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TIME DECAY FOR THE NONLINEAR BEAM EQUATION*

STEVEN P. LEVANDOSKY' AND WALTER A. STRAUSS?

Abstract. We derive an analogue of Morawetz’ radial identity for the case of a fourth-order
wave equation. It follows that, for a nonlinear term with repelling sign, all the solutions decay to
zero in a certain sense as t — oo. This is an initial step in the construction of a scattering theory for
such nonlinear waves.

Cathleen Morawetz wrote a short but seminal paper in 1968 on the nonlinear
Klein-Gordon equation in which she proved her important Radial Identity and deduced
the decay of the local energy of solutions. This identity subsequently had several other
important consequences. It was the key ingredient in the proof that all states are
scattering states for the Klein-Gordon equation with nonlinear terms with repelling
signs, proved in several stages of increasing generality [MS][Br]. Analogues of it were
also used in the scattering theory for nonlinear Schrédinger equations [LS][GV1], for
nonlinear wave equations with zero mass [GV2], and for Hartree equations [GV3]. It
was also recently used to prove the well-posedness of critical nonlinear Schrédinger
equations [B][G]. A pseudodifferential generalization of it was also used to prove that
the local energy of a solution of the linear wave equation satisfying the Dirichlet
boundary condition in the exterior of a non-trapping obstacle decays to zero [MRS].

However, nothing of this sort is known for an equation of order four like

(1) ugs + A%u + fu) =0,

the simplest nonlinear perturbation of the classical vibrating beam equation. A general
theory of such a nonlinear beam equation was considered in two papers by the first
author, including the following results. (i) The local well-posedness in HZ(R") x
L2(R™) for f(u) = u+ O(|ufP) with 1 < p < 1+ =24 (ii) Low energy scattering in
H?(R™) x L*(R"™) for f(u) = u+ |[u[P~'u with p > 1+ 2. (iii) Stability and instability
of solitary and standing waves for the case of a nonlinear term of attractive sign like
flw)=u—|ufluwithl<p<l+ L.

In this note we consider the global scattering problem for the fourth-order non-
linear beam equation. By a rather long but totally explicit calculation, we prove
an exact analogue of Morawetz’ Radial Identity. The integrability in time of certain
quantities follows automatically. We conjecture that, for the nonlinear beam equation
for f(u) = u+|ulP~tuwith 1+ 3 < p <1+ -8 | all states are scattering states. This
note is a report of work in progress and at the end of it we discuss some supporting
evidence for the scattering conjecture.

1. The identity. For equation (1) the energy
1 1
E= / {Euf + §|Au|2 +F(u)} dx
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is a constant, where [ ... dz means the integral over all of R* and F' = f, F(0) = 0.
THEOREM 1. Letn > 5. Assume that u is a solution of (1) smooth enough, and
small enough at infinity, to justify certain integrations by parts. Then

0=g¥/ut (ur+%_r—1-u) dz
1 1
2 + %(n—l)(n—?))/r—Bu?dm + %—(n2+2n—19)/;§(|Vu|2—u3) dz + P
+ %(n—l)(n—3)(n—5)/;—lgu2dm + %(n—l)/%[uf(u)—2F(u)] dz

where P > 0 will be given explicitly below, r = |z| and u, = £ - Vu.
Proof. We multiply equation (1) by the skew-adjoint expression Bu = u, + “2‘rlu.
Then the first and third terms in (1) give

n

{82u+ f(u)}Bu = 8,{8;u Bu} — :—c;.lc—atu {0kOru+ Ok F(u)} + ; 1{—(3tu)2 +uf(u)}

2

where O, = 8/0z) and we sum over repeated indices k. We shall also use the symbol
~ to indicate that two quantities differ by pure spatial derivatives. Then we can write

n—
2r

{02u+ f(u)} Bu ~ 8,{8u Bu}+0, (?’T—k) (1 (0u)? — Fw)}+ " ({Ou) +uf(w)}

"o uf ) ~ 2 W),

= 8t{6tu BU} +

Thus we have accounted for the first and last terms in (2). It remains to calculate
(A2%u)(Bu).
We begin by using the relation

(3) Ugsjjur = (UijjUp — UjiUik); + (%(Uii)2)k
where the subscripts denote partial derivatives, to compute

Tk Tk Tk

(Aw)ur = wiijjun— = == (wijjue = ujuie); + 5, ((wie)*),
Tk Tk 9
~ = (7)z (wijjur — ujjur) — ;(Uz'i)

Sik  TiTk n—1
- (% - ;3 (wijjur — ujjuir) = o (uii)?

1 -1 T; T
= ;(uiiujj — uijjui) — o (uu)2 + %—(u,’jjuk - ujju,-k).
and
n—1 n—1 n—1
(A%u) ( 5 u) = g Uiigs = 5 (wigg — ujius)i + ujjuii)
n—1/1 n—1
Mo (;) (wijju — ujjus) + T(Uu)2
i
n—1z; n—1
= —5— 5 (wijju — ujw) + (uis)?.

2r
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Thus
-1
(A%u)(Bu) = (A%) (u,. +22 u)
1 T;Th ) n—1x;
~ ;(Uiiuy‘j — Uijiui) + —;3—’”(%‘:&% — UjjUik) + —2—T—;(umu — ujju;)
=]+ IT+1II1I.

The first term [ we rewrite as

T (Eu) —w (Lo
~ W r 1 i 1 r 37 ;
2 1 1
~ ;ufj + 2uijui (;)] — Uj;U; (;—)z

The second term II becomes

ZT;Tk ZiTp
IT & (ujuijr — uijuje) (—;g—) + (ujuir — uruij) (T—g)J
~ —2uu (xiwk)—f-(uu UpU )(wimk) UsiU (mimk)
~ =gy |k ik — upti) (22 — g (22
iUk \ 73 iUi I\ ), T \TE ),

and the third term II] can be written as

n—1/(1
HI=-—— (;) (uigiu — ujius).

1

Adding I,II and III, we obtain
2 LiTk 1
(A%u)(Bu) ~ —ud; — 2uiun (—;3—-) + 2Uijui <;>j
1 T;Th
(4) — UjjUs; (;)l + (u]'uik — ukuij) (;—3)J

T;Tp n—1/,1
— Ui, (,r.—g)k =5 ;) (i — ujiu).

1

The first two terms in (4) simplify to

(5) %(ID"‘ul? —|(Vu),[?) = %—Z [1Vu;1® = 10, (u)?] -

J

The remaining terms in (4) are

) 1 N n—3 1 n—1/,1

Wit | = —ujui | - — ) Wit

ijUs r J 2 /N Bk 2 r i 2 r i 3]
TiTh TiTk

+(Ujuik—ukuij)( :,3 )j‘uijuj< :'3 )k

=a+b+c+d+e.

We evaluate these five terms as follows.

ar~ —u? (1) = @—-;—’—32|Vu|2 .
)i T
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=252 (3) (9 -E520m )
59 0) 2 ),

CED AL N R 1
VP + S vy

2r3
_ _(n—3)(n—5) 2 _3(n—3) ul
o -

T2 9\r ).
( _1)u2(1) n—luu (1) n—luu(l)
=) - ——w (=) - wl =
4 \r), 2 r)g 2 \r/)y
_3(n-1 -1
(n )u,2n+n u? l
2r3 4 T/ iiji

( 1) Vul2 — (2—31)u$+3(71—1)(7;—53)(”—5)“2

provided n > 5. (The case n = 5 will be treated later.)

3

TiTk T;Tk
~ —uuj (= + uguy (=
J 3 3
3k /i

__( 2)|V 2 + 3(n3_2)u,2,+33|Vu|2— 3(“3_1)u3
r r T

d= ((uiu;)e — (viur);) (Eﬁ&)]

(n— 4) 3
=|-"73 |Vul* - r—guf
1 22 (T (n—=3)(n-2) 2
M ( )ik - s Vel

Summing the boxed terms leads to the expression

(A%u)(Bu) & 2(DPuf? - |(Vu), )

(6) ) 2
* nzrsl{(“ —1)|Vul? = 6[u |2} + (n = 1)(n = 3)(n — 5)2%.

The last term in (6) corresponds to the second-to-last term in (2). We wish to rear-
range the other terms in (6) to be manifestly non-negative.
For convenience we introduce the notation

X T A
Ty = —, ar = :L‘lal 5 Qij = xiaj - iL‘jai
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where €);; and 0, commute. We note that any derivative decomposes into radial and
angular parts

. Z;
0; = ;0. + —’I‘_]Qﬂ

that are orthogonal to each other at each point because the matrix Qj; is skew-
symmetric. The leading expression |D?u|? = Y 18;0;u|?> in (6) is decomposed as
follows.

. Zp
O;u = T;0,u + —Q;u
T

and
Bjaiu = ftiaja,«u -+ 3j (CIAIi)a,«u + 6j {%Qk,u}
=T {@jar + %Qk]‘} Oru
6ij — ;%5 T
4+ L 0,u + 3j —Qpiu
T T
= Riju + Siju
where 5 L
R,'ju = feiﬁj@fu + M&.u
and L .
Siju = L%k ijé)ru -+ 6]' {x—kﬂmu} .
T T
Squaring, we get
() 1D?uf” =Y {(Riju)® + 2(Riju)(Siju) + (Siju)*} .

ij
CLAIM 1. The cross terms contribute
4 2(n -5
Y RS ~ 2000

r3

(|Vul® = (8,u)?) > 0.

Indeed, 4} (R;;ju)(S;ju) contains three kinds of terms. The first kind contains the
expression ) ;& Q; , which vanishes by the skew-symmetry of Q. The second kind
is

a A 2 1 i'k
4z;%;5 | Ou — ;Bru -0j | —Qriu

r
1 1 T 0y
= 4-3; (azu - —3ru> : {aj [x,.‘”—’“nkiu] - aijx—"nmu} =0,
T r r r
in which both terms on the right contain ) ;% Q; = 0. The third kind is

45ijrlzaru %) [xr—kﬂkiu} = %&u B A ~ —40; (%aru) A

where

Z;
— 2 — 2
A,‘ = - jS = 8,' - :L’iar.
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Observe that 1
:l}iAi = 0, Az(f('l“)) = 0, Azar = 37‘141 + ;Az

Using this notation, we are left with
1
—4(£;0, + A;) <—2'87’LL> -Aju = —4A; <—12—6ru) - Asu
r r
4 4 1
= ——T—2A,~8,.u -Au = —7—;2—(67»‘41‘1! + ;A,u) -Au
2 4

= (—ﬁar - ,’,_3> w

where

Thus our expression can be written as

[—@& - —4—} w N [2@ (%) - il—] w=205, 2(“r3‘ %) (Vuf? - (B,u)?).

r2 r3

This proves Claim 1.
CLAIM 2.

2

r

D% =2 {(afu)2 T Z(sﬁuf} + 2029 (9w - 0,w?)
Indeed,
[Rijul® = <Ai:?:jafu + (035 — iisﬁj)%aru)z

= £742(07u)® + 28:8;(8;; — &:85)00u - %&u + (8:5 — £485)2 <%6Tu> ’

When summed, the middle term vanishes while Y (6;; —2:#;)? = n—1. Thus }_(R;;u)?
= (02u)? + 251 (8,u)?. Thus Claim 2 follows from Claim 1.
CLAIM 3.
(V) ? = [0.Vul? = (@2u)? + 3 (85 Siy0)™

Indeed,
Or0;u = ﬁ?j@jaiu = af:j(Riju + Siju).
This expression must be squared and then summed over . Now
0ij — il .
:i:jRiju = .’ij (ii:&jafu + L—T——’—]&u) = :c,afu X
while
£;Siju = 2;(2;Ai0pu + 0;A;u) = 0r Aju.

Therefore
ikRiku . ijSiju = :ﬁiafu . 3,~Ai’ul = 6fu . 8r(£iAiu) =0
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because the operators d, and &; commute and z;A; = 0. Upon summing and squaring,
we end up with Claim 3.
By (6), together with Claims 2 and 3, we conclude that

(A%u)(Bu)
2
& % (02u)? + (8 u)? + Z S,ju) — (O2u)? — Z (Z & z,u)
o 5)<|Vu|2 - ()
— 2
B = DIVl = 6180} + (n = (= 3)(n - 5) 5
2 _
=(n—-1)(n- 3)%(&@2 + W {IVul> - (6,u)?}
+(n——1)(n—3)(n—5)i 4P
where

2
> (Sijw)? =) (E :i‘jSiju)
i 1 7

We note that, by a form of Schwartz’ inequality, P > 0.
In case n = 5, the calculation of the term ¢ given above must be modified. In

fact, in that case
(1> = A? (—1-> = 16726(z).
T/ iiji r

Thus the last term of ¢ does not vanish but instead equals
‘ 1
(9) —2u;u (—) = 1672[u(t,0))*> > 0.
"/ ijj

If n = 5, this non-negative term should be included in P. This completes the proof of
Theorem 1. 0

2. Time decay. The following explicit bounds follow from the identity.
COROLLARY 2. Let n > 5. Assume u is a solution that is smooth enough and
small enough at spatial infinity. Assume

uf(u) > 2F(u) > cou’

for some ¢, > 0. Then there is a constant ¢ such that

(10) /00 / %[uf(u) — 2F(u)dzdt < cE
0

*ri1
(11) / /7’—3|Vu|2 dzdt < cE
0
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(o]
1
(12) / /T—5|u|2 dxdt < cE provided n > 6
0
(13) sup/ |u|?>dt < cE provided n = 5.
¢ Jo

Proof. From (1) we get the boundedness of u in H2(R"). Therefore the first
integral in (2) is bounded by a multiple of E. Each of the other terms in (2) is non-
negative. We integrate (2) over a time interval [0,7"] and then let T — co. The last
term in (2) then gives (10), while the second and third terms in (2) give (11) and the
fourth term in (2) gives (12). The estimate (13), special to n = 5, follows from the
term (9) in the proof of Theorem 1 where the origin is shifted to an arbitrary point
x. ad

In the typical example f(u) = u + |u[P~*u where p > 1, we have the integrability
in space-time of r~1|u[P*1.

We conjecture that the local energy, that is, the norm in H2(2) x L2(f) for any
bounded domain Q C R", is integrable and tends to zero as ¢t — oo. This conjecture
ought to be demonstrable by the same kind of technique as in [M] and [S1].

A solution u of (1) is called a scattering state if there exists a solution v of the
linear equation (linearized around the zero solution) such that ||u(t) — v(¢)|| = 0 in
the energy norm as t — +oco. If f’(0) = 1, the linear equation is

(14) Vgt + Ay +v=0.

We conjecture that under certain conditions all the states are scattering states. Two
main ingredients for proving this conjecture are already known. The first one is
a statement that there is some weak decay of solutions of (1). If n > 5 and the
nonlinear term has the repelling sign, this is Corollary 2, especially estimate (10). By
the method of [N] we ought to be able to extend this estimate to a similar one for the
lower dimensions n < 4. The second ingredient is an appropriate decay estimate for
the linear equation (14). This too is known, in the form

[0()l|aqny < C(L+ )™~ 4]|0(0)]|x

where X = H? x L? is the energy space and 2 < ¢ < 2+ 8/(n —4). The upper bound
on q can be improved to co if n < 6. Furthermore, there is the space-time estimate

V]| Lamn+1) < Cllv(0)]|x

for 2+8/n < ¢ < 2+ 12/(n — 4). We also note that equation (1) is globally well-
posed in energy space if the sign is repelling and p < 1+ 8/(n — 4). Using these
ingredients we believe it is possible to prove the scattering conjecture at least for
1+8/n < p <1+ 8/(n—4), following the method of [MS] or a variant of it, for
smooth solutions and probably also for arbitrary finite-energy solutions. The second-
order analogue is discussed in Chapter 6 of [S2].
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