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WEAK COUPLING LIMIT OF THE N-PARTICLE SCHRODINGER
EQUATION*

CLAUDE BARDOS?, FRANCOIS GOLSE!, AND NORBERT J. MAUSERS

Abstract. This work is devoted to the derivation of a nonlinear 1-particle equation from a linear
N-particle Schréodinger equation in the time dependent case. It emphazises the role of a so-called
“finite Schrddinger hierarchy” and of a limiting (infinite) “Schrddinger hierarchy”. Convergence of
solutions of the first to solutions of the second is established by using “physically relevant” estimates
(L? and energy conservation) under very general assumptions on the interaction potential, including
in particular the Coulomb potential. In the case of bounded potentials, a stability theorem for
the infinite Schrédinger hierarchy is proved, based on Spohn’s idea of using the trace norm and
elementary techniques pertaining to the abstract Cauchy-Kowalewskaya theorem. The core of this
program is to prove that if the limiting N-particle distribution function is factorized at time t = 0,
it remains factorized for all later times.

We offer this contribution to Cathleen Morawetz as an expression of our admiration and friend-
ship and in recognition of the influence that her work on the interaction of mathematics and physics
has ezerted on us.

1. Introduction: Scalings, hierarchies and formal derivations. The sub-
ject matter of this paper is the derivation of a nonlinear 1-particle Schrodinger equa-
tion from the linear N-particle Schrédinger equation in the so-called weak coupling
limit. Both bounded and unbounded potentials, including the case of the Coulomb
potential (leading to the Schrodinger-Poisson system) are considered.

The asymptotic relations between the various linear and nonlinear models con-
sidered here, starting from the linear N-particle Schrédinger equation, are abstracted
in the following diagram

linear N-body Schrédinger equation ﬁ:)g;r [linear N-body Vlasov equation]
+ !
N0 N—>+00
1 X}

+
Elonlinea,t 1-body Schrédinger (- Poisson) l et Lnonlinear 1-body Vlasov (- Poisson) l

We are concerned with the leftmost vertical arrow, i.e. the “weak coupling” limit
and do not discuss the horizontal arrows i.e. the “ classical limits” (see [9], [12] for
the case of the Schrodinger-Poisson system). Likewise, the diagonal limit, i.e. the «
classical + weak coupling limit” corresponding to letting simultaneously A — 01 and
N — +o0 is not considered in the present work (we refer to [13] for the case of a
bounded, real analytic interaction potential). Hence % is considered as fixed in the
sequel.
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276 C. BARDOS, F. GOLSE, AND N. J. MAUSER

The starting point of this derivation is the Schrédinger equation for the wave
function ¥ = U (21,22, ...,ZN,t) of N interacting particles, which reads

. i’ 1
(1.1) Oy = —= > ALy ~ > V(z - ml) ¥
1<G<N 1<j<k<N
(12) ‘PN(t = 0) = ‘IIJIV(:L‘I,x?,"'::EN)

The factor 1/N in front of the potential V' is the standard “weak coupling scaling”,
as discussed e.g. by Spohn in [18]. It corresponds to assuming that collective effects
of order 1 can be observed over a unit length of the macroscopic time scale.

The potential V is assumed to be real-valued and bounded from below, but no
assumption is made as to its sign. In other words, attractive as well as repulsive
interactions are amenable to the methods presented in this paper.

The following notations will be used constantly in the sequel

XN = (21,22, ZN) , Xn = (T1, T2, o, Tn) s XN = (Tnp1s ooy TN)
Yy = (illl,illz, ""yN) Y = (Z/1>y2, ’yn) :YJZJL = (yn+l,-",yN)

ZN = (21,22, s ZN) s Zn i= (21, 22, ooy 2n) , 2 = (Zn41, ey ZN)

The state of the N-particle system can also be described (see for example [8]) by
the density operator py(t) acting on L?(IR*)™ or equivalently by its integral kernel,
known as the density matrix pn(Xn, Yn,t). For a general “mixed state” we have

(1.3) pN(XN, YN, t) = > MUn (XN, )TN (Y, 1),
KEN

where A\r > 0 are the “occupation probabilities” satisfying >, Ay = 1. However,
the N-particle Schrédinger equation is linear, so that we can assume without loss of
generality that the density matrix is that of a “pure state”:

(14) PN(XN, YN, t) = PN(-'171,372’ s TNYY1,Y2, -, YN, t) = \I,N(XN) t)lIlN(YN$ t)

This density matrix pn (X, Y, t) is the integral kernel of the density operator pn (¢),
the time evolution of which is given by

L) pn(t) = e p (0)e
i.e. the density operator py(t) satisfies the “von Neumann equation” :
(1.6) ihatpN = HNPN - PNHN .

Equivalently, the density matrix must satisfy

. R
(1.7) ihOepn (XN, Vv, t) = _E[AXN = Ayylon(Xn, YN, 1)
2 |
2 Wlay =) = Vilys — veDlon (Xw, Yov,1).

1<j<k<N

The operator py is of trace class, its trace being given by:

Tron(t) = / on(Xn, XN, t)dX N = / [Un(Xn,t)|2dXy = / O (Xn)|2dXy =1
(1.8)
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after normalization.
The “marginal distributions” or “partial traces” are introduced according to the
formula :

(19) pN,n(t) = Tr[n-i-l,N]pN(t) = /PN(Xn, ZKHYTL’ Z}G,t)dZ}b .
We further assume that the initial data satisfy the relation

(110) pN(xlvx2v'":xnvyl’y27""y’n70)
= pN(wa(l)’ Tg(2)r - ZLa(n)r Yo(1)s Yo (2)) - yo‘(n)70)
for any permutation o of the set {1,2,3,...,N}. This encodes the fact that we are

considering the statistics of undistinguishable particles. This property is preserved by
the time evolution of the von Neumann equation, so that (1.10) implies that

(111) pN(xlax%'"’zn)yl’y%-"ayTHt)
= pN(xa(l) 1 Zg(2)s s Ta(n)r Yo (1)1 Yo (2)s > Yo (n)» t)
holds for all ¢t € IR.
Assuming that the initial N-particle distribution satisfies (1.10), we obtain from

a rather straightforward computation that the marginal distributions pn . (t) solve
the system

(1.12) ZhatpN,n(X’n’Y’n’t)

h2
= _7[AXn — Ay, ]pNn(Xn, Yn, )
1
+ > Wllaj —2xl) = V(Iys — ysD)]onn(Xn, Yo, 1)
1<j<k<n
N-—n
A S W0 = o) = Vs = Dlow e (K2, Y 2, )
1<j<n

Observe indeed that the missing term in (1.12) is the one corresponding to applying
the partial trace Tr,41 ] to the summation that appears as the last term in the
right hand side of (1.7) restricted to the subset of indices {(j,k)|n 4+ 1 < j,k <
N}. Since this restricted sum involves only terms that obviously vanish on the set
{(Xn,YNn)| X% = Y2}, applying the partial trace Trj,41,5) does not contribute any
additional term in (1.12).

The system (1.12) is called the “N-particle (finite) Schrodinger hierarchy”. Ob-
serve in particular that for n = N one recovers the equation (1.7) for py.n = pn.

Introducing the operators Cp n41 mapping n + 1-particle densities to n-particle
functions formally defined by

(113) Cn,n+1(pN,n+l)(Xna Yn) =
> /[V(li’f'j = 2[) = V(ly; — 2D]lonn+1(Xn, 2, Yn, 2)dz,

1<j<n
the N-particle Schrédinger hierarchy is rewritten as:

: ' R
(1.14) ZhatpN,n(Xn,YN,t) = _T[AX" - Ayn]pN,n(Xn,Yn,t)
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1

t¥ > Vi —zl) = V(s — vkDlonn(Xn, Yo, t)
1<j<k<n
N-—-n
+T(Cn,n+1pN,n+l)(Xn;Yn7t) ) Vn = ]-7-'-7N7

(1.15) pNn(Xn, Y, ) =0, Vn>N.

The “infinite Schrédinger hierarchy” is obtained from the N-particle (finite)
Schrédinger hierarchy by letting N — 400 while keeping 7 fixed and giving up the
constraint (1.15). We denote by p, the n-particle marginal distribution involved in
the infinite Schrédinger hierarchy which of course differs from py,5, the n-th marginal
distribution involved in the N-particle (finite) hierarchy. Letting formally N — +oco
in (1.12) leads to:

2
(116) #02pn(Xn, Yi, )= — B, = Ay, Jon(Xe, Yo, )

+ 3 [0y = 2l) = Vs = Dlonss (X 2, Yo 2, 1)

1<j<n

A function p,, of the variables (X,,Y,) is henceforth said to be factorized if it is the
n-th fold tensor power of a function p = p(z1,¥1), i-e.

(1.17) n(Xn, Yn) H p(zk, yr)
1<k<n

Observe that if ¥ (z,t) is a solution of the (nonlinear) “self-consistent, 1-particle

Schrédinger equation”

2
(L1 in0p(a,t) = = Aab(a8) + [ Vila = )b, dz - b,
then

(1.19) p=9(z,t)¥(y,t)

is a solution of the “self-consistent von Neumann equation”

2
h0up(e,0,0) = (0=, 10(,, )+ [ V(=) =V (y=2Dlp(e. 2 0z pla.,0),

(1.20)
while the (sequence of) factorized n-particle densities

(121) Pn(Xn;Ynat H p(wk’ykat)
1<k<n

is a solution of the (infinite) Schrodinger hierarchy. On the other hand, at ¢ = 0 (cf

(1.8)):
(12) o Cin Y0 = ] w080 I [Wida

1<k<n n+1<k<N

II %09, 0= T olzeye0)

1<k<n 1<k<n
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As a consequence a uniqueness result for the hierarchy (Corollary 5.3 below) implies
that, with initial data factorized as in (1.17), the solution of the hierarchy is given by

1<k<n

with ¢ (xk,t) solution of the self-consistent Schrédinger equation (1.18). The factor-
ization, assumed at ¢ = 0 for the finite hierarchy, will in general get lost at later times
due to the presence of the interaction potential V'; however it is recovered in the limit
as N — +oo.

In the sequel we establish two types of results:

1) under very general assumptions (containing in particular the physically relevant
case of the Coulomb potential) the solution of the finite hierarchy is shown to converge
to the solution of the infinite hierarchy;

2) for bounded potentials, the infinite hierarchy is shown to possess a single solu-
tion determined by its initial data; in particular, the limit as N — +o0 of the sequence
PN+ is factorized and coincides with the functions given by the self-consistent, 1-
particle, nonlinear Schréodinger equation.

However, our method for the proof of uniqueness does not encompass the case of
the Coulomb potential, and fails to provide a derivation of the Schrédinger-Poisson
equation which remains an open problem.

We conclude this introduction by recalling why the Cauchy problem for the N-
particle Schrédinger equation is well-posed.

THEOREM 1.1. Assume that the real-valued interacting potential V (|z|) is of the
form

(1.24) V(|z]) = Vi(lz]) + Va(|z]) with Vi(jz) € L2(R®) and Va(|z|) € L°(IR?).

Then
1. The operator Hy defined in L2(IR*M) by
n 1
(1.25) Hy¥ = & > AT+ ~ > V(z; — )
1<GEN 1<j<k<N

with D(Hy) = H2(IR*N) is self-adjoint. In particular, iHy is the generator
of a unitary group.

2. for any ! € H'(IR®), the self-consistent, 1-particle Schrédinger equation
(1.18) with initial datap(-,0) = ¥’ has a unique solutionp € C(IR; H'(IR%)).

The proof of point 1. can be found in Kato’s book [6] (Chapter 5, section 5,
Remark 5.6), with details in [7]. As for point 2., it is a particular case of Theorem
3.1 in [4] (see also [2]).

2. Preliminaries on trace class operators. As will be shown below the trace
norm is the relevant physical quantity used both in the existence proof for the infi-
nite Schrodinger hierarchy with a locally L? potential and in the stability result on
this hierarchy in the case of a bounded potential. Indeed, the operators py (t) are
nonnegative and of trace class with trace norm

(2.1) / PN (X, Xy 8)dXn = Tr py(t) = 1.
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In order to use this property, the following result concerning trace class operators
on products of Hilbert spaces is needed. While it seems elementary, we could not
find it proved or even explicitly stated anywhere else. First we recall the following
classical notations: let H; and H, denote two Hilbert spaces. The set of Hilbert-
Schmidt operators from H; to H, is denoted by L£*(Hi, H,); the set of bounded
operators on Hj is denoted by £(H;) while £!(H;) designates the set of trace class
operators on H;. We recall that £!(H;) is an ideal in £(H;), while £2(H;, Hs) is an
L(H;) — L(H>) bimodule. We refer to [5] §19.1 for the basic definitions concerning
trace class and Hilbert-Schmidt operators.

LEMMA 2.1. Let Hy := L?(IR® x R®") and H, := L*(IR*"). Let K € L'(Ho)
have the integral kernel k = k(Xn, Zm, Yo, Wn):

(K¢)(Xn, Zm,) := /}Rsn /Bsm k(Xny Zm, Yo, Win)d(Yn, Wi )dY o dW,

Note that in the sequel we use the abbreviative notation z = Z,, and w = Wy,. For
a.e. z€ R*™ and a.e. w € R*™, let K, ,, be the operator on L?(IR*™) with integral
kernel k(-, z,-,w):

(2‘2) (Kz,ww)(Xn) = /Ban k(Xn;z;Yn) w)w(Yn)dYn .

Then
1. the map h+ [z = K, ,11], defined a.e. in h € IR3™, eventually extended to
he IR®™ as a continous function, belongs to C(IR®™; L*(IR®™; L1 (L%(IR%")))),
2. for a.e. z € R*™, K, , € L1(H),
3.

(2.3) Tr

/ K, ,dz| < TrlK, .|dz <Tr|K|.
IR3m IR3m

Proof. Let (U,|K]|) be the polar decomposition of K. Hence
K = L% L, with L, := |K|"/? € £2(Hp) and Ly := |K|*/?U* € £?(Hy) .

The operators L; and Lo belong to £L2(Hy) and thus have integral kernels /; and l»
in L2(IR?" x IR®™ x IR®*" x IR®™), with

(2.4) k(X 2, Y, ) = / / X 2T X 2V (X', Zn! s Yoy 0) dX' dZe’

In particular, for a.e. in z and w € IR®™:
L, w) € L2(R*™ x R®™ x R®") and I(-,-,-,2) € L*(IR®" x IR®" x IR*").

Hence the operators Ly, with kernel l; (-, -, -, w) and Ly, with kernel I2(+,+, -, 2) belong
to L2(H;, Ho) for those values of z and w, which is a.e. in IR®™. Again for those
values of z and w, K,, € L'(Hp) since, as can be checked directly from (2.4),
K,w= Lzllelw‘ In particular,

V1K oth — Ko pprn | ary) < 1 Lopzl 2, o) 1 D1)zanr — Lajatnlco o, o) »
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so that, by the Cauchy-Schwarz inequality we have a.e. in h and b’ € R3™
@9) [ IKearn = Kecillornds

1/2 1/2
< </||L2|z||21;2(H1,H0)d2> (/||L1|z+h’ _Lllz+h||2£2(H1,Ho)dz>

= ||L2||L2(Ho)||ll('7 ey B — h) - l1||L2(R3" X IR3™ x IR3™ x IR3™) -

The last factor in the right side of (2.5) converges to zero with |’ — h| since the group
of translations acts continuously on L? functions. This establishes point 1. Point 2 is
an obvious consequence of point 1.

The first inequality in (2.3) being trivial, only the second remains to be proved.
Proceeding as in (2.5) shows that

1/2 1/2
(2.6) /“Kz,zllcl(Hl)sz (/ “L2|z||2£,2(H1,H0)dZ) (/ ||L1[z||3:2(H1,Ho)dz>

= |l c2 ooy 1Lt ) 22 10y = 12U 22 o) VB T2 22110
2 2
= KIS oy NN a1y = 11K 22 o)

which implies (2.3). O
A direct consequence of relation (2.3) is the following

COROLLARY 2.2. The restriction mapping k — k(-, z,-,2) on functions that are
integral kernels of trace class operators is well defined for a.e. z € R*™ and induced

at the level of integral kernels by K — K, , which is a linear contraction mapping
from LY(L2(IR®™ x IR®™)) with values in L*(IR3™; L*(L?(IR?™))).

The linear map K +~ [ K, .dz is continuous from L!(L*(IR*" x IR*™)) to
LY(L?(IR®")) in the norm topology, but not in the weak-* topology (whose definition
is recalled below). Still, the weak-* topology is a natural tool for the convergence of
the finite to the infinite Schrodinger hierarchy because of (2.1).

REMARK 2.1. Given a separable Hilbert space H, the weak-* topology on L'(H)
is the one induced by the family of semi-norms T — |Tr(KT)| indexed by compact
operators on H. The weak-* topology on L®(IR+;L*(H)) is the one defined by the
family of semi-norms

T } / Tr(K(t)T(t))dt}

where K runs through L' (IR+; K(H)) (K(H) denoting the algebra of compact operators
on H).
The next lemma provides a crucial argument needed in the course of section 4.
LEMMA 2.3. Consider a sequence L, € L}(L*(IR%)) converging to 0 in the weak-*
topology, such that the integral kernel l,, of Ly, satisfies

(2.7) /|ln(z,z +h) —lp(z,2)|[dz > 0 - as |h| = 0, uniformly in n.
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Then, for any x € C.(IR?),

/ln(z,z)x(z)dz =0 asn—+00.

Proof. Let ¢ € C(IR?) supported in the unit ball of R* such that ¢ > 0 and
J #(z)dz = 1. First, because of (2.7)

‘/ln(z,z + h)x(z) -:E(f) <§> dzdh — /ln(z,z)x(z)dz
< Iilllé)e/ [ln(z, 2+ h) — Uu(2, 2)|x(2)d2 / eldqﬁ (%) dh

< Iz sup / a2, 2+ B) — Ln(z, 2)\dz
h|<e

Hence

28) [ieroin(e) 5

w —

. Z) dzdw —)/ ln(z,2)x(2)dz, uniformly in n as e—0.

On the other hand, for each € > 0, (z,w) = x(2) & ¢ (“=2) is the integral kernel of a
compact operator on L2(IR%). Thus, for each € > 0,

/ln(z,w)x(z) eid(ﬁ <'w e_ z> dzdw — 0, as n — +oo0.

The announced result follows from this last statement and the uniform convergence
(2.8). 0O

3. A priori estimates for the N-particle Schrodinger hierarchy. We start
this section with a variant of the Cauchy-Schwarz inequality applied to the marginal
distributions. While straightforward, it provides estimates which are useful in the
sequel.

ProposITION 3.1. The marginal distributions satisfy the inequalities

(3.1) [ 103X Yo O X < 1

and

=

1
(32) IpN,n+1(.Xn,Z,Yn,Z,t)| S pN,n+1(Xn,Z,Xn,Z, t)sz,n-l-l(Yn)za Ynazat)

for dllt € R.

Proof. The inequality (3.1) follows immediately from the relation:

(3.3) / 10 (X, Yo, )P dX ndY,

2
dX,dYy

=//‘/\I!N(Xn,Z}\’,,t)\I’N(Yn,Z}\L,,t)dZ}\‘,

5//|\Il(Xn,Z}\‘,,t)|2anZ}\‘,/ |U(Y,, Z2, 8)|2dY,dZ Ty
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while the inequality (3.2) follows from the fact that
(34) |pN,n+l(Xnazasz’t)|
= ’/\Il(Xn,z,Z}?,“,t)\II(Yn,z,Z}Z,“‘l,t)dZ}Z,“

1/2 1/2
< </|\I'(Xn,z,Z1’\’,+1,t)|2dZ}3,+l) (/|\II(Yn,z,ZJ'\‘,+1,t)|2dZ}(,+1)

O
Another basic result is a i-dependent estimate on the kinetic energy of the N-
particle system.

PROPOSITION 3.2. Assume that the interacting potential is of the form

(V(|w|)=v+<|w|>+v_(|w|> with Vi (a]) >0, Vi € LX), V_([e])) 2 ~Cpot > —00.
3.5)

Assume further that the initial data UL (21,...,zN) satisfies the assumption of indis-
tinguishable particles (1.10) and has the energy
(3.6) Enn
1
=i Y [ rhCwPaxyty ¥ [ Vilas - mieh (X Paxy
1<j<N 1<j<ksm

=O0(N)

as N — +o0.

Then, for any j such that 1<j <n, the solution ¥ of the N-particle Schrodinger
equation satisfies
N(N -1) EN
+2—.
N2R? NR?

(3.7) sup /leJ.\I'N(XN,t)PdXN < Cpot
1<i<N

Proof. The conservation of energy implies that

1
9 Y [ 190 0Py - Gy Y | [ En v DRy

1<j<N 1<j<k<m
1
< 3 /lej\I'N(XN,t)|2dXN+N 3 /V(le—wk|)|\I'N(XN,t)|2dXN
1<j<N 1<j<k<m
=&ENp-

The inequality (3.7) follows from this, (1.8) and the identity
1 .
/lsz ‘I'N(XNat)ldeN = N Z /Ivmj‘I'N(XNat)ldeN’ 1< J< Na
1<jEN
implied by the assumption of indistinguishable particles. O

COROLLARY 3.3. Under the same assumptions as in Proposition 3.2, and again
abbreviating z = Zmy, and w = Wy, consider, for any compactly supported continuous
function © on IR3", the sequence of functions kn n defined by

Fvn (2, w0, 8) = / / O(Xn)O (Vi) ot (X 2, Yiny w, ) dX Y
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It satisfies the following equicontinuity property:

(3.8) sup / |knn(2,2 + h) — knon(z,2)|dz < C|O]3 |h]|
telR
with
C Enn
C==2B% 195 —.
B2 TN N

Proof. In order to avoid cluttered expressions, we deliberately omit the variable
t, which appears only as a parameter. First

/IkN,n(z, z+w) — knn(z,2)|dz

- /{// O(Xn) TN (Xn, 2, Z5)O(Yr)

x [\I'N(Yn, 2+, 200 = Uy (Yo 2, zn“)] Az dX ,dY,

dz

. 1/2
<1101l T w22 ( / / U (Y, 2+ by 20 = U (Y, 2, z;g+1)|2dyndzdz;+1)
<1013 11¥ N3 21V ensy nll72]R].

The last inequality is provided by the L? version of the mean value theorem for H?
functions:

1 2
1w = s@Pas= [| [ 95-+sh)-has| do <19 rEzaln?

One then concludes with the H! estimate (3.7). O

4. Convergence of the finite to the infinite Schrédinger hierarchy. The
above trace estimates turn out to ensure, with weak assumptions on the interacting
potential V' and modulo extraction of subsequences, that the marginal distributions
PN, converge to a solution of the infinite hierarchy. More precisely:

THEOREM 4.1. Assume that the potential z — V(|z|) is bounded from below,
belongs to CO(IR® \ {0}) N L2 (IR®) and vanishes at infinity:

(4.1) rgl-il-loo V(r)=0.

Let Uy € CO(Ry; L?(IR%)) be a weak solution of (1.1) with initial data ¥, satisfying
the assumption of indistinguishable particles (1.10), the normalization (1.8) and with
finite energy as in (3.6) where E(N,h) = O(N) as N — +oo. It is assumed that ! ,
for allm > 1,

P{V,n = p{V,n(XmYn) = / N (Xn, ZN)‘I’ (Yo, ZR)dZ3 — ply = ph(Xn, Y7)

1Since the problem is linear, the result can trivially be extended to initial data that are finite
convex combinations of pure states satisfying the hypothesis.
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in LY(L*(IR®™)) weak-* as N = +o0.

Let pn be defined by (1.5) with its marginal distributions pn,, defined by (1.9).
Then, any limit point as N — +oo of the family of partial traces (pn,n)n>1 solves the
infinite Schrodinger hierarchy (1.16) in the sense of distributions 2 and satisfies the
initial condition

(4.2) Pn|t=0 = P{z .

Limit points for the sequence (pn,n)n>1 a8 N — +o0o are to be understood in
the sense of the product topology on Il,>1L®(IRy; L' (L?(IR™))), each factor being
equipped with the weak-* topology.

REMARK 4.1. The assumptions on V in Theorem 4.1 imply those in Theorem
1.1. The assumption on Enp implies that Corollary 3.3 applies. In particular, this
assumption on Enp is satisfied if initial data is factorized:

@3 )= [ ve), [Weld=1, [Ive@Pd <.

1<j<n

REMARK 4.2. The notion of limit points in the product topology described above
can be given a somewhat more concrete interpretation by the diagonal extraction pro-
cedure. Let (pn)n>1 be a weak-* limit point of (pnn)n>1 as N — +o0o. For each
n > 1, there exists a subsequence of pn,n converging to p, in L°°(Ry; L (L?(IR3™)))
weak-*. In other words, there ezxists an increasing function ¢, : IN* — IN* such that
Pon(N)n = Pn @ L®°(Ry; L1 (L?(IR3M))) weak-*. Define ¢(N) = ¢y o ...0 ¢1(N);
clearly (N) is an increasing sequence of integers. By the construction of ¢, and the
relation (1.15), one sees that py(Nyn — pn in L°(Ry; L1 (L2 (IR?))) weak-* for all
n > 1. In other words, the same subsequence of N leads to weak-* convergence for all
n > 1.

REMARK 4.3. In the particular case of the Coulomb interaction, the same re-
sult holds with the trace norm replaced by the L2(L*(IR*"™) norm. The proof relies
on Leray’s 3D wvariant of the Hardy inequality (formula (1.18) of [10]), called the
“uncertainty principle” in [16] and [11].

Proof. As observed in (2.1), the partial trace operators satisfy the estimate
(4.4) "pN’n(t)uﬁl(LZ(R:Sn)) =1, foralltelR.

Thus the sequence (pnn)n>1 indexed by N is relatively compact in
M,>1 L (Ry; £L1(L2(IR?™))) equipped with its weak-* topology.
Let now pg(n),, be any weak-* converging subsequence as in Remark 4.2; from
now on, we abuse the notation py ., for any such subsequence without further apology.
Since £}(L2(IR3™)) C L2(L?(IR®*™)) with continuous inclusion, the subsequence
PNn = PN n(Xn,Yn,t) of marginal distributions converges to pn = pn(X,,Yn,t) in
L°°(IRy; L*(IR®*™ x IR3™)) weak-*, and in particular in D'(IR} x IR*" x IR®™). Thus

2With the assumptions above, the interaction integrands [V(|z; — 2|) — V(ly; — 2|)]pnt1
(Xn,2,Yn,2,t) may fail to belong to L!(IR%;dz) for each (t, Xn,Ys); yet the integral f[V(|a;j —
z|) = V(ly; — 2])]pn+1(Xn, 2, Yn, z,t)dz is defined as a Radon measure (distribution of order 0) in
the variables X, and Y.
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the free part of the n-th equation in the N-particle Schrédinger equation converges
in the sense of distributions:
h2 h2

in D'(IRY. x IR®" x IR®™).
Next consider x = x(X,,Y,), a compactly supported continuous test function;
then

(4.6) ] [ YV s = ) = Vs = 01w n (S Yoy 0K s

< () X0 0V 5 = 17 s = e,

%
x < / / |pN,n(Xn,Yn,t)|2andYn> )

The first integral in the right hand side of (4.6) is bounded since the potential is
assumed locally square integrable; the second integral also is bounded because of
the bound on [pn,,(t)|z2 implied by Proposition 3.1 and the continuous inclusion
LY(L2(R*™)) C L?(L*(IR®*™)). Thus the second term in the right hand side of (1.12)
converges to 0 in D'(IR}. x IR*™ x R*") as N — +oo0.

The last and most important part of the proof addresses the convergence (in the
sense of distributions) of the interaction term, i.e. the third term in the right hand
side of (1.12). Consider the three following continuous cut-off functions depending on
two arbitrary parameters 0 < A < B:

(470 <L Ua(r), Uap(r), Up(r) <1, Ua(r) + Uap(r) + Ug(r) =1,

(4.8)Ua(r)=0 if A>7, Uap(r)=0 if rsg, and B+1<r, and Ug(r)=0 if r< B.
With the same test function x as above, consider the integral
XG0 ¥V s = Do (a2, Yo 2, 0o Xed e = 15 4 13 + 1
with the decomposition above defined by
= / / / XX, Vo)V {125 = 2)pn it (Xims 2, Yoy 2, U (|5 — 2))d2d XndY
s = [ [ XG0 ¥V = D (K2, Yo 20U s (2, - 2dzdXa,
I = ///X(Xn,yn)vqmj = 2)) N n1(Xn, 2, Yn, 2, ) Us(|zj — 2|)d2d X ,dY;, .

We first estimate I2. Without loss of generality, we can assume that Ixleee =1
and that the support of x is included in (§=!({1}))?", where 6 is some compactly
supported and continuous function on JR3. In the sequel, we set

O(Xn) = [] Ozi).

1<k<n
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By inequality (3.2) in Proposition 3.1,
(4.9) 1%
- ) / / / O(Xn)OYa)V (I = 21)pms1 (Xms 2, Yo, 20U (125 — 2|)dzd X ndY,

< / / / OOV (la5 = ZDloN s (X, 2, Vi, 2, )[Un (|25 — 2])dzd X, dY,

< [[ [ 10OV 12, = Dlowanss (K2, X2 ) prsa (Yo 2,V 2,11
Ua(|z; — 2|)dzd X,dY;,
Thus by the Cauchy-Schwarz inequality

P < / / / O PIV (125 = 2D P o mss (Yo, 2, Yo 2, U (l2; — 2[)dzdX Y,

(4.10) -///|®(Yn)|2pN,n+1(Xn,z,sz,t)UA(lmj — z|)dzd X, dY, .
Taking into account Proposition 3.1 shows that the second integral in the right hand

side of ((4.10)) is bounded by |©]3... Integrating first in the z;-variable and taking
into account (2.3) as well as (2.1) leads to

@11) [ [1006PIV (s ~ 2D prris (Vs Yo 2, DU — 2z aas
<O sup, [1065) IV i = 2D PUs(l s  fnss Vo 2. o2, Yo
z€ER
=191 sup, [ 101V (2; — DU (s - sl)da;
2€IR3
Finally,
(12) 1P < O 105 sup [ 1621V (2 )PV, - sl)as,
zZ€

<z |

V(lyl)?dy.
lyl<A4

We next estimate I3. Observe that, using again (2.3)
5| < llelliz/ll(UBV)(lzj = 2PN nt1(t)z,2] 1 dz

(4.13) <101 WUs VI [ Iowmsa(0)clcnd

< NOIL:NUBV Iz lon,nia ()] 1 -
Thus, by (2.1)

(4.14) 1B <1015 1UV Iz lon,ns1 (B)]cr = O] sup [V (r)] .

Since V' is square integrable near r = 0, the estimate (4.12) shows that

(4.15) I -0 as A 0F, uniformly in N > 1.
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Since V tends to 0 as r — +00, the estimate (4.14) shows that

(4.16) I -0 as B — +oo, uniformly in N > 1.

It remains to analyze the term I}p. Without loss of generality, we assume that
X is supported in B(0, R)?>", where B(0, R) denotes the open ball of radius R > 0
centered at 0 in IR®. Let yu € C.(IR®) such that y=1on [-B—-1—-R;B+ 1+ RJ;
obviously

I, = / / / XXy Yo )V (125~ 2 U (125 — 2) o st (X 2, Yooy 2, ) () dzd X Y

Define then
In(z,w,t)
= [[ ecteviis; - #)Uasiz; - =)
[onnt1(Xn, 2, Y, w0, 1) = pry1(Xn, 2, Yo, 0, 8)] dXndY, .
By construction, Iy (-,-,t) is the integral kernel of a trace class operator Ly (t), sat-
isfying Ly € L°(LY(L2(IR®)) as well as Ly — 0 in L®(LY(IRs; L*(IR®)) weak-* as

N — +o0. Further, because of Corollary 3.3 and the assumed continuity of z — V' (|z])
on IR®\ {0}, the family [y satisfies the following equicontinuity property:

/IZN(Z,Z + h,t) — In(2,2,t)|dz = 0 uniformly in N and ¢ > 0 as |h| — 0.
By Lemma 2.3,
/lszt (2)dz = 0 in L°(IR) weak-* as N — +oc0.

Thus

Iy - / / / XK Vo)V (125 — 2)Uan (155 — 2))pns1(Xn» 2, Yo, 2, 1) d2d XndY,

(4.17)
Grouping (4.15), (4.16) and (4.17) shows that

(4.18) Crnt1PNns1 = Cont1Pnt1 as N = 400 in D'(RY x R*™ x R®") weak-*.

This establishes the convergence of the finite to the infinite Schrédinger hierarchy.
Finally, (4.5), (4.6) and (4.18) show that, for all ( € C°(IR*" x R*™)

9, / / (X Yooy )¢ (Xms Vo)X nd¥ € L°(IR) -

This establishes the initial condition (4.2). O

5. Stability of the Infinite Hierarchy and Factorization. In this section,
we make the additional assumption that V' € L°(IR,.). The infinite hierarchy can be
recast in the abstract form

(51) hotprn = Anpn + Cn,n+1pn+1 s n>1,
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with Cp, 41 defined in (1.13) and A, denoting the skew-adjoint operator
h2
(5:2) An =15 (Ax, —Ay,).

The trace norm is a “good” norm for both the operators A,, and Cy, ,41; this, together
with its analogy with the L! norm on functions, makes it a natural tool in studying
these Schrodinger hierarchies, as noticed by Spohn [17]. More precisely

ProOPOSITION 5.1.
1. The operator A, is the generator of a unitary group in L' (L?(IR3"))).
2. The operators Cp ni1 are continuous from L1(L2(IR*™FV))) to L1 (L?(RR?™)))
with norm less than 2n|V| pee (gs)-

Proof. Statement 1. follows from the definition of the trace norm, the formula
Hn (1) = il thn o foo i tan

and the fact that exp(+i%itAn) is unitary on L%(IR®"?).
Let Fpy1 € LY(L2(IR®* x R®)) with integral kernel f,,1, and let Gpy1 be the
operator with integral kernel

gn+1(Xn,Z,Yn,’LU) = V(liL'] - Zl)fn+1(Xn,Z,Yn,'lU) - fn-l—l(Xn,Z,Yn,'lU)V(lyj - w‘) .
Since V € L™, G4 also belongs to £1(L2(IR?* x IR®)) and
1Gatilcrz2(men xme)y) < 2|V Lo |Gl crz2(men x 2y -

Since Cp nt1Fn+1 is a sum of n terms of the form

/(Gn+1)z,zdz

statement 2. follows from Lemma 2.1. O
The proposition above naturally leads to the following statement concerning the
stability of the infinite hierarchy.

THEOREM 5.2. Assume that V € L*(IRy), and denote by H, the Banach space
LHLA(R™)). Let (pr)n>1 € [1,o1 L (Ry; Hy) be a weak solution of the infinite

Schrodinger hierarchy (5.1) with initial data (pL)n>1 satisfying
lohle, <€y, n>1

where (€n)n>1 15 a given sequence of positive numbers. In addition, assume the exis-
tence of a positive constant D such that

(5.3) sup |pn (), <D, foralln>1.
t>0

Then, for all 0 < t < grpfi—,

om0, < 3 ("t (M,';:i)m —_—

m
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Proof. Set z,(t) = e~t4~/"p,(t); the n-th equation in the infinite Schrédinger
hierarchy (5.1) becomes

1 ¢ _t
8tzn(t) = ﬁeﬁA"Cn,n_He ﬁA"+12n+1(t) .

This last relation and Proposition 5.1 imply that, for all n € IN* and all ¢t > 0,

2AVire  [*
fen i, < 0 L0 [ a6y
0

Tterating this inequality leads to

2V "
lzn @), <en+ ) (TL> nn+1)...(n+k—1) €ntrdsy .. .dsg
k=0 Sk (t)

21V p=\"
+< I fllL ) n(n+1)...(n+m—1)/5 ()Ilzn+m(8m)"Hn+md81--.dsm,
m (t

where S (¢) is the k-simplex of size t, i.e.
Sk(t) = (51,0, 58) [0 < 1 < .. <5 < ).

The k-dimensional volume of S (t) is t*/k! and thus

m k m
n+kY (2|V|L=t n+m 2|V pe t
lzn(@) |, < 2 €ntk ( k ) (T + m D — .

The last term is equivalent to

m

for each fixed n > 1 as m — +oco. Thus it vanishes in the limit as m — o0 for all
0<t< ﬁﬂ‘/)ﬁT’ leading to the announced inequality. O

This stability statement obviously implies a uniqueness result for the infinite
Schrédinger hierarchy.

COROLLARY 5.3. Let (pL)n>1 and (p2)n>1 be two solutions of the infinite
Schrodinger hierarchy, obtained by the limiting procedure of the previous section and
which coincide at time t = 0. Then they are equal for allt € IR,

Proof. Indeed, (1.8) implies that
IpL(t) — P2 ()| o, <2, forallt>0andne IN™

Applying Theorem 5.2 to (ph — p2)n>1 with €, = 0 for all n > 1 and D = 2 proves
that
h

1 2 *
1) =p2(t), nelN*, |t|<-=——:.

Since the infinite Schrédinger hierarchy is autonomous and the bound (1.8) uniform
in time, this implies that pl(t) = p2(¢) for all t € R and alln € IN*. O
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This uniqueness result implies in turn the following factorization property, estab-
lished by Spohn [17] by a somewhat different method.

THEOREM 5.4. Assume that V € L*®(IRy) and that V(r) — 0 as r — +o0. For
any T € HY(IR?) and | |12 = 1, define

pr(Xn,Ya) = J[ ¢"@)e (y))-

1<j<n

Let pnn be the weak solution of the finite Schridinger hierarchy defined by
(K Yo ) = eI K, Y)Y

where Hy is the N-body Schridinger operator defined in (1.25).
Then : As N = 400, pNn = pn in L®(Ry; LY (L2 (IR®™))) weak-*, with p, given
by the formula

(5.4) pn(Xn, Yo, t) = [ (e, 0)%(y;,0)

1<j<n

where 1 is the solution of the self-consistent, 1-particle Schrddinger equation

2
(5.5) ihopp(z,t) = —%Ad)(w,t) + /V(lw —yDl(y, ) dy v (z,1)
with initial data

¥(z,0) = 9! (z).

This is a straightforward consequence of Corollary 5.3, since the formula (5.4)
defines a solution of the infinite Schrédinger hierarchy which satisfies

lon (Ol = @17 =1

because the self-consistent Schrodinger equation leaves the total mass |¢(¢)| 2 invari-
ant. We refer to [4] for a survey of existing results on the self-consistent Schrédinger-
Poisson equation.

6. Conclusion. We give a careful presentation and “marginal” improvements of
the theory of weak coupling limits that represent the next step towards the derivation
of the Schrédinger-Poisson equation.

In 1977 Braun and Hepp [1] derived the Vlasov equation from a system of N
classical particles. They assumed the interacting potential bounded in C? and prove
the convergence of the classical Liouville hierarchy to the Vlasov hierarchy. They
avoided addressing the question of the uniqueness of solutions of the infinite hierarchy,
but nevertheless succeeded to prove that the limits of N-particle marginals (in the
large N limit) coincide with factorized products of solution of the Vlasov equation.
Their argument rely on a clever use of probabilistic methods (such as the strong law
of large numbers to establish the propagation of chaos and the central limit theorem
to analyze fluctuations about the mean field).

Such an argument does not seem to work for the limit A - 0, N — 400 of
a system of quantum particles. This might explain why Narnhofer and Sewell [13]
had to prove a uniqueness theorem for the Vlasov equation. Since the corresponding
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operator is very singular, stringent assumptions (equivalent to the analyticity of the
potential) are required in that paper.

Spohn [17] came up with the idea of using the trace norm to prove the convergence
of the solution of the N-body Schrédinger equation to the factorized N-body state
driven by the self-consistent Schrédinger equation. His proof rests on the assumption
of a bounded interaction potential, as in the previous section of the present paper.
Being based on the Duhamel formula, his proof avoids the question of uniqueness for
the inifinite Schrédinger hierarchy, although in a way very different from that in [1].

In the present contribution we tried to illustrate the difference between the proof
of the uniqueness (with stringent assumptions) and the proof of the convergence of
the N-body Schrodinger hierarchy to the infinite Schrédinger hierarchy (under fairly
general assumptions).

One should observe that the proof of the Theorem 4.1 seems closely related to
the proof of the “abstract” Cauchy-Kowalewskaya Theorem according to Nirenberg
[14] and Nishida [15]. To make this connection clear one should introduce the scale
of spaces:

Mg = {(pn)n1 € [] Hn such that Y "|pnls, < +oo}.

n>1 n>1

On the other hand the proof of convergence to the infinite hierarchy may be
interesting by itself. It is obtained here under very general assumptions and only the
physically relevant estimates are involved in the proof.

Indeed, in many cases such an infinite hierarchy appears as a linearization of a
nonlinear problem. Therefore the existence of a solution for such an infinite hierarchy
may be considered as the existence of some type of very weak solution of the underlying
nonlinear problem.

Furthermore, a closer consideration of the proof shows that the assumption of
a factorized solution plays no role in the proof of convergence. At this level the
only important thing is the assumption of indistinguishable particles. Therefore as
observed by Spohn [18] and recalled by Cercignani ([3], p. 264), the solution of the
infinite hierarchy also describes systems of a large number of correlated particles,
when the N-body density matrix is not of the factorized form. It seems the only
available description of such systems, where the N-body density fails to be factorized
(i.e. satisfy what is called the molecular chaos assumption in classical physics, and
the Hartree ansatz in the quantum case). Note that the Schrédinger hierarchy itself
is the same for the “Hartree-Fock” and for the “Hartree” ansatz. In follow up work
together with A. Gottlieb we shall be concerned also with the case of antisymmetrized
initial data.
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