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MULTIPLE TRAVELLING WAVE SOLUTIONS OF
THREE-COMPONENT SYSTEMS WITH COMPETITION AND
’ DIFFUSION

HIDEO IKEDA*

Abstract. Travelling wave solutions of three-component systems with competition and diffusion
in which the first two species diffuse slowly but react fast than the third species are considered. Under
the assumption that these systems have two stable equilibrium states, P+, the multiple existence and
stability of travelling wave solutions connecting P_ with Py are shown by using analytical singular
perturbation method and the SLEP method. Velocity of a travelling wave solution surely depends
on the third species. For the multiple existence of stable solutions, the dependency of its velocity on
the third species is important.

1. Introduction. In this article, we study the following 3-component reaction-
diffusion systems for three competing species:

etuy = €2Dugg + f(u,v)
,(t,z) e Ry xR, (1.1)
Ut = Uzg + g(ua 'U)

where D = diag {1,d} and
_( wm _f A(wv) \ _ [ a(l—u — arous — oq3v)us
4= < U2 )  flu,v) = < fg(u,v) ) - ( b(1 — ag1u1 — ug — 0ra3v)u2 ’
g(u,v) = (1 — as1u; — agaus — v)v.

That is, (u,v)(t,z) denote the population densities of three competing species at
time ¢ and spatial position . Without loss of generality, it is assumed here that the
intrinsic growth rates of each species are a,b and 1 and the intraspecific competition
rates of each one (say aj; with ¢ = 1,2,3) are all one. «a;;(¢ # j) are the interspecific
competition rates, which are positive constants. 7, d are also positive constants. Here
we assume that two species u; and u, diffuse slowly but react fast relative to the
third species v.

(H1) € > 0 is sufficiently small.

Null sets of the nonlinearities of f1, f and g are given in Fig.1.1. Here we assume
the following: If the u; species is absent, the us and the v species coexist. That is,
we may say that if the competition between the us and the v species is not so strong,
they can coexist. Similarly if the us species is absent, the u; and the v species coexist.
Thus, we assume

(HQ) a1z <1, a3 <1, az1 <1, aga < 1.
Let ¢ = (1 - 0421)/(0123 — ao103) and q+ = (1 - 012)/(0413 - 05120423) be the
third components of Q- and Q4, and p— = (1 — a31)/(1 — ay303;) and py =

(1 — as32)/(1 — aosasze) be the third components of P_ and P, (see Fig.1.1), re-
spectively. And we use the symbol I(a ~ b) = (a,b) if a < b, = {a}ifa=1b, = (b,a)

*Department of Mathematics, Toyama University, Toyama 930-8555, Japan.
479



480 H. IKEDA

if b < a. We assume that 1 —aj3w > 0 and 1 — agsw > 0 for any w € I(p_ ~ p4) (see
Fig.2.1). That is,

(H3) max{p_,p+} < min{1/ay3,1/az3}

is assumed. Furthermore we assume the one of the following three conditions depend-
ing on the relation between ais, @13, @21, @23:

(H4-a) I(p- ~ p+) C (q¢-,9+) when max{as1,1/o2} < azs/ons;
(H4-b) I(p- ~ps) C(g+,9-) when agz/ai3 < min{ag,1/c12};
(H4-c) max{p_,p+} <min{g_,g+} when 1/a12 < az3/a13 < az1.

The term (H4) is used in a sense that any condition of the above three is taken.
Every case of (H4) guarantees both relations 1 — aysw > (1 — agsw)/a21 and
1 — agzw > (1 — aj3w)/a;s for any w € I(p— ~ py) (see Fig.2.1).

Under the assumptions (H2), (H3) and (H4), the equilibrium states P_ and P,
are both asymptotically stable (Fig.1.1 corresponds to the case satisfying (H2), (H3)
and (H4-a)).

1/045
u‘lﬁa31 \

Fic. 1.1. Null sets of f1, f2 and g.
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This system is already discussed by Miller [M1], [M2] when 7 = 1 (7 is sufficiently
large). Under the same assumptions in this paper, that is, (H1),(H2),(H3) and (H4),
he shows the existence and stability of a travelling wave solution connecting the states
P_ with P,. Furthermore it looks like unique numerically. On the other hand,
we study the activator-inhibitor system in [IMN] and [NMIF], and show that the
introduction of small positive parameter €7 in fornt of u; causes the multiple existence
of stable travelling wave solutions. Keeping these situations in mind, we solve (1.1)
numerically for small 7. These are shown in Fig.1.2 and Fig.1.3. Fig.1.2 implies
that (1.1) has two stable travelling wave solutions for small 7. For the parameters in
Fig.1.3, we can find only one stable travelling wave solution. That is, Fig.1.3 denies
the above assertion. Then what is a difference between these two ?

F1G. 1.2. Numerical solutions of ui-component of (1.1) withe =0.01,7 =0.1,a =b=1.0,d =
2.0. Two stable travelling wave solutions with o33 = 1.3,213 = 0.7,21 = 0.95, 23 = 0.8, 31 =
0.8, a3z = 0.5.

This motivates us to study the existence and stability of travelling fronts con-
necting the states P_ with Py rigorously. First, we should note that our system (1.1)
does not fall into the category of activator-inhibitor systems. But u will act as an
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F1G. 1.3. Numerical solutions of ui-component of (1.1) withe =0.01,7 =0.1,a =b=1.0,d =
2.0. One stable travelling wave solution with aj2 = 0.95,a13 = 0.7,221 = 1.5,a23 = 0.5,a31 =
0.8, a3z2 = 0.6.

activator and v will do as an inhibitor in our analysis. Our conlusion is as follows:
Let us consider the velocity of travelling wave solutions of a bistable subsystem

Tu; = Dug, +f(u,w),

where w is arbitrarily fixed in some interval. When we write its velocity by 6(r;w),
the sign of the derivative %(T; wp) is important, where wq satisfies (7;wg) = 0. That
is, its sign is negative in Fig.1.2 but that is positive in Fig.1.3. Fortunately, its sign
is negative definite in the activator-inhibitor system of [IMN]. These basic study will
be important for pattern formation in higher dimensional spaces.

We use the following function spaces. Let € and ¢ be positive numbers, 0 < s < 1
and n be an nonnegative integer. Let

n ol d i
Xz.(Re) = { we MR | fullxs, = 3 sup e (22) o) < oo} ,
’ i—0 TER= z
X2.(Re) = {ue X2.(Re) | w(0) =0}, XJ.(R)= X7 (R)UX7.(Ry),
H*(R) = the interpolation space [H'(R), L*(R)],__,

BC(R) = the set of bounded and uniformly continuous functions defined on R,

(H™)*(R) = the dual space of H*(R), (H®)*(R) = the dual space of H°(R).
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2. Travelling Front Solutions. Introducing the travelling coordinate z = z +
0t, we see that travelling front solutions with velocity 8 satisfy

e?Du,, —etbu, + f(u,v) =0
,Z2€R
Vzz — 0, + g(u,v) =0 (2.1)
(u,v)(—00) = P_, (u,v)(+00) = P;.
To avoid the phase ambiguity, we impose the condition on u;(z):
u1(0) = 5, (2.2)
where 3 is an arbitrarily fixed value in some interval. Moreover, we put
(uz2,v)(0) = (v,w) (2.3)
for v and w, which will be determined later.

We devide the whole interval R into two subintervals R_ and R. First, fix 6,

v and w arbitrarily, and look for solutions (u*,v*) = (uf,uf,v¥) of the following

boundary value problem on each subinterval Ry with the aid of outer and inner
approximations:

e2Du, — ethut + f(ut,vF) =0

vE — OvE + g(ut,vt) =0

(u*,v%)(0) = (8, v,w)

(u™,v7)(=00) = P_, (u*,v*)(4+00) = Py

,2 € R:t
(24)«

Second, we derive three relations between #, v and w through C!-matching of the
solutions of (2.4)+ at z = 0, and solve these relations to obtain 8 = 6(7;¢), v = v(7;¢)
and w = w(T;¢€).

2.1. Outer Approximations. We assume that z = 0 is only the layer position
of solutions. This implies that the derivatives of u* are moderate in the region away
from z = 0. Therefore, solutions of the following limiting equations of (2.4)y ase } 0
could become good approximations there:

f(ut,v*) =0
,2 € R4
vE — 0vF + g(ut,vF) =0 (2.5)1

v~ (=00) = p,v*(0) = w,v* (+00) = py.

If p_ = p4, (2.5)+ have trivial solutions v*(z) = p_ with w = p_. If p_ # py, we
choose w arbitrarily in the interval I(p_ ~ p;) and fix it. Hereafter we assume p_ <
p+ because the other case is treated similarly. As particular solutions of f(u*,v%) = 0,
we take the following relations

u” = (u;,uy) =(1—a307,0)
ut = (uf,u) = (0,1 — aggot).
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Substituting these into the second equations, we find that (2.5). are reduced to
V=0V, +9(1—ai3V—,0,V7)=0, zeR_
VE -0V +9(0,1—apVT,VH)=0, zeR,; (2.6)+
V= (~0) =p_,V*(0) = w, VH(+o0) = p,.

For this equation, we have the following lemma:

LEMMA 2.1.((IMN, Lemma 2.1])  For any fized § € R and w € (p—,p4), (2.6)+
have unique monotone increasing solutions V*(z;0,w) satisfying

[VE(z;6,0) ~ pe| € X7, 1 (Ra),

where oo = min{o_,04}, 0— =+/1— s, and o+ = /1 — azz. Moreover they satisfy
(i) V*(2;0,w) are uniformly continuous with respect to (6,w) € R x (p_,py) in the
X2, 1(Ry)-topology,

LA fd. d_,
(11) 6_0 I:av (O,G,W)—'CEV (O,G,w)] > 0,

L O [d o d i
(i) o [-(EV (0;6,w) sz (0,0,w)] > 0.

By this lemma, we directly obtain the following relation which is important for
the existence and stability of travelling wave solutions.

LEMMA 2.2.  For any fized 6 € R, there uniquely ezists w = wo(0) satisfying

d. . d +(0- —
E;V (anawO(a))_sz (0707(")0(0))_07

which is a strictly monotone decreasing function of 6 € R and converges to p+ as
0 — Foo, respectively.

Define U%(z;6,w) by
{ U~ (z;,0,w) = (U7, Uy )(2;0,w) = (1 — 13V~ (2;0,w),0) forz € R_

Ut(z;0,w) = (U, U ) (2;0,w) = (0,1 — a3V H(2;0,w)) for z € Ry.

We have outer approximations of (2.4)+ as (U%, V¥)(z;6,w).

2.2. Inner Approximations. Since the outer approximations U¥(z;6,w) do
not satisfy the bounbary conditions at z = 0, we must remedy them in a neighborhood
of z = 0. For this purpose, it is convenient to introduce the stretched variable £ = z/e.
Substituting (U* 4 @%, V¥) into (2.4)+ with remedy terms G*, and putting € = 0,
we have the following problems for a*(¢) = (a5, @) (€):

Da;, — 706y + f(U(0;6,w) + 0¥,w) =0 £ € Ry
a*(0) = (8,v) — U*(0;6,w) (2.7«

it (£o00) = 0.
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That is, the inner approximations are stretched on the half lines Ry. First, we
consider the problem on the whole line.

Diag — O +f(4,w) =0 ,£€ER
@(0) = 8 (2.8)
1_1(—00) = (1 - 0113(.0,0),11(4-00) = (0,1 - 023(.0).

Fix B € (0,1 — ay3w) arbitrarily. The assumptions (H3) and (H4) imply that (2.8) is
the bistable system (see Fig.2.1). Then we have the following lemma:

U,

@ stable equilibrium point
\ O unstable equilibrium point

o? \ @ J Uy
f2=0 f1=0

F1c. 2.1. Isoclines of fi(u1,u2,w) =0 and f2(u1,uz,w) =0.

_ Lemma 2.3.([K, Theorem 2.1])  For any fized w € (p—,p+), there ezists ©
= O(w) such that (2.8) has a strictly monotone solution G(§;w) = (U1, @2)(§;w) with
Tre(Ew) < 0,Tag(65w) > 0. B(Ew) — UE(0;0(w),w) € (X%,,(Rx))? for some
70 > 0.

Define 8;(7;w) by 01(T;w) = O(w)/7 for any w € (p—,p+). When we define the
linearized operator of (2.8) around G(¢;w) by

L(p) = DP€E - C:)p§ + E‘|.lp7
we know that L(Gg) = 0. The adjoint operator of L, say L*, is defined by
L*(p) = Dpee + C:)pg + tfup,
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where *A stands for the transpose of a matrix A. For this operator, [KY] showed
that any non-trivial bounded solution p*(§) = (pf,p3)(§) of L*(p) = O satisfies
i (6)p5(€) < 0 for all £ € R.

LEMMA 2.4.([I, Lemma 2.5]) ©(w) is a smooth function and satisfies

00 ) _ _ffooo{aoélgﬂqpf + bOz23ﬂ2p;}d§
ow Jo AT ept + Trgp3}de
= —L@(w)-l- b (a13 — ags)

2(1 — a1sw) Va (1 = ag3w)3/? S,

where S > 0.

Here we arbitrarily fix w* € (p—,p4) and define 8*(7) and v* € (0,1 — aa3w™) by
6*(7) = 0;(7;w*) and @y(0;w*) = v*, respectively.

LEMMA 2.5.([I, Lemma 3.2])  There ezists co > 0 such that for any (8,w,v)
satisfying [0 () +|lw—w J:+ lv —v*| < co, (2.7)+ have unique strictly monotone
solutwns af (& m0,w,v) = (@5, 95) (&7 0,w,v) € (X2 1(Rx))? such that
(i) a*(&T;0,w,v) are uniformly continuous with respect to (6,w,v) in the

(XT0 L (R.))?-topology,
(ii) ag (0;7;0%(r),w",v") —ﬁg'(O 7;0*(7),w*,v*) =0,
(iii) {%01—75(0;7; 0* (1), w*,v*) — “15(0 7;0* (1), w*, v*)}p;(0)
+d{%ﬁ;’§(0;r;9*(7) w*,v*) — —a—u2§(0 7;0*(1),w*, v*)) }p3(0)
=7 [ 2o {T1,6()p1(€) +ﬂ2,£(§)102( )}dE,
(iv) {%aig(O;r; 0* (1), w*,v*) — 5%17,1",5(0'7' 0*(7’) w*, v*)}p1(0)
+d{ Ly (0;750",0%(r), V") = 351y ¢(0; 730", 6°(7),v*)) }p5(0)
= [ {a01st; (€)p} (€) + bazstia(€)p3(€)}d8,
) {Zag (076" (1), w*,v") = Ly ¢(0;7;6%(r),w*, v*)}pi (0)
+d{ 2y (0;7;,60%(r),w*, v*) — £5 (0, 7367 (7),w*, v*)) }p5(0)
=0.
2.3. Solutions of (2.4)+ on Ry. In this subsection, we show the existence of
solutions of (2.4)+. Fix co to be positive and small, and put %, = {p = (6,w,v)||0 —
0*(1)| + |w — w*| + |v — v*| < co}. For any p = (8,w,v) € E,, define

wbe(z75p) = UE(z6,0) + 55(2750)
,2 € Ry,
Bz 1 p) = VE(z;0,w) + €2 {YE(E;1;p) — e~V E(0;750) }
where Y (s,r o) = = i {g(Ux(08,w) + TE(siTip)w) -

g(UE(0;0,w),w)}dsdt. We will find that (ud®,v*4)(z;7;p) are good approxi-
mate solutlons of (2.4)+. Therefore we seek exact solutions of (2.4)+ with the

forms
u(z;7ie,p) = uB(z7;p) + 1 (5 75E, p) — BESE(27iE, )
,Z2 € Ry,

vE(zmie,0) = 05027 p) + 55 (27365 p)
(2.9)+
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where r¥(z;7;¢,p) = H(rf,rE)(2z;7;56,p), b~ = *(a13,0) and bt = (0, ay3). Fix
1:72

7 > 0 arbitrarily. Substituting (2.9)+ into (2.4)+, we define the following operators
for (r*,s%):

e2Duf, — ethud + f(ut,v¥F)
TE(r*,s%;¢e,p) =
v — 0vF + g(u*, v¥)
with the boundary conditions
(r*,5%)(0;¢,p) = (rF, %) (£o05¢,p) = 0.

T*(r*, s*) are differential operators from X.(R.) into ¥ (R.), where

X:(Ry) = X2 (Ry) x X2 (Ry) x X2, (Ra),

Y(Ry) = X2, (Ry) x X2 (Re) x X2, (Ry).

Here o is an arbitrarily fixed constant satisfying 0 < o < 09. T*(r*, st;¢, p) have
the same properties as in [I, Lemma 3.3]. Thus, we can apply the implicit function
theorem to

T*(r¥, s%;¢,p) =0, (2.10)+
and we have the following lemma:

LEMMA 2.6. There are g9 > 0,co > 0 such that for any € € (0,€0) and p € X,
there exist (r¥,sT)(e,p) € X.(Ri) satisfying (2.10)x. Moreover (r¥,s*)(e,p),
A(r*, s%)/06(e, p), O(r*,s%)/0w(e, p) and B(ri,osi)/al/(z-:,p) are uniformly contin-
uous with respect to (e, p) € (0,€0) X ¢, in the X:(Ry)-topology and satisfy

I, 5%) (e, 0)ll 2, my) = o(1)

0(x*, 5%)/06(e, p)l| %, (r) = (1)
10(x*, %) /0w(e, MlIx, (ry) = 0(1)
llo(r*, s%)/0v(e, Pllx, (my) = o(1)

as € | 0 uniformly in p € X, .

2.4. Travelling Wave Solutions. We construct a solution of (2.1),(2.2)
and (2.3) in the whole interval R, matching (r=,s~) (z;7;¢,0,w,v) and
(r*,s%)(z;7;¢,60,w,v) at 2 = 0 in the C'-sense. For this purpose, we define three
functions ®, ¥ and II by

da
dz

d

®(1;6;0,w,v) = euy (0;7;¢,6,w,v) — 5Eu1"(0;’r;5,0,w,v)

U(r;e;0,w,v) = Ea%uz'(O;T;e,G,w, v) — Ed%u'{(o;r;s,ﬂ,w, v) (2.11)
I(;6;0,w,v) = Lo~ (0;73¢,6,w,v) — LvT(0;75¢,0,w,v)

and determine 8, w and v as functions of 7 and ¢ such that

(®,9,10)(r;¢;0,w,v) = 0. (2.12)
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Setting E as E = {(¢,0,w,v)|e € (0,e0),(0,w,v) € Z,}, we know form Lemma, 2.6
that (®, ¥, II)(7;¢;0,w,v) is uniformly continuous in E. Therefore, ®, ¥ and II can
be continuously extended so as to be defined for E. Setting e = 0 in (2.11), we put

(QO, \Ilo,Ho)(T;e,w,I/) = (‘1), \D,H)(T;O;G,w,v).
Then we easily’ find that

@O(T; eawa V) = ﬂ'l_,g(oa T o’wy V) - ﬁ’ig(oa T; G,UJ, V)
Uo(7360,w,0) = U5 (0;7;6,0,v) — 15 (0;7;60,0,v)
Io(7;0,w,v) = V7 (0;6,w) — V;F(0;0,w).

Lemmas 2.2 and 2.5 show that the relation (®¢, Ug,IIo)(7;6,w,v) = 0 is equivalent
to the conditions

w=wo(f), 0=01(r;w)=0(w)/T

and v = 13(0;w). By Lemma 2.2, we can rewrite w = wo(#) inversely as 8 = 0p(w)
for w € (p—,p4+). We know the shape of the curve § = 6p(w) well. Let us examine
that of the curve § = 0;(T;w) = O(w)/T. By short computation, we find that the
case (H4-a) (resp. (H4-b)) implies ass > a3 (resp. a1z > as3). In these two
cases, we know that ©(g_) > 0 and ©(gy) < 0 because the state (0,1 — ag3w) is
dominant when w = ¢- and the state (1 — a;3w,0) is dominant when w = ¢4 for
the subsystem eTu; = €2Dug, + f(u,w). Furthermore we easily find that there exits
only one wg € I(g— ~ q4) such that ©(wp) = 0 by virtue of Lemma 2.4 (see Fig.2.2,
Fig.2.3, Fig.2.4 and Fig.2.5).

First, let us consider the case (H4-a). If wy € (g—,q+)\I(p— ~ p+), there exists
only one intersection of the curves § = 6p(w) and § = 6;(7;w) at which these intersect
transversally for small or large 7 > 0 (see Fig.2.2). On the other hand, if wg € I(p— ~
p4), there exists one transversal intersection for large 7 > 0 and three transversal
intersections for small 7 > 0 (see Fig.2.3). In the case (H4-b), there exists one
transversal intersection for small or large 7 > 0 (see Fig.2.4 and Fig.2.5). Finally, let
us consider the case (H4-c) in which there are several possibility. When a33 > aas,
we know that min{q_,q.} = ¢_ and ©(¢q_) > 0, which implies that there exists one
transversal intersection for small or large 7 > 0 (see Fig.2.6). When a13 < aq3, we
find that min{q_,q+} = ¢4 and ©(g+) < 0. Then if there exists wo € I(p— ~ p;)
such that ©(wp) = 0, there exists one transversal intersection for large 7 > 0 and
three transversal intersections for small 7 > 0 (see Fig.2.7). For other cases, there
exists one transversal intersection for small or large 7 > 0. On the above discussion,
we used the following property: 8 = 0;(7;w) behaves like a monotone function of w
in a neighborhood of intersections when 7 > 0 is small or large. But we can not say
the number of intersections exactly for intermediate 7 > 0.

We fix 7 > 0 small or large and let (8*(7),w*(7)) be an arbitrary intersection of
the curves 8 = 0p(w) and 8 = 0;(7;w) at which these intersect transversally. Moreover
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Ve e B %
b 8=0,(550) (s<)

.........

0=0,(1 ;(1)): (‘C$>1) ~~~~~~~~~~~ .%‘.‘

LY :

— -

o L ogl
HE ! kS

6=6,()

F1G. 2.2. The graphs of 6 = 6o (w) and
0 = 01(7;w) for small or large T > 0. wo €
(g-,9+)\ (p- ~ p4) in (Hj-a).
te ® i

P

.--"6=e.(r;a'» (ci«n

0=6(t; m) (1>>1)

.eed

6=65(w)

FiGc. 2.4. The graphs of § = 6p(w) and
0 = 0;(r;w) for small or large 7 > 0. wo €
(g-,9+)\I(p- ~ p4) in (H4-D).

......

e-e.(r,m) (t>>1)

9=§6|(t;m) (t<<‘1").‘

p=a(o)\
Fi1G. 2.3. The graphs of § = 6o (w)
and 0 = 01 (7;w) for small or large 7 > 0.

wo € I(p— ~ p4) in (Hf-a).

Ya Roa

0.(1: ®) (1:<<1)

_9.(‘5,(0) (1:>>1)

.-t

0=6(®)

F1G. 2.5. The graphs of § = 0o (w)
and § = 01 (7;w) for small or large 7 > 0.
wo € I(p— ~ po) in (H4-b).

we define v*(7) = 1i2(0;w*(7)). Then from Lemmas 2.1, 2.2, 2.3 and 2.5, we find that

1) Qo (1;0*(1),w*(1),v*(1)) =0, o(7;6*(1),w*(7),v*(1)) =0
Io(7; 6% (7),w* (1), v*(1)) =0,
(i) B 0o (130%(7), w*(7),v*(7)) > 0, ZTLo(7; 6% (1), w* (1), v* (7)) > O,
BT (36 (1), w* (1), v (7)) = 0,
(iif) 55®0(7; 6% (1), w* (1), v (7))p} (0) + d g5 Lo (73 6% (), w* (7),v*(7))p5(0)
=7 [Zoo {1, (E)P1 () + U, ()3 () }dE,
(iv) 2B (7;0* (), w* (1), v* (1))} (0) + d& Yo (7367 (7),w* (1), v*(7))p5(0)
= [ {a0n3@1(€)p (€) + bazatz(€)p3(€) }dé,
™) £ 00(7;0%(7),w*(7), v (7)p; (0) + dZ o (736" (), w*(7),v*(7))p5(0) = 0,
(vi) 201(T,w* (7)) — a500(w* (7)) # 0.
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6 p F;Q.q& 0

W R4

. 6=6,(7;0) (*:<<::<1)5E

8=01(150) (t<<1)

o

(0]

9:;9.(15:;00).E (t>>1)

0=6,(®)
Fi1G. 2.6. The graphs of 8 = 0p(w) and Fi1G. 2.7. The graphs of 6 = 0o (w)
0 = 0;(T;w) for small or large 7 > 0. aiz > and 0 = 0y(1;w) for small or large 7 > 0.
a3 and wo & I(p— ~ p4) in (H4-c). 013 < az3 and wo € I(p— ~ p4) in (H4-

c). .

These imply that

8((1)0)\:[/0’90) ¥ * * _
WUﬁ (1), w™(7),v*(1))} =

—7 25 Yo(73 6% (7), 0™ (1), v* (7)) - Z5Tho(7; 6% (7),w* (1), v (7)) [ 22 {T1,¢(€)pi (€)

det{

Wz,s(&)ﬂ% (©)}de { 5 01(m;w* (7)) = &0 (w*())} /pi(0) # 0.

Here we used the relation g—U\Ilo(T; 0*(1),w*(7),v*(7)) # 0. Therefore we can apply
the implicit function theorem to (2.12) and we have the next lemma.

LEMMA 2.7. Let (0*(7),w*(7)) be an arbitrary intersection of the curves
0 = 0o(w) and 0 = 01(1;w) at which these intersect transversally,and define v*(1) =
tg(0;w*(7)). Then there is g > 0 such that for any € € [0,€0), there exist 6(T;¢€),
w(r;€e) and v(r;€) satisfying

(®, ¥, I0)(7;¢;0(r;8),w(T;€),v(T5€)) =0
and

15%19(7'; g) =0"(1), lalﬁ)lw(T; ) =w*(7), lslfg v(T;e) = v* (7).

We obtain our results.

THEOREM 2.8. Suppose that (H1),(H2),(H3) and (H4) hold. When wo €
I(p- ~ py) in (H4-a) or 13 < ags and wo € I(p— ~ p4) in (Hé-c), where wo satisfies

O(wo) = 0, there is g > 0 such that for any € € (0,¢€0), there exists 6 = 0;(7;¢)(01 <
0y < 03,0103 < 0) such that the problem (2.1),(2.2) and (2.3) has three solutions
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(u;,v;)(2;75€) with velocity 0;(1;€) = 65 (7) as e L 0 for small 7 > 0(i = 1,2,3), and
only one solution for large T > 0. For other cases in (H4), the problem (2.1),(2.2)
and (2.3) has only one solution for small or large 7 > 0.

3. Stability. By the travelling coordinate system (t,z) = (t,z + 0t), (1.3) takes
the form
eTu; = €2Du,, —etbu, + f(u,v)
(t,2) ERy xR (3.1)
vy = Uy — 0v, + g(u,v)

Then, the travelling front solution (u,v)(z;€) obtained in the previous section is a
stationary solution of (3.1). Here we will study the stability of this stationary solution.
For this purpose, it is enough to examine the distribution of isolated eigenvalues of
the following linearized eigenvalue problem of (3.1) around (u,v)(z;¢):
eTAW = e2Dw,, — eTOw, + £5(2)w + £5(2)y
,2€ER (3.2)
AY = yzz — 0yz + gu(2) - W + g5(2)y

and (w,y)(z;6;A) € (BC(R))?, where w = (w1, wz), u="*(u1,up), f ="*(f1, f2),

o Frn@(z0),0(z:6)  fu(u(zie), v(z6))
fa(2) = ( fom(u(z:),0(12)) fous(u(zic), (z:6)) )

and the other functions f£(z), ¢5(2) and g5(z) are similarly defined. - means the usual
inner product in R2.
We define the operators L¢ and L** by

Lfw = e2Dw,, —etOw, + f5(2)w and L**w = e?Dw,, +etfw, + If5(2)w,
respectively. Let {(, #5,} (resp. {(5*, #5,*}) be eigenpairs of the eigenvalue problem

Lfp=(¢, z€R Le*g* = ("%, 2 € R
¢, 6z, ¢z € BCR), \'®P | ¢*, ¢%, ¢!, € BC(R),

where {¢5} and {¢5*} are normalized as [|#5||z2r) = 1 and < 65,85 >r2wr)=
1(n=0,1,2,...). Assume that Re(¢ < Rel§ (n > 1). Then we easily find that

Gr=¢ (n>0).

LEMMA 3.1. {¢E} satisfy the following properties:
(i) Re¢§ = eL(e) and Im{§ = o(e) as e — 0, where

L(O) = —{0*(1)w"(r) = p-)
. ]
= [ a0 ) (), V(a8 (), () | 52 ().

—00
(ii) There are €9 > 0 and do > 0 such that Re(t < —do for any e € (0,&0) and
n > 1.
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We can prove this in a way similar to that of Lemma 3.2 in [NMIF], so we omit
it.

REMARK 3.2. The sign of L(0) is not definite (cf. [NMIF, Lemma 3.2]). In
fact,

290,
sgn{L(0)} = —sgn{Zz~(w* (1))},
where sgn{a} =1fora >0,=—-1fora<0,=0fora=0.

Suppose that there is an isolated eigenvalue A € Cg4y = {A € C|Re) > —dp}
(do > 0) of (3.2) with the corresponding eigenfunction (w,y)(z;¢;\) € (BC(R))3.
Then (w,y) must decay with the exponential order as |z| — oo by (H2),(H3) and
(H4). This guarantees us that we will be able to work in much more convenient
Hilbert spase H!(R) for isolated eigenvalues. Applying the SLEP method which is
developed by Nishiura and Fujii [NF] (see also [T]), we will calculate the distribution of
isolated eigenvalues of (3.2). Let ¢ be the set of all eigenvalues of (3.2) for € € (0, p).
Lemma 2.1 in [NF] says that (§/er ¢ X° for € € (0,€0). Then we can solve the first
equation of (3.2) with respect to w for A € Cg, N X¢:

w = (L — eTA)7I(~ fiy).
Let P¢ be the projection operator onto the eigenspace {¢§}:
PE() =<, 5" > ¢f,
and decompose (L — e7))~! into two parts

1

WP%) + (Lf - em)I().

(L = er)7i() =

Then we know that there exists a positive constant M satisfying
(L - et |lzmysr2my < M
for any € € (0,£0), A € Cg4, N L°. w is represented explicitly as

w = - SpBZgs — (LF - erM(Efy). (3.3)

Substituting (3.3) into the second equation of (3.2), we have the eigenvalue prob-
lem with respect to y € H'(R):

Yor — Oy — SELEEZ g2 95 — (L — eV (Efy) +giy =y ,z€R. (34)

The core of the SLEP method consists of the following two key lemmas, which char-
acterize the asymptotic behaviours of the second and the third terms of the left-hand

side of (3.4).

LEMMA 3.3. (The first key lemma.) ([T, Theorem 2])  For any y € L*(R) and
any s € (0,1/2) ,

(Le — ET/\)T(ff;y) — (FO)~1(f0%) as e = 0
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strongly in (H®)*(R)-sense and uniformly in A € Cq,, where

— flul(*) flug(*) ot . i . R o
fg - ( four (%) fauy (%) )’ fg = "(f1o(*), f2u (%)), (U=, VE)(2),z € Ry.

Moreover, the above convergence is uniform on a bounded set in Cq, x L2(R).

LEMMA 3.4.(The second key lemma.) ([NF, Lemma 2.3]) Ase —0,

0 B — S ),
() degh 05 — [900,1 - azs (1), (1) — 9(1 ~ g (7), 0, ()}

in (H')*(R)-sense uniformly for X\ € Cyq,, where 8o = 6(2) is a Dirac’s §-function
at 0.

Then we can take the limit € — 0 of (3.4) in (H*)#(R), and get the singular limit
eigenvalue problem (SLEP):

Yer — 0°(7)y: — S5L05 60 — gQ(ED) M0y + 60y = My, y € H'(R), (3.5)
where
. 00 . . X X
ct = ‘é;(w (™NM9(0,1 — agzw™(7),w* (1)) — g(1 — a13w*(7),0,w*(7))],
which is identical to the relation
Yoz — 0% (7)y: — L8260 + det'y = My, y € H'(Ra), (3.6)

where
det* = g9 — go(f)7'E) < 0,

and ¢2 and ¢ are defined similarly to f2 and f2. Without loss of generality, we
can normalize the limiting eigenfunction y as < y,d0 >= y(0) = 1. Then (3.6) is
equivalent to the following equations:

2
2yt -0 () Lyt + det'y* = MyF, yF € H'(Ry)

y=(0) = 1 = y*(0) (3.7)
2970 - Ly (0) = =
where
_<
L(0) — A

[9(0,1 — az30”(7), w* (7)) — g(1 — a13w™(7),0,w"(7))]

| o7 i), Us 50 (), Vs ) = 72 o (1)

—0oQ
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To get an information of the dependency of A on ¢ > 0, we convert the SLEP equation
(3.5) into the equivalent transcendental equation. Let us introduce the differential

operator T'™% . HY(R) — (H!)}(R);
T = — & + 0L +g5(LF —erNH(£5) — g5 + A (3.8)

LEmMMA 3.5. ([NF, Lemma 3.1],[NMIF, Lemma 3.6])  There ezists a positive
constant €y such that the differential operator T;’T’o has a uniformly bounded inverse
Kf\‘T‘o C (HYYR) —» HY(R) for any ¢ € (0,&0), which is continuous on € € [0,&0)
and analytic on A € C in the operator norm sense.

(3.4) is rewritten as

_<fiy,¢0" >

TE,T,G —
» Y & —em

9u " 85-
Then, applying the operator K ;,r,e to this equation, we have
<£5Y,05"/VE> fre,T0
y = —SBRALE k50 (g5 - 45/5), (3.9)

which imples that y is a constant multiple of K i’r")(gfl - % //€), that is, for a constant
a

y = aK5%(g5 - 65/VE) € H'(R), (3.10)

Substituting (3.10) into (3.9), we see that a nontrivial solution y of (3.9) exists if and
only if A satisfies the algebraic-like equation

G- o= (K5 (05 %), -85 ). (3.11)
Then we put
FOur0,6) = S—mn— (K57 (g5 &), —£%2) 0. (3.12)

Lemmas 3.1, 3.4 and 3.5 guarantee us to be able to take the limit ¢ — 0 in (3.12).
Thus the limiting equation is give by

Fohm, 05 (1)) = F(A7,0%(1),0) = L(0) — A+ ¢* < K277 55 55 >=0.
(3.13)
Applying the same method as in the proof of Lemma 3.7 in [NMIF], we can show
that Fo(A; 7,6*(7)) = 0 has no complex roots in Cgy,. In order to examine real roots,

we put G(\;7,0% (1)) = —c* < Kg‘f’ot(T)(So, do >. Then we have the next lemma.

LEMMA 3.6. ([NMIF, Lemma 3.8]) If L(0) = 0, G(\;7,6*(7)) = 0. Suppose
that L(0) # 0. G(X\;7,0%(7)) is a strictly monotone and convex function of real
X for X > —dy, and satisfies G(0;7,60%(7)) = L(0) and )\li_)m G\ 7,60%(1)) =0

(see Fig.3.1 and F'ig.3.2).
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y
\ * do ¥
y=|G(A;1, 67(%) ) ' A
\\* y= G{A;, 672)
~N
N
S A
-do 0 xc\
y=L(0)-tA
F1G. 3.1. The graphs of y = G(X; 1,0*(7)) F1c. 3.2. The graphs of y = G(X;1,0*(T))
and y = L(0) — 7 A when L(0) >0 and y = L(0) — 7\ when L(0) <0

If L(0) <0 (i.e, %(w*(r)) > 0), (3.13) has only the zero solution which comes
from the translation invariance. On the other hand, if L(0) > 0, there exist two
solutions. One is the zero and the other is called the critical eigenvalue. We denote
this by A%(r,0*(7)) (see Fig.3.1 and Fig.3.2). For the sign of the critical eigenvalue,
we easily have the following lemma:

LEMMA 3.7.

sgn{N(r, 0" (7))} = sgn{-r — S G(O;7,6° (")},

REMARK 3.8. ([NMIF, Theorem 4.1])  Furthermore we know that
d * d . d .
sgn{—-1 — 56’(0;7,9 (T} = sgn{——@o(w (1)) — —GI(T;w (M)}

Then we know that sgn{\:(7,0*(7))} = sgn{E6o(w*(r)) — £0:(m;w*(7))}.
Using the technique similar to that in [NMIF], we can also solve the equatlon (3.12).

THEOREM 3.9. For small € > 0, the following holds: (3.12) has only the zero
solution when L(0) < 0. When L(0) > 0, (3.12) has two solutions. One is the zero and
the other is a critical solution A(e;T,0(T;€)), which satisfies lime_0 A(e;7,0(T;€)) =
M:(1,60%(1)) and sgn{A(e;7,0(r;€))} = sgn{00(w*(1)) — 461 (r;w* (7))} More-
over (3.12) has no other solutions in Cg,.

COROLLARY 3.10. Suppose that (H1),(H2),(H3) and (H4) hold. When
wo € I(p— ~ py) in (H4-a) or ayz < ags and wo € I(p— ~ py) in (H4-c), for small
7> 0 (u;,v;)(z;7€) (@ = 1,3) are stable and (uz,v2)(2;7;€) is unstable. For other
cases in Theorem 2.8, the unique solution is stable for small or large T > 0.

Our numerical example Fig.1.2 corresponds to the case when wg € I(p— ~ p4) in
(H4-a) and Fig.1.3 does to the case (H4-b).

4. Concluding Remarks. We considered two-component activator-inhibitor
systems in [IMN] and [NMIF] and showed that there always exist three travelling
wave solutions,two of them are stable and one is unstable, for small 7 > 0 when

wo € I(p— ~ p+)(©(wo) = 0). But not only the smallness of 7 but also the sign of

‘;?)S (wo) is important for our system. That is, the condition @(wo) < 0 is necessary
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in the case of p_ < py.(Similarly the condition %(wo) > 0 is necessary in the
case of p_ > p;.) Comparing Fig.2.3 with Fig.2.5, this reason is clarifed mathe-
matically. But we don’t know this necessity ecologically. This is a future problem.
Indeed, the sign %(wo) is not changeable and always negative in two-component
activator-inhibitor systems [IMN]. On the other hand, the positive sign of %%(wo)
plays interesting phenomena for the same problem in 2-dimensional space. For this,
we will show somewhere.
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