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GALOISIAN OBSTRUCTIONS TO INTEGRABILITY OF
HAMILTONIAN SYSTEMS*

JUAN J. MORALES-RUIZ! AND JEAN PIERRE RAMIS!

Abstract. An inconvenience of all the known galoisian formulations of Ziglin’s non-integrability
theory is the Fuchsian condition at the singular points of the variational equations. We avoid this
restriction. Moreover we prove that a necessary condition for meromorphic complete integrability
(in Liouville sense) is that the identity component of the Galois group of the variational equation
(in the complex domain) must be abelian. We test the efficacy of these new approaches on some
examples. We will give some non academic applications in two following papers.

1. Introduction. The aim of this paper is to investigate the connection between
two different integrability concepts: the (complete) integrability of Hamiltonian sys-
tems and the solvability of the linear differential equations (in the sense of the dif-
ferential Galois theory). This connection is given by the linearized equation along a
particular solution of the Hamiltonian system.

Now we will explain the historical motivation of our work.

During the last years the search for non-integrability criteria for Hamiltonian
systems based upon a study of the behaviour of the solutions in the complex domain
has acquired more and more relevance.

In 1982 Ziglin ([74]) proved a non-integrability theorem using the constrains im-
posed on the monodromy group of the normal variational equations along some inte-
gral curve by the existence of some first integrals. This is a result about branching
of solutions: the monodromy group express the ramification of the solutions of the
normal variational equation in the complex domain.

We consider a complex analytic symplectic manifold M of dimension 2n and a
holomorphic Hamiltonian system Xy defined over it. Let I be the Riemann surface
corresponding to an integral curve z = z(t) (which is not an equilibrium point) of the
vector field Xg. Then we can write the variational equations (VE) along T,

i= 28 (0,

Using the linear first integral dH (z(t)) of the VE it is possible to reduce this variational
equation (i.e. to rule out one degree of freedom) and to obtain the so called normal
variational equation (NVE) that, in some suitable coordinates, we can write

£ =JS(t)E,

7= (20)

is the square matrix of the symplectic form. (Its dimension is 2(n — 1).)

where, as usual,
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In general if, including the Hamiltonian, there are k analytical first integrals
independent over I' and in involution, then, in a similar way, we can reduce the
number of degrees of freedom of the VE by k. The resulting equation, which admits
n — k degrees of freedom, is also called the normal variational equation (NVE) ([5]).
Then we have the following result ([74]).

THEOREM 1 (Ziglin). Suppose that the Hamiltonian system admits n — k addi-
tional analytical first integrals, independent over a neighborhood of T' (but not neces-
sarily on T itself) We assume moreover that the monodromy group of the NVE contain
a non-resonant transformation g. Then any other element of the monodromy group
of the NVE sends eigendirections of g into eigendirections of g.

We recall that a linear transformation g € Sp(2n,C) (the monodromy group is
contained in the symplectic group) is resonant if there exists integers r1, ..., r, such
that A/' - AT» = 1 with ry -7, # 0 (where we denoted by \;, A\; ' the eigenvalues
of g).

There are some historical antecedents of Ziglin’s Theorem. Poincaré gave a non-
integrability criterion, based on the monodromy matrix of the VE along a periodic
(real) integral curve: if there are k first integrals of the Hamiltonian system, inde-
pendent over the integral curve, then k characteristic exponents must be zero. And,
if these first integrals are moreover in involution, then necessarily 2k characteristic
exponents must be zero ([56], pg 192-198). Furthermore, in Poincaré’s work we can
also find the relation between the linear first integrals of the variational equation and
the solutions of this differential equation ([56], pg. 168) In fact, Poincaré results are
intimately related to the reduction process from the VE to the NVE.

In 1888 S. Kowalevski obtained a new case of integrability of the rigid body system
with a fixed point, imposing the condition that the general solution is a meromorphic
function of the (complex) time. In fact, as part of her method, she proved that
(except for some particular solutions) the only cases in which the general solution is
a meromorphic function of the time are the Euler, Lagrange and Kowalevski’s cases
([34]). Lyapounov generalized the Kowalevski result and proved that (except for some
particular solutions) the general solution is single-valued only in the above mentioned
three cases. His method relies on the analysis of the variational equations along a
known solution ([39, 37]).

In 1963 Arnold and Krylov analyzed sufficient conditions for the existence of
a single valued (but not complex analytical!) first integral of a linear differential
equation. And, under some conditions, they proved the uniform distribution of values
of the monodromy group on the corresponding invariant. Their proof is based upon
the properties of the closure of the monodromy group considered as contained in a
linear Lie group ([2]). We remark that this is not so far from the fact that the Galois
group of the linear differential equation is the Zariski adherence of the monodromy
group (see below the sections devoted to the differential Galois theory).

Ziglin himself, in a second paper, applied his theorem to the rigid body and ob-
tain that, except for the three above mentioned cases, this system is not completely
integrable. He also studied the problem of the existence of an additional partial first
integral and eventually included the Goryachev-Chaplygin case. Finally he applied
his method to the Hénon-Heiles system and to a particular Yang-Mills field. For
this last system, Ziglin proved the non-existence of a local meromorphic first integral
independent of the Hamiltonian in any neighborhood of the hyperbolic equilibrium
point ([75]). In the present paper we also obtain the local non-integrability of some
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Hamiltonian systems in a neighborhood of an equilibrium point. But in our situa-
tion the equilibrium points can be degenerate (see below the section 6 devoted to
applications).

In 1985 Tto applied the Ziglin Theorem to the non-integrability of a generaliza-
tion of the Hénon-Heiles system ([27]). From this moment until today many papers
appeared about this subject. We shall comment briefly some of them.

Yoshida published a series of papers about the application of Ziglin theorem to
some homogeneous two degrees of freedom potentials with a invariant plane. For such
potentials he can project the normal variational equation over the Riemann sphere
and he get a hypergeometric equation ([71, 72]. Later Churchill and Rod interpreted
geometrically Yoshida results as a reduction by discrete symmetries of the associated
holomorphic connection ([12], see also [6, 14]). There are also some papers oriented
towards the applications [24, 73, 26, 65]. In a forthcoming paper, using the main
results of the present article, we will improve Yoshida’s results [49)].

The differential Galois approach of Ziglin Theory appeared for the first time, in
an independent way, in [14] and [47]. The papers [51], [5], [15] and [52] followed. Two
applications of the theory (developed in [14]) to non-academic examples are [35, 59)].
A common limitation of these works is the restriction to fuchsian variational equations
(their singularities must be regular singular). Here we overcome this difficulty. Our
basic idea is very simple: we get rid of the monodromy group and we work directly with
the differential Galois group. Another problem, inherent to Ziglin original approach,
is the separation between two types of first integrals: the first integrals useful in order
to make the reduction and the others. (Of course if we assume the involutivity and
independence of all the integrals, then from a theoretical point of view this distinction
is no longer relevant.) In fact if some integrals are independent over I', then the
differential Galois theory itself allows us to clarify the process of reduction (cf. 4.3,
4.4 below).

The majority of non-integrability criteria known to date do not take any account
of the involutivity hypothesis: only the independence of the first integrals is used. So,
if one excepts a Poincaré’s result quoted above, we exhibit more or less for the first
time an obstruction to the complete integrability in Liouville sense (taking account
not only of the number of independent first integrals, like in the works of Ziglin and
his followers, but also of their involutivity).

We can express simply our guiding idea when we began to think to this problem:
if the initial Hamiltonian system X g is completely integrable (in Liouville sense clas-
sical in mechanics) then the VE must also be integrable (but in the different sense
of the differential Galois Theory, that is the corresponding Picard-Vessiot extension
must be a Liouvillian extension, or equivalently the identity component of the cor-
responding differential Galois group must be a solvable algebraic group). In fact we
eventually obtained a more precise result: in the complete integrability case the iden-
tity component of the differential Galois group of the VE must be abelian. Our proof
is based on an infinitesimal method: we analyze the structure of the Lie algebra of
the Galois group. This approach is clearly allowed by the galoisian formulation of
Ziglin’s theory: the differential Galois group is an algebraic group, and therefore a Lie
group. In Ziglin’s initial formulation the (monodromy) group is not a Lie group and
it is impossible to use an infinitesimal method. We remark that the differential Galois
group contains the monodromy group and therefore the Zariski closure of this mon-
odromy group. But, in the irregular (i.e. non fuchsian) case, the differential Galois
group can be larger than this Zariski closure. We stress the fact that in any search
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for non-integrability criteria the larger is the differential Galois group the better is
the situation.

We will apply the above non-integrability result to the family of two degrees of
freedom Hamiltonian potentials

1 1
Uz, 22) = -5 + i(a—i-ba:l):z:%, ae C*,be C,

3
1 1
U(z1,x2) = ix? + i(aaff*‘l +ba? 3+ cx? a2, n € N, n > 3.

In two forthcoming papers [49, 50] we will apply our non-integrability result to
various non academic classical situations (homogeneous potentials, N-body problems,
cosmological model...), getting not only new simple proofs of known results but also
many new results. The reader may check that in all these applications it is easy to
conclude using a unified and systematic approach:

—1. Select a particular solution.

—2. Write the VE and afterwards the NVE.

—3. Check if the identity component of the differential Galois group of the NVE
is abelian.

As we will see, the step 2 is easy (in section 4 we will give an algorithm for
obtaining the NVE from the VE). Step 3 appears quite problematic in general, but
in many particular cases, as it will be seen in our applications, efficient algorithms do
exist. (The prototype is the Kovacic’s algorithm for second order equations.) In all
the applications that the authors know, the step 1 (which is shared by all the classical
proofs of non integrability) is achieved by the existence of a completely integrable
subsystem (typically, by the existence of an invariant plane). Of course this is in
some sense unsatisfactory from a philosophical point of view: if a system is “as far
as possible” from integrability, then each integral curve will be pathological and our
method does not work. However in such cases the classical methods fail for the same
reason.

The paper is organized as it follows.

In sections 2 and 3 we recall the basic tools that we need (meromorphic con-
nections, symplectic connections, tensor constructions, elementary differential Galois
theory, Stokes phenomena,...) Most are well known, however we need some comple-
ments that are detailed in three appendices. (These appendices are more abstract
and perhaps technically more difficult than the main body of the paper.)

In section 4 we recall the construction of the VE and we describe the reduction
process and the resulting NVE. This section contains an elementary but important
new result that is essential in the applications: if the identity component of the
differential Galois group of the VE is abelian then the identity component of the
differential Galois group of the NVE is also abelian (see Proposition 6 (ii) below).

Our central results appear in section 5. The first is Theorem 6. It is a purely al-
gebraic result whose proof relies on symplectic algebra (Poisson algebras) and musical
isomorphisms. It is used as an essential tool in the proof of our main results: The-
orems 7, 8, 9 (and their corollaries). These last theorems are variations (in different
situations) of the central result already described: the non abelianity of the identity
component of the differential Galois group of the VE (or the NVE) is a criterion for
the non complete integrability (in Liouville sense).

Section 6 is devoted to some examples.
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2. Linear Differential Equations and Connections.

2.1. Meromorphic Connections. Linear connections are the intrinsic version
of systems of linear differential equations. Moreover with connections it is possible to
work with fiber bundles which are not necessarily trivial. A good reference for this
section is [66] (see also [17], [18], [29], [43]).

Let I' be a connected Riemann surface. We denote by Or its sheaf of holomorphic
functions, by Qr its sheaf of holomorphic 1-forms (corresponding to the canonical
bundle) and by AT its sheaf of holomorphic vector fields. (We will identify vector
fields with derivations on Op.) We have a structure of sheaf of Lie-algebras on Af.
There exist clearly natural structures of Op-modules on respectively Qr and Ar.
There exists a natural map (contraction)

QF®OFXF—>OF-
wRU—=><w,v >

Let V be a holomorphic vector bundle of rank m on I'.  We denote by Oy its
sheaf of holomorphic sections. Then a holomorphic connection is by definition a map

V:0y — Qr ®op Oy,
satisfying the Leibniz rule

V(v +w)=Vv+Vuw
Vfv=df @ v+ fVu.
(Where v, w are holomorphic sections of the fiber bundle V' and f is a holomorphic
function.)
By definition a section v of the fiber bundle V' is horizontal for the connection V
if Vo = 0.
If the connection V is fixed, then to each holomorphic vector field X over I', we
can associate the covariant derivative along X

VX : OV — Ov.
Vx:v—=<Vu, X >.

It is clearly a C-linear map. If we denote by Endc(Oy) the sheaf of spaces of
C-linear endomorphisms of the sheaf of complex vector spaces Oy, then we get a map
V: Xp — Endc(OV),

X — va

such that

Vx(Ww+w)=Vxv+ Vxw,
Vx(fv) = X(f)v+ fVxv, f€Or.

As, in general, in that what follows the field X will be fixed, we will write V
instead of Vx.

We are going to compute V in local coordinates. Let X be a holomorphic vector
field over an open subset U of the Riemann surface I'. Restricting U if necessary, we
can suppose that there exists a holomorphic local coordinate t over U such that

d
X =—.
dt
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Let e = {eq, ..., e;n } be a holomorphic frame of U, i.e. the data of m holomorphic
sections of V over U, such that e1(p), ..., e (p) € V}, are linearly independent at every
point p € U. Then we can set

m
Vej = — E Q5 €,y
i=1

being (ai;) a square matrix of order m whose entries are holomorphic functions over
U. We write Ve = —Ae.

The matrix A = (a;;) is by definition “the” connection matrix and it determines
completely the connection: if v is a holomorphic section over U, then we can write it
in coordinates

m
v = Z gieia
i=1

where the &;’s are holomorphic functions over U, and we have

m dl m
=3 (3 & - D ae

i.e., the connection V is represented in the local coordinate ¢ and the frame e by the
linear differential operator

Hence, we can associate to the solutions £ € Off of the linear differential system
d
51 Zauﬁj, i=1,..,m,

the horizontal sections v of the connection
Vv =0.

More precisely the map

Y G
=1

induces an isomorphism of m-dimensional complex vector spaces between the space
of solutions and the space of horizontal sections.

In fact we are interested not only in differential equations (or systems) with holo-
morphic coefficients, but also in differential equations (or systems) with meromorphic
coeflicients, therefore we need to extend the above concept of holomorphic connection
in order to deal with poles and consequently to introduce meromorphic connections.
We shall follow the section 4 of [66] (a more detailed analysis in the context of free
coherent sheaves can be found in [41])

Let T' a connected Riemann surface and V' a holomorphic vector bundle on IT'. In
practically all our applications the situation will be as follows. Let I' C T be an open
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subset such that S = T' — T is a discrete subset (the singular set). We will consider
meromorphic sections of the bundle V', and in general we will limit ourselves to sections
whose restriction to I' is holomorphic. Then at any point s € S their components in
coordinates with respect to a holomorphic local frame are meromorphic functions in
a neighborhood Uy, which are holomorphic on Us — {s}, with a pole at s. Using a
local holomorphic coordinate ¢ (vanishing at s) we can identify these functions with
elements of the field C{t}[t~1] (that is the field C{t}[t~!] with the field ks of germs
at s of meromorphic functions).

We denote by Mg the sheaf of meromorphic functions over T, by le = Mg Qo=
O the sheaf of meromorphic 1-forms and by Lr = Mg ®o_ AF its sheaf of mero-
morphic vector fields. We have a structure of a sheaf of Lie algebras on L. There
exist clearly natural structures of sheaves of Mp-vector spaces on respectively ./\/llf
and L. There exists a natural map (contraction)

1
Mg Ome Lg — Mr.
RV —=< u,v >
Let V be a holomorphic vector bundle of rank m on I'. We denote by My its

sheaf of meromorphic sections. Then a meromorphic connection on V is by definition
a map

V:My— M%@MFM\/,
satisfying the Leibniz rule

V(v+w)=Vov+ Vw

Viv=df @ v+ fVu,
where v, w are holomorphic sections the fiber bundle V and f is a meromorphic
function.

If the meromorphic connection V is fixed, then to each meromorphic vector field
X over I', we can associate the covariant derivative along X

th./\/lv—h/\/lv.
Vx:v—=<Vu, X >.

It is clearly a C-linear map. Then if we denote by Endc(My) the sheaf of
C-linear endomorphisms of the sheaf My, then we get a map

V : Ly — Endc(My),
X = vXa

such that

Vx(w+w)=Vxv+ Vxw,
Vx(fv) =X(flo+ fVxv, [feMr.
Let V be a meromorphic connection over I'. We will say that it is holomorphic

at a point p € T if, for every germ at p of a holomorphic vector field X the space
of germs at p of holomorphic sections of the fiber bundle V' is invariant under the
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covariant derivative VX. Later we will consider connections which are meromorphic
on I' and holomorphic on I'. They can have poles on the singular set S.

If we want to compute in local coordinates in a neighborhood of a singular point
s € S, then we choose a holomorphic coordinate ¢ at s (vanishing at s) and we write
our given vector field X = f (t)%, where f € ks (in general we cannot write X as
%, because the vector field X may vanish or admit a pole at the point s, as we will
see later: cf.section 3). Then using a holomorphic frame e of V' as above, we get a
differential system

d
V = f(t)— — A(t).
1% = A
We can introduce the meromorphically equivalent differential system
d
— —DB(t
dt ( )7

where B = f~1A is a meromorphic matrix over U.

We denote the field of (global) meromorphic functions over I' by kg. It is impor-
tant to notice that every holomorphic fiber bundle over a connected Riemann surface
T is meromorphically trivialisable over T (i.e. globally, cf. Appendix A). Therefore its
space of global meromorphic sections is isomorphic to some k%@ We can in particular

choose a non trivial meromorphic vector field X over I'. It will define a derivation
d over the field ky and we will get a differential field (ky,d). If V' is a holomorphic
vector bundle over I and if My ~ k7 is its kg-vector space of meromorphic sections,
then the covariant derivative V x induces a C-linear endomorphism of the space My
and therefore it can be interpreted as a C-linear endomorphism of the space k:%” We

can choose as a “local coordinate” ¢ over I' a non trivial global meromorphic function
over I' (it will be a true local coordinate-i.e. a local biholomorphism-but perhaps
over a discrete subset). We can write X = f (t)%, where f € ky. Then we can
choose a global meromorphic frame of V over T, that is a set e = {ey,..., e, } of
meromorphic sections of V' inducing a true holomorphic frame over a non trivial open
subset (necessarily dense). Finally, doing as above, we can interpret our connection

as a global meromorphic differential system

V- f(t)% AW,

or equivalently

d
&~ B(),
where B = f~!A is a global meromorphic matrix (whose entries belongs to k).

In the preceding process it is in general necessary to introduce new poles. We
will keep our notations, always denoting by S the new singular set and by I' the new
regular set (i.e. the set S can be bigger than the set of poles of our connection).

We will also need meromorphic connections on meromorphic bundles over a con-
nected Riemann surface T'. It is easy to adapt the preceding definitions using Ap-
pendix A. We leave the details to the reader. In our applications the more general
situation will be the following: V will be a meromorphic connection on a meromorphic

bundle over T . By restriction we will get a meromorphic connection on a holomorphic
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bundle over an open dense subset I' C f/, and by a new restriction a holomorphic
connection on a holomorphic bundle over an open dense subset I' C . The sets T —T"
and T’ — T will be discrete (and in general finite) subsets and they will correspond to
the introduction of respectively equilibrium points and points at infinity.

2.2. Tensor Constructions. In this section we fix a connected Riemann surface
T, and a non trivial meromorphic vector field X over I'. We interpret this field as a
derivation on the field of global meromorphic functions kx = M(I) over I'. As we
explained in the preceding subsection, we can consider a meromorphic vector bundle
as a vector space over kg.

From a given meromorphic connection V defined on the vector bundle V', we can
obtain an infinite number of induced meromorphic connections ([17, 18, 29, 43, 66]) by
natural geometric processes. The idea is to extend naturally the connection to the ten-
sor levels, imposing that the Leibniz rule is satisfied by the tensor products (V(u®v) =
Vu®u+v®Vov) and that the action on a direct sum is the evident one (i.e. V(UBV) =
VU @ VV). So, we can construct connections: V*, ®FV, AFV, S*V, acting re-
spectively on the bundles V*, ®FV, A*FV, SkV. By definition ®°V is the field
of meromorphic functions and we endow it with the connection X (interpreted as
a derivation on this field). With all these constructions we can built various direct
sums and we can iterate the process... So, for example, A3(V* @ S?V) is an induced
connection. If a subbundle is invariant by a connection, this connection is by defi-
nition a subconnection. We can also introduce subconnections and quotients in our
machinery.

We observe the similarity of the above definitions with the derivations in differ-
ential geometry (Lie derivative, etc...). This is not a coincidence; in section 3 we will
consider a connection as a Lie derivative.

In a natural way we can generalize the above in order to consider constructions
using a family of given connections. For instance, let V1, Va two meromorphic connec-
tions over the vector bundles Vi, V5 respectively, then the tensor product V; ® Vs is
defined by the Leibniz rule as above, V1@V (u®v) = Viu®v+v®Vav, where v € Vi,
u € Vo. In an analogous way we define the direct sum of connections,...Finally we get
the tensor category of the meromorphic connections over I'. The homomorphisms of
this category are defined in the following way. A homomorphism ¢ between Vi, Vg
is a homomorphism of the underlying vector spaces (over the field kg) ¢ : Vi — V5,
such that ¢V = Va¢. (For more details and formal definitions which are not needed
here the interested reader can consult [18]).

Now, we will compute the connection matrices in some examples.

The dual connection V* is defined from the Leibnitz rule by

X <av>=<V*a,v>+ < a,Vv >,

where v € V, a € V*, <, > being the duality. If e and e* are dual frames in V' and
V*, respectively, then we have

d
< V¥ e >= 7 < e e>+ <efed>=<e*Al e >,
being A the connection matrix of V in the frame e, i.e., Ve = —Ae. Hence, we have
obtained nothing else that the adjoint differential equation: the adjoint differential
equation of
dg

ar A
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is by definition

dn
T Aty
dt n

We observe that, in order that =Y. n;e} be a linear first integral of
Vv =0,
it is necessary and sufficient that
Va=0.

This is a well known property of the adjoint. In a similar way, it is possible to prove
that the horizontal sections of S*V* are the homogeneous polynomial first integrals
of the linear equation defined by the initial connection on V.

It is usual to write V instead of V*, ®*V, etc..., if the vector bundles on which
these connections act are clear enough and we will follow this convention.

The connection A™V (dimV =m) is defined by

m
VI A e Avm) =D 01 A AVOA o AUy
=1

Then V(e1 A...Aey) = tr(A) e1 A...Aey,. And we have the differential equation for the
determinant of a fundamental matrix of (3) (v1 A...Avy, = det(v1, ..., U )e1 Ao Aep,).

2.3. Symplectic Connections. Symplectic manifolds. We are mainly in-
terested in the following particular vector bundles and connections. A holomorphic
symplectic vector bundle over a complex manifold ¥ is a vector bundle V' such that
there exists a holomorphic section  of A2V* over ¥ such that its restrictions to the
fibers of V' are non degenerate antisymmetric 2-forms. (Let m = 2n be the rank of
V.) Tt is equivalent to say that the vector bundle V' admits the symplectic group
G = Sp(2n; C) as a structure group in the sense of Appendix C (we leave the details
to the reader).

By the appendix A, a symplectic vector bundle V over a connected Riemann
surface is symplectically meromorphically trivial. As above we denote by kg the field
of meromorphic functions over I'. We denote by & the kg-vector space of global
meromorphic sections of V. The form 2 induces a kg-bilinear antisymetric map

LERE — kp
(v, w) — Q(v,w).

If v,w are holomorphic sections of V in a neighborhood of a point p € T, then
Qv,w)(p) = Qv(p),w(p)) € C. Consequently the kp-bilinear map

N:ERE— kp

is non degenerate.

Finally, for many applications, we can identify the symplectic bundle V' with the
symplectic vector space & over the field kg. In this situation all the purely algebraic
results on symplectic vector spaces over the numerical fields R or C remain also true
here ([3]). In particular, there are symplectic bases (i.e., canonical frames given by
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global meromorphic sections), and with respect to a symplectic base € is represented
by the canonical form
0 I
=(4a)

Furthermore, changes of symplectic bases are given by elements of the symplectic
group Sp(n, kg) C GL(2n, kg).

By definition we will say that a (holomorphic or more generally meromorphic)
connection V over the symplectic bundle V' (or (V,V,Q) in a more formal way) is
symplectic if Q is a horizontal section of A2V*, i.e., if it satisfies VQ2 = 0 (for a related
definition see [5]). Then, it is easy to see that, after a choice of coordinate, if we
compute the connection matrix A of V in a symplectic frame e, then it satisfies

AT+ JA=0

(To show this it is sufficient to remark that 0 = VQ = V(e* @ Je**)). This condition
is equivalent to the existence of a meromorphic symmetric matrix S such that A =
JS, and the matrix A belongs to the Lie Algebra of the symplectic Lie Group with
coefficients in the field kg. Then the equation

Vv =0
is the intrinsic expression of the linear Hamiltonian system
€ = JSE,

being £ = (&1, ...,&2,)" the coordinates of v in the symplectic base.

Conversely if the matrix of the connection V computed in a symplectic frame is
symplectic, then V) = 0 and this connection is symplectic. Therefore our definition
of a symplectic connection is equivalent to the definition of a connection with structure
group G = Sp(2n; C) that we give in Appendix A.

All the above constructions remain valid if we start with a local meromorphic
connection on the vector space V over the field C{¢}[t~!] with the suitable dictionary:
% instead X,...

We recall that a complezr analytic symplectic manifold is a complex analytic man-
ifold M, of complex dimension 2n, endowed with a closed regular (i.e. everywhere
non degenerate) holomorphic 2-form . This form is a holomorphic section of the
bundle A2T* M, therefore it is equivalent to say that the tangent bundle TM admits
a structure of holomorphic symplectic bundle.

To a holomorphic (resp. meromorphic) vector field X over M, we can associate
a holomorphic 1-form «, using the formula

a(Y)=Q(Y, X).
We get the musical isomorphisms of holomorphic fiber bundles

b:TM — T*M
h: X —

and

g:7T"M — TM.
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If H is a given holomorphic function over M (the Hamiltonian), then we get a
holomorphic vector field (the associated Hamiltonian vector field) Xy = #§(dH).

In fact, for some applications (cf. the introduction of the points at infinity below),
it is necessary to allow meromorphic Hamiltonians functions (then the corresponding
Hamiltonian vector field will be of course also meromorphic). But it can also be
necessary to allow degenerated points or poles for the canonical form 2. Then we
will consider a complex connected manifold M’ of complex dimension 2n, endowed
with a closed meromorphic 2-form 2. We will suppose that 2 is holomorphic and
regular over a non void open subset M C M’. Then we can choose M such that
M’ — M is an analytic (non necessarily regular) hypersurface Mo, C M’. The form Q
is a meromorphic section of the bundle A2T* M, therefore it is equivalent to say that
the tangent bundle T'M admits a structure of meromorphic symplectic bundle. The
manifold (M, Q) ,r) is clearly a symplectic manifold. We will call M, the hypersurface
at infinity.

EXAMPLE. Let M’ = P1(C) x P}(C), M = C?, My, = {oo} x P1(C)U P}(C) x
{oco}. We denote (x,y) € C? and by 2, ¢’ the coordinates at infinity over respectively
the first and second factor P1(C) of M’. Then we set 2 = dx Ady over M. It extends
dx’ Ady'

oy OVer a neighborhood

uniquely to a meromorphic form over M’ and we have Q) =
of {oo} x {o0}.

We go back to our general situation.

To a holomorphic (resp. meromorphic) vector field X over M’, we can associate
a meromorphic 1-form «, using the formula

a(Y) = QY, X).

By restriction to M we get the usual musical map b. This map is an isomorphism
over M. Writing the application b in coordinates in a neighbourhood of a point at
infinity, we see that b admits an inverse, this inverse is holomorphic over M but can
have poles over M.

We get the musical isomorphisms of meromorphic fiber bundles

b:TM — T"M
h: X —

and
g:7"M — TM.

3. Picard-Vessiot Theory. The Galois differential theory for linear differential
equations is named the Picard-Vessiot Theory. We shall recall the basic definitions
and results, using some different approaches to this theory ([28, 29, 32, 43, 62]). As
we will see below all of them will be useful in our paper.

3.1. Classical approach. A differential field is a field with a derivative (or
derivation) 9 =/, i.e., an additive mapping that satisfies the Leibniz rule. Examples are
M(T) (meromorphic functions over a connected Riemann surface I') with a (non triv-
ial) meromorphic tangent vector field X as derivation, in particular C(z) = M(P?1)
with L or 2L as derivation, C{z}[z~!] (convergent Laurent series), or C[[z]][z™!]
(formal Laurent series) with x% as derivation. We observe that there are some in-
clusions between the above differential fields.
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We can define differential subfields, differential extensions in a direct way, impos-
ing that the inclusions must commute with the derivations. Analogously a differential
automorphism of K is an automorphism that commutes with the derivation. The
field of constants of K is by definition the kernel of the derivation. In all the above
examples it is the complex field C. From now on we will suppose that it is always the
case.

Let

(3.1) ¢ =A¢ A€ Mat(m,K).

We shall proceed to associate to the differential system (3.1) a so called Picard-
Vessiot extension of K. A Picard-Vessiot extension L of K associated to (3.1) is an
extension L of K, such that

(a) It is differentiably generated over K by the entries u;jer of a fundamental
matrix U of (3.1). (A fundamental matrix solution U is a matrix whose set of columns
Uty ey Uy, € L™ is a fundamental system of solutions of the equation (3.1), that is a
system linearly independent over the field of constants C.)

(b) The fields K and L = K < U > have the same constants.

The existence and unicity (up to K-isomorphisms) of a Picard-Vessiot extension
is due to Kolchin. In the analytical case: K = M(T) (where I is a connected Riemann
surface), the existence of a Picard-Vessiot extension follows from the (analytic) Cauchy
existence theorem for linear differential equations. More precisely we get a different
Picard-Vessiot extension for each non singular point p € I. A homotopy class of
continuous paths between two non singular points p,p’ (avoiding singular points)
induces an isomorphism between the corresponding Picard-Vessiot extensions.

As in the classical Galois theory we define the Galois group G := Galk (L) :=
Gal(L/K) of the differential system (3.1) as the group of all the (differential) au-
tomorphism of L which leave fixed the elements of K. This group is isomorphic to
an algebraic linear group over C, i. e., to a subgroup of GL(m, C) defined by some
polynomial equations (in m? variables) over C. Also we will say that the differen-
tial extension M/K is normal if any element in M \ K is moved by a differential
automorphism of M which leaves fixed the elements of K.

It is possible to extend the Galois correspondence between groups and extensions
to this theory:

THEOREM 2. Let L/K be a Picard-Vessiot extension associated to a linear dif-
ferential equation. Then there is a 1 — 1 correspondence between the intermediate
differential fields K C M C L and the algebraic subgroups H C G = Galk (L),
such that H = Galy (L) and M = K (the subfield of L fived by H). Furthermore,
the normal extensions M/K correspond to the normal subgroups H C Galg (L) and
G/H = Galg(M).

As a corollary if we consider the algebraic closure K (of K in L), then Galx (K) =
G/G°, where G° = Galg(L) is the identity component (using the Zariski topology)
of the Galois group G (which corresponds to the purely transcendental part of the
Picard-Vessiot extension).

Another consequence of the theorem is that if A C T is a connected Riemann
surface contained and open in the connected Riemann surface I' and L is a Picard-
Vessiot extension of M(T'), then Galpay(L) C Gal ) (L). Similarly the local
Galois group Galcyy -1 (L) := Galy, (L) at a (singular) point s € T =T is a subgroup
of the global Galois group Gal vty (L) (as in the subsection 2.1, we identify the germs
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of meromorphic functions at a singular point s with Laurent series centered at this
point).

We will say that a linear differential equation is (Picard-Vessiot) solvable if we
can obtain a corresponding Picard-Vessiot extension and, hence, the general solution,
by adjunction to K of integrals, exponential of integrals or algebraic functions of
elements of K (the usual terminology is that the Picard-Vessiot extension is a Liouville
one). Then, it can be proved that the equation is solvable if and only if the identity
component G is a solvable group. In particular, if the identity component is abelian,
then the equation is solvable.

Furthermore, the relation between the monodromy and the Galois group (in the
analytic case) is as follows. The monodromy group is contained in the Galois group
and if the equation is of Fuchsian class (i.e., only has regular singular singularities),
then the Galois group is dense in the monodromy group (Zariski topology). In this
case we will say that the Galois group is topologically generated by the monodromy
group. In the general situation, the second author found a generalization of the
above and, for example, he proved that the Stokes matrices associated to an irregular
singularity belong to the (local) Galois Group (see subsection 3.3).

As in the examples along this paper the irreducible equations that we shall meet
will be of second order and symplectic ones, we recall here the classification of the
algebraic subgroups of SL(2,C). From [33], page 7 (or [28], page 32), it is possible to
prove:

PROPOSITION 1. Any algebraic subgroup G of SL(2,C) is conjugate to one of
the following types:

0 1

Q.G_GO—{<; ?),uec}.

3. G:{( 2 )\91 ),/\isarootofunity,uEC},

o {(1 2)ome)

1. Finite, G° = {1}, where 1 = ( L0 )

GO_{<3 A(_’l ),)\GC*}.

6. G:Goz{(i ;31 >,Aec*,uec}.

7. G=G'=SL(2,C).

We remark that the identity component G is abelian in the cases (1)—(5) and is
solvable in the cases (1)—(6).

An useful criterion for unimodularity is the following. The second order equation
(with coefficients p and ¢ in a differential field K)

(3.2) " +pg +q¢6=0,
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has a Galois group contained in SL(2, C) if, and ouly if, p = nd/d', n € Z, d € K. To
show this we note that for all o in the Galois group, the Wronskian W € K if, and
only if, W = o(W) = det(c)W, which is equivalent to det(c) = 1. We get the result
by the Abel formula W’ + pW = 0.

We finish this subsection with some results about abelian extensions.

We recall that a connected commutative algebraic group (over the field C) is the
direct product of its unipotent radical and a maximal torus. Therefore it has the
form G2 x GY,, being G, ~ (C,+), G,, ~ (C*,), the additive and multiplicative
unidimensional groups. We have the following results [40].(Abelian Extensions, p.
83-84.)

PROPOSITION 2. Let K be a differential field with an algebraically closed field
of constants C (characteristic zero). Let K C L be a Picard-Vessiot extension. We
suppose that Gal(L/K) = Hy x Hy is a direct product of algebraic subgroups H;. Let
L; = L C L the corresponding subfields. Then Ly @ Lo is an integral domain
whose fraction field is isomorphic to L.

PROPOSITION 3. Let K be a differential field with an algebraically closed field
of constants C' (characteristic zero). Let K C L be a Picard-Vessiot extension with

connected commutative differential Galois group. Then there exists finite families a;’s,
bj’s, ai,b; € L, such that aj € K and b’ /b; € K.

3.2. The Tannakian approach. We present now the Galois theory from an
intrinsic perspective, using connections ([17, 29, 43]). Let (V,V) be, as in section
2, a meromorphic connection over a fiber bundle of rank m. Then, we consider the
horizontal sections SolV := Sol,,V of this connection at a fixed not singular point
po € T' (we recall that they correspond to the solutions of a corresponding linear
equation). By the general existence theory of linear differential equations SolV is a
vector space of dimension m over C (if we consider the solutions in a simply connected
domain containing the point pg). Then the mapping

(V,V) — SolV

is called a fiber functor (it is a functor between two tensor categories: from the
category of meromorphic connections with poles in a set S, with pg ¢ S, to the
category of complex vector spaces).

Now, as in section 2, from a given connection we construct the family of tensor
constructions: (V, V), (V*,V*).... To this family we add the subconnections of the el-
ements of the family. (We recall that a subconnection of a construction (C(V'),C(V))
is an object (W, C(V)w ), being W a subbundle of C(V'), which is invariant by C'(V).)
The next step is to consider the corresponding spaces of solutions (i.e. horizontal sec-
tions), when one applies the functor Sol, for all the elements of this extended family.
We have C(SolV) = Sol(C(V)). Then the Tannakian Galois group of the initial
connection (V, V), GalV, is defined as the subgroup of GL(SolV) ~ GL(m, C), that
leaves invariant the spaces corresponding to all the subconnections of all the con-
structions C'(V') (that is all the elements of the extended family). We remark that
GL(SolV) acts on any construction by the usual pullback on the tensors levels. The
key point is that the above Tannakian Galois group is isomorphic (as an algebraic
group) to the ordinary Galois group G of the corresponding linear equation. This ap-
proach to the Picard-Vessiot theory is called the Tannakian point of view ([17, 29, 43]).
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It is based upon Chevalley’s interpretation of algebraic groups as subgroups of the
linear group stabilizing a line in some construction ([8, 64]).

ExamMPLE. Let (V,V,Q) a symplectic connection with rank V = 2n and X
a holomorphic vector field over I'. We denote by O the differential of the field of
meromorphic functions M(T) corresponding to X. We consider the construction
(M(T)@A2V*, 0@ A2V*). The line subbundle generated by 1+ is invariant, because
VQ =0 and, for f € Mr(T), V(f(1+9Q)) = X(f)(1+ Q) (Q is a horizontal section
of the connection A2V*). Hence, the corresponding construction C(1 + ) that we
get when we apply the fiber functor Sol is invariant by the Galois group. Therefore,
the Galois group is contained in the symplectic group Sp(Sol(V')) =~ Sp(n, C).

More generally, a linear algebraic group G’ being given, if a connection V admits
G’ as structure group, then its differential Galois group G = Gal V is (isomorphic
to) a subgroup of G’. This result is due to Kolchin, who introduced the notion of
G-extensions [32]. In Appendix C we will give a very simple Tannakian proof of this
result.

3.3. Stokes Multipliers. The objective now is to state a theorem of Ramis
(the density theorem) which relates the local Picard-Vessiot theory at an irregular
singular point with the Stokes multipliers at this point ([58, 43, 46, 9]). For sake
of simplicity, we will only explain the main concepts, in order to understand the
theorem for the particular case of a second order differential equation (or equivalently
of a system of dimension two): in this case the very delicate situation of multiplicity of
levels of summation (multisummability) cannot happen. The reader can find a good
introduction in [46] and the complete proof is in [44, 9].

We start with the local case and we will consider that the singular point is at
infinity, o = oo. Furthermore, we will denote by K := C[[z~]][z], K := C{z~'}[z],
respectively the field of formal and convergent Laurent series respectively. Then our
objective is to calculate the Galois group of the equation

(3.3) % ( 2 ) _A< 2 ) A€ Mat(2,K).

We also assume that the Newton polygon of the above equation has only one
integer slope k € N*. This is called the non ramified case and the general case can
be reduced to this one by a simple argument using a ramification. By the Newton
polygon of (3.3) we mean the Newton polygon of any equivalent second order scalar
differential equation in z = %, i.e., the Newton polygon of a differential polynomial
P[D] = pD? + gD + r (the equation is P[D]¢ = 0), being D = 4 p € C[z], ¢,r €
C{z}, p(0) = ¢(0) = 0. By the Fuchs theory, it is not difficult to see that the point
zp = oo is an irregular singular point if, and only if, in the Newton polygon there is
a side with a non zero slope.

We know from the classical formal theory (Huhukara-Turrittin, Wasow [67]), that
the system (3.3) admits a formal fundamental matrix solution U of (3.3), such that

U=Hale® LeM(@20C),

where Q = diag(q1,q2), q1,q2 € Clz], LQ = QL, and H is a formal matrix (with
entries in K).

Then the unique positive slope k of the Newton polygon of the system (3.3) is
k = degree(q1 — ¢2).
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It is interesting to observe that if ¢ = g2 = 0, then we are in the regular singular
situation: the singular point is a regular singular one and the formal matrix H is
convergent; moreover if H is its sum, then U = Hazle® is an actual fundamental
matrix solution. But, if ¢ or g» # 0, then the formal matrix H is in general divergent,
and the relation between formal and actual solutions is more delicate to understand.

In order to state the Ramis density theorem we need some terminology: we need
to define the exponential torus, the formal monodromy and the Stokes multipliers.

The exponential torus of (3.3) is an algebraic subgroup of the differential Galois
group. It is defined (up to an isomorphism) as the differential Galois group of the
Picard-Vessiot extension

K <e® e > /K.
We see that this group is the Galois group of the trivial equation (that we interpret
as defined over K):
ds _ da

— 7 _Si» | = 17 2.
dr ~ dz* "
This exponential torus is (isomorphic to) C* or (C*)? if, respectively, the rank of the
Z-module Mg C C[1/z] generated by {qi,¢2} is one or two. In the first case, the

action of C* is defined by

A . eqi — enis — A’ﬂienis

., SAE C*, Zs = MQ,
and, in the second case by
A et Net', i=1,2.

(By definition this action is constant on the coefficient field K.
The formal monodromy is the transformation M € GL(2,C), such that

U— UM,
when we make formally the circuit
T—e

The formal monodromy and the exponential torus are clearly formal invariants.
They are in the formal differential Galois group (ie, over K) and generate topologically
(in the Zariski sense) this group.

A sector at infinity is characterized by d, «, where « is the “vertex” angle and d
the bisecting line, and its “radius”. We will denote such a sector Sg(«).

To the system (3.3), we associate its singular directions. By definition, they are
the maximal decay (half) lines for the functions e =% or e~ % . Following Stokes,
it would be nice to call them “Stokes lines”. Unfortunately many people call Stokes
lines the boundaries of the sectors Sq(m/k), where d is a singular direction. Here we
will adopt this second definition.

We know from the classical asymptotic theory (Birkhoff, Wasow [67]) that, for
any open angular sector 3 at co of vertex angle < 7/k, there exists an actual analytic
matrix solution U = Hz%e® of the system (3.3) on X, such that the analytic matrix
H admits the formal matrix H as an asymptotic expansion:

H ~ H.
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This is a version of the “fundamental existence theorem”.
We will denote

U~TU.

The problem is that such a U is in general not unique and that the correspondence
U — U is not very good from an algebro-differential viewpoint. It is possible to
overcome this difficulty, using Ramis A-summability theory ([43], [44]).

For a given &k > 0 and a given direction d we say that the formal series f =
Y om0 anx” ™ € CJ[1/x]] is k-summable in the direction d if there exists a germ at
infinity of open sector X bisected by d, with vertex angle greater than x/k and a
holomorphic function f on ¥, satisfying inequalities:

n—1

2| fl@) =Y apr P |< Cw (nh)/* AR,

p=0

for every x € W, n € N, on every “proper” subsector W C ¥ and for some constants
Cw,Aw.

The function f is then unique and is called the k-sum of f in the direction d.
These definitions easily extend to Laurent series. The correspondence f — fis
an injective homomorphism of differential algebras. The k-sum f admits f as an
asymptotic expansion on . For f € K, the k-sum is of course the usual sum. Also,
we can extend the above definition to a matrix of formal series H = (h;;), by imposing
that each of its elements must be k-summable.

The following result is the key of the definition of the Stokes multipliers.

THEOREM 3. ([58]). Let (3.3) be a differential system as above. With notations
as before, the matrix H is k-summable in every non singular direction d and if H
denotes the k-sum ofﬁ in the direction d, then U = Hx'e® is an actual solution of
(8.3) on a sector ¥ = Sy(n/k) :=={t: |z| > a, argx € (d — w/2k,d+ 7/2k)} and we
have U ~ U on X.

Roughly speaking, the k-summability gives a “canonical” version of the funda-
mental existence theorem on sectors bisected by non singular directions. The corre-
spondence U Uis good: they satisfy the same algebraic-differential relations over
K.

It is clear that by an analytic extension it is possible to continue the analytic
solution U, which is the k-sum of U, over sectors Sy(c), with a > m/k. The problem
is that, in such a new sector, this solution is in general no longer asymptotic to U.
The lines that bound the sectors where the asymptotic relation (3.3) remains valid
are called the Stokes rays.

When we move the direction of k-summation d between two singular lines, the k-
sums U glue together by analytic continuation. But when d cross a singular direction
ds, there is in general a “jump” for U. This corresponds to the Stokes phenomenon.
More precisely, let dg be a singular direction and let d,*™ = d,+¢ (resp. ds” =a—¢)
where € > 0 be neighboring non singular directions of «. The k-sums U™ (resp. U ™)
of the formal fundamental solution U in the directions d, T (resp. ds~) glue together
in actual holomorphic fundamental solutions U™ (resp. U™). We have U~ = U™ Sto,.
where Stoq, € GI(2; C). By definition Stog, is the Stokes matrixz (or Stokes multiplier)
associated to the singular direction ds;. The K-isomorphism of differential fields

K<U">>K<U >
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defined by Stog, is a Galois isomorphism and therefore Sto,, belongs to the differential
Galois group.
It is possible to see that these Stokes matrices Stoq, are unipotent, i.e., of the

form
1 A
o 1 )
1 0
w1 )

In particular, they belong to SL(2, C).

In an analogous (but more delicate) way, we may describe the exponential torus,
the formal monodromy and the Stokes matrices for a local system of differential
equations of arbitrary dimension m

dg

(3.4) e A¢, A€ Mat(m,K)

or

(see [44, 9]).

Then, we can state the Ramis density theorem.

THEOREM 4 ([58, 44, 9]). . The Galois group of (3.4) is topologically generated
by the exponential torus, the formal monodromy and the Stokes matrices.

We note that among these topological generators the main source of non solvabil-
ity are the Stokes multipliers. For example, it is not difficult to prove that the Zariski
closure of the group generated by two matrices

(07)
(0 1)

where the complex numbers A\, p are both different from zero, is SL(2, C) ([11]).

3.4. Coverings and Differential Galois Groups. In some applications it is
useful to replace the original differential equation over a compact connected Riemann
surface by a new differential equation over the Riemann sphere P (i.e., with rational
coefficients) by a change of the independent variable (i.e. the original equation is a
pull-back of the new one). This new equation over P is called the algebraic form of
the equation. In a more general way we will therefore consider the effect of a finite
ramified covering on the Galois group of a differential equation. In Appendix B the
following theorem is proved

THEOREM 5. Let X be a connected Riemann surface. Let (X', f,X) be a finite
ramified covering of X by a connected Riemann surface X'. Let V be a meromorphic
connection over X. We set V' = f*V. Then we have a natural injective homomor-
phism

Gal (V') — Gal (V)
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of differential Galois groups which induces an isomorphism between their Lie algebras.

We observe that, in terms of differential Galois groups, this theorem means that
the identity component of the differential Galois group is invariant by the covering.

The algebraic version of the above theorem is due to N. Katz ([29]). This result is
also proved in [5] (proposition 4.7) in the particular case of a fuchsian connection (see
also [12, 14, 16, 6]). It is the mapping version for the so-called (in the cited references)
method of reduction by discrete symmetries. Therefore this method is also valid in
our more general setting. It is important to notice that, if one of the connections in
the proposition is symplectic, then the identity components of the Galois groups of
both connections are symplectic too.

EXAMPLE. The algebraic form of the Lamé Equation is ([57, 70])

d*n  f(x) dn Az + B

(3.5) de? " 2f(x)de f(x)

n=0,

where f(x) = 423 — gox — g3, where A, B, go and g3 are parameters such that the
“discriminant” 27g3 — g3 is non-zero. This equation is a Fuchsian differential equation
with four singular points over the Riemann sphere (i.e. a Heun’s equation).

With the well known change « = P(t), we get the Weierstrass form of the Lamé’s
equation
3.6 4
(3.6) A — (AP(1) + B)n =0,
being P the elliptic Weierstrass function with invariants gs, g3. Classically the equa-
tion is written with the parameter n instead of A, being A = n(n + 1). This new
equation is defined over a torus II (a genus one Riemann surface) with only one singu-
lar point at the origin. Let 2wy, 2ws the real and imaginary periods of the Weierstrass
function P and g1, g2 their corresponding monodromies in the above equation. If g,
represents the monodromy around the singular point, then g, = [g1, g2] ([70, 57]).

By the above theorem we see that the identity component of the Galois group is
preserved by the covering I — P!, t — x.

In reference [57], chapter IX, the relation between the monodromy groups of the
equations (3.5) and (3.6) is studied. From a modern point of view it is studied in [16].

3.5. Examples. In this section we illustrate Picard-Vessiot Theory with sev-
eral examples. In the applications we need to know if the identity component of
the associated differential Galois group is abelian, and we therefore emphasize this
property.

ExaMPLE 1. The hypergeometric (or Riemann) equation is the more general
second order linear differential equation with three regular singular singularities. We
can write it in one of its reduced forms as

d’¢  c—(a+b+1)dt ab
da? w(x—1) dr ax(z—1)

(3.7) £=0,
where a, b, c are complex parameters. The singular points are 0,1, co, being the ex-
ponent differences A\=1—¢, v =c—a — b and u = b — a respectively.

In [30] Kimura gives the necessary and sufficient conditions on A, v and p in
order to have solvability for (3.7) (they must satisfy the Tables of Schwartz and
Hukuhara-Ohasi). Except for one case in which one of the parameters is an arbitrary



GALOISIAN OBSTRUCTIONS TO NON-INTEGRABILITY 53

complex number and the others two are half-integers, the others values in these tables
are discrete. In particular, if these conditions are not satisfied, then the identity
component of the Galois group is not abelian.

EXAMPLE 2 ([43]). The Bessel equation is

(3.8) =4 T + (2% = nH)E =0,

with n a complex parameter. This equation is a particular confluent hypergeometric
equation (after a limit process two of the singular points in a variant of the hyperge-
ometric equation will coincide). Tt is one of the simplest equations with non-trivial
Stokes phenomena, and for this reason is quite useful for illustrating the ideas intro-
duced in subsection 3.3.

First, we observe that the Galois group of (3.8) is “contained” in SL(2, C), since
1/z is a logarithmic derivative (see subsection 3.1). Our Bessel equation is an equation
with two singular points, 0, oo, the first one being regular and the second one irregular.
We are interested mainly in the point at infinity.

There are several ways to compute the matrices Q and L of section 3.3. For
example, we can follow the general constructive method of the Huhukara-Turrittin
theory ([67, 7]). First, we make a formal transformation

(e)=r(u):

where P € Mat(2,K) (K := C[[z']][z]), which diagonalizes formally the equation.
The solution is precisely the formal solution in equation (1), and is found step by step
in a recursive way ([67, 7]). We get ¢1 = ix = —¢2 and L = —1/21. The exponential
torus is C* and the formal mononodromy M=-1.

The Stokes rays are Ry and R_, and the singular lines iR, iR_. Hence, we
have two Stokes multipliers (one for each singular line),

(1~
Stl_(o 1)’
10
= (10).

But, for this equation the global theory (coefficients in C(z)) and the local one
(coefficients in K = C{{z~'}}[z]) are essentially the same. (The actual monodromy
My around 0 and around oo are the same, therefore the differential Galois group at
the origin can be interpreted as a subgroup of the differential Galois group at infinity).
It is possible to compute the actual monodromy M in the classical basis at the origin
(which is of course different from the basis at infinity that we introduced in the above
computations). We get My = diag(e*™™", e=27")

It is easy to relate the actual monodromy and the formal monodromy at infinity
using the Stokes multipliers:

My = St1 M Sts.
Now, as the trace is an invariant, we get

trMo = 2cos(27n) = —Ap — 2, A\ = —4cos’mn.
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Hence, if the complex number n does not belong to Z + 1/2, then the Bessel equation
is not solvable. In fact, this necessary condition for solvability is also sufficient. By
the classical theory (see, for example, [36]) it is well known that the Bessel functions
for n € Z 4+ 1/2 are expressed by elementary functions: the Picard-Vessiot extension
is obtained by exponential of integrals of elements of C(z).

EXAMPLE 3. One of the forms of the general confluent hypergeometric equation
is the Whittaker equation ([70])

d2§_ 1 w  4p®-1

3.9 — — (=== =0

(3.9) dz? (4 z * 422 )¢ ’

with parameters x and p. The singular points are z = 0 (regular) and z = oo
(irregular).

As in the case of the Bessel equation we have two singular lines associated to
the irregular point for (3.9). For the computation of the Galois group the following
proposition is useful ([43], subsection 3.3))

PRroOPOSITION 4.
There is a fundamental system of solutions such that if a, 3 are the two complex
numbers corresponding to the two singular lines, with corresponding Stokes matrices

1 «

0o 1 )’

1 0

g 1)’
then

(i) o =0 if and only if, either k — pu € %—i—N or K+ € %—i—N.

(ii) =0 if and only if -k —p € + + N or —k + p € 3 + N.

Furthermore (with respect to the same fundamental system of solutions) the group
generated by the formal monodromy and the exponential torus is given by the multi-
plicative group

(178 )see)

As a consequence, we get an abelianness criterion expressed in terms of the pa-

rametersp:zn—l—u—%andq:zm—u—%.

COROLLARY 1. The identity component GO of (3.9) is abelian if and only if (p, q)
belong to (N x —N*)U (—=N* x N) (i.e., p, q are integers, one of them being positive
and the other one negative).

We observe that the abelian case (G° abelian) for the Whittaker equation is only
possible when the two Stokes multipliers vanish and this corresponds to the diagonal
case (4) of the classification given by Proposition 1 (the Whittaker equation is a
symplectic one). If only one of the Stokes multipliers vanishes, then we are in case (6)
of this classification, and we have solvability but the identity component of the Galois
group is not abelian. If the two Stokes multipliers are different from zero, then we fall
in case (7) with a Galois group isomorphic to SL(2, C), as we remarked in subsection
3.3.

If in the Bessel equation (3.8) we make the change of dependent variable £ =
=124 and of independent variable z = z /2i, we get a Whittaker equation



GALOISIAN OBSTRUCTIONS TO NON-INTEGRABILITY 59

2¢ 1 4An?-1

1 S
(3.10) dz? (4+ 422

)n =0,

with parameters k = 0 and g = n. As in the above change we only introduce
algebraic functions, the identity component of the Galois group of the Bessel equation
is preserved.

EXAMPLE 4. One of the more simple non-trivial linear differential equations is

the Airy equation
d2
(3.11) d—zg —2£=0.

It is clear that if (3.11) is considered over I' = C (ie, the coefficient field is the
field of meromorphic functions over the finite complex plane) it is solvable, since the
general solution is entire and, in particular, meromorphic over C and then the Galois
group is trivial.

But if we consider (3.11) over the Riemann sphere, the situation is very different:
the equation (3.11) has Galois group SL(2, C) provided the field of coefficients is C(z),
see [28, 33, 4]. More general: any equation like (3.11) but with any odd polynomial
instead of the polynomial z has also SL(2,C) as Galois group [33]. The analytical
reason for that is the complicated behaviour given by the Stokes matrices at z = oo.

We observe that all the examples in this section are equations over the Riemann
sphere (with coefficients in C(z)) and then it is also possible to apply the Kovacic
algorithm ([33, 20]).

4. Variational Equations.

4.1. Singular curves. Let us now come back to Hamiltonian systems. Let
X := Xy be the holomorphic Hamiltonian system defined on an analytic complex
symplectic manifold M of dimension 2n (the phase space) by a Hamiltonian func-
tion H. Before going to formal constructions, we shall make some comments about
the essential underlying ideas. If © = ¢(t) is a germ of integral curve (but not an
equilibrium point) then one consider the corresponding connected complete complex
phase curve i(T") in the phase space. We will denote by I' the corresponding abstract
Riemann surface. By an abuse of terminology we will say that I' is an integral curve
(from now on by an integral curve we will in general mean this abstract curve). On
the integral curve I we can use the complex time ¢ (which is defined up to a additive
complex constant) as a local parameter (uniformizing coordinate). However it is es-
sential to think I' as an abstract Riemann surface over which we can use other local
parametrizations. The only distinctive fact of a temporal parametrization is that it
allows us to express the Hamiltonian field in the simplest way: X = d/dt (here, using
a pull back, we interpret X as a holomorphic vector field on T'). When necessary
we will carefully distinguish between the abstract Riemann surface I' and the phase
curve i(I") C M which is the image of I' by an immersion 4. This immersion induces
a bijection I' — i(T"). (Be careful 7 is not in general an embedding.)

It can happen that the complex time is a global parametrization of I'. This is
frequent in the applications (cf. the example 2 below). More precisely we have an
analytic covering ¢ : C — T, t — (t). But it is important to notice that in general in
such a situation it is a infinitely sheeted covering (i.e. the function ¢ is transcendental).
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We will see later that in our theory it is not important to distinguish the curves up to
a finite covering (and we will use this convention repeatedly in the applications), but
it will be strictly forbidden to replace a curve by one of its infinitely sheeted coverings.
Therefore in the preceding situation it is important to carefully distinguish between
the integral curve I'" and the complex time line C.

In the following, the variational equation over I is locally a system of linear equa-
tions with holomorphic coefficients or in an abstract way a holomorphic (symplectic)
connection V over I'. (We get it by pull back from the variational equation over the
phase curve i(I") which is classically associated to our Hamiltonian system.)

The following step is to introduce the possibility to add singular points in order
to obtain a meromorphic (symplectic) connection on some extended Riemann surface
T. It seems natural to add the equilibrium points of X that belong to the closure
in the phase space M of the phase curve i(I") (i.e. the possible limits points of the
phase curve i(I") when the time is made infinite). The problem is that the resultant
extended set is not, in general, an analytic smooth curve. We will limit ourselves to
the following case: we will suppose that the set of equilibrium points in the closure of
i(T") is discrete (or if it is not the case that we add only a discrete subset) and that the
extended curve I is “locally” an analytic complex subset of dimension one of M. We
allow singularities on I, and in general the equilibrium points we added will precisely
be such singularities. As it is well-known from algebraic and analytic geometry we
can desingularize this curve and obtain a ”good” Riemann surface I'. This Riemann
surface is abstract and of course it is not contained in the phase space M. The
holomorphic connection V over I which represents the VE extends on a meromorphic
connection over I'. The poles of this connection are the“above” equilibrium points
and correspond to branches of the curve I' at the corresponding equilibrium point.

The reader unfamiliar with (algebraic or analytic) singular curves and their non
singular models can find some information in [31, 54, 69] (in particular [54] Theorem
4.1.11 is valid in our case if we replace the finite set of singular points by our discrete
set and the compact analytic curve by our, in general, non compact curve).

In some problems it is interesting to add points at infinityto T or to T'. We add now
to the symplectic manifold (M, w) an hypersurface at infinity Moo: M’ = MUM,. We
suppose that M’ is a complex manifold and that w admits a meromorphic extension
over M'. Then it is natural to add to the curve I the points of M, that belong to
the closure in the extended phase space M’ of this curve. The resultant extended
set is not, in general, an analytic smooth curve. As before, we will limit ourselves
to the following case: we will suppose that the set of points at infinity in the closure
of I is discrete (or if it is not the case that we add only a discrete subset) and that
the extended curve I is “locally” an analytic complex subset of dimension one of M.
Then, as before, we can desingularize this curve and obtain a Riemann surface I''. The
meromorphic connection V over I' which represents the VE extends on a meromorphic
connection over I'. The poles of this connection correspond to the equilibrium points
or to the points at infinity.

After these preliminaries we start with the formal definitions. Let x = ¢(t) (where
t is a complex parameter, not necessarily the time) be a germ of regular holomorphic
parametrized curve in the phase space (i.e. ¢ is given in local coordinates by a
convergent Taylor expansion in a neighborhood of ¢t = 0 with ¢’(0) # 0). We have
locally a homomorphism between an open disk centered in ¢ = 0 and its image by
¢. We consider two such elements ¢y, ¢o as equivalent if there exists a germ of
holomorphic function p at the origin such that p(0) = 0, p’(0) # 0 and ¢2 = ¢1 0 p
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(change of parametrization). We denote C by the set of germs of curves over the phase
space up to the above equivalence.

It is possible to endow the set C with a natural topology. If a germ ¢ belongs to
C, and is defined by a holomorphic function ¢(t) for ¢ varying in an open disk U C C,
U, then for any point to in U, we define ¢y, € C as ¢y, (t) := ¢(t + to). The sets
U(¢) := {¢:,} are a basis for the open sets in C.

Given a germ ¢ € C, the Riemann surface I' that it defines is, by definition, the
abstract Riemann surface defined by its connected component ¢(I"). For more details
see [31], chapter 7 (in this reference the analysis is made in the context of plane curves,
but it remains clearly valid without changes in our situation) or the classical H. Weyl
monograph [69], page 61.

So, if we have the germ of an integral curve which passes by a point xg, * =
¢z (1) with the initial condition ¢,,(0) = z¢, the Riemann surface which it defines
is precisely I'. We can identify I" with the corresponding (connected) phase curve
in the phase space i(I') and we get over I' the Hamiltonian field X (d/d¢ in the
temporal parametrization). (More precisely this Hamiltonian field is the pull-back of
the Hamiltonian field over M by the immersion i : I' — M.) At the points of the set
I — T, the vector field X is by definition zero (as they correspond to the equilibrium
points belonging to the closure of ¢(T") in the phase space M).

ExaMpPLE. We illustrate the above considerations with an example that will
become important in the applications. Let the one degree of freedom system which is
defined by the following analytical Hamiltonian (over C? or over an open set of C?)

145 1
H(z,y) = 59" + 50(2)-

If one considers the energy level zero, we obtain an analytic subset defined by the
equation P(z,y) = y? + p(x) = 0. We assume that this set C' is connected (if this is
not the case we select one of its connected components). Then C' is an analytic curve.
Its singular points are exactly the equilibrium points E := {(0, z) : p(z) = ¢'(z) = 0}.
So, the curve C' =T is equal to the disjoint union of I (or more precisely i(T")) and
E. And we obtain T as the corresponding non singular model of T.

In order to perform some explicit computations, we will analyze some simple
particular cases:

1) Let (x) = 223. The curve C' is now

2
P(x,y) = y* + §x3.

And
C=L=TU{(0,0)},E={(0,0)}.
We note that I' admits a temporal parametrization
(z,y) = (—6t2,12t7?).

We can desingularize the point (0,0), as usual, by using Puiseux series ([31], chapter
6), indeed we obtain only one branch (z,y) = (—6t2,12{%). We write ¢ instead of
t because this parameter is not the time (f = 1/t), this is so because the temporal
parametrization of I' is rational.
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Now we can calculate the Hamiltonian vector field X on T'. As X = yd/dx, on T,
X =d/dt (if we use the temporal parametrization), and

y(f) d __gzi

o) dtdt

at the singular point s in T —T.

2) Let ¢(x) = 22(1 — x). The curve I contains a homoclinic orbit i(T"), and the origin
as an equilibrium point. We can parametrize globally the Riemann surface I' using
the time parametrization

2 2sinht

(@), y(t) = (1 +cosht’ (1 + cosht)? )

We remark that, despite its transcendental appearance (cf. the above equations), the
Riemann surface I' is algebraic: it is only a problem related to the selected para-
metrization.. (Our global time parametrization is not one to one: it is an infinitely
sheeted covering.) Applying Puiseux algorithm we obtain (in fact, in the algorithm,
we only need the first Newton polygon) two branches and hence two points s, $2
belonging to I' — ' above the origin in T,

(z,y) = (£, + h.o.t.),
(v,y) = (£, —t + h.o.t.).

We can express the field X as (£ + ...)d/dl or (—t + ...)d/dt, respectively.

3) We observe that in example 1) the equilibrium point is degenerated and the field
X has a zero of multiplicity two at the corresponding point above it in I'. However,
in the example 2) the equilibrium point is non degenerate and the field X has a
simple zero at the two corresponding points of I. This is not casual. In fact, let
o(z) = 2™ + O(2"*1) (with n < 2) be the expansion of ¢ at the origin, then, by
a simple inspection of Newton polygon we get the following facts. If n is odd, we
get only one point belonging to I' — I, (z,y) = (£, + h.o.t.), and the field X has
a zero of order n — 1 at this point. If n is even, we get two points above (0,0) in
T -1, (z,9) = (£,t"/?), (x,y) = (f, —t"/?) and the field X has a zero of order n/2 at
each one. Of course, the above results do not depend upon the parametrization. This
simple fact is fundamental as we shall see later in the applications.

4.2. Meromorphic connection associated to the variational equation.
Once we have defined I" and the derivation X, we shall define the holomorphic con-
nection associated to the variational equation (VE) over I'. More generally if we add
some stationary points (resp. some stationary points and some points at infinity), we
shall define the meromorphic connection associated to the variational equation (VE)
over I (resp. I').

Let Tt be the restriction to T' (or more precisely to i(T")) of the tangent bundle T,
to the phase space M. It is a symplectic holomorphic vector bundle. (More formally
the fiber bundle Tt is the pull back of Th; by the immersion ¢ : I' — M.)

The holomorphic connection which defines the variational equation along I' comes
by pull-back from the restriction to i(T") of the Lie derivative with respect to the field
X:

Vo = LXy]p,
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being Y any (holomorphic) vector field extension of the section v of the bundle Tjr).

The fact that the connection V is symplectic follows from the definition of a
Hamiltonian vector field: the symplectic form is preserved by the flow.

Using locally a time parametrization ¢t on I' and local canonical coordinates
(1, ..., 2n) on M, we have the usual definition of the variational equation (VE)
along the phase curve [45] (IV A.2).

We write the Hamiltonian system @ = J %—Ij. We choose a initial value 7 for the
time t. Let ¢(¢, T, ) be the unique solution of the Hamiltonian system defined by the

initial value ¢ € M: ¢(r,7,¢) = (. Let Z(t,7,¢) = 2% t 99LT.C) e the Jacoblan of ¢ with

respect to the initial condition ¢. Then Z = JSZ, Where S(t,7,¢) = 812 L (p(t,7,0)) =
JHess H(¢p(t,7,¢)) (Hess H being the Hessian of the Hamiltonian function H). The
equation

7 = JHess HZ

is the variational equation. It is clearly a linear Hamiltonian system. The matrix func-
tion Z satisfies Z(7, 7, () = I, therefore it is a fundamental solution of the variational
equation.

We can express our connection V in a holomorphic frame (eq,...,e2,). We get
a differential system. Choosing the coordinate frame e; = a%i associated to some
coordinates x1, ..., Ta,, we get the differential system

% _ Awe

where

A(t) = %;f (x1(t), ..., wan () = JHess H(x1(t), ..., x2,(t)),

where 2 a is the jacobian matrix of X in coordinates (this is a direct consequence from
the expression of the Lie bracket [Y X;0/0z;, 0x;]). Hence we obtain the differential
system which defines the VE in its usual form

Now we add to i(I") a discrete set of stationary points (where by definition the
field Xp vanishes). We suppose that I' is obtained by local closure at the added
points of i(T") in the phase space M and that I is “locally” an analytic curve in M.
We denote by I' — I a desingularization of the curve I'. We will consider I' as an
open subset of I'. By restriction of the tangent bundle Ty, we get an holomorphic
bundle Tt over I' and by pull-back an holomorphic bundle Tt over I.

At a point stationary point a above we cannot use the temporal parametrisation
on I' . Then we choose an uniformizing variable u at a € T' (u(a) = 0), and we write
the immersion i: u — i(u). We get X (i(u)) = f(u)d/du (u # 0) with f(0) =0 (by
definition the Hamiltonian field X vanishes at i(0)). Using u as a local coordinate on
i(T"), we can write X = d/dt = f(u)d/du. Then the pull-back by i of the VE in a
punctured neighbourhood of «a is

¢ 1 09X

- W%(i(u»

It is a holomorphic differential system over a punctured neighbourhood of @ in T'. It
can clearly be interpreted as a meromorphic differential system over a neighbourhood
of a.
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Such local constructions over I' glue together and we get a meromorphic connec-
tion over T. It defines the VE over T.

When we add some points at infinity we can perform a similar construction over
[. The only difference is that the Hamiltonian field X = Xy can have a pole at a
point at infinity (due to the possible singularities at infinity of the symplectic form).
Then the function f(u) is now in general meromorphic.

4.3. Reduction to the normal variational equations. The problem of the
reduction of a linear system of equations goes back to the D’Alembert reduction of
the order of a linear differential equation when we know a particular solution.

In the Hamiltonian case, as we shall see, the mechanism which explains the re-
duction is the existence of invariant unidimensional horizontal sections (of (V, V) or
(V*,V*)) in involution.

All the bundles and connections considered in this section are meromorphic. In
the process of reduction we may need to add some new singular points to the reduced
connection, and in this case we will consider these new singularities as singular points
of the initial VE (i.e., as points of I' — I'). With this in mind, all the bundles and
connections will be defined over the same fixed connected Riemann surface T or T
(with the same “singular set”). Also, as usual, we will identify a bundle with its (sheaf
of) sections.

Let V be a symplectic vector bundle of rank 2n. Locally we can define a symplectic
form 2 which defines the symplectic structure of V. If vy, ..., vy are global meromorphic
sections of V' linearly independent over I' (vy A ... Avy € /\k V is different from zero
on I') and in involution (i.e. Q(v;,v;) =0, 4,5 = 1,...,k), then we can obtain some
subbundles of V' in the following way (we remark that, by definition, the sections
V1, ..., v have their coefficients in the field of meromorphic functions over I or f/,
being holomorphic over T).

Let F be the rank &k (meromorphic) subbundle of V' generated by vy, ...,vx. We
get F-( L with respect to the symplectic structure) as a subbundle of V. We have
clearly ' C F+. The normal bundle N := F*/F is a rank 2(n — k) symplectic bundle
which admits locally the symplectic form Qy defined by the projection of 2. It is
easy to see that this form is well defined and non-degenerate over I'. (See also [5, 38],
meromorphic vector bundles do not appear in these references but the constructions
are similar.)

Using Lemma 2 below, we can suppose that the form Q is globally defined (and
that it is meromorphic over I' and holomorphic and non degenerate over I'). We will
implicitly made these hypothesis in what follows.

The following proposition (with the same notation as above) is essentially a con-
sequence of Propositions 1.11 and 1.6 of [5] (with small changes in the notation and
taking account of the fact that we work here with meromorphic connections instead
of holomorphic connections).

PROPOSITION 5. Let (V,V,Q) a symplectic connection and v1, ..., vi an involutive
set of linearly independent global horizontal sections of V. Then by restriction we
have the subconnections (Vy =0, F), (Vp., FL) and a symplectic connection on the
normal bundle (Vy, N,V ).

Proof. Tt is obvious that the bundle F is invariant by V. The invariance of F*
by V follows from the formula

Q(Vw,v) = X(Qw,v)) — Qw, Vo) — (VQ)(w,v),
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and from the fact that V is a symplectic connection.

We define the connection Vy on N := F1/F from the action of V on the repre-
sentatives in F'- of the classes in N. Of course it is well defined (V = 0) and it is a
symplectic connection.

The connection V is called the reduced connection and the corresponding linear
differential equation the (reduced) normal equation.

We remark that although the proof of the above proposition is technically similar
to these of the propositions in [5], the philosophy here is different. Here the con-
nections V, Vy have the same singularities in I' — I'; in particular, the differential
fields of coefficients of the corresponding linear differential equations are the same
(the meromorphic functions over T').

Our objective now is to investigate the relation between the Galois group of the
initial equation Gal V and the Galois group of the reduced equation Gal V. We will
use two different methods. The first is based upon explicit classical computations.
The results such obtained are sufficient for the applications. (More precisely for these
applications it is sufficient to know that if the identity component of Gal V is abelian,
then the identity component of Gal Vy is also abelian.) The second method is based
upon Tannakian arguments. It will allow us to give a more precise relation between
the two differential Galois groups. This last relation seems interesting by itself, even
if it is not necessary for what will follows.

Let (V,V,Q) be a symplectic connection. Then we have the musical isomorphism
defined by 2

b: (V,V,Q) — (V5 V* {, }).
We set fj := b~!. The symplectic form (section) is transported to the Poisson bracket,

{a, B} = Q(8(a), 8(5))-

(In some references it is said that V* with the Poisson bracket is a Poisson vector
bundle, see for instance [38].)

Let now o € V*, v € V two sections. Then ag := a(pg), vo = v(py) are
elements belonging to the fibres at pg € I', that using Cauchy’s existence theorem
we can identify with elements belonging respectively to the vector spaces of germs of
solutions at pg: E* = SolV*, E = SolV.

LEMMA 1. Let (V,V,Q) be a symplectic connection and let o, v := b~ Lo global
sections of respectively the bundles V* and V. Then the following conditions are
equivalent

(i) « is a (linear) first integral of the linear equation defined by V.

(i) o is a horizontal section of V* (i.e., a solution of the

adjoint differential equation).

(#i) v is a horizontal section of V.

() ap is invariant by the Galois group Gal V.

(v) vy is invariant by the Galois group Gal V.

Proof. The equivalence between (i) and (ii) follows from
X(<a,w>)=<Vao,w>+ < a,Vw >,

being X the holomorphic vector field on the Riemann surface I, such that V := V.
The equivalence between (ii) and (iii) follows from

0=X(Qu,v) =X(<a,v>)=<Va,v>+<a,Vuv>.
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Now if « is a horizontal section of V*, (My(1 + ), © V*) is a rank one sub-
connection of (Mg @ V*,6 © V*). Then (as in the final example of Section 4) the
complex construction corresponding by the fiber functor Sol, that is the complex line
C(1 + ap) is (pointwise) invariant by the Galois group. So we get (iv). That (ii) is a
necessary condition for (iv) is clear from the fact that ag is a local horizontal section
at a point pg € I' that, by assumption, can be extended to a global section o. From
the unicity in Cauchy’s theorem it is necessarily a horizontal section.

The equivalence between (iii) and (v) is obtained in a similar way: we only need
to write V instead V* (another way for finishing the proof is to prove the equivalence
between (iv) and (v) using the fact that the musical isomorphism by between the
vector spaces (E,Qg) and (E*,{, }o) induces a bijection between the invariants of the
Galois group in E and E*).

Let aq, ..., ax (o; being a section of V*) be an involutive set of (global) indepen-
dent (i.e., generating a rank &k subbundle) first integrals of the symplectic connection
(V,V,Q). By the above lemma we obtain an involutive set vy, ..., v of independent
(global) horizontal sections of (V,V, Q). If as above, F is the rank k£ subbundle of
horizontal sections generated by w1, ..., vx, we can construct the subbundles and con-
nections (Vg, F), (Vpi,FY) and (Vy,N = FL/F,Qp) (in general we will write
simply V). (We remark that it is easy to prove that

Fr={weV: <a,w>=0,i=1,..,k}

([51))-

From the (meromorphic) triviality of the symplectic vector bundles (see appendix
B) and the properties of the symplectic bases (the global meromorphic sections are
a symplectic vector space over the field of global meromorphic functions K = M(T)
over ') we have

LEMMA 2. There exist a global (meromorphic) symplectic canonical frame which
contains the given linearly independent and involutive horizontal sections v1, ..., V.

Let JS be the matrix of V in a canonical frame (S is a symmetric matrix). We
define a symplectic change of variables using some new canonical frame which contains
the given linearly independent and involutive horizontal sections v, ..., V.

We denote the matrix of the symplectic change of variables by

P = (Dl D2 Cl CQ),

where Cy = (&8, ...75,‘;), and the 2n-dimensional columns vectors &;, ¢ = 1,..., k, are
the coordinates of v; in the original canonical frame. Then we have ([45]):

—CtJ
—CLJ
Dty
DLJ
AP —-P=JSP—-P=(JSD, —D; JSDy— Dy JSC;—C; 0),

Pt =

since C5 is a fundamental matrix solution of the original linear equation. Hence the
matrix of the transformed equation is

P[JS]: =P Y(JSP — P)
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CH(SDy + JDy) G CH(SCy +JCy) 0

| CYSD,+JD)) CL(SDy+ JDy) CLSCL+JC)) 0
| -DY(SD, +JDy) F —DY(SC, +JCy) 0 |’

M H E 0

where E, F, G, M and H are some matrices. The matrix P[.JS] is necessarily infini-
tesimally symplectic, i.e., of the form JS; with S symmetric (see, for instance, [45],
page 36,37). Hence C4(SD; +.JD;) (i = 1,2) and CL(SCy 4 JCy) are zero, E = —G",
M = Ft, CY(SD1+.JD;) = (CLS—CtJ)D;y and H, Ct(SCy+JCy), =Dt (SDy+.JDy)
are symmetric.

Reordering the new canonical frame, the matrix of the connection V becomes

C4{(SDy+JDy)  CL(SCi+JC1) G 0

t - ¢ o
PlIS] = —Dl(SDOl+JD1) (—DlS—()Dlj)Ol 1(; 8
F -G H 0

Then the transformed differential equation n = P[JS|n in the variable n =
(a767776) iS

= C{(SDy + JD1)a + CH(SCy + JCh)B + G,
= —D{(SD1 + JDy)a+ (—D}S — D{J)C1 3 + Fry,
= 07
=Fla -G8+ Hy.

S T O

The matrix of the reduced equation is

CH(SDy+JDy)  CH(SCy+ JCh)
—D’i(SDl +JDy) (—DfS — D’iJ)Cl '

Then we get the Picard-Vessiot extension L/K of V from two successive exten-
sions

KcLyCL,

where Ly /K is the Picard-Vessiot extension of the (normal) reduced equation (i.e.,of
Vy) and L/Ly is an extension composed by two successive extensions L/L; and
Li/Lx by integrals.

Now, using the Galois correspondence, we get

Gal(Ly/K) = Gal(L/K)/Gal(L/Ly).

It is well known that extensions by integrals are normal purely transcendental exten-
sions. Their Galois groups are additive abelian groups isomorphic to some G7, ( [28]).
Therefore Gal(L/Ly) is Zariski connected and we get the inclusion of Gal(L/Ly) in
the identity component GalVy (Gal(L/Ly) is the group H that will appear below in
the Tannakian reduction: see the next subsection).

Finally, for n = k we can solve the initial system by quadratures. This is proved
in [45]. Our computations on the matrix JS are a generalization of the computations
in this reference (we in fact kept the same notations).

If now we have the variational equation (VE) over an integral curve I" of a holomor-
phic Hamiltonian system Xy and if f1 = H, fo, ..., fx is an involutive set of holomor-
phic and independent first integrals of X g, then (see Section 5) we get an involutive
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set a1 = dH, s, ..., oy, of independent first integrals of the (VE) and we can apply the
results of this section. The (normal) reduced equation such obtained is then called
the normal variational equation (NVE).

PROPOSITION 6. Let aq, ..., € V* be an involutive set of independent (global)
first integrals of (V,V,Q). Let Vn be the reduced connection defined by the above set.
Then we have

(i) The linear differential equation corresponding to the connection

(V,V,Q) is solvable if and only if the reduced equation

corresponding to (Vn, N, Qn) is solvable.

(i) If the identity component of GalV is abelian then

the identity component of GalV n is also abelian.

Proof. Using the preceding results and the differential Galois correspondence, the
equivalence (i) follows from the general group theoretic facts that any subgroup and
any quotient group of a solvable group is solvable and that conversely, if a normal
subgroup and the corresponding quotient group are solvable then the original group
is also solvable. Claim (ii) is evident.

Claim (ii) in the preceding proposition is essential for the applications.

ExaMPLE. Now, as an example, we shall apply the above considerations to the
variational equations of a two degree of freedom Hamiltonian system along an integral
curve I'. We want to obtain the (NVE) from the (VE) when the Hamiltonian is a
natural mechanical system, H =T+ U, T = §(yf +v3), U =U(x1,22) (potential).

Then a = dH (over I') is a linear first integral (i.e., an element of V*). We
know that this is equivalent to the fact that Z = (y1,y2, —Ui, —Usz) € V (where we
used subindexes for the derivatives of the potential) is a known solution. There are
many possibilities for the choice of the symplectic change P (which is defined by a
symplectic frame admitting Z as one of its elements). We can suppose that y; and
y2 are not identically zero (if this is not the case the NVE is obtained without any
computation from the VE), then we can select a very simple solution

0 0 0 9y
-2 0 0 Y2
i Y1
P=1 0 -2 1 -u
Uz 0 —_n _y,
Y1 Y2

Applying the formula obtained above, the matrix of the NVE is

( Ui/ 1+(y1/y2)2)
y2Ur2/11 Ui/ ’

We observe that, as expected, it belongs to the symplectic Lie algebra sp(1,K) =
sl(2, K)).

4.4. Reduction from the Tannakian point of view. We will give now a new
proof of Proposition 6 using Tannakian arguments. In fact we will get a slightly more
precise result. This improvement has an independent interest even if it is not used
later in this paper.

We recall that a group G is metaabelian if its derived group G’ is abelian. In
particular, a metaabelian group is solvable.
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The relation between the initial Galois group and the reduced Galois group is
given by the following result

PROPOSITION 7. Let aq,...,ap € V* be an involutive set of independent(global)
first integrals of (V,V,Q). Let Vn be the reduced connection defined by the above set.
Then

(GalVy), = GalVy/H,

where GalVy and (GalV y)o are respectively the identity components of the Galois
groups of V and Vi, and H a closed normal metaabelian subgroup of GalVy.

Proof. With the above notations, at the level of connections we have the natural
morphisms

(V,V) < (F+, Vi) — (N =F*+/F,Vy),
(being the first the inclusion and the second the projection) and the isomorphism
b: (V,V,Q) — (V5 V* {, }).

By applying the fiber functor we get the corresponding morphisms and isomor-
phism

(E,Q) - (F()lngOL) - (NO :FOL/FOvQNo)
bO : (E,Q) I (VO*a{v})a

where E = SolV, Fy = SolV, etc... In order to simplify the notation, we will write
0 and {, } instead of Qq, {, }o.

Let Fu*,{, } be the involutive subalgebra generated by a1, ..., ax. Then we obtain
the morphisms

(E*v{v}) - (F(;d_v{v}FJJ-) - (NS = FO*J_/FO*u{v}N(;‘)a

where orthogonality | is now defined by the Poisson bracket.
We have natural morphisms of algebraic groups

Gal V — Gal Vpi — Gal V.

By composition, we get a surjective morphism ¢ : Gal V — Gal V.
We get also the corresponding morphisms of Lie algebras

LieV — LieV i — LieVy
and the surjective morphism
7w : LieV — LieVy.

We will see later in Section 5 that the Lie algebra LieV is isomorphic to a Lie
subalgebra of S?E*,{,}) and that modulo this isomorphism, the action of 3 € LieV
on E* is given by

{8,.}: 6 — {3,6}.
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Then it is easy to describe the natural morphisms
LieV — LieVpi — LieV iy

by restriction and projection of {f3, } (we observe that {3,a} =0, for any § € LieV,
a € FJ or in a shorter way {LieV, Fi} =0 ) and LieVy is considered also as a Lie
subalgebra of (S2N*,{,}), modulo a musical isomorphism.

Using the morphism of Lie algebras

7w LieV — LieV
we get an isomorphism
LieV =~ LieV /Kern.

We set Ker w:=H. Then g € H if and only if {ﬂ,Fa‘J‘} C Fj. As{E*,E*} C C,
by the Jacobi identity

{{8,0}, a} ={6,{6,a}} = {6, {8, a}},

(with 8 € LieV, 6 € E*, a € F), we get the inclusion {LieV, E*} C FO*L. Applying
again the Jacobi identity in the form

{{676/}75} = {67 {6/a5}} - {6/7 {67 5}}5

with 3,5" € H and ¢ € E* (we note that this identity is simply the expression of the
action of the commutator [A, B] as AB — BA in the usual linear representation), one
obtain {{0,5'},0} € F§. So, as the algebra H annihilate F;f we get that the derived
algebra H' is abelian, i.e., H is metaabelian and, in particular, solvable.

We set H = Ker ¢. The group H is an algebraic subgroup of Gal V. Using the
results of the preceding subsection we can interpret H as a differential Galois group
and we recall that this group is Zariski connected. Its Lie algebra is H, therefore H
is metaabelian.

From the classical Picard-Vessiot theory we get

COROLLARY 2. We have the following statements

(i) The linear differential equation corresponding to the connection
(V,V,Q) is solvable if and only if the reduced equation
corresponding to (Vn, N, Qn) is solvable.

(i) If the identity component of GalV is abelian then both,

the identity component of GalV n and the group H, are also abelian.

Proof. (i) follows from the general group theoretic fact that any subgroup and any
quotient group of a solvable group is solvable and conversely, if a normal subgroup
and the corresponding quotient group are solvable then the original group is solvable.
Claim (ii) is a direct consequence of the above proposition.

In the above corollary (i) express the meaning of the reduction: we can solve (in
the Galois differential sense) the linear equation corresponding to V when we know
the solutions of the linear equation corresponding to V.

5. Non integrability.
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5.1. Algebraic preliminaries. Let V be a symplectic complex space. We set
dimcV = 2n. We choose a symplectic basis {e1,...,en;€1,...,6,} and we denote
by (z1,...Zn;Y1,-..,Yn) the coordinates of v € F in this basis. If < v,v" > is the
symplectic product of v,v" € E, then

n
/ / /
<v,v >= E TilY; — T;Yi-
i=1

We set

Cclv]=gpstve.

k>0

We endow C[V] with the ordinary multiplication. We get the commutative C-
algebra of polynomials on V. We denote by C(V') the field of fractions of C[V]. Using
the Poisson product, we endow C(V') with a structure of non commutative C-algebra,
the Poisson structure.

Using coordinates we can compute the Poisson product of f,g € C(V):

= 0f 89 Of dg
thgh = ; dy; Ox; Oz, Oy;

The two products on C(V) are related by the Leibniz rule

{fg,h} = flg,h} +g{f, h}.

Let A C C(V) be a complex vector subspace. If it is stable by the Poisson
product, then A is a Poisson subalgebra of C(V'). The field of fractions of A is also a
Poisson subalgebra of C(V).

Let A be a subset of C(V). If, for each pair f,g € A, we have {f, g} =0, we will
say that A is an involutive subset. Then the complex vector subspace generated by A
is also involutive and is a Poisson subalgebra. Using the Leibniz rule we verify that
the subalgebra (for the ordinary product) generated by A is involutive and is also a
Poisson subalgebra.

A subset of an involutive subset is clearly also an involutive subset.

Let A be a subset of C(V). We define the orthogonal A+ of A in C(V) by

At ={f e C(V)|{f, g} =0 for every g € A}.

The biorthogonal of A is A1+ = (A+)+.

Using the Leibniz rule and the Jacobi identity we verify immediately that A+ is
a subalgebra and a Poisson subalgebra of C(V). Therefore AL is also a subalgebra
and a Poisson subalgebra of C(V).

Let A be a subset of C[V]. It is involutive if and only if we have the inclusion
A C A+, Moreover, if A is involutive, we have the inclusions

Ac Attt c At

and A+~ is an involutive subalgebra of C(V).

Let A be a subalgebra of C(V) (for the ordinary product). We will say that
f € C(V) is algebraic over A if there exists a non trivial polynomial P € A[Z] such
that P(f) = 0. The algebraic closure A of A in C(V) is by definition the set of the
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f € C(V) which are algebraic over A. The algebraic closure A of A in C(V) is a
subfield (it is the algebraic closure of the field of fractions of A).

The following result and its corollary are essential in our paper.

PROPOSITION 8. Let A C C(V) be an involutive subalgebra (that is a subalgebra
for the ordinary product which is also an involutive subset). Let A C C[V] be the
algebraic closure of A in C(V'). Then we have inclusions

Ac Ac At c At

and A is an involutive subalgebra of C(V).

Let 8 € A. Let P € A[Z] be a minimal polynomial for 3.

We choose 3’ € AL, From P(3) = 0, we get {P(3),3'} = 0. Using 3 € A and the
Leibniz rule we see easily that the operator {.,3'} is a A-linear derivation on A[S3],
therefore

(P(3). 7'} = 52 (DB.5) =0.

As the polynomial P is minimal, we have g—g(ﬁ) # 0 and therefore {3, 3’} = 0. This
yields A € A++. As A+ is involutive, the subalgebra A is also involutive.

COROLLARY 3. Let V' be a symplectic complex space. We set dimcV = 2n. Let
A C C(V) be a subalgebra (for the ordinary product) which is generated by a finite
involutive subset o = (au,...,ap). We suppose that the n elements aq,...,q, are
algebraically independent. Then

(i) A is an involutive subalgebra,

(ii) At is an involutive subalgebra,

(iii) A= A+ = A+L.

Claim (7) is evident.

Let f € AL, Tt is orthogonal to a C A. The n elements a,...,q, are alge-
braically independent and in involution, therefore f and ag,...,, are algebraically
dependent; we admit this claim and we will prove it later: cf. Corollary 4 below. Then
f € A. We get an inclusion A+ C A. Using the proposition, we get also the inclusions
A c A c AL, Therefore A = A+ = A+L. The subalgebra A+t is involutive.
Claim (%) follows.

We set as usual

where I, is the (n,n) identity matrix.
We have Jt = —J = J~ L.
A (2n,2n) matrix M is symplectic if and only if

M'JM = J.

A (2n,2n) matrix M is in the Lie algebra of the Lie group of symplectic matrices
if and only if

M'J+ JM = 0.
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This is equivalent to (JM)' = JM, that is to the fact that the matrix JM is sym-
metric.
The symplectic structure on the symplectic space V' gives the musical isomorphism

b:V — V™

If X is the column vectors of the coordinates of v € V' in the chosen symplectic
basis, then the column vector of the coordinates of b(v) in the dual basis is JX.

Using the contraction V* ® V' — C between the first and the third factor in
V*®V ®V, we get an homomorphism

V@V — End(V).

It is well known that it is an isomorphism and in general we will identify V* ® V and
End(V) modulo this isomorphism.

We set ¢ = idy+ @ (3b). The map ¢ : V* ® V — V* @ V* is an isomorphism.
We can interpret ¢ as an isomorphism End(V) — V*®@ V*. An element u € End(V)

belongs to the Lie algebra sp(V) if and only if ¢ (u) is invariant by the symmetry

VeV =V eV"

VW w .
Then 1 (u) defines an element of S?V* and ¢ induces an isomorphism
¢ :sp(V) — S?V*,

If we use as before the chosen symplectic basis of V' and the dual basis of V* and
if we denote respectively by M and M’ the matrices of u € sp(V') and the matrix of
the quadratic form corresponding to ¢(u) € S?E*, then

1
M' = -JM.
2

We define an operation of the Lie algebra End(V) on V* by w +— —u(w). Using
this operation and the natural operation of End(V) on V, we get an operation of
End(V)on V*®V:

wRvi— —ut(w) ®v+w® u(v).

If we identify V* ® V' with End(V), then the corresponding operator is [u, .].

LEMMA 3. (i) Modulo the isomorphism ¢ : sp(V) — S?V*, the operation of
sp(V) on V* defined above corresponds to the action of S?V* on V* by the Poisson
product.

(ii) Modulo the isomorphisms ¢ : sp(V) — S?V* and b : V — V*, the natural
operation of sp(V) on V corresponds to the action of S2V* on V* by the Poisson
product.

We use the chosen canonical basis on V' and the dual basis on V*. Let M be the
matrix of u € sp(V). Then M’ = 1JM is a symmetric matrix. It is the matrix of
the quadratic form corresponding to ¢(u). We denote by X (resp. X’) the column
vector of the coordinates of v € V* (resp. v € V*) in the dual basis. We set
Xt = (zyy), X' = (2'59'). We set f(z;y) = X'M'X and g(z;y) = X"*X. We
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A B

Bt D

2t Az + y' Dy + 2! By + y' Btz and g(z;y) = o'tz + ¢ty = 2t2’ + yty/'.
We have

denote M' = % ) The matrices A and D are symmetric. Then 2f(x;y) =

{f.g}(z;y) = 2 (- Ay’ + Ba') + y'(-B'y + D2’).

Then {f,g}(z;y) = X'X” = X"*X, where X" = M” X', with M” = (g __gt )

-B" —-D B -A
= — Y = — t =
We have M = —2JM ( A B ) and —M (D _Bt).We have
finally M” = —M*. That ends the proof of claim (3).
Claim (%) follows from the equality

B —A ~B' -D
(5 )-8 7))

—JM”J =M.

LEMMA 4. Let ¢ : sp(V) — S2V* be the isomorphism of complex vector spaces
defined by ¢ = idy- @ 3b. If sp(V) is endowed with its Lie algebra structure and if
S2V* is endowed with its Poisson algebra structure, then ¢ is an isomorphism of Lie
algebras.

We can define a Poisson action of S?V* on V* @ V*: {f,g® h} = {f, g} ® h +
g@{f, h}.

Using the preceding lemma we see that the action of sp(V') on V*®V defined above
corresponds with the Poisson action of S?V* on V* ® V* modulo the isomorphisms
¢:sp(V) — S?V*andidy- @ 3b: V*®@V — V*@V*. (In claim (ii) of the preceding
lemma, we can replace the isomorphism b by the isomorphism %b) The isomorphism
idy« ® %b :V*RV — V*®@V™* induces the isomorphism ¢ and the action of u € sp(V)
on sp(V') is v + [u, v]. That ends the proof of the lemma.

Let u € sp(V). Using the action of u on V* that we have defined above we get
an action on C[V]. We denote f +— wu.f this action.

Let G C sp(V) be a Lie subalgebra.

We recall that f € C[V] is an invariant of G if u.f = 0 for every u € G.

THEOREM 6. Let V' be a symplectic complex space. We set dimcV = 2n. Let
G C sp(V) be a Lie subalgebra. Let o = (aq,...,a,) be a finite involutive subset.
We suppose that the n elements o, ..., oy, are algebraically independent. We suppose
that o, ..., ay are invariants of G. Then the Lie algebra G is abelian.

Using a preceding lemma we see that u.f = 0 is equivalent to {¢(u), f} = 0.
We denote by A the subalgebra generated by «. This algebra is involutive, At is
involutive (cf. corollary) and ¢(G) C A+. As ¢(G) is a Poisson algebra isomorphic to
the Lie algebra G, the result follows.

Let U C C™ be a connected open subset. We denote by O(U) the C-algebra of
holomorphic functions on U. We denote by M(U) the field of meromorphic functions
on U, that is the fraction field of O(U). Let fi,..., fm € M(U). We will say that
they are functionally dependent if there exists a non trivial relation Y .* | g;df; = 0
with g1,...,9m € M(U) (91,...,9m # 0), that is if the meromorphic differential
forms dfy, ..., df,, are linearly dependent upon the field M(U).
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It is easy to prove the following result.

LEMMA 5. Let U C C™ be a connected open subset. Let f1,..., fm € M(U). The
following conditions are equivalent:
(i) f1,..., fm are functionally independent;

(ii) there exists an open connected dense subset V.C U such that f1,..., fm €
O(V) and rankc  df1(x),...,dfm(xz) =m for every x € V;
(iii) there exists a point x € U such that fi,..., fm are holomorphic at x and

such that rankc  (dfi(x),...,dfm(x)) = m.

PROPOSITION 9. In C(V) = C(z1,...,x,) functional (over some open set U of
V') and algebraic dependence (over C) are equivalent

This result is well-known and it is proved (for instance) in [5], Proposition 1.16,
p- 12. We will give the proof for completeness.

For proving the Proposition 9, we recall the following result ([5]), Proposition
1.15, p. 11).

PROPOSITION 10. Let L C K be a field extension of 0-characteristic fields. Then
any derivation on L extends to a derivation on K.

Let f1,..., fm € C(x1,...,x,). If P(f1,..., fm) = 0 for some polynomial P €
ClZ1, ..., Zm), then dP(f1,..., fm) = 3 5% P(f1,- -, fm)dfi = 0, therefore fi, ...,
fm are functionally dependent.

Conversely, if the f;’s are algebraically independent then C(f) = C(f1,..., fm) is
a transcendental extension of degree m of C and the differential operators 9/9f; are
well defined on C(f). We have aififj = 0;;. We have a field extension C(f) C
C(x1,...,2y,), therefore the differential operators 9/9f; extend to derivations D;
on C(z1,...,2,). We have clearly D;f; = 6;;. We define the vector fields X; =
>im1...nDi(2;)0/0z; (i =1,...,m). Forevery g € C(z1,...,,) we have (dg, X;) =
D;g. Let g1,...,9m € C(z1,...,2y,) such that )., g;df; = 0. If we contract this
relation with the vector field Xy, we get gr = 0. Therefore the fi’s are functionally
independent.

ProroSITION 11. Let V' be a symplectic complex space. We set dimgV =
2n. Let C(V) be the field of rational functions on V. Let f1,..., fny1 € C(V) =
C(x1,...,%9,) be in involution. Then the functions fi, ..., fn, fnt1 are functionally
dependent over an open domain U C V.

This proposition is well-known in the real (differentiable) case. In the complex
case the same proof works well. We shall give the proof for completeness.

We can interpret b as an isomorphism between the holomorphic fiber bundles TV
(tangent bundle) and T*V (cotangent bundle). We denote by f the inverse isomor-
phism.

If we assume that the functions fi, ..., fn, fnt1 are functionally independent, then
they are regular and rank(dfy, ..., df,+1) =n + 1, on a dense open domain U.

The C-linear forms df; (), ..., dfn+1(x) € T,,V* are linearly independent for every
x €U. Let 29 € U. We set fi(x9) = ¢; € C. The subset ¥ = {f1 =c1,..., fat1 =
¢n+1} C U is an analytic (smooth) submanifold of complex dimension n — 1. The
vector fields Y; = idf; (i = 1,...n+ 1) are tangent to ¥ (df;(Y;) = {fi, f;} = 0) and
linearly independent over the complex field at each point of V. (The linear map f
induces an isomorphism between 7, V* and 7, V.) This implies dim ¥ > n 4+ 1 and
we get a contradiction.
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COROLLARY 4. Let V be a symplectic complex space. We set dimcV = 2n. Let
fis-ooy far1 € C(V) = C(z1,. .., 22,) in involution. Then

(i) f1,-.., fn+1 are algebraically dependent

(i) if, moreover f1,..., fn are algebraically independent, then f,i1 is algebraic
over the C-algebra generated by f1,..., fn.

The functions f1,..., fn+1 are functionally dependent (on some open subset),
therefore they are algebraically dependent (over the complex field C).
If the functions fi,..., f, are algebraically independent, then we get a rela-

tion P(fl,...,fnJrl) = A, 77173-1 4+ ...+ AO = 0, where P € C[Fl,. ..,FnJrl] and
Aoy ..., Ay € C[Fy, ..., F,] = Clf1,..., fa] ( being done the last isomorphism by the
algebraic independence of f1,..., f,) with m > 0.

With this result we can end the proof of Corollary 3 and therefore the proof of
Theorem 6.

5.2. Main result. Let E be a complex vector space of dimension m > 1. As
above we denote by C[E] the C-algebra of polynomial functions on F, and by C(E)
the field of rational functions on E (i.e. the quotient field of C[E]).

Let G C GL(E) be an algebraic subgroup. We define a left action of G on C[E]
or C(E) by (g9,f) =g.f =fog (g€ G,feC(E)). (It corresponds clearly to
the usual action of G on the constructions over E.) Let G be the Lie algebra of G.
If u € G C End(E), we define its action on V* by —'u and its action on E* ® E* by
—tu®1—1®"u. Its natural action f +— we f on C[E] (isomorphic to the symmetric
tensor algebra S*(E*)) or on C(E) follows using evident formulas.

We define by C[E]“ (resp C(E)%) the C-algebra of G-invariant elements of C[E]
(resp C(E)) (i.e. those f € C[E] (resp. C(E)) such that g.f = f, for all g € G). If
feC(V)% thenue f =0 forallu € G.

We can clearly identify C with a subfield of C(E)“. As in [14, 5], for r > 1, we
will say that an algebraic group G is r-Ziglin if transdeg C(E)“ > r. We will say that
an algebraic group G is r-involutive Ziglin if there exists r algebraically independent
elements fi,..., f» € C(E)% in involution.

We can state now our main results.

In order to facilitate the main applications to non academic problems, we will
give three versions of this main result and add some corollaries for local situations.
(Each statement will generalize the preceding.)

Let T be the abstract Riemann surface defined by a non stationary connected
integral curve i(T") of an analytic Hamiltonian system Xy with n degrees of freedom
on a symplectic complex manifold M.

THEOREM 7. If there are n meromorphic first integrals of Xgy which are in
involution and independent over a neighbourhood of the curve i(T") (not necessarily
on T itself), then the Galois group of the VE over T is n-involutive Ziglin. This
Galois group is the Zariski closure of the monodromy group. Furthermore, the identity
component of the Galois group of the VE over I' is abelian.

The following result is a consequence of a theorem of Ziglin ([74] Theorem 2,
Remark 1). As an exercise, we give here a different proof. In fact Ziglin’s result is
stronger: he does not need involutivity hypothesis. We will come back to Ziglin’s
theorem later.

COROLLARY 5. We suppose that there are n meromorphic first integrals of Xg
which are in involution and independent over a neighbourhood of the curve i(I') (not
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necessarily on T itself). Let g, ¢’ be elements of the monodromy group. We suppose
that they are non resonant. Then g must commute with g'.

Proof. Let G’ be the Zariski closure in the Galois group G of the subgroup
generated by g and ¢’. Let H (resp. H') be the Zariski closure of the subgroup
generated by g (resp. ¢'). Because g and ¢’ are non resonant, the groups H and H’ are
maximal torus in the symplectic group, i.e., they are conjugate to the multiplicative
group of dimension n

T = {diag(\i,..; i, AT s M5 M € CF i =1, ., n )

(' see [5], proposition 2.13)
Therefore they are Zariski-connected. It follows that G’ € G°. Applying theorem
7 we see that G’ is abelian, therefore g and ¢’ commute.

We add now to the curve i(I") a discrete set of stationary points. We get a singular
curve I' C M. Let I" be a non singular model of I

THEOREM 8. If there are n first integrals of Xy which are meromorphic and in
involution over a neighbourhood of the curve I' and independent in a neighbourhood
of T' (not necessarily on T itself), then the Galois group of the meromorphic VE over
' is n-involutive Ziglin. Furthermore, the identity component of the Galois group of
the VE over T is abelian.

We add now to the symplectic manifold (M,w) a hypersurface at infinity My
(M" = M U M) and to the curve i(T') a discrete set of stationary points and a
discrete set of points at infinity. We get a singular curve I' € M’. (We assume as
before that w admits a meromorphic extension over M’.) Let I’ be a non singular
model of .

THEOREM 9. If there are n first integrals of Xy which are meromorphic and in
involution over a neighbourhood of the curve I' in M’ (in particular meromorphic at
infinity) and independent in a neighbourhood of T (not necessarily on T itself), then
the Galois group of the meromorphic VE over T' is n-involutive Ziglin. Furthermore,
the identity component of the Galois group of the VE over I' is abelian.

Be careful: when we are in the third case we can consider three different Galois
groups corresponding to the variational equations over three (in general different)
Riemann surfaces (I', ' and I'). (Each group contains the preceding.) But our
abelian criterion is less and less precise (the set of allowed first integrals is smaller at
each step...). Unfortunately it is in general difficult to compute the differential Galois
group. (If the Riemann surface is open it is a transcendental problem.) The best
situation is when, in the second (resp. the third case), the Riemann surface I' (resp.
') is compact (and therefore algebraic). Then the connection is defined over a finite
extension of the rational functions field C(z) and there exists an algebraic algorithm
to decide if the identity component of the differential Galois group is solvable and
more precisely there exists a procedure to find a basis for the space of Liouvillian
solutions ([63, 42]). So in that situation we get the existence of a purely algebraic
criterion (unfortunately not yet effective...) for rational non integrability. (Notice
that, if the manifold M’ is algebraic, then I is algebraic.)

It is important to notice that, if the meromorphic VE over IV is reqular singular
(i.e. of Fuchs type), then our three differential Galois groups coincide. Then, if we
are in the algebraic situation that we described above, we get an obstruction not only
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to the existence of n rational first integrals in involution, but more generally to the
existence of n first integrals meromorphic on the initial manifold M and in involution.
(An arbitrary growth at infinity is allowed.)

In fact in many practical situations, the situation is the following: the Riemann
surface T is an affine curve (i.e. T =T" — S, where I'” is a compact Riemann surface
and S a finite subset), the VE (resp. the NVE) is a holomorphic connection V on
a trivial holomorphic bundle over the Riemann surface I' and can be extended as
a meromorphic connection V" on a trivial bundle over T”. If moreover this last
connection V" is regular singular, then the differential Galois groups of V and V”
coincide. Therefore we can (theoretically...) compute algebraically the differential
Galois group and we can apply Theorem 7. Of course we will have in general IV = T'
or I/, but, for the applications it is not necessary to verify this fact! These remark will
be very useful for some important (non academic...) applications. We can conclude
that Theorems 8 and 9 are really interesting when we get irregular singularities at
the singular points (stationary points or points at infinity), in particular in the local
situations that we will describe now.

In the following two corollaries we will give some local versions of our results.

Locally on T or at a regular-singular point of I', Ziglin’s Theorem or our main
result give nothing. But, using our main result, we can get some proofs of local non-
integrability at a stationary point (or at a point at infinity) in some cases (cf. below:
6. Example 1).

Let Xy be an analytic Hamiltonian system with n degrees of freedom on a sym-
plectic complex manifold M. Let a be a stationary point of Xz. Let I' be a germ of
(perhaps singular) analytic curve at a which is the union of {a} and a connected non
stationary germ of phase curve. Let I’ be a germ of smooth holomorphic curve which
is a non singular model for I.

COROLLARY 6. If there are n germs at a of meromorphic first integrals of Xpg
which are in involution in a neighbourhood of a (in particular meromorphic at infinity)
and independent in a neighbourhood of a (not necessarily on T itself), then the local
Galois group of the meromorphic germ at a of VE over T' is n-involutive Ziglin.
Furthermore, the identity component of the local Galois group of the germ at a of VE
over T is abelian.

We add now to the symplectic manifold (M, w) an hypersurface at infinity M
(M' = M U M) and to the curve i(I') a point at infinity co € M. We get a germ
at oo of singular curve I''. (We suppose that w admits a meromorphic extension at

COROLLARY 7. If there are n germs at oo of first integrals of Xy which are
meromorphic and in involution in a neighbourhood of co in M' and independent in
a neighbourhood of oo (not necessarily on T itself), then the local Galois group of
the meromorphic germ at oo of VE over I' is n-involutive Ziglin. Furthermore, the
identity component of the local Galois group of the germ of VE over " is abelian.

We will now prove Theorem 7. Later we will indicate how to modify the proof in
order to get theorems 8 and 9.

Let V,V be the holomorphic symplectic vector bundle and the connection cor-
responding to the variational equation of our Hamiltonian system along the solution
I". On the symmetric bundle S*V* of polynomials we can define the structure of a
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Poisson “algebra” (over the sheaf Or of C-algebras of holomorphic functions on I') in
the following way.
Let d be the differential over the fiber, i.e.

d:SFV: — sV v,
Oa

da = a_ iy
o 8771_@17

being 11, ..., N2y, fiber coordinates in the bundle V* (this is a special case of the differ-
ential of Spencer).
Then we obtain the mappings,

dod: S*V* @ SV — (SFlV e V) o (S"TIVF e V)
Idey: (S VeV eSS V) eV — SV eV e sV e V*
c: Sk—lv* ® V* ® ST—IV* ® vV — Sk—lv* ® Sr—lv*
sym : Sk—lv* ® ST‘—lV* . Sk+r—2v*’
where f := b~!, ¢ and sim are duality by the symplectic structure (musical isomor-

phism), the contraction between V' and V*, and the symmetric product.
The Poisson bracket

{}:SP VsV — sHRYE,

is the composition of the four above maps. In a direct way we can prove that it is the
usual Poisson bracket in coordinates, if we only derivate with respect to the fiber, i.e.

0008 dadp
(0.0 =2 509~ o o

in a canonical frame and canonical coordinates &, 77. We can extend by bilinearity {, }
to all the symmetric algebra S*V*, and obtain a Poisson algebra (S*V*,{,}) (more
precisely a O(T")-Poisson “algebra”).

From now on we fix a point pg € I'. Let Ey = Sol,,V be the space of germs
at po of solutions (i.e. horizontal vectors of the connection V). We can associate
to a germ of solution its initial condition at pg. We get an isomorphism between
Ey and E = V,, = T,,M. The C-algebra C[E] is a complex Poisson subalgebra
of the complex Poisson algebra underlying the O(T')-Poisson algebra (S*V*, {,}),
and the natural isomorphism Fy — F induces an isomorphism between this Poisson
algebra and the natural Poisson algebra (C[E], {, }) that we defined above (using the
symplectic structure on E = V,, = T, M ). In the following we will identify these two
algebras.

The Galois group G of the variational equation acts on C[E] and the algebra of
invariants C[E]“ is also a Poisson subalgebra. Indeed since G is a symplectic group,
G commutes with the symplectic form and, for ¢ € G, o, 3 € C[E|® o{a,B} =
{oa, 06} = {a, 5}.

We can now replace the holomorphic bundle S*V* (whose sections are functions
which are meromorphic on the basis and polynomial on the fiber) by the holomorphic
locally trivial bundle LV* whose sections are functions which are meromorphic on
the basis and rational on the fibres. We extend easily the preceding constructions to
this bundle. The C-algebra C(E) is a complex Poisson subalgebra of the complex
Poisson algebra underlying the O(T)-Poisson algebra (LV* {,}), and the natural
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isomorphism Ey — F induces an isomorphism between this Poisson algebra and the
natural Poisson algebra (C(E),{, }) that we defined above. In the following we will
identify these two algebras. The Galois group G of the variational equation acts on
C(E), it commutes with the Poisson product and the algebra of invariants C(E)% is
also a Poisson subalgebra.

In the following, by definition, a first integral of the variational equation (or of
the corresponding connection V) is a meromorphic function defined on the total space
of the bundle V', which is meromorphic over the basis and rational over the fibers (i.e.
a meromorphic section of the bundle LV*) and which is constant on the solutions (i.
e. horizontal sections). As the symplectic fiber bundle V' is meromorphically trivial
(as a symplectic bundle), such a first integral can be interpreted as an element of
MDY, .- m2n) ((1,0,...,0),...,(0,...,0,1) corresponding to a global meromor-
phic symplectic frame).

Let f be a holomorphic first integral defined on a neighbourhood of the analytical
curve (I"). Then for any point p € I' we define the junior part [f], of f at p as the
first non-vanishing homogeneous Taylor polynomial of f at p with respect to some
coordinate system in the phase space. This process has an invariant meaning and
the junior part [f], must be considered as a homogeneous polynomial on the tangent
space T,M =V, at p (see [5] for the details). Furthermore, the degree k € N of this
polynomial is the same for any point p € T" ([5], Proposition 1.25). In this way, when
p varies in I', we obtain a holomorphic first integral (polynomial on the fibres) of the
variational equation defined on the bundle T-M = V ... It is a holomorphic section
of S*V*.

Let f be now a meromorphic first integral defined on a neighbourhood of the
analytic curve i(T"). Then for any point p € T' we can naturally extend the map
f — [f]p to the fraction fields and define the junior part [f], of the meromorphic first
integral f at p. This junior part [f], must be considered as a homogeneous rational
function on the tangent space T, M = V), at p. Furthermore, the degree k£ € Z of this
homogeneous rational function is the same for any point p € T' ([5], Proposition 1.25).
In this way, when p varies in ', we obtain a meromorphic first integral (rational on
the fibres and holomorphic on the basis) of the variational equation defined on the
bundle TrM = V. It is a holomorphic section of LV™*.

Let f, g two meromorphic first integrals in involution in a neighbourhood of the
analytic curve i(I'). If we denote respectively by f° ¢° the junior parts of them
at po, then these rational functions are also in involution. Indeed 0 = {f, g} =
{fe+h.ot.,g-+hot}={fr,g-}+h.o.t., where the first term has the degree k+r—2.
The involutivity of f° and ¢° follows from this and from the definition of the junior
part ([5]).

Now we are going to recall a fundamental Lemma due by Ziglin. Let f be a
holomorphic function defined over a neighbourhood of the origin in a finite dimensional
complex vector space E. We define the junior part f© of f at the origin ([5]). It is an
homogeneous element of the rational function field C(E).

LEMMA 6 (Ziglin Lemma,[74]). Let f1,..., fr be a set of meromorphic functions
over a neighbourhood of the origin in the complex vector space E. We suppose that
they are (functionally) independent over a punctured neighbourhood of the origin (they
are not necessarily independent at the origin itself). Then there exists polynomials
P, € C[Xy,...,X;] such that, if gi = Pi(f1,...,fi), then the r rational functions
gy,...,9% € C(E) are algebraically independent.
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The following result is proved in [74], [5].

LeEmMMA 7. Let V,V be the holomorphic symplectic vector bundle and the con-
nection corresponding to the variational equation over I'. Let fO be a first integral of
the variational equation, holomorphic over the basis and rational over the fibers. Let
p € I'. Then the rational function fg is invariant under the action of the monodromy
group m1(M;p).

The point p defines a representation of the differential Galois group G of the
variational equation as a closed (in Zariski sense) subgroup of GL(V,). We will write
G C GL(V}). Then the image p(m1 (M ;p)) of the monodromy representation at p is a
Zariski dense subgroup of G. We get the following result.

LemMMA 8. Let V,V be the holomorphic symplectic vector bundle and the con-
nection corresponding to the variational equation over I'. Let fO be a first integral of
the variational equation, holomorphic over the basis and rational over the fibers. Let
p € I'. Then the rational function fg is invariant under the action of the differential
Galois group of V.

We will need generalizations of this lemma when we will have singular points
(equilibrium points or points at infinity) and when we will consider variational equa-
tions over I' or IV. But in such cases it is in general not true that the image of the
monodromy representation is dense in the Galois group and our preceding proof no
longer works. Therefore we will give below a new proof of Lemma 8 which remains
valid, mutatis mutandis, in all cases. It is very elementary (even almost trivial...) but
central in the proof of our main results. In fact we will prove a slightly more general
result.

LeEMMA 9. Let V,V be the holomorphic symplectic vector bundle and the con-
nection corresponding to the variational equation over I'. Let f° be a first integral
of the variational equation, meromorphic over the basis and rational over the fibers.
Let p € T'. We suppose that f° is holomorphic over the basis in a neighborhood of p.
Then the rational function fg is invariant under the action of the differential Galois
group of V.

We shall give two different proofs of this lemma.

First Proof. As above we choose a global meromorphic symplectic frame

(¢17"'7¢2n)

for the symplectic (meromorphically trivial) holomorphic bundle V over I'. Using this
frame, we identify the field of meromorphic sections of LV* with M(T)(n1, ..., 72n)-
We fix a point p € I'. The frame allows us to identify the fiber V,, with the space
C2n (with its canonical symplectic structure). We can suppose that (¢1,. .., ¢2,) are
holomorphic and independent at p. Then, in a neighbourhood of p, we can choose
an uniformizing variable = over the basis and write the connection V as a differential
system An = %77 — A(z)n, where A is a holomorphic matrix.

Let ((i(x),...,Cmn(z)) be the set of solutions satisfying the initial conditions
¢1(0) = (1,0,...,0),...,C2n(0) = (0,...,0,1) at the point p (z = 0). The system
(C1y- -+, Capn) defines uniquely a Picard-Vessiot extension M(T') < (3, ..., (2, > of the
differential field M(T"). Using this system we get a representation of the differential
Galois group G of V as a subgroup of Sp(2n; C) C GL(V},).
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Let fO = fO%x;m1,...,m2n) € M(T)(n1,...,72,) be a first integral of the varia-
tional equation, meromorphic over the basis and rational over the fibers. We sup-
pose that f9 is holomorphic over the basis in a neighborhood of p. To a fixed
A= (A, o, 2m) € C?" we associate the solution ny = M + ..., onCon. In a
neighborhood of p, we have fO(x;n\(z)) = f°(0;A) € C. We can interpret fO(x;n))
as an element of the Picard-Vessiot extension M(T") < (1,..., (2, >. In this Picard-
Vessiot extension this element is a constant (i.e. it belongs to C), therefore it is
invariant under the action of G. When \ varies in C?" the function A — f°(0; \) is
rational: it is the expression in coordinates of the function fg .

Let 0 €G. Using the definition of a differential Galois group, we get o(f°(z;n))) =
fo(x;0(nn)) = £2(0;A) = fO(0; ), where pu = o(12)(0).

Then 0’( = BC, with B = (b”) S Sp(2n, C) ‘We have U(Zz )\1<1) = Zi,j blj/\ZCJ
Therefore 4 = 'BX and f°(0; A) = f°(0;*BA). This proves the invariance of f; under
the action of G.

Second Proof. We sketch a second proof based upon Tannakian arguments. Let
f° € LV* be a first integral of the variational equation. We first suppose that f°
is not a polynomial. Then we can write f° = %, being h € S*V* and g € S"V*
relatively prime symmetric tensors. If v is a solution of the variational equation
(that is Vo = 0) then the equation X,(f°(v)) = 0 is equivalent to the equation
(SkV*h(v))g(v) — h(v)(S"V*g(v)) = 0. Consequently we get two equations

SkV*h = ah,
S"V*g = ag,

where a is an element of the coefficient field K of the variational equation.

We set W = S*¥V* @ S"V* and Vi = S¥V* @ S"V*. The one-dimensional
K-vector subspace W/ = K(h + g) of the K-vector space W is clearly stable under
the action of the connection V. We denote by V- the restriction of Vi to W',
Hence we get a rank one subconnection (W', V) of the connection (W,Vy) =
(SkFV* @ STV*, SFV* @ S™V*). This last connection is an object of the tensor category
of the (generalized) constructions over V. Then we can choose a point p € T' and
introduce the corresponding fiber functor. The space of germs at p of horizontal
sections of the subconnection (W', V) is a complex line in the complex space of
horizontal sections of the connection (W, V). From the Tannakian definition of the
Galois group G, this complex line is invariant by G. This complex line is generated
over C by an element ¢(h, + ¢,) where ¢’ + ap = 0. The invariance of the rational
function fpo = Z—:: by the Galois group G follows immediately. (The above proof it

is not far from some arguments used in J.A. Weil’s Thesis ([68]) for the study of
Darboux’s invariants.)

If 9 is a polynomial, we set f = f° g = 1. The equation X,(f°(v)) = 0 is
equivalent to the equation (S¥V*f(v)) = 0. Then we can replace in the preceding
proof the connection K (h+g), S*V* @ S"V*) by the connection (K (1+ f), 5 ®S*V).
This connection is a rank one subconnection of the connection (K @ S¥V*, §x © S*V)
and we can conclude as above (here the complex line C(f, + 1) is invariant by G and
G acts trivially on it).

Let now f1,..., f, be a family of meromorphic first integrals of the Hamiltonian
Xp in involution and independent over a neighbourhood of #(T") (not necessarily on
i(T) itself).
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If we apply Ziglin Lemma (see Lemma 6 above) at a point p € T" to our functions
f1, -y fn, by all the arguments we gave above we get n homogeneous and independent
(algebraically and analytically) functions ay,,...,a,, in the algebra (C(E)%, {,}).
In other words, the abelian Lie algebra (A,{.}) of polynomials in a,, ..., @,, (with
complex coefficients) is a Poisson subalgebra of (C(E)“,{,}) and it is invariant by the
differential Galois group I' of the variational equation, therefore it is annihilated by
the Lie algebra G = Lie G of the algebraic group G. Then we finishes using Theorem 6
of section 5.1. This ends the proof of Theorem 7. The proofs of Theorems 8 and 9 are
similar, with very simple modifications. The essential difference is the following. By
hypothesis the first integrals fi,..., f, are meromorphic over the manifold M (resp.
M), in particular at the stationary points (resp. at the stationary points and at the
points at infinity), therefore their junior parts f{,..., f) are meromorphic sections
over I' (resp. I') of the fiber bundle LV*. (Their restrictions over I' will of course
remain holomorphic, but in general they will have poles at the singular points and at
the points at infinity.)

If between our n meromorphic integrals there are some of them which are func-
tionally independent over I', then using the results of section 4, we get

COROLLARY 8. Let fi1,..., fn be a family of meromorphic first integrals of the
Hamiltonian Xpg in involution and independent over a neighbourhood of i(T') (not
necessarily on i(T') itself). If moreover, for a fized integer k < n, the k first integrals
f1s -y i are (functionally) independent over T', then the Galois group of the NVE is
n — k-involutive Ziglin. Furthermore the identity component of the Galois group of
this NVE is abelian.

There are similar statements in the situation of Theorem 8 (resp. 9): i.e. when
f1, ., fn are meromorphic in a neighborhood of T’ (resp. I"). We leave the details
to the reader. The proof is essentially the same for the three cases. In order to
perform the reduction, we complete f1,..., f,, into a global meromorphic symplectic
frame over I' (resp. T or I'') and we apply the process described above in 4.3. We get
the NVE. It can have poles, in particular at the stationary points and at the points
at infinity. The Galois group G’ of the NVE is a quotient of the Galois group G of
the VE. The identity component G° of G is abelian, therefore the identity component
G0 of G’ is also abelian. More precisely G° is an extension of G’° by an algebraic
group isomorphic to some additive group CP. We remark that G’° can contain a non
trivial torus isomorphic to some C*? (cf. our examples below in section 6). So we
observe the possibility of quite a big difference between the first integrals eligible for
the normal reduction process and the others.

We remark that, as for the main Theorem, the conclusion of the corollary is the
same if we restrict the NVE to a neighbourhood of some singular point s and if the
Galois group is the local Galois group. In this way we can use our results in order to
obtain non-existence of local first integrals in any neighbourhood of an equilibrium
point or of one point at infinity.

Now we show how Ziglin’s Theorem is a direct consequence of the above corollary
when we assume the complete integrability of the system (i.e., when in the above
corollary n = 2).

COROLLARY 9. Let f be a meromorphic first integral of the two-degrees of free-
dom Hamiltonian system Xpg. We suppose that f and H are independent over a
neighbourhood of i(T') (not necessarily on i(T") itself). Moreover we assume that the
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monodromy group of the NVE contains a non-resonant transformation g. Then any
other transformation belonging to this monodromy group sends eigendirections of g
into eigendirections of g.

Proof. First, we assume that, as in the above results of this section, the set i(I") is
not reduced to an equilibrium point. Then dH remains different from zero over i(T")
and the reduction to the NVE is made using the one form dH (or in a dual way the
vector field Xpr).

Then the NVE is given by a symplectic connection over a two dimensional vector
space. Hence its Galois group is an algebraic group whose identity component is
abelian and we can identify this group with a subgroup of SL(2, C). In Proposition
1, we gave the classification of the algebraic subgroups of SL(2,C). Here the only
possible cases are cases 4 and 5, because for the others either the identity component of
the Galois group is not abelian else all the elements of the Galois group are resonant.
It is clear that in both cases 4 and 5 we have g € GY (we recall that the group
topologically generated by a non resonant element g is a torus, more precisely here this
torus is maximal and we have G ~ C*) and the remaining transformations belonging
to the Galois group either preserve the two eigendirections of g else permute them.

In fact, a stronger result is true: Ziglin’s general Theorem is a corollary of our
results, as was remarked by Churchill [13]. That follows from the following theorem
which generalizes the above corollary.

THEOREM 10. Ziglin’s Theorem (Theorem 1) is true mutalis mutandis if we
substitute Galois group by monodromy group

For a proof, see the above reference of Churchill.
Now, as the monodromy group is contained in the Galois group, we get the
Theorem 1 as a corollary.

6. Examples. Let Xy be the Hamiltonian system defined by the Hamiltonian
H=T+U:=1/2(y7 +y3) + 1/2¢(x1) + 1/2a(z1) 23 + h.o.t.(z2),

where x;’s are coordinates and y;’s canonically conjugated momenta (i = 1,2). We
assume that this Hamiltonian is holomorphic at the origin.

The plane {2 = yo = 0} is invariant and the Hamiltonian restricted to this
plane is of the type studied in the example of subsection 4.1. We write = := x1,
y := y1. Then we have the analytic integral curve y? + p(z) = 0. We assume that
p(x) = 2™ + h.o.t., n > 2. We want to study the NVE along this integral curve in a
neighbourhood of the origin (which is an equilibrium point).

The NVE is

d*¢

) + a(z(t)€ = 0.

d . d
dt ( +hot.) dt

for n even, and
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for n odd, we obtain for the corresponding NVE

¢ on dg | a(x(h)
ﬁ + (2—£ + h.O.t.)ﬁ + Té =0, n even,
¢ n-1 d¢  da(z(t))

And if
a(z) = apz® + hot., ap #0,

then, by the Fuchs Theorem about regular singular singularities, we get the following
result that we state as a proposition for future references.

PROPOSITION 12. The origin (or more precisely its corresponding points in the
desingularized curve) is a regular singular point of the NVE of the above Hamiltonian
system along the integral curve y? + p(x1) = 0 if and only if n — k < 2, being n and
k the multiplicity (as a zero) of x =0 in ¢ and « respectively.

We remark that the above proposition relates the degeneration of the equilib-
rium points to the irregularity of the corresponding singular points of the variational
equation. Hence, the degeneration is related to the (possible) existence of Stokes
multipliers.

Now we shall apply Theorem 5 of subsection 3.4 to our Hamiltonian system

H=T+U:=1/2(y7 +y3) + 1/2¢(x1) + 1/2a(z1) 23 + h.o.t.(z2),

(with two degrees of freedom), with the integral irreducible analytic curve defined by
y* 4+ ¢(z) = 0 (as above, we drop the subindexes). Furthermore we assume that ¢
and « are polynomials. Then T is a compact Riemann surface (see [31]) and the usual
change of variables x < ¢, x = x(t) (2(t) is the solution of the hyperelliptic differential
equation i? + ¢(z) = 0) gives us a pullback of the NVE over the Riemann sphere.
The classics call it the algebraic form of the equation, [70, 57]
2 /

FE L P de o)

dz?  2p(x)dr  2p(x)
We will call this equation the algebraic NVE.

We observe that the singular points are the branching points of the covering (i.e.,
the roots of ¢ and the point at infinity). Concerning the equilibrium points of the
original Hamiltonian, we see that x = 0 is a singular point if n — k > 0 and that it is
irregular if n — k& > 2 in complete accordance with the last proposition.

Furthermore, by Theorem 5 of subsection 3.4, the identity components of the
Galois groups of the NVE and of the algebraic NVE are isomorphic. Now if we look
at the standard transformation in order to put the algebraic NVE in the normal
invariant form

d?¢
(being
1 1dp
[i=q—>p?— =L
1747 " ouw
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and

2
% + p% +4¢€ =0,

the original equation, where we conserve the symbol ¢ for the new variable), we only
introduce an algebroid function (exp(—1/2 [ p = ¢~1/*) (a function algebraic over the
rational field). Hence, the identity components of the Galois groups of the algebraic
NVE and of its normal invariant form are also isomorphic. As a conclusion, we can
work directly with the normal form of the algebraic NVE: if the identity component
of its Galois group is not abelian, then our Hamiltonian system is not integrable (we
observe that the Galois group of the normal invariant form and the Galois group of
the initial NVE as well, are contained in SL(2,C)).

ExaMPLE 1. We shall apply the theory to the very simple following family of
Hamiltonians with two degrees of freedom with three parameters,

1 1
H:T+U:§(y§+y§)+§x§+§(a+bxl)x§, ,ae C*, be C.

We consider two possible cases for ¢ # 0 and ¢ = 0.

a) For ¢ # 0, by rescaling the potential we can write the Hamiltonian function as the
two-parameter family

1 1 1
H=T+U=5(y%+y§)+—x§+—(a+bx1)x§, ,ae C*, be C.

3 2
The corresponding Hamiltonian system admits the integral curve,
) 2 3 -2 -3
I': xlz—gxl, r1=—6t"°, y1=12t7", x9 =y2 =0.

The corresponding normal variational equation is
£+ (a—6bt~2)¢ = 0.

We observe that there are two singular points: the origin and the point at infinity
(corresponding to the initial origin). The first one is regular singular and the second
one is irregular by the above proposition. In fact, as we shall see, the NVE is a
confluent hypergeometric equation. _

Doing the change of variables ¢t = 21\%, we get

d?¢ 1 1

52 (4 + 6b22)77 = 0.

This is a family of Whittaker equations, with only one parameter. In fact, as we know
from subsection 3.5, it can be transformed into a family of Bessel equations. Then the
identity component of the Galois group of the NVE is abelian if and only if p+1/2 is
an integer. Hence, for b # %(k2 +k), k € Z, our Hamiltonian system is not integrable:
it does not admit a global first integral, meromorphic over the initial phase space C%,
beyond the Hamiltonian. (The differential Galois groups of the NVE’s over T and
T are the same, because the point at infinity of fl, which corresponds to ¢t = 0, is
regular singular. But, be careful, the differential Galois groups of the NVE’s over T
and I' are in general not the same, the identity component of the second one is always
abelian.)
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We observe that for a = 0 the above Hamiltonian is the homogeneous Hénon-
Heiles Hamiltonian. It is studied from the differential Galois point of view in [52].
The situation is quite different from the preceding one: the NVE is Fuchsian.

b) For ¢ = 0, the Hamiltonian system admits the very elementary integral curve,
[': @f=cte, my=dt+e, y1=e, x9=1y=0,

being d and e constant.
Then the NVE is given by the equation

E+ (a+b+edt)e =0,

which, by rescaling the time, we can write as the Airy’s equation

£—te=0.

Now, we known from subsection 3.5 that the Galois group of the Airy equation
considered over C(t) is SL(2,C). Hence, by Theorem 9 - to be more precise, by the
analogous corollary to Corollary 9 corresponding to this theorem - we get the non-
integrability of the Hamiltonian system above by rational first integrals. We remark
that then the system is considered as defined over the projective space Pg.

Probably the example b) is the simpler non-trivial application of our theorems,
with a NVE of Airy’s type. We are grateful to M. Audin who pointed out the existence
of this nice example in [4].

EXAMPLE 2. For three degrees of freedom one has the following natural general-
ization of example 1,

1 1 1 1
H=T+U =3y +y;+y3) + 321 + 5(A+ Br1)aj + 5(C + Dan)a,
where A,C € C*, B, D € C.

This Hamiltonian system admits the integral curve,

2
I: :v% = ——x?, T =—6t72, y=12t73, zy=x3=1ys =y3=0.

The corresponding NVE is composed of two uncoupled Whittaker equations. We
denote by G’, G” their differential Galois groups. It is clear that G’ and G” are
quotients of the Galois group G of the NVE. Hence, if one of the parameters B or D
is different of é(k2 + k), k € Z, then the identity component G° cannot be abelian
and we get non-integrability. In the same way we can generalize this to an arbitrary
number of degrees of freedom and to some other examples (when the NVE splits into
2 x 2 systems of the same kind).

ExaMPLE 3. We consider now the family of two degrees of freedom Hamiltonian
systems defined as above with p(z) = 2", a(x) = ax™ 4 + ba" "3 + ca" 2, where n
is an integer, with n > 3, and a, b, c are complex parameters, the parameter a being
different from zero.

In the same situation as above, the normal invariant form of the algebraic NVE
is

d*¢ n(n—1)

prie (( T + )z +br? +ax™hE =0.
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After the change of variables z = ﬁa, we get
d? 1 -1 b 1
a% _ ( (M +eozr P4+ a3+ e hHeE=0

dz2  ‘da' 16 4a 4

(in order to simplify the notation we write again = instead of #). Now, if in the
Whittaker equation

d*¢ 1k 4p?-1

RIS E A
we do the change of variables, z = 1/x, we obtain
S s VTS G
@—( L ke +ZI )¢ =0.

So, the algebraic NVE is a general Whittaker equation, with

A \/+n(n—4)+1 b
_ nin—4 Lo _
p=ye 16 1 2va

Now, we recall that if

pp— 1 . pp— 1
piERt LSS =R,
then the identity component of the Galois group of the Whittaker equation is abelian
if and only if (p, ¢) belongs to (N x —N*)U(—=N*xN) (i.e. if both p and ¢ are integers,
one of them being positive and the other one negative). Hence this last condition is
a necessary condition for the integrability of the initial Hamiltonian system.

We make two remarks about the above Examples 1-3. The first one is that,
because of the abelianness of the monodromy group of the NVE, it is impossible
to get any non—integrability result from an analysis of the monodromy group. The
second one is that, as the NVE’s are confluent hypergeometric equations, then the
local Galois group at the irregular point and the global Galois group coincide. Then, we
have proved in fact the non-integrability of these systems in any neighbourhood of the
origin in the complex phase space. (This origin is the equilibrium point corresponding
to the irregular singular point.)

For the Example 1, we have the following numerical computations made by Carles
Simé.

If (in order to have real recurrence) in the Hamiltonian of Example 1 a), we do
the canonical change of variables xo = iz}, y2 = —iyh, we get the new Hamiltonian

1

1
396? ——(a+ b:vl)xg,

1
H =5l —v3)+ 5

where we dropped the primes.

Then Figure 1 shows a Poincaré section for o =0, a = 1,0 = 10,h = 0.01 (h is
the energy level) in the coordinates (x1,y1). We observe the well known transversal
homoclinical chaotic behaviour in a small neighbourhood of the origin. Apparently the
Stokes phenomena for the linearized equation corresponds to phenomena of splitting
of separatrices. It would be interesting to get a more precise analysis of this example.
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Figure 1

For some special Hamiltonians it is also possible to prove local non integrability in
a Fuchsian context as it is shown by Ziglin in the following example, that we include
for the sake of completeness.

EXAMPLE 4 ([74]). We recall briefly the Ziglin analysis. The starting Hamiltonian
is

H=—(y; +y3 +2iz3).

N =

By an elementary canonical transformation (a rotation, in order to put one of the
symmetric invariant planes over xo = yo = 0) Ziglin obtains a Hamiltonian system
with the potential (we keep the same notation for the new coordinates)

1
V(z1,22) = g(iﬂf —a3)%.

This is a potential of the type we studied above, with ¢(x1) = 1/42} and a(x;) =
—1/222. Ziglin then considered the NVE along the family of integral curves xo =
y2 = 0, using as a parameter the energy H > 0 (he did not consider the integral curve
through the origin). These variational equations are reduced to Lamé’s type and then
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he apply his theorem about the monodromy group (in fact, by the subsection 5.2, he
proves the non-abelianity of the identity component of the differential Galois Group).
So the system under study does not have an additional holomorphic first integral in
a neighbourhood of the above family of integral curves.

The key point now is that, by the (quasi-) projective structure of the Hamiltonian
(the potential is a homogeneous polynomial), if the system has a holomorphic first
integral, then each homogeneous polynomial in the expansion of this integral at the
origin must also be a first integral. In this way Ziglin proves the local non-integrability
of this system at the origin.

7. Final remarks. If we compare the methods proposed in this article with
respect to those of other authors in previous papers, we have already observed that,
in examples (1)—(3) of the above section, the monodromy group of the NVE is abelian,
hence with methods based only upon the monodromy group one cannot obtain any
non-integrability result. Furthermore, if we drop the involutivity assumption of the
first integrals, then the Galois group is not necessarily abelian. Even more in general
it is not solvable and the NVE are not Picard-Vessiot solvable too: in the reference
[15] all the 2-Ziglin algebraic subgroups of Sp(2, C) are classified. Only some of the
groups in this classification are abelian. Then the other 2-Ziglin groups correspond
to Hamiltonian systems which are not completely integrable systems in the Liouville
sense.

In [49, 50] we apply some results of this paper to various non academic problems:
Hamiltonian systems with homogeneous potentials, three body problems, homoge-
neous cosmological model,... We get very easily, in a systematic way, new proofs of
classical results and many new results.

A connection of our (algebraic) criterion of non—integrability with chaotic dynam-
ics is given in [48].

We think that it would be interesting to apply the results of this paper (and,
following a suggestion of C. Simé, some conjectural generalizations to the n-th order
variational equations [53]) to other classical Hamiltonian systems.

ACKNOWLEDGEMENTS. The authors are indebted to Carles Simé for the numeri-
cal computations on the example 1) of the section 6 and for many discussions and also
to Jacques-Arthur Weil for many remarks. The first author was partially supported
by the Spanish grant DGICYT PB94-0215, the EC grant ERBCHRXCT940460 and
the Catalan grant CIRIT 1996S0GR-00105.

Appendix A. Meromorphic Bundles. Let X be a Riemann surface. We
denote by Ox and by M x the sheaves of holomorphic and meromorphic functions
over X. The sheaf of holomorphic sections V' of a holomorphic vector bundle V' of
rank n is a sheaf of Ox-modules which is locally isomorphic to O%. A holomorphic
vector bundle of rank n on X is also interpreted as an element of the non abelian
cohomology set H'(X; GL(n; Ox)).

Let G € GL(n;.) be an algebraic subgroup (defined on the field of complex
numbers). We set G = Gp, C GL(n;Ox) and G™° = Gp, C GL(n; Mx). We
will say that an holomorphic bundle on X admits G as structure group if it is defined
by an element of H(X;G").

We need meromorphic vector bundles. By definition the sheaf of meromorphic
sections of a meromorphic vector bundle of rank n is a sheaf of M x-modules which is
locally isomorphic to M. A meromorphic vector bundle of rank n over X is also in-
terpreted as an element of the non abelian cohomology set H'(X; GL(n; Mx)). If this
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element “belongs” to H*(X; G™¢), we will say that the meromorphic vector bundle
admits G as structure group. There exists an equivalent definition for a meromorphic
vector bundle over a Riemann surface X, due to P. Deligne [De], 1.14 p. 52. Such a
bundle is an equivalence class of holomorphic extensions of holomorphic bundles de-
fined on X minus a discrete subset 3: locally, if z is a uniformizing variable vanishing
on X, then two extensions V; and Vs of V' are equivalent if the corresponding sheaves
of holomorphic sections satisfy

"V, CcV,Ccz "V, Cci'V

(1 : X =¥ — X being the natural inclusion).
The following result says that every meromorphic vector bundle on a Riemann
surface comes from a holomorphic vector bundle.

LEMMA 10. Let X be a Riemann surface. Let G C GL(n;C) be an algebraic
subgroup defined on the field of complex numbers. Then the natural map

Hl(X; Gan) N Hl(X; Gme)
18 surjective.

The proof is easy: the set of poles of a section of G™¢ is discrete.

PROPOSITION 13. Any meromorphic vector bundle over a Riemann surface X is
trivial.

Proof. Let V™€ be a meromorphic vector bundle over X. It comes from an
holomorphic vector bundle V. If X is an open Riemann surface, then V%" is trivial
([21] Th. 30.4). If X is a compact connected Riemann surface, then V" comes from
an algebraic vector bundle V' over the non singular projective curve X. We denote
by kx the field of rational (or meromorphic..) functions over X. The field of rational
sections of the algebraic bundle V' is a rank n vector space over kx ([21] Cor. 29.17),
therefore V¢ is a trivial meromorphic bundle.

In fact we need some similar but more precise results involving vector bundles
with the symplectic group as structure group. We will give them below.

If now X is a singular complex analytic curve, we can also define holomorphic
vector bundles and meromorphic vector bundles over X along the same lines. If
7:X > Xisa desingularisation map (i.e. if X is a Riemann surface and 7 a proper
analytic map which is a finite covering ramified at worst above a discrete subset of
X), then it induces an isomorphism 7* between the sheaves of meromorphic functions
Mx and M, and therefore an isomorphism 7% between the meromorphic vector
bundles over X and over X.

THEOREM 11 (Grauert Theorem). Let X be a complex connected, non compact,
Riemann surface. Let F = (Y,p, X) be a locally trivial vector (resp. principal) holo-
morphic fiber bundle over X with a connected complex Lie group G as structure group.
Then F is holomorphically trivial.

Sketch of Proof. For completeness we recall here the proof. We denote by G*"
(resp. G°) he sheaf of holomorphic (resp. continuous) functions on X with values
in G The open Riemann surface X is homotopically equivalent (by retraction) to a
finite one-dimensional complex. On such a complex a G-fiber bundle is topologically
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trivial, because G is connected. Therefore the fiber bundle F is topologically trivial.
An open Riemann surface is a Stein manifold and on such a manifold the topological
classification and the analytic classification of fiber bundles with a complex Lie group
as structure group coincide: the natural map

HY(X;G") - H(X;G")
is a bijection ([22, 10]). Therefore F is holomorphically trivial.

A complete and detailed proof is given in [61], Chapter 2.

We apply the above theorem to the symplectic group. An element of Sp(2n, C)
is a product of at most 4n — 2 symplectic transvections ([19]) (we can also use an
homomorphism between Sp(2n, C) and the product of SU(n)x wvector space and the
connectedness of SU(n)). Hence

LEMMA 11. The topological group Sp(2n,C) is connected.

COROLLARY 10. Let X be a complex connected, non compact, Riemann surface.
Let F = (Y,p, X) be a locally trivial vector (resp. principal) holomorphic fiber bundle
over X with Sp(2n,C) as structure group. Then F is holomorphically trivial.

For compact Riemann surfaces we have the following proposition.

PRrROPOSITION 14. Let X be a connected compact Riemann surface. Let F =
(Y,p, X) be a locally trivial vector (resp. principal) holomorphic fiber bundle over X
with structure group Spay,(C). Then F is meromorphically trivial.

The compact Riemann surface X is also a complex algebraic (projective) curve.
We denote by G the sheaf of regular maps from X to the algebraic complex group G.
We have a natural map

an: HY(X;G) — HY(X; G™).

The symplectic group G = Sp2,(C) satisfies condition (R) of [60] (p. 33): there
exists a rational section

(cf. [60], Example c¢) p. 34). Therefore we can apply Proposition 20 of[60] (p. 33):
the map L is a bijection. Using an algebraic trivialization of the algebraic bundle
corresponding to F on a convenient affine subset of the curve X, we get the result.

Let M’ be a connected complex analytic manifold of complex dimension 2n. Let
Q be a closed meromorphic form of degree two on M’. Let M., C M’ be a closed
analytic hypersurface (i.e. analytic subset of pure complex codimension one) of M’.
We set M = M’ — M., and we suppose that Q is holomorphic and non degenerate
over M. Then (M, Q) is a complex symplectic manifold. We denote by T M’ (resp.
T* M') the tangent (resp. cotangent) bundle of M’. Tt is a holomorphic bundle but
we will use only its structure of meromorphic bundle. Then, as we noticed before, the
form ) induces a generalized musical isomorphism between the meromorphic bundle
T M’ and the meromorphic bundle T* M’: if X; is a meromorphic vector field on an
open set U € M’, then, for every meromorphic vector field X on U, Q(X;,X) is a
meromorphic function on U, and

X - Q(X1, X)
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is a ky-linear isomorphism between the ky-vector spaces of meromorphic sections of
T M’ and T* M’ on U. (We denoted by ky the field of meromorphic functions on
U.)

Let H be a meromorphic Hamiltonian function over the manifold M’. Let Xy =
#dH be the corresponding Hamiltonian field. It is meromorphic over M’ and its
restriction to M is holomorphic. Let i(T') be a connected non equilibrium phase curve
for Xy over M. Let I be as before a (perhaps) singular curve which is the union
of i(T") and of a discrete subset of equilibrium points and points at infinity. Let
T be a desingularization of I'". Let fi,..., fm, be an involutive set of first integrals
(H = f1) which are meromorphic on M'. We suppose that there are holomorphic and
independent at some point of the phase curve i(I"). Then the system df; =0, ...df,, =
0 defines a meromorphic subbundle E of Ty (of rank 2n — m). The meromorphic
vector fields X1 = gdfi,... X, = #dfm generate a rank m meromorphic subbundle
F of E. Then F' is a meromorphic subbundle. As in [5] we get a structure of
symplectic meromorphic bundle on the meromorphic bundle N = (F+/F) over I".
(We have only to replace holomorphic bundles by meromorphic bundles in [5].)

Finally, as in [5], we get a normal variational connection on the symplectic bundle
N = (F1/F) over I'". Here the bundle and the connection are meromorphic. The
bundle N is symplectically meromorphically trivializable, therefore this normal vari-

ational connection can be interpreted as a meromorphic differential equation over I
(the NVE).

Appendix B. Differential Galois groups and finite coverings. In this
appendix we will prove that the identity component of the differential Galois group of
a meromorphic connection on a Riemann surface does not change if we take inverse

images by a finite ramified covering. It is an analytic version of an algebraic result of
N. Katz.

PROPOSITION 15. Let A be a germ of meromorphic linear system at the origin
of C. We denote by K the differential field of germs of meromorphic functions, by
G = Galg (A) the differential Galois group of A and by G° its identity component.

Let H be the subgroup of G topologically generated (in Zariski sense) by the ex-
ponential torus and all the Stokes multipliers of A.

We denote by m € G the actual monodromy of A, by M the Zariski closure in G
of the subgroup generated by m, by M the identity component of M and by Hy the
subgroup of G generated by H and MP°.

(i) The subgroups H and Hy are Zariski closed, connected and invariant under
the adjoint action of m.

(i) The group G is topologically generated by H and m.

(iii) The group G is algebraically generated by Hy and m, and G° = H;.

(iv) The image of m in G/G° generates this finite group

Proof. The actual monodromy m and the formal monodromy m are equal up
to multiplication by a product of Stokes multipliers [43, 9]. The exponential torus
is (globally) invariant by the adjoint action of the formal monodromy 7. Then our
claims follow easily from the density theorem of Ramis [43, 9], using some elementary
results about linear algebraic groups [25].

LEMMA 12. Let v € N*. Let V be a germ of meromorphic connection at the
origin of the x plane C. We set x = f(t) = t¥. We denote by (X,0) (resp. (X',0))
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the germ at the origin of the x (resp. t) plane. We denote by K (resp. K') the
differential field of germs of meromorphic functions on X (resp. X'). We have a
natural injective homomorphism of differential Galois groups

GalK/ (f*V) — GCLZK(V)

which induces an isomorphism between their Lie algebras.

Proof. We set G = Galg (V) and G’ = Galg: (f*V).
The field inclusion K C K’ induces a natural map

0: G — G.

This map is clearly injective. Let m € G be the actual monodromy of V.

Then the actual monodromy of V' = f*V) is m’ = m”.

The connections V and V' have the same exponential torus and the same Stokes
multipliers (more precisely the map ¢ induces isomorphisms). We use the notations
of Proposition 15 for V and similar notations for V.

We have clearly H = H', M° = M'°, therefore G° = H; = H'; = G'°.

THEOREM 12. Let X be a connected Riemann surface. We denote by k its field
of meromorphic functions. We choose a differential O on k. Let S = {a;}icr C X be
a discrete subset. Let o € X — S. For each point a; € S, we choose a germ d; of
real half line starting from a; and drawn on the complex line tangent to X at a;. We
denote by M the field of meromorphic functions on the universal covering (X, z0) of
X pointed at xo. We identify the field k with a subfield of M. Fori € I, we denote
by M; the field of germs at a; of meromorphic functions (i.e. of germs of functions
meromorphic on a germ of open sector at a; bisected by d;). We identify the field
K, of germs at a; of meromorphic functions with a subfield of M;. We extend the
derivation & on k to the fields M, M;. We choose also continuous paths ~;’s joining
xo respectively to the d;’s (that is arriving at a; tangently to d;).

Let V be a meromorphic connection on X with poles at most on S. We denote by
V; the germ at a; of V. There exist a uniquely determined Picard-Vessiot extension
Ly (resp. L;) of the differential field (k;0) (resp. (K;;0)) associated to ¥V (resp. V;)
such that k C Ly ¢ M (resp. K; C L; C M;). The path ~; induces an isomorphism
of differential fields Z; between Lo and L; (We use Cauchy’s Theorem and analytic
extension along *;.)

We denote by G (resp. G;) the “representation” of “the” differential Galois group
Galy V (resp. Galg, V) associated to Lo (resp. L;). Using Z; we identify the local
Galois group G; with a subgroup of the global Galois group G. Let I1; be the usual
monodromy group of V. Then the complex linear algebraic group G is topologically
generated by the G;’s (i € 1) and T1;.

Proof. This result is a trivial extension of a classical result due to Marotte [42],
Ch. II, H.30. We recall briefly the proof. We denote by H the subgroup of G generated
by the G;’s (i € T) and TI;. Let o € Ly C M. It defines elements «; € L;. If a is
invariant by the group H, then «; is invariant by G; and II;, therefore «; € K;: « is
uniform around a; and correspond to a germ of meromorphic function at a,. Finally
«a is non ramified on S, uniform on X — S and meromorphic on X (with poles at most
on S). We have proved that the subfield of the Picard-Vessiot extension Lg fixed by
the subgroup H € G is K. Then from the differential Galois correspondence it follows
that H is Zariski dense in G.
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THEOREM 13. Let X be a connected Riemann surface. Let (X', f, X) be a finite
ramified covering of X by a connected Riemann surface X'. Let V be a meromorphic
connection on X. We set V' = f*V. Then we have a natural injective homomorphism

Gal (V') — Gal (V)

of differential Galois groups which induces an isomorphism between their Lie algebras.

Proof. Let k (resp. k) be the meromorphic functions field of X (resp. X’). The
finite covering (X', f, X) is ramified over a finite set ¥ C X. Let S C X be the union
of the ramification set ¥ and of the set of poles of V. It is a discrete subset. Let
S" = f71(S) c X'. It is a discrete subset. We choose a base point zj, € X' — 5’
and we set f(z() = zo € X. Then we set G = Gali(V) and G’ = Galy (f*V), with
conventions similar to those made above in the proof of Theorem 12.

The field inclusion k C k' induces a natural map

0:G — G.

This map is clearly continuous and injective and we can identify G’ with a closed
subgroup of G.

We have a natural injective map 71 (X'—S5";2/g) — 71 (X —S; ). We can identify
m (X' =S’ xf) with a subgroup of 7 (X —S;x¢). The index of this subgroup is finite.

Following our conventions, we compute G (resp. G’) with the horizontal sections
of V meromorphic on the universal covering pointed at xo (resp. xj).

We denote by II; (resp. II}) the natural image of 71 (X — S;xzg) (resp. 71 (X' —
S’ x()) in G (resp. G7).

The global differential Galois group G (resp. G’) is topologically generated by
the local Galois groups G;’s and II; (resp.G}, and I} ).

Let R (rep. R’) be the smallest subgroup of G (rep. G’) such that it contains
the identity components of all the local differential Galois groups and such that it is
invariant by the adjoint action of the monodromy subgroup II; (resp IT}). The group
R (respectively R’) is closed and connected.

Using Proposition 15, we see that the group G (resp. G’) is topologically generated
by IT and R (resp. II" and R’).

We choose continuous paths 7; joining xg to each point a; € S in X — S. After,
for each a}, above a;, we choose a continuous path 7/, joining z{ to a}, in X' —S’. We
can suppose that 7/, is a path above ; followed by a path above a loop at a;.

Applying Lemma 12 and the definition of the fundamental group as a quotient of
a set of loops, we see easily that the map ¢ induces an isomorphism between R’ and
R. Therefore the natural map

m (X — S;mo)/m (X' — S5 2() — G/G

is Zariski dense. (The group G is topologically generated by IT and R). As the first
group is finite, it follows that the map is onto and that the group G/G’ is also finite.
Therefore G° = G'°.

REMARK. In [29] there is an algebraic version of Theorem 13. It is possible
to transpose Katz’s Tannakian argument to the analytic situation. Then we get an
injective homomorphism

G/K’ — G Qg K’
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inducing an isomorphism of K’-Lie algebras
G — Gr Ok K.
But this isomorphism comes by tensorization @ c K’ from a C-linear natural map
Lie ¢ : G — Gc.

Therefore ¢ is an isomorphism of complex Lie algebras. This gives another proof
of Theorem 13.

Appendix C. Connections with structure group. Let X be a Riemann
surface. We denote by Ox (resp. M x) its sheaf of holomorphic (resp. meromorphic)
functions.

Let G C GL(n;C) be a Zariski connected complex linear algebraic group. We
denote by G C End(n;C) its Lie algebra. We denote by G(Ox) (resp.G(Mx)) the
sheaf of holomorphic (resp. meromorphic) matrix functions whose values belong to
Ox (resp. Mx). We adopt similar notations for functions whose values belong to
the Lie algebra G.

We recall that we defined a holomorphic G-bundle over X as a holomorphic
vector bundle over X admitting G as a structure group. It is defined by an element
of HY(M;G(Ox)). We have a notion of local G-trivialization of a G-bundle. We also
introduced the notion of meromorphic G-bundle (cf. Appendix A).

Let V be a meromorphic connection on a G-bundle V. Using a local coordinate
t and a frame corresponding to a local G-trivialization, we get a differential operator
\% 4 = % — A, where A is a meromorphic matrix. If the values of A belong to the Lie

algebra G, we will say that V is a meromorphic connection with structure group G (or
a G connection) on the G-bundle V. This definition is independent of the choice of a
trivialization: if the values of a meromorphic invertible matrix P belong to the group
G, then the values of the meromorphic matrix P~'AP — P~14 4 belong clearly to
the Lie algebra G.

THEOREM 14. Let V be a G-meromorphic connection on a trivial G-bundle V
over a connected Riemann surface X. Then its differential Galois group “is” a closed
subgroup of G.

This result is due to Kolchin, who introduced the notion of G-primitive extension
[32]. We will give here a very simple Tannakian proof. Following Chevalley’s Theorem
[64], 5.1.3. Theorem, page 131 (cf. also [8]), the linear algebraic group G C GL(n; C)
is the subgroup of GL(n; C) leaving invariant a complex line W} in some construction
Wy on the complex vector space V; = C™. To the natural operation of the group G on
the construction Wy corresponds a natural operation of the Lie algebra G on the same
construction Wy. This action clearly leaves also invariant the complex line W(). We
denote by Gy, C GL(W)y) the natural representation of G, and by Gw, C End(Wy)
the corresponding Lie algebra. If we choose a basis of the complex vector space Wy
such that its first vector generates W{ over C, then the Lie algebra Gy, corresponds
to the Lie algebra of the matrices whose entries which belong to the first column are
zero, except perhaps the first one.

To the construction Wy on Vj corresponds a holomorphic vector bundle W. We
obtain it from the holomorphic vector bundle V by a similar construction. To the
meromorphic connection V on V corresponds similarly a meromorphic connection
Vw on W. To the complex line W{ corresponds a trivial sub-line bundle W’ of W.
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We choose a (meromorphic) uniformizing variable over X and a frame of the trivial
Gw,-bundle W such that its first element generates the sub-line bundle W’. Then the
Gw,-meromorphic connection Vy can be interpreted as a system % — B, where the
meromorphic matrix B takes its values into the Lie algebra Gy,. Consequently the
entries of B which belong to the first column are identically zero, except perhaps the
first one. Therefore the action of the meromorphic matrix B on the sheaf of meromor-
phic sections of the vector bundle W leaves invariant the subsheaf of meromorphic
sections whose values belong to the subbundle W’. Going back to connections, we
see that the meromorphic connection Vi leaves invariant the sub-bundle W’ and
consequently that it induces a sub-connection (W', V) C (W, V).

By the Tannakian definition ( section 3.2 ) the differential Galois group H of V
is defined by the list of all the subspaces of all the constructions C'(Vp) on the vector
space Vj corresponding to the fibers (in fiber functor sense) of the underlying vector
bundles of all the subconnections of the similar connections V(v on the similar
constructions C(V). But (W, W) belongs to this list, therefore H is a closed subgroup
of the algebraic group G (which itself can be defined by the only pair (W), Wp).

In our paper we need only the following result corresponding to G = Sp(n; C).
(Using Appendix A, if V' is a meromorphic symplectic bundle over X, we can suppose
that it is a t¢rivial symplectic meromorphic bundle.)

COROLLARY 11. Let V be a symplectic meromorphic connection on a meromor-
phic symplectic bundle V' over a connected Riemann surface X. Then its differential
Galois group ”is” a closed subgroup of the symplectic group.
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