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ON A HYPERCYCLE SYSTEM WITH NONLINEAR RATE
JUNCHENG WEI* AND MATTHIAS WINTER!

Abstract. We study a (N + 1)—hypercyclical reaction-diffusion system with nonlinear rate p.
It is shown that there exists a critical threshold Ng such that for N <'Np the system is stable while
for N > Np it becomes unstable. It is also shown that for large p, No remains a constant: in fact for
p > po ~ 4.35, No =5 and for p < pg ~ 4.35, No = 4.

1. Introduction. In this paper, we are concerned with the following reaction-
diffusion system:

ot
oM DM%%’ZL +ky — gy M — LMEQIJ:I kiniXJn, z € R,

ot

(11){ %:Dx_a;ff'_gXXi"rME;V:lkiniX;, 1=1,2,...,N, z€R,

where X; denotes the concentration of the polymers, and M is the concentration of
activated monomers. N is the number of different polymer species. The replication
of each polymer X; is catalysed by each X, at a constant rate k;;. Linear (non-
catalytic) growth terms are neglected. The activated monomers are produced at a
constant rate, kps; gx and gy are decay rate constants. L is the number of monomers
in each polymer, and Dx and D), are constant diffusion coefficients. The exponent
n is a positive number.

We assume that the coefficients k;; are represented by a hypercyclical N x N
matrix,

0 0 --- 0 ko

ko O 0 0 C
(k,;j) = 0 k‘o 0 0 s ko > 0.

0 0 0

0 O ko O NxN

When n # 1, We call (1.1) is a hypercycle system with nonlinear rate. The reason
is the following: at each X, the kinetic reaction rate is given by

N
(12) = —gx + MZk”XJn
j=1

When n = 1, we have a linear growth rate for I'; and the system is called classical
hypercycle system. When n < 1, the growth rate is sublinear and n > 1 the growth
rate is superlinear. Such nonlinear reaction rates were also introduced and studied
in the one component case, i.e., N = 1, by many authors, see [18], [19], [20] and the
references therein.

The classical hypercycle system arises as a spatial model concerning the origin
of life similar to the one introduced by Eigen and Schuster [12]. A number of RNA-
like polymers (“components”) catalyse the replication of each other in a cyclic way.
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Examples in nature include Krebs and Bethe-Weizsécker cycles. Eigen and Schuster
argue that the hypercycle satisfies important criteria of natural selection: 1. Selective
stability of each component due to favorable competition with error copies, 2. Coop-
erative behavior of the components integrated into the hypercycle, and 3. Favorable
competition of the hypercycle unit with other less efficient systems.

Nonlinear rates are interesting to model different coupling strength of the various
components, where a higher rate n corresponds to stronger coupling.

We consider stationary cluster-like solutions of (1.1). A cluster may loosely be
defined as a region of high concentration Zﬁ__l X; of the polymers and low concen-
tration of the monomer, as monomers are consumed by the replication of polymers.
(If the region shrinks to a point, this phenomenon is called point-condensation.)

Cluster solutions for (1.1) have been studied by numerous authors. For numerical
aspects of clusters, see [3], [5], [6], [7] and the references therein. In [35], we first
made a rigorous study on the existence and stability of cluster solutions of hypercycle
system with linear rate (n = 1) in R?: it was shown that for N < 4, cluster solutions
are stable while for large N, cluster solutions become unstable. In [35], we analyzed
the cluster solutions in R! for n = 1 and we found the exact threshold for N. More
precise statements of the results of [35] will be stated later.

Let us first reduce the system (1.1) to standard form. Dividing by gx and gas,
respectively, gives

1 Dx
— 0, X = =X X; X+— ki; X:XP,x € R,
ox ' gx Z !
k
Lo = 2y +—M—M——Zk”XX" €R.
9m guM 9um

ji,=1

Rescaling M = (kas/ga) M, Xi = (gar /L)Y D X, we get

A k
Lok = DX % By "/("‘”)ZI%X X7
9x 9x g9x gu L et
1 D LA
— oM =M +1-M-M Y kX X7
Im 9m i1

Rescaling space variables z and time variable t:
Dy, 1.,
T = —M:c, t = —1,
9m M

2=___DX.9_M_ T=£<—
Dy ogx’ am

renaming constants:

kv gm 2
gxguMm L

and dropping the hats, we finally arrive at the following standard form

{ X -—eX X+AMZNI~:XX z€R,

1.
(3) OM=M"+1-M-MY",_ kX X}, z€R
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We shall study (1.3) on the real line R for € > 0 small.” Since existence and stability
of solutions might depend on A we will treat it as a parameter. We look for solutions
of (1.3) which are even:

X; = X;(|z|) € H'(R), i=1,...,N,

1-M(z)=1-M(|z|) € H'(R).
The stationary equation corresponding to (1.3) becomes

(1.4) X, — X+AM§jj\’lkUXXn=o i=1,.,N, €R,
' M'+1-M-MYY, k;X;X}=0, z€R

i=1,j

We first construct cluster solutions to (1.4). To this end, we need to introduce

some assumptions and notations.
Let

(1.5) p=n+1>1

and w be the unique solution of the following problem

w' —w4+w?P=0,w>0 in R,
(1.6)
w(0) = maxyer w(y), w(y) — 0 as |y| — +o0.
Put
wn Le:= / (w(y))"dy.
2A1+ ™ k"
If lime_o Le < Lg := (n—_ll_-l—)% =37, then the following equation has two solutions:
(1.8) nr(1—n) =L
We denote the smaller one by n°, where 0 < 7° < —= and the larger one by 0!, where

1> 7) > =5 +1
We now state the existence result. In fact, this is quite easy. We search for
solutions of the following type

(1.9) Xi=Xo, i=1,...,N.

Substituting (1.9) into (1.4), we see that (Xo, M) satisfies

2 1/— P=
1.10) { Xy - Xo + AMkoXE =0,z € R,

M' +1—M— MkNX?=0,z€R.

Existence of solutions to (1.10) can be shown as in the case p = 2: the standard
Gray-Scott model. Similar to the proof of Theorem 2.1 of [34], we can obtain the
following existence theorem:

THEOREM 1.1.
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Assume that

(1.11) \ e<<1

and

(1.12) € << L, lin% L. < L.
€—

Then problem (1.4) admits two solutions (X2, M¢) = (X¢1,...,X: N, M) and
(xhmly=(xt,... Xe s ML) with the following properties:

(1) all components are even functions.

(2) X¢, = W(l + o(l))w(u), i=1,...,N, where w is the unique solu-
tion of (1.6').

(3) M2(z) — 1, M!(z) — 1 for all x # 0 and MZ(0), ML(0) satisfy

ME(0) ~n°, MLO)~n!

(1.13) 0 < M?(0) < MX0) < 1.

(4) There ezist a > 0,b > 0 such that
1- Ms(x) < Ce ol 1 - Ml(z) < Ce9lel,

—-b@
Xesm < © (AMS(O)k) ¢ ’ ( )¢ (AM’(O)Ico)Ine

(1.14) —plzl

Finally, if lime_,o Le > Lo , then there are no single-cluster solutions.

We note that existence of single-pulse solution has also been studied in [10].

The main goal of this paper is to study the stability and instability of the cluster
solution constructed in Theorem 1.1. To this end, we first linearize the equations (1.4)
around (X2, M$) or (X!, M!), respectively. From now on we omit the superscripts s
or | where this is possible without confusing the reader. The linearized operator is as
. follows:

e 62¢’el,i - ¢€,i + AM. Z;v 1 5 (¢e i + n¢e,g €, an !
+AYe I ki Xe, X"

L = " ,
‘ »()b "»be we ¢eZ,J lk X X"
‘ —M. Ez] =1 1J(¢€ 1X +n¢€,] ern !
(1.15)
where 2 = 1,..., N. The eigenvalue problem becomes
¢6i /\e¢ei .
1.16 L ’ = ' i=1,...,N.
( ) ‘ ( Pe TAWe ’

We consider L. in the Sobolev space (H?(R)) ® H*(R) and equip (H2(R))N @
H?(R) with the following norm

X ) myverary = IX @2y~ + 1u(@)l(r)-

Certainly 0 is an eigenvalue of £.. The criterion for linearized stability of a
cluster solution is that the spectrum o (L) of L (except for 0) lies in a left half plane
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{AeC: Re () < —co} where ¢g > 0, and that 0 is a simple eigenvalue, where C
denotes the set of complex numbers.

In [36], the linear case n = 1 is studied and the following result is proved.
Theorem A: Letn =1. Assume that

1
(1.17) e<<1, e<<Le, lir%Le < T

Let (X2, M?) and (X!, X!) be the solutions constructed in Theorem 1.1. Then
for e << 1, we have the following.

(1) (stability) Assume that N < 4 and 7 << 1. Then (X¢, M?) is linearly stable.

(2) (Instability) Assume that N > 4. Then (X2, M?) is linearly unstable.

(8) (Instability) (X:, M) is linearly unstable.

A natural question is the following: what is the effect of n on the stability of
cluster solutions? What is the relation between n and the critical threshold? Will
large n increase the critical threshold? We shall answer these questions affirmatively

in this paper and prove the following theorem.

THEOREM 1.2. Assume that

(1.18) e<<1, e<<L lir%Le < Lg.
€—>

Let (X2, M?) and (X!, X!) be the solutions constructed in Theorem 1.1. Let
4,n<mng~3.

(1.19) Noi={ brsmo~335,

5,n > ng ~ 3.35,

where ng satisfies

2 2 2
(cos %)(4(710 + 2) cos ?ﬁ + ng + 4)%((no + 2) cos -5£ +2)

(1.20) —(no + 2)né(sin 2?”)2 = 0.

Then for € << 1, we have the following. ;

(1) (stability) Assume that N < N and 7 << 1. Then (X, M?) is linearly
stable.

(2) (Instability) Assume that N > No. Then (X&, M?) is linearly unstable.

(3) (Instability) (X:, M}) is linearly unstable.

Remarks: 1. As we see from the theorem, if p increases, the critical threshold can
only grow by at most 1. This means that stability is only very marginally influenced
by growing interaction strength which is a new and surprising fact as one would think
that stronger interaction would improve stability.

2. As in [35], we may generalize the results in this paper to the case of a gen-
eral matrix (k;;). We will mention the results in the last section and present some
examples.

It is interesting and important to know the exact threshold also to verify the
validity of our model by experiment: It can now be studied if the thresholds given by
theory and the one determined by experiments are the same. Furthermore, the agree-
ment between theoretical values and numerically calculated ones for related models
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play an important role in finding which model to choose preferably. (We refer to the
works quoted at the end of the introduction for related numerical investigations, in
particular to [5], where among others multi-cluster states in one space dimension have
been computed numerically).

Let us conclude this introduction by mentioning some related results.

In [6] the parameter dependence of stability of clusters and spirals against par-
asites (i.e., rival polymers which receive catalytic support from the hypercycle but
do not contribute to the catalysis of any other polymer) is studied numerically. A
parasite may or may not destroy the hypercycle depending on the rate constants. In
[7] clusters (for N = 5) are established numerically for the elementary N-hypercycle
system,

In [5] for a closely related reaction-diffusion model the dependence of cluster states
on diffusivities is shown numerically including the cluster size, their shape, and the
distance between different clusters.

The effect of faulty replication on the hypercycle has been studied by an analysis
of the geometry of bifurcations around steady states and numerical computations in
the framework of an ODE reaction model [1].

For a cellular automata model it was shown numerically that a spiral wave struc-
ture may be stable against parasites [3]. The chaotic dynamics for this type of model
has been investigated numerically in [17], [28].

There are anumber of recent results on the special case N = 1, n = 1 of our model,
which is then also called Gray-Scott system [13], [14]. We would like to recall them
here. In [10], by using Mel’nikov method, Doelman, Kaper and Zegeling constructed
single and multiple pulse solutions for (1.1) in the one-dimensional case with Dys =
1,Dx = 6% << 1, where X; = X. In their paper [10], it is assumed that kj; = gps ~
6%,9x ~ 62%/3 k1 = 1, L = 1, where a € [0,2). In this case, they showed that
M = 0(6%),X = O(6~%). Later the stability of single and multiple pulse solutions in
1-D are obtained in [8], [9]. (The techniques are extended to other reaction-diffusion
equations in [11].) Some related results on the existence and stability of solutions to
the Gray-Scott model in 1-D can be found in [26] and [29)].

In R? and R®, Muratov and Osipov [21] have given some formal asymptotic
analysis on the construction and stability of spiky solution. In [33], the system (1.1)
for N = 1 is studied on the real axis in the shadow system case, namely, Dy >>
1,Dx << 1land kp = gpr = O(1),9x = O(1), k11 = 1, L = 1. The shadow system
can be reduced to a single equation. For spike solutions of single equations and other
systems, we refer to [15], [16], [27], [23], [24], [25], [31], [32], and the references therein.

In the general higher dimensional case rigorous existence and stability results
on the Gray-Scott system have been established in [34]. The existence of one-spike
solutions is proved. Their stability is established and rests upon the derivation and
analysis of a related NLEP (nonlocal eigenvalue problem).

The structure of the paper is as follows:

In Section 2, we separate the eigenvalue problem into two cases: small eigenvalues
and large eigenvalues. The small eigenvalue is shown to be 0 with dimension 1. The
case of large eigenvalues is then reduced to a system of nonlocal eigenvalue problems
(NLEP). \

In Section 3, we analyze the system of NLEP and show that it can be reduced
to two eigenvalue problem-one is local but with complex coefficients, another one is a
NLEP.

In Section 4, we study the two eigenvalue problems and thus finish the proof of
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Theorem 1.3.

In Section 5, we make we drop the condition that the system is a classical hyper-
cycle and make some remarks about the general matrix case.

Finally, in Section 6, we discuss our results.

Throughout this paper, the letter C' will always denote various generic constants

which are independent of ¢, for € sufficiently small. The notation A ~ B means that
lime—o 4 =1 and A = O(B) is defined as |4| < C|B|.

2. Reduction to a system of NLEP. Let (X, M) be one of the two solutions
constructed in Section 1. We now study the eigenvalue problem associated with
(Xe, M). We assume that

€ << L, lin(l) Le < Lo.
€e—

We need to analyze the following eigenvalue problem (letting z = ey)

Ayd’e,i — (]55,1' -+ AMe E;\;l kij(X2j¢e,i + nd’e,le,iXZ;l)
A L kijXei XD = Aedei y € R,

(2'1) Am"f)e - 'll)e - "/Je 2%:1 kine,ngj
—M. Z?fj:l kij(XPi0ei + nXeiX07 be ) = TActbe, T € R,
Ae €C.

We assume that (@e 1, ..., Pe,n; Pe) € (HAQ(R))N ® H?(R).

Since X¢; = Xo,n = p — 1,kij = kokij = kob; j+1 modulo N, problem (2.1)
becomes

Ay¢e,i - ¢e,i + AkOMeXg_lkO E;v:1 Il%ij(‘ﬁe,i + n¢€,j)
+Ak0'¢/)eX(IJ’ = )\e¢e,ia

Atpe — e — Nkope X§

—Meko 31 kij(e,i + e ) X5 = TApe.

Let us first formally derive the limiting eigenvalue problems.
Since (Xo, M) satisfies (1.10), we have

(2.2)

(2.3) Xo(y) ~ (AMc(0)ko) 7 Tw(y) in H'(R)
and

=T (0)(1 — e Nk [
(2.4) MEL O = M) ~ L= m e [ wiray

The eigenvalue problem is changed into

Ayei — G+ 3oy kij(dei + (p— 1)de )wP™?

+ Ako(AM,(0)ko) ™ PoTthewP ~ Acdbe s,

Atpe — e — Nko(AM(0)ko) ™ 7T hew?

—MekO(AMe(O)kO)_l Z?fj:l kij (wp_1¢e,i + (P - 1)wp_1¢e,j) ~ T/\e1//'e-

(2.5)

From the equation for 1, we formally have (setting 8% = 1+ 7))

LIy ( — koN(AM(0) ko)™ 7T hew?

=% ),
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N
~Meko(AM(0)ko)™" Y hij(wP™ i + (p— l)w”‘1¢e,j))

1,j=1

~ %e[—we(O)koN(AMe(O)ko)_FZ_l /R w?(y) dy

N
— M, (0)ko N (AM,(0)ko) ™ / P> fesu? = dy.
R o

By (1.8), we have

1

-1
5 ﬂkoN(AME(O)kO)-E’i—xe /R wP>

1,b€(0) ~ _’(1 +

LML (0)ko N (AM.(O)k )_‘1 ( / Pt (iqﬁ i)
2ﬁ € 0 € 0 € Rw D e,z)

i=1
1 - M(0)
BM,(0)

Substituting this relation into the equation for ¢;, we obtain the following nonlocal
eigenvalue problem (NLEP):

N
~—(1+ )7t (%Me(O)koN(AMe(O)ko)_le( /R wrlp(> m)))

i=1

N
(2.6) Adei — pei + WP e + (p— 1) Z kijde jw ™t
j=1

__ p(1—M(0)) | wP [P L b
BM(0) +1 — M(0) N [wr

~ )\e¢e,i‘

Although we have formally obtained (2.7), however we can rigorously prove the
following separation of eigenvalues.

THEOREM 2.1.
Let A\ be an eigenvalue of (2.2).
(1) Suppose that Ac — 0 as € — 0. Then we have A\ = 0 if € is small enough and

(¢esVe) € span {(X,, M)}
(2) Suppose that \e — Ao # 0. Then Ao is an eigenvalue of the following NLEP

N
(2.7) Ay — i+ WP s+ (p—1) D kijpjwP™!
j=1

— N
_ p(l —T’) wprwp 1z:i:l ¢‘i — /\0¢ i=1 N
,80‘77+1—T] wap (x) yeeey
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where n = lime_,0 M(0), 8o = V1 + TAo.

Proof.

(2) follows from asymptotic analysis.

To prove (1), we can proceed exactly as in Section 6 of [34], where stability of
a single cluster state is studied. Let us denote the linear operator on the left hand
side of (2.7) as £, where £ : (H?(R))" — (L?(R))". The key point is to prove the
following lemma:

LEMMA 2.2. (1). Let ¢ be an eigenfunction of (2.7) with Ao = 0. Then we have

¢ € Ko := span {wl(y)é'o},
where € = (1,...,1)7. (This implies that Ker(L) = K,.)
(2). The operator L is an invertible operator if restricted as follows

1,1 1,2
LKy~ —Ky7,

where
K& = {u e (H(R)™| /R ' (4)é = 03,

§

IC(‘)L’2 ={ue (Lz(R))N|/ uw/(y)e“o =0}.
R

The proof of Lemma 2.2 is technical and is similar to Theorem 4.1 of (36].
The rest of the proof is exactly the same as in Section 6 of [33]. For the sake of
limited space, we omit the details here.

3. Analysis of system of NLEP. In this section we analyze the nonlinear
eigenvalue problem (NLEP) which we have obtained in Section 2. To this end, we
introduce two eigenvalue problems: the first is the following eigenvalue problem with
complex coefficients

(3.1) Ap—¢+uwP o+ (p— NowP o= X
’ c=0r+vV—lo;=¢€" 0¢c(-m7], ¢€ H(R),

where w is defined by (1.6).
The second is a nonlocal eigenvalue problem (NLEP):

— p—1
02 Mo prpurtom LT el g e oy

where
O0<n<1l,7>20,A€C,A=Ag+iA[, AR >0

and we take principal branch for v/1 + 7.

We show that the study of NLEP (2.7) can be reduced to the study of (3.1) and
(3.2). We say an eigenvalue problem is stable if there exists a constant ¢y > 0 such
that all eigenvalues A we have Re()\) < —co. We say it is unstable if there exists an
eigenvalue A with Re(\) > 0.
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We then have the following

LEMMA 3.1. Suppose that (3.2) with n = lim._o Mc(0) has no Hopf bifurcation
(as given in Lemma 4.6 below). Then (2.7) is stable if and only if both (3.1) (with

2jmy/—1

o=e" ,j=1,..,N—1) and (3.2) (with n = lim_,0 M(0)) are stable.

Proof.
(1) Suppose (3.1) and (3.2) are stable. We now show that (2.7) is stable, too:
Asuming that there exists Ag > 0 such that (2.7) holds we show that
$;=0, i=1,...,N.

We first take care of the nonlocal terms. Adding all equations for ¢ = 1,...,N, we
get

N N N
A(Z ¢i) — (Z ¢i) + P’w”"l(z #:)

1 —-n fR 1—’1 ¢1 wp — /\O¢i'
Bn+1-—n waP

Since (3.2) is stable and we have no Hopf bifurcation, we have

-P

N
(3.3) Z ¢; =0.

Suppose (3.3) holds so the nonlocal terms in (NLEP) all vamsh We end up with
the following:

N
(34) Agi— s +wPT g+ (p— 1)) kijdsuwP ™" = Ao
=1

After diagonalizing k;; (keeping the notation for ¢;) we get
(3.5) Agi — ¢i + (1 + (p — 1)V "IN yup=1g, = Moy,

Since (3.1) is stable, we have ¢; = 0. Therefore (2.7) is stable.

(2) Suppose (3.2) is unstable. Then there exists an eigenfunction ¢¢ # 0 with an
eigenvalue Ao to (3.2) such that Re(\o) > 0. Now we take ¢1 = ... = ¢n = ¢ in (2.7)
and we see that (2.7) also admits the eigenvalue Ag. So (2.7) is unstable.

On the other hand, suppose (3.2) is not unstable and (3.1) is not stable. Since
(3.2) has no Hopf bifurcations, (3.2) is stable. Then similar to (1), we must have

N
Z¢i =0
i=1

and so all the nonlocal terms vanish. We are left with the following local eigenvalue
problem
N

N
(3.6) Api — ¢ +wP i + (p Z wPlp; = Mgy, » ¢ =0.

j=1 i=1

It is easy to see that (3.6) is not stable because (3.1) is not stable. Lemma 3.1 is thus
proved. O
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4. Study of the two eigenvalue problems. In this section, we study two
eigenvalue problems (3.1) and (3.2) derived from Section 3. The analysis presented
in this section is the key estimate for this paper.

To study (3.1) and (3.2), we first collect some important properties associated
with the function w. We first study some local eigenvalue problems.

LEMMA 4.1. (1) The linear operator

Log:=¢" —¢+puwP~le,
¢ € H'(R)

has the kernel
Ker (Lo) = span {wl(y)} .
(2) The eigenvalue problem (EVP)

¢ — ¢+ pwro =0,
(EVP) { 6 ¢ H'(R)

admits the following set of eigenvalues

p1 =1, v; = span {w},
po = p, va = Ker (Lo),

H3 > D.
(3) If ur > 0, then the following eigenvalue problem

¢ —p+uwP o+ ppuwPTle = A,
KR > 07 ¢ € Hl(R)

admits a positive (principal) eigenvalue A1 such that

o [o(@#)+ & = (1 + ur)ur™'¢?

= inf < 0.
YT semi(R)\(0) Jrd?

(4) Let ¢ (complez-valued) satisfy the following eigenvalue problem

¢ —p+wP g+ (p—owPlp=Ag
Re(0) <0, ¢ € HY(R), A#0.

Then

Re(M) < —¢p < 0.

Proof. The proof is similar to Lemma 3.1 of [36]. We omit the details. O
We are ready to study the first eigenvalue problem (3.1). We consider 6 as a
parameter. By Lemma 4.1 (3) and a perturbation argument, for |§] small, there is
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an unstable eigenvalue A for problem (3.1), i.e. A = Ag + iA; where Ag > 0. On the
other hand, by Lemma 4.1 (4), for [§] > %, problem (3.1) has only stable eigenvalues,

ie. A = Mg +1i\; where A\g < 0. Now if we vary 6, then there must be a point "
such that for = 6", problem (3.1) has a Hopf bifurcation, i.e. there is an eigenvalue
A =4);. Let us now compute #*. That is

LEMMA 4.2. Let ¢ (complez-valued) satisfy the eigenvalue problem (8.1). Then
there exists some 6" with 6" = arccoso g, where o is the unique zero with 0 < og < 1
of the following polynomial

(4.1) g(0) :=0r(4(P+1)or+p+3)*(p+ 1or+2) — (p+ 1)(p — 1)*(1 — 03)
such that (1) If
6] > 6",
then
Re()\) < —¢p < 0.
(2) If
16 < 6",

then there exists an eigenvalue A with Re(X) > 0.
(3) If |8] = 6", then there exists an eigenvalue A with A = i\r.

Proof. We are looking for a Hopf bifurction for problem (3.1). Therefore we have
to solve

(4.2) Ap—¢+(1+(p—1o)uP" ¢ =g
with
A=+v—1)\;

(i.e. the real part Ag of A vanishes) and
o=0r++vV—lor, |o’=0%+02=1.
Let |
y=VItap=1+(p—1)o,¢=w"F

Then F' satisfies

12 ’LU/ ’ 2
) —F - —= Ay =1))uwPIF =0.
(4.3) Fo+2y— + (p (7+p+17(7 w

Next we introduce the following new variable
(4.4) z=
Then

w_l_ _ p—1 _ _ %___ _ —
w_l 2z,w —2(p-|-1)z(17 z)’dx (p—1)z(1-2).



ON A HYPERCYCLE SYSTEM WITH NONLINEAR RATE 269

This yields the following equation for F' as function of z

(4.5) 2(1-2)F +(c—(a+b+1)2)F —abF =0,
where

_ by o 2(y=1) —(k—7+ 1) 2y
(4.6) a+b+1‘_2+p_l,ab‘_2 I —1+ —

The solutions to (4.5) are standard hypergeometric functions. Now there are two
solutions to (4.5):

F(a,b;c;2), 22 °Fla—c+1,b—c+1;2 — ¢; 2).
Since by our construction, F'isregular at z = 0. At z = 1, F(a, b; ¢; 2) has a singularity

T()T(a+b—c)

. _ \—(c—a=-b) o —
zh_'rri(l z) F(a,b;c; 2) ORO)

wherec—a —b= —pl_}. Note that since A = /1 4+ iAj, the real part of - is positive.
So a solution that is regular at both z =0 and z = 1 can only exist if I'(z) has a pole
at a or b, respectively. In other words, a =0,—-1,-2,...or b=0,—-1,-2,....

From (4.6), we compute that

s
p—1
or
2v
b= —1_ _
p—1_
where « satisfies
2 (p+1)
(4.7) ! +a—( —3)? =0.

By symmetry we may assume that a = —7——oz =—,l>0and o =ar++v—-1a;y.
So we to solve the system

o} +ag—a?— -p—’:-"%)lg(1+(p—1)0R)—0
I,—_7——a—l

(4.8)
Since we take the principal branch for v = /1 + i)y, it follows that
a>1.

Moreover we have

=(aR—l)2—a%

(p—1)2

which implies that

4.9 >+ —-
(4.9) aR +p_1
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On the other hand, we have

4
T = (er D’ -af = ok —o} —2ap + 17
2 1
=—2+1ag+1%+ (p+ 3(1+(p—1)aR).
(p—1)
So we obtain
_ 1 2 2(p+1)
aR—2l+1(l +p_1+ p—l O'R).
By (4.9), we have
1 2 2p+1) 2
12 >4 —
T L e w

which is impossible unless I = 0 or I = 1. For [ = 1 we just recover the case { = 0
with the eigenfunction w’ given by Lemma 4.1 (1). This clearly does not correspond

to Hopf bifurcation.
For Hopf bifurcation to occur we must have a = 0 or b = 0. In this case, we have

2 2(p+1) 2(p+1)
QR = + OR,0r = gr.
Rop—1" p—1 P T p-1)(2r+1)

Substituting this relation into (4.8) we obtain that o must be a zero of the polynomial
g defined by (4.1).

In summary, Hopf bifurcation can occur only at the point o such that g(Uﬁ) =0.
Since such a point is unique, we conclude that for |§] < 6" = arccosc?, there is
unstable eigenvalues and for |§] > 6", all eigenvalues are stable. 0

. 27\'1!—1
Let us now analyze the polynomial g(ogr) for ¢ = e~ ~ . We note that as
p — 400, the zeroes of g approach the zeroes of
(4.10) go(or) = 0%(4og +1)2 — (1 — oF).

The zero of go is approximately 0.3726. Thus as p becomes large, Neriticai-the critical
threshold- can not exceed 6. In fact, one can compute explicitly that in the case
p > mo + 1, where ng is given by (1.20), we have g(cos(%F)) < 0 for N < 5 and
g(cos(3%)) > 0 for N > 6. In the case p < no + 1, we have g(cos(3F) < 0 for N < 4
and g(cos(3%)) > 0 for N > 5. That is we have the following corollary

COROLLARY 4.3. For N < Ny, the problem (8.1) is stable, while for N > Ny,
problem (8.1) is unstable, where

4 ifp<
Ny = ifp < po,
5 p2po

and po ~ 4.35.
We next study the NLEP (3.2). We first recall the following lemma
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LEMMA 4.4. [87] Consider the following eigenvalue problem

1) Ap—g+purlp—(p— fRf )
R

Then if v < p, we have Re(\) < —cy < 0 for some c; > 0.
From Lemma (4.4), it follows immediately we have the following

LEMMA 4.5. Consider the eigenvalue problem (3.2).

(1) Ifr<<land0<n< 11—,. Let Mo # 0 be an eigenvalue of (8.2). Then we
have Re(Xg) < —cy for some ¢y > 0.

(2) Suppose that 1 < n <1, then problem (3.2) admits a real eigenvalue Ao with
)\0>02>0forsom302>0

Proof.
(1). When 7 = 0, we have

p(l—n)
W1+t A+1—-1n

=p(l-n)>p-1

if 0 < n < i, By Lemma 4.4, we must have that Ag < —c; < 0. The case 7 << 1
follows from a perturbation argument.

(2). Assume that % <mn < 1. By Lemma 4.1 (3), Ly has a positive eigenvalue
p1 > 0. Consider the following function

h(a) = / (Lo — @) P VwP1,
R
It is easy to see that
= [ (o= et = [ (o~ ) w0
R R

and

lim h(a) = +oo.

a—p

Next we consider the function

(4.12) p() = VAIFTA+ L= -1—(/ wP)"IAR(N).
p(1—n) R
Note that
p(0) = —— —1>0
p(l—n)
since %; <n < 1. On the other hand,
lim p(A) = —oo0.

A—py—

Hence there must exist an Ag € (0, 1) such that p(Ag) = 0.
It is easy to see that this Ag > 0 is an eigenvalue of (3.2). O
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In the general case 7 > 0,0 <7 < %, there are no analytic results for problem
(3.2). Fortunately, we can use hypergeometric functions and generalized hypergeo-
metric functions to reduce problem (3.2) to a computable problem. Such an idea has
already been used in [8]. However, here we propose a different transformation so that
the eigenvalue problem becomes computable more easily. We recall that by Lemma
4.3 (2) for T = 0, all eigenvalues are stable. So if we vary 7, either we obtain stability
or Hopf bifurcation. All we need is to compute when Hopf bifurcation occurs.

Let us first introduce the so-called generalized Gauss function. Let a1, as, ...,a4
and by, ba, ...,bp be two sequences of numbers. Consider the following series

a102...04 2 (a1 + 1)(0,2 + 1)...(CLA + 1) Z_2
by1bsy...bg 1! (b1 + 1)(bgy + 1)...(bp + 1) 2!

(4.13) 1+

= AF B z
bl» b27 ceey bB >
aFp is called generalized Gauss function or generalized hypergeometric function.

Now we have the following lemma. The proof is similar to Lemma 3.4 of [36]. So
we omit the details.

LEMMA 4.6. Let A = /—1)A1 be an eigenvalue of problem (3.2). Then X is a
solution of the following algebraic equation

Bp—1)(P*—1-N)nVI+7A+1-7q

p(p*—1) p(1—mn)
1, 1 2, i+l
(4.14) = ,F3 1
BVIEA ], BEMIRA L T3

By Lemma (4.6), problem (3.2) can be solved by using Mathematica. We will not
produce any numerical results here. The readers can refer to [8] for some numerical
results.

5. General Matrix Case. Theorems 1.1 and 1.3 can be extended to more

general matrices (k;;).
Let us consider system (1.3):

(51) { WX = 52X;/ o X;+AM zf:l kiniX;'l, z € R,

TOM=M"+1-M-MY) _k;X:X}, z€R,

i1j=

where (k;;) is a general matrix. To ensure existence, we put the following symmetric
condition

N N

(5.2) > kij =Y ki = ko.
j=1

i=1
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Then Theorem 1.1 holds true without any change.
The main problem is the stability. To this end, we need to put an extra assumption

(5.3) (H1)  [1+ spec(B)] Nspec(EVP) = {p},

where B = (ki;) and the EVP is defined in Lemma 4.1.
The following is our main result on stability.

THEOREM 5.1. Assume that

(5.4) e<<1, e<<L, 1in(1)L€ < Lo,
€—

and that assumption (H1) holds. Let (X2, M?) and (X!, X!) be the solutions given in
Theorem 1.1.

Let 0 = op ++/—107 be an eigenvalue of (lAc”) and let the polynomial g be defined
as in (4.1).

Then for e << 1, we have the following.

(1) (stability) Suppose that T << 1. Assume that 0 = 1 is a simple eigenvalue
and that for all 0 with og > 0, we have g(¢) < 0. Then (X2, M?) is linearly stable.

(2) (Instability) Assume that either o = 1 is not simple or there exists o # 1 with
or > 0 such that g(o) > 0. Then (X2, M?) is linearly unstable.

(8) (Instability) (X, M}) is linearly unstable.

The proof of Theorem 5.1 is the same as that of Theorem 1.2. We omit the
details. Note that the analysis in Sections 2 - 4 deals with general matrices IAc,'j and is
not restricted to merely the hypercycle case ];;ij = §; j+1 modulo N. Let us now apply
Theorem 5.1 to some interesting examples.

Our first example is the following cyclical bi-diagonal matrix

0
0 l-« «a 0
0 , ko >0.
e« )
«Q 0 0 1—-«a NxN
It is easy to calculate that the eigenvalues are 0 = 1 —a(1—e2™V=1/N) j=1 ... N
and are all simple.
We substitute ¢ into the polynomial and compute the critical threshold Ngyiticai-
It turns out that Ngriticqr depends on both a and p: Nepsticar Will increase of the
order a as « increases but Nepticar increases only slowly in p. In fact, let us fix @ and

consider the case p — +o00. Then as p — 400, the zeroes of f approach the zeroes of
the polynomial

golo) := U%(40R + 1)2 - a%

which was defined in (4.10) above. Substituting g = 1 — a + a cos(8), 07 = asin(d)
into (4.10), we obtain the following

(5.6) p(0,a) = (1 —a+acos(d))?(5 - da+4cos(9))? — a?(1 — cos?(9)) = 0.
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Note that for a large and af = O(1)

which by 6 = 27 /Ny implies that

No ~ ?CY.

On the other hand for p = 2 we get under the same assumptions

No ~ 2my/3.
17V5

In both cases the critical threshold Ny grows linearly in alpha but it is bigger by
the factor % ~ 4.39 in the first case. Thus in this case large p changes quantitative
but not the qualitative behavior of Np. This shows a more striking change of behavior
than in the hypercycle case.

Our second example is a system with (N — 1) interactions.

0 1 1
1 1

(57) (kij) = ko 1 1 1 , ko>0.
1 1 .. 1 0

NXxN

The eigenvalues of (i%) are 0 = 1 (which is simple) and ¢ = 0. The small cluster
state is stable for all N independent of the rate p.

From all the previous examples, we see as a general trend that if the system is
not too much dominated by diagonal terms we have stability. Otherwise, a parasite
emerges. This means that cooperative behavior in contrast with self-enhancement is
needed to stabilize the cluster.

For large p stability in increased somewhat. We point to the second example
where the stability threshold Ng for large a grows linearly in o and large p can
improve Ny by a constant of about 4.39. In the case @ > 1 (which means that the
diagonal becomes negative and the off-diagonal elements are positive and bigger than
the diagonal), this describes self-inhibition coupled with cooperative enhancement and
leads to particularly good stability.

Furthermore, the second and the third example indicate that coupling between
more and more different components X; also improves stability. Note that in the last
example the system can be arbitrarily large.

6. Discussion. We have studied a general system of N + 1 equations with non-
linear rate n describing the interaction of N polymer species which catalyse each
other in a hypercyclic way and are all composed of the same type of monomer. In the
special case N = 1, n = 1 the system reduces to the well-known Gray-Scott system.

We study the case of single-cluster solutions in the whole 1-D space. These are
in some sense the simplest concentrated solutions in 1-D. This case appears to be
relevant if the early biochemical reactions take place in very thin lines for example on
the edges of rocks.
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Besides the existence proof we provide the first rigorous results on stability for
cluster states of a hypercyclic system with nonlinear rate. Namely, we establish the
exact threshold between stability and instability in terms of the system size and the
nonlinear rate n. It is shown that as n < 3.35, the stability regimes extends exactly in
the range N = 1,2,3,4. If n > 3.35, the stability regime extends to N = 1,2, 3,4,5.
This shows that the maximum critical threshold for hypercycle system with nonlinear
rate is 5. This result might be important for making predictions about the outcome
of experiments in biological applications and also for the testing of the validity of the
models used. Furthermore, now a comparison of this theoretical result with numerical
computations becomes possible. -

We have also studied reaction-diffusion systems with nonlinear rate and general
connection matrix (k;;). There we have observed that the nonlinear rate can help
increase the critical threshold Neriticar When there is large self-inhibition (Example 1,
Section 5). We show that large self-inhibition and to some lesser extent large n can
help stabilize large reaction system.

So how can very large systems be stabilized?

One possibility is to increase self-inhibition and the nonlinear rate, as in Example
1, Section 5.

Another possibility which is frequently observed in nature is by the formation of a
block-diagonal structure. Then, since the spectra of different blocks are independent,
they can for example be chosen as small hypercycles which are stable up to size 5.
On the other hand, by assembling a large number of blocks the system can become
arbitrarily large and still be stable.

In fact, it is much simpler to create systems which display block-diagonal struc-
ture with only a few interactions than systems with many components catalysing
each other. Therefore block-diagonal structures are frequently observed and are very
important for natural phenomena.

Finally, let us recall attention to the point made in the introduction numerically it
is known that parasites may destroy stable cluster states. Our results complement the
picture by the rigorously proved fact that even pure cluster states may turn unstable
if they become two large. This implies that the hypercycle although it has some very
preferable properties (see the beginning of the introduction) on the other hand it has
an inherent instability behavior which may be an obstruction to the evolution of large
biological systems.
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