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SELECTIVE DECAY FOR GEOPHYSICAL FLOWS*
ANDREW MAJDA', SANG-YEUN SHIM!, AND XIAOMING WANG?

1. Introduction. The emergence and persistence of large scale structure is a
common phenomena to many geophysical flows. A well-known example of such large
scale coherent structure is the big red spot on Jupiter. One way of predicting the
emergence of such large scale structures is to invoke empirical equilibrium statistical
mechanics where one postulates some maximum entropy principle and then calculates
the most probable state. The equilibrium statistical theory usually utilizes a few
conserved quantities of the underlying (inviscid) dynamics (see the references in Majda
and Holen (1998), Majda, Embid and Wang (1999)). In this paper we intend to
explain the emergence of large scale structure using the so-called selective decay theory
based on the so-called quasi-geostrophic equations with dissipation, and discuss its
limitations.

Early numerical investigation of the evolution of coherent structures for freely
decaying two dimensional Navier-Stokes flows indicated that the enstrophy decays
much more rapidly than the energy (see for instance the work of Matthaeus et al
(1991) and Montgomery et al (1993)). This suggests that one might find a suitable
intermediate time scale over which the energy changes slightly so as to be regarded
as nearly conserved, while the enstrophy sweeps down much more sharply. This lead
physicists to hypothesize the following selective principle to characterize the large
time asymptotic states of the flow.

Physicist’s Selective Decay Principle for Two Dimensional Navier-Stokes
Flows: After a long time, solutions of the two-dimensional incompressible Navier-
Stokes equations approach those states which minimize the enstrophy for a given en-

ergy.

The appeal of such principle is that it reduces the calculation of the asymptotic
states of the Navier-Stokes system to a simpler problem in the calculus of variations.
The purpose of this paper is to consider extensions and applications of this selec-
tive decay principle to geophysical flows, and also study the limitation of its applica-
bility. Throughout this paper we will emphasize geophysical effects, more specifically
we will study the impact of the g effect, stratification, F-plane, and various types
of dissipation including Ekmann drag, Newtonian viscosity and hyper-viscosity, and
anisotropic diffusion in the vertical direction.
The paper is organized as follows
A In section 2 we introduce the basic equations for geophysical flows under inves-
tigation in this paper. They include barotropic quasi-geostrophic equations
(or the one layer model) with F-plane and S-effect, continuously stratified
quasi-geostrophic equations and the two layer equations (with a derivation
using two mode vertical Galerkin truncation of the continuously stratified
model).
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B In section 3 we study the one layer model and prove that a similar selective
decay principle holds either under the presence of Newtonian viscosity or
hyper-viscosity, or in the presence of Ekmann drag and F-plane. The effect
of hyper-viscosity is to enhance the selective decay process, and the effect of
B plane is to generate Rossby waves in the final states. The mathematical
proof follows from the work of Foias and Saut 1984 on Navier-Stokes equations
with some technical complications. We also present some numerical results
illustrating many facets of the selective phenomena. For instance the numerics
demonstrate that while the selective decay states are the same as with 3 = 0,
nonzero [ strongly influences the geometric nature of selective decay states
by creating zonal shear flows along the z-axis.

C In section 4 we study the continuously stratified models. First we remark
that vertically anisotropic diffusivity is natural under appropriate physical
circumstances (see Embid and Majda (1998)) for continuously stratified flow.
For this kind of continuously stratified flows we have mixed results on the
validity of the selective decay principle. More precisely we have

— Failure of the selective decay principle with anisotropic diffusion. The
failure is illustrated with an explicit example.

— Success of the selective decay principle with isotropic diffusion. The
proof is a simple modification of our proof for the barotropic quasi-
geostrophic models.

D In the last section (section 5), we study the selective decay phenomena for
flows on the sphere based on the one layer model on the sphere. We establish
the validity of a selective decay principle for this model. Due to the special
geometry of the sphere, we establish special exact nonlinear dynamics for
initial data involving superpositions from the first two eigenspaces. This fact
leads naturally to two versions of selective decay.

2. The Basic Equations for Geophysical Flows. In this section we recall
several mathematical models suitable for mid-latitude large scale motion of the at-
mosphere and oceans. The equations that we introduce are quasi-geostrophic equa-
tions which models the large scale fluctuation of the geophysical flows away from the
geostrophic balance (balance between the Coriolis force and the pressure gradient).
Two types of models will be introduced. One is the single layer model with F' and
[ plane effects. This is the simplest model. The other is the continuously stratified
quasi-geostrophic equations. We then derive the two layer model as the two mode ver-
tical Galerkin truncation of the continuously stratified model. The interested reader
should consult the book of J. Pedlosky (1979) for more physical background.

2.1. Single Layer Model with F-plane and S-effect. The single layer model
is the simplest model among all quasi-geostrophic models that has the potential of
capturing the large scale motion. For F' = 0 it is simply the one mode (the barotropic
mode, or the z-independent mode) vertical Galerkin truncation of the continuously
stratified model. It is also called the barotropic quasi-geostrophic equations (for F' = 0)
and takes the form

oAy — Fy)
ot

+8%% 4 1(p, Ag) = D(A),

(2.1) o
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where
(2:2) D(A) =) d;j(-A), d; >0,

is the dissipation operator, z is the longitude direction and y is the latitude direction,
B is the beta-plane approximation of the sphere geometry in mid-latitude, F' = 155—2
is the square of the ratio of the geometric length scale L to the Rossby deformation
radius R (see the book of Pedlosky 1979 for more details),

(2.3) J(f,9) =V*f-Vy,

is the Jacobian of the two functions f and g. In the dissipation operator, j = 1 repre-
sents Ekmann drag, dq is the inverse of the Reynolds number related to the classical
Newtonian viscosity, and j > 3 are hyper-viscosities. Hyper-viscosities have no direct
physical background. However they are frequently used in numerical simulations of
various geophysical fluid flows where there is uncertainty regarding the small scale
dissipative process.

For the sake of simplicity, we will assume fully periodic geometry, i.e.,

(2.4) Y(z +2m,y) = ¢(z,y + 27m) = ¢(z,y),

or flow on a two dimensional torus 72 = [0, 27] x [0, 27r]. We will also impose the zero
average assumption

(2.5) Ydz dy = 0.
T2

It is easy to check that this zero average condition is preserved under the one layer
quasi-geostrophic dynamics (2.1). Hence it makes sense to talk about flows with zero
average.

The interested reader is referred to the book of Pedlosky (1979) for a formal
derivation of this one layer model with F' # 0 from the rotating shallow water equation,
and for more physical background.

Alternatively, the barotropic model with F' = 0 can be viewed as the one mode
vertical Galerkin truncation of the continuously stratified quasi-geostrophic model
that we shall introduce in the next subsection.

2.2. The Continuously Stratified Quasi-geostrophic Model. In this sub-
section we introduce the continuously stratified quasi-geostrophic equations. In the
continuously stratified. model, the stream-function % depends not only on the longi-
tude = and latitude y but also the height 2.

) 0%
(2.6) -a—t(m/; +F 55

Once again we will assume fully periodic geometry in the domain

[0,27] % [0,27] x [0,27O]

)+J(¢,A¢+F28 )+ 8% =y,

with period 27 in z and y and perlod 2™ in z for the sake of simplicity. We also

impose the zero horizontal average constramt, ie.,

(2.7 / P(z,y,2,t)dedy = 0.
[0,27] x[0,27]
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It is easy to check, via taking the horizontal average of the equation (2.6), that this
constraint is preserved under the continuously stratified quasi-geostrophic dynamics
(2.6). This zero horizontal average constraint eliminates those stream function with
trivial (zero) velocity field.

The continuously stratified model can be derived from the rotating Boussinesq
equations using Ertel’s theorem (see for instance Pedlosky (1979)) and the idea of
Charney, as the asymptotic limit of fast rotation (Rossby number = Ro = € << 1)
and strong stratification (Froude number small) and the balance between rotation and
stratification (F' = O(1)), and utilizing the S-plane approximation. The interested
reader is referred to the book of Pedlosky (1979) for a formal derivation, and the
recent work of Embid and Majda (1998) for a rigorous justification. Indeed, Embid
and Majda (1998) proved that the viscous dissipation operator should take the form

_ 1 1 _, (921,0
where
82
Az =A+ @

is the three dimensional Laplacian. The Reynolds number

_ pUL
1

Re

is the relative strength of inertial term with respect to the viscosity term, with
o, U, L, p being the reference density scale, typical velocity, typical length and the
Newtonian viscosity of the fluids respectively. The Prandtl number

7

Pr=——
D

is the relative strength of the kinematic viscosity with respect to the thermal diffusivity
D.

_Fr

" Ro

is the ratio of the Froude number F'r and the Rossby number Ro with the Froude
number measuring the relative strength of stratification defined as

F

Fr=—.
"TIN

The Froude number is the ratio of the buoyancy time scale T, = N~! (N is the

constant buoyancy frequency, or the Brunt-Vaisala frequency) and the eddy turn over

time scale T, = L/U, and the Rossby number

U

RO—_—L—f

is the ratio of the rotation time scale T}, = f~! and the eddy turn over time scale. In
another word, F' is the relative strength of stratification with respect to the rotation.



SELECTIVE DECAY FOR GEOPHYSICAL fLOWS 515

Alternatively we may propose the following higher order dissipation operator to
incorporate hyper-viscosity

Dip = Z( 1)%( Ay +D—s ‘J’

j=1

2).

One important point for this continuously stratified model with dissipation is
the anisotropic diffusivity in space. We will see in section 4 that the validity of the
selective decay principle for this continuously stratified model depends on whether
this anisotropic property is there, more precisely we will show the validity of selective
decay if we have isotropic diffusivity and failure of the selective principle in other
cases. The anisotropic diffusivity comes naturally from the nature of the physical
problem. In general we have

Pr #1.

For instance we have for salt water, Pr ~ 200. The interested reader is referred to
the work of Embid and Majda (1998) for more details.

Next we are interested in deriving the one and two layer models as the one and
two mode vertical Galerkin truncation of this continuously stratified model.

2.3. Derivation of the One Layer Model. In order to derive the one layer
model we propose the following one mode vertical truncation of the continuously
stratified model:

(29) ¢(37, y,Z,t) = wb(w’yat)'

Substitute this into the continuously stratified model (2.6) we deduce
0A o

(2.10) U 4 5S4 T, A) = =A%

which is exactly the barotroplc quas1—geostroph1c model (2.1) with infinite Rossby
deformation radius (or F' = 0) and the dissipation consists of Newtonian viscosity
only.

2.4. Derivation of the Two-Layer Model. Next we derive the two-layer
quasi-geostrophic equations by taking a two mode vertical Galerkin truncation of
the continuously stratified model (2.6). Such models are prominent in studies of the
dynamics of the atmosphere and ocean (see Pedlovsky’s book). The intuition behind
is that the z independent vertical mode gives the barotropic mode and thus we need
a vertical shear to incorporate the baroclinic mode associated with the transport of
heat. For simplicity in exposition, we neglect diffusion in the derivation below.

Without loss of generality we assume © = 1 and we approximate the stream
function ¢ with the first two modes in the vertical Fourier expansion

(2.11) $(x,y,2,t) = Yo (z,y,t) + (7, y,t)V2sin 2.

Substitute this into the continuously stratified model (2.6) and notice for the Jacobian
we have

70,280+ 7222 = 0y 4/ Bsin 2, Ay + (A - F)V2sin )

= J(lﬁb,Aiﬂb + V2sin z(J (e, Athy) + J (5, Atpy, — Fahy))
+25sin? 2J (g, Apy — F2ay).
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The projection of the right hand side onto the first two vertical Fourier bases
{1,v/2sin 2} yields, following components for each modes:

(212) 2 Mty T, D) + T D~ F2) + By =0,

0 0

E(Aiﬁt — F24y) + J (s, Athy) + J by, Atpy — F2h;) + ﬁa—m’ll}t =0.

These two equations can be reorganized (addition and subtraction) to the following
form

019 DA+~ P + T+, Al + )~ P

(2.13)

B (1) =,
(215) D (AW ) + F) + T e, Al — ) + F)
'HB%(% — ) = 0.

The well-known (inviscid)“two—layer model then follows once we define the stream
function ; for each layer as follows

(2.16) Y1 =+, Y2 =Y — Y,
and the two layer model takes the form

5}
at
(218) O (Adiy + P (s — ) + (b, Ay + 'y — ) + Bty =0,

Q1) D (s~ F W~ ) + T, Aty = ' — ) + Bt =0,

where

F2
= —-2—,
Since our derivation is different from the classical approach of considering two layers
of homogeneous fluids superimposed on each other (see for instance Pedlosky (1979)
and Gill (1982)), we need to check if F' = %2 can be interpreted as the rotational
Froude number. For this purpose we recall the the square of the buoyancy frequency
N (or the Brunt-Viisild frequency), can be approximated as

FI

990 9p2—p)

. N2 =_-ZL ~
(2.19) py 92" pL/2
We then deduce
R A i

2 2N? g(p2—p1)

(2.20)

This implies that F' = %2 can be interpreted as the rotational Froude number. This
ends the derivation of the two layer model.

It is easily observed that 1, is the barotropic component of the stream functions
since it is the average of the stream functions in the two layers, and v is the baroclinic
component of the stream functions since it is the difference of the stream functions in
the two layers.
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3. Selective Decay for the Simplest Geophysical Model. In this section we
study the selective decay phenomena associated with the simplest geophysical model,
namely the one layer model (2.1) or the barotropic quasi-geostrophic model, both
analytically and numerically. We prove rigorously that the selective decay principle
remains valid for this simple model. However the presence of geophysical effects
greatly alters the long time dynamics. More precisely we will show that

1 The presence of hyper-viscosity enhances the selective decay process.

2 The presence of the §-plane approximation generates Rossby waves. More
precisely, for non-zero 3, the long time dynamics is the superposition of a
zonal flow and Rossby waves. This is in contrast to the case when there is
no J effect and the long time dynamics are steady states only. Elementary
numerical simulations show that non-zero 8 can lead to highly anisotropic
behavior in selective decay through the emergence of jets and shear flows
primarily along the z-axis.

3 When there is a non-trivial F-plane effect, i.e. F' # 0, then Ekmann drag
has the selective decay effect. This is in contrast to normal fluid flows where
zero order dissipation has no selective decay effect (see for instance Majda
and Holen (1998)).

In the first subsection we will state our theorem and present a rigorous proof.
Then in the second subsection we present out numerical results illustrating many
facets of this selective decay phenomena.

3.1. Statement and Proof of the Selective Decay Principle for the One
Layer Model. The purpose of this subsection is to derive and prove the selective
decay principle for our one layer model (2.1).

Recall that the physicists’ selective decay principle suggests that the long time
behavior of the system are those states which minimize the enstrophy with given
energy. For conciseness we refer to such a critical point of the enstrophy at constant
energy as a selective decay state. We do not know a priori that selective decay states,
so defined, are bona fide solutions to or invariant under the underlying equations. At
the moment, a selective decay state is just a velocity or vorticity profile satisfying the
variational principle. The selective decay hypothesis is that arbitrary initial velocity
- fields somehow approach the flow configuration of a selective decay state in the long
time limit. It is hard to imagine the selective decay principle being valid unless the
selective decay states turned out to be invariant under the dynamics of the one layer
quasi-geostrophic equations (2.1). More precisely, we are interested in asking if under
time evolution via the one layer quasi-geostrophic equations a selective decay state
continues to minimize the enstrophy at its energy level at later times. Such a property
will at least render the Selective Decay Principle meaningful. If such selective states
are invariant under the one layer quasi-geostrophic dynamics, we then need to check
if an arbitrary solution converges to some selective state. This is the key part of the
selective decay principle. We also need to explain the numerical fact that all flows
converge to the largest coherent structure allowed by the geometry. This is most likely
to be explained using a stability argument. We also need to identify the geophysical
effects (in our case it is the beta plane, F plane and the artificial hyper-viscosity) since
we are interested in geophysical applications. To summaries, we have the following
issues

e Invariance. This is the one that makes the selective decay state meaningful
e Convergence. This is needed to justify the the selective decay principle.
o Stability. This is useful in interpreting the numerical results which indicates
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all flows converge to some ground states.
o (-plane effect, hyper-viscosity and F-plane effect. This is useful since we
would like to identify the geophysical effects.

For the case of Navier-Stokes equations (no beta-plane, no F-plane, no hyper-
viscosity) the selective decay phenomena were studied by Matthaeus et al (1991),
Montgomery et al (1993), A. Majda and M. Holen (1998), C. Foias and J-C. Saut
(1984) among others. In particular, the work of Foias and Saut rigorously established
the validity of the selective decay principle for two dimensional Navier-Stokes flows.
Our proof in this section will be a modification of their original work.

Next we proceed to compute the selective decay states. The computation is a
simple application of the Lagrange multiplier method. First we recall that the total
kinetic energy E and the total enstrophy £ is defines as

(3.1) B=3 [(v-eP+ o) =3 [ v
(32) e=3 [ ¢ a=np-Fy

where the integration is over the torus T2 = [0, 27] x [0, 27].
The variational problem we have is to minimize £ with the following energy
constraint:

(3.3) E@) = E'

According to the Lagrange multiplier method we deduce the following simultane-
ous functional relations

(34) E(Y.) = E,
o0& 0E

(3.5) E/;W, = Awhw

The derivatives of the quadratic energy and enstrophy functionals are

0E

(3.6) 5 Ay + F1p,
0E 9

(3.7) 5 (A = F)*2.

Hence we end up with a simultaneous system

(3.8) E(y,) = E,

(3.9) (A = F)*py = =A(A = F)gs.

This implies that the stream function ¥, for the selective decay state must satisfy

(3.10) E(y) = FE',
(3.11) —At, = (A — F)i,.
Hence it must be one of the eigenfunctions of the Laplace operator.

It is interesting to notice that such eigenvalue-eigenfunction problems also emerge
in the classical energy-enstrophy statistical mechanics in predicting the most probable
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states (see for instance D. Montgomery and G. Joyce (1974), A. Majda and M. Holen
(1998) and Majda, Embid and Wang (1999) among others).

The eigenfunctions of the Laplacian in the periodic setting can be easily calculated
as the generalized Taylor vortices:

(3.12) Y= Y A tce

where A; = |k|2, k € Z2 are the eigenvalues.
Recall that

(3.13) E(5) = (Aj + F)E(¥;),

hence we may conclude

1. The ground states are the actual minimizers of the enstrophy with given
energy. Other Taylor vortices are saddle points.

2. All flows will approach a Taylor vortex of the lowest eigenvalue A = A,
permitted by the symmetries if the physicists’ selective decay principle is
true.

Of course these statements still need to be verified.

We check the first issue for selective decay states, i.e., the invariance of these
states under the barotropic quasi-geostrophic dynamics.

The first thing we notice is that the nonlinear term drops out for selective decay
states, i.e.,

J(¥,A) =0
since
A’lf) - —Aj’lj).
Hence we end up with a linear equation
_ O L 59% _ .
(~8; = )5 + 8% = D).

The solutions can be computed easily as

i F— ik t L _D(=45)
(3.14) »(t) = Z AE(O)ezk k t—_Aj+Fe Xt
|Fl2=A;
provided
(3.15) YO) = S Ap(0)eF®

|k|2=A;

It is then reasonable to speculate, based on this representation, that
e The [ plane generates dispersive Rossby waves
e The Rossby waves degenerate into generalized Taylor vortices at vanishing g
effect
¢ For Ekmann drag where D(—A;) = doA;, there are equal decay rates for all
wave numbers for F' = 0 but rather weak selective decay effects for F' # 0.
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Of course these statements still need to be verified.
Since we are studying freely decaying flows, it is natural to study the normalized
(in H') stream function

0
(3.16) YO = ey

Since the numerical results suggest the consistently more rapid decay of the en-
strophy over the energy, we introduce the generalized Dirichlet quotient A(t):

&)
E(t)

We now state our selective decay principle for barotropic quasi-geostrophic flows
with arbitrary geophysical parameters

THEOREM 1 (Math Form). Assume the existence of Newtonian viscosity or hyper-
viscosity,i.e.,

(3.17) A(t) =

k
(3.18) > d;i>0
j=2

or the presence of a non-trivial F-plane approzimation and Ekmann drag, i.e.,
(3.19) d >0, F>0

the following selective decay principle holds for the one layer model (2.1): For arbitrary
initial data, the generalized Dirichlet quotient A(t) monotonically decreases to Aj+ F
for an eigenvalue A; of the Laplace operator, i.e.

(3.20) lim A(t) = A; + F.

There exists a solution 1;(t) of the linearized barotropic quasi-geostrophic equation
with motion restricted to the jt" energy shell (this implies that it is a superposition of
a zonal flow and Rossby waves) such that

(3.21) HV'J)(t) - an(t)”0 — 0 as t = oo.

The Rossby waves degenerate into generalized Taylor vortices in the absence of the
geophysical 3 plane effect.

We first present a proof of the decay of the generalized Dirichlet quotient. The
original proof of the decay of Dirichlet quotient in the presence of hyper-viscosity is
due to Z.P. Xin (1998) and the original proof of the decay of the Dirichlet quotient
for two dimensional Navier-Stokes flow is due to Matthaeus et al (1980). Here we
incorporate more geophysical effects and we present an alternative proof.

LEMMA 1.
% 12 2 iz1=t
) L8 - M S5 dnton- S)(-8) Sy
Jj=21=0
~rlule ﬁ 4Ry O(=8) S — Ay () (-2)
J 4

N

o

Jj=11=
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where
— A2

(3.23) Ay = ”—f’”"Q
I(=2)2ll5

is the Dirichlet quotient for the velocity field ¥ = V1, and
lI=2)% 9|3

3.24 Ay =

24 PSR

is the Dirichlet quotient for the stream function. In particular, ﬂdtﬁ < 0 with equality
obtained only for the selective decay states.

It seems worthwhile to point out two simple consequences of this lemma,
¢ Hyper-viscosity enhances selective decay process,
e Ekmann damping d; has no selective decay effect unless there is a non-trivial
F-plane effect.
For the proof of this lemma we recall the definition of fractional powers of the
Laplacian. Let

(3.25) Y=Y Age?
P
we then define
(3.26) (AyyY=>" > AjAzer?,
1 |E|2—Az
(3.27) (CA+FPyp =3 Y (A +F) Age™?.
l |k|2—Az

It is easy to see that the energy and enstrophy are conserved in the case without
damping. In the general case with damping we have

k
d .
(3.28) ZE = dill(=2)"y|E,
J=1
d k
— M(— /20 ANI/2.5012
(3.29) i ;dgll( A+ F)Y2(=0)293.

We then deduce the equation satisfied by the generalized Dirichlet quotient:

dA(t)  d (E(t)

1. ;
- Ez_(t)(g(t)E(t) - EM)E())

k .
_ _EzL(t)(z dll(=A + F)}(=2) FlRlI(-A + F) byl
Jj=1

k o
—I(=A+ F)glls > dsll(=A)2¢ll5)

Jj=1
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k

Ezl(t) Yo dilll(=a+ F)¥ (=) y|2Il(~A + F) |2
J

j=1
—l(=A + )yl 3ll(-2)24|12)

b j+1 i 1
=~y 2 U2 Bl FI-2) IR -2 Full+ Flly )
=1

(I = AYIR + 27 (~2)F3 + F2[[93)I(~2) F13)
u j+1 1 i
=~y 2 U2 F BRI 21~ | - AVl -2 Fyl
j=1

+F(I(=A) F 9l l9I13 — (=) g l2lI(-2) Fl3)).
We observe (this is the key part of the proof of this lemma) that for j > 1 and
arbitrary constant C,
(331) [I(=A)F 3 - Cl(=2) 5912 = (-2) Fy - C(-2) = y| 3
+20((-A)F 9, (-A) T y)
~C?|(~8) T |I2 - Cll(-2) ¥y 3
= [(=A)F 9 — C(—A) T3
+2C((-A) ¥y, (-A) )
—C?|(=2) T Yl3 — Cll(-2) P2
= (~2)Fy - C(-A) Ty 3
+C(I(=2) I3 — Cll(-A) T yl3),

and
(3.32) | = A%l3 = Au(B)I(=2) 1§ =0,
and
(3.33) I(=2)24[5 — Ay @115 = 0.
Thus
(3.34) 1=2) F IRl (-2)3ll3 — 1| = Al (-2) 2wl?

= 1-2) Bl (I-2) F 915 — A OlI(-2)F 1)

= II(—A)WII%jz_;/\f,(t)ll(—A)H;_l%b — A () (-8) T3,
and
(3.35) =2) F Bl IEIE ~ 1= A BII-2) F 3

= [[IRAI(=2) F 92 — Ap@)II(-A)2$]15)
i1

= [[Bl12 S AL@(=2) T % — Ay(t)(-2) T yl3.

=0
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This completes the proof of the lemma.
Notice that

| A3 + 2F||(—A) 2|13 + F2|l] 3
I(=A)29l2 + Fllwli3
_ A3 + FlI(=2) 2413
I(=A) 29|12 + FlllI3
>M+F

(3.36) A(t) =

by Poincaré inequality.
With this and the lemma in hand, we deduce the following
1. &ff) <0, %ﬁt) = 0 if and only if v; is one of the selective decay states, and
A(t) = Aj + F for all succeeding times.
2AQ)>M+F=1+F.
3. Hence

B A=A 2 0t

must exist.

Our goal now is to prove that this limit A, must be the sum of an eigenvalue A;
of the Laplacian and F. We consider the case F' 75 0 only. The case F' =0 is much
simpler.

For this purpose we notice that the Lemma and the lower bound on the generalized
Dirichlet quotient implies that

(3.31) Afﬂ&é%{ﬂbm M)A, (- )b

Y
w8 [ L8y - gl < oo

Thanks to interpolation inequality, we have

.39 NN
IIGISET
IESERI:
L4l
=Ay.
Thus

IAY|3 + FII(—A) 293

I(-A) 2912 + FllylI3
Ay + F
=—+F

1+ F/A, +

A¢+F
- 1+F/A¢
=A¢,+F.

(3.39) A(t) =

+ F

This together with Poincaré inequality implies the following bound on Ay

(3.40) Ar < Ay(t) S AW — F < A(D) -
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Likewise we have the following bound for A,,

(3.41) Ar < Ay(t)
=(A@) - F)A+ F/Ay(t) -
< (A0) - F)(1+ F/A) - F.

With these in hand we deduce

I(-A)z ¢4 lI(=A)z]I3
3.42 = >
(3:42) E2(1) (I(=A) 295 + Fllll)?
N SRR
T (I(—2)212 + FlI(—A) 2|3/ A1)
_ A
- (Al + F)2 '
and
[ 113
3.43 = T
(34 B2t (I(-2)=¢li + Fllvli3)?
§ I=4) 93
T (I=2)3 913 + Fll(=A)39l3/A1)?
_ A1
T (M +F)? AR
S A2 1
T (A +F)2(A0) - F)?2
by (3.40).
We now define
(3.44) 0= irgfir;fmax{mj - A ()], 1A — Ay ()]}

We would like to show that § = 0.
It is easy to see that either

IC2)E — A=)l | o

34) I(=a) k|2
or
(3.46) ”( A)¢ AW/’“O > 52

1113
When this combined with (3.42) and (3.43) we have

(—A)Y— Ay}

o N Ao AAY R F n( N
> [ " :

A1+F>( S CCRE

> min{1, O F)2} ™ +F)2/ 52.
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Since the improper integral converges, we must have
(3.48) §=0.
This implies there exists sequences {tx} and {A;, } such that

(3.49) Ajy = Ay(tr) = 0,
(3.50) Aj, — Ay(ty) = 0.

Since Ay (t), Ay(t) are uniformly bounded, thanks to (3.41) and (3.40), we may choose
a subsequence still denoted {t;} and {A;, } such that

(351) Ajk — Aj.
Hence
Ay(te) + F
3.52 Aty) = —————+F
(3:52) (t) T+ F/Ay (i)
Aj + F
- 1+F/Aj +F
= Aj + F.

Since A(t) is monotonic, the whole sequence converges.
We now proceed to prove the main part of our theorem. In order to prove our
theorem we assume Newtonian viscosity for simplicity in exposition i.e.
(3.53) dy=Re™' >0,and d; =0 Vj # 2
and infinite Rossby deformation radius, i.e.,

(3.54) F=0.

Our intuition is that the motion is concentrated on the j** energy shell. To verify
our intuition it is useful to introduce the following projection operators
e Pj,;: projection onto the j** energy shell;
o () AT projection onto the lower modes;

e (Q,+: projection onto the higher modes.
7
The normalized flow is

oy
Y= Sl

Our main theorem is now equivalent to the combination of the following three
properties
e Decay of the lower modes

Qp-%(t) =+ 0 in H'
o Decay of the higher modes

Qu+¥(t) =0 in H!
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e Linear dynamics on the jt* energy shell, i.e., there exists Ej (solution to the
linear barotropic quasi-geostrophic equation) such that

Pa;p(t) —mi(t) >0 in H'

To start with, we recall the well-known optimal (initial data dependent!) decay
estimates for energy and enstrophy.
Indeed, thanks to the energy equation

1d 1d

— a3 2 2 — Z 2| 2 — 2 —
(3.55) 3 dtllv(t)llo + vllw(®)llo 2dtllv(t)llo +vA@)||F(t)]l5 =0,
we have
1d, .2 S0\ 112
(3.56) I5@)1I5 + vA;ll7@)5 < 0.

24t
Since A(t) is non-increasing and the limit is A; (F = 0!), we have
(3.57) 15(#)llo < 19(to)[loe™"3 ")

Thus the enstrophy is bounded by

(3.58) oo < loolloe™45~),
since
(359) (Ol = A®5);

< Alto)|[6(to) [3e=> 5=

= Jlw(to)llge™ A1),

A lower bound on the energy decay rate can be derived as well. In deed, since
the Dirichlet quotient is non-increasing we have, thanks to the energy equation,

1d

5 ZITOIR +vACITONE 2 0, V ¢ 2t

(3.60)

Hence we have
(3.61) ITE)IZ > 15(to)IFe2Alt)E=00) 1y ¢ > g

We may also derive a decay rate for VAi. For this purpose we multiply the
barotropic quasi-geostrophic equation (2.1) by —A2% and integrate over T2.
Notice for the nonlinear term we have

652 | [ 70, 00)879] < [99ll= 194 Aplol| Ao

1 E
< VBl IV Avl§ 1A
1 3 z
N HIN I
g |
AR + TR OISV IS
SIAZ + cl Vi to) 1 Au(to) e )

IN A

IN
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where we employed classical Sobolev imbedding, Agmon inequality, interpolation in-
equality, Holder inequality and our decay estimates on the energy (3.57) and enstrophy
(3.58). Thus we deduce

(363)  SIVAUIR+AIAMIR < V(o) At ge 101,

Notice, by 1nterpolat10n inequality, we have

gﬂ%
XA
1Ay]3
> |[VAY3
IV Avllo g
= A VAYIL
> A[IVAYIR.

(3.64) 1A%9]15 > [[VAY|

Utilizing this estimate in (3.63) we deduce

(365 LIVAYIE + A IVAE < IV (o)I|Aw (o) e oA

Applying a Gronwall type inequality we deduce
(3.66) [IVAG()[ < e~ 4| Av ()]} + el Tb(to) | Aw(to)l e

This is the decay rate that we will use in the sequel.

In order to carry out our three tasks regarding the normalized stream function it
is useful to recall the equation satisfied by the normalized (in H') stream function 4.
It is easy to check that

B LAGH+ AL 4 0005, AD) - vA% — AWAG() =

We notice that the nonlinear effect decays as the time evolves for this normalized
problem. However we have the destabilizing term vA () Ad(t).

We start the process with the simplest task among the three, namely the decay
of higher modes. This is intuitively clear since we anticipate that higher modes decay
faster if the nonlinear effect is negligible.

Notice for the nonlinear term we have

.68) | [ 16,80)Qu31 = | [ 76, Qu)adl
< ||V"/~)||L4||VJ'QA;L"J’”L4“A"/;”0
< dIVHI IV IV Qur PIIS IV Qu s BllEn 14Tl

< eIVl Vlla | Adllo
< cA(t).

Hence we have (since A(t) is uniformly bounded),

(3.69) IIVQA+¢||0 +V[|AQp+ 915 - vA®IIVQ 3 PIIE < cADIITE)lo-

—vA; (t to) 3

2dt
<ce
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Thanks to Poincaré inequality, we have
(3.70) IMQgﬁﬁzAﬁmVQg@ﬁ

Utilizing this in (3.69) we deduce

(3.71) IVQu I3 + v (Ag41 = A@)IIVQps P < ce™ 5.

2dt|

Now we take to large enough so that

(3.72) Al) < 5(Aj1+4Ay), YV t>to

Mln—l

we have
d . . A (e
(873) ZVQu+I§ + v(Aj1 = ADIVQu+PII§ S ce™™ ) vt > 1.

This further implies, by a Gronwall type inequality,

IVQusBOIR < e~ Ast1 =M |9Q 4 h(0)]3 + cfe™+ 5 (710) e+ Asa=A (et

(3.74)
This proves the decay of the higher modes.

We now proceed with the proof of the decay of the lower modes. This is less
obvious. We employ here a Lyapunov-Perron type technique which is frequently used
in the study of long time behavior of dynamical systems (see for instance J. Hale
(1988) and R. Temam (1997) among many others)

Notice for the nonlinear term we have

(3.75) [ 16,80)Q,-51 < A
just as in the case of higher modes (3.68). Hence we deduce

(3.76) IVQA-PIIE + VIAQA- I} = vA@)IVQA-IE > —cAMIITE)llo

—vA;(t—to)

2dt|
> —ce

Thanks to a reversed Poincaré inequality on the range of (), - we have
(3.77) 1AQ = BII§ < Aj—1[IVQu- I3

We then deduce

(378) 2 dt”vQA d’”o > V(A( ) Aj—l)”VQAJ—'(/;”% - Ce_VAj(t—to)
zumj—ArdvaAﬂmg_cgwma4w

or

(3.79) T ANTQ,JIR) > —cem Bl
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Integrating this inequality from ¢ to T' (T > t > tp) we obtain

(380) e *NTNITVQ (D)3

> e—2V(Aj—Aj-1)t||VQ _
- Aj
or equivalently

(381) e AT vQ,

DG > IVQy- ¥
Letting T approach infinity (||Ve|lo = 1) we get

(3.82) IVQp-b(B)IIF < ce™™".

This proves the decay of lower modes.
We now concentrate on the dynamics on the j¢*
For convenience we introduce the notation

Y = Py

We notice that v; satisfies the equation

(3.83)

(3.84) A

or equivalently

d B oY

(3.85) i X o

+vAj; =

where
vA it
A;

€

(3.86) f=

Py, J (¢, Av).
The equation can be written in the following form

4 gty - LIA)

D)2 — cem?BAi2Ai-1)t

—vA;t

POl — ce

energy shell.

L+ 650 4+ Py, T, ) = vATY;

—VAjtf.

It is easy to see that f satisfies the following estimate

17 @)llo < ce” [Vl VAP0

< ce”M | Ay llo(1 + log

< ce M| Agpllo(1 + log
< e(A(0) — Aj)3tze vt/

where we applied the Brezis-Gallouét (1980)inequality

VA3
Al Al

it 1
—) 2
o—vA(0)t )Ze

)%V Ao

—l/Ajt/2

, the optimal decay rate for

the enstrophy (3.58) and the lower bound on the decay rate for energy (3.61). This

estimate implies that

fer'.
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To better understand the situation, we invoke the Fourier series representation.
Let

~ .E’q
b= Y, ppe,

EW

f= Z fgeilz-f.

k|2=A;
We then have
dpr Bk - N Y
(388) d_tk — A—J’ll),'c‘ -+ VAj’(ﬂE =e A’th,
which is equivalent to
d, (wA;-Bky o —Bhy L
(3.89) (MR = T

This suggest that we make a mode dependent phase shift and introduce the following
new variable

A (vA;—iBE -
(3.90) 6= 3 petN TR ViR
|E|2=AJ~

The new variable satisfies the equation

d

(3.91) ad’j =9,
with

__iBky t k3
(3.92) gy= Y e % freh?

|El2=A,
We notice that

(3.93) geL,
since
(3.94) llg@®)llo = IIf ®)llo-

This implies that the long time behavior of the shifted problem can be characterized
in the following way. Let

(3.95) boo = 0 (t0) + / " g(s) ds,

to

we have the convergence of the shifted problem as

(3.96) 16;(t) — Boollo < ctzeAst/2,
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To translate the result back to our original variable we assume that ¢, has the
representation

(3.97) bo= . Bz,

and we define

(3.98) £(t) = Z e'A,. ¢oogeu;.£_

IR2=A;

Notice that ¢; solves the linearized one layer inviscid equation

(3.99) %Aéj + ﬁ% =0,
and satisfies

(3.100) (I - Pa,)é =0,
and

(3.101) IV&; ()llo = [IViboollo-

Thus we have the following convergence result
(3.102) lle5ty;(8) = & (B)II3 < etre 5t/

which further implies

(3.103) e"Aft||V1/Jj(t)||0 — tllglo [IVE )0 = IVoollo,
or
(3.104) "4 Vehllo = | Vésollo + 0(1).

To complete the proof of our main theorem it remains to prove

(3.105) I P;(2) &(t)

- ”0 — 07

IVe@®llo  IVioollo

since all norms on Ej are equivalent and we already have the decay of the higher
modes (3.74) and the decay of the lower modes (3.82). Our estimates of the decay of
motion off the j** energy shell (3.74 and 3.82) imply

(3.106) IVllo = Vsl + Lo-t.

where [.0.t. represents lower order terms. Thus

V(1) _ eVt | V(D)
(3.107) Mol ~ eVl Néwllo”

This completes the proof of the main theorem with

(3.108) ;= nv«i‘;‘no"
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Thus the only thing left is to study the stability of the ground energy shell and
the instability of higher energy shells. The stability of the ground energy shell and
the instability of the higher eigenstates is a well-known result (see for instance Majda,
Embid and Wang (1999)). The basic idea to prove the instability of the j*h energy
shell for j > 1is to consider a small perturbation from the ground energy shell. No
matter how small the perturbation is, the generalized Dirichlet quotient will be less
than A; + F' and hence the corresponding selective decay states must live on lower
energy shells.

3.2. Numerical Study of Geophysical Effects in Selective Decay. In this
subsection we present various numerical simulations which verify our selective decay
principle and illustrate interesting facets of the selective decay process with geophysi-
cal effects. In particular we will see that even though the selective decay states are the
same with or without the 8-plane, 3 often strongly influences the geometric nature
of selective decay states.

The numerical method used here for the simulations is a standard pseudo-spectral
method used by Majda and Holen (1997), Grote and Majda (1998). For the nonlinear
term (Jacobian), the code computes ¥ = V14 and VA in Fourier space with an
exponential filter for de-aliasing high frequencies, and then computes the nonlinear
product 7- VA = J(, Av) in physical space. An explicit fourth-order Runge-Kutta
method with adaptive time stepping is utilized for the time evolution. The resolution
of the numerical grid is 64 x 64. The reader is referred to the work of Majda and
Holen (1997) or Grote and Majda (1998) for more details on the numerical method.

3.2.1. Measure of Anisotropy. We are particularly interested in the S-effect.
It seems that 8 often changes the geometric feature of the long time asymptotic
dynamics. In order to give a quantitative measurement of the anisotropy in the flow,
we recall the Rhines (1975) measure of anisotropy which is defined as

(3.109) po walll 152113
' el + llogll3 ~ IVL9I3

For R = 1, we have a purely zonal flow along the x-axis.

3.2.2. Three Numerical Examples. In this subsection we describe three types
of numerical simulations. For all our numerical simulation, there will be no F-plane,
nor hyper-viscosity or Ekmann drag. We assume Newtonian viscosity only. The
Reynolds number of the problem is then defined as
Lmax |7

ds
where L is the typical length which is 27 in our case. We use dy = 0.01 which yields
an initial Reynolds number, Re =2 200 for the results below.

The initial data for the first simulation is a perturbation by two vortices of a
special steady state solution to the inviscid problem with no 3-plane. These steady
states are solutions of the so-called sinh-Poisson equation. For more detailed discus-
sion about these solutions to the sinh-Poisson equation, the reader is referred to the
original work of Ting, Chen and Lee (1987), or Majda and Holen (1998), or Grote
and Majda (1998) or the book of Majda, Embid and Wang (1999). More specifically
the initial data takes the form

(3.110) Re =

2
(3.111) AY(E,0) = wo = wer + »_ Ajbe(|1Z — F1),

=1
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where

_f @=(®)%? for s<r
(3.112) br(s) = { 0 for s>r
and
(3113) «'El = (71-777),:1_52 = (g,ﬂ-)
(3.114) A =5, A, =-5
(3.115) r=mx/10

where w, ; is the vorticity of the sinh-Poisson solution. The initial Reynolds number
is about 260. Figure 3.1 illustrates the numerical results on energy, enstrophy and
Dirichlet quotient decay, Rhines measure for anisotropy and selective decay states
with and without 5. We emphasize the difference in the measure of anisotropy and
the difference in the geometric feature of the decay states. For the case with § =5
we observe complete anisotropy with zonal flow in the limit in contrast to 8 = 0.

The initial data for the second simulation is a perturbation by nine random vor-
tices of the same solution to the sinh-Poisson equation. The random vortices are of
the same form and same magnitudes with random location and random radius. The
initial Reynolds number is about 179. Figure 3.2 illustrates the numerical results on
energy, enstrophy and Dirichlet quotient decay, Rhines measure for anisotropy and
selective decay states with and without 4. This times the selective decay states with
B looks like horizontal translation of the selective decay states without £, and for
these initial data, the selective decay state shows no effect of 3.

The initial data for the third simulation is the following stream function used by
Rhines (1975)

(3.116) Y(Z,0) = cos(z + 0.3) + 0.9sin(3(y + 1.8) + 2z)
+0.87sin(4(z — 0.7) + (y + 0.4) + 0.815)
+0.8sin(5(z — 4.3) + 0.333) + 0.7sin(7y + 0.111)

Note that the various modes superimposed here result in a broad spectrum of the
stream function. The initial Reynolds number is about 8046. Figure 3.3 illustrates the
numerical results on the decay of energy, Dirichlet quotient (the difference in enstrophy
decay is almost indistinguishable), Rhines measure of anisotropy for different 3 and
the difference in geometric nature of the selective decay states for different values of
B. For B = 3, the final state is roughly 75% zonal flow and has a large zonal jet. The
cases with # = 0 and 3 = 5 are more isotropic. These results point to very subtle
development of zonal jets in the final state.

4. Selective Decay for Stratified Flows. The purpose of this section is to
study the selective decay phenomena associated with stratified flows using either the
continuously stratified model (2.6) or the two layer model (2.18). The situation
with the continuously stratified model is quite subtle. In fact the validity of the
selective decay principle depends on whether we have anisotropic diffusivity. In the
case of isotropic diffusivity, the selective decay principle remains valid while for the
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Fi1G. 3.1. Decay of an ezact solution of the sinh-Poisson equation perturbed by two-vortices.
Solid lines: 3 = 0. Dashed lines: 8 = 5. Upper Left: Energy vs. Time (t = 0 ~ 500). Upper
Right: Enstrophy vs. Time (t = 0 ~ 500). Center Left: A(¢) vs. Time (t =0 ~ 500). Center
Right: Anisotropy Measure vs. Time (t = 0 ~ 500). Lower Left: Snapshot of the stream function
at t = 500, with B = 0. Lower Right: Snapshot of the stream function at t = 500, with 3 = 5.
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Fi1G. 3.2. Decay of an ezact solution of the sinh-Poisson equation perturbed by nine-vortices.
Solid lines: 8 = 0. Dashed lines: 3 = 5. Upper Left: Energy vs. Time (¢t = 0 ~ 500). Upper
Right: Enstrophy vs. Time (t =0 ~ 500). Center Left: A(t) vs. Time (t =0 ~ 500). Center
Right: Anisotropy Measure vs. Time (t =0 ~ 500). Lower Left: Snapshot of the stream function
at t = 500, with B = 0. Lower Right: Snapshot of the stream function at t = 500, with 8 = 5.
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F1G. 3.3. Decay of the QG flow specified in (3.116). Solid lines: B = 0. Dashed lines: § = 3.
Dashdot lines: B = 5. Upper Left: Energy vs. Time (t =0 ~ 50). Upper Right: A(t) vs. Time
(t =0 ~ 50). Center Left: Anisotropy Measure vs. Time (t =0 ~ 50). Center Right: Snapshot
of the stream function at t = 50, with 8 = 0 Lower Left: Snapshot of the stream function att = 50,
with 8 = 3. Lower Right: Snapshot of the stream function at t = 50, with § = 5.
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anisotropic diffusivity case we have an explicit counter-example indicating the fail-
ure of the selective decay principle. For the two layer problem, the selective decay
principle is never valid and it is also illustrated via explicit counter-examples.

Recall that the energy for the continuously stratified model is defined as

1 2 210 1o
. == F?2| =

(@1) E=3 [(VeF + Pl uP)
and the corresponding enstrophy is defined as

_1 2 0%
(4.2) &= §/|A¢+F WW .
The generalized Dirichlet quotient is defined as

_ &)

(4.3) At) = E@)’

We have the following theorem

THEOREM 2. Selective decay of the continuously stratified quasi-
geostrophic flows For the continuously stratified quasi-geostrophic equations (2.6)
the following are true

(A) Selective decay with special parameter If

(4.4) _ Pr=F%*=1,

then the selective decay principle holds. More precisely, the generalized
Dirichlet quotient monotonically decreases to some eigenvalue of the three
dimensional Laplacian and all flows approach asymptotically to the superpo-
sition of Rossby waves and a steady state zonal flow.

(B) Failure of selective decay with anisotropic vertical diffusion If

(4.5) Pr-F?2#1

then the selective decay principle fails. More precisely , we can build explicit
counter-examples consisting of superposition of a Rossby wave and a vertical
shear such that the generalized Dirichlet quotient increases as time evolves.

(C) Failure of selective decay for two layer model For the two layer quasi-
geostrophic model (2.18), the selective decay principle fails for all geophysical
parameters F # 0.

In the special case of exact balance of stratification and rotation i.e., F = 1 the
theorem leads to

COROLLARY 1. In the special case of exzact balance of stratification and rotation,
i.€e.

(4.6) F=1

the necessary and sufficient condition for the validity of the selective decay principle
for the continuously stratified quasi-geostrophic flows (2.6) is

(4.7) Pr=1,
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or the kinematic viscosity equals to the thermal diffusivity.

We separate the proof of the theorem into two parts. In subsection 4.1 we con-
struct explicit counter-examples illustrating the failure of the selective decay princi-
ple for the continuously stratified quasi-geostrophic model with anisotropic diffusivity
(4.5). We also present an explicit counter-example illustrating the failure of the se-
lective decay principle for the two layer model. In section 4.3 we sketch the proof of
the selective decay with isotropic diffusion.

4.1. Counter-examples to Selective Decay with Vertical Anisotropic
Diffusivity. We consider a counter-example taking the form of a Rossby wave plus
a vertical shear, namely

(4.8) Y(z,z,t) = e A sin(lz + Bt/1) + coe Blsin(kz/0)

With this ansatz, we see that

(4.9) Ay + F2§—:5¢ = —1%e~Asin(lz + ft/1) — (g)QF%Oe‘Bt sin(kz/©),
and

T v =0

Thus for this special ansatz, the continuously stratified quasi-geostrophic equation
(2.6) with dissipation operator in (2.8) takes the form

(4.10) JW, A+ F

(4.11) AlleAtsin(lz + Bt/1) + B(g)2F2coe_Bt sin(kz/0)
—1Be= A cos(lz + Bt/1) + 184t cos(iz + Bt/1)

= é(l“e_“” sin(lz + Bt/l) + (g)4coPr_1F2e_Bt sin(kz/©)).
This implies
Al2 = R6—1l4,
B(E)2F2 = Re‘l(ﬁ)“Pr“le.
) 0

This is equivalent to

(4.12) A =1%/Re;
(4.13) B= (%)H(Re - Pr).

We thus conclude that the ansatz (4.8) gives exact solution to the continuously
stratified quasi-geostrophic equations (2.6) with arbitrary choice of I, k and the special
choice of A, B given by (4.12) and (4.13).

Now for this chosen ansatz we compute the energy, enstrophy, generalized Dirich-
let quotient and its dynamics.

2
(4.14) 2 (t) = / (At + F? % 0
= [(ettsinlta + ) — co? ()P sin )

1 k
_ _2_87r3@(l4e—2At +ch4(é_)4e—2Bt)
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82
(415) — - [ w6+ P2 50)
= —/(e‘At sin(lz + Bt/1) + coe Bt sin ];—Z)
(=12t sin(lz + Bt/1) —c0F2((];)2 ~Blgin %)
k
87736(2 —2At+c2F2(®)2 —2Bt)
and hence
£
(4.16) At) = Vo
l4 —2At +C2F4( )4 —2Bt
= Pe —2At+c2F2( k)2¢-2Bt
1+CO(Fk)4 —2(B—A)t
1+c( k)2~2(B-A)t
=l21+CO(Fk)4 e—2(B—A)t
den
where
(4.17) den =1+ cg(%)26_2(3_‘4)t
Hence
d Fk o\ 2a-Byt
w1 Eaw= Lo cam - sty - Ehp
21°c} Fk., Fk 2 2(A—B)t
- (B—A)(@) (35)* - De
LA (e prea By By - perca-n
den2Re l@ S}
__ 2l IR Fko .\ 204-B)t
- deane( 2 (6212Pr D7g)" — e '
Under the anisotropic vertical diffusivity assumption (4.5) we either have
(4.19) FPri>1
or
(4.20) FPri < 1.

Since we have the freedom of choosing ! and k, we can choose these two integers

so that their rational ratio is approximately,

k? Pr:

2 LA
(4:21) 022 F
This implies

k? 1
4.22 ~
( ) ©212Pr P’I‘%F7
(4.23) (513)? ~ PriF.

e
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When these estimates are combined with (4.18) and either (4.19) or (4.20) we have

(4.24) %A(t) > 0.

Hence the selective decay principle fails here.

4.2. Counter-examples to selective decay for the two layer model with
arbitrary parameters. In this subsection we present a counter-example to selective
decay for the two layer model (2.18) with arbitrary parameters with the same diffusiv-
ity from (2) acting on each layer. The example we have in mind is the superposition
of a barotropic Rossby wave and a baroclinic Rossby wave of the form

(4.25) ¥ = e~ Asin(z + Bt) + e Bt cos(z + Bt),
(4.26) o = e Atsin(z 4 Bt) — e Bl cos(z + Bt)
with the constants A, B given by
(4.27) A=Y "d;,

j=1

(4.28)

k
sz F+1

It is easy to check that this is an exact solution to the two layer model (2.18). The
sin part of the solution is the barotropic component and the cos part of the solution
is the baroclinic component.

The energy and enstrophy of the flow can be calculated easily as

(4.29) E(t) = %(e_“t + (14 2F)e"2P x 477,
(4.30) E) = %(e"“t + (14 2F?)e28%) x 47
Thus the generalized Dirichlet quotient takes the form

E(t)
(4.31) At) = 0

e 24 4 (14 2F?)e2B!
e~24t 4 (1 + 2F)e~2Bt
elH(142F?)em 2B
1+ (14 2F)e~2(B-A)
Hence we deduce, via direct differentiation,
d _ 2F(2F +1)2(A — B)e2A-B)t

(4.32) EA( )= (1 + (1 + 2F)e-2(B-A)i)2
Since
(4.33) A- 2F+12d >0

we conclude that selective decay fails for F' > 0.

The physical mechanism behind this failure of selective decay is again
the anisotropy of diffusivity. Notice for the barotropic part 3(¢1 + 1) the dissipation
rate is A while for the baroclinic part %(7,!11 — 1)9) the dissipation rate is B.
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4.3. Proof of Selective Decay with Special Parameters. In this subsection
we give a sketch of the proof of the validity of the selective decay principle for the
continuously stratified quasi-geostrophic model (2.6) with special choice of parameters
given in (4.4). We will give a proof of the decay of the generalized Dirichlet quotient
only. The fine detail of convergence and long time behavior can be derived in pretty
much the same fashion as in subsection 3.1. We omit the details here.

For the special choice of parameters (4.4) we have

(4.34) E= % / [Vl

(4.35) 5=%/MWR
 The time evolution of energy and enstrophy are given by

(4.36) th< 0= ~Re Asyl,

(4.37) L) = ~Re (-A)tul}.

Thus |

(4.38) % () = diT))

= 55 (E0 - MO FE)
~ s - e 1B = A A1

~ s -2 - ) (-Aa) 30l

FADIAYIE ~ ADII(-5) 381)
— — e (200 = AO(-20) 501,

This proves the decay of the Dirichlet quotient under the assumption on special pa-
rameters (4.4). The case with hyper-viscosity can be treated in pretty much the same
way as in the proof of Lemma 1.

4.4. Ground States. We now focus on computing the ground states since these
are the long time behavior of the continuously stratified model under this special
parameter choice and generic initial data.

It is easy to see that the eigenvalues of the three dimensional Laplacian takes the
form

(4.39) k2 4+ k2 +0©%2, k2 +kI>0,

where k; are integers. The non-degenerate condition k% + k3 > 0 is to ensure that we
do not have a flow with zero velocity field. This is also equivalent to impose the zero
mean in the horizontal (z,y) average. Of course the zero horizontal mean is preserved
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under the dynamics of the continuously stratified quasi-geostrophic equation (2.6). It
is then easy to see that the first eigen value is

(4.40) A =1,
and the ground energy shell has the base
(4.41) sin, cos z,siny, cos y.

This is the same situation as for the one layer model (2.1). Thus the long time
dynamics of the continuously stratified quasi-geostrophic equations with dissipation
and special choice of parameters (4.4) is independent of the vertical direction. In fact
the long time dynamics coincides with that of the one layer model, i.e., a superposition
of a zonal flow and two Rossby waves.

5. Selective Decay for Flows on Sphere. In this section we study the se-
lective decay phenomena, related to the barotropic quasi-geostrophic equation, or the
one layer model on sphere. The study of flows on sphere is of great importance due
to the geometry of the earth and other planets.

5.1. The Basic Equation and Some Useful Calculus on Sphere. In this
subsection we introduce the barotropic quasi-geostrophic equations (one layer model)
on sphere. We also recall some useful calculus formulas on sphere for the purpose of
the understanding the proof of our theorems below.

We first recall the basic dynamic equations, the barotropic quasi-geostrophic equa-
tions on the unit sphere S? in surface spherical coordinates ¢, 6, with ¢ being the
longitude and 8 being the latitude

OAY

(5.1) S+ T, A+ 20sin ) = D(-A)Y,

where v is the stream function, A is the Laplace operator on scalars on the unit
sphere,

1 870y 0fdyg

(5.2) J(f,g)=m('azae %(%):Vlf’vﬁ
k
(5.3) D(-A) =) d;(-A), d;>0,
. =
(5.4) g =AY +2Qsind

is the potential vorticity.
The barotropic quasi-geostrophic equations on the unit sphere can be written in
terms of the potential vorticity

Oq _
S+ I(,9) = D(-A).

It is easy to see that the mean of the stream function |, g2 ¥ does not play any role
in the dynamic equations. Hence without loss of generality we may assume that the
stream function has zero mean, i.e.

(5.5) ¥ =0.
S2
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Thus we may recover the stream function from the vorticity w or the potential vorticity
q by solving the Laplace equation

A =w = q— 2Qsinb,

together with the zero mean condition on 2.
We also notice that

(5.6) J(,sinf) = %:%,

and hence we may rewrite the basic dynamic equation as
OAY o _

(5.7 5t + J(, Ap) + 20 36 D(—-A)p.

This form of the barotropic quasi-geostrophic equation on the unit sphere is very
much the same as the one in the flat geometry case introduced in section 2.1 except
the horizontal independent variable z is replaced by the longitude variable ¢. Thus
we could expect similar behaviors of solutions for the two different cases. In particular
we are able to prove that the selective decay principle remains valid for barotropic
quasi-geostrophic flows on sphere. However due to the difference in symmetry groups,
we will also witness difference in solution behaviors. In particular there is very spe-
cial nonlinear dynamics on the subspace spanned by the first two eigenspaces as we
indicate in section 5.2.

5.1.1. Common Differential Operators and Integration by Parts For-
mulas on the Sphere. For the sake of convenience we list here some of the commonly
used differential operators and integration by parts formulas on the sphere. These are
standard materials and can be found in any standard textbook on differential geom-
etry.

The surface element on a sphere with radius a is

(5.8) ds = a® cos §dpdf.

At each point of the space (outside § = —7/2 or 7/2), we define the usual local

orthonormal system, {€g, €}, corresponding to increasing values of ¢ and §. We

define 71 = &, as the unit vector corresponding to the.increasing values of the radius.
Let 1 be a scalar field on S? and ¥ = v4€} + vp€y be a tangent vector field on S2.

We recall several common differential operators and integration by parts formulas on

the sphere.

The gradient operator on scalar field is defined as

1 oy, 10y,

(5.9) Vi = grad ¢ = W%Qﬁ + 559—69.

The perpendicular gradient operator, or the curl operator on A scalar field is defined
as

1w, 1w,
T 4200 acoshop "

The divergence operator on vector field is defined as

1 3&_’_ 1 O(vgcosh)
acosf ¢  acosf 96

(5.10) Vi = curl Y = Vo x 7t

(5.11) divi=V- 0=
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1 Ovg 1 O(vgcost)
acosf 8¢ acosd 09

(5.12) curl 7= div (¥ x @) =

The Laplacian operator on scalar field is defined as

1 1 6% 0 oy

(5.13) Ay = div grad ¥ = — curl curl ¢ = m{coseégz— + %(COS 6—)}.

00
We recall here one of the alternative definitions of A%, i.e. the Laplacian operator
for tangential vector fields on the unit sphere

(5.14) A% = grad div ¥ — curl curl 7

_ 2sinf Ovg Vg o
= {Av a?cos?f 8¢ a?cos?d Yoo +{Avo+

2sinf % Vg
a?2cos?2@ ¢  a?cos?f

}85.

We also recall Stokes formulas

(5.15) / div 7 1ds = — / 7 - Vipds,
52 52
(5.16) / curlf)‘a/)ds:/ ¥ - curl ¥ds,
g2 S2 ‘
(5.17) — | Ayipds = — / YAPds = / V4 - Vpds,
52 52 52
(5.18) — | A7-Gds =/ (V7 - VT + —1517-{7)ds.
S2 S2 a

5.1.2. Eigenfunctions of the Laplacian operator and the Legendre func-
tions. As in the flat geometry case, the Laplace operator will play an important role
in studying the behavior of solutions to the barotropic quasi-geostrophic equations
on the unit sphere (5.1). For the doubly periodic domain we have witnessed that
the eigenfunctions of the Laplacian operator, the trigonometric functions, played an
essential role in our analysis of the behavior of solutions. For spherical geometry, the
trigonometric functions are replaced by the following Legendre functions

_ (1 _ 22)% dm+n(1 _ 22)"

(5.19) Pon(2) = o T , for 0 <m <n.

These functions enjoy the following orthogonal property:

2 (n+m)!
2n+1(n—m)!

(Snn' .

1
(5.20) /_1 P (2)Pym(2)dz =

The eigenfunctions of the Laplacian operator on the unit sphere can be repre-
sented using the Legendre functions. Indeed the eigenvalues must be in the set

(5.21) {-n(n+1) | nezt}
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and for each eigenvalue —n(n + 1) the associated eigenfunctions are
(5.22) P, (sinf) exp(img), for 0 <m < n.

or their normalized form

(5.23) Yim = Num Pom(sin 6) exp(img),

where

(2n + 1)(n — |m|)!
4r(n + |m|)!

N1

Nnm=(

) )

or their real valued form (not normalized)

(5.24) Wy, = P,(sinf),

(5.25) Wanm = Prm(sin §) cos(me);
(5.26) Whnm = Prm(sin 8) sin(me);
for1<m<n.

Roughly speaking, these functions will replace the trigonometric functions in this
spherical geometry.

5.2. Exact Nonlinear Dynamics on the First Two Eigenspaces. In this
section we present the exact nonlinear dynamics of the barotropic quasi-geostrophic
equations on sphere with dissipation (5.1) on the first two eigenspaces, i.e. all eigen-
functions corresponding to the eigenvalues -2 and -6.

Due to the special geometry of the sphere, the dynamics on the first eigenspace
(corresponding to -2) is independent of the motion of higher eigenspaces. The first
two eigenspaces form an invariant subspace of the whole dynamics. We recall the
exact dynamics here and leave the proof in the Appendix.

For exact solutions which span the first two eigenspaces, this will delineate some
special structure of solutions with spherical geometry and also yield two natural ver-
sions of selective decay.

5.2.1. Independent Dynamics on the First Eigenspace. We recall (see
subsection 5.1.2) that the first eigenspace (corresponding to the eigenvalue -2) has a
basis of the form

(5.27) wy = sinf
(5.28) wq11 = cosf cos ¢,
(5.29) wp11 = Ccos B sin ¢.

The dynamics on the first eigenspace is given by

(5.30) day - _3 Ek :d-2ja1
dt 8 = 4 ’
k
da11 3 :
31 —_— = —_— .9J
(5.31) o = M - = j§=1: dj2 a1,
k
da12 3 :
(532) 7 = —Qau - 8_7r E dj2‘7b11.

=1
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for

Y = aqwi +a11Wa11 +b11we11+9" = a1 (t) sin O+ay1(t) cos § cos ¢p+byy () cos § sin g+’
(5.33)

with

(5‘34) 7/” L w1,¢l L wa11,¢l L wp11-

The solutions can be written out explicitly as

(5.35) a1(t) = a1 (O)e_% ZLI dj2jt, |
(5.36) a11(t) = (11 (0) cos(Qt) + byy (0) sin())e ™ Lsm 42,
(5.37) b11(t) = (—a11(0) sin(Q¢) + b11(0) cos(Qt))e_s% i 4i2't

Thus the projection onto the first eigenspace of the stream function takes the form

(5.38) e z:=1 d"2jt(a1 (0) sin 8 + a11(0) cos 8(cos(0t) cos ¢ — sin(Qt) sin ¢)
+b11(0) cos §(sin(§2¢) cos ¢ + cos(§2¢) sin ¢))

3 k 93
= ¢ 3 25 %% (4, (0) sin
+a11(0) cos @ cos(t + @) + b11(0) cos §sin(t + @))

and the associated velocity field takes the form

(5.39) ™% Lim 52 (g (0)(cos6,0)
+a11(0)(— sin 8 cos(Qt + @), — sin(Qt + @)
+b11(0)(— sin 8 sin (2t + @), cos(2t + ¢))).

This implies that the velocity field we have is a zonal flow plus two Rossby waves.
These Rossby waves travel in the opposite direction to the earth’s rotation with the
same velocity magnitude as the rotation.

Since the dynamics on the ground energy shell is independent of motion on higher
energy shells, we see that the space spanned by all eigenspaces except the first one is
invariant under the barotropic quasi-geostrophic dynamics (5.1).

5.2.2. Exact Nonlinear Dynamics on the First Two Eigenspaces. The
first two eigenspaces of the Laplacian form an invariant subspace of the barotropic
quasi-geostrophic dynamics on the sphere and is given in the following form. For

2 2 n
(5'40) 7:b(t) = Z an(t)wn + Z Z (anm (t)wanm + bnm(t)wbnm)
n=1

n=1m=1

where wgaam, Weam, we are given by the following table

1—3sin?0 | cosfsinfcos¢p | cosfsinfsing | cos®cos(2¢) | cos? fsin(2¢)
1— 322 2T yz z2 —y? 2y

W2 Wa21 Wp21 Wqa22 WpH22
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we have

(5.41) 4 _ e Ek: d;67a,
dt =

where

(5.42) @ = (az, 21, ba1, a2, ba2) T,

and the coefficient matrix is given by

0 —%‘bll %0/11 0 0
4b11 0 %Q + %al é1)11 —%all
(543) A= —4(111 —%Q - %al 0 §(111 %bll
0 _%bll —-1-a11 0 %Q + %al
0 %au _§b11 —%Q - %al 0

For the special case of initial data with zero projection down to the first eigenspace,
the motion on the first eigenspace has to be identically zero by the independent
dynamics that we presented in the previous sub-subsection. This situation is often
studied in the geophysical literature. Thus the coefficient matrix of the dynamics on
the second eigenspace becomes

0o 0 0 0 ©
0 0 2 0 o0
(5.44) A=]10 -3 0 0 0
0o 0 o0 0 20
0 0 0 -20 o0

and hence the stream function takes the form
(5.45) (1) = ¢~ 2 (@ (0w
+(az21(0) cos(%ﬂt) + b21(0) Sin(%Qt))wazl
+(=az1 (0) sin(%ﬂt) + b1 (0) cos(%Qt))wbgl
+(a22(0) cos(%ﬂt) + b22(0) sin(gﬂt))wazg
+(—a22(0) sin(%ﬂt) + b22(0) cos(%ﬂt))wbgz)
— e i 4 (a2(0)(1 — 3sin® §)
+as1(0) cosfsiné cos(%t + ¢) + b21(0) cos§sin 6 sin(%t + ¢)

+a25(0) cos? 8 cos(?t + 264) + b22(0) cos? 8 sin(?t + 2¢))

Thus the corresponding velocity field consists of one zonal flow and four Rossby
waves with frequencies 2/3,20/3.
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5.3. Selective Decay on the Sphere. In this subsection we state and prove
the selective decay principle for barotropic quasi-geostrophic flows on sphere in the
presence of dissipation.

THEOREM 3. Suppose that there ezists Newtonian viscosity or hyper-viscosity or
both, i.e.

k
(5.46) > d;>0
j=2

then the Dirichlet quotient monotonically decreases to one of the eigen-values of the
Laplacian, say Aj = j(j + 1), and the flow approach asymptotically to the superpo-
sition of a zonal flow and 2] Rossby waves on the j** energy shell. Under generic
circumstances we have

1. General initial data For generic initial data, the Dirichlet quotient mono-
tonically decreases to the first eigenvalue 2, and the asymptotic behavior of
the solution is on the first eigenspace of the Laplacian and it consists of one
zonal flow and two Rossby waves.

2. Initial data with zero projection onto the first eigenspace For generic
initial data with zero projection onto the first eigenspace (i.e., initial data
from the invariant space spanned by all eigenspaces except the first one), the
Dirichlet quotient monotonically decreases to 6, and the asymptotic behavior
of the solution is on the second eigen-space of the Laplacian and it consists
of one zonal flow and four Rossby waves. In another word, if we restrict to
the space with zero projection onto the first eigenspace, then the ground states
are those eigenfunctions on the second eigenspace, and they are the stable
selective decay states.

The proof of the theorem is very much the same as for the flat geometry case
which we studied in detail in section 2. We shall only present a proof for the decay
of the Dirichlet quotient and omit the details for other arguments.

It is easy to see that the energy E and enstrophy & satisfy the following equations

(5.47) 0 - S A IR
Jj=1

(5.48) d—g(— = —Zd 1(=A) " 2.
Jj=1

Hence the Dirichlet quotient A(t) satisfies

dA(t)  d E(t)
Tdt  dtE(t)
1 . d

d
= E(;:_(Eze(t) - M) E®)

(5.49)

~

zd(ll( —A) Byl — A I(-A)F )

j=1
kg i+1-—1 j—1—1
Z A @) I(=A) 7T — AE)(-A) = I3

l

t"lH “’\H
|

©
I
(=}

.
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where we have used the same recursive argument (3.32) with C' = A(t) as in the proof
of Lemma 1.
This completes the proof of the decay of the Dirichlet quotient.

Appendix.

Derivation of the Independent Dynamics on the First Eigenspace in
Spherical Geometry. An interesting phenomenon in the spherical geometry case
is that the dynamics on the ground modes are independent of motions on the higher
modes at least in the case when there is no topography (or more generally when the
topography lives on the ground modes). This fact has no analogy for the flat geometry
case and it has a consequence on the nonlinear stability problem in the marginal case.

To derive this property we first notice that there is a simple correspondence
between the Cartesian coordinates and the base of ground shell

(5.50) z =sin 0,£ = cosfcos ¢,y = cosfsin ¢,
and hence
(551 [ aw.awz=— [ w280
= —/ J(1,sin 0) Avp
S2
9
=- —A
52 09 v
= 0.

This implies, by rotation invariance,

52 T, APz =0, [ J(, Ap)y =0,

(552) [ 7680 =0, [ g A =0

or

(5.53) /J(¢,A¢)cos€cos¢=0,/ J (1, Avp) cos@sin ¢ = 0.
s2 52

Thus if we denote ai1,b11 the coefficients of ¥ for wy; = cos@cosd and wyy; =
cos fsin ¢ respectively, i.e.,

¥($,0,t) = a1(t)sin + a11(t) cos@ cos ¢ + byy (t) cosfsin d + ' (4,6, 1),

we have, combining the equation for a; and taking inner product of the barotropic
quasi-geostrophic equation (5.1) with z and y,

da1 3 .
(554) '% = —--8—7'(' Zdﬂ]al,
Jj=1
k
da 3 )
(5.55) -d—;l = lel - g’; Zdﬂ]au,
Jj=1
days

k
3 .
(556) = —Qall - g E dj2]b11.

i=1

dt
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This implies that the motion on the ground states is independent of motion on higher
energy shells, and it consists of a zonal flow and two Rossby waves.

This is in contrast to the flat geometry case where we have the first energy shell
an invariant subspace of the dynamics. However if the initial data contains modes
outside the ground energy shell future dynamics on the ground energy shell will have
interaction with higher modes in the flat geometry case.

Derivation of the Exact Nonlinear Dynamics on the First Two Eigen-
spaces in Spherical Geometry. It is known that each energy shell (eigenspace),
i.e., all eigenfunctions associated with one fixed eigenvalue of the Laplacian operator,
is invariant under the barotropic quasi-geostrophic equation without forcing in the
flat geometry since the Jacobian drops out in this special case. This is also true
for the sphere geometry. Moreover we are able to deduce more invariance due to
the special sphere geometry of the sphere. We observe from the computation above
that the interaction (through the nonlinear convection term) of z = siné with other
eigenfunctions is to make a rotation of 90° around the z axis combined with a scalar
multiplication. Similar results hold for £ = cosfcos¢ and y = cos@sin¢. This
is easily generalized to eigenfunctions corresponding to higher eigenvalues (Ap,n >
2). And if we consider the dynamics on the space spanned by all eigenfunctions
corresponding to the eigenvalues A; and A, (for fixed n), we will see that this form
an ezact nonlinear dynamics of the full quasi-geostrophic equations in the absence
of topography. These exact dynamics exhibit periodic and possible quasi-periodic
motions. This phenomena is not present for the flat geometry even if we make the
analogy between the ground shell motion in the spherical geometry case to the large
mean motion in the flat geometry case. Notice we always have nonlinear dynamics on
the first two shells for the spherical geometry case while we have nonlinear dynamics
for the flat geometry case only if there is nontrivial topography. ,

To derive the exact dynamics on the first eight eigenfunctions, or the first two
shells, we start with the following simple observation

(557) J(wanm: z) = —MWbnm,

(5.58) J(Wonm, 2) = MWanm, »

(5.59) J(wy, z) = 0.

Denoting

(560) Wy = Span{wn; Wanm> Wenm, 1 < m < n},

the nt® energy shell, or the n eigenspace, we have
(5.61) T (W, 2) € Wi, if th € Wi

Thanks to the rotation symmetry, the same result holds with z replaced by z or y,
ie.,

(5.62) J (Y, x) € Wy, J(¥n,y) € Wh, if ¢, € W,

This implies

(5.63) J (Y, 1) € Wy, if b, € Wy, 91 € W1
Now let

(5.64) =1 P, E WL+ W,
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with ¢y € W1,v¢, € W, we have

(5.65) J(¥, AY) = J(P1 + ¥n, —2¢1 — n(n + 1)¢hy)
= —n(n+ 1)J(¥1,9n) — 2J(Pn,%1)
= (n(n+1) = 2)J(¥n, 1)
€ Wh.

This proves that the dynamics on W; + W, is an exact dynamics for the original
equation (in the absence of topography).
Next we work out the details for the special case of n = 2, i.e., the motion on the
first eight eigenfunctions of the Laplacian operator.
For this purpose let us recall the following tables
Eigenfunctions corresponding to Ay = =2 (n = 1)

sinf | cosfcos¢ | cosfsing

z x y
w1y Wa11 Wh11
Eigenfunctions corresponding to Ay = —6 (n = 2)

1—3sin”@ | cosfsinfcos¢ | cosfsinfsing | cos®fcos(2¢) | cos? fsin(24)
1-322 2T yz z? —y? 21y
W2 Wa21 Wh21 Wa22 Wp22

It is easy to see ( or follow from the calculations above)

J(we,2z) = 0, J(1-32%2) = 0,

J(wa21a ) = —Wp21, J(ZiL‘, Z) = Yz,

J (w21, ) = Wa21, J(yz,z) = 2z,
(wa22a ) = '"2wb22y J(.’L‘2 - y2) Z) = —‘2(2«'31/),
J(we2,2) = 2wao2, J(2zy, z) = 2(z® —¢?).

This implies, since 22 = 0.5(z® — y2) + 0.5(1 — 22),
J(@?,2) = —2zy; J(y?,2) = 2ay.

This further implies, thanks to the rotation symmetry of the sphere and the
eigenfunctions (which are homogeneous polynomials of degree 1 and 2),

J(wq,z) = J(=32%,2) = —3(2y2) = —6wpa,
J(wWao1,2) = J(2z,2) = zy = 0.5wpsas,
J(wpa1,2) = J(yz,z) = y? — 22 = 0.5wy — 0.5wa2,
J(Wa22, ) = J(—1%, %) = 2y2z = 2wpe,
J(wpae, z) = J(2zy,x) = —222 = —2wgo1,

J(wa,y) = J(=32%,y) = 622 = 6waa,
J(wa21,y) = J(22,y) = 2° — &°
J(we21,y) = J(y2,y) = —zy = —0.5wpa2,

J(Waa2,y) = J(22,y) = 222 = 2wao1,

J(wp2s,y) = J(2zy,y) = 2yz = 2wpo1.

= —0.5wa22 - 0.5IU2,
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Thus we have for

2 2 n
lb(t) = Z an (t)wn + Z Z (anm (t)wanm + bnm(t)'wbnm)’

n=1m=1
J(¥, At +202) = 20J (¢, 2) + J (¥, Ay))
= QQJ(% Z) + 4J(¢2’ 1/)1)

2 n
=20 Z Z (_manm(t)wbnm + mbpm (t)wanm) +

n=1m=1

401J(1/12, Z) + 4a11J(¢2, 113) + 4b11J('(/12, y)
We observe

J (12, 2) = —as1wp21 + ba1wWaz1 — 2a20Wp22 + 2b22Wa20
= ba1Wa21 — G21Wh21 + 2b22Wa22 — 2a20Wp22,
J(ha, ) = —6aswpa1 + 0.5a21Wp2a + 0.5b21wa — 0.5b91wWa22 + 2a20wh21 — 2b22we21
= 0.5b21wa — 2baowa21 + (2022 — 6az)wpzr — 0.5b21Wa22 + 0.5a21Wh22,
J(%[)Q, y) = 6aswa21 — 0.5a21Wa22 — 0.5a21w2 — 0.5ba1wpo2 + 2a20wa21 + 2b22wpo1

= —0.5a2w5 + (6(12 + 2a22)wa21 + 2boowpo1 — 0.5a01Wge22 — 0.5b21 Wpaa.

Hence the dynamics of the coefficients are given by

da 1 1
d_tQ = —5511021 + 5(111521,
da 1 2 4 4
d_il = ng21 + galb21 - gallb22 +4brias + §b11(122a
1 2 4 4
'd—(%l = —§Qa21 — 31021 + 3011622 — 4a11a9 + 5611522,
da 2 4 1 1
—d—:Q = ngzz + 501522 - gaubzl - §b11021,
db 2 4 1 1
d_iz = —59022 — 301022 + 3011021 — 5511521-
Denoting
(5-66) a= (02,021, b1, a22, bzz)T,
0 —%bu %(111 0 0
4b11 0 %Q + %(11 %bll —%au
(5.67) A= —4a1; —%Q - %al 0 3011 %bll
0 —%bu —lau 0 %Q + %al
0 §a11 —-b11 —%Q - %al 0
we have
da
. — = Ad.
(5.68) o a

In general the above matrix A is periodic in ¢ with period 7/Q (since aq1,b11 are
periodic in t with period 7/Q) and Floquet theory is needed to solve such system.
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