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REFINED WAVE-TRACKING AND NONLINEAR
STABILITY OF VISCOUS LAX SHOCKS*

KEVIN ZUMBRUN'

Abstract. We make use of recent improvements in the associated linearized theory to give a
more accurate (indeed sharp) accounting of the nonlinear motion of a viscous shock wave under the
effects of perturbation. This yields a particularly simple proof of L! N L% — L? nonlinear orbital
stability for viscous Lax waves satisfying the spectral stability criterion of Zumbrun and Howard: in
particular, for weak Lax shocks in the system case and for arbitrary nonsonic shocks in the scalar
case. For scalar shocks, we prove also a sharp pointwise convergence result yielding stability for initial
data decaying as (1 + |z|)~", r > 1/2, with temporal decay at the same rate.

Introduction. Recently, Goodman and Yip, [GY], have announced preliminary
findings suggesting the somewhat surprising result of L! NW11 — LP orbital stability
at rate t~2(1=1/P) for Lax type viscous shock waves satisfying the spectral stability
criterion of [ZH]. Previous results for systems have all required localization, i.e. spatial
decay, of initial data of at least order (1 + |z|)~3/2 [SX,L,ZH]; for scalar equations,
the current best result requires localization (1 + |z|)~! to achieve the above temporal
rate [HZ.1-2).

The approach of [GY] uses the fluz transform of [G.2] to essentially “project out”
variations in shock location. Together with the linearized decay bounds of [ZH], this
immediately gives the result at the linearized level. The nonlinear analysis is quite
nontrivial, however, requiring rather delicate (nonlinear) weighted L! estimates to
control terms arising through inversion of the flux transform (indeed, to the best of
our knowledge, at the time of our writing this step is not yet complete). Moreover, for
systems, the derivative Green’s function bounds of [ZH] are not sufficient to close the
iteration proposed in [GY]; specifically, |Gy|z1(z) = O(1) and not ~ t~1/2 as needed
(see notation below). In fact, we suspect that the desired derivative bounds do not
hold for the “integrated” equations arising through the flux transform, except in the
scalar case, see Remark 3.3 (they do hold for scalar equations by the bounds in [ZH]).
This is a substantial obstacle to the application of the methods of [G.2,GY] to the
(nonlinear) system case, at least as originally described in [GY].

On the other hand, we have recently shown for the original, “unintegrated” equa-
tions that improved y-derivative bounds are possible precisely in the Lax and overcom-
pressive case [Z.1]. (For a heuristic explanation of this somewhat subtle phenomenon,
see Discussion, Section 3). At the same time, we gave an (unrelated) refined descrip-
tion of dynamics near the shock layer, making possible a sharpened analysis in the
untransformed equations. This suggests the possibility of a direct analysis of L* — LP
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stability avoiding the complications introduced by the flux transform at the nonlinear
level.

Motivated by these new developments, we here make use of the improved Green’s
function bounds in [Z.1] to refine the shock-tracking scheme of [ZH,HZ.1-2] a direct
approach essentially opposite to that of the flux transform method. We immediately
recover optimal linearized decay rates for shocks of all types, including the under-
compressive variety (the flux transform method yields linearized results for Lax and
overcompressive shocks, nonlinear results for scalar Lax shocks). More important, for
Lax shock we obtain a truly simple proof of L' N L® — LP nonlinear orbital stability
at the rate t~2(1=1/P) conjectured in [G.2,GY], essentially equivalent to that used by
Kawashima [Ka] to study stability of constant solutions. We give also an improved
(optimal) pointwise analysis in the scalar case.

2. The Scalar Case. For clarity of exposition, we first carry out our argument
completely for the scalar case, which for the purposes of this paper ezhibits all features
present in the general Lax case. Consider a scalar conservation law

(2.1) u + f(u)e = (b(u)us)s,

u, f, b € R, and a (without loss of generality) stationary viscous shock solution
(2.2) u = u(x), zll}rﬂleooﬂ(a:) = U4,

satisfying

(H) f£,b€C? b>0, df(u-)>0>df(us).

These are equivalent to the standard hypotheses (H0)-(H4) of [ZH]. Note that the
third hypothesis yields hyperbolicity of us as rest points of the associated traveling
wave ODE, hence

(2.3) |Gz = O™, 2z >0.

Linearizing about (), we obtain the linearized perturbation equation

(2.4) vy = Lv := —(av)z — (bvg)z,
where
(2.5) b(z) = b(i(z)), a(z):= df((z)) — db(@)Ts;

We will denote by a+ := a(£00), bt := b(£00) the limiting values of the coeflicients.
Define

(2.6) G(z, t;y) = €"'6,(2)

to be the Green’s function associated with operator (0; — L). Then, we have the
following bounds, proved in [Z.1]:

PROPOSITION 2.1. Under assumptions (H), we have for y < 0 the decomposition

2.7) G=E+S+R,
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where

E(z,t;y) := (u————f””_(xz_> (errfn (____w — y_._4b—j_t>
r—y+a_t
—errfn (———4b_t )) ,

—(z—y-—a,_t)2

’ e a6_t e
2.9 S(z,t;y) :=
( ) (:17 y) \/&m (em +e® )

and

(2.8)

(z—y—a_t) 2

(2.10) R=0 ((1 + t)_l/2e_’7“”+ + e"’"") t7M e

for some n, M > 0, where z* denotes the positive part of x. Likewise, we have the
derivative bounds

(z—y—a_t)2

(2.11) |Ry| = O((1 + )~ 1/247 2= 4 gmnlelyy=1/2e=—Fr— |

(z—y—a_t)?

(2.12) IR,| = O((1 +1)"2e=m" 4 g=nlely—1e™
A symmetric decomposition holds for y > 0.

Bounds (2.8)—(2.12) refine and somewhat simplify bounds obtained in [H.1-2, ZH] by
similar methods.

EXAMPLE. In the case of a Burgers Shock, u(x) = —tanh(§), of the scalar Burgers
equation us + (u%/2); = u,g, the linearized equation (2.5) can be solved explicitly by
linearized Hopf-Cole transformation, [S,N,Z.5,LZ.1,GSZ], to give an exact formula for
the Green’s function of:

Gz, t;y) =
e’ % e T v el _1 _(e=yn)?
(2.13) [(e% +e_%) (4nt)~"ze + (e—%:;-_—%> (4nt)~2e r:
u T—y- T-y+t
+353 [errfn( 5 ) —err fn( i )] )

Interpretation/Discussion. Due to translation-invariance of (2.1), equation (2.4)
possesses the stationary mode @z (-), corresponding to instantaneous translation of
@(-). The dominant term E in G reflects excitation of this mode. Note that its
time-asymptotic value is simply the “projection”

1
2.14 g (—
(2.14) uz(u_,. - u_’vo)

of the initial data onto the “right eigenspace” Span{i,}, by L? inner product against
the “left eigenvector” 1/(u4 —u—) (for rigorous discussion of associated, nonstandard
spectral theory, see [ZH]). However, the effects of an exciting signal are not seen
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instantaneously, but rather propagate according to the joint effécts of convection and
diffusion as reflected by the multiplying err fn factor.

A simple heuristic explanation is that translation of the shock wave under pertur-
bation is caused by accumulation of mass at the shock layer; the err fn profile records
the amount of mass (up to a time-exponentially decaying tail) that has reached point
z by time ¢, of a delta-function signal originating at point y and propagating as a con-
vected heat kernel, hence the shock shift seen at z. (This refines a similar discussion
in [HZ.3] to include the effects of diffusion).

Linearized stability analysis. Evidently, solutions of the linearized equations do
not decay, but converge to the stationary subspace Span{i,}. To quantify the rate of
convergence, we define, the (linear) instantaneous projection:

(2.15)

o () too —y — a4t ~y+ayt
o(z,t) == (—u+ — u-) /0 <(errfn <——4b+: ) —errfn (-———,__4b+"t" )) vo(y)dy

_ +oo —y — -
+ (uzz_(az_> /0 (errfn <—y4b—t_l;t> —errfn (—%)) vo(y)dy

Foo
=/ E(z, y;t)vo(y)dy,
where
(2.16) E(z,t;y) := Gy (x)é(y, t) := Gz (z)e(0, t;y),
(2.17) E(z,t;y) =: Gz (z)e(z, t;y).

Definition (2.15) refines an analogous definition,

(2.18) p(@,t) := (—ﬂ—w@—> /, o vo(y)dy,

Ut — U a_|t|

given in [ZH]. The practical advantages of the new definition are twofold: improved
accuracy as t — +oo, due to the improved description of E given in Proposition
2.1 (i.e. accounting of diffusive effects), and improved regularity as ¢ — 0, due to
the inclusion of the cancelling exponential tail (i.e. second errfn in each integrand).
The importance of the former will be seen immediately, in the improved linear decay
rates of Proposition 2.4, below; the importance of the latter will be seen later, in
the nonlinear analysis (specifically, in the proof of Lemma 2.5, below). Moreover,
there is a conceptual advantage in the formal derivation via (2.16)—(2.17), which both
clarifies the method and gives a guide for future extension. The choice of kernel
é(y,t) := e(0,t; y) is easily motivated by the principle that E — E should be minimized.
Denoting

(2.19) G:=G-E,

we have:
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LEMMA 2.2. Under assumptions (H), there holds for y < 0, and some n, M,
C>0:

~ z—y—a_t)2 —nx
G =0 e (——e )

ent 4 e~ NT
2.20
220 + e e~ errfn (——Ct — Iy’))
VMt
and
z—y—a_t)2 e_"’m
— Ot e
(2:21) Crmote (6"”” + e‘"m)
’ C

with symmetric bounds for y > 0. (Note: E and thus E and G are defined differently
fory<0andy>0).

Proof. Since terms S, R (resp.Sy, Ry) of £2.7) are clearly absorbable in bounds
(2.20)—(2.21), we need only check that (E — E) (resp.(E, — Ey)) so absorb. Using
lgz| = O(e~T21), (2.3), we find for (z) > /% that

(2.22) |E|,|E|, |E, |, |E,| < |ta| < Cel/2Nale=(/2)t,

For £ —y —a—t < |y — a_t| + v/t on the other hand, we have by the Mean Value
Theorem that

r—y—a-t -y —a-t
errfn | ——=—— | —errfn | ——
() e ()
for C, M sufficiently large. Combining, and noting that |z|e~("/2I2l < =@/l we
obtain the claimed bound with 7 := 77/4. 0

(z—y—a_t)2

(2.23) < Clalt™2e™ |

COROLLARY 2.3. Under assumptions (H), there holds

+oo .
(2.24) G(,t9)f(y)dy| < Cmin{|f|ze, ¢~ 70D f| ),
—00 Lr
+oo .
(2.25) Gy(:t9)f(y)dy| < Cmin{t ™2 |f|Ls,t720/P72 £,
-0 L

forallt >0, f € L' N LP, some C > 0.

z—y—a_ 2
Proof. Bounding the first terms in (2.20), (2.21) by Ct~%/ 20~ 2005~ and
w—y—a_t)z

Ct~le~—m —, respectively, we find by Haussdorf-Young inequality that their con-
tributions satisfy the claimed bounds. The contribution of the second (error) terms
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can be bounded using triangle and Holder inequalities as

[/ e Te~errfn ( ) F@W)dylLe(z)

VMt
<Ce ™ /::o errfn ( \/]\lel> |f(y)|dy

<min{e " |err fn (—\/—;7%) |[Le|flL1, e |errfn ( \/_Iyl) |Lalflze}s

1/p+1/q =1, hence are bounded by Ce™"/2 min{|f|L1,|f|r+}. O

PROPOSITION 2.4. Let () hold. Then, for initial data vy € L', we have the
linear decay bound

(2:26) (-1 8) = (-, 8)| s < 73O g 11,
and, for data decaying as (1 + |z|)~", we have
(227) [o(,8) = (-, 8) s < E73APTP g,
forallp>p>1/r.

Proof. Noting that

(2.28) o@t) - o) = [ " 8o, t,y)o(v)dy,

we immediately obtain claim (2.26) from Corollary 2.3, (2.24). For data decaying as
lvo(z)] < C(1+ |z|)~", we observe that the same argument yields

+00 ~ X
l G(,t;9)f(W)dy|re < Ot 20| f| 5

— 00

< Ct—%(l/ﬁ-l/:ﬂ)lfl”,
where 1/s =1+ 1/p — 1/p, thus giving result (2.27). 0

Proposition 2.4 (which applies for systems also, see next section) sharpens the
rates of orbital stability given in Proposition 9.2 of [ZH], for initial data decaying
more slowly than (1 + |z]|)~",r > 1.

Nonlinear Stability Analysis. We now carry out the nonlinear stability argument
following the framework set up in [ZH, HZ.1-2]. Define the nonlinear perturbation

(2.29) v(z,t) := u(z + 6(t)) — a(z),

where §(t) (estimating shock location) is to be determined later; for definiteness, fix
§(0) = 0. Then,

(2.30) ve = Lv = Q(v,v5)s + 6(t) (Gx + vs),
where

(2.31) Q(v,v2) = O(Jvf* + [v]Jvs])
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so long as |v| remains bounded. By Duhamel’s principle, and the fact that
(232) [ 6wty = e = (@),
we have

v(z,t) = /oo G(z,ty)vo(y)dy

(2.33) / / Gy(z,t — 5;9)(Q(v,v;) + 6v)(y, s)dyd
+ 6(t) .

Defining, by analogy with the linear case, the nonlinear instantaneous projection:
p(z,t) = —0(t)a,

(2.34) = /_ o; E(z, t;y)vo(y)dy

t poo .
— /0 /_ Ey(il?,t - S;y)(Q(U,'Um) + 6'0)(3/’ s)dy,

or equivalently, the instantaneous shock location:

0=~ [ e,y
(2.35) T

t ptoo '
+A /_oo gy(y’t - s)(Q(Uavz) +6’U)(y, s)dyds,

where E, & are defined as in (2.16), and recalling (2.19) and (2.8), we thus obtain the
reduced equations:

wiat)= [ G ty)ol)
(2.36) /‘ *®

—/0 /_°° Gy(z,t - 5;9)(Q(v,v;) + §v)(y, 8)dy,

and, differentiating (2.35) with respect to ¢,

(e8]

5(t) = - / 2y, v (y)dy

(2.37) oo
+/0 /_:o &e(y,t = 5)(Q(v,va) + bv)(y, s)dyds.

Note: In deriving (2.37), we have used the fact that €,(y,s) — 0 as s = 0, as
the difference of approaching heat kernels, in evaluating the boundary term

+o00 3
(2.38) | aw.0@Qw. )+ d0)(w, iy = 0.

—0o0

(Indeed, |ey (-, 5)|z1 = 0, see Remark 2.6, below).
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The defining relation §(¢)@, := —p in (2.34) can be motivated heuristically by

o(z,t) — p(x,t) ~v = u(z + §(t),t) — a(z)
~ (z,t) + 6(t)ug (),

where © denotes the solution of the linearized perturbation equations. Alternatively, it
can be thought of as the requirement that the instantaneous projection of the shifted
(nonlinear) perturbation variable v be zero, [HZ.1-2].

REMARK. Comparing (2.34) to (2.15), we see that the first term in (2.35) cor-
responds to linear movement of the shock, dependent only on the initial data. The
second term, on the other hand, corresponds to nonlinear movement, and evolves
dynamically. This represents a new level of detail in the tracking of viscous shock
waves. Previous analyses (e.g. in [LZ.2,HZ.2-3]) were not sufficiently fine to capture
the nonlinear movement of Lax-type (e.g. diffusive scalar) shock waves.

LEMMA 2.5. The kernel € satisfies

(2:39) 18y (> D)lee, [0 )] p < CE7EA71P),
(2.40) &ty ()]s < C —%(1—1/1))—1/2,
for all t > 0. Moreover, for y <0 we have the pointwise bounds
(y+a_t)?
(241) &y (v, t)], Jee(y, 1)) < Ct~ 53—,
(y+a_t)?
(2.42) |ty (y, 8)| < Ct~tem e

for M > 0 sufficiently large (i.e. > 4by), and symmetrically for y > 0.
Proof. From (2.8), (2.16), we have for y < 0 the explicit representation

(243)  &(y,t) = (u_:i_u__) (errfn (—y ;bit) _ errfn (—y :bit» |

and symmetrically for y > 0. Thus,

(2.44) ) = () (K +a-tt) = K(y = at),

249)  alnt) = () (K4 K+ ot = (K + K)(y = at,0),

246) euw) = () (0 + K+ a-61) = (K, + Koy = a5,

where

ey’ /4b-t

\/4mb_t

(2.47) K(y,t) =
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denotes an appropriate heat kernel. The pointwise bounds (2.41)—(2.42) follow imme-
diately for ¢ > 1 by properties of the heat kernel, in turn yielding (2.39)-(2.40) in this
case. The bounds for small time ¢ < 1 follow from estimates

y—a_t
|K,(y + a—t,t) — Ky(y — a-t,1)] =| Kyy(z,t)dz|
y+a-t
y—a-t
(2.48) < Ct—3/2/ e_lvft2 dz
y+a-t

yt+a_t)?

< C’t—l/?e———( BT

and, similarly,

a-t
|Kyy(y + a—t,t) — Kyy(y —a—,t)| =| tKyyy(z,t)dzl
y—a—_t .
(2.49) <cr? / Tt dz,
y+a-t
(y+a_t)?

< Ctle o

The bounds for |é,| are again immediate. Note that we have taken crucial account of
cancellation in the small time estimates of &, €. 0

REMARK 2.6. Fort < 1, a calculation analogous to that of (2.48) yields |&,(y, t)| <

(y+a_t)?
Ce~ ™t —, and thus |e(-,s)|r: +0ass—0.

With these preparations, we easily obtain our main result:

THEOREM 2.7. Let (H) hold, and |vo|L1, [vo|Le < (o, Co sufficiently small. Then,
the solutions (v,6)(z,t) of (2.80), (2.85) with initial data vo satisfy:

(2.50) o, Dlze < Cl(L+1)7201/),
(2.51) 16(8)] < CCo(1+)7/2,
(2.52) ~ 16(8)] < Clo.

Proof. Defining
(2.53) )= sup [o(,8)|ee(1+9)207YP + sup [6(s)|(1+ )2
0<s<t,p 0<s<t

we obtain from (2.24)—(2.25)

(-, B)|» < Ct=33YPyg| 1
t/2 . ) .
(2.54) +/ (t —5)~2171/P)=21Q + dv)| 1 (s)ds
: 0

¢ ) .
+ / (t = 8)"2|(Q + 0v)|L» (s)ds.
t/2
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By standard short-time estimates, we have, so long as |v|L« remains bounded,
that

Clv(-,t —1)|pe, fort>1
Ct™% |vp| oo, for t < 1.
Thus, recalling (2.31), (2.53), we can bound

(Qv,v0) +6v)(, Oz < ([va]z= + o]z + [8])[v]Ls
< CCH (1 44)730-1/P),

(2.55) [0 (- 1) = < {

(2.56)

Substituting into (2.54), we obtain for ¢ > 1:
[v(-, )]s < Clot™2(1"1/P)

+CCt)( / t/2(t —5)"2(1=1/P) =3 g=3 g

(2.57) . 0

+/ (t—s5)"2(1+s) " 2(1-1/P)g=13)
t/2

< ClCo + ()2 30=1/m),

For t < 1, we can use instead the bound

t
(- 8)]zs < Cluo|zs + / (t = 5)~41Q + Gv|1» (s)ds
0

¢
(2.58) < Cho+ Q07 [ (= sy Ha+ ) H0 P
0
< C(G + <))
Combining and rearranging, we have
(259) Dl L+ ROTYP < CG + C)).

In precisely the same fashion, we obtain from (2.37) and (2.39)—(2.40) the bound

(2.60) B@I(L+)'2 < C(Go + 1)),
giving
(2.61) ((t) < CG + <))

But, this yields ((¢) < 2C¢ for all t > 0, for (o sufficiently small, by continuous
indication. Comparing with definition (2.53), we obtain the results (2.50)—(2.51).

Similarly, we obtain (2.52) from representation (2.35) together with (2.45), (2.39),
the evident bound |€(-,t)| < C, |vo|zr < (o, and the already established bound

|Q + dv|p(8) < O3t 3. 0

COROLLARY 2.8. Let (H) hold. Then, for |up —alr1,|uo — @l < (o sufficiently
small, the solution u(z,t) of (2.1) with initial date uo satisfies

(2.62) u(z, t) — @(z — 6(t))|1r < Clo(1+¢)~20-1/P)
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for 6(t) satisfying

(2.63) 13(t)] < CC(1+1)72/2,
(2.64) 16(t)] < Céo.

REMARKS. 1. The bound (2.64) follows also from |u(z,t) — @(z — 6(t))|» < Clo
and conservation of mass.

2. For b(u) = constant, we can remove the assumption |vg|pe~ < (o, taking
|vo|e merely bounded, to obtain the degraded bounds Cgot”%(l‘l/ P in place of
Clo(1+1)20-1/P),

3. Bound (2.62) is a sharp rate for orbital stability, as can be seen by exam-
ination of the linearized stability analysis. Likewise, (2.64) gives the sharp result
that convergence to the time-asymptotic state predicted by conservation of mass may
be arbitrarily slow. Such convergence eventually occurs for scalar equations, by L*
contraction [FS]; however, for systems, it is an interesting question whether &(t) ap-
proaches a limit, or not. (Note: the bound (2.63) yields still poorer information,
allowing oscillations of up to O(t%) — 00).

Pointwise bounds. Using the pointwise bounds of Lemma 2.2 and Lemma 2.5,
we can easily obtain a sharp nonlinear orbital stability result also for non-integrable,
but weakly localized data, decaying as (1 + |z|)~2. This result extends and simplifies
similar results in [H.1-3, HZ.1-2].

A straightforward computation [H.3, HZ.1-2] yields
LEMMA 2.9. Letd(z):= (1 + |z|)~", r > 0. Then, fory <0,

oo e—ﬂﬂl 1 _(a:—y—a_t)2
(2.65) /_oo (_—e"‘” n e“"“) t"ze”mt  d(y)dy
< Cd(|z| +1),
‘ o0 _1 _(y+a__t)2
(2.66) t72e” " Mt d(y)dy < Cd(t)
—OQ

(Note: (2.66) is a special case of (2.65), with t =0).

THEOREM 2.10. Assuming (M), let d(z) := (1 + |z|)~", r > 1/2. Then, for up
Holder continuous, exponent @ > 0, with G-Hdélder norm bounded by some prescribed
constant, and |ug — @|(z) < {od(z), (o sufficiently small, the solution u of (2.1), with
initial data ug, satisfies

(2.67) lu(z,t) — iz (z — 8(2))| < Clod(|z] +1),

(2.68) 16(t)] < Céod(t),

for some C (o) > 0 independent of ug.
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Proof. Proceeding similarly as before, introduce the nonlinear perturbation vari-
able v and shock location 4, satisfying (2.36)—(2.37), and define

(2.69) Ct) = S, [v(y, z)/d(ly| + s) + Sup [6(s)|/d(s).

Applying (2.69), bounds (2.20)~(2.21) and (2.41)-(2.42) on G and E, and the con-
volution bounds (2.65)-(2.66), we obtain from representations (2.36) and (2.37) the
respective bounds

lo(2,8)] < Clod(Ja] +1) + C¢(t)* /0 t(t — 8)"Zd(|z| + £)d(s)(1 + s7/?)ds

(2.70)
< CCo + CBD)d(|z| + 1),
and
ey POIS Chdl)+ Cov? /Ot“ — o) d(t)d(s)(1 + s~/2)ds

< C(Go +¢(1)?)d(t),

where in both cases we have used |d(s)| = O((14s)~1/2) to obtain fot(t—s)‘l/zd(s)(1+
s71/2)ds < C. Here, in place of (2.55), we have used the pointwise short time theory
of [ZH], section 11, to bound

¢t - Dd(je| +t-1), t>1,
o (2, 8)] < c{ it o
< CL(t)d(|z] + ) (1 +¢71/3).

(2.72)

As in the previous argument, this yields ((¢) < C({ + ¢(¢)?), and ¢(t) < 2(, for
(o sufficiently small. g

REMARKS. 1. Theorem 2.10 shows that algebraic spatial decay translates di-
rectly into temporal (orbital) decay at the same rate, generalizing the corresponding
observation made for exponentially decaying data by II'in and Olenik [IO].

2. Since mass is unbounded, there is no well-defined time-asymptotic state for
data decaying as (1 + |z|)~! or slower. Thus, orbital stability is the only relevant
notion here. On the other hand, the nonlinear part of §(%),

t pt+oo R
[ et = 9@,00) + 60) )i

¢
<ce(t)? / (t — )" 12d(s) (1 + s~1/%)ds
0
<C¢
is bounded, hence the main contribution to the time-asymptotic location of the shock

is the “mass distribution function” given by linear estimate (2.15), which can vary as
much as td(t) ~ t/? as t — oo.

3. Holder continuity is used only in the short-time theory leading to [GS.1], based
on the parametrix method of Levi [Fr,Le], see discussion [ZH]. It can be dropped for
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b = constant.

3. The System Case. Now, consider the general situation of a stationary
viscous shock solution

(3.1) u = u(x), zl_)j:ﬂ(a:) =lug
of a system of viscous conservation laws
(3.2) uy + f(u)e = (B(u)uz)a,
u, f € R", B € R"*" i.e. a solution of the traveling wave ODE
(3-3) @' = B(a)~' (f(a@) - f(u-)).
Following [ZH], we make assumptions () below, generalizing those of the scalar case:
(H):
(HO) f,BeC?.

(H1) Reo(B) > 0.
(H2)  o(f'(us)) real, distinct, and nonzero.
(H3) Reo(—ikf'(us) — k*B(u+)) < —6k? for all real k, some 6 > 0.

(H4’) The unstable manifold of u_ in (3.3) is transverse to the stable manifold
of u4, with one-dimensional intersection {@(z)}. (In particular, the solution @(-) of
(3.1)—(3.2) is unique up to translation).

Note that (H3)—(H4’) are specific to systems, being in the scalar case consequences
of (H1)-(H2). Condition (H3) is the stable viscosity matriz criterion of Majda and
Pego, corresponding to linearized stability of the constant solutions u = us [MP,K]
(clearly necessary for stability of @(-) of the type we seek, see further discussion ([ZH],
pp. 746, 767, and 774-775). Condition (H4’), specializing (H4) of [ZH], is the require-
ment that viscous profile @(-) be of nondegenerate Lax type (see classification, Section
10.1 of [ZH]); In particular, it implies the Lax characteristic condition [Lax]:

(3.4) a, >0>a}t; sgn aj = sgn af #£0, j #p,
where p is the principal characteristic family of the shock and
(3.5) af <---<a

denote the (ordered) eigenvalues of df (u4).
Linearizing about @(-) gives, similarly as in the scalar case:
(3.6) vy = Ly := —(Av), — (Bvg)s,
with
(3.7 B(z) := B(@z), A(z)v:=df(a(z))v — dB(@(z))vi,.
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Denoting Ay := A(%oo), By := B(%00), define the (scalar) characteristic speeds
af < --- < aZ (as above) to be the eigenvalues of Ay, and the left and right (scalar)
characteristic modes l;.t, r;': to be corresponding left and right eigenvectors, respec-
tively, normalized so that I; - r, = d7. Following Kawashima [K], define associated

effective scalar diffusion rates ,B;E :j=1,---,n by relation
gE 0

(3.8) =diag L+ B+ R,
o B

where Ly := (If, ..., 1), Ry := (rf,...,r¥) diagonalize Ax.

As previously, define
(3.9) ' Gz, t;y) = eX6,(z)

to be the Green’s function associated with (8; — L). Then, the relevant linearized
theory can be summarized in the following two propositions, proved in [ZH], [Z.1],
respectively:

PROPOSITION 3.1. Given (H), necessary conditions for LP-linearized orbital sta-
bility, p > 0, of @(-) with respect to perturbations vo € C§° are:

(D):
(D1) L has no (L?, without loss of generality) eigenvalues in {ReX > 0} \ {0}.

(D2) A:=det(ry,...,7p_1, r;_,_l, ey, P up—u_) # 0, where p is the principal
characteristic field defined in (3.4)-(3.5).

PROPOSITION 3.2. Under assumptions (H), (D), we have for y < 0 the decom-
position

(3.10) | G=E+S+R,

where

E(z,t;y) == Z [cgy_]ﬂm(w)l,;‘t (errfn (M)

a, >0 4161:t

—errfn Toy+at ,
Japt

(3.11)



REFINED WAVE-TRACKING AND NONLINEAR STABILITY 761

(3.12)
S(z,tiy) ==Y rply (dnpy 1) 2e(@mvman /a0t
a; <0
+ 3 il (anBy )Y ey a ) /4n ( e )
-0 e ¢ e’ +e”"
@
=1 — 1=t (4 A= £\ —1/2 —(a—2,)2 /4B, e ®
+ Z X{tm}[ﬁ;’c,_]m U (47Tﬂjkt) /2 g=(2=253.)° /4B, (m),
ay, >0,a; <0
b=t Ay —1/2 = (e—zh)2 ekt (€7
+ Y xpenld I i (4nBe) T Rem (e H) /A5 (——ew+e—w‘>’
a,:>0,a,;'>0
with
(3.13) 0 = (1- 1)
lag |
and
+ at\?
3.14 5% (o i) o= ol g WL (%) o
(3.14) B (@ Y) Ia;'htlﬂ] laz t] \ ag By,
and
(3.15)

R(z,ty) = Y0 (¢ 4 )72 4 ¢mnlel) 712 (emy=ez 0/
k

—1/2,—1/2 —(z—aj (t—|y/a} )2 /Mt ,—nz+
Y Xqpar g Ot + )72 2 e el D) Mt g
a,:>0,aj’<0
—1/2,-1/2 —(z—aT (t—|y/ag )2 /Mt ,—nz~
+ Z X{IaZtIZIyI}O((t+1) [24=1/2g(wa] (t=ly/ay )7/ Mtg=na™
aj, >0,a} >0
for some n, M > 0, where = denotes the positive/negative part of , indicator func-
tion X{Jaz t|>Iyl} is one for |a;t| > |y| and zero otherwise, indicator function x(s>1} is
one fort > 1 and zero otherwise, and scattering coefficients [cg,_] , [c,’czf] are constant,
with

(3.16) DLy + D[+l —ul) =g
a; <0 aj-'>0
for each k (note: uniquely determined, by condition (D2)), and
YR =D
(3.17) ag >0 ay <0
== (], Ty s Ty s Ty Uy —U_) lep,

where e, denotes the nth standard basis element. Likewise, we have the derivative
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bounds
[Bal = 300 (¢4 1)7/2471/2677" 4 gmnlel) g=/2=(ey=ar 0
k

—_ —_ —_ —a(t— - 2 _ :D+
Y X O(t + 1) 2 e (lu/ e ) /Mgt

(3.18) a; >0,a; <0
+ Z X{laitl>lyl}o((t + 1)—1t—1/2e—($—aj~'(t—ly/ai|))2/Mte—nw"
a;, >0,a} >0 -
IRyl =30 ((t +1) V2 e‘"'m') t~le=(e—y=at)?/Mt
k
—1,-1/2 —(z—aj (t—ly/a; ))?/Mt ;—nz*
(3.19) o Z_ X{laz ey O((E+ )74 e e D)?/Mt g=na™
a; >0,a; <0
D Xzl Ot + 1) e e (lu/ e D) M g e
az >0,a}>0

A symmetric decomposition holds for y > 0.

REMARKS. The stability criterion (D) is equivalent to the Evans function con-
dition of [ZH] (see Lemma 9.3 and Proposition 10.3, [ZH]). The first condition is
an obvious necessary condition for parabolic stability, while the second can be rec-
ognized (see, e.g. [M]) as the criterion for hyperbolic (i.e. inviscid) stability of the
corresponding ideal shock; for further discussion, including the generalization to multi-
dimensions, we refer the reader to [ZS] or [Z.4]. The bounds in Proposition 3.2 refine
bounds obtained in [ZH] by similar methods. Notice that (3.11)—(3.15) reduce in the
limiting case @(z) = constant to the bounds obtained by Liu and Zeng [LZe] for
stability of constant solutions.

We point out that condition (D1) is always satisfied in the scalar case (see e.g.
discussions in [S,H,HZ.3,Z.3-4]), and, by results of Goodman, is satisfied in the system
case for weak shocks of dissipative systems, satisfying the additional condition LBR >
0 (see [G.1-2] and discussions in [ZH,Z.3-4]). Likewise, condition (D2) is satisfied
always in the scalar case, for which A = u4 — u_, and, for weak shocks of systems,
for which r;-" ~T7 r;: ~ uy —u_ by Lax’ (hyperbolic) shock structure theorem [La].

Interpretation/Discussion of Green’s function bounds. From relation (3.17), the
time asymptotic contribution of all excited terms is, similarly as in the scalar case,
Tz {m, vg), where (-,-) denotes L? inner product, i.e. 7 plays the role of a “left eigen-
function” at A = 0 dual to right eigenfunction @.; indeed, it is the effective left
eigenfunction in the extended spectral theory of [ZH]. Note, in the scalar case, that
(3.17) reduces to the simple formula 7 = (u4+ —u_)~! given in Section 2.

The form of vector 7 can be deduced from first principles via 7 - (uy —u_) =1
and the properties 7 -7, =0, k =1,...,p— 1, and w'rz =0, k=p+1,...,n
These follow, in turn, from the observation that in the far fields “outgoing mass” in
modes r¥, a; 2 0, simply escapes to infinity, and cannot contribute to the shifting of
the shock. This argument, and a heuristic treatment of scattering, first appeared in
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[LZ.2]; for related discussion, see [ZPM].

Along with excitation of the stationary mode @, already seen in the scalar case,
we have the new, system effect of scattering in the outgoing modes rj-:, a;‘: z 0.
Grouping together terms in E, S with like initial propagation speeds a; , we see that
unit incoming mass in mode 7, , upon reaching the shock layer, splits into a portion
[}, _] accumulating at the shock and n — 1 portions [c,’fj] leaving the shock in the
outgoing modes r;t aji 2 0. More precisely, an initial delta-function perturbation at
y propagates in mode ;. as a Gaussian signal centered about z;  := y + a, t until the
time T' := |y|/|a, | when it reaches the shock location (z = 0), thereafter splitting into
a stationary wave centered around the shock and n — 1 Gaussian signals outgoing in
modes rji, centered about paths zﬁ = a;.t (t —T). The relation (3.16) thus represents
conservation of mass for a single scattered signal; for further details, see [ZH,Z.1].

The form of the time-varying diffusion ﬁ;}c in (3.14) may be easily understood
in terms of the history of the scattered signal. For, evaluating to lowest order at the
center ¢ = z;tk, in the critical regime ¢ > |y/a; | for which zﬁ 2 0, we obtain the

convex average
2
lzj;cl + |y| ay -
itlﬂj + ==\ - B,

laj lagt] \ ay

of the incoming diffusion 8 and a modified version

o)’
(3.20) (a%) B

k

of the outgoing diffusion ﬁf, weighted by the amounts of time T = |y/a; | and t —
T = |z/ a;-hl spent by the (center of the) signal in the respective modes r, and r;t.
Correction (3.20) likewise has a simple geometric interpretation: For definiteness,
consider a signal zﬁc outgoing toward the positive side. During the time T that the
signal takes to reach the shock location z = 0, it diffuses a distance ~ (8 T')'/2. This
means that the trailing edge of the signal will strike the shock layer after the trailing
edge by a difference of time AT ~ (8; T)'/?/|a;, |, during which the two edges undergo
convection differing by rate a;’ — a,, . This results in additional, convective spreading
of approximately

(3.21) (of = ap)AT ~ (B, 1) (af = a)/lai |,

yielding a total distance of (a} /aj)(8; T)*/2, consistent with the corrected diffusion
(3.20).

We point out two crucial differences between the bounds cited here and those
reported earlier in [ZH]. The first is the refined description (3.11) of the excited terms,
replacing the cruder estimate

_ —t
E(Z‘,t; y) = Z [cg,—]u'm(m)lk X{|a;t|2|m—yl}
a, >0
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of [ZH]; as we have seen already in the scalar case, this distinction is important for
accurate wave-tracking incorporating diffusive effects (the dominant decay mechanism
for nonlocalized data).

The second is the absence in S, R, of terms of the form

1 (m—y—a:‘h t) 2
J
(3.22) O(e™M¥)g= 3¢~ — |
aji 2 0, corresponding to outgoing diffusion waves. Such terms necessarily occur for

undercompressive shocks, hence must appear in the bounds of [ZH], which apply to
shocks of ‘all types.

EXAMPLE. In [LZ.1], the Green’s function about an undercompressive stationary
Complex Burger shock is obtained explicitly as

(3.23) G= (C(';l C??)

where (1 is the Green’s function (2.13) for a Real Burger shock, and
(3.24)
A

d 3 ey—t)? 1 z—y+t)2
Ga(z, ty) == (e—z) (4mt)~Fe~ T 4 (_———62 )(471'15)“56‘( o

A ¥ FA ¥
ez +e"2 ez +e" 2

We thus see directly that (G2), contains the terms

1 _1 _(e=y-t)? _1 _(=-y+t)?
(325) (m) (—(47Tt) 2e 4 + (47Tt) 2e 4 )

As noted in [Z.1], on the other hand, terms of form (3.22) do not arise for Lax
or overcompressive shoc~ks. This is a vital observation, since the argument of the key
Corollary 2.3 requires |Gy|»(5) ~ t=2(1-1/P)=% whereas

(z—y—agyt) 2

(3.26) 1Sy Lo () ~ |e™ Wt 2 e~ —mr |Lo() ~ t~2A=1/P),
We therefore take a moment to explain this essential distinction in behavior:

A fundamental difference, pointed out with varying degree of rigor in [ZPM,
LZ.2,ZH], between shocks of Lax/overcompressive type and shocks of undercompres-
sive type is that scattering data — shock shift plus masses of outgoing diffusion waves
— is in the former case entirely determined by mass of initial perturbation, but in the
latter case depends also on the location (distribution) of that mass.

Thus, scattering terms (comprising S) in the Lax/overcompressive case take gen-
eral form
(z—y— oF t) 2

(3.27) Mjt~3e it
where the coefficient matrices M; € R"*" are constant, and in the undercompressive
case

(:c—y—a.it) 2

(3.28) M;(y)t~ie it



REFINED WAVE-TRACKING AND NONLINEAR STABILITY 765

where M;(y) are asymptotically constant as y — +o0, but not constant. Differentiating
(3.28) with respect to y, we see directly that S, in the undercompressive case contains
additional terms

—y—at?
—(E v (:r:—‘y——cni.:t)2

(3.29) Miy)t~te ¥t ~eMWimtem

not present in the Lax/overcompressive case. The “Residual terms” R, are in both
cases (Lax and undercompressive) faster decaying than S,.

The rigorous proof of the above statements follows very much along the lines of our
heuristic discussion. Precisely, to obtain the additional scattering information given
in [Z.1], one has only to replace Proposition 7.1 in [ZH] by the more detailed Lemmas
4.7, 4.21, and 4.37 of [Z.4], which quantify these formal observations at the level of the
resolvent kernel of the linearized operator about the wave. Then, approximating slow-
decaying modes in z by their constant-coeflicient limits using Proposition 3.1 of [ZH] (a
version of the “Gap Lemma” of [GZ]), one can proceed by exactly the same analysis as
in [ZH], Theorem 8.3 to obtain the desired Green’s function bounds via inverse Laplace
transform. We point out that the form of ,Bjik may be deduced from the saddlepoint

estimate ct=1/2e~3" /%Pt given in [ZH] for the scattered wave (now exact), where &
and p are as defined in equation (8.79), p. 836 (resp. (8.91), p. 840) of that reference:
specifically, from & = (a;, / af) (z — zﬁ)/ 2t, we obtain ﬁjik = p(a;.h)z/ aj, , yielding the
result. The refined description of the excited term may be obtained similarly, using
Lemmas 4.7, 4.21, and 4.37 of [Z.4], together with Proposition 3.1 of [ZH] to obtain

the principal part as an explicit Fourier integral. For details, see [Z.1].

REMARK 3.3. Further considerations suggest that improved y-derivative bounds
do not hold in the system case for the “integrated equations”

(3.30) vy = Lv := — Av, + Bugg,

arising through the flux transform of [G.2,GY], nor do second-derivative bounds for the
“unintegrated” equations exhibit further improvement; that is, the bounds available
by the methods of [Z.1] are sharp. For, consider the trivial case of a Lax shock
@(z) = (— tanh(z/2),0) of (3.1) with f(u1,us) := (u?/2,(u+2)v)! and B =1, for
which equations (3.30) decouple into

(331) (vl)t = —a (vl)z + ('Ul ):z:a:
and
(3.32) (v2)t = —az(v2)e + (V2)ea, a2 >1>0,

and the Greens function G into
_ (G O
G= ( 0 G )°
The first equation, corresponding to the principal characteristic field, is just that
arising from a scalar shock of (integrated) Burgers equation), hence obeys the deriva-

tive bound |(G1)y|L1(z) ~ t71/2 (by the bounds of [ZH], or direct computation similar
to (2.13)). The second equation, corresponding to the transverse characteristic field,
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may be studied by the observation that (Gs), = G, where G is the Green’s function
for

v = _(a2'U)m + Uga,
hence (Gs)y = [ Gy,. Heuristically, we expect
(3.33) G~K(z— 2(y,t),1),

where K (z,t) := (4nt)~1/2¢=2"/47t denotes a standard heat kernel and 2(y,t) denotes
the path of a signal originating at y and convected at rate az, hence

2l ~ la = a| ~ e~
for large t. Thus, G, ~ -2y Ky ~ e~ MK, matching the predictions above, but
Gyy ~ —2yy Ko — 22 Koy ~ e WE,
and
(3.34) (G2)y ~ —2zyy K — zij ~e MK,
whence |Gyy|11(a) ~ |Gylrr(e) ~ 712 and |(Ga)ylria) ~ |Kpra) ~ 1 >> t71/2,

To put it another way, more related to the previous discussion of the undercom-
pressive case, (3.32) does not exhibit conservation of mass, hence we expect behavior

Ga ~ m(y,t) K (z — 2(y, 1))

in place of (3.33), with m, ~ e~"%l. This yields directly that (G2)y ~myK ~ e~ MK,
matching conclusion (3.34) above.

Nonlinear stability analysis. With these observations, our nonlinear stability anal-
ysis carries through exactly as in the scalar case. That is, defining v, § formally by
(2.29), (2.35) and E, G, € by (2.16) and (2.19), we again arrive at the reduced equa-
tions (2.36)-(2.37). Likewise by essentially the same calculations as in the scalar case,
we have:

LEMMA 3.4. Given (H), (D), kernels G, € satisfy bounds (2.24)-(2.25) and
(2.39)~(2.40) of Corollary 2.8 and Lemma 2.5, respectively.

Proof. The crucial estimation of E — E (resp. E, - E’y) is obtained by summing
over each incoming scalar mode k, a;; > 0, the estimates from the scalar case, while
the terms S, R (resp. Sy, Ry) again clearly absorb. 0

Thus, the arguments of Proposition 2.4 and Theorem 2.7/Corollary 2.8 carry over
verbatim to yield our main theorems:

THEOREM 3.5. Gwen (1), (D) is necessary and sufficient for LP-linearized or-
bital stability of u(-) with respect to initial perturbations vo € L or |vo(z)| < C(1 +
|z|)~", 7 > 1/p. Moreover, if (D) holds, we have the (sharp) linear decay bounds:

(3:35) [o(,8) = (-, 8)] 1o < 72D g s,
in the first case, and in the second case

(3.36) lv(-,t) = @(-, )]s < t™E/E=1P) 5| 5,
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for all p > p > 1/r, where v is the solution of (3.6) with initial data vo, and ¢ is as
defined in (2.15)- (2.19).

THEOREM 3.6. Let (1), (D) hold. Then, for |ug — @|p1,|uo — Glre < o, Go
sufficiently small, the solution u(z,t) of (3.2) with initial data ug satisfies

(3:37) [u(@, 1) = (s — 5Bz < Cho(1+8)~30-1/9),
where 6(t) (defined as above) satisfies

(3.38) O(t)] < CG(1+1)7F,

(3.39) 16(t)] < Clo.

REMARKS. 1. The conclusions of Theorem 3.5 apply also for over- and under-
compressive shocks (note: this result requires only bounds on |G| and not |G|, which
are equivalent in the three cases [Z.1]).

2. For localized data, |v| ~ (14 |z|)~",r > 1, pointwise bounds analogous to
those of Theorem 2.9 can also be obtained, but here there is not particular advantage
of the Lax over the undercompressive case; for this analysis, we refer the reader to
[Z.2].

3. As noted above, the overcompressive case features the same improved y-
derivative Green’s function bounds as does the Lax case; however, the stationary
manifold {@°} of solutions of (3.1)—(3.2) local to @ does not typically have the simple
group structure used in our stability argument (translation, in the Lax and under-
compressive case). It is an interesting open question whether L' N L™ — LP stability
holds in this case. Nonlinear stability of overcompressive shocks was shown in [ZH]
using a pointwise argument of Liu [L], for data decaying as (1 + |z|)~3/2.
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