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ASYMPTOTIC TOWARDS RAREFACTION WAVE OF THE JIN-XIN
RELAXATION MODEL FOR THE P SYSTEM

WEI-CHENG WANG*

Abstract. We study the asymptotic equivalence of the Jin-Xin relaxation model to its formal
limit of genuinely nonlinear 2 by 2 conservation laws (isentropic Euler equation in Lagrangian coordi-
nate). We consider the case where the initial data are allowed to have jump discontinuities such that
the corresponding solutions to the Euler equation contain centered rarefaction waves. In particular,
Riemann data connected by rarefaction curves are included. We show that, as long as the initial
data is a small perturbation of a non-vacuum constant state, the solution for the relaxation system
exists globally in time and converges, as € — 0, to the solution of the corresponding Euler equation
uniformly except for an initial layer whose width is essentially of order O(e).

1. Introduction. In this paper, we study the asymptotic behavior of the Jin-Xin
model of semilinear hyperbolic system with relaxation:

Uy + Vg = 0

(L.1) vt atu, = L(F(u)-v)

as € — 0.

The relaxation limit for 2 x 2 nonlinear hyperbolic systems was first studied in [7]
and further developed in [2]. Distinguished by the special structure of its nonlinear
terms, (1.1) was proposed by Jin and Xin in [5] as a relaxational approximation for
the quasilinear hyperbolic conservation law

(1.2) uy + F(u)g =0.

This model has an interesting numerical origin. It is used as an artificial approxima-
tion for general conservation laws and the authors developed a new class of numerical
methods for (1.2) called relaxation schemes based on discretizing (1.1). Owing to the
outstanding performance of the relaxation scheme, the hyperbolic system (1.1) has
stimulated much research activities.

In the formal limit € — 0, we expect the second equation of (1.1) to be well
approximated by the local Maxwellian (local equilibrium)

(1.3) v=F(u)

and the relaxation system reduces to (1.2).

However, the rigorous justification of this asymptotic equivalence is established
mostly in the case when (1.2) is a scalar conservation law. For systems of conservation
laws, Serre [13] has established a sufficient condition under which one can find an
invariant region for (1.1). For examples the Temple system and a system of equations
describing motion of elastic material

Oguy + Ogug =0, Oyus + a:cp(ul) =0,

with constitutive relation satisfying p’ > 0 and sp”(s) > 0 for s # 0. For those
systems, the author showed the asymptotic equivalence between (1.1) and (1.2) as
e — 0. With a slightly different approach, Tzavaras [16], Gosse and Tzavaras [3]
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established a strong dissipation estimate for w € R? with a growth assumption on
the flux f. The convergence result then follows from the L? theory of compensated
compactness.

In this paper, we study the case where the initial data are allowed to have jump
discontinuities such that the corresponding solutions of the conservation law contain
centered rarefaction waves. To be definite, we restrict ourselves to the isentropic Euler
equation in Lagrangian coordinate (also known as the p system):

(1.4) u=(z> f(u)=(;(’;)), pw)=v7", y>1

It is shown that, as long as the initial data is a small perturbation of a non-vacuum
constant state, the solution of (1.1) exists globally in time and converges, as € — 0, to
the solution of (1.2) uniformly except for an initial layer whose width is essentially the
order of the mean free path. This is done by approximating the solution of (1.2) with
a smooth rarefaction wave followed by a nonlinear stability analysis of the smooth
rarefaction wave under discontinuous initial perturbations for (1.1).

Other related works include Natalini [11], who showed the asymptotic equivalence
that the solution of the Cauchy problem for (1.1) converges to that of (1.2) strongly
in the scalar case. Teng [15] gave an optimal L! error estimate for this asymptotic
convergence. An optimal pointwise estimate was derived in Tadmor and Tang [17]
based on the optimal L! estimate and the Lip* estimate. Luo [8] studied the stabil-
ity of rarefaction wave in the scalar, multidimensional setting of the Jin-Xin model
and Luo and Xin [9] showed nonlinear stability of the traveling wave solution in the
scalar, multidimensional case. The relaxation approximation was later generalized to
Hamilton-Jacobi equation [6] and to curvature dependent front propagation [4].

We choose to present the analysis for Riemann data connected by a rarefaction
curve for the p system since

(15) 2= 5 )

is a positive diagonal matrix, which will simplify the matrix presentation of our energy
estimate. Furthermore, the sub-characteristic condition for (1.1) and (1.4) reduces to

(1.6) —p'(v) < a*.

We will assume throughout this paper that a is sufficiently large so that (1.6) is
trivially satisfied. The result here can be easily extended to the case of two weak
centered rarefaction waves of different families, and to general genuinely nonlinear 2
by 2 conservation laws equipped with a convex entropy. We omit these cases to make
the presentation brief and more readable.

The rest of the paper is organized as follows: In section 2, we construct the
smooth approximate solution and list some preliminary estimates about it. We then
state the main theorem (Theorem 2.1). In sections 3, we proceed to prove the main
theorem by treating the Riemann initial data as a discontinuous perturbation of the
smooth approximation. We then proceed by a piecewise H' estimate on the error.
To this end, we first study how the initial jump propagates and decays along the
characteristics in (1.1). We then finish the proof by piecewise energy estimate and
the Sobolev inequality.
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2. Smooth approximations. We first rewrite (1.1) in a simpler form as
F;+VF,=IN(F) t>0, z€R

€ — Fr if33>0
F(:II,O)—{FI if <0

and the scaled version of (2.1):

(2.1)

F,+VF,=N((F) t>0, z€R

_ | F, if x>0
F(x’o)‘{ Fi ifz<0

(2.2)

where

(2.3) F=<Z) N(F)=(]:(u())_v)’ V=<a20I2 I02>

and F, and F; are both in local equilibrium (1.3).

It is clear that F'(z,t) is a solution of (2.2) if and only if
(2.4) Fe(z,t) & F(z/e,t/e)
is a solution of (2.1).

We further assume that the Riemann Cauchy data (F, F';) for (2.2) corresponds
to Riemann Cauchy data ( (vy,us, —u, p(v1))T, (Vr, ry —tir, p(v,))T ) for (1.1) such
that (v;,w;) and (vr,ur) are connected by a rarefaction curve. Thus the solution of
(1.2) is a self similar centered rarefaction wave:

(2.5) (v, u)(z,t) = (v, u")(z/t)

(For an introduction on Cauchy problems with Riemann initial data and rarefaction
curves, see [14].)

We want to study the time asymptotic/small mean free path limit of (2.2)/(2.1).
We will show that if |u; — u,| are small enough and (1.6) holds, (2.2) has a unique
global in time solution and this solution is asymptotically equivalent to a self similar
function F°:

(2.6) lim sup |F(z,t)— F(z/t)| =0,

t—oogcR

where F°" is obtained by imposing local equilibrium (1.3) together with (2.5):

@.7)  per e ( f’(‘;;) ) ,

In view of (2.4), we see that (2.1) has a unique solution satisfying

(2.8) lim sup |F(a,t)— F"(z/t)| =0
=0 TER, t>eb

for any 6 < 1 (one can replace €’ by any g(e) such that ¢ = o(g(e)) as € — 0).

In order to prove (2.6), we will construct G(z,t), a smooth approximation of F"
and show that both FF — G and F°" — G are asymptotically equivalent (Lemma 2.3
(b) and (2.20) below).
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We proceed by constructing G as follows:
Let w(x,t) be the solution of the following Cauchy problem:

Wy + Wiy =0

(2.9) W(z,0) = 3{(wr +w) + (w, — w;) tanh z}

LEMMA 2.1. [10] Suppose w, > wy, then (2.9) has a unique global smooth solution
satisfying

(a) wy < W(z,t) < wy, Wg(z,t) >0 fort >0, z €R.

(b) For any p € [1,00], there is a positive constant C such that for t > 0,

@ (8)|| e < Cmin(jw, —wy], [wr — wy|(L +8)717),

(2.10) 2z (D]l 2 [Baa (D] r < C min(fuwr — wil, (1+12)7).

(c) lim sup |@(z,t) — w(z/t)| = 0.
t—oo TER
Since the rarefaction wave solution written in the Riemann invariant coordinate
reduces to a rarefaction wave for the Burgers’ equation up to a nonlinear change of
variables, we can thus construct the corresponding solutions of the Euler equation by
inverting this change of variables. The corresponding solution of (1.2), (3.34), (9, %)
satisfies

LEMMA 2.2. For each (v,w;) satisfying the sub-characteristic condition (1.6)
there exists 6 > 0 such that if (vr,ur) can be connected to (v, u;) by a centered
rarefaction wave (v°",u") and |v; — vr| < do, then the corresponding smooth approzi-
mation (0,4) satisfies the following:

(a) (0,4) is a smooth global solution in time of

ﬂt—ﬂz=0

@11) G+ p(@)s =0

(b) For any p € [1,00], there is a positive constant C such that for t > 0,

12) 80, @Olle < O min(ur —wl, jur — ul/?(1+)77),
Gize (t), Gies (t), Gas (t), Giez ()|l Lr < Cmin(ju, — g, (L+¢)71).
(c) lim sup |(9,a)(z,t) — (v, u")(z/t)| = 0.
t—00 zecR

Let us denote the zeroth order approximation of F" by

u(® 0]
(2.13) F(O) = < ]:(u(o)) ) ) u(O) = ( i ) P

and following the Chapman-Enskog expansion procedure outlined in [1], we get the
first order correction

(2.14) FO = ( v?l) > v® = —(a? — F/(u®)?)u®
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We then construct G, the smooth approximation of F°", by
(2.15) G = FO ;. p®
Thus G satisfies the following equation
(2.16) Gi+VG,-N(G) =FP + VFQ

and we have the corresponding estimates for G:

LEMMA 2.3. Under the same assumption in lemma 2.2, the smooth approximation
G satisfies (2.16) and
(a) N(G) = —vV)
(b) lim sup |G(z,t) — F"(z/t)| =
t—00 R

To show the asymptotic equivalence of F' and G, we let f = F —G. The equation
satisfied by f reads

FoAVE, = NF)-N@) - FD +VFD)
(2.17) = (, 0 Au ) +O(IpP + | + ),

f(z,0) = F(z,0) — G(z,0)

where A = F/(u©) 4 p/2).

(2.17), like (1.1), is a semilinear hyperbolic system. The discontinuities propagate
along £ = at and £ = —at. Thus we adopt the piecewise energy estimate. We
introduce the following notations: Denote by Q, k£ = 1,2, 3 the regions separated by
x = at and £ = —at in the upper half plane ¢t > 0, Qf = QN {¢t = s} and for any
interval I C R, H'(I) the usual Sobolev space with norm || - ||y = (|| - lz2(ry + | & -

llz2ry)"/>.

Now we define the appropriate function space on which we will be working:

(2.18) X(0,T)={h:Rx[0,T] —» R*|h e C°([0,T),
HY(Q3))nCH[0,T), LA(Q)) N C?(), k =1,2,3}

For h € X(0,T), we define
IA( 12 = f (e, 1) 2de

- / " h(e, ) 4 / (e, )2z + / " |h(z,t)da

IR (-, ) = IR SO + a2
[RF®) = h(E, ) <R () = H(h(, 0 +h(,1)
o lg)lh]‘(t) = h(=th,t) —h(~t~,8) (B (5) = b(h(=t+1) + h(—t",2).

We want to show

(2.20) lim sup |F(z,t) — G(z,t)| =

t—0 ;R
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A key observation is the following: The a priori bound on sup|| f||ze () implies ex-
t>o0

ponential decay in time of the jumps (see Lemma 3.1 below). Thus in view of the
Sobolev inequality

(2.21) £ @) < CFNFAD + [FEO + [FI2(),

our task remains to estimate || f{; (Theorem 2.1 below). During this process, terms

involving line integrals of jumps across the discontinuities appear naturally. Therefor

the exponential decay in time of the jumps implies the a priori bound on sup||f Hf(t)
>0

(Lemma 3.3 and on). We close this bootstrapping argument by the local existence
theorem (Theorem 2.2 below) to extend f in X (0,7 + At) and conclude that 7' = co
(global in time existence).

THEOREM 2.1 (A priori estimate). There ezists positive constants €; and C; such
that if f € X(0,T) is the solution of (2.17) in0 <t < T for some T > 0 and

sup || ()4 + lur —w| <e1,
0<t<T
then

T
(222)  sup [FOI2+ / 1£o ()2 < CLF O + e — ] /5).
0<t<T 0

The proof of Theorem 2.1 will occupy Section 3.

THEOREM 2.2 (Local existence). Let T' > 0 and g € X(0,T) be a solution to
(2.17) for 0 < t < T. Consider the initial value problem to (2.17) with the initial
datum

(2.23) F(T,2) = gr(z) € g(T, 2).

Then for any M > 0, there erists a positive constant At depending only on M and
sup |G(z,t)| such that if
z,t

llg7llco(—co,—at) + lI97llC0[=aT 0T + I97llCOfaT,00) < M
Then (2.17) together with (2.23) has a unique solution f € X(T,T + At) satisfying

sup (I (®)llco(-co,—at) + IF )llcol=at,aq + 1F (Bl cofat,0)) < 2M.
T<t<T+At

As a consequence, g can be extended to X (0,T + At).

The proof of Theorem 2.2 is standard, see [12] for the existence and uniqueness in
the piecewise C° function class. The piecewise C? regularity is a direct consequence
of the special structure of the nonlinearity (being the lower order term in (2.17)) and
the C? regularity of the source term G.

(From Theorem 2.1 and Theorem 2.2, we have the following

COROLLARY 2.1. For each (v, u), with vy > 0 there exists ¢g and Coy such that
if (v, ur) can be connected to (vi,u;) by a centered rarefaction wave and || f(0){ +
|ur —w| < €o, then (2.17) has a unique solution f € X(0,c0) satisfying

(2.24) supl| £ (t) ] + /oollfm(f)ﬁzdf < Co(llf OV + [y — w]*/6).
t>0 0
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With Corollary 2.1, Lemma 3.1 below and the Sobolev inequality (2.21), it is easy
to see that

(1)<

225 [0 + |1

and consequently (2.20) holds.

3. A priori estimates. We first introduce here the entropy extension for the
Jin-Xin system:

PROPOSITION 3.1. Let (¢(u),¥(u)) be a pair of entropy-fluz functions of (1.2)
with ¢ convex, then we can derive the corresponding entropy-flux pair (®, V) for the
system (1.1) from the following wave equation with Cauchy data

By = Ty
\I/u = a2<I>v

O(u, F(u)) = ¢(u) -
Oy (u, F(u)) =0

(3.26)

The solution (®, V) ezists in a neighborhood of the equilibrium v = F(u) and there it
satisfies
(a) ® is convez if a is sufficiently large.
(b) ¥(u, F(u)) = p(u).
(c) ®¢(u,v) + VUg(u,v) = —18y(u,v) - (v — F(u)) <0 for any smooth solution
of (1.1).
We remark here that the solution in general exists only in a neighborhood of the

equilibrium v = F(u) and is given explicitly by

®(u,v) = h*(v+au)+h™ (v —au)

(3.27) U(u,v) =a(ht(v+ au) —h~(v—au))’

where h*(-) is given implicitly by
P(u)

1
(3.28) hE(F(u) £ au) = §(¢(u) + =),

For the p system

o e () ()

we take ¢ the mechanical energy

(3.30) (u) = %uQ - / " p(s)ds,

and use the corresponding derived entropy ®(w,v) in the main energy estimate to
follow.

In order to perform the energy estimate, it is important to study how the singu-
larity propagates. (1.1) is a semilinear hyperbolic system, the jump discontinuity in
of the initial data propagate along the characteristic curves and, due to the relaxation
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effect, decays exponentially in time. To show this, we write (1.1) in diagonal form in
the characteristic variables w* = v + au,

wi + aw} = L(F(u) —v)

(3.31) w; —awy = 5(F(u) —v)

We denote by []* the jumps along the characteristic line dz/dt = +a. Taking the
jump in the ‘+’ family on both sides of the first equation in (3.31), we have

(3.32) [wi + aw]* = -([7"( LR - [wt]).

where w; = v, — au, is the corresponding Riemann data on £ > 0. Since F has
continuous first derivatives up to the boundary on either side of the jumps, we can
interchange the tangential derivative with the jump to get an ODE along the charac-
teristics

w-

d s+ _ 1 wh —wr +1+
(3.33) a[w "= 5 (Fl=———)" = [w]").

By standard ODE theory, [w*]*(¢) decays exponentially in ¢ together with [wZ]* (%),
provided a is sufficiently large. The same applies to [w™,wZ]~(t). We therefore have
the following

LEMMA  3.1. Let « = |lup — w| and E =

supg<i<r (17 @) + [FIT @)+ [[F1(@)]), then there exist positive constants
€1, C and Cy such that if 0 <t < T, E < €1 and a sufficiently large, we have

(3.34) |LF7*(@)] + 1[£(#)] < Cae™

We now proceed with the main energy estimate.
Let o and E be defined as in Lemma 3.1, we have

LEMMA 3.2. There exist positive constants €2 and C such that if 0 <t < T and
E < e, then

1@ + / lv — Ap|?dr

< ||f(0)||2+0/ F (WO + O + 7RO+ 1£]080) + |£1°) dadr + Ca
(3.35)

Proof. We introduce here the quadratic part of the increment of the derived
entropy-flux pair and corresponding partial derivatives for the purpose of L? estimate:

£f,6) ¥ G+f)-2(@Q) - G)Ff
(3.36) E4(£,G) = ¥(G+f)-P(G)
Eq(f,.G) = ¥(G+F)-¥(G) - fT2"(G)

and

J£HG) ¥ WG+ f)-UG) -V (G)f
(3.37) Jf(£,G) = V(G+f)-TV(G)

Jo(f,G) = ¥(G+f)-¥(G) - fTv(a)
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It is easy to see that, for F < ez, we have

vIfI2 <E(F,G) < C|fI?
(3.38) E¢(£,G) < CIfl
Ea(f,G) < CIfI?

Next we multiply (2.17) by Sj.-(f, G),
(3.39) &+ To=Eq(Gi+ VGL) +EL(N(G+F) - N(f)) - 5f(F§1> +VFWY)

where we have used &'V = ',
Next we calculate each term on the right hand side of (3.39):

(3.40) G+ VG, =N@G) +FP + VFD = 0(v™, vV v),
. 0

(3.41) N&+D-ND=( 4 an ogu )
and by expanding the £ i around G + f/2, we have
(3.42) £ = (Ep,Ev)

_ (a®p — Av)T¢" (1))2 2
(3.43) Ep = @A) +O([v™* + 1£1%)

—A T 417

as) &y = LEELL 4 0O+ f1lv — Aul) + O + 1P

where both ¢ and A are evaluated at ug + p/2. Since ﬁ;} is positive defi-

nite, (3.35) follows after integrating (3.39) over R x (0,T) and applying the Cauchy-
Schwartz inequality and (3.34). 0

LEMMA 3.3. There exist positive constants ez and C such that if E < €2 and
0<t<T, then
t
5) If0F + [ 1fa(r)ar
t
<UL +C [ v = Auf?

t
40 [ f (WOPIFE + 171+ O + oD + 1f o)) dadr + Ca
0

Proof. We first derive the equation for f, by differentiating (2.17) with respect
to z,

ve — A (u” + p,) + Agud’ + O(vl)
L o(v)
v — Aoty + O(u V|| f] + |FII £ + 0$52]) )

1)
f:tt + Vf:t:t = - (0) O(’vzz) )
(3.46)
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where Ag = F'(u®) and A; = F'(u® + p). Next we multiply (3.46) from
by

v a’¢; —45Ao
(347 (k)

to get
50 [fa:])tl + jO [fm]m |2
= —0Q1)|vy — Aopty
48
(B48) 001) (o2, — Aovallold] +|va
1
— Ao, | (IO F + | £IIF o] + 10E2]) + | £2I2 @)
where

¢6/ = ¢”(u(0))7

_ a2¢l/ —¢”A
aird =51 ( 08, T )5

. a2w// _"/’”A
jO{fa:]_fz:-'( _17[)6,20 0// 0 ) T

0

and we have used the fact that ¢{ Ao is a symmetric matrix and

0 ( d®85  —d5A0 \ _ 1,0
7 Sh, ") -owe

We then integrate (3.48) over R x [0, %] to get, for E sufficiently small and any n
there exists a C > 0 such that

t
1Fa (42 + / - Aop, fPdr
(3.49) < ”fa:(O)H‘z +/ ][mlazl"a; _ AOVxlz
0
+C (WORIFE + D2 + |, l0®]) dadr + Ca

where we have used (3.34).
We now proceed to estimate a’p, — Agvs.
First, let us rewrite (2.17) as

(1)
I‘I’t —I— Va: = 'U:L‘
3.50 .
(8.50) vi+alv, = —(v—Ap)+0(uf)+ O(v;(,,.l))

We now multiply the first equation of (3.50) by — Ao from the left and add it tc
second:

(351)  (ve — Aope) + (0%, — Agvg) = —(v — Ap) + O(|ul?) + O(v()),
SO
|a2”'m - Aoyl‘lz

(3.52) = —(ve— Aop,)T (aPp, — Aovz)
—(v = Ap+O(|uP) + 0()) " (a®n, — Aovs).
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The second term on the right hand side of (3.52) is bounded by

—(v — Ap+O(|ul?) + O(wE))T (P, — Agvs)

3.53
" ila®u, — Aovg|* + C (|u — Ap? + |pl® + |'v:(cl)|2)

while the first term is bounded by

T
((r = Aop)e + O(|p M| £]))" (@’ — Aov)s + O(JvD]|£]))
(354) < (v—Aop)i (d®p— Agv)s
+Clw O] | £] (ve — Aomy] + a®p, — Aovz| + O(lv D[ £]))
Substituting (3.50) into the second term on the right hand side of (3.54), we can
estimate it by

CloO| || (Jve — Aopy| + |02, — Aqvg| + [v ]| £])

3.55) < CloO|If] (2%, — Aova] +|v — Apl + 1l + o] + [v®]|£])
< HePp, — Aovo? + C (Jo ORISR + v — AR + |l + o?)
while

(v — Aop){ (@*p — Agv),
(3.56) = {(v—Awp) (¢®u— Ao)s}e
~{(v - Aop) (@2 — Agv)i}e + (v — Aop)T (% — Agv):.

The last term in the right hand side of (3.56) can be similarly treated as in (3.55):
(3.57) (v — Aop); (Pp — Agv); < C(|va — Aop|® + [0 £12).

After integrating over R x (0,t) and applying (3.34), we have
t

[ e, — At <
0

t t t
o [ 1w aulPar s [ o Aifars [ [ (10OPLAP 158 +1040P) daar |

+Ca
(3.58)

Since
(3.59)  cr(lval® + pgl?) < la®py — Aovsl? + v — Aop,|? < ca(lve)? + |1, |?)

for sufficiently large a, we conclude with (3.45) from (3.49) and (3.57). ]
Combining Lemma 3.2 and Lemma 3.3 with suitably chosen m, o and E, we have
for0<t<T,

t
IFEHF+ [ 17Aer
< IO
401 [ o (D1 + oW + [fllo®] + 115+ o@P + £, 0] dodr + Ca
(3.60)
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Finally, we can estimate the right hand side of (3.60) by

LEMMA 3.4. There ezist a positive constant C such that if E < ea and0 <t <T,
then

(3.61) the right hand side of (3.60) < C <|| FOE +a +(E+a) / t I fmﬁzdf) .
0

Proof. We estimate each term by virtue of Lemma 2.2 and the Sobolev inequality
(2.21) as follows:

t t
/ J[ w®|4dzdr < C / oD |2 [0®)%dr < Ca
0
t 1
/ f WO + oD 2dzdr < Cat.

/ f 1] oD |dzdr < C / UFIEIFo 42 + ce )0 prdr
<c / (B2 £ 42 + o) 3,)dr + Ca
SC’/ E2||me- +a6(1+7') % )d7'+C’a
0

t
<CE / £, 427 + Cat
0

t t t
[fistasar < [ 11154+ Co< B [ 19.4Pdr +Ca
0 0

/ ylfmlzlv(1)|dzd7' <a / :|| £ 42dr

[isertilasar <c / IF1E1F. 4 o et + Ca

<0 [ (BIf . + 10 )ir + Ca

< CE/ If.42dr + Cat
0
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