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ON THE UNIMODALITY AND THE BELL-SHAPE OF
NONCENTRAL DISTRIBUTIONS*

ANDREA VAN AUBEL' AND WOLFGANG GAWRONSKI!

Abstract. Various analytic properties of the noncentral x2()), Fn,,ny()), and student’s tm())
distribution are studied. Supplementing earlier results of Das Gupta, Sarkar and Minko, Petunin,
who showed the strong and the strict unimodality of the x2()\) distribution respectively, in this
paper it is proved that strict unimodality for Fn,n,(A) and tm()\) holds as well. For all three
distributions the strict unimodality is obtained as a consequence of a sharper result saying that each
of the corresponding densities is bell-shaped. Moreover in any case the unique mode is a strictly
increasing function with respect to the noncentrality parameter A.

0. Introduction and summary. Classical statistical tests, which are based on
normally distributed observations, naturally lead to the noncentral x2()\), Fn, ny(\),
and student’s t,,(A) distributions. Here and throughout we adhere to the terminology
of Johnson, Kotz, Balakrishnan (1995) where A is the noncentrality parameter and
n,ny,n2,m > 0 denote the various degrees of freedom. In view of their statistical
meaning usually n,n;,ns,m are restricted to positive integers. However in this
paper it is convenient to consider the degrees of freedom as positive variables rather
than as discrete parameters. It is well-known that the distributions x2()\) and
Fp;na(A), A >0, both are supported on the positive half axis and possess densities
being analytic functions on (0,00), whereas the ¢, ()\) distribution, A € IR, is
supported on the whole real line with an analytic density on IR. For a collection of
explicit formulae we refer to Section 1. It is the purpose of this paper to prove a series
of analytic properties for the aforementioned probability distributions.

We begin with unimodality and remind some basic definitions. Suppose that F'
is a probability distribution function on the real axis. Then F is called unimodal
with mode M if F is convex on (—o0o, M) and concave on (M, oc0) (Dharmadhikari,
Joag-dev (1988)). Further let a := inf{z € R|F(z) > 0} and b :=sup {z €
R|F(z) < 1}. We call F strictly unimodal with mode M € (a,b), if F is absolutely
continuous on (—o0, M) U (M,00) with density f = F’ such that f is strictly
increasing on (a, M) and strictly decreasing on (M,b) (Sato, Yamazato (1978)).
Obviously strict unimodality implies “simple” unimodality and the uniqueness of the
mode. Apparently when dealing with convolutions the concept of strong unimodality
is important (Ibragimov (1956)). Here F is called strongly unimodal if the convolution
F'x@ again is unimodal for all unimodal distribution functions G. Consequently every
strongly unimodal distribution a fortiori is unimodal.

Since all noncentral distributions under consideration possess an analytic density,
p say, on their intervals of support, showing strict unimodality amounts to proving
that the equation p'(z) = 0 has exactly one solution z = M € (0,00) (or R)
which then is the corresponding mode. In the central case, ie. A = 0, for all
three distributions the densities are elementary functions and a unimodality proof
reduces to an easy exercise of beginner’s calculus. However, if A # 0, then for
all densities only representations in terms of infinite series, parameter integrals, and
higher transcendental functions are known. This lack of simplicity, as known from
other important probability distributions (Sato, Yamazato (1978), Yamazato (1978)),
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in general causes some difficulties for proving unimodality. At various places in the
literature the unimodality of the noncentral distributions X2(\), Fyy na(A), tm(A)
is claimed or silently assumed which is supported by graphical plots obtained by
numerical approximations (e.g. Johnson et al. (1995), Kiihlmeyer (1970), Narula,
Levy (1975)). But as far as the authors are aware the only rigorous unimodality
proof exists for the noncentral x2()\) distribution. Using the convolution structure
of the x2()\) distribution Das Gupta, Sarkar (1984) proved the log-concavity for the
corresponding density which is equivalent to strong unimodality via the well-known
criterion of Ibragimov (1956). Minko, Petunin (1988) showed the strict unimodality
of the x2()\) distribution provided A >0, n > 2or A > 2, n = 2(n € IN), by using
intricate properties for quotients of Bessel functions.

We prove strict unimodality for all three types of noncentral distributions (Sec-
tion 2) by verifying the stronger property that the corresponding densities are “bell-
shaped”. The latter notion is intimately connected with the graph of the density of
the normal distribution. To be precise we call a probability density p bell-shaped of
order r € IN, if the support of p is an open interval, (a,b) say, and if for all positive
integers k < r the derivative p(¥) exists and has precisely k zeros on (a,b) and
all zeros are simple. If the latter property holds for every order r, then for short we
say that p is bell-shaped (Karlin (1968), p. 325). Thus a bell-shaped density of some
order belongs to a strictly unimodal distribution. In view of the Rodrigues formula
for Hermite polynomials Hy,

— (_1\k z2 i k —z?
(0.1) Hi(z) = (-1)%e (dzz:) e, kelN,
(Szegd (1985), p. 106, (5.5.3)) and the fact that Hy, has only real zeros which are all
simple we have a precise formulation that the density of the normal distribution is

bell-shaped. The density of the central x2 distribution is given by

1 e—%/2 n_q
e ((I)) 2 , > O,

Pn(2) = 35 T \2

n > 0. Now by the Rodrigues formula for the Laguerre polynomials Lsf‘) (Szegd
(1985), p. 101)

02) O@) = 2p@ (D) LEFI(E), a>o,

and, since the zeros of the orthogonal polynomials Lfca), a > —1, all are simple and
positive, we get the bell-shape of order |%]| for the central x2 density, n > 2.
Here and throughout the paper for real ¢ the symbol [£] denotes the integer which
is uniquely defined by [£] < & < [£] + 1. Similar statements are readily verified
for the central F,, ,, and t, densities. In Section 2 we establish that the density
of the noncentral x2()) distribution is bell-shaped of order | %], when n > 2, A >0,
the density of the noncentral F,, »,(\) distribution is bell-shaped of order [%*],
when n; > 2, ng >0, A > 0, and the density of the noncentral t,,()) distribution is
bell-shaped, when m > 0, A € IR. Hence all these distributions are strictly unimodal.
The underlying proofs are based on a unified approach using essentially the concept
of total positivity and in particular certain variation diminishing transformations of
the type

/ Y K@) fw)dy
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where K is a suitable “sign regular” kernel. Concerning the theory of total positivity
we refer to the standard monograph of Karlin (1968). We have listed some of the
relevant ingredients of this theory in the next section.

Another look at the graphs of the densities under consideration suggests mono-
tonic dependence of various quantities with respect to A and the degrees of freedom
(e.g. Johnson et al. (1995), Kithlmeyer (1970), Narula, Levy (1975)). In Section 3 for
all cases we prove that the mode is a strictly increasing function of the noncentrality
parameter. Furthermore we study monotonicity properties of the mode with respect
to the degree of freedom in case of Xx2(A\) and Fp, »,(\) and the variation of all
densities with A\. The proofs again make use of the theory of totally positive kernels.

1. Auxiliary results. In this section we fix the precise terminology and collect
some preliminary results most of which are known in the literature.

We start with the definition of the underlying noncentral distributions in terms
of the corresponding densities (Johnson et al. (1995)). Throughout the paper we
assume that the positive numbers n,n1,ns,m (not necessarily integers) denote the
degrees of freedom of the noncentral distributions and the real number A indicates the
noncentrality parameter. The central x2 distribution is defined through its density

—z/2 2-
(L.1) Pno(z) = % fem (g) 1 , z >0,

and the noncentral x2()\) distribution, X > 0, is given by its density
e 2

j!

(é)"pmj,o(x), z>0.

(1.2) Paa(@) = Y 5

=0

The density of the central student’s t,, distribution is defined by

T2\ - "
o) = = it (14 2) T aem

whereas in the noncentral case the density of the t,,(\) distribution, A € IR, is given
by

(1.4) hma(z) := T)\/_/ t™ T exp %—%(m@—A)z)dt,wem.

Putting

(1.3)

(15) () = i) @® >0
* m = b x b
gnl,n%o I\(%L) F(%a) (1 +:1;)n ;—n

by
ny . n
(1.6) In1n2,0(T) 1= 7—”&; gm,nz,o(n_2x) ) z >0,

we denote the density of the central F,, ,, distribution and further with

o= M2

(1.7) Iraman (@) 1= Y

i=0

(é)J Gni+2jme0(®) , x>0,

1 \2
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the density of the noncentral F, »,()) distribution, A >0, is defined through
ny . n

(18) gnl,nm/\(x) = '_1 gn1,n2,)\ (_1$) I T > 0
N9 N9

Following the approach in the analysis of variance the Fn1 2 (M) distribution can be
defined as that of the quotient of the quadratic forms - Z , X; and -+ Z XQJ,
where X11,..., Xin,, Xo1,...,X2n, are mdependent random varlables X1 bemg

normally dlstrlbuted with expectatlon d; and variance 1, A = Z 52 and Xoj

are standard normal variates. Omitting both factors -1;1; and nl the corresponding

quotient is distributed according to the density (1.7). The associated distribution is
called rescaled F, »,()\) distribution which for some instances is easier to handle
than the Fp, n,(\) distribution (e.g. Das Gupta, Perlman (1974), Sarkar (1983)).
In any case the central distribution is obtained from the noncentral one by putting
A = 0. Next we introduce the modified Bessel function of the first kind and order
v € R (e.g. Watson (1966), p. 77) given by the expansion

1 2k+v
(1.9) L(2) = Z Tk + v+ D& (—)

which throughout we use for real and positive z only. For further reference we record
the following representation of I, as an infinite product involving the zeros j,,x of the
Bessel function J,, (Watson (1966), pp. 77, 482, 498 , 502) in

LEMMA 1.1. For v > —1 and z > 0 we have
=2 f z
(1.10) I(z) = T 1;[ (1 + 2—)

where 0 < jy1 < ju2 < ... and

A | 1
1.11 - -
(1.11) ; ]E,k dv+1)°

As consequences from the definitions above we infer some known representation
formulae (see Johnson et al. (1995), chapters 29, 30) in

LEMMA 1.2. With the notations above for = >0 we have

(112) poa(@) = 20 (2) T 1 (ViR),
(1.13) Paa(®) = /O % (@ — V)Pnemas (@) dy,

where0 <m < n, 0<I <A,

o0
(1.14) Grn o (2) = /0 Prur (@) Prao @)y dy,

_m (7 e
(115) graman(@ = 5 | o (o) pusoluly du.
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Our next auxiliary results use some special properties of functions of two real
variables. More precisely, they are based on various concepts such as total positivity
(TP), sign regularity (SR), reverse regularity (RR), Polya frequency functions (PF)
and related ones. We take the definitions of these notions and standard results from
Karlin’s monograph (1968) which we choose as basic reference work for some relevant
analytic properties of the noncentral densities pn X, gni,nz,A» Pm,x as well. In partic-
ular we make frequent use of extended sign regular functions of order r € IN (ESR,.).
These are real valued functions K € C,_1(X xY) (X,Y C IR being open intervals)
such that for each m =1,...,r the sign

i+j—2 m
Em (K) (=81gn det(m K(fE, y)) it

-

is constant and different from zero on X x Y ; that is (sm(K )) ) is a finite
m=

sequence of plus and minus ones. In case e, (K) =1, m=1,...,r, K(z,y) is called

extended totally positive of order r (ETP,) with respect to (z,y) on X x Y and if
em(K) = (=1)™m=D/2 m =1,...,r, then the attribute extended reverse regular of
order r (ERR,) is used. Further the notations ESR.,, ETP,, ERR, are employed,
when the defining property holds for any r € IN. Many interesting kernels K (z,y)
are generated by simple kernels. Therefore we collect some composition laws which
are given in Karlin (1968) directly or can easily be derived via standard techniques
from total positivity (Karlin (1968), pp. 99, 157).

LEMMA 1.3. Suppose that X,Y,Z,U,V C IR are open intervals, r € IN.

i) If K(z,y), L(z,y) are both ETPy (ERRy) on X xY, then K(=z,y)L(z,y) is
ETP; (ERR;) on X xY.

it) If K(z,y) is ETPy (ERRz) on X x Y, then the kernel L(z,y) := K(z,y)}
is ERRy (ETP3) on X x Y.

iii) If f € Cro1(X), g€ Cro1(Y) are both positive on X and Y respectively and
K(z,y) is ESR, on X XY, then the kernel

L(z,y) == f(z) g(y) K(z,9), (z,9) € X xY,

is ESR; on X XY withen(L) =en(K), m=1,...,r.

iv)If¢g:U—= X, ¥:V =Y are both strictly monotone and surjective functions
with inverses ¢! € Cr_1(X), v~ ! € Cp1(Y) and K(z,y) is ESR, on X xY,
then the kernel

L(u,v) := K(¢(u), ¥(v)),  (u,v) €U XYV,
) ) . m(m—1)/2
is ESR, on U x V with e,(L) = (s1gn(¢’(u) w’(v))) em(K), m=1,...,r.
v) Suppose that L(z,y) and M(y,z) are both ESR, on X xY and Y x Z

respectively. If p is a positive o-finite measure on 'Y with at least v points of increase
and the kernel K is defined by

K(z,2) = /Y L@ y) M@, 2)do(y) ,  (2.v) € X x Z,

the integral being absolutely convergent on X x Z such that r—jfold differentiation
with respect to z and z under the integral sign is permissable, then K(z,z) is ESR,
on X X Z with en(K) =em(L)en(M), m=1,...,r.
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The following result deals with maxima of ESR, function (Karlin (1968), pp. 158,
159).

LEMMA 1.4. Suppose that X,Y C IR are open intervals and the real function
K(z,y) is ETPy (ERRy) on X xY. Assume also that for each fized z € X K(z,y)
has a unique mazimum at y = ¢(x) which is a differentiable function of x. Then ¢
is a strictly increasing (decreasing) function of x. ’

Now we turn to sign regular properties of the noncentral densities in (1.2), (1.4),
(1.7), (1.8). First we consider the dependence on the argument z and the noncentral-
ity parameter A. Applying Lemma, 1.3 repeatedly to the representations (1.12), (1.9),
(1.15), (1.4) in Karlin (1968), pp. 118 - 121, the following result is established.

LEMMA 1.5. Suppose that n,ni,nz,m > 0 are fixed. Then p,a(z) and
Onyman(z) are ETPo, with respect to  (z,)) on (0,00) % (0,00) whereas hmx(z)
is ETP o with respect to (z,)\) on IR xIR.

Second we deal with the x2()\) density regarded as a function of the argument
z only.

LEMMA 1.6. Suppose that n >0 and A >0 are fized. Then we have:

i) ppa(z —y) is TPz |41 with respect to (z,y) on IR X IR ( for the definition
of the symbol |&]| see Section 0) and p2x(z) is PFa, ie. paa(x —y) is TPy with
respect to (z,y) on IR x IR,

ii) pn,a(z +y) is ERR| 3 |41 with respect to (z,y) on (0,00) x (0,00) and moreover
it s ERRo when n is an even integer, ,

iii) pno(zy) ERRo with respect to (x,y) on (0,00) x (0,00) whereas pp a(TY)
is ERR2 on (0,00) x (0,00) if and only if A <n.

Proof. i) The first part is established in Karlin (1968), pp. 107 - 109, and the
asserted TP2-property of pex(z —y) is equivalent to the log-concavity of ps x(z) on
(0,00) which has been proved by Das Gupta, Sarkar (1984), pp. 56, 58. (See also
Theorem 1.2 below where a different proof for the log-concavity of p, a(z) is given,
n>2)

ii) Putting g 1 (z) := €*/2 ppa(z) in (1.12) from Lemma 2.3 in Karlin (1968),
p. 109, we obtain that g, x(z +y) is ERRs when n is an even integer and in general
the ERR |z |1;-property follows from the proof of Theorem 2.1 of Karlin (1968), pp.
107, 108. Via Lemma 1.3, iii) these results are transfered to pn a(z + y).

iii) Since the function e~*¥ is ERRc the first assertion immediately follows from
(1.1) and Lemma 1.3, iii). In order to prove the second one we observe that

Hiti=2 2 ) 5? |
(1.16) det(m pn,A(‘”Z/)) e P (@y)” 5 108 PR ().
Because of p, x(zy) > 0 for z,y > 0, we have that p, »(zy) is ERR2 on (0, 00) x (0, 00)
if and only if the right hand side of (1.16) is negative on (0, 00) x (0,00). By (1.10)
and (1.12) we get (v = 252)

oo

1 Azy
= - —(A+=y)/2 v
nA(TY) = e zy) | | 14+ =
P )\( y) 2”/2 F(%) ( k=1 ( ]Iik)
giving for z,y > 0 (observe (1.11))
2 oo 2

8 1
— n —— 242 vk
gz oy 8PV =3+ >_: Nty + 2 ,)2
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and

32
sup logpaa(zy) = =5 + A
z,y,>0 a Oy b—=1

w -
e
Ly

(=3
Il

|
|~
—
p—

|
S|
~—

Summarizing the proof is complete. O

Next we have a look at the central x> density and the density of the central
rescaled Fy,, n, distribution both regarded as functions of z and the degrees of freedom.

LEmMA 1.7.
i) The function ppo(z) is ETPy with respect to (z,n) on (0,00) X (0,00).
ii) If ng >0 (n1 > 0) is fized, then gn,n,,0(z) is ETPs (ERRo) with respect to

(z,n1) ((m,ng)) on (0,00) x (0, 0).
Proof. i) This part follows readily by an application of Lemma 1.3, iii), iv) to

(1.1), since the function e®¥ is ETP,
ii) By Lemma 1.3, iv) it is easy to verify that the kernels

1.17) Ki(z,y) := (lix)y , Ko(z,y) := (H%)y , ¢,y >0

are ETP., and ERR, on (0,00) X (0,00) respectively. Now another application of
Lemma 1.3, iii) to (1.5) proves our assertion. We remark that in Das Gupta, Perlman
(1974) the TPy-property is shown. O

A short inspection of the central F,,, ,, density in (1.6) illustrates that gn, n,()
is neither TPy nor RRy with respect to (z,n;) or (z,n3). Also the central ¢, density
in (1.3) fails to satisfy TP, or RR, with respect to (z,m) on IR x (0, c0).

LEMMA 1.8. Suppose that A > 0 is fized. Then we have:

1) pna(z) is TPy with respect to (z,n) on (0,00) x [2,00),

i) Gny,naa(z) is ETPy with respect to (z,m1) on (0,00) % (0,00) (ng > 0 being

fized),
iii) Gny,ne,x(2) is ERRy with respect to (z,m2) on (0,00) x (0,00) (ny > 0 being

fized).

Proof. Part i) is established in Das Gupta, Sarkar (1984), p. 56, (see also Ghosh
(1973)) and for ii) we rewrite (1.7) as

019 dnante) = H(22) " (22) ™ [ Ko (£

) dotw),

1+2z 1+:1: l1+x

e—M/2

where p is the measure attributing the Poisson weight
j;j € INg, and the kernel K (n1,ns,y) is defined by

(3)7 to the point y =

L(*4" +9)

K’ﬂ,'ﬂ, E SThAT T T -

On account of Euler’s well-known integral for the Betafunction

L5 +9)0(5) / -1 g F oy,

ni,ne >0, y >0,
I‘(""'”i+y) 1,M2 yz2
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repeated applications of the composition rules in Lemma 1.3 and of (1.17) to (1.18)
establish part ii). Very similar reasonings prove iii). O

The above collected results for sign regularity of the noncentral densities can for
instance be used to derive a couple of monotonicity properties of the power functions
of various classical statistical tests and of percentage points (e.g. Ghosh (1973)). Also
in some cases these properties of the densities can be transfered to the corresponding
distribution functions (e.g. Das Gupta, Sarkar (1974), Finner, Roters (1993), Ghosh
(1973)).

2. Bell-shape and unimodality. This section is devoted to our main results.
To begin we consider the known results of Das Gupta, Sarkar (1984) and Minko,
Petunin (1988) on the unimodality of the x2(A) distribution.

THEOREM 2.1. Suppose thatn > 2, A > 0.

i) The x2(\) distribution is strongly unimodal. Moreover the function logpn
is strictly concave on (0,00) wunless (n,A) = (2,0), where p2o(z) = %e““”/?.

i) If n>2, A>0 or n=2X>2, then the x2()\) distribution is strictly
unimodal whereas po x is strictly decreasing on [0,00) when A < 2.

Proof. We present a short reasoning different from the original one given by
the above mentioned authors. As in the proof of Lemma 1.6, iii) we employ the
representations (1.10) and (1.12) implying (v = 252)

1 i AT
— —(A+z)/2,.v
Pan(T) = —s=—< € T 1+ - , z >0,
) = T H0- )
and
P, 5 () d 1 v > 1
2.1 A 4 =+ 2y —,
21 por(m) dz BPmAE =Ty 2 T
d\?2 v 9 ad 1
(2:2) (da:) log pr,\(z) = Tz A k2=1 Az +352,)%

From (2.2) we infer the statement on the concavity and part i) follows from Ibragimov’s
criterion for strong unimodality. To establish ii) in view of (2.1) and (1.11) we observe

o0
d iy =—l( —2) . p=2

lim ——logpn,(2) = PTG BT )

e=0+ ar 0 , n> 2,

) d 1
Jim_ . log pn,a(z) = -3

2
in any case. Further, by (2.2), for z > 0 we have (?j?) logppa(z) < 0 unless

(n,A) = (2,0) where pao(z) = te=®/% Hence,ifn>2, A>0 or n=2, A > 2,
then the derivative p;, , possesses exactly one zero on (0,00) being a simple one.
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This implies the strict unimodality. Finally, if n =2, A <2, then (2.1) for £ >0
yields (use (1.11) again)

P’z,x(f")
o
Pale) | <c-t4ay A =-1(1-3)<0 ,0<r<y,

which completes the proof. O

THEOREM 2.2. If n > 2, A >0, then the density pnx of the x2()\) distribution
is bell-shaped of order |%].

Proof. For the central case A = 0 the reasoning has been given in Section 0. Thus
in the sequel we assume that A > 0. Further suppose that £ € IN and Nj denotes
the number of zeros of pn A on (0,00) counting multiplicities. We derive lower and
upper bounds for Ng.

Let k < §. Then on account of the Rodrigues formula for Laguerre polynomials
(0.2) and (1.2) we get

(2.3) P(k)( T) = él%j:o J/\!/2 (;)]in:o(w)( ) - L}ﬁﬂ—k—l)(g), z>0.

Next, by the orthogonality of the Laguerre polynomials (see Szegd (1985), p.100,

and observe k < §) for v=0,..., k—1 and all j € No we obtain
—k .
(3+i-k-1) (T
/(L’ Pn+25,0 (.’II) ) Lk (2)dw
0
2 /oo—g 24j—k—1 p(3+i—k-1)
— 2T~ L v d 0
g S 8 () € dg =
and hence
o0
(2.4) / z¥ pﬁf&(w)da: =0, v=0,...,k-1.
0

Thus p( ) changes sign at least k times on (0,00) (see Polya, Szegd, vol.I (1971),
p. 65) Wthh implies Ny > k.

Concerning the upper estimate we employ (2.3) again together with the represen-
tations

k
(@) _ kE+a\ (—z)¥
L (@) = .,Z=o (k—u) !
for the Laguerre polynomials (see Szegd (1985), p. 101, (5.1.6)) and

(k+a) _ I'(k+a+1)
k-v)  (k=-v)T(a+v+1)

for the binomial. This gives

T 2_g-1 2 k v Jt+v j
szk;\(w) e_;:T)/i( ) " 2 Z () -(|-j11-1/—k:)( )+ (/5\)

=0 v=0
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and further (j +v = p)

—(A+z)/2 2f-1 2
(2:5) pir(@) = 62k—+1 (;) - ZO (;)p (%)p r(g+pa—k(lf))1“(p+1)

where

e (Y (A _,
ak(p)—;(y)( )°(3) ™ olo-1...o-v+1)

is a real polynomial of p with precise degree k. Thus the coefficients of the power

series part in (2.5) change their signs at most & times and by problem 38, p. 43, of
Polya, Szegd, vol. II, we get N} < k. Summarizing the proof is complete. O

In the sequel by M = M()) we denote the unique mode if it exists. Occasionally
we specify this mode by M,’fz()\), M,{:‘l’n2 (A), Mfl na(A), ME(X) for the distribu-
tions XZ(A), Fryng(A)y Fryna(N), tm()\) respectively. Further we mention that the
unimodality of the x2(\) distribution as stated in Theorem 2.1, ii) also is a conse-
quence of Theorem 2.2. This is obvious for n > 2, A >0, and if n =2, then for

P, from the proof of Theorem 2.2 we conclude

(26) le{o, if 0<A<2,

1, if A>2;
here we have used the formulae p (0+) = § e7*/2 >0, p} ,(0+) = % e"‘”(%—l)

which result from (1.2) and (2.3) respectively (note that L§°" () = —z+a+1, Szegd
(1985), p. 101). Consequently x2()) has a unique mode satisfying

z(/\){ >0,ifn>2,A>00rn=21>2,

X
(2.7) My —0,ifn=2.0<A<2

THEOREM 2.3. If ny > 2,ny > 0,\ > 0, then the density Inine,n Of the
Fryny () distribution is bell-shaped of order |2:].

Proof. Again as in the proof of Theorem 2.2 we estimate N, the number of zeros

of 91(11:),712, » on (0,00) counting multiplicities. To this end we employ representation

(1.15) of Lemma 1.2 which implies

(*) n )\ e (m
_ k+1
(28)  gnynn(@) = (E) /0 Prya (axy)pnz,t)(y)y dy, = > 0.

First let 1 <k < %,k € IN. Then using Fubini’s theorem we compute the moments

© v (k)
/0 w”gnhnz’)\(w)dx

k—v 0o e v+1
— _72 ﬂ v, v+1, (k) E d k—ud
= (n2) /0 < /0 (n2> TR N (n2wy> :v)pm,o(y)y y

for v=0,...,k— 1. Upon substituting ¢ = Mgy in the inner integral from (2.4)
we obtain

ni,n2,

(o)
/ a:"g(k) A\(z)dr =0, v=0,...,k—1.
0
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Thus gfﬁ)m, » Changes sign at least k times on (0,00) and hence Ny > k. Concerning

the upper estimate from (2.8) we get

(k) n )1 k(M t\ k41
(2.9) gm,ng,A(w) = n—2 W A pnl)‘ n—2t Dny,0 ; t dt, .’E>O,

for any k € IN. By Lemmata 1.6, iii) and 1.3, iv) the kernel pp, o(t/z) is ETP

and in view of the preceeding theorem the function pﬁl ) » has precisely k changes of
sign on (0,00) provided that k < %t. Now another apphcatlon of Theorem 3.2 in
Karlin (1968), p. 239, yields N < k which completes the proof. O

COROLLARY 2.4. If no >0 and n; >2,A >0 or n; =2,A> 2, then the
Fpy ny(A)  distribution is strictly unimodal whereas g n,,» s strictly decreasing on
[0,00) when A <2. In any of these cases the unique mode exists and satisfies

ifn; >2, A>00rn; =2,A>2
(2.10) M, nz(A){ ifng =2 0<A<2.

Proof. This follows from Theorem 2.3 directly when n; > 2 and if n; = 2,
then from (2.9) and (2.6) we conclude 0 < N; < 1. Further, by (2.8) and the
remarks following (2.6), we have g3, 2(0+) = %e™»2 > 0 and g}, ,(0+) =
o M (1 +2)e™/2 (’\ 1). Consequently for g5 ., \ from the proof of Theorem
2.3 (see (2.9)) we infer

0, f0<A<2
Nl‘{ 1, ifA>2

which completes the reasonings for the corollary. O
We mention that the statements of Theorem 2.3 and Corollary 2.4 hold for the
rescaled Fj, n,(A) distribution as well. In particular, by (1.8),

(2.11) M, (V) = fl,nz ()

is valid.

THEOREM 2.5. For all m >0 and X € IR the density hpx of the tn())
distribution is bell-shaped.

Proof. For k € IN we let N,;" , N7, N? be the numbers of zeros of % )/\ on
the sets (0,00), (—00,0), {0} respectively, each counting multiplicities. Our starting
point is the representation (1.4) giving

(2.12) hg:’),\(x):c/ooot—'ai&e‘in( \/—%—%)exp(—(m %;——3—5)2),1@

where z > 0,
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and Hj, denotes the k—th Hermite polynomial (see (0.1)).
First we estimate the number of sign changes of hf,’f,)/\ on R from below. Using

Fubini’s theorem and the substitution ¢ = z4/5& — 7’\-2— in (2.12) we compute the

2m
moments

/j: z¥ hﬁ:’))‘(m)da: = c(2m)i§_1 /Ooo e (/_o; (£+ %)VHk(E)e'Ezdf) dt

Ol

for v =0,...,k — 1. Because of the orthogonality of the Hermite polynomials the
inner integral vanishes. As before we conclude that hf,’f,)/\ changes sign at least k times
on R and thus N + N, + N > k.

Second we estimate each of the numbers N;F, Ny, N from above.

i) Suppose that z > 0 in (2.12). Upon substituting y = z,/5= we get

d © A
hfff,)x(”v‘)=x7+m/0 e FH(y- 5

ﬁ)ym%e—(y—%)’dy’

where d := 2¢(2m)(™m+*+1)/2, Since the kernel e=™¥"/=" is ETP,, again an application
of Theorem 3.2 in Karlin (1968), p. 239, implies

N;t < number of sign changes of Hy (y - —/\—) as y € (0,00).

V2

ii) If z < 0, then in (2.12) introduce the variable y = —z4/5%. Similarly we

arrive at

N, < number of sign changes of Hk(— - i) as y € (0,00).

V2

iii) Finally, putting 2 = 0 in (2.12) it is readily verified that

(—1)Fr (k) o A
- S

In view of the well-known fact that Hy has precisely k real zeros all being simple
ones, combining i), ii), iii), we end with N + Ng + N2 < k. This completes the
proof. O

If we pay attention to the case k = 1 in the preceeding proof and observe that
H,(y) = 2y (see Szegd (1985), p. 106), then we may exhibit the following important
consequence.

COROLLARY 2.6. For all m >0 and A € IR the tn(A) distribution is strictly
unimodal and its mode satisfies

(2.13) sign M!, (\) =sign A, ML (=X) = =ML, (N).
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3. Monotonicity properties. Plots of the noncentral densities suggest mono-
tonic dependence of various quantities with respect to the noncentrality parameter
and the degrees of freedom (e.g. Johnson et al. (1995), Kiihlmeyer (1970), Narula,
Levy (1975)). It is the aim of this section to establish proofs for some of these in-
dicated properties. We start with a collection of some formulae which are readily
derived from (1.1), (1.2), (1.5), (1.7).

LEMMA 3.1.
D) If ny,n1 >2,n2 >0,A\>0, then for £ >0 we have

(3.) Poa(®) = 3 (Pr2r(@) ~ Pon(@),

~ ng (. ~
(32) g;zl,n2,,\(x) = —2_2' (gn1—2,n2+2,>\($) - gn1,n2+2,>\($))'

ii) If n,ni,ne >0, A >0, then for £ >0 we have

(33 @) = 5 (Prs2a(®) = Pan(@)),

(3.9 D s @) = 3 (Ins2.00(5) = Graar (@)).
iii) If n,ny >2,n9 >0,A>0, then for £ >0 we have

(35) Sepna(®) = =~ 2 pa2(a),

(3.6) %ém,nz,,\(ﬂﬁ) = "n2ba_>\gn1—2,ng+2,>\($)'

We mention that formulae (3.1), (3.3) are contained in Johnson et al. (1995),
pp. 442, 443, Cohen (1988), Ruben (1974). In view of (3.1), (3.2) we observe

that the modes M,’{2 (A), M,I;lm (A) occur as the unique solutions of the equations
Pn—2A(€) = Do a(z) and Gn,—2.n,+2,0(Z) = Gny,na+2,2(x) respectively. This fact is
already mentioned by Johnson et.al. (1995), p. 451. Next we turn to monotonicity
properties of the modes with respect to the noncentrality parameter thereby extending

the information obtained in (2.7), (2.10), (2.13).

THEOREM 3.2 )

i) If n>2(n=2) is fized, then MX ()\) is a strictly increasing function of
A € [0,00) ()\ € [2,00)).

ii) If my >2,ny >0 (ng =2,ny >0) are fized, then ML . (\) is a strictly
increasing function of X € [0, 00) (/\ € [2,00)).

iti) If m >0 is fized, then M: ()\) is a strictly increasing function of X € R.

Proof. Suppose that p(z,\) is any of the three noncentral densities and assume in
the cases i) and ii) that A varies in the open intervals (0, 00) and (2, c0). By the results
of the preceeding section p attains a single maximum at £ = M (), the mode, which

is the unique solution of the equation Z p(z,A) = 0. Since 5"% p(M(N\),\) # 0,
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the implicit function theorem implies that M()) is a differentiable function of A.
Now according to Lemma 1.5 for all cases p(z, A) is ETP ., and Lemma 1.4 proves the
asserted monotonicity property with respect to A on the corresponding open intervals.
The extension for part i), ii) to the boundary points A = 0 and A = 2 now follows
from a simple continuity argument. O

REMARK. We add a short direct proof of Theorem 3.2, i) without refering to

the theory of total positivity. To this end write M(\) = M,’{2 (M) as above. From
P a(M(A)) = 0,1 >0, and the implicit function theorem we get

2
P A M) M) + o = pua(M(N) =0,

Since Zz paa(M(N) <0 and 2 & paaA(M(N) =} Pl r (M) (see (3.3)),
we show that the latter quantity is positive. This follows from (1.13) which implies

M(N)
Pran(M(V) = /0 D20(y) Py (M) —y)dy > 0.

Next we turn to monotonicity properties for the mode of the x2(\) and Ej,; 1,())
distribution with respect to the degrees of freedom. In the central case from (1.1),
(1.5) it is easily verified that

-2
n+2

M) =n-2, ME  (0)= n,my > 2, na >0,

from which the monotonic dependence is obvious. For the noncentral mode M,’{2 N

Sen (1989, p. 109, (2.11)) proved M,’fiz(/\) < M,’fz(/\) provided A > 0, n > 2. The
general case is treated in

THEOREM 3. 3 Suppose that X > 0 is fized.
i) Then MX x* (A) is an increasing function of n € [2,00).

ii) If m2 > 0 s fized, then MF () is a strictly increasing function of

n n2
ni € (2,00) whereas for fized ny > 2 ME, () is a strictly decreasing function of
ng € (0,00).

Proof. 1) Suppose that 2 < v; < 19, 0 < z; < z3. Then, by the TP;-property
of pnpa(z) according to Lemma 1.8, i),

2
det (p,,,.,,\(:z:j))ij=1 >0
holds which implies that the quotient

sz,A (z)

is increasing for z € (0, 00).
Py 2 (:1)

(3.7)

Let M;: MX (A), i = 1,2, and assume that My < M;. Because py, x (Pu,,2) isa
strictly increasing (decreasmg) function on (M, M;) we have that py, »(2)/pu, ()
is strictly decreasing for z € (Mz, M;). This contradicts (3.7).

ii) The central case is obvious and if A > 0, then both statements follow from an
application of Lemma 1.4 in connection with Lemma 1.8, ii), iii). O



UNIMODALITY OF NONCENTRAL DISTRIBUTIONS 247

Concerning the mode n1 ng(A) Wwe exhibit that the results of Theorem 3.3, ii)
cannot be transfered to the mode of Fp, n,(A), since ML . (A) = —ZM,’;,M ()
(see (2.11)). Actually numerical calculations indicate that MJ . ()) is monotonic
with respect to the degress of freedom only when A is restricted to certain subintervals

f (0,00).
Supplementing Theorem 3.2 we prove

THEOREM 3 4 Suppose that n,ny,ng > 2, m >0 are fized. Then

i) poa(MX x? ()\)) is a strictly decreasing function of A € (0, 00),

i1) gnq.na, >\( m na(N)) is a strictly decreasing function of A € (0, 00),

iii) hm a (M, (/\)) is a strictly increasing (decreasing) function of X € (—o0,0)
(A € (0,00)).

Proof. Assume that p(z,)\) is any of the three noncentral densities with the
corresponding mode M (). In view of

L p(M(N),3) = p (M), 3) M) + 2= p(MO),X) = 2 p(M(N), )
d\ d\

we determine the sign of the right most quantity.
i) In the x2(\) case we employ (3.3) together with (1.13) giving

% Pap(M(N) = % (Prt2,A(M(N) = paa(M(N)))
= %</(;oo D2,0(Y) P A(M(X) — y)dy —Pn,,\(M(/\))>

= %/0“’ p2,0(y) (Pn,,\(M(/\) -9) —pn,A(M()\))) dy,

and the latter quantity obviously is negative.
ii) First we consider the Fm,n2 (A) distribution the mode of which satisfies

m ng (A) < 1+2 ng— 2(A)

according to Theorem 3.3, ii). Using this information together with formula (3.6) of
Lemma 3.1, iii) we obtain

0 . 1 0
8)\9“1 n2s)\( n1,n2(A)) = 2 a gnl+2 nz—2 /\( ni, ng(A)) < 0

which on account of (1.8), (2.11) implies

0
a)\gnlyn&s/\( ni, ng()‘)) < O'

iii) In the t,,(\) case differentiate (1.4) to obtain

-O%hm,,\(M()\))= a /0 T et exp(—%(M(/\) %—A)2) (M(A) %—A) dt,

where

a:=

1
2B (3) v
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Adding c h, (M (X)) =0 with a constant c the choice of which is made below we
get

a—‘i B (M(V) = a /Ooo 75 ot exp(— %(M(/\) %—/\)2)

<o fE ) oo o

Now, putting ¢ := M(A)/A, A #0, we arrive at

sign% hm A (M(X)) = —sign A, A#0.

This completes the proof. O

We close this section by investigating the variation of the x2(\) and the Fy,, ,,(\)
density with respect to the noncentrality parameter.

THEOREM 3.5. Suppose that n,ny,m,z > 0, ny > 2 are fired. Then for all
A>0

5} < . < 2
soma@{ Sho i {5} o
and

0 < . < | n2(ni+2) , p
D gnhnz,/\(w){ > } 0 if .’l){ > } m Mn1+2,n2—2(’\)'

Proof. The assertion concerning the x2()\) case follows from (3.5) and Theorem

2.2. To prove the second part first we consider the rescaled Fy, n,(A) distribution
and write (3.6) in the form

0 . 0 .
% gn1+2,n2—2,/\('7") = "(n2 - 2)5)_‘ gm,nm)\(x)'

" Thus from Theorem 2.3 we conclude

0 . < . < 2
agm,nz,)\(m) { > } 0 lf T { > } Mrﬁ+2,n2—2 (’\)
and (1.8), (2.11) finish the proof. O
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