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A TOPOLOGICAL APPROACH TO STABILITY OF PULSES
BIFURCATING FROM AN INCLINATION-FLIP HOMOCLINIC
ORBIT*

SHUNSAKU NIIt

Abstract. The linear stability problem of multiple pulse solutions of a parabolic system is
considered. A topological approach is applied to the eigenvalue problem. Pulses which bifurcate from
an inclination-flip homoclinic orbit are treated. A relation between distribution of the eigenvalues
and geometry of the homoclinic orbits is proven. In the proof of the theorem, a topological constraint
for the distribution of the eigenvalues is discovered and made clear.

1. Introduction. The subject of this paper is the linearized eigenvalue prob-
lem associated with the stability problem of pulse solutions of a parabolic system.
When a pulse solution satisfies certain degeneracy conditions, suitable perturbation
generates a solution, called n-pulse, which is approximately an alignment of n copies
of the original pulse solution. In this article, a relation between the linearized eigen-
value problem of the system along these solutions and the geometric structure of the
bifurcation shall be investigated.

First, the notion of a pulse solution is defined. Consider the following type of
parabolic system:

(1.1) Ut = DUy, +f(U)

where t > 0,z € R, U € R and D = diag(dy,--- ,d;) with d; > 0. A system of
this type is called a system of reaction diffusion equations if d; > 0 for all 7, and is
a system of nerve axon equations if d; > 0 and d; = 0 for ¢ > 2. Throughout this
paper, the system(1.1) is assumed to have the zero solution u(z,t) = 0 as a stable
steady state solution.

A pulse solution—or, more generally, a traveling wave solution—is a solution
which decays to zero as £ — +oo and spatially translates as time evolves, preserving
its profile. In other words, £ = z + ct and (1.1) in (&,t) coordinates becomes:

(1.2) Ui = DUg¢ — cUe + F(U)

Then a pulse solution U(z,t) of (1.1) is a stationary solution U(z,t) = U(€) of (1.2)
which satisfies ¢ ligl U(¢) = 0. That is, if the equation:
—+oo

(1.3) DUge — cUs + f(U) = 0

possesses a solution U(€) with that condition, then U(z + ct) in (z,t) coordinates
becomes a pulse solution of the system (1.1).

The problem above is regarded as the existence problem of a homoclinic solution
in the following manner. The second order ordinary differential equation (1.3) is
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rewritten as a first order system:

rUl, =W

U,’c =V

Ul’c+1= %fk+1(U) d
14 : [
(14) 7 ("=

U =1f)
Vi =g {Vi- AU)}

Vi = AV = fiuU)}

where dy,--- ,d;g # 0 and dgt1, -+ ,dn = 0, and f(U) = (f1(U),..., fi(U)). This
system is simply written as

u' = X(u)

where u:(ul,.. . ,ul+k)=(U1,. .. ,Ul,Vl, e ,Vk). Then u=(U1, ,U[,Ul',. .. ,U,::)
is a homoclinic solution to the origin of (1.4) if and only if U = (Uy,...,U;) is a
solution of (1.3) which converges to zero as £ — Fo0.

If a homoclinic orbit satisfies certain degeneracy conditions, the system (1.4) un-
dergoes bifurcation generating n-homoclinic solutions which correspond to n-pulse
solutions. More precisely, if (1.4) has a homoclinic solution hg(£) with certain prop-
erties corresponding to a pulse solution Uyp(€), then a system suitably perturbed from
(1.4) possesses a homoclinic solution h,(§) which is near an alignment of n copies of
ho(€); that is, the homoclinic orbit is

hn(€) = ho(€) +ho(§+ &) + -+ ho(§ + &n)

with 0 € £ <€ -+ K &,. This hy(€) naturally corresponds to a pulse solution Uy (&)
of a perturbation of (1.1) which is approximated by an alignment of n-copies of Up(£):

Un(§) =~ Uo(€) + Uo(§+ &) + -+ + Uo(€ + &)

There are two cases for this type of bifurcation:

C: the linearization of (1.4) at the origin has complex principal eigenvalues or

R: it has only real principal eigenvalues.

Study of the first case goes back to Evans, Fenichel and Feroe [7], and of the second
case to Yanagida [20]. [20] inspired several authors to do systematic studies of this
problem. See [10] and references therein for more details.

The bifurcation structure under consideration in this article is the bifurcation
from what is called an inclination-flip homoclinic orbit, which was analyzed by Hom-
burg, Kokubu and Krupa [9]. The system they treated is three-dimensional, and
the equilibrium possesses a two-dimensional unstable manifold and a one-dimensional
stable manifold. The system (1.4) falls into this category whenl =2,k =1and c<0
(Evans [5]), although no concrete example having an inclination-flip homoclinic orbit
has been studied until now.

The main interest here is in the stability of these pulses as solution of (1.1).
Because it is well known that linear stability of a pulse implies non-linear stability
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of it (Evans [4] and [6], Henry [8] e.t.c.), the eigenvalue problem associated with the
linearization along each pulse is investigated:

(1.5) LP :=DPy — cP; + Df (U(£)) P = AP

Proving the stability of a pulse amounts to proving that there is some 8 < 0 so that
the essential spectrum of L is contained in the left half plane {A € C|Re < (} and
that there is no eigenvalue with non-negative real part except for a simple eigenvalue
at the origin—L has zero as an eigenvalue which corresponds to the spatial translation
of the pulse. Notice that the first order system corresponding to (1.5) is of the form
of linear perturbation to the linearization of (1.4) along the homoclinic orbit:

4

Pl’ =Q:

P, =0Q

Pty = :Dfr1(U)P = AP,y
(1.6) . :
Pl =iDfi(U)P - AP,

Q1 =z {1 -DAHU)P}+ AP

Q% = 3 {cQx — Dfe(U)P} + APy
where P = (P1,...,P). This system is also simply written as

v = [DX(U(E)) + AB]v,

wherev = (Py,...,P,Q1,...,Qk) andB:diag(O,... ,0,-%,... ,—%,d—ll-,... ,dl—k).
To tackle the the problem, the following topological approach is employed in this
paper.

Let us consider the case where [ =1 and D = 1:
(1.7) Up = Ugz + f(U)

and assume that this equation has a travelling wave U(€). Then the linearized eigen-
value problem associated with U(£) becomes

1.8) P=Q
(1. Q' = cQ - Df (u(€)) P+ AP

or
p=AUE);Np

where p = (P, Q) and

0 1
A(U(s);x)=(A_Df(U(€)) ! )
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If zero is a stable steady state solution and U (€) approaches to it as £ = +00 i.e.
¢ mf U(§) =0, then
—>=00

Ao(N) == 40,1 = (,\—lg)f(O) : )

has one stable eigenvalue and one unstable one if ReX > 3 for some 8 < 0.

From now on, let us restrict our attention to real eigenvalues, that is, 8 < A is
real and (1.8) is regarded as a system on R?. Then (1.8) induces an equation on
RP! = S

(1.9) P=YU€),5M).

Let e* be an unstable eigenvector associated with the unstable eigenvalue of Ag(A) and
e’ be a stable one. Then (1.9) has a solution $(&; A) which satisfies ¢ linI:I p(&;A) = év
—+oo

if ) is not an eigenvalue, where é* or é° are the points on RP! corresponding to e* or
e’.

Now an index which detects real eigenvalues of the eigenvalue problem (1.8) shall
be defined. (cf.[11])

Let us define a map g: S' = 9 ([A1, A2 x [=1,1]) = RP! as

e“(\) A€ [Ar, 2], T=+l
1.10 AT) = T
(110)  8(A7) ﬁ<log G_J_LT-) ;Ai) A=X (i=1,2), 7€(-1,1)

for 8 < A1 < Ao which are not eigenvalues. Then g is continuous and induces an
homomorphism g.: Hy (8 ([M, A2] x [-1,1])) = Hy (RP?).

If there is no eigenvalue in the interval [A;, A2], then the isomorphism g, is triv-
ial. This is because in such case g can be naturally extended to a map defined on
whole [A1, A2] x [=1,1] and thus g is homotopic to a map into one point. More
over if g4«(1) = n then there are at least n eigenvalues in the interval [A1, A2]. Here
Hy (8 ([M, A2] x [~1,1])) and H; (RP') are identified with Z. (See Fig 1.1)

The stability problem of n-pulses was first studied in Yanagida and Maginu’s
pioneering work [21]. They proved stability and instability of 2-pulses which are
generated by the bifurcation structure treated in [7]. Later this result was generalized
by Alexander and Jones [2] and [3] to more general systems classified under case
C, although the results were restricted to 2- and 3-pulses because of methodological
reasons.

Another breakthrough was made by Sandstede [16]. (See also [17], [18] and [22]).
He extended what is called Lin’s method, which was originally developed to study ho-
moclinic and heteroclinic bifurcations [15], to treat the stability problem for traveling
waves generated by the bifurcations. This is a purely analytic tool which reduces the
eigenvalue problem for the linear operator to that of a matrix, and the information
of the system reduces to the sign and the multitude of coeflicients. This approach
was so successful that the stability problem for all n-pulses was solved both for the
bifurcation treated in [7] ([16]) and for the case R with the weakest degeneracy ([14]).

One problem yet remains: the topological constraint of the eigenvalue problem
remains unclear even after stability is obtained by Lin’s method. In [21], [2] and (3],
the geometry of the bifurcation plays an essential role to determine stability of the
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pulses. At the same time Alexander, Gardner and Jones [1] established a topological
invariant in the eigenvalue problem. Later, Nii [13] found another topological con-
straint, which is similar to what is explained above, in the eigenvalue problem for
N-front solutions generated by a bifurcation from a doubly twisted heteroclinic loop.
This approach contrasts well with Lin’s method in [17] which do not tell anything
about the topological constraint of the problem.

The purpose of this paper is to reveal that there is a similar topological constraint
in the distribution of the eigenvalues associated with the n-pulses which is generated
by a bifurcation from what is called Inclination-flip homoclinic orbit. Although the
result only covers a part of [14], the way in which it is proven provides a good insight
into the problem which cannot be obtained from Lin’s method.

The following is the main result of this paper—a precise statement of the theorem
shall be given in section 3.

In [9], it was proven that under certain conditions, a suitable perturbation of the
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system creates a suspension of a horseshoe. A periodic symbolic sequence of +1’s and
—1’s is assigned to each periodic orbit in this horseshoe. If another perturbation is
applied to this system, the periodic orbit disappears in an infinite period bifurcation,
generating a homoclinic orbit.

Let o = (00, -+ ,0n-1)" be such a periodic symbolic sequence, and let h,(t) be
an n-homoclinic orbit which is generated from the periodic orbit. Then, a number
N (o) which is associated with the homoclinic orbit h,(t) is defined as follows.

DEFINITION.

N(o) 1+ni:2a o or + -1 oo =1
= 102" "0 .
k=1 0 if 0'1“'0'n_1=+1

Then, the following theorem holds.

THEOREM. The eigenvalue problem (1.6) for (U,V) = h, has at least N(o)
negative (positive) eigenvalues if the perturbation is sufficiently small.

This implies that there are stable pulses.

COROLLARY. In the case of outward twist, the multiple pulse solutions corre-
sponding to symbolic sequences (—1,+1---+1) (all symbols are +1 except for the first
one) are stable for sufficiently small perturbation if the original 1-pulse is stable.

This paper is organized as follows. In section 2 a review of Homburg, Kokubu
and Krupa’s result [9] and other necessary information shall be introduced. Section 3
is devoted to a precise statement of the theorem following a geometric interpretation
of the problem. Proof of the theorem appears in section 4 and 5; in section 4 a
topological index shall be defined, and in section 5 the index is calculated.

2. n-homoclinic bifurcation from an inclination-flip homoclinic orbit.
In this section, the result of Homburg, Kokubu and Krupa [9] concerning n-homoclinic
bifurcation from an inclination-flip homoclinic orbit shall be reviewed.

2.1. Inclination-flip homoclinic orbit. To begin with, the notion of an
inclination-flip homoclinic orbit and basic assumptions are introduced.
The subject here is a system of ordinary differential equation defined on R3:

(2.1) u' = Xo(u)

satisfying the following conditions.
1. The origin O is a hyperbolic equilibrium of (2.1) and the linearization DX, (O)
of Xy around O has real eigenvalues A%, A%, A** with A° <0 < A* < A¥¥,
2. (2.1) has a homoclinic orbit T to O i.e. T = {ho(t)|t € R} and ho(t) is a
non-trivial solution of (2.1) which satisfies t_ljgloo ho(t) = O.

Condition (1) implies that the system (2.1) possesses an one-dimensional stable man-
ifold W*(0) and a two-dimensional unstable manifold W*(O) at O. Furthermore,
there exists a two-dimensional invariant manifold W¢*(0), called extended stable
manifold, the tangent space of which at O is spanned by the eigenvectors associated
with eigenvalues A* and A“.

The definition of an inclination-flip homoclinic orbit is as follows.

DEFINITION 2.1. A homoclinic orbit T is called an inclination-flip homoclinic
orbit provided that
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Fic. 2.1.

CT: W¥(O) and We(O) are tangent along I' (see Fig 2.1),
NR: X* # |X\°| and
. : —A%¢ ; -2t
PR: 0# lim_ |ho(t)e™* | < +o00 and 0 # t_lg_noo |ho(t)e™t| < 400.

In [9], the problem is treated under additional conditions on the eigenvalues and
the tangency of W¥(O) and We¢(0):
EV: A% > 2X% and —\° > 2)Y;
QT: unstable manifold W*(O) and extended stable manifold We*(O) have
quadratic tangency along homoclinic orbit T'.

In order to investigate the bifurcation from an inclination-flip homoclinic orbit,

a smooth family of ordinary differential equations on on R3® which unfolds X, is
considered:

(2.2) u' =%, (u)

and a return map along the homoclinic orbit and its perturbation by y is analyzed.
The return map f, is given as the composition of two successive mappings F' and G
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between two cross sections ¥ := {z =1, |y|,|2| < 1} and ¢ := {|z|,|y| < 1, z =1}:

F:% = %0: (Ly,2) = (273 gz~ 5 1)
Gu:To— 31 (XY, 1)~ (LG(X,Y;p)

' and
fiTio B 7)) = (GuoF)y,2)

Here, the coordinates near origin is denoted by (z,y,z) and the system (2.2) is as-
sumed to be linearized into the following form through a C3-coordinate change in a
neighborhood N of the cube {|z|, |y],|2| < 1}.

0 0 0
) = A\ p— 4 \¥%y— u, 2
(2.3) u )\“wax+ “y8y+)‘“zaz
This linearization is possible under a generic non-resonance condition.
The perturbation parameter is also suitably chosen in the following manner. Cor-
responding to the existence of the homoclinic orbits I' and the conditions (CT) and
(QT), the map G(X,Y; ) = (9" (X, Y; 1), 9°(X, V; p)) satisfies

o 9g'(0,0;0) _ ~ 0°¢'(0,0;0)
G(01070) - (01 O)a T = Oa 972 75 0.
The second equality together with the fact that G is a diffeomorphism implies
8g*(0,0;0)
(2.4) v #0

and by implicit function theorem, there exists Y = Y. (u) so that g2(0,Y.(u); ) = 0.
Then, for a generic two parameter family X, unfolding Xo, a new parameter v can be
introduced through the relation

_ (1 e 9%/(0,1’*(#);#))
(25) v (V17V2) . (g (an (/1‘)7“)) g%/(o, Y*(u),u)
where gi, stands for 2&.
As the object of interest is the dynamics of the return map, a smaller rectangle
R, :=[0,p] x [~1,+1] C By, its preimage C, := F~1(R,) C ¥; under F and its image
P, :=G,(R,) C ¥ under G, is put into focus. For properly chosen p > 0, any orbit
which stays in a neighborhood of the heteroclinic orbit I' passes through these sets.
Note that C, is a cusp-shaped region and the boundary of which consists of two side
curves

by = {(£27,2) | 0< 2 <t = p=37)
and top segment
t:={(p" " yt:) | —1<y< 1}

On the other hand, P, is a parabola-like region, and if one of the boundary po :=
{G,(0,Y,1) | —1<Y <1} C P, is expressed as

y = o(zv)
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FiG. 2.2.

by eliminating Y from
y=g'(0,Y;v) and z=g°(0,Y;v)
then
(0;v) =1 and 2 O;v) =v
(10 ) — Vi az(p bl — 2

hold.

The mutual position of the cusp C, and the parabola P, at v = 0 is determined
by the sign of g%(0,0;0)g}+ (0,0;0), where g% and g} stand for %"}% and %3;—. In
fact, the second derivative of ¢(z;0) at z = 0 is expressed as

* _ gyy(0,0;0)

and if g% (0, 0;0)g}(0,0;0) > 0, then the unstable manifold W*(0) is on the outside
boundary of P, (inward twist case), and if g% (0,0;0)gL (0,0;0) < 0, then the unsta-
ble manifold is on the inside boundary of P, (outward twist case). In what follows,
9y (0,0;0) is assumed to be positive. (See Fig 2.2.)
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2.2. Bifurcation of n-homoclinic orbits. Next, a part of the results of Hom-
burg et al concerning existence of n-homoclinic orbits and a brief sketch of the corre-
spondence between symbolic sequences and the orbits are summarized.

The followings is the relevant part of the theorem in Homburg Kokubu and
Krupa [9].

PROPOSITION 2.1. Consider a two parameter family of equations v’ = %X, (u)
having an inclination-flip bifurcation point at v = 0 and satisfying the assumptions in
the previous section.

For the case of inward twist, there exist functions vi (v2) < 0 < v{ (1), a neigh-
borhood U of T and € > 0 such that for each —e < vo < 0 the following statements
hold.

(i) When 0 < v < vit(v2) the non-wandering set in U is the union of the

singularity at O and a suspended horseshoe, namely the Poincaré map along
I" possesses a horseshoe.

(i) As vy decreases from 0 to vy (v2), all the orbits of the suspended horseshoe
disappear in a bifurcation connecting to the origin O. Especially, periodic
orbits disappear in infinite period bifurcations generating homoclinic orbits.

(11i) There ezists a symbolic representation of periodic orbits and homoclinic orbits
which bifurcate from the periodic orbits.

For the case of outward twist, there exist functions 0 < vy (12) < vi(12), a
neighborhood U of T and e > 0 such that for each — < vy < 0 the following statements
hold.

(i) When v{ (v2) < v1 < v] (v2) the non-wandering set in U is the union of the

singularity at O and a suspended horseshoe.

(i) As vi decreases from vy (v2) to 0, all the orbits of the suspended horseshoe
disappear in a bifurcation connecting to the origin O. Especially, periodic
orbits disappear in infinite period bifurcations generating homoclinic orbits.

(i4i) There ezists a symbolic representation of periodic orbits and homoclinic orbits
which bifurcate from the periodic orbits.

Above result is proven by constructing an invariant foliation and reducing anal-
ysis of the return map f, to analysis of a multi-valued one dimensional map. This
reduction and the correspondence between periodic or homoclinic orbits and sym-
bolic sequences are explained in the sequel. For this purpose, the local map F is
decomposed into two parts:

Ss: 21 = %5 (1,y,2) — (5,5%13/,5%3)
F5: %5 > %: (0,y,2) — (62_%;,312_5;“‘1,1)
where X; := {x = 6, |y|,|2| < 1}, and the return map from C, s := F; '(R,) to itself

is put under consideration. This map is also denoted as f,: Cps = Cp 6.
First, existence of invariant foliation is stated below.

PROPOSITION 2.2. Let R and D be constants satisfying

A° ¢ 208

/\_u, mﬂ{m—w}<D<R

2<R< -

and o := 2532 and P = {—e < 1y <0, || < |a[***} for some 0 < k < R—2
and € > 0, where € depends on k. (The dependence is specified in [9].)
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Cdp
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v Cép)

__.....-n\\\\\\\\\\\\\\\

FiG. 2.3.

Then, for p = |va|%,8 = |1n|P and v € P there ezists a foliation F* on the cusp
C,,s satisfying the following properties. (See Fig. 2.3.)
(A) F* is invariant for f in the following sense. If l is a leaf of F* then the
connected components of f(I)NC, s are leaves of F*.
(B) F depends C'+*-smoothly on the base points and on the parameter vy. The
dependence on vy is continuous. The leaves of F* are at least C? smooth.
(C) f contracts distances between the leaves of F* and expands distances along
the leaves of F*. More precisely there exists 1 > 1 such that
1. if f(l1) and f(l2) are in the same connected component of f(Cp 5)NC,,s
then dis(f(l), f(I2)) < 71 - dis(ly, ls),
2. ifz,y €l and f(z), f(y) € C, s, then dis(f(z), f(y)) > n - dis(z, y).

With this foliation, an one-dimensional multi-valued map 7, is defined as follows.
Let I := (0,¢,] be the intersecting part of the line {y = 0} C s with the cusp C, 5,

where t, := |vo|P~®3¥ and 7 be the projection of the leaves of F* onto I. Then
the multi-valued map , is defined as

7r,,:I—)I:zv—>Tof,,or_1(z)

This map is the union of two C*** maps £,(z) and 7,(z) satisfying &,(2) > n,(2)

where both are defined — in fact, the domain of 7, is a subinterval K, of I. Although

my is defined on (0, ¢,], it is extended to z = 0 by requiring that m, (0) = li_r)r%) T (2).
z

Note that each trajectory of 7, remaining in I corresponds to a unique trajectory of

fulc,,, ; and each trajectory of f, which remains in C, s for all positive time corresponds
to a trajectory of m,,.

This 7, is characterized by the next lemma.



216 S. NII

// Vl>0

// V1<O

FiGc. 2.4.

LEMMA 2.1. In the case of inward twist,

1. if vi >0 then K, = [0,t,] and 1,(0) > 0,

2. if v =0 then K, =[0,t,] and 1,(0) =0,

3. if vy <0 then K, = [ay,t,] with a, = n7*(0) > 0, and K, shrinks as v,
decreases. Moreover, there ezists vy (v2) < 0 so that if vi < vy (v3) then
K,=0.

€,(z) <0 and n,(z) > 0 holds for vi > vy (v2). (See Fig. 2.4.)

In the case of outward twist, there exists vy (v2) > 0 so that
1. if v1 > vy (v2) then K, = [0,t,] and n,(t,) >0,
2. if vy = vy (12) then K, = [0,t,] and 1, (t,) =0,
8. if i < vy (v2) then K, = [0,b,] with b, := 1;(0) and K, shrinks as v,
decreases. Moreover, if v; < 0 then K, = 0.
&(2) > 0 and 1,,(2) < 0 holds for vi > 0. (See Fig.6.)
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/// V1>Vl_
_7\
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- g V1=V1_

e V1<V1_

FiG. 2.5.

Following [9], the inward twist case is focused on for a moment and later outward
twist case is mentioned.

As m,! is single valued map well defined on the union of two closed subinterval
of I, symbolic dynamics for ;! can be defined in the similar manner for quadratic

map. For each z € I with the property that 7 7(z) € I for all j € N, the sequence
S(z) = (So(z), S1(z), - --) of the letters —1 and +1 are defined as

-1 i ni(e) e &)
Sj(x) = {+1 if w9 (z) € (1)

If ¢ = (00,01,-+-) and T = (19,71, - -) are such symbols, then o < 7 provided that
oi=1;for 0 <i<j—1and

g 01°-0j—1 = +1, aj=+1and7'j=—1
0001+ 0j—1=-1, oj=-land1; =+1
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Note that each periodic orbit of ! of period n has n different symbolic sequences
corresponding to the n different initial points. The minimal sequence in them is
referred to as the sequence of the periodic orbit.

The n-homoclinic orbits, which are of interest in this paper, are generated in the
process of disappearance of these periodic orbits. More precisely, when v is fixed at
a small value and v; is decreased from 0, the leftmost point in each periodic orbit
approaches 0, and the orbit disappears when it passes 0. A periodic orbit of m,
which involves 0 in its orbit corresponds to a homoclinic orbit of the vector field, and
disappearance of a periodic orbit corresponds to disappearance of a periodic orbit of
vector field through an infinite period bifurcation generating a homoclinic orbit.

The case of outward twist is reduced to inward twist case. This is carried out
through conjugacy map h: [0,b,] — [0, 1] which is the composition of reflection in the
midpoint and rescaling, i.e. %, := hom, o h™! satisfies conditions required for inward
twist case. Consequently, the same as above holds. In this case, however, the role of
—1 and +1 is interchanged because of the reflection, moreover, a symbolic sequence
o= (01, ,0n-1,00)> for &, corresponds to the sequence o = (09,01, ,0n-1)>
for m,.

3. The theorem. The main theorem shall be stated in this section. Namely,
distribution of the real eigenvalues of the linear stability problem associated with each
n-pulse is treated.

3.1. The eigenvalue problem. First, the setting of the problem is introduced.
Consider the equation of traveling wave on R3:

(3.1) u = X(u;v) veR

and assume that the system satisfies the conditions in the previous section. Assume
also that the local coordinates (z,y, z) near the origin is chosen so that (2.3) holds
and the parameter v is taken as in (2.5) and belongs to P. In the sequel, a condition
stronger than (EV) is assumed because of technical reasons:
EV’: A% > 3X% and —A° > 2\%.

Under this situation, the equilibrium u = O corresponds to a steady state solution and
the homoclinic orbit I" to a single pulse solution, moreover existence of n-homoclinic
orbits is equivalent to existence of n-pulse solutions.

Let u = h(t) be a homoclinic solution to O—either the original one-homoclinic
solution or one of the bifurcating n-homoclinic solutions—then linearized eigenvalue
problem along h(t) is written in the following form.

(3.2) v' = [DX(h(t);v) + AB]v

where B is some constant matrix. A non-trivial solution of this equation is an eigen-
function if and only if it is bounded, and the A at which such a solution exists is an

eigenvalue.

REMARK 3.1. For general eigenvalue problem, A is in some domain of complex
plane. However, it is assumed to be real throughout this paper as the geometric
relation of (3.1) and (3.2) is the matter of interest.

3.2. Geometric interpretation of the eigenvalue problem. Before the re-
sult is stated, geometric interpretation of the eigenvalue problem needs to be ex-
plained.



A TOPOLOGICAL APPROACH TO STABILITY OF PULSES 219

In order to do this, an additional coordinate change is applied to (3.2). Due to
the assumption (2.3), the eigenvalue problem is written in the following form when

h(t) is in NV.
vy’ A0 0 v
v | = 0 /\z;u 0] +AB V2
1)3' 0 0 )\1,,‘ U3

Through a smooth coordinate change, this is again diagonalized for small |A|:

v’ A8 (A) 0 0 vy
(3.3) ’Ug’ = 0 /\}fu (A) 0 V2
vs' 0 0 A(4)) \ws

where A% (0) = A} for x = s,uu or u.

Geometric meaning of the eigenvalue problem is easily seen in these coordinates.
That is, suppose that v(t) is a non-trivial solution and it is expressed as v(t) =
(v1(t),v2(t),v3(t)) when t =~ +oo and thus h(t) is in N, then v(t) is bounded if and
only if va(t) = v3(t) = 0 for ¢t & +0o and v;(t) = 0 for t & —oco. In the sequel, h(t)
is assumed to be the solution which hits ¥; (for the last time if h(t) is n-homoclinic
solution) at ¢ = 0 to avoid ambiguity, and the solution v(t; A) of (3.2) with initial
condition (v1(0; A),v2(0; A),v3(0; A)) = (—1,0,0) in the coordinates of (3.3) is traced.
Then the fact above is expressed as follows.

LEMMA 3.1. A is an eigenvalue if and only if vi(t; A) =0 for t & —o0.

The analysis requires a non-degeneracy condition on the eigenvalue problem (3.2).
Let ho(t) be the original homoclinic solution for v = 0 and let ¢, be the time
when ho(t) hits the section X, then the solution vo(¢, 4) with the initial condition
(v01(0; A),v02(0; A), v93(0; A)) = (—1,0,0) is assumed to satisfy the following non-
degeneracy coréditi(()n. )
o1 (20; 0
ND: D := oA #0
REMARK 3.2. vp1(t0;0) = 0 as A = 0 is an eigenvalue corresponding to the
spatial translation of the pulse.

3.3. Statement of the theorem. Now the theorem is ready to be stated.

Let 0 = (00, +* ,0n—1)% be a minimal periodic symbolic sequence, then as is
presented in the previous section there is a n-homoclinic orbit A, (t) which is generated
from the periodic orbit in a infinite period bifurcation. A number N(o) for the
homoclinic orbit h,(t) is defined as follows.

DEFINITION 3.1.

2 1 if o1 Opo1=—1
N(o) =1+ o1 020+ 0 i oreo s = 41
=

Concerning the eigenvalue problem associated to h,(t) the following holds.

THEOREM. Assume that D <0 (D > 0). Then, the eigenvalue problem (3.2) for
h = h, has at least N (o) negative (positive) eigenvalues if |va| is sufficiently small.

COROLLARY. In the case of outward twist, the multiple pulse solutions corre-
sponding to symbolic sequences (—1,+1---+ 1) (all symbols are +1 except the first
one) are stable for sufficiently small |v2| if the original 1-pulse is stable.
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4. The index. The proof of the theorem depends on a topological method,
namely defining an index which counts the number of eigenvalues. The purpose of
this section is to define this index.

4.1. Existence of confining cone. The index is constructed through restrict-
ing the eigenvalue problem (3.3) in the three dimensional space to a two dimensional
cone. Finding this cone is the first task.

Let h,(t) be one of the n-homoclinic orbit and v(¢; A) be the solution of (3.3)
with initial condition (v (0; A4),v2(0; A),v3(0; A)) = (-1,0,0), and denote the time at
which h,(¢) hits R, for the k-th times as Tj,_j.+1. Because the eigenvalues converges
to 0 in the limit of v» — 0, the parameter A is rescaled as A = |1/2|X./~\ for some fixed
x satisfying 1 < x < 2. Then the following is proven.

PRoaPOSITION 4.1. Assume that the constant R appeared in proposition2.2 satis-
fies ,\..2%)‘,\.“: < R.

Then, there exist ¢ > 0 and Ay > 0 so that (v, (T; A), va2(Ti; A), v3(Tk; A)) s
inside the cone C :={V | /1|2 + [V5]2 > c|vo||V2|} if IA| < Ao for sufficiently small
|val.

REMARK 4.1. Condition EV” is necessary to choose R satisfying the condition
above.

If u(t) is a solution of (3.1) staying in the cube {|z|,|y|,|z| < 1} for t; <t <ty
which starts in C, at ¢t = t; and reaches R, at ¢ = ¢, then a straight forward
calculation taking into account that p = |v5|® under the condition w2 < R shows
the following.

LEMMA 4.1. For arbitrary fized c,c’ >0 and x' > 1 with1 < x' < )‘“;f‘wR -1,
there ezists Ay > 0 so that the following holds. Any solution to (3.3) with the initial
condition inside the cone \/|V1]? +|V3|? > c|v||V2| at t = to is inside the cone
[va|X' /oL 2 + [Us]2 > c|v2] at t =1 if |A] < A, for sufficiently small |vs|.

On the other hand, if u(t) is a solution of (3.1) which starts in R, at ¢t = ¢; and
reaches C, N P, at t = ¢, and stay outside of the cube {|z|, |y, |2| < 1} for t; <t < s,
then the following holds.

LEMMA 4.2. For any x > 1, there ezist ¢c,c’ > 0 and Ay > 0 so that any solution
of (3.3) with the initial condition inside the cone |v2|X+/|v1|? + |vs|? > c'|va] att = to
is inside the cone \/|V1|2 + [V3]2 > c|vs||Va] at t = t1 if |A] < |A2| for sufficiently

small |vs].

Proof of this lemma is divided into three steps.

First, the Poincaré map G, has the following property.

CLAM 4.1. For (y,z) € C, N P,, let 5 = (02,73) € T(y,-)S1 and V = (V1,V3) =
DGl e Tgz1(y,)20- Then for any c¢; > 0 there exists ca > 0 independent of (y, z)
so that V satisfies |V1| > ca|va||Va| if U satisfies c1|va|X|D3] > |T2].

Proof. A foliation on the parabola-like region P, is defined to analyze the com-

position of the parabola and the cone C,. Consider a segment {¢} x [-1,+1] C R,
for 0 < € < p. This segment is mapped fo a curve on ¥; written by

y=g'Y;v) B
{z=92(£,Y;V) tevst
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(2.4) means that the second equation can be solved for Y with
g (&,Y(z;¢,v);v) =2z and Y (0;0,0) =0
Then, the graph y = (z;&, v) of the function ¢ defined by
p(z:€,v) = g (6, Y (:€,v);v)
gives a leaf of this foliation. Moreover, this ¢ is expanded as follows.
(23 €,v) = v1 + vz +az” + bE + O(E, |2, |vf?)

1 .
Here, when v = 0, a is equal to T%%% and thus positive, whereas b is equal to
9%(0,0;0) and hence b > 0 in inward twist case and b < 0 in outward twist case.

The claim follows from the fact that G, is diffeomorphism and that there exists
constant c3 > 0 so that

0
(4.1) {%(z;f, v)| > cslve|

holds if (¢(z;&,v),z) € C, N P, (See proposition 2 in [9]). O

CLAIM 4.2. There exist ¢4 > 0 and ¢s > 0 so that any solution to (3.3) for
A = 0 with the initial condition inside the cone |va|X+/|v1]? + |vs]|? > calva| at t = to
is inside the cone \/|Vi|? + |V3|2 > cs|a||Va| at t =1t;.

Proof. The tangent vector X (u(t);v) to the solution u(t) satisfies (3.3) for A=0
and it is expressed as

X(ult1);v) = (NX, NN
and
X (u(t2);v) = (A, A"y, A02)

where u(t;) = (X,Y,1) and u(t:) = (1,y,2). (1,y,2) € C,NP, implies z = O(|r»|) and

y = O(IuglL;""l) (see proposition 2 in [9]). Moreover X = O(|v5|®) and Y = O(|v»))
are easily seen. Therefore, there exists ¢g > 0 so that /(|V1]2 4+ |V3]|?) > cs|va|| V2|
holds if |u1| > cg4/|v2|? + |us|? is satisfied.

On the other hand, claim 4.1 implies that there exists ¢; > 0 so that any solution
with the initial condition inside the cone |v2|X|usz| > c7|va] at ¢ = ¢ is inside the cone
VIVil?2 + V3|2 > es5|va||Va| at t = t1. Then the claim is easily obtained. O

Proof. (Proof of lemma 4.2) The lemma immediately follows from the claim
above and the fact that A = |s2|XA with x > 1. O

Proof. (Proof of proposition 4.1) The lemma 4.2 means that the proposition
holds for ¢ = T;. Successive application of lemma 4.1 and lemma 4.2 shows the
proposition for t =Ty, k > 2. 0

The basis of the index is the fact that the set C C R® has one-dimensional homol-
ogy group isomorphic to Z. In the sequel, the problem is dealt with in the projective
space RP? rather than R? to suppress the ambiguity of multiplication of constant.

Consider the coupled system of (3.1) and (3.2)

u' = X(u;v)
(42) {v’ = [DX(h(t);v) + AB]v
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on T, x R®, where Ty := {hy(t)| — 00 < t < +00} and Ty = {O} UT,. Here, through
suitable coordinate change, v-component of the system is assumed to be of the form of
(3.3) as far as u(t) is in V. As this system is linear in v-component, the flow defined
by it induces a flow on Ty x RP? in the following way.

Let #t: T, x R® — T, x R® be the flow determined by (4.2) and II: R® — RP?2
be the projection. Then, the low ¢ on T’y x RP? is defined by

(4.3) B (u, ) == (id x IT) (B (u,v))

where 9 := II(v). This definition does not depend on the choice of v € II~1(9) as the
flow & is linear in v.
In this framework, lemma 3.1 is interpreted as follows.

LEMMA 4.3. A is an eigenvalue if and only if the orbit (h,(t),0(¢;A)) of the
flow & which converges to (O, (=1 :0:0]) in the imit of t = +o0o converges to
(0,[0:1:0]) or (O,[0:0:1]) in the limit of t - —c0.

On the other hand, if A is not an eigenvalue, (hy(t),0(t; A)) converges to (O,[1:
0:0]) as t =& —o0.

Next task is interpretation of proposition 4.1 in this framework. Let C/Fo, C/Fk
(k=1,---n—1) and CI7, be defined as

Clo:= {Bt(~,0)|y = ho(0),5 = [v1 : 0: 3], Ty <t < 400}
Cle = {4(7,9)y = ho(Tk), 0 € C, T — Tie < ¢ < 0}
Cly = {9t(7,0)|y = ho(Tn),0 € C,—00 < t < 0}

where € := I1(C) with C ={v | VIVi[? + [Vs]? > c|va|[V2]} which appeared in proposi-
tion 4.1 and T}T stands for the closure of the set. Then by lemma 4.1 and lemma 4.2,
Cr = U CIy is homotopic to T’y x S for each A. Moreover, the following is easily
seen. 0
PROPOSITION 4.2. There are an open set So C RP? which is homotopic to S*
and a subset S of T'y x RP? which is homeomorphic to Ty x Sy with the following
property. R _
1. SO CI if A < |ve|XAy. B
2. There is a homeomorphism Z: S — T'y x So satisfying = (SN ({7} x RP?)) =
{7} x So for each .

4.2. Definition of the index. Finally the index is defined in this subsection.
Take A; and Ay (A; < As) satisfying |A;| < |v2|XA¢ and neither of which is an
eigenvalue. Then a map g: 9 ([A1, A2] X [—1,+1]) = Sy defined below is continuous.

Pro= (ha(log(}f—:)),ﬁ(log(-}-%);A)) if A=Ay, Ay and 7 € (=1, +1)

g(A, )= - .
Pro=(0,[1:0:0]) if A€ [A,Ax] and 7= +£1

where Pr: T, x Sy — Sp is the projection. This g induces a homomorphism
O H1 (8([A1,A2] X [—1,+1]))—)H1(S()), where both Hl (8([A1,A2] X [—1, +1])) and
H;(So) are isomorphic to Z.
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DEFINITION 4.1. Let Hy (0([A1,A2] x [-1,+1])) and Hi(So) be identified with
Z. Then the index I,(A1, As) is defined by

I, (A1, Ag) == |g«(1)]

Next proposition shows a basic property of this index.

ProprosITiON 4.3. If I(A,A2) > N, .there are at least N eigenvalues in the
interval [Aq, Ag).

Proof. This proposition is proven by induction.

First, if g.(1) # 0 then there exists at least one eigenvalue in [A;, As]. In fact, if
there is no eigenvalue in the interval, the map g can be extended to a continuous map
g: [M,A2] x [-1,4+1] = Sp by lemma 4.3, and thus it is homotopic to a map which
maps whole [A1, A2] x [-1, +1] into one point. Therefore g, is trivial and g.(1) =0

Next, assume that the proposition has been proven up to N and suppose that
lg«(1)] > N + 1.

Let A’ be the smallest eigenvalue in the interval [Aj, As] and let Az be a value
in [A’,As] so that there is no eigenvalue between A’ and Az. Let g1: 8 ([A1, As]
x[-1,+1]) = So, g2: 0 ([As, A2] X [-1,+1]) = S be similarly defined as g, then it
is easy to see that g.(1) = g1.(1) + g2.(1) and |g14(1)] < 1. Thus |g2.(1)| > N and,
by applying the assumption, there are at least N eigenvalues in the interval [As, A2).
This means the proposition also holds for N + 1. O

5. Proof of the theorem. The goal of this section is to prove the theorem by
calculating the index defined in the previous section. More precisely, let A < 0 be a
fixed number satisfying |A| < Ao and set A; = |5|XA and let Ay < 0 be a negative
number with small absolute value, then I, (A1, A2) = N(o) shall be proven for small

|val.

5.1. Preliminary analysis. In this part of the section, the flow &t is analysed
by taking Poincaré maps between £ x RP? and £; x RP2. For this purpose, set T g1
(k =1,---,n) be the time at which h, (t) hits C, for the k-th time — notlce that
T _O——andletu'/ 20><IR]P’2 — ¥ xRP? and ¥': 21 x RP? — Yo X RP? be Poincaré
maps defined by the flow &t. For the later use, two different systems of inhomogeneous
coordinates for RP? are employed, that is, the point (X,Y,1,[¢ : 7 : C;) € %y x RP?
in homogeneous coordinates is expressed as (X,Y,1; P,Q) with P : 6 Q= ch and

(1,9,2,[€ : 1 : ¢]) € T; x RP? is expressed as (1,9, z;q,7) with ¢ := Zr= %
First consider ¥'. Let u(t) be a solution of (3.1) staying in the cube {|z|, [y], |z]| <
1} for ¢; <t < to which starts in C, at t = t; and reaches R, at t = to, then straight
forward calculation shows the following.

LEMMA 5.1. Ifu(t1) = (1,y,2) then u(tz) = (z‘i_:,yz‘%“,l) and

,—1 a8 _auu Q )\‘“‘(AJ)—)\“(A) 1 ,\U(/;)J,\‘(A)
v (Z AT Yz T“‘,]_;P,Q): l,y,Z;FZ 2500y 7?2 ©

Especially, the tangent vector u'(t) along the orbit satisfies

s uu /\S AS

_A PN _ _auw
(u(te);u'(t2)) = (z AT Yz T“',l;/\—uz W,/\—uyz T“‘)
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and
A’U/u Au
wieiate) = (1o 3w 32

Next, consider ¥. This time, let u(t) be a solution of (3.1) staying outside the
cube {|z|,|yl,|2| < 1} for t; <t < t, which starts in R, at ¢ = ¢, and reaches C, at
t = to. Denote u(t1) = (X,Y,1) and u(t2) = (1,y,2) and let

v (Ly,z0,7) = (X, Y, L (y, 254,7), % (y, 7,,7))

and expand ¥; and ¥, up to first order:
/\uu A’Ul
Ui (y,2;9,7) = (y,z; YR X;Z>
LT (A A A
aq y1 ) As y’ )\Sz q As y
+ o . AU A AY
ar y$ ) As y7 Asz r Asz
Lo (A A
6A y’z’ As y) Asz
+ (higher order terms)

As A’U/U: AU
= FX—{-WI‘I (q— I y) +W17- (’I‘—' 'A—SZ) +W1AA

+ (higher order terms)

A
A=0

and
AUU AU’U: A’Ul
Po(y,2z5q,7) = VY'F%q (q BBy y) + Yo <7‘ - X;Z> + PopA

+ (higher order terms)

Then, for u(t) = hs(t), the following holds.

LEMMA 5.2.

(5.1) T = O(|r2)

Proof. Let (X,Y,2) = &(z,p,5t:) = ($1(2,9,2), Ba(2,9,2), ds(2,1,2)) be
the time ¢ map defined by the flow induced by (3.1) and let ¢ = ¢.(y,2;v) be the
function satisfying ® (1,v, z;t.(y, z;v);v) = (X,Y,1) = G;}(1,y, 2) where G, : o —
¥ is the return map defined in Section 2.

First, the tangent vector v(¢) to the orbit u(t) satisfies

W(t1) = (ATX, \“, \¥)
=D& (1,y, 2 t.(y, z;v); v) v(ta)
v(ts) = (A%, A%y, A¥2)
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where u(t;) = (X,Y,1) and u(tzs) = (1,z,y). This together with X = O(|vo|®),
y=0(»|>) and z = O(|ve|) implies that

0%, 0% v
E- = O(ll/2|) and —a—iI)— - -)? as vy =0

Second, there exists a constant ¢ so that

0
coal > [ S i)

if |vo| is sufficiently small. This is shown in similar manner as (4.1). This means

% = O(|vz|) and hence %1 = O(|vz]) because &% = 881 _ %X@i and 22 s

8z 8z oz oz
bounded.
On the other hand,
8%, , 8%, 8%,
v ( 7_) oz + Oy q+ 92 |
1\ 8%, , 0% 833,
ox oy 8z

and therefor

0z oz oz oz
or o0%s | 083, | 8%s,)°
oz oy 47 52

The lemma immediately follows from this. [0
The fact below is also easily seen.

LEMMA 5.3.
A% 0 Ave X
(5.2) —_—— (y,z; —, —z) —D asz,y and vg > 0
A5 A PURAD LR AT

where D is what is defined in the condition ND.

The following three propositions are basis of calculation of the index. For a
moment, D is assumed to be negative, but the result for positive D is obtained by
simply change the sign of A.

Let Vi(Tk; A) (i = 1,2) be defined as

~ vy (Tx; A ~ vg (T3 A
Vi(T; A) = —_'U;ETZA; Vo(Tk; A) == v—ng:'Ag

PROPOSITION 5.1. Fiz A satisfying —Ao < A < 0, then
(5.3) V](Tk; II/2|XA) >0
for sufficiently small |vs|.

Proof. Before going into the proof, note that h,2(T},) = O(IuglkTu“t) and hq3(T};) =
O(Jval) as ho(T}) is in C, N P, and this implies hy1(Tk—1) = O(Jvz|~3%), where
ho(T) = (ho1(T), ho2(T), hos(T)) in (z,y, z)-coordinates for T = Ty or T = T}.
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Then the proposition is proven by induction.
(I) For k= 1. . 5

Vi(T; [val¥A) > 0 and Vi (T1; w5 [¥A) = O(|wal¥) but Vi(Ty; [val*¥A) # of[va|¥)
follows immediately from the expansion below.

VA (Ty; |veXA) = ¥(0,0;0,0)
i

A n .
= Fhal (T1) + ¥1a|v2|¥A + (higher order terms)

(II) For k > 2. Assume that Vi(Ty—1; [vaXA) > 0 and V;(T_1; |v2|XA) = O(|we|X)
but, V3 (Tx_1; |v2|XA) # o(|v2|X) holds.
Let 0;(Ty; A) (i = 2,3) be defined as

va(Ty; A)
v (Ty; A)

Then, by lemma 5.1, 05(T}; [v2|XA) is expressed as

v3(T; A)

vS(Tk;A) = v (TI;,A)

02(Ti; A) ==

ﬁ3(TI'|'/2|X/~\) = ———1———- ho3(Ty) e
© Vl(Tk_l;|1/2|xA) o3\ k

and thus ﬁ§(T,;;|V2|X.7\) = o(|rz|). Moreover, this fact and lemma 4.1 implies
O2(T7: lvalXA) = o(|va|X). This leads to the following estimate:

|

L ,A’ . N A N )\uu
(T relXA) = —hal(Tk)‘i‘qu ba(Th; |2 A) —

(T}

. A -
+ ¥, (UB(T]:;§ |I/2|XA) - -/\—sh,,-g (T];)) + !plAII/QIXA
+ (higher order terms)
= W5 |va[XA + (higher order terms in [vs])
Then, Vi(Tk;|v2|¥A) > 0 and Vi(Ty; |v2|¥A) = O(|ve|X) but Vi(Tk;|ve|XA) #

o(|v2]X) immediately follows. O
On the other hand theV; (T%; A) has the opposite sign for small A.

PropPoSITION 5.2. If A < 0 and |A| is sufficiently small, then
(5.4) Vi(Ti;A) <0

holds fork=1,--- ,n—1
Proof. This is easily seen from the fact that

. G
Vi(Tx;0) = /\_uhal(Tk) <0
The other proposition concerns changes of the orientation of ¢ along the flow.
PROPOSITION 5.3. Let ix: C < {he(Tk)} % ¢ c Ty x RP? be the inclusion and
P: Ty x RP? - RP? be the projection, and define

Op i =PodTc 164, 1:C>C
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fork=2,--- ,n.
Then Op.: Hl(gf) — Hy(C) is equal to id: H(C) = H1(C) if ox_1 = +1 and
—id: Hl(C) — Hl(C) ika_l =-1.

Proof. First, as stated in [9], g3(0,0;0) = 0 and g%(0,0;0)¢% (0, 0;0) < 0.

If g% (0,0;0)g}+ (0,0;0) > 0 (inward twist case), the assumption that g} (0,0;0)
> 0 means g% (0,0;0) > 0 and g% (0,0;0) < 0. Thus v, < 0 is equal to g} (0, Yi(v);v)
> 0. This implies g¥ (he(Tk);v) > 0 if he(T}) = (9" (ho(Tk);v), 9% (ho (Tk); v)) is
in the component of C, N P, which includes (y,z) = (0,0) (i.e. o = +1), and
9% (ho (Tk); v) < 0if hy(T}) is in the other component (i.e. o = —1).

On the other hand, if g% (0, 0;0)g3(0,0;0) < 0 (outward twist case), g% (0, 0;0)
< 0 and ¢%(0,0;0) > 0. Thus v < 0 is equal to g} (0,Y.(v);v) < 0. This implies
g% (he(Tk); v) < 0if he(T}) is in the component of C,NP, which includes (y, z) = (0,0)
(i.e. or = —1), and g3 (ho(Tk);v) > 0 if hy(T}) is in the other component (i.e.
o = +1).

Therefore, if o, = +1, then the half-line {h,(T%)} x {(0, V2,0)|V2 > 0} is mapped
into {h,(T})} % {(vl,v2,v3) | Il \/Tor]? + [vs[? < c|val, vz > 0} by #T~Tx and if
o = —1, then into {ha(T,;)}x{(vl,vg,vg) | 2 Xy/[vi]? + [vs]? < ¢|va],v2 < 0}. The

proposition follows from this and the fact that ®T+~Tx is orientation preserving. O

5.2. Proof of the theorem. In this section, the index is calculated and the
theorem is proven.

Let Q1,02 be some small neighborhood of [0: 0 : 1] and [1 : 0 : 0] of RP? and
t1,t2: [0,41] = RP? be defined as

() =0:0:1—-1¢], @) =[-t:0:1-1]

and let Qi := Pr o Z(hy(Tk), %) C So and i := Pr o Z(hy(Tk), () : [0,1] — So.
Here is a homology exact sequence

Ry (U(Qlk U sz)) L Hi1(So)

k

5 m (SO,U(Qlk U sz)) % H, (U(Qlk U sz)) =
k

k

where H, stands for reduced homology group and H;(So) can be identified with
H1(So). Moreover j, is injective and j.«(H1(So)) is generated by ([¢1x] — [t2x]) for
arbitrary k.

Choose a generator 1 € Hy(Sp) = Z so that j.(1) = [t11] — [t21] Then, proposition
5.3 implies the following,.

PROPOSITION 5.4. j.(1) = [u1k] — [t2k] i the product o1---0p—1 = +1 and
3x(1) = —[e1n] + [e2k] of

01" 0Ok—1 =1

Proof. This proposition easily follows from the fact that the diagram below com-
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mutes.
H;(0) {Ok008a)., H,(C)
(ProEoil).l l(ProEoik)*
Hi(So)  —7—  HilSo)
o

On the other hand, proposition 5.1 and 5.2 implies next.

PROPOSITION 5.5. Fork=1,--- ,n—1, ProZ (ﬁ(Tk + (T, — Th)t; |y2|><[\))
is homotopic to t1x41(t) as a map ([0,1],{0,1}) — (So, U, (Qur U Qax)), whereas
Pr o E(0(Tk + (Tyy, — Tr)t; A)) is homotopic to tapy1(t) when A < 0 and [A| is
sufficiently small.

Fork=mn, Pro= ('f)(Tn + (T - Tyt |1/2|X1~X)) is also homotopic to t1,(t) whereas
ProZ(0(Tn + (T — Th)t; A)) for T large enough can be both 11, (t) or tan(t).

ProZ (0(T,, + (T — Ty)t; A)) can be determined by standard argument concerning
what is called Evans’ function.(See [21].) Only results presented here without proof.

LEMMA 5.4. ProZ (0(Ty + (T — Tp)t; A)) is homotopic to t1,(t) if o1 - 0pn-1 =
+1 and homotopic to t2,(t) if o1+ Op—1 = —1

Finally the theorem is proven.

Proof. (Proof of the theorem) First, notice that
g.: Hy (a([|u2|><[x, A] x [—1,+1])) — Hi(So, |J(Qux U Q24))
k

coincides with the composition of g.: Hi (8([]1/2["[\, Al x [-1, +1])) — H;(So) and
j«- Then, from proposition 5.5 and lemma 5.4,

= [t1n] = [tan] i 01 --0p_1=-1
L(1) = _ Inj = 2n 1"7"Un—-1—7—
51 ,;[L”“] 2] +{ 0 i oy-eeopy = +1

in Hi(So, Uy (Q21% U Q) . Therefore by proposition 5.4,

Ia(|V2|XA,A) - 0 if o1- - 0p_1=++1

w2 -1 if 0‘1"'0’n_1=—1
1+ E 01020 +
k=1

and thus the theorem holds. O

Proof. (Proof of corollary to the theorem) First, D has to be negative for
the original pulse to be stable. This is because

sign {det (vo(to,A), (0,1,0),(0,0,1))}

for large positive A coincides with that for small positive A if there is no eigenvalue
between them. On the other hands, it coincides with

sign {det ((1,0,0),(0,1,0),(0,0,1))}
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by standard argument of Evans’ function. (See [21]). The conclusion is obtained
immediately from this.

Second, under the assumption, there are n critical eigenvalues near origin and
other eigenvalues have negative real part.(See [2] or [11] for this fact.)

Therefore applying the theorem, there are n — 1 negative eigenvalues near origin
and the other one is at origin. Thus the n-pulse is stable. O
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6. Appendix. This section is devoted to brief summary of topological notions.
For more details, consult some textbooks on algebraic topology such as [19].

6.1. The projective space. First, definition of the projective space is intro-
duced.

Let ~ be an equivalent relation on R**1 \ {0} defined as follows:

z ~ y if and only if there exists a constant ¢ € R\ {0} such that z = cy.

Then the projective space is defined below.

DEFINITION 6.1. The quotient space RP™ := (R**! \ {0}) /~ with the quotient
topology is called the n-dimensional (real)projective space.

This space has a structure of a manifold and a coordinate system can be defined
in the following manner.

Let £ = (%o, Z1,--- ,Tn) be a point in R**! \ {0} then the ratios g : z; : --- : 2,
defines a point in RP™ therefore the equivalent class of [z] € RP™ is written as [z :

Zy -+ T,]. Moreover, if z; # 0 then this expression can be normalized so that [z] =
i-th

iRt 1.0 =], thus there is a homeomorphism ¢; from U; := {[zo : -

zn) | zl ;é 0} C RP™ to R™ such that ¢;([zo : -+ : zn]) = (52,..., 24, 24, ;:L

The pair (5, U;) is employed as a local chart and ¢ = {((p,, )}2, becomes an atlas.
Next, let

(6.1) T =A(t)z

be a linear ordinary differential equation on R"*!, and let z;(t) and z5(t) be two
non-trivial solutions of this equation. If z1(tg) and z5(to) belong to same equivalence
class of RP™ i.e. [z1(to)] = [z2(t0)], then [z1(¢)] = [z2(t)] holds for all ¢ because of
linear nature of the equation. This is the way in which the equation induces a flow
on RP".

Assume that A(t) = A is independent of ¢, and let e be an eigenvector with
eigenvlue A and assuem that any other eigenvalue has the real part which is smaller
than ReA. Then [v] is an equilibrium of the induced flow because span{v} is a invariant
subspace of (6.1). Moreover, [v] is an attracting equilibria, because any other solution
nearby approaches to this subspace as time evolves. Similarly, an eigenspace for an
eigenvalue whith smallest real part corresponds to a repelling equilibria. Similar
argument holds true if A(t) —» A as t — *oo.

6.2. The homology group. First, the homology group is defined.
The following set is called the n-simplex.

n
A" = {z: (x0,$1,~~ axn) € ]Rn+1 I 0 S Ti, Zml - 1}

i=0



230 S. NII

A1 can be identified with A}~ := {z = (z0,%1,... ,2n) € A" | z; = 0} and the
inclusion map A;‘_l — A" is denoted by e} for each j.

Let X be a topological space then a continuous map ¢: A™ — X is called singular
n-simplex. The free module generated by the set of all singular n-simples is denoted
by Sn(X), then S, (X) is defined to be {0} for n < 0. Let 9;(0) := 0 o€} and let the
boundary homomorphism 8: Sp(X) = Sp—1(X) be defined by

6:‘2(—1)1@ (n>0), =0 (n<0)
j=0

DEFINITION 6.2. The n-dimensional homology group of the topological space X
is defined by

Hp(X) := ker 8/Imd

where ker 9 is the kernel of the map 0: S, (X) — Sp—1(X) and Imd is the image of
the map 0: Sp+1(X) = Sp(X).

If A" is homeomorphic to A™ and ¢: A" — A" is a homeomorphism, then a
continuous map &: A™ - X can be regarded as an n-simplex by identifying it with
G o ¢. A choice of such a ¢ determines the sign of [6] € Hn(X).

If Y is a subspace of X, then S(Y) is a submodule of S(X) and 9 induces a ho-
momorphism from S, (X,Y) := Sp(X)/Sn(Y) to Sp—1(X,Y) := Sp_1(X)/Sn-1(Y).
This homomorphism is also denoted by 9.

DEFINITION 6.3. The n-dimensional homology group of the pair of topological
spaces (X,Y) is defined by

H,(X,Y) :=ker /Imd

where ker 0 is the kernel of the map 0: Sp(X,Y) — Sp—1(X,Y) and Im0 is the image
of the map 0: Sp+1(X,Y) = Sp(X,Y).

When X is not empty, a homomorphism €: So(X) — Z is defined by e(3_ azz) =
Y ag, (¢ € X). Let Sp(X) = Sp(X) (n 2 0) S—1(X) = Z and Sp(X) =0 (n < 0),
and let 8 = € for Sp(X) = S—1(X).

DEFINITION 6.4. The n-dimensional reduced homology group of the topological
space X is defined by

H,(X) := ker 8/Imd

where ker @ is the kernel of the map 0: Sa(X) = Sp_1(X) and Imd is the image of
the map 8: Sp4+1(X) = Sp(X).

Next, a continuous map induces a homomorphism between homology groups.

Let X and Y be topological spaces and f: X — Y be a continuous map. Then
ft: Sn(X) = Sp(Y) is defined by fy(o) := foo.

DEFINITION 6.5. A homomorphism between homology groups f.: H,(X) —
H,(Y) is the induced homomorphism by fy.

The important property of the homology group is as follows.

Let 8: A! — S! be such that 8(z,1—z) := €, then [f] € H;(S!) is the generator
of Hy(SY) & Z. Moreover, [6;] = k in H;(S?) for 8 (z,1 — z) := e**=.

Therefore, if f: S* — S! is a continuous map such that f.(1) = k, then f maps
S! onto k-fold of S!. Same holds true if X is homotopic to S*.
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