~f(y, t) + T33
~f(y, t)

Using the theory of elliptic singular integrals we immediately see that,

‖T31
~f‖L2(Rn,dydt) + ‖T32

~f‖L2(Rn,dydt) ≤ C(α− β)‖~f‖L2(Ωα).

After some thought we realize that the same is true for the integral of T33
~f .

Rewriting T4
~f we get,

T4
~f(y, t)

=

∫

Rn−1

[

(β − α)∇PγǫA · (y − z)

]

wn|K(β, y, z, t)|n
pβ ◦ ρβ(z, t) dz

−

∫

Rn−1

[

α∇PγǫA · (y − z) − β(PγǫA(y, t) − PγǫA(z, t))

]

wn|(K(β, y, z, t)|n
[pβ ◦ ρβ − pα ◦ ρα](z, t) dz

:= T41
~f(y, t) + T42

~f(y, t)

Again by elliptic theory, ‖T41
~f‖L2(Rn,dydt) ≤ C(α − β)‖~f‖L2(∂Ωα). Also by elliptic

singular integrals we get,

‖T42
~f‖2

L2(Rn,dydt) ≤ C

∞
∫

−∞

∫

Rn−1

∣

∣

∣

∣

[pβ ◦ ρβ − pα ◦ ρα](z, t)

∣

∣

∣

∣

2

dzdt.
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Now,

[pβ ◦ ρβ − pα ◦ ρα](z, t)

=

∫

Rn−1

〈ρβ(y, t) − ρβ(z, t), ~f ◦ ρα〉

wn|(K(β, y, z, t)|n

√

1 + β2|∇PγǫA(z, t)|2 dz

−

∫

Rn−1

〈ρα(y, t) − ρα(z, t), ~f ◦ ρα〉

wn|(K(α, y, z, t)|n

√

1 + α2|∇PγǫA(z, t)|2 dz

=

∫

Rn−1

〈ρβ(y, t) − ρβ(z, t), ~f ◦ ρα〉

wn|(K(β, y, z, t)|n
(β − α)(α+ β)|∇PγǫA(y, s)|2

[

√

1 + β2|∇PγǫA(y, s)|2 +
√

1 + α2|∇PγǫA(y, s)|2
] dz

+

∫

Rn−1

〈((α− β)(Pγǫ(y, t) − Pγǫ(z, t)), 0), ~f ◦ ρα〉

wn|(K(β, y, z, t)|n

√

1 + α2|∇PγǫA(z, t)|2 dz

+
1

wn

∫

Rn−1

[

1

|(K(β, y, z, t)|n
−

1

|(K(α, y, z, t)|n

]

× 〈ρα(y, t) − ρα(z, t), ~f ◦ ρα〉
√

1 + α2|∇PγǫA(z, t)|2 dz

:= T421
~f + T422

~f + T423
~f.

Obviously

‖T421
~f‖L2(Rn,dydt) + ‖T422

~f‖L2(Rn,dydt) ≤ C(α− β)‖~f‖L2(∂Ωα).

That the same estimate is true for the term determined by T423 follows from elliptic
theory. Adding our estimates we may conclude that

∞
∫

−∞

∫

Rn−1

[I1 ◦ ρβ(y, t) − I21 ◦ ρβ(y, t)]2 dydt ≤ C(α− β)‖~f‖2
L2(∂Ωα).

Looking back and adding estimates we have proved that,

‖Tα,β
~f‖Rβ(∂Ωβ) ≤ C(α− β)‖~f‖L2(∂Ωα)

where C is a constant independent of α and β and

Tα,β
~f = Sβ(~f ◦ ρα ◦ πβ) −Aα,βSα

~f ◦ ρα ◦ πβ .

By construction we formally have ~u0 =
∑∞

k=1 Sα
~fk and our main objective was to

prove that
∑∞

k=1
~fk converges in L2(∂Ωα). But the estimate we have proved implies

that,

‖~fk‖L2(∂Ωα) ≤ Ck(α− β)k‖~f0‖L2(∂Ωα).

If (α− β) ≤ C−1/2 we may therefore conclude that we have the desired convergence.
As mentioned in the beginning of the proof one may prove, in an argument similar

to the one presented above, that S−1
β exists if β is small enough by considering ∂Ωβ

as a perturbation of the halfplane {(x0, x, t) : x0 > 0}. We have therefore completed
our continuity argument and therefore the proof of Theorem 9.3.
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10. Proof of uniqueness. In this section we prove the uniqueness statements
of Theorem A, B and C.

Proof of uniqueness in the Dirichlet Problem. Assume that ~u is a weak solution
of the linearized Navier-Stokes equations and assume that

(i) Ñ∗,e(~u) ∈ L2(∂Ω)

(ii)
e

lim
(y0,y,t)→(x0,x,t)

~u(y0, y, t) = ~0 non-tangentially for almost every t and for

almost every(x0, x, t) ∈ ∂Ωt.

We want to prove that ~u ≡ ~0. As ‖DnPγǫA‖∗ ≤ c‖DnA‖∗ and ‖PγǫA‖comm ≤
c‖A‖comm where c is a constant independent of ǫ the existence results of the pre-
vious section are valid on Ωǫ. Furthermore the inequalities of the previous sections
are valid on Ωǫ with constants independent of ǫ. In addition to this Ωǫ is a C∞-smooth
domain.
Let ~uǫ be the weak solution(given by the existence proof) to the Dirichlet problem in

Ωǫ with data on ∂Ωǫ given by the restriction of ~u to ∂Ωǫ. As Ñ∗,e(~u) ∈ L2(∂Ω) this

restriction is well defined. Then ~uǫ = Dǫ
~fǫ for some ~fǫ ∈ L2(∂Ωǫ) where Dǫ is the

double layer potential operator on Ωǫ. This follows from the existence results of the
previous section as Ñ∗,e(~u) ∈ L2(∂Ω).

We now claim that ~uǫ ≡ ~u in Ωǫ for all ǫ > 0. Let us assume the claim for now
and let Ñ ǫ

∗ be the non tangential maximal function operator on Ωǫ. Similarly define

Ñ ǫ
∗,e Then trivially, Ñ ǫ

∗,e(~u) ≤ Ñ∗,e(~u). By the existence results in Ωǫ we have that
the following inequality is valid with a constant c independent of ǫ:

‖Ñ ǫ
∗,e(~u)‖L2(∂Ωǫ) ≤ c‖~u‖L2(∂Ωǫ).

As Ñ∗,e(~u) ∈ L2(∂Ωt) for almost every t we get by dominated convergence that

Ñ∗,e(~u) = 0 a.e on ∂Ω. I.e. Ñ ǫ
∗,e(~u) ≡ 0 for every ǫ and almost every t. I.e., ~u ≡ 0.

Left is now to prove the claim. Let ~wǫ := ~uǫ − ~u in the closure of Ωǫ. Then ~wǫ is
a weak solution in Ωǫ and ~wǫ is zero on the boundary of Ωǫ. We want to prove that

~wǫ ≡ ~0. To prove this it is enough to prove that for all ~F ∈ C∞
0 (Ωǫ) the following is

true,
∫

Ωǫ

〈~wǫ, ~F 〉 dY ds = 0.

I.e., given ~F ∈ C∞
0 (Ωǫ) we want to prove that there exist an admissible pair of test

functions (~φ, q) in Ωǫ such that

~φs + ∆~φ+ ∇q = ~F .

Let (~φ1, q1) solve the problem ~φ1
s + ∆~φ1 + ∇q1 = ~F , div~φ1 = 0 in the whole of R

n.
We postpone the proof of the following lemma for now.

Lemma 10.1. The restriction of ~φ1 to ∂Ωǫ is in the space R(∂Ωǫ).

We now consider the problem, ~φ2
s + ∆~φ2 + ∇q2 = ~F , div~φ2 = 0 in Ωǫ with

boundary data ~φ2 = ~φ1. Using lemma 10.1 we notice that we are solving the Dirichlet
problem with data in our regularity space R(∂Ωǫ). Using our existence result from



90 s. hofmann and k. nyström

the previous section we may conclude that ~φ2 can be represented using the single layer

potential. Define ~ψ = ~φ1 − ~φ2, q = q1 − q2. Then (~ψ, q) is an admissible pair of test

functions in Ωǫ reproducing ~F ∈ C∞
0 (Ωǫ).

This completes the proof of uniqueness in the Dirichlet problem modulo the lemma.

Proof Lemma 10.1. We have that

~φ1(X, t) =

t
∫

−∞

∫

Rn

Γ(X − Y, t− s)~F (Y, s) dY ds,

q1(X, t) =

∫

Rn

〈X −Q, ~F (Y, t)〉

wn|X − Y |n
dY.

We want to verify that the restriction of ~φ1 to ∂Ωǫ is in R(∂Ωǫ). Let Θǫ(λ, y, s) =

(λ+ ǫ+ PγǫA(y, s), y, s). Then as the support of ~F is contained in Ωǫ,

~φ1(X, t) =

∞
∫

−∞

t
∫

−∞

∫

Rn−1

Γ((X, t) − Θǫ(λ, y, s))~F ◦ Θǫ(λ, y, s) dydsdλ

=

λ(~F )
∫

0

t
∫

−∞

∫

Rn−1

Γ((X, t) − Θǫ(λ, y, s))~F ◦ Θǫ(λ, y, s) dydsdλ

=

λ(~F )
∫

0

Sλ,ǫ
~F (X, t) dλ.

Here Sλ,ǫ
~F is the single layer potential with {(x0, x, t) : x0 = ǫ + λ + PγǫA(x, t)}

as the underlying boundary. Now using the estimates of maximal functions outlined
in Section 2 as well as the arguments of Section 7 we may conclude that indeed the

restriction of ~φ1 to ∂Ωǫ is in R(∂Ωǫ).

Proof of Uniqueness in the regularity problem. We assume that ~u = ~0 in R(∂Ωǫ0),

Ñ∗(∇~u), Ñ∗,e(p) ∈ L2(∂Ωǫ0) and that (~u, p) solves the equation under consideration.

We want to prove that ~u ≡ ~0. Fix (X ′, t′) ∈ ∂Ωǫ0 and (X, t) ∈ Ωǫ0 . Choose r > 0 so
large and ǫ > ǫ0 so small that (X, t) ∈ Ωǫ ∩Qr(X

′, t′) with

Qr(X
′, t′) := {(y0, y, s) : |t′ − s| < r2, |x′0 − y0| + |x′ − y| < r}.

Let ~w = ~uφ where φ ∈ C∞
0 (Q2r(X

′, t′)) is such that φ ≡ 1 on the closure of
Q3r/2(X

′, t′). We furthermore assume that

‖φt‖∞ +
n−1
∑

i=0

‖φxi
‖∞ +

n−1
∑

i,j=0

‖φxixj
‖∞ ≤ cr−2.

Let δ ∈ (0, 1) and let s ∈ (−∞, t− δ). Let Γ(Y, s) = Γ(X − Y, t− s) be the matrix of
fundamental solutions. Let Γi be the i-te row in that matrix. The vector Γi solves the
adjoint system of linearized Navier-Stokes equations with pressure p = qi according
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to Section 2. Using integration by parts we have,

Ik
ǫ,δ : =

t−δ
∫

−∞

∫

Ωǫ
s

(wkΓik)s dY ds

=

t−δ
∫

−∞

∫

Ωǫ
s

∂φ

∂s
ukΓik dY ds+

t−δ
∫

−∞

∫

Ωǫ
s

(
∂uk

∂s
φΓik +

∂Γik

∂s
ukφ) dY ds

=

t−δ
∫

−∞

∫

Ωǫ
s

∂φ

∂s
ukΓik dY ds+

t−δ
∫

−∞

∫

Ωǫ
s

(∆ukφΓik −
∂p

∂xk
φΓik) dY ds

−

t−δ
∫

−∞

∫

Ωǫ
s

(∆Γiku
kφ−

∂qi

∂xk
φuk) dY ds

=

t−δ
∫

−∞

∫

Ωǫ
s

∂φ

∂s
ukΓik dY ds+

t−δ
∫

−∞

∫

∂Ωǫ
s

(
∂uk

∂N ǫ
s

φΓik −
∂Γik

∂N ǫ
s

ukφ) dσǫ
sds

+

t−δ
∫

−∞

∫

Ωǫ
s

(∇uk∇(φΓik) −∇Γik∇(ukφ)) dY ds

+

t−δ
∫

−∞

∫

Ωǫ
s

(
∂qi

∂xk
(φuk) −

∂p

∂xk
(φΓik)) dY ds.

But a simple calculation shows that,

∇uk∇(φΓik) −∇Γik∇(ukφ) = ∇uk∇φΓik −∇Γik∇φu
k.

Furthermore,

div (qiφ~u) − div (pφΓi) = 〈∇qi, φ~u〉 + qi〈∇φ, ~u〉 − 〈∇p, φΓi〉 − p〈∇φ,Γi〉.

Noting that terms containing qi make no contribution to Ik
ǫ,δ we may conclude that,

n−1
∑

k=0

Ik
ǫ,δ :=

n−1
∑

k=0

t−δ
∫

−∞

∫

Ωǫ
s

∂φ

∂s
ukΓik dY ds

+

n−1
∑

k=0

t−δ
∫

−∞

∫

∂Ωǫ
s

(
∂uk

∂N ǫ
s

φΓik −
∂Γik

∂N ǫ
s

ukφ) dσǫ
sds

+
n−1
∑

k=0

t−δ
∫

−∞

∫

Ωǫ
s

(∇uk∇φΓik −∇Γik∇φu
k) dY ds
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−
n−1
∑

k=0

t−δ
∫

−∞

∫

∂Ωǫ
s

pφΓikN
ǫ,k
s dσǫ

sds

+

n−1
∑

k=0

t−δ
∫

−∞

∫

Ωǫ
s

p
∂φ

∂xk
Γik dY ds

:=

n−1
∑

k=0

Ak +Bk + Ck +Dk + Ek.

By standard arguments we get,

n−1
∑

k=0

|Ak| + |Ck| + |Ek| ≤ Cr(1−n)/2(‖Ñ∗(|∇~u|)‖2 + ‖Ñ∗,e(p)‖2) → 0

as r → ∞. Now consider the second term in the expression Bk, i.e.

t−δ
∫

−∞

∫

∂Ωǫ
s

∂Γik

∂N ǫ
s

ukφdσǫ
sds.

As ‖A‖comm ≤ β and ~u(ǫ0 + Pγǫ0A(y, s), y, s) = ~0 we have

|~u|(ǫ+ PγǫA(y, s), y, s) ≤ cβ(ǫ0 − ǫ)Ñ∗(|∇~u|)(ǫ0 + Pγǫ0A(y, s), y, s).

Using this and dominated convergence we find that the term under consideration tends
to zero as ǫ− ǫ0, δ → 0. We have therefore proved that the absolute value of,

n−1
∑

k=0

Ĩk
ǫ,δ :=

n−1
∑

k=0

Ik
ǫ,δ −

n−1
∑

k=0

t−δ
∫

−∞

∫

∂Ωǫ
s

(

∂uk

∂N ǫ
s

− pN ǫ,k
s

)

φΓik dσ
ǫ
sds

tends to zero if r → ∞ and ǫ− ǫ0, δ → 0 in an appropriate manner. Now,
(

∂uk

∂N ǫ
s

− pN ǫ,k
s

)

φ =
∂wk

∂N ǫ
s

− pN ǫ,k
s φ− uk ∂φ

∂N ǫ
s

.

Arguing as above the integral over the third term in this expression will disappear as
we pass to the limit with respect to r.
Let F k(Y, s) = wkΓik and Θǫ(λ, y, s) = (λ+ ǫ+ PγǫA(y, s), y, s). Then,

Ik
ǫ,δ :=

t−δ
∫

−∞

∫

Ωǫ
s

F k
s dY ds =

t−δ
∫

−∞

∫

Rn−1

∞
∫

0

F k
s ◦ Θǫ dλdyds

=

t−δ
∫

−∞

∫

Rn−1

∞
∫

0

((F k ◦ Θǫ)s − (F k ◦ Θǫ)λ
∂PγǫA

∂s
) dλdyds

=

∫

Rn−1

∞
∫

0

F k ◦ Θǫ(λ, y, t− δ) dλdy
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+

t−δ
∫

−∞

∫

Rn−1

F k ◦ Θǫ(0, y, t− s)
∂PγǫA

∂s
dyds

:= I1 + I2.

By standard arguments we get
∑

k I
k
1 → ui(X, t) as δ → 0. Using dominated conver-

gence and Lemma 1.1 we have

|I2| ≤ cǫ

t−δ
∫

−∞

∫

∂Ωǫ
s

Ñ∗(|∇~u|)|φ|
∂PγǫA

∂s
dσǫ

sds→ 0

as ǫ− ǫ0 and δ tends to 0. Letting r → ∞ and ǫ− ǫ0, δ → 0 in an appropriate manner
we may therefore conclude that

~u(x, t) = S(
∂~u

∂ν
)(x, t).

Using inequality (2) of Section 9 we may therefore conclude that ∂~u
∂ν = ~0 a.e on ∂Ωǫ0 .

This completes the proof of uniqueness in the regularity problem.

Uniqueness in the Neumann type problem. We assume that ~u solves the linearized
system of Navier-Stokes in Ω with associated pressure p and that ∂~u

∂ν = ~0 a.e on ∂Ω

in the sense of non tangential convergence. We furthermore assume that Ñ∗(|∇~u|),

Ñ∗,e(p) ∈ L2(∂Ω). We want to prove that ~u ≡ ~0 if ~u(X, t) = 0 for some point
(X, t) ∈ Ω. Following the argument used in [19] we will prove that

‖~u‖R(∂Ωǫ) <∞, (∗)

where Ωǫ is defined as above and ǫ > 0. Assuming this we may use the uniqueness
in the regularity problem to conclude that ~u = S~qǫ for some ~qǫ ∈ L2(∂Ωǫ). Using
inequality (1) of Section 9,

‖~qǫ‖L2(∂Ωǫ) ≤ c‖
∂~u

∂ν
‖L2(∂Ωǫ) → 0

by dominated convergence as ǫ→ 0. It therefore follows that ~u ≡ ~0 in Ω if ~u(X, t) = 0
for some point (X, t) ∈ Ω and the proof is finished.
We therefore have to prove (∗). Using Lemma 7.2 we may conclude that

∞
∫

−∞

‖〈
∂~u

∂t
,N ǫ

t 〉‖[L2
1(∂Ωǫ

t)]
∗ dt ≤ C(‖Ñ∗(|∇~u|)‖ + ‖Ñ∗,e(p)‖)

2,

and in order to prove (∗) all we have to prove is that

‖~u‖L2
1,1/2

(∂Ωǫ) <∞, (∗∗).

Define ρǫ : R+ × R
n → Ωǫ in the following way:

ρǫ(λ, x, t) = (λ+ ǫ+ Pγ(λ+ǫ)A(x, t), x, t) = (x0, x, t).

For fixed ǫ and ã we put ~w = ~u◦ρǫ, p̃ = p◦ρǫ and let N∗(~w)(x, t) be the non tangential
maximal function of ~w defined relative to Γã(x, t) where ã is chosen so small that

N∗(~w) ≤ Ñ ǫ
∗(~u) at points corresponding under the transformation (x, t) → ρǫ(0, x, t).
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N∗,e is similarly adjusted to the situation at hand. By the definition of the space

L2
1,1/2(∂Ωǫ) and since Ñ ǫ

∗(|∇~u|) ∈ L2(∂Ωǫ) all we have to prove, in order to prove (∗∗)

is to prove that the restriction of Dt
1/2 ~w to R

n has finite L2-norm. We now intend to

demonstrate the latter.
For a given R > 0 we set

QR := {(λ, x, t) ∈ R+ × R
n, λ < 2R, (x, t) ∈ B2R(0, 0)},

mQR
~w :=

1

|QR|

∫

QR

~w(x, t) dXdt.

Adjusting the proof of Lemma 6.12 in [19], using the appropriate interior regularity
result stated in Lemma 2.3, one may prove the following.

Lemma 10.2.

R−3

∫

QR

|~w −mQR
~w|2 dXdt ≤ cβ(‖N∗(|∇~w|)‖2

2 + ‖N∗,e(p̃)‖
2
2).

Let ϕ ∈ C∞
0 ((−2R, 2R) ×B2R(0, 0)) with ϕ ≡ 1 in (−R,R) ×BR(0, 0) and

‖ϕt‖∞ + ‖∇2ϕ‖∞ ≤ cR−2

where

|∇2ϕ|2 :=
n−1
∑

i,j=1

ϕ2
xixj

+
n−1
∑

i=1

ϕ2
xiλ + ϕ2

λλ.

We will need the following lemma,

Lemma 10.3. Let ~k := (~w −mQR
~w)ϕ. If z = (x, t) then,

(i)

∞
∫

0

∫

Rn

|∇2~k|2λ dzdλ ≤ cβ(‖Ñ ǫ
∗(|∇~u|)‖

2
L2(∂Ωǫ) + ‖Ñ ǫ

∗,e(p)‖
2
L2(∂Ωǫ)),

(ii)

∞
∫

0

∫

Rn

|~kt|
2λ dzdλ ≤ cβ(‖Ñ ǫ

∗(|∇~u|)‖
2
L2(∂Ωǫ) + ‖Ñ ǫ

∗,e(p)‖
2
L2(∂Ωǫ)),

(iii)

∞
∫

0

∫

Rn

|∇Dt
1/2
~k|2λ dzdλCβ(‖Ñ ǫ

∗(|∇~u|)‖
2
L2(∂Ωǫ) + ‖Ñ ǫ

∗,e(p)‖
2
L2(∂Ωǫ)).

Proof of Lemma 10.3. We first consider (i). Let ~k := (~w − mQR
~w)ϕ, ~k =

(k0, ..., kn−1). For each i ∈ {0, ..., n − 1} recall that wi = ui ◦ ρǫ. At the point
(λ, x, t) we have

|∇2ki|2 . |∇2ui|2◦ρǫ+(ui
x0
◦ρǫ)

2|∇2Pγ(λ+ǫ)A|
2+c|∇wi|2|∇ϕ|2+c|wi−mQR

wi|2|∇2ϕ|2

where we also have used Lemma 1.1. In order to prove the main estimates we need to
prove one auxillary estimate. As Ñ ǫ

∗(|∇~u|) ∈ L2(∂Ωǫ) we may for i, j ∈ {0, ..., n − 1}

represent ∂ui/∂xj as a double layer potential D~f = Dǫ
~fǫ with ~f = ~fǫ ∈ L2(∂Ωǫ). We
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may assume that ~f and ∂ui/∂xj have comparable L2(∂Ωǫ)-norms. This conclusion
follows from the existence results of Section 9. Using Corollary 3.2 we therefore have

∞
∫

0

∫

Rn

|ui
xjxk

◦ ρǫ(λ, z)|
2λ dzdλ ≤ c‖Ñ ǫ

∗(|∇~u|)‖
2
L2(∂Ωǫ).

Using this estimate and familar arguments one may therefore easily prove that

∞
∫

0

∫

Rn

|∇2ki|2λ dzdλ ≤ C

[

‖Ñ ǫ
∗(|∇~u|)‖L2(∂Ωǫ)

+

∞
∫

0

∫

Rn

(|∇wi|2|∇ϕ|2 + |wi −mQR
wi|2|∇2ϕ|2)λ dzdλ

]

.

But
∞
∫

0

∫

Rn

|∇wi|2|∇ϕ|2λ dzdλ ≤ c‖Ñ ǫ
∗(|∇~u|)‖

2
L2(∂Ωǫ),

by familar arguments. As ϕ ≡ 0 on the complement of QR we may use the inequality
stated in Lemma 10.2 to conclude that

∞
∫

0

∫

Rn

|wi −mQR
wi|2|∇2ϕ|2λ dzdλ ≤ c(‖N∗(|∇~w|)‖2

L2(∂Ωǫ) + ‖N∗,e(p̃)‖
2
L2(∂Ωǫ))

≤ cβ(‖Ñ ǫ
∗(|∇~u|)‖

2
L2(∂Ωǫ) + ‖Ñ ǫ

∗,e(p)‖
2
L2(∂Ωǫ)).

We now treat part (ii) of the lemma. At the point (λ, x, t) we have

|ki
t|

2 . |ui
t|

2 ◦ ρǫ + (ui
x0

◦ ρǫ)
2|
∂Pγ(λ+ǫ)A

∂t
|2 + |wi −mQR

wi|2|ϕt|
2.

As

∞
∫

0

∫

Rn

|ui
t ◦ ρǫ|

2λ dzdλ ≤

∞
∫

0

∫

Rn

|∆ui ◦ ρǫ|
2λ dzdλ+

∞
∫

0

∫

Rn

|
∂p

∂xi
◦ ρǫ|

2λ dzdλ

≤ cβ(‖Ñ ǫ
∗(|∇~u|)‖

2
L2(∂Ωǫ) + ‖Ñ ǫ

∗,e(p)‖
2
L2(∂Ωǫ)),

by case (i) and elliptic theory, case (ii) can be handled by the same argument as in
case (i).
To consider (iii) note that

∞
∫

0

∫

Rn

|∇Dt
1/2k

i|2λ dzdλ =

∞
∫

0

∫

Rn

〈∇Dt
1/2k

i
λ,∇D

t
1/2k

i〉λ2 dzdλ

≤

(

∞
∫

0

∫

Rn

|∇ki
λ|

2λ dzdλ

)1/2

×

(

∞
∫

0

∫

Rn

|∇ki
t|

2λ3 dzdλ

)1/2

.
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The first factor in this product is handled using part (i) of the lemma. We are left
with the second factor. But at the point (λ, x, t) we have

|∇ki
t|

2 . |∇ui
t|

2 ◦ ρǫ + |∇ui
x0

◦ ρǫ|
2|
∂Pγ(λ+ǫ)A

∂t
|2

+|ui
x0

◦ ρǫ|
2|∇

∂Pγ(λ+ǫ)A

∂t
|2 + |∇wi|2|ϕt|

2 + |wi
t|

2|∇ϕ|2|wi −mQR
wi|2|∇ϕt|

2.

Using part (i), (ii) of the lemma as well as the argument in the proof of part (i) and
(ii) we have,

∞
∫

0

∫

Rn

|∇ki
t|

2λ3 dzdλ .

∞
∫

0

∫

Rn

|∇ui
t|

2λ3 dzdλ+ ‖Ñ ǫ
∗(|∇~u|)‖

2
L2(∂Ωǫ) + ‖Ñ ǫ

∗,e(p)‖
2
L2(∂Ωǫ).

But,
∞
∫

0

∫

Rn

|∇ui
t|

2λ3 dzdλ ≤ Cβ(‖Ñ ǫ
∗(|∇~u|)‖

2
L2(∂Ωǫ) + ‖Ñ ǫ

∗,e(p)‖
2
L2(∂Ωǫ))

using interior regularity and elliptic estimates.
Using the same deductions as in [19,p.403] one may prove that

‖Dt
1/2
~k|Rn‖8

2

≤ c

(

∞
∫

0

∫

Rn

|~kλλ|
2λ dλdz

)

×

(

∞
∫

0

∫

Rn

|Dt
1/2
~kλ|

2λ dλdz

)2

×

(

∞
∫

0

∫

Rn

|~kt|
2λ dλdz

)

.

Plugging the estimates of Lemma 10.3 into this inequality we may conclude that,

‖Dt
1/2
~k|Rn‖2 ≤ C(‖Ñ ǫ

∗(|∇~u|)‖L2(∂Ωǫ) + ‖Ñ ǫ
∗,e(p)‖L2(∂Ωǫ)) <∞.

To prove the same statement for ~w one proceeds as follows. Note that

‖Dt
1/2 ~w|Rn‖2

2 ∼

∫

R

∫

R

∫

Rn−1

(~w(x, s) − ~w(x, t))2

|s− t|2
dxdsdt.

But as, by definition, ~k = ~w − ~c on (−R,R) ×BR(0, 0) for some constant ~c ,

R
∫

−R

R
∫

−R

∫

Rn−1

(~w(x, s) − ~w(x, t))2

|s− t|2
dxdsdt =

R
∫

−R

R
∫

−R

∫

Rn−1

(~k(x, s) − ~k(x, t))2

|s− t|2
dxdsdt

≤

∫

R

∫

R

∫

Rn−1

(~k(x, s) − ~k(x, t))2

|s− t|2
dxdsdt

∼ ‖Dt
1/2
~k|Rn‖2

2 ≤ C(‖Ñ ǫ
∗(|∇~u|)‖L2(∂Ωǫ) + ‖Ñ ǫ

∗,e(p)‖L2(∂Ωǫ)) <∞.

Letting R→ ∞ we get the estimate we wanted. This completes the proof of uniqueness
in the Neumann problem.
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