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ON THE CONTINUATION OF PERIODIC ORBITS*
M. B. H. RHOUMA! AND C. CHICONE?

Abstract. Using Poincaré’s method and a Lyapanov-Schmidt reduction, a continuation theorem
for resonant periodic orbits of periodically forced oscillators is proved that does not require the
unperturbed manifold of periodic solutions to be normally nondegenerate. This is accomplished with
the aid of a generalization of the Poincaré-Melnikov function that includes second derivatives and
with the introduction of associated families of differential equations where the bifurcation parameter
is a power of the original small parameter. Incidentally, a result of J. Cronin [Meth. Appl. Anal,
Vol. 3 (1996), pp. 370-400] that inspired this work is corrected.

1. Introduction. Oscillations play a prominent role in many physical and bio-
logical systems where an important problem is to determine if spontaneous oscillatory
activity persists when subjected to a small external periodic stimulus. We will discuss
some methods that can be used to solve this problem.

Consider the family of differential equations

(1'1) y= f(y) + €g(t’ Y, 6)

where y € R, € > 0, and, for each fixed € > 0 and v € R, the function ¢t — g(t,v,¢€)
is periodic with period T' > 0. We will assume that the unperturbed system

(1.2) y=fQ)

has a resonant period manifold £ C R", that is, Z is a manifold consisting entirely
of Typ-periodic orbits where Ty > 0 and there is a pair of relatively prime positive
integers M and N such that

(1.3) MTy = NT.

The basic problem that we will address is the persistence of the periodic orbits in
Z. In other words, we will study the existence of periodic orbits with period NT for
small € > 0.

Several authors, for example [1, 2, 3, 4, 11, 12, 13, 14, 17, 21}, have treated
the general persistence problem, albeit from different perspectives, and they have
all obtained the same basic result under an assumption on the period manifold Z
that we call normal nondegeneracy. This nondegeneracy assumption is expressible
as a condition on the linearized unperturbed flow over Z. Indeed, for v € R™ let
t — y(t,v,€) denote the solution of system (1.2) such that y(0,v,e) = v and let
®(t,v) denote the principal fundamental matrix at time ¢ = 0 of the first variational
equation

(1.4) w = Df(y(t,v,0)w

Of course, in this case the principal fundamental matrix solution is just the partial
derivative of the solution of the original unperturbed differential equation with respect
to v, that is,

®(t,v) = yu(¢,v,0).
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The manifold Z is called normally nondegenerate if for each ¢ € Z the dimension of
the kernel K(¢) of the linear transformation ®(NT,() — I (called the infinitesimal
displacement) and the dimension of the manifold Z coincide.

A normally hyperbolic period manifold, for example a hyperbolic limit cycle, is
normally nondegenerate, but normal hyperbolicity is not a necessary condition for
normal nondegeneracy. For example, in case n = 2, a periodic orbit I' in an annulus
of periodic orbits is normally nondegenerate provided that the derivative of the period
function with respect to a regular parameter on a transverse section ¥ does not vanish
at the point where I" meets X.

The normal nondegeneracy property and the implicit function theorem are used
to reduce the problem of the persistence of resonant unperturbed periodic solutions
to finding simple zeros of an equation of the form

(1.5) F()=0

where F' is a function from Z to R™ and m is the dimension of Z. In fact, with the
appropriate choice of F' (called the bifurcation function) if (, € Z is a simple zero
of equation (1.5), then the unperturbed periodic orbit containing (o persists. More
precisely, if (o is a simple zero of the bifurcation function for a normally nondegenerate
period manifold, then there is a smooth curve € — 7(e) in R* whose domain is an
open set Ny C R containing the origin such that () := (o + ey(€) is the initial point
for a periodic solution of the corresponding system (1.1) for each € € Np.

The method we propose in this paper allows us to treat both the nondegener-
ate and the degenerate case (where the dimension of the kernel of the infinitesimal
displacement exceeds the dimension of Z) with a unified approach. In particular, if
the dimension of the kernel K(() is constant for ¢ in the period manifold, then the
bifurcation equation we obtain for the degenerate case is an extension of the bifurca-
tion equation for the nondegenerate case. For the nondegenerate case, a simple zero
of the bifurcation function corresponds to a smooth continuation of an unperturbed
periodic orbit. However, in the degenerate case there may not be any smooth contin-
uation curves. In these cases we will investigate in detail the existence of continuous
continuation curves where 8(e) = (o + v/ey(v/€) and v is a smooth function.

As a byproduct of our analysis, we point out an oversight in [7] where a non-
degenerate system is treated and a bifurcation equation is obtained. However, the
corresponding continuation theorem is vacuous because one of the terms in the bifur-
cation equation turns out to be identically zero.

This paper is structured in the following way. In Section 2 we define the system
of differential equation that we will study, we describe a general approach to the
continuation problem, and we identify the solutions of certain variational equations
that appear in the analysis. The normally nondegenerate case is discussed in Section 3.
In Section 4 we study the degenerate case and state our main theorem. It gives the
bifurcation equation for resonant normally degenerate period manifolds in a form
that includes nondegenerate period manifolds as a special case. The oversight in [7]
is discussed in Section 5. In Section 6 we investigate the possibility of obtaining
continuation curves of the form B(e¢) = (o + €/ y(e'/?) where p > 1 is a rational
number with p # 2. We also discuss the continuation theory for the case where the
unperturbed system is linear. Finally, a few simple examples to illustrate the theory
are given in Section 7. In particular, we consider a system of m coupled (limit cycle)
oscillators and show that there are 2™ continuation curves at each continuation point
of the corresponding m-dimensional period manifold.



CONTINUATION OF PERIODIC ORBITS 87

2. The Bifurcation Equation. Let us assume that the unperturbed system
(1.2) given in the introduction has an m-dimensional resonant period manifold Z
that satisfies the resonance condition (1.3). Also, for ¢ € Z, let us recall that ®(t,()
denotes the principal fundamental matrix at time ¢ = 0 of the corresponding first
variational equation

dw

along the unperturbed resonant periodic solution ¢ — y(t, ¢, 0).

We are interested in the dimension of the kernel K(¢) of the infinitesimal displace-
ment map ®(NT,() — I. Suppose that s — o(s) is a curve in Z such that ¢(0) = .
Since y(To,¢,0) = ¢ for all { € Z, we have the identity y(To,0(s),0) — o(s) =0, and
therefore

Yu(To,¢,0)5(0) — ¢(0) = (&(To,¢) — I)5(0) = 0.

Thus, the tangent space 7¢Z of the manifold Z at the point ¢ € Z is a subspace of
K(¢). As mentioned in Section 1, the period manifold Z is called normally nondegener-
ate if the dimension of K(() is equal to the dimension of 7; Z whenever ¢ € Z. The pe-
riod manifold Z is {-degenerate if the integer valued function ¢ +— dim K(¢) —dim 7.2
has a constant value £ on Z. Of course, a zero-degenerate period manifold is normally
nondegenerate.

The fundamental observation of the method of Poincaré is the following proposi-
tion: If € is fized and vg is a zero of the displacement function v — y(NT,v,€) — v,
then t — y(t,v,¢€) is a NT-periodic solution of the corresponding differential equa-
tion (1.1). Note that the resonance condition MTy = NT implies the unperturbed
periodic solution t = y(t, ¢, 0) is NT-periodic for each ( € Z. We will say that ( € Z
(and the corresponding unperturbed periodic orbit) persists if there is some ¢y > 0 and
a continuous function 3 : [0, &) = R" such that 3(0) = ¢ and y(NT, 8(c),€) — B(e) =
0. The curve € — f(e€) is called a continuation of initial conditions for periodic
solutions.

Note that for { € Z to persist we only require the existence of a continuous implicit
solution B of the displacement function such that 3(0) = (. On the other hand,
we intend to use an analytic method—the implicit function theorem—to establish
the existence of an implicit solution. Our key idea is to allow for the possibility
of nonsmooth continuations at the outset of the analysis. This is accomplished by
replacing € in the perturbed system (1.1) with € where p is an appropriately chosen
positive integer, and then by determining an implicit solution 3 of the displacement
function of the form B(e) = ¢ + €'/Py(e'/?) where 7 : (—€o,€0) — K" is a smooth
function.

There are two main steps in our analysis. We will determine conditions on the
displacement function and its partial derivatives that ensure the existence of implicit
solutions, and we will identify these conditions as integrals over the unperturbed
resonant periodic solutions so that they can be checked directly for the family (1.1).

In order to obtain a general formula that can be used to determine the desired
continuations for various choices of the exponent p, let us first consider the following
Taylor series expansion in powers of u and € at (u,e) = (0,0) of the displacement
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function evaluated at the point ¢ + pu§ where ( € Z, £ € R*, and p € R
Y(NT, ¢+ pé€) — (¢ + p€) = u(yo(NT, (,0)§ — €) + eye(NT, ¢, 0)
1
+ §N2yvv(NTa ¢, 0)(&,¢)
(2.2) + peyue(NT, ¢, 0)¢

+ 3 (NT,¢,0) + O((Je + 1))

In this formula we have used subscripts to denote partial derivatives. Also, the expres-
sion y,,,(NT, ¢, 0)(&, £) denotes the value of the symmetric bilinear form y,,,(NT, ¢,0)
on the pair of vectors (¢, £).

A solution of the (two-parameter) determining equation

0=y(NT,(+ pé,€) — (¢ + pué)

corresponds to a periodic solution of the corresponding differential equation in the
family (1.1). However, to obtain the one-parameter continuations mentioned above,
let us substitute € = u? in the equation (2.2) where we will assume that u > 0 and
p is a positive integer. Then, a solution ((,&, 1) of the (one-parameter determining)
equation

0= yo(NT, (,0) — € + W'y (NT, ¢, 0)
+ 5o (NT,C,0)(6,€) + WPyuc(VT, G 0)¢

(2.3) + 24271y, (NT, (,0) + o)

corresponds to a periodic solution with initial condition ¢ + €!/P¢ of the differential
equation in the family (1.1) where € = u?. The most important special cases are p = 1
and p = 2. Let us note specifically that for p = 1, it suffices to solve the equation

(2.4) 0=yu(NT,(, 00 = &+ ye(NT, (,0) + Ow);

and for the case p = 2, it suffices to solve

(25)  9u(NT, G006 = & + u(ye(NT, €, 0) + 330 (NT, G, 0)€%) + O(4?) = .

In the next two sections we will determine conditions that imply the existence of
implicit solutions of equations (2.4) and (2.5). However, to express these conditions
in a useful form, let us identify the derivatives that appear in these equations. As
mentioned previously, t — y, (¢, {, 0) is the solution of the first variational initial value
problem

w=Df(y(t (0w,  w0) =1,

or equivalently, this solution is the principal fundamental matrix solution at time
t = 0 of this time-periodic differential equation. In particular, we have the identity

(2:6) yo(NT, ¢, 0) = @(NT, Q).
Since

Juu(t,¢,0) = D (y(t,¢, 0))yu(t, ¢, 0) + D f(yo(t, ¢, 0))y5 (¢, ¢, 0),
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the function t — yy, (¢, ¢,0) is the solution of the variational initial value problem
w = Df(y(t,¢,0))w + D*f(y(t, ¢, 0)(2(t,€), (¢, ),
w(0) =0.

Hence, by the variation of constants formula we have that

NT
2.7) Yuu(NT,(,0) = ®(NT,() | 71(t, QD F(y(t, ¢, 0))(R(¢, () dt.

Finally, notice that if we differentiate equation (1.1) with respect to the variable € at
€ =0, then

9(t,¢,0) = Df(y(¢, ¢, 0)ye(t, ¢, 0) + 9(t,y(,¢, 0),0),

and therefore

NT
28) w(NT,,0) =8V, Q) [ 871t Ot o(4,0),0) k.
0
The next proposition is probably known. However, it is given here in the precise
form needed in the next two sections to complete our continuation theory.

PROPOSITION 2.1. Let Z be a manifold and suppose that M(z) is a family of
n X n matrices depending smoothly on z € Z. If the rank r of the matriz M(z) is
constant for all z € Z and if zo € Z, then there is a neighborhood No of zo in Z and
two smooth n X n matriz families

K(z) = (Ki(z) - K+(2) K1(2) -+ Knr(2)),
R(2) := (Ra(2) -+ Re(2) R{(2) -+ Ry_,(2))

defined on Ny and partitioned by columns such that for each z € Ny the vectors

Kit(2),... ,K>*(2) are a basis for a complement of the kernel of M(z), the vectors
Ki(2),...,Kn_r(2) are a basis for the kernel of M(z), the vectors Ry(2),...,R.(2)
are a basis for the range of M(z), and the vectors Ri-(2),... , Ry+_.(2) are a basis for

a complement of the range of M (z). Moreover,

R'(2)M(2)K(2) = 1I,,

I. 0
(5 o)

and I, denotes the r X r identity matriz. The complementary subspaces can be chosen
to be orthocomplements while the bases for a complement of the kernel, the kernel,
and a complement of the range can be chosen to be orthonormal.

where

Proof. There is a permutation matrix P such that the first r columns of M (z)P
are linearly independent. Moreover, there is a corresponding choice of r nonzero pivot
elements for the Gauss-Jordan elimination algorithm applied to the first r columns
of M(z)P. By continuity, if |z — zo| is sufficiently small, then the same sequence
of pivots can be used to row reduce the first r columns of M (z)P. It follows that
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there is a smooth family of invertible n x n-matrices E(z), a smooth family A(z) of
r X (n —r)-matrices, and a smooth family B(z) of (n —r) x (n —r)-matrices all defined
on some open neighborhood of z in Z such that

E(z)M(2)P = ( b ggg ) .

By the hypothesis that the rank of each matrix M (z) is r, we must have B(z) = 0.
Let ey,... ,e, denote the usual basis of R® and note that the matrix E(z)M(z)P,
partitioned by columns, has the form

E(z)M(z)P=(e1 --- er ary1(2) -+ an(z)).
The set of vectors

{er+1 — ar41(2), ... en — an(2)}

is a basis for the kernel of E(2)M (2)P, and therefore a basis for the kernel of M (z)
for z near 2y is given by

Ki(z) == P(er+1 — ar+1(z))’ ooy Kn—r(2) = Plen — an(2))-

The Gram-Schmidt procedure can be applied to obtain an orthonormal basis if desired.

To obtain a basis for the complement of the kernel K(z) of M(z), note first
that we can extract r elements from the usual basis of R® whose span is a subspace
complementary to K(2p). Let these elements be denoted ¢4, ... ,¢, and let L denote
their span. Clearly, L is a complementary subspace for K(¢) as long as ( is sufficiently
close to (o. If an orthonormal basis is desired for an orthocomplement, then let X (z)
denote the orthogonal complement of X(2) and define the smooth family of linear
transformations Q(z) : L — K+(z) by

W w— i(w,Kj(z))Kj(z).
Jj=1

Since L and K*(z) have the same dimension r for z € N; and the kernel of Q(zp)
is trivial, the linear transformation Q(zo) is an isomorphism. By the openness of
invertibility, there is an open neighborhood N3 of 2y in N; such that Q(z) is an
isomorphism for each 2 € N,. It follows that the vectors

Q(Z)fl, .. aQ(z)lr

form a basis for K (z) and these vectors are all smooth functions of z € N,. Moreover,
by Gram-Schmidt, there is a corresponding family of smooth orthonormal bases

Ki(2),..., K (2)

as well.
Fori=1,...,r, define

Ri(2) := M(2)K}-(2)
and note that the vectors

R1 (2’), e ,RT(Z)
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span the range of M (z). Complete this set to a basis of R® by adding a smooth family
of vectors

Ri(2),...,R: .(2)

that span a complement of the range. If orthonormal vectors for an orthocomplement
are desired, then use a construction similar to the construction for the orthocomple-
ment of the kernel. In particular, there is some open neighborhood Ng of z € Z such
that all of the constructed families of column vectors are smooth on Nj.

Finally, for the last statement of the proposition, let K(z) denote the matrix with
columns

Ki(2),..., K (2), Ki(2), ... Knor(2),
let R(z) denote the matrix with columns

Ri(2),...,R.(2), R (2),...,R_.(2),
and note that if z € Ny, then

M(2)K(z) = R(2)II,.

3. The normally nondegenerate case. Let us assume in this section that Z
is normally nondegenerate. We will determine the continuable periodic orbits in Z.
Though the basic results of this section are by now well known, we will recover the
standard results for the normally nondegenerate case by using a new method that will
be extended to the degenerate case in the next section.

Continuations of periodic orbits corresponding to points in Z exist if and only if
the displacement equation

y(NT,v,e) —v =0

has implicit solutions. In passing from this equation to the general series representa-
tion (2.3), we have incorporated the new variables ¢, £, and p as place holders so that
the computation of this series and the identification of the derivatives that appear
in it would be a simple as possible. However, to obtain an equivalent determining
equation, we must be careful that the new variables are given by an invertible trans-
formation. If this is not done, we might find infinitely many continuations that all
project to the same continuation in the original variables. The correct change -+ vari-
ables is accomplished with reference to Proposition 2.1. Indeed, by the assun.ption
of normal nondegeneracy, the family of matrices M(¢) := ®(NT,() — I for ¢ in the
m-dimensional manifold Z has fixed rank n — m. We can choose a smooth family
of vectors K1(¢),... ,Km(¢) such that for each ¢ they form a basis for the tangent
space T¢Z and a smooth family of vectors Ki-(¢),... ,K;,,(¢) whose span at each
( is a basis for a vector space complement of 7¢Z in T¢R"™. Using the notation of
Proposition 2.1, the transformation

G KO () )
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from Z x R*™™ x (0,00) to Z x R* x R is a diffeomorphism onto its image. In other
words, by setting

e=x0(5) e=w

with p = 1 in equation (2.4) and premultiplying by the invertible matrix family
R71(¢), this determining equation is recast in the equivalent form

0= RHQ@WT,0 - DK ( § ) + RHOuVT. 6.0+ 0w)

v

60 = () )+ B OG0 +0G)

Again, referring to the notation in Proposition 2.1, let v € R be expressed in
components v = (v1((),...,vn(¢)) relative to the basis given by the columns of
R~1(¢). Then, R~1(¢)v is precisely the vector (v1(C),...,vn(¢)). In other words,
the first n — m components of R~(¢)v is the projection of v to the range of the
infinitesimal displacement ®(NT, () — I while the last m components is the projection
of v to a complement of the range. Let these two projection families be denoted by
7wr(¢) and mc(C) respectively. With this notation, the determining equation (3.1) is
given by the pair of equations

O=v+ WR(C)yE(NT7 ¢ O) + O(IJ’),
(32) 0 =mc({)ye(NT, ¢, 0) + O(k).

THEOREM 3.1. Suppose that the unperturbed system (1.1) has a normally non-
degenerate, resonant period manifold Z, ®(t,() is the principal fundamental matriz
solution of the first variational equation (1.4) at { € Z, and 7o (C) is the correspond-
ing projection onto the complement of the range of the infinitesimal displacement
®(NT, () — I. If the subharmonic Melnikov function given by

(3.3) ¢ = mo(Qye(NT, (,0),

where

NT
y(NT,(,0) = ®(NT, () | @7(t,¢)g(t,y(t,¢,0),0) dt,

has a simple zero (o € Z, then (o persists.

Proof. The right hand sides of the equations in display (3.2) may be viewed as
amap F of (v,{,u) € R*™ x Z xR to R*™ x R™. If (o € Z is a zero of the
map (3.3), then

(3'4) V=10V = _WR(CO)?/E(NT, COaO)a z2=¢, p=0

is a zero of F. Also, because (o is a simple zero of the second component of F,
the derivative of the function given by (v,() — F(v,{,0) when evaluated at the point
(v,¢) = (vo, (o) can be represented as an upper triangular block matrix whose diagonal
blocks are the (n —m) x (n —m) identity and the derivative of the map (3.3). Hence,
by the hypothesis that (o is a simple zero of the map (3.3), the block matrix is an
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invertible linear transformation from R*~™ x T¢, Z to R*~™ x R™. Therefore, by the
implicit function theorem there is an implicit solution u + (v(u),¢(1)) defined for p
in a neighborhood of x = 0 in R such that F(v(u),((p), ) = 0 and (v(0),¢(0)) =
(v0,¢)- Thus, we have proved that the point {; € Z persists with the required
continuation given by the curve

1 () = C) + UK (CW) ( V() ) .

0
There are other ways to state the hypothesis of Theorem 3.1 that (p is a simple
zero of the map (3.3). In particular, a useful restatement is given by the following
two conditions:
(1) The vector y.(NT,{o,0) is in the range of the matrix ®(NT, () — I.
(2) The columns of the matrix y,e(NT,{o,0) (the derivative of the map v —
Ye(NT,v,0) from R™ to R™) generate a basis of a complement of the range
of the matrix ®({o, NT) — I.
To prove this assertion note first that statement (1) is equivalent to the statement
that (p is a zero of the map (3.3). Next, note that if T : R™ — Z is a local coordinate
map given by z — Y(z), then the corresponding local representation of the map (3.3)
is given by z = 7o (Y(2))y.(NT,Y(z),0), and therefore its derivative evaluated at
zo = Y71(¢p) is given by

7c(Go)Yve(NT, Go, 0) DY (20).

Because Y is a coordinate map, its derivative at 2o has rank m. Thus, the zero is
simple if and only if the composition 7¢({o)yve(NT, {o,0) has rank m. But, this is
equivalent to statement (2).

The results of this section, albeit with different proofs, can be found along with
applications to coupled oscillators in [1], [2], [3], and [4].

In the normally nondegenerate case, if condition (1) does not hold for every point
(o € Z, then none of the periodic orbits of the manifold Z persist in a smooth way; that
is, there is no smooth function 8 such that 8(e) = (+evy(e) and y(NT, B(e),€) — B(e) =
0. However, this leaves open the possibility that nonsmooth continuations exist; for
example, continuations of the type B(e) = ¢ + €'/? y(¢}/?) where p > 1.

Finally, we mention two possible degeneracies for our bifurcation problem. (1) The
period manifold is normally degenerate. (2) Zero is a singular value of the subharmonic
Melnikov function; that is, the Melnikov function has a zero {y € Z such that the rank
of the matrix 7 ((o)yve(NT, o, 0) is less than m, or equivalently, at least one of the
columns of the matrix y,¢(NT, {o,0)DY(20) is in the range of the matrix I—®(NT, ().
In the next section we will generalize Theorem 3.1 to the case of normally degenerate
period manifolds. The analysis near a singularity of the Melnikov function is beyond
the scope of this paper.

4. The normally degenerate case. In this section we treat the case where
the resonant period manifold Z is normally degenerate. For definiteness, recall that
Z is m-dimensional, the tangent space of Z at ( is contained in the kernel X(¢) of
the infinitesimal displacement ®(NT,() — I on R”, and that in the ¢-degenerate case
K(¢) is k-dimensional where k = m + £ and ¢ is a nonnegative integer.

Using the ideas introduced in Section 3, let us note that there is a family of bases

KI(C), cee ,KK(C)’K(+1(C)7' .. ,K€+m(g)
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for the kernel of the infinitesimal displacement as in Proposition 2.1 such that the last
m vectors form a basis for the tangent space of Z at (. For a notational convenience,
let V:R** x RE — R % x R¢ x R™ denote the inclusion given by

(v, k) = (v, ,0).
The transformation

(Ca Vs Ky ll') = (Ca K(C)V(V’ K‘)uu'p)

viewed as a map from Z x R** x Rf x (0,00) to Z x R* x R, or alternatively, as
amap from Z x R* % x R¢ x (—00,0) to Z x R* x R, is a diffeomorphism onto its
image. In other words, if we consider either x4 > 0 or p < 0, set

§=KQV(v,k), e=u?

with p = 2 in the determining equation (2.5), and premultiply by the invertible matrix
family R~*(¢), then equation (2.5) is recast into the equivalent form

0= (5 )+ O (0.0

+ 59 (NT, GO KOV (1)) +0(s)

Rz TR(()(Ye + %yvv(Kv)Z) 2
“1) = (5 )+ ( 7o) e + byun(KVY?) ) oW

where the arguments of some of the functions in the order p terms of the second
equation have been suppressed, and the projections 7g(¢) and 7¢(¢) as in Section 3
are the projections onto the range and the complement of the range of the infinitesimal
displacement corresponding to the matrix R=!(().

Let us define the generalized subharmonic Melnikov function M : Z x R¢ — Rk
by

(@2 M) =me(UNT,C0) + Syun(NT,GO)K(OV (0,5))?).

The integral expressions for the partial derivatives that appear in this expression are
given by formulas (2.7) and (2.8). We note that in the formula for M only the first
term depends on the perturbation. Also, we note that

¢
(4.3) K(QV(0,k) =Y kiKi(Q)
i=1
where k = (k1,... ,k¢) and K1({),... , Ke(() is a basis for a vector space complement

of the tangent space of Z at ¢ in the kernel K(¢) of the infinitesimal displacement.
Finally we mention that if £ = 0, then Z is normally nondegenerate and the function
M reduces to the corresponding function (3.3).

THEOREM 4.1. If Z is an £-degenerate resonant period manifold for the un-
perturbed system (1.1) and if ((o,k0) € Z x R¢ is a simple zero of the generalized
subharmonic Melnikov function M defined in display (4.2), then (o persists. More-
over, there are two continuation curves both defined for € > 0.
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Proof. Note that for p # 0 the solutions of the determining equation (4.1) corre-
spond to the zeros of the function F : R* % x Z x R® x R — R** x R* obtained by
dividing the second component of the right hand side of equation (4.1) by p. If fact,
F is of the form

F(V)Ca’{'a llf) = (VaM(Ca K)) + O(ﬂ)

If M(lo,k0) = 0, then F(0,{p,k0,0) = 0. Also, because ({o,%0) is a simple zero
of M, the derivative of the function (v,(,k) = F(v,(,k,0) evaluated at the point
(0, Co, ko) is the invertible linear transformation from R*~* x T¢, Z x R® to R*~* x RF
represented in matrix form by

( In—k 0 0 )
0 MC(COaK‘O) Mn(COaK'O) '

Thus, by the implicit function theorem, there is an implicit solution
p = (v(w),l(p),s(n)) defined in some neighborhood of g = 0 such that
Fw(w), ((u), k(1), ) = 0 and (v(0),¢(0),x(0)) = (0, o, ko). The two required con-
tinuations are given by

v = ((p) + pEK((W)V (v(p), (1)

with g = +4/€ and € € [0, €,) for some €, > 0. O

REMARK 4.2. Let us recall that in our original system (1.1), the parameter € is
assumed to be nonnegative. However, we can easily consider nonpositive € by applying
our results to the system

y=f(y)+eit y,e)
where € = —e and §(t,y,e) = —g(¢,y, —€). The important point is that
Ye(NT,v,0) = —y.(NT,v,0).

Thus, the generalized Melnikov function is replaced by the function M_ : ZxR¢ — RF
where

M_(¢,) 1= 70(O)( = 3eNT, €,0) + 53 (NT, ¢ O/ (K OV (0,m)?).

A simple zero of either M or M_ corresponds to a continuation of a periodic orbit
for system (1.2). The domain of the continuation corresponding to M has € > 0 while
the domain of the continuation corresponding to M_ has € < 0. As we will illustrate
in Section 7, it is very likely that the simple zeros of M and M_ are different.

REMARK 4.3. To apply our results, the fundamental matrix ®(NT, () of the
first variational equation along the unperturbed resonant periodic solutions must be
“known”. Of course, for most nonlinear systems this requirement is impossible to
meet. However, we note that the variational equations for a planar system can be
reduced to quadratures along the unperturbed period solutions. In fact, Diliberto’s
theorem [10] provides formulas for the integration of the homogeneous variational
equations of a plane autonomous differential equation in terms of geometric quantities
defined along the unperturbed orbit (see the results in [1, 2, 3, 4]). This fact can be
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very useful in the analysis of planar systems and weakly coupled planar systems.
Unfortunately, we do not know how to obtain a substitute for Diliberto’s theorem in
R™ for n > 2.

REMARK 4.4. In our analysis we use the assumption that the dimension of the
kernel (¢) of the infinitesimal displacement ®(NT, () —I is constant for ¢ in 2a open
neighborhood in the resonant period manifold. Without this assumption, we cannot
prove the existence of the smooth families of matrices R(¢) and K (¢). It is easy to
construct a period manifold where the dimension of the kernel of the infinitesimal
displacement is not constant. For example, consider the system

=y —zz(z® +y% - 1),
y =~z —yz(z®+y° - 1),
(4.4) £=0,

and note that the set {(z,y, 2) : 22 +y? = 1} is a two-dimensional, 27-period manifold.
Whereas the kernel of the infinitesimal displacement is two-dimensional at each point
of the subset S; := {(=,y,2) : 22 + y%2 = 1, 2 > 0}, the kernel is three-dimensional on
the subset Sy := {(z,y,2) : 22 + y%> = 1, 2 = 0}. Of course, S is itself a normally
nondegenerate, two-dimensional period manifold while Sy is a two-degenerate, one-
dimensional period manifold. Our general results can be used to analyze continuations
of periodic orbits for perturbations of system (4.4) by considering three different period
manifolds corresponding to the periodic orbits with z > 0, 2 =0, and 2 < 0.

5. Cronin’s Theorem. We will point out an oversight in [7] where the con-
tinuation of periodic solutions is studied for n-dimensional first order systems of the
form
dz

(5.1) =

= f(2) +9(¢, 1)

with the following assumptions:

(1) The function ¢ ~ g(t, u) is periodic with period T'() where T'() =T = O(u?)
and T = T(0) is the period of a periodic orbit I' of the unperturbed system
(r=0).

(2) There is a smooth function g(t, ) such that g(t,u) = u?g(t, p).

(3) For ¢ € T, the eigenvalue one of the principal fundamental matrix ®(T', ()
has algebraic multiplicity one.

By the first and second assumptions, equation (5.1) can be written in the form

dz

(5.2) 5 = f@+ 125, 1)

where t — §(t,p) is periodic with period T'(1). Assumption (3) states that the
kernel of the matrix I — ®(T, () is one-dimensional. In other words, I' is a normally
nondegenerate, resonant period manifold.

The result of the continuation analysis in (7] is a bifurcation equation of the form

(5.3) Ay’ +B=0

where (translating to our notation) y € R,

T
A=m0(0) /0 (T, )8 (s, () D f(a(s, ¢, 0) (B(s, C) £(0)) ds,
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and

T
B = 0(0) /0 (T, ()8 (s,0)g(s,0) ds .

In [7] the quantities A and B are not viewed as functions of . On page 378 in [7]
the author claims that a simple zero of (5.3) (viewed as an equation for the vari-
able y), corresponds to a continuable periodic orbit of the unperturbed system. By
adding a fourth assumption, namely —B/A > 0, it is observed that the bifurcation
equation (5.3) does in fact have simple zeros. However, by Proposition 5.1 below,
A = 0. Thus, the continuation theorem in [7] is logically correct, but vacuous. In
fact, equation (5.3) always reduces to the equation B = 0. If this equation is viewed
as an equation for ¢ € T, then the result in [7] can be reinterpreted to be in complete
agreement with Theorem 3.1. In effect, if the function ¢ — B({) has a simple zero
2o € T, then there is a one-parameter family with parameter p of perturbed periodic
orbits in the extended phase space and a corresponding family of initial conditions
v(p) such that v(0) = {o. In this sense, if B has a simple zero, then I' persists.

The fact that A = 0 is a special case of a more general result that we will now
formulate and prove.

Using the notation of Section 4, let us assume that Z is an m-dimensional, res-
onant period manifold for the n-dimensional, first order system ¢ = f(y) with the
solution family ¢ — y(t,v) defined so that y(0,v) = v. By Proposition 2.1, there is a
smooth family of bases

Ki1(¢), -, Ke(), Ke1(€)s - -+ » Kerm(C)

for the kernel K(¢) of the infinitesimal displacement I — ®(NT, () such that the last
m vectors are tangent to Z. If u € K(¢), then u = u°T(¢) + w3 (¢) where u°F(()
is in the span of the first £ basis vectors and u = utan(() is in the span of the last m
basis vectors.

PRrROPOSITION 5.1. If{ € Z, then

e (Yo (NT, ) (w2 (¢), ut@(¢)) = 0

and

7 (Q)ywo (NT, ) (w31(¢), u°F (¢)) = 0.

Proof. Because utan(C) is in T¢ Z, there is a smooth curve s — £(s) in R® whose
range is in Z such that £(0) = ¢ and £(0) = u'@2(¢). Moreover, for each s in the
domain of this curve, the function ¢ — y(¢,£(s)) is a periodic solution of system (1.2).
In particular, we have that

(5.4) y(NT,£(s)) — &(s) = 0.

By computing the second derivative with respect to the variable s, we obtain the
identity

(5.5) You(NT, €(5)) (€(5),£(5)) + yu(NT,0,€(s))é(s) — &(s) = 0.
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Also, let us recall that
¥ (NT,£(0)) = 3(NT, Q).
Thus, equation (5.5) can be rewritten as
(5.6) (I = ®(NT,{))E"(s) = you(NT, £(s)) (£(5),£(9)),

and we obtain the identity

R™Y(Qywu (NT, ¢) (u22(¢), ut22(¢))
= [RY(I - ®(NT, ) K(¢)] K 1(¢)€"(0)
= - K 1(C)€"(0).

Recall that for v € R the vector m¢({)v is just the vector in R¥ given by the last &
components of R~(¢)v. Since the last k components of the vector II,_x K ~1({)¢" (0)
all vanish, we have proved the first equality of the proposition.

To prove the second equality of the proposition, define the smooth curve s — (s)
in R™ by

7(s) = u" (&(s))

and note that v(0) = u™°T(¢). Also, note that the vector v(s) is in the kernel K(£(s))
of I — ®(NT,&(s)) for all s in the domain of the curve . Hence, we have that

(yo(NT, &(s)) — I)y(s) = 0.

Differentiate both sides of this identity with respect to s and evaluate at s = 0 to
obtain the equation

Yoo (NT, ) (u¥¥(0), uPF(()) + (3o (N T, ) — I)4(0) = 0.

The proof of the second equality of the proposition is completed exactly as the proof
of the first equality is completed from equation (5.6). O

To prove that A = 0 for the system dz/dt = f(z), note that the vector ®(s,¢)f(¢)
= f(z(s,(,0)) is everywhere tangent to the period manifold T' and then use Proposi-
tion 5.1.

6. Discussion. In this section we will briefly discuss the consequences of the
substitution € = u? in equation (2.2) where p > 1 is a rational number. Also, we will
describe the main result of the continuation theory in case the unperturbed system is
linear.

The restriction p > 1 is important for our analysis of the case where the infinites-
imal displacement is not the zero map for at least two reasons: We must be able to
divide equation (2.2) by u without introducing a singularity in equation (2.3). The
leading term in equation (2.3) must be y,(NT,¢,0) — I so that the same steps as in
the proof of Theorem 4.1 can be followed. Also, it is convenient to consider four cases:
p=1,1<p<2,p=2,and p>2.

If p = a/b, the integers a and b have no common factors, and 1 < p < 2, then
equation (2.3) can be studied in the form

0= (yo(NT,¢,0) = 1€ + pl@=0/by (NT, (,0) + O(u).
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For b # 1, the right hand side of this equation may not be smooth. But, this problem
can be overcome by considering a new small parameter p = u!/® and the substitution
¢ = K(¢)V (v, k) where K and V are the functions defined in Section 4. Furthermore,
just as in Section 4, it suffices to find an implicit solution of the determining equations

_ v a—b WR(C)yG (NT1 C’ O) b
0= (5 )+ (wdmeEQ®>+O@)

Here, under the assumption that £ — mc(€))ye(NT,(,0) has a zero {p, we can solve
implicitly for v in the first component equation. The second equation (after substi-
tution of the implicit solution and division by x®~?) has values in R¥ where k is the
dimension of the kernel of the infinitesimal displacement. But { € Z is locally in R™
with £ = m + £. Thus, the implicit function theorem does not apply unless £ = 0 in
which case we revert to the subharmonic Melnikov function obtained for p = 1. In
fact, we must obtain the same continuations already determined for this case.
If p > 2, then equation (2.3) can be studied in the form

0= ((NT,¢,0) = D) + 3 un(NT, ¢, 008 + 0(u2).

Again, with p, v, and & as for the case 1 < p < 2, we have the determining equation

AW wmo@mew%> 2
°“<0>+”(wdoﬁmuKm% HOwe:

This case appears to lead to a “generalized Melnikov function” that is simpler than
the one obtained in Section 4. Indeed, a simple zero ({p, %) of the function

(¢, &) = 1c(Q)(Yuu (NT, , 0)(K(C)V (0, K))%)

persists. However, because this function is homogeneous in &, if (o, ko) is a zero,
then so is (o, ako) for @ € R. Thus, this function cannot have a simple zero.

If the unperturbed system is linear, then the second order derivative y,,(NT, ¢, 0)
and all higher order derivatives of y with respect to the space variable v evaluated at
v = ( vanish. Because of this fact, the continuation problem can often be simplified.
Consider the classic model of the periodically forced planar oscillator

(6.1) y= Ay +eg(t,y,e)

where A is a matrix of constants (see, for example, [5, 6, 8, 16, 18, 19, 20]). For the
most important special case
0 -1
=0 %)

and the infinitesimal displacement I — ®(2w, () is identically zero. By setting p = 1
and dividing by a power of u in equation (2.3); we find immediately that it suffices
to solve the determining equation

0=y(NT,(,0) + O(e).

In this case ¢ € R?, so no projection is necessary. Thus, we recover the following classic
result: If the function ¢ — y.(NT,(,0) has a simple zero, then the corresponding
unperturbed periodic solution persists.
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REMARK 6.1. The concept of a “controllably” periodic perturbation has been
introduced and studied in [12, 13, 14]. The period of the perturbation is allowed to
vary. In these systems, the perturbation function g, in our notation, can be written
as

g(t,y,e) = 9(t/T,y,¢,T)

where

g(s+1,9,6T) = §(s,y,¢6,T).

The continuation theory for periodic orbits of such systems is developed under the
assumption that the number one is a simple eigenvalue of (T, (). Our analysis can
be used to extend this result to include the case where one is not a simple eigenvalue.

7. Examples. We will use the first order system
&=y —z(z? +y* - 1)? — ecost,
g =—z—y(z® +y*> - 1)? + esint,
(7.1) # = 2(z® +y*) + esint
(a modification of a differential equation studied in [3]) to illustrate the continuation

of periodic orbits for the normally degenerate case.
The unperturbed system (7.1) has the resonant period manifold

Z:={(z,y,2) : 2> +y* = 1,2 =0},

consisting of a single periodic orbit. Let us consider the following family of unper-
turbed solutions on Z:

t — (cos(t — 6), —sin(t — 6),0)

where 6 is the usual angular variable. To be completely compatible with the notation
used in the general theory, we would have to write this family as

t — (cos(t — ¢), —sin(t - (),0)

where ¢ = (cos#,sin6,0). Our first choice amounts to a choice of a local (angular)
coordinate on Z.

The principal fundamental matrix at ¢ = 0 of the first variational equation along
each of the unperturbed solutions on Z is given by

cost sint 0
®(t)=| —sint cost O
0 0 et

In particular, this fundamental matrix does not depend on the base point correspond-
ing to 6.

The infinitesimal displacement ®(27)— I has a two-dimensional kernel, and there-
fore Z is 1-degenerate. Here, the kernel of ®(27) — I is the plane defined by the
equation z = 0. More precisely, we have

0 0 0
2,0 —I=|0 0 0
0 0 e*r-1
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In accordance with our conventions, we can take

0 cosf —sind 0 0 1
K@) :=| 0 sinf cosf |, R(f):= 0 1 0
1 0 0 e"—1 0 0

To compute the generalized Melnikov function (4.2), recall that the vector
K(0)V (0, k) is given in this case by the scalar variable x multiplied times the second
column of the matrix K(6). (The second column corresponds to the complement of
the tangent space to Z in the kernel of the infinitesimal displacement.) Also, note that
the projection 7c(f) is independent of . In fact, this projection (R~1(6) followed
by projection onto the second two components of the vector in the usual basis of R®)
applied to the vector with components (u,v,w) € R® is the vector in R? given by
(v,u).

Using the integral formula for the partial derivative of the perturbed solution with
respect to € (“yc(2m,v,0)”) that appears in the generalized Melnikov function, it is
easy to compute its value to be

2
(=2m,0,e*" / e 'sintdt).
0

After projection by m¢(#), its contribution to the generalized Melnikov function is the
vector (0, —27).

To apply the integral formula for the second partial derivative of the perturbed
solution with respect to the space variables (“y,., (27, v,0)”), we must compute the
second derivative of the unperturbed vector field f evaluated at the pair of vectors
each given by

cos(t — 6)
X :=®@t)K@O)V(0,k) =k | —sin(t—86)
0

One way to do this is to first compute D f(z,y,2)X. Then, the desired derivative
D%f(z,y,2)(X,X) is the directional (first) derivative of the vector valued function
(z,y,2) = Df(z,y,2)X evaluated at = cos(t—6), y = —sin(t—#0), and z = 0 in the
direction X. After a computation using the integral formula, we find the projected
value of one half of the second partial derivative term to be (—8mx? sin §, —8mk? cos 6).

By combining the above results, we find the generalized Melnikov function is given
by

M(8, k) = (—8mk?*sin, —27(1 + 452 cos 9))
while
M_(8,k) = (—8mk?sin 8, —27(1 — 4% cos 9))

(see Remark (4.2)).

According to Theorem 4.1 the continuations with € > 0 correspond to the simple
zeros (0,k) = (m,£31) of M while the continuations with ¢ < 0 correspond to the
simple zeros of M_ given by (0,%%). For each simple zero there are two continuation
curves. However for this simple case, these continuation curves likely match to form
one smooth curve through the continuation point on Z.
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Our second example is a system of m coupled oscillators; the jth oscillator has
the form

&5 = piy; — x](m? +y12~ - /\?)2 +€g1,;(6 1,y Tmy Y1y - -y Ymo €)s

Uj = —piT; —yj(ﬁ +yj2~ - /\?)2 + €92, (6,1, s Tmy YLy e oy Yms €)

where p; and A; are nonzero constants. Let us assume that the unperturbed oscillators
are all in resonance, and therefore they have a smallest common period Typ. Then,
the unperturbed system has an m-dimensional torus Z as a period manifold; Z is the
product of limit cycles, one for each of the m uncoupled planar oscillators. Let us
also consider the family of unperturbed solutions on Z

t (21(8),92(8); - - Em(8), ym (1))

given by

z;(t) = Ajcos(uit — 05),  y;(t) = —A;sin(u;t — 6;)
where 6; is an angular variable and © := (61,... ,6p,) is the local angular coordinate
on Z.

The period manifold Z is m-degenerate. In fact, the kernel of infinitesimal dis-
placement &(Tp, ©) — I is all of R?™. The projection m¢(¢) onto the complement of
the range of the infinitesimal displacement is the identity map. Notice that in this
case £ = m. Hence, the function V maps R™ to R™ x R™ and we have that

k1 cos(pit — 61)
—kysin(uit — 61)
2(t,0)K(0)V (k) = :
Km COS(Umt — Om)
— K Sin(pmt — Om)

where kK = (K1,...,Km). If we also assume that each function g; ; is time-periodic
with a smallest common period T" such that MTy = NT for some relatively prime
integers M and N, then after a straightforward computation we find that

/\?I‘&% COS 01 P11
/\? KJ% sin 6, D1,2
(7.2) M4(0,5) = —4NT : + :
A3k2 cosbn, Pm,1
A3 k2 sin 6, Dm;2
where
Dj NT fcos p;s —sinp;s\ (gi1(s,Xo(s),Ys(s),0)
(7‘3) 51\ — / ¢ 1221 1] ) ( j,1\S, A0\S), Lo\$S), )
Dj2 0 sin pjs COS 158 95,2(5,Xo(s),Yo(s),0)
and

Xo(s) = (A1 cos(p1s = 61), ..., Am coS(ptms — On))
Yo(s) = (= Ausin(pis — 61), ..., =Amsin(ms — 0p)).
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Thus, if the system of m equations, consisting of the pairs of equations
-ANTA?&? cosf; £ pj1 =0, —4NT/\§1§§ sing; £pjo =0

with one fixed choice of sign for j = 1,... ,m, has a simple zero (Qg, ko) € Z x R™,
then the corresponding unperturbed periodic orbit through ©¢ persists.

At a continuation point there can be as many as 2™ corresponding continuation
curves. For example, if we set m =2 and p; = A\; =1 for j = 1,2, and if we let

g1,1(t, 21,91, %2, ¥2,€) =0, 91,2(t, 1,1, %2, Y2, €) = Ta,

921 (ta Z1,Y1,T2,Y2, 6) = 0) g2,2(t7 T1,Y1,T2,Y2, 6) =T + acos ta
then the generalized Melnikov function for € > 0 is given by

—8mk?2 cosfy — msin by

—8mk?2sin 6y + mcosf

—87k3 cos by + msin by
—8mk2sinfy — mcosby + wa

(7.4) M(0,k) =

When 0 < |a| < 1, the function M (0, ) does in fact have eight simple zeros corre-
sponding to two continuation points on the original unperturbed torus, namely,

(©,x) = (0, —g—, :I:%\/i, :!:%\/1 -a)
and
(©,k) = (m, g—, :l:%\/_é, :I:%\/1+a).

Also, when 0 < [a| < 1, the function M_(0, k) for € < 0 has eight different simple
zeros, namely,

(©,x) = (0, 325 :l:i—\/ﬁ, :l:%\/l —a)
and
((-)7'{’) = (7[', —ga ii'\/ia :':%V 1+a)

Notice that at each continuation point Gg on the unperturbed torus, there are 2™ = 4
possible directions ¢ € R* along which a continuation curve exists. For instance, at
the point (61,65) = (0,—7/2) continuation curves exist along the directions

(£1v2,0,0,£3vVT=a).
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