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INTEGRABLE COUPLINGS OF SOLITON EQUATIONS BY
PERTURBATIONS I. A GENERAL THEORY AND APPLICATION
TO THE KDV HIERARCHY"

WEN-XIU MAT

Abstract. A theory for constructing integrable couplings of soliton equations is developed by
using various perturbations around solutions of perturbed soliton equations being analytic with re-
spect to a small perturbation parameter. Multi-scale perturbations can be taken and thus higher
dimensional integrable couplings can be presented. The theory is applied to the KdV soliton hi-
erarchy. Infinitely many integrable couplings are constructed for each soliton equation in the KdV
hierarchy, which contain integrable couplings possessing quadruple Hamiltonian formulations and two
classes of hereditary recursion operators, and integrable couplings possessing local 2 + 1 dimensional
bi-Hamiltonian formulations and consequent 2 + 1 dimensional hereditary recursion operators.

1. Introduction. Integrable couplings are a quite new interesting aspect in the
field of soliton theory [1]. It originates from an investigation on centerless Virasoro
symmetry algebras of integrable systems or soliton equations. The Abelian parts of
those Virasoro symmetry algebras correspond to isospectral flows from isospectral
Lax pairs and the non-Abelian parts, to non-isospectral flows from non-isospectral
Lax pairs [2, 3]. If we make a given system of soliton equations and each time part
of Lax pairs of its hierarchy to be the first component and the second component of
a new system respectively, then such a new system will keep the same structure of
Virasoro symmetry algebras as the old one. Therefore this can lead to a hierarchy of
integrable couplings for the original system.

Mathematically, the problem of integrable couplings can be expressed as: for a
given integrable system of evolution equations uy = K (u), how can we construct a non-
trivial system of evolution equations which is still integrable and includes u; = K(u)
as a sub-system?

Therefore, up to a permutation (note that we can put some components of u; =
K (u) seperately), we actually want to construct a new bigger integrable system as
follows

(1.1) { up = K(u),

Vg = S(’U‘)/U)v

which should satisfy the non-triviality condition 85/9[u] # 0. Here [u] denotes a vector
consisting of all derivatives of u with respect to a space variable. For example, we have
[u] = (4, Uz, Ugg,--+) in the case of 1 + 1 dimensions. The non-triviality condition
guarantees that trivial diagonal systems with S(u,v) = cK (v) are excluded, where ¢
is an arbitrary constant.

There are two facts which have a direct relation to the study of integrable cou-
plings. First, all possible methods for constructing integrable couplings will tell us
how to extend integrable systems, from small to large and from simple to compli-
cated, and/or how to hunt for new integrable systems, which are probably difficult to
find in other ways. The corresponding theories may also provide useful information
for completely classifying integrable systems in whatever dimensions. Secondly, the
symmetry problem of integrable systems can be viewed as a special case of integrable
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couplings. Strictly speaking, if a system of evolution equations u; = K (u) is inte-
grable, then a new system (called a perturbation system) consisting of the original
system and its linearized system

)

must be still integrable [1]. The second part of the above new system is exactly
the system that all symmetries need to satisfy, but new system itself is a special
integrable coupling of the original system u; = K (u). Generally, the search for the
approximate solutions iy = Zf;o e*n;, N > 1, of physical interest to a given system
ut = K(u) can be cast into a study of the general standard perturbation systems
Nit = %a'lggm ), 0 < i < N. These perturbation systems were proved to form
integrable couplings of the original system u; = K(u) [4, 5], the simplest case of
which is the above system associated with the symmetry problem. This fact is also a
main motivation for us to consider the problem of integrable couplings.

However the standard perturbation systems above are just special examples of
integrable couplings. They keep the spatial dimensions of given integrable systems
invariant and only the perturbations around solutions of unperturbed integrable sys-
tems have been considered. We already know [6] that it is possible to extend the
standard perturbation systems and to change the spatial dimensions, in order to make
more examples of integrable couplings. The question we want to ask here is how to
do generally, or what related theory we can develop. In this paper, we would like to
provide our partial answer to this extensive question, by establishing a theory on the
multi-scale perturbation systems of perturbed integrable systems. An approach for
extending the standard perturbation systems and for enlarging the spatial dimensions
by perturbations will be proposed.

Let us now introduce our basic notation and conception, some notation of which
comes from Refs. [7, 8, 1, 5]. Let M = M(u) be a suitable manifold possessing
a manifold variable w, which is assumed to be a column vector of g functions of
t € R and z € R? with ¢ playing the role of time and z representing position in
space. We are concerned with coupling systems by perturbations and thus need to
introduce another bigger suitable manifold My = My(fin) possessing a manifold
variable iy = (nd,n¥, - ,nN) N > 0, where ;, 0 < ¢ < N, are also assumed to
be column function vectors of the same dimension as u and T' means the transpose
of matrices. Assume that T'(M),T(My) denote the tangent bundles on M and My,
T*(M), T*(My) denote the cotangent bundles on M and My, and C® (M), C®(My)
denote the spaces of smooth functionals on M and My, respectively. Moreover let
TT(M) be the s-times co- and r-times contravariant tensor bundle and 77|, (M), the
space of s-times co- and r-times contravariant tensors at u € M. We use X (u) (not
X|.) to denote a tensor of X € T7 (M) at u € M but sometimes we omit the point u
for brevity if there is no confusion. Note that four linear operators ® : T'(M) — T'(M),
U :T*(M) - T*(M), J:T*(M) - T(M), O : T(M) - T*(M) can be identified
with the second-degree tensor fields T € T3 (M), Ty € TH(M), Ty € T¢(M), Te €
T9(M) by the following relations

To(u)(a(u), K (uv)) =< a(u), 2(w)K(uv) >, a € T*(M), K € T(M)

Ty(u)(a(u), K (u)) =< lIl(u)a(u),K(u) > a€eT*(M), KeT(M),
Ty(u)(a(u), B(w) =< a(u), J(u)B(vw) >, o, B € T*(M),
To(u)(K(u),S(u)) =< OW)K (u), S(v) >, K,S € T(M),
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where < -,- > denotes the duality between cotangent vectors and tangent vectors.

Of fundamental importance is the conception of the Gateaux derivative, which
provides a tool to handle various tensor fields. For a tensor field X € TT(M), its
Gateaux derivative at a direction Y € T'(M) is defined by

_ 0X (u+ €Y (u))

(12) X Wy (w) i

e=0

For those operators between the tangent bundle and the cotangent bundle, their
Gateaux derivatives can be given similarly or by means of their tensor fields. The
commutator of two vector fields K, S € T'(M) and the adjoint map adg : T(M) —
T(M) are commonly defined by

(1.3) (K, S](u) = K'(w)[S(u)] - S'(w)[K (u)], adkS = [K, S].
Note that there are some authors who use the other commutator
(K, S)(u) = S'(W)[K (u)] = K'(u)[S(w)].

It doesn’t matter of course but each type has many proponents and hence one must
be careful of plus and minus signs in reading various sources.

The conjugate operators of operators between the tangent bundle and the cotan-
gent bundle are determined in terms of the duality between cotangent vectors and
tangent vectors. For instance, the conjugate operator & : T*(M) = T*(M) of an
operator ® : T(M) — T(M) is established by

< ®f(w)a(u), K (u) >=< a(u), ®(w)K (u) >, a € T*(M), K € T(M).

If an operator J : T*(M) — T(M) (or © : T(M) — T*(M)) plus its conjugate
operator is equal to zero, then it is called to be skew-symmetric.

DEFINITION 1.1. For a functional H € C®(M), its variational derivative S&

ou
T*(M) is defined by

<0 u), Kw) >= 7 )[K (@)}, K € T(M)

If for v € T*(M) there ezists a functional H € C®(M) so that

%—IZ =7, i.e., I:I'(U)[K(u)] =< v(u),K(u) >, K € T(M),

then v € T*(M) is called a gradient field with a potential H.
A cotangent vector field v € T*(M) is a gradient field if and only if

(1.4) (dy)(w) (K (u), S(w))
= <y (W)[KW)],Su) > - <v'(@)[S),K(u) >=0, K,S € T(M).

If v € T*(M) is gradient, then its potential H is given by

H(u) = /01 < y(Au),u > dA.
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DEFINITION 1.2. For a linear operator ® : T(M) — T(M) and a vector field
K € T(M), the Lie derivative Lg® : T(M) — T(M) of ® with respect to K is
defined by

(Lx®)(u)S(u)

15 @K WS - K'()[@wSwW) + 8wK @S], S €T(M).

An equivalent form of the Lie derivative is
(1.6) (Lx®)(u)S(u) = 2(u)[K (u), S(w)] — [K(u), 2(u)S(u)],

where ® : T (M) — T(M), K,S € T(M), and the commutator [, -] is defined by (1.3).

DEFINITION 1.3. A linear operator ® : T(M) — T(M) is called a recursion
operator of uy = K(u), K € T(M), if for all S € T(M) and u € M, we have

0% (u)

7 =

S(u) + @' (u)[K W)]S(w) - K'(u)[2(uw)S(w)] + (uw)K'()[S(u)] = 0.

Obviously a recursion operator ® : T(M) — T(M) of a system u; = K(u), K €
T(M), transforms a symmetry into another symmetry of the same system u; = K (u).
Therefore it is very useful in constructing the corresponding symmetry algebra of a
given system and its existence is regarded as an important characterizing property
for integrability of the system under study.

DEFINITION 1.4. A linear operator ® : T(M) — T(M) is called a hereditary -
operator or to be hereditary [9], if the following equality holds

@' (w)[@(w) K (w))S (u) — D(w) @' (u)[K (w)]S(u)

(1.8) — &' (u)[® () S ()] K (u) + ®(w)®' (u)[S(u)] K (u) = 0

for all vector fields K, S € T(M).

For a linear operator @ : T(M) — T(M), the above equality (1.8) can be replaced
with either of the following equalities:

(Lox)(w)®(u) = @(u)(Lx®)(v), K € T(M),
@ (w)[K (u), S(w)] + [2(u) K (u), 2(u)S (u)]
—®W){[K (u), ®(u)S(w)] + [(u)K (u), S()]} =0, K, S € T(M).

It follows directly from (1.6) that these two equalities are equivalent to each other.
We point out that hereditary operators have two remarkable properties. First, if @ :
T(M) — T(M) is hereditary and Lx® = 0, K € T(M), then we have [™K, " K| =
0, m,n > 0 (see, for example, [9, 10, 11]). Therefore, when a system u; = K(u), K €
T(M), possesses a time-independent hereditary recursion operator & : T(M) —
T(M), a hierarchy of vector fields ®"”K, n > 0, are all symmetries and commute
with each other. Secondly, if the conjugate operator ¥ = &' of a hereditary operator
® : T(M) — T(M) maps a gradient field y € T*(M) into another gradient field, then
U7y, n >0, are all gradient fields (see, for example, [12]).
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DEFINITION 1.5. A linear skew-symmetric operator J : T*(M) — T (M) is called
a Hamiltonian operator or to be Hamiltonian, if for all o, 8, € T*(M), we have

(1.9) <, J' WI(WBly > +eyele(a, B,7) = 0.
Its Poisson bracket is defined by

D2

(1.10) {H, Fa}s(w) =< S5t (), T 252 () >,

where Hy, Hy € C®°(M). A pair of operators J,M : T*(M) — T(M) is called a
Hamiltonian pair, if c¢J + dM is always Hamiltonian for any constants c,d.

When J : T*(M) — T'(M) is Hamiltonian, we have [13]

6{H,, Hy},
ou

3 §H, §H,

Tw) () = ) 5 @), Jw) 52 W),

where Hy, H, € C*(M). This implies that the operator J 3‘% is a Lie homomorphism
from the Poisson algebra to the vector field algebra. Moreover if J, M : T*(M) —
T (M) is a Hamiltonian pair and J is invertible, then ® = MJ~! : T(M) — T(M)

defines a hereditary operator [13, 7].

DEFINITION 1.6. A linear skew-symmetric operator © : T (M) — T*(M) is called
a symplectic operator or to be symplectic, if for oll K,S,T € T(M), we have

(1.11) < K(u), 0" (u)[S(w)]T (u) > +cycle(K,S,T) = 0.

If©:T(M) — T*(M) is a symplectic operator, then its second-degree tensor
field To € T9(M) can be expressed as

1
To = dy with < y(u), K(u) >=/ < O(Au)Au, K(u) > d\, K € T(M),
0

where dvy is determined by (1.4). It is not difficult to verify that the inverse of
a symplectic operator is Hamiltonian if it exists and vice versa. We also mention
that Hamiltonian and symplectic operators can be defined only in terms of the Dirac
structures [14].

DEFINITION 1.7. A system of evolution equations uy = K(u), K € T(M), is
called a Hamiltonian system or to be Hamiltonian, if there exists a functional H €
C>®(M) so that

S5H

(1.12) ur = K (u) = J(u) 5~

It is called a bi-Hamiltonian system, if there exist two functionals Hy, Hy € C® (M)
and a Hamiltonian pair J, M : T*(M) — T (M) so that

s, sH,
(1.13) us = K(u) = J(u E(u) = M(u) 5u (u).
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There is the other kind of Hamiltonian systems, which can be defined by symplec-
tic operators. However, the above definition has more advantages in handling symme-
tries and conserved functionals. For a Hamiltonian system u; == J(u) %(u), the linear
operator J % maps a conserved functional into a symmetry. For a bi-Hamiltonian sys-
tem, we will be able to recursively construct infinitely many commuting symmetries
and conserved functionals for the system, if either of two Hamiltonian operators is
invertible [15].

In what follows, we would like to develop a theory for constructing integrable
couplings of soliton equations, by analyzing integrable properties of the perturbation
systems resulted from perturbed soliton equations by multi-scale perturbations. The
paper is organized as follows. In Section 2, we first establish general explicit struc-
tures of hereditary operators, Hamiltonian operators and symplectic operators under
the multi-scale perturbations. We will go on to show that the perturbations preserves
complete integrability, by establishing various integrable properties of the resulting
perturbation systems, such as hereditary recursion operator structures, Virasoro sym-
metry algebras, Lax representations, zero curvature representations, Hamiltonian for-
mulations and so on. In Section 3, the whole theory will be applied to the KdV
equations as illustrative examples. This leads to infinitely many integrable couplings
of the KdV equations, which include Hamiltonian integrable couplings possessing two
different hereditary recursion operators and local bi-Hamiltonian integrable couplings
in 2 + 1 dimensions. Finally, some concluding remarks are given in Section 5.

2. Integrable couplings by perturbations.

2.1. Triangular systems by perturbations. Let us take a perturbation series
for any N >0 and r > 0:

2.1)
N .
ﬂN = Zslnh i = ni(y07y17y2a"' aymt)) Yi = elxa te R) TE Bpa 0 S i S N7
=0

where ¢ is a perturbation parameter and 7;, 0 < 7 < N, are assumed to be column
vectors of ¢ dimensions as before. When r > 1, (2.1) is really a multi-scale perturba-
tion series. We fix a perturbed vector field K = K(g) € T(M) which is required to
be analytic with respect to €. Let us introduce

. . i) 1 O*K (1 R .
(22) KO = KO (i) =(K(w,e) Vn) = = T g <ign,
1! Oet £=0
where iy = (nd',nf,- -+ ,n%)T as before, and then define the N-th order perturbation

wector field on M N
23)  (pernK)(in) = Kn(iin) = (KO (in), KO (i), -+, KT (5in))7.

Here the vector fields on M are viewed as column vectors of ¢ dimensions, and the
vector fields on My, column vectors of ¢(N + 1) dimensions, as they are normally
handled. Since we have

aiK(ﬁi,E) _ 6iK(’llj,€)

k . .
- - g, 0<i<j<N,
Oet =0 Oet Ell DSEST S

J
=0

[
L k L
y Usg _Z‘s Nk, Uj =
e=0 k=0 k
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it is easy to find that

IA{N(ﬁN) ( O)T(ﬁo) K(I)T(ﬁl)"" 7K(N)T(ﬁN))T7

(2.4) i .
772=(773—'777]T' )772)7 OSlSN.

Thus the perturbation vector field peryK = Ky € T(M ~) has a specific property
that the ¢-th component depends only on 7,71, - - ,7n;, but not on any n;, j > .
Let us now consider a system of perturbed evolution equations

(2.5) us = K(u,e), K = K() € T(M),

where K (g) is assumed to be analytic with respect to ¢, as an initial system that we
start from. It is obvious that the following perturbed system

(2.6) ine = K(in,e) +o(e) or dne = K(in,e) (mod V),
leads equivalently to a bigger system of evolution equations

laiK('&N,s)

- : 0<i<N
it oet |, ’

(2.7) ine = Kn(in), ie, M=
where Gy is defined by (2.1). Conversely, a solution 7y of the bigger system (2.7)
gives rise to an approximate solution @y of the initial system (2.5) to a precision
o(e™). The resulting bigger system (2.7) is called an N-th order perturbation system
of the initial perturbed system (2.5), and it is a triangular system, owing to (2.4).
We will analyze its integrable properties by exposing structures of other perturbatlon
objects.

2.2. Symmetry problem. Let us shed more right on an remarkable relation
between the symmetry problem and integrable couplings. Assume that a system
= K(u), K € T(M), is given. Then its linearized system reads as v; = K'(u)[v].
What the symmetry problem requires to do is to find vector fields S € T (M) which
satisfy this linearized system, i.e., (S(u)); = K'(u)[S(u)] when u; = K (u). Therefore
(T, (S(u))T) solves the following coupling system

{ uy = K(u),
(2.8)
vy = K'(u)[v],

if S € T(M) is found to be a symmetry of u; = K(u). This system (2.8) has been
carefully considered upon introducing the perturbation bundle [1]. It is the first-
order standard perturbation system of u; = K(u), introduced in Ref. [5]. Since it
keeps complete integrability, it provides us with an integrable coupling of the original
system u; = K (u). Therefore the symmetry problem is viewed as a sub-case of general
integrable couplings.

The commutator of the vector fields of the form (K (u), A(u)v)T with A(u) being
linear has a nice structure:

K(u) S(u) (K (u), S (u)]
[( A(u)v )’( B(u)v )] - ( [A(u), B(u)]v )’
where the commutator [K (u), S(u)] is given by (1.3) and the commutator [A(u), B(u)]
of two linear operators A(u), B(u) is defined by

[A(w), B(u)] = A'(W)[S(w)] - B'(u)[K (w)] + A(u)B(u) — B(u)A(u),
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which was used to analyze algebraic structures of Lax operators in [16]. Moreover for
linearized operators, we can have

(2'9) IIK'(u),S'(u)]I = Tl(u), T= [K’ S]) K,S e T(M)’
which will be shown later on.

2.3. Candidates for integrable couplings. Let us illustrate the idea of how
to construct candidates for integrable couplings by perturbations. Assume that an
unperturbed system is given by

(2.10) us = K(u), K € T(M),

and we want to construct its integrable couplings. To this end, let us choose a simple
perturbed system

(2.11) u = K(u) + eK(u),

which is analytic with respect to € of course, as an initial system. Obviously this
system doesn’t change integrable properties of the original system (2.10). In practice,
we can have lots of choices of such perturbed systems. For example, if the system
(2.10) has a symmetry S € T'(M), then we can choose either u; = K(u) +€S(u) or
us = K (u) + €2S(u) as another initial perturbed system. According to the definition
of the perturbation systems in (2.7), the first-order perturbation system of the above
perturbed system (2.11) reads as

{ Tlot = K(T/O))
me = K'(n0)[m] + K (no)-

This coupling system is a candidate that we want to construct for getting integrable
couplings of the original system u; = K (u). In fact, we will verify that the perturba-
tion defined by (2.1) preserves complete integrability. Therefore the above coupling
system (2.12) is an integrable coupling of the original system u; = K (u), provided
that u; = K (u) itself is integrable. The realization of more integrable couplings, such
as local 2 + 1 dimensional bi-Hamiltonian systems, can be found from an application
to the KdV hierarchy in the next section.

(2.12)

2.4. Structures of perturbation operators. Rather than working with con-
crete examples, we would like to establish general structures for three kinds of pertur-
bation operators. The following three theorems will show us how to construct them
explicitly. For the proof of the theorems, we first need to prove a basic result about
the Gateaux derivative of the perturbation tensor fields.

LEMMA 2.1. Let X = X(¢) € T; (M) be analytic with respect to € and assume
that the vector field Sy = (ST, ST, ,S%)T € T(My), where all sub-vectors S;, 0 <
i < N, are of the same dimension. Then the following equalities hold:

(2.13) (——aiX(ggf.V’E)

) )11 =

N
X'(an,e)[>_€7S;], 0<i < N.
-0 prd

e=0 e=

REMARK. Note that in (2.13), we have adopted the notation

(2.14)
X'(an,e)[K (w)] = (X (in,€)) (@)K ()], X = X(e) € T{(M), K € T(M),
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in order to save space. The same notation will be used in the remainder of the paper.

Proof. Let us first observe the Taylor series

N . .
- e 0'X(un,e
X(UN,6)=Zi—!‘—égN—)‘

i=0

+o(eM).
e=0

It follows that

. Ve 0 X(an,e)| V. wia
(X(an, ) @8N = 3 5 (=522 ) Gm)[Sw] +o(e™).
i=0 e=0
Secondly, we can compute that
_ o N
(X(an,e)) (in)[Sn] = 55 X+ § 2_:0 €1S;,€) = X'(iin, ) [J_ZO erj] .

A combination of the above two equalities leads to the required equalities in (2.13),
again according to the Taylor series. The proof is completed. O

THEOREM 2.2. If the operator ® = ®(¢) : T(M) — T(M) being analytic with
respect to € is hereditary, then the following operator ®y : :T(My) = T(My) defined

by

(2.15)  (pern®)(in) = &n(iw)

A 1 f—id UN,E
= [(QN(UN))i]’]. . = [ ;3\ F) E——j ) ]
'L,]—O,l,"',N (1’ ])‘ € =0 q(N+1)><q(N+1)
@(ﬁN,€)|5=0 O 1
5 Gaa|  B(in,e)le=o

1 0%(iun,e)
1! Oe

1 0V P(an.e)
NT de

is also hereditary, where @y is a perturbation series defined by (2.1).

(4 _
L e=0 €=0 (@, €)le=o .

Proof. Let Ky = (KT, KT,--- ,K})T, Sy = (ST,ST,--,ST)T € T(Mn),
where the sub-vectors K;,5;, 0 < i < N, are of the same dimension. Since @y (7n)
is obviously linear, we only need to prove that

(2.16) By (1) [@x (I ENISN = En(in) By (i) [EN1Sw
— & (AN) [N (in) SN B N + &N (i) B (i) [SN] KN = 0,

according to Definition 1.4. In what follows, we are going to prove this equality.
First, we immediately obtain the i-th element of the vector field ®n(Hn)K N and
the element in the (7, j) position of the matrix & (in) [KN):

i

@nlimiw = 3 o T
j=0 :

KjaOSiSN:

e=0
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(‘iﬁv(ﬁN)[I_{N])“ = (i _1])| (82_]3(125?;’\“6)

1 o7
IR

)' ()R]

e=0

(2'(@w,e) [i e*K)), 0<ij <N,
€=0 k=0

the last equality of which follows from Lemma 2.1. o
Now we can compute the i-th element of @\ (7n5)[® N (7n)Kn]Sn as follows:

(‘I" () [@ v (iv) K N)SN)i

i~ Yoo 1 0 ld(iy,e)
= Amid o’ (’U,N,é‘) é‘k € K S
Z(z-] Foe=i|__, kZ_O ;(k Oek—t e=0 ] J
] N N k-l gk (i, )
— il (UN,E) El A Kl S
p P 0et=7 | ., ; kZ:l (k=) Hek—1 o ] J
_ i 1 ﬁi <I’ (in, €) isl <I>(u +ole _l))K]S"
2 e, (27 (e 1%
o1 i N
= UN, Z uNy j
o — (i —J)! Bei—i =0 [=0 ]
1 oi—i-t o . .
= Z (i'—j—l)! Hei—i—! €=0(I) (UN>5)[‘I’(UN;€)K1]Sja 0<i<N.

0<j+I<i

On the other hand, we can compute the i-th element of &y (in)®'y (1n)[Kn]Sn as
follows:

(& ()& ()R NI,

B Z 1 9-1%(ay,e)
B — (i — j)! Oei=i

l(’[l,N,E) [i ElKl] Sk
=0

I R
Z(g—kw FER

e=l Ok =0

: 1 0" I®(an,e) 7 ik 3j—k—ll

= — — ' (uy,e)[Ki)S
jzo(i—J)! Oei=i 5=01§)[:0 )l dei—k-1 (in,€)[Ki)Sk
1 i j—k - R o

_ 9" I%(in, €) Ikl ‘e
,;)]Zkg GG k=0 Ged |, s _, T (@ e)EilSk
i i—k i . N .

0" I® (N, €) oIkt yon

= — - @' (uy,e)[K)S
Igg‘?%l (Z—] '(J - _l) agz_] e=0 aaj_k_l e=0 ( ol )[ l] k
i i—k i—k—1

=>Y mich (90, 9", 1015
k=0 I= 0 b getmht e=0

1 8z—k—l ‘

= > = p— ®(an,e)® (un,e)[Ki]Sk ), 0<i < N.

OSng(z—k—l)! Oe kle:O( )

Therefore, it follows from the hereditary property of ®(u,¢) that each element in the
left-hand side of (2.16) is equal to zero, which means that (2.16) is true. The proof is

completed. O
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THEOREM 2.3. If the operator J = J(g) : T*(M) — T(M) being analytic with
respect to € is Hamiltonian, then the following operator Jy : T*(My) — T(My)
defined by

(2.17) (pernJ)(fin) = jN(f]N) = [(jN(ﬁN))”} 4,j=0,1,-- ,N

_ 1 OI=N J (i, €) ]
L(i+7 - N)! Oeti=N | ol yNs1yxa(N+1)
[ O J(ﬁ’N’ E)|5=O
J(Un,€)|e=o % aJ(g:’E) c=0
'..' N (— )
L J(ﬁNaE)tE=0 % Q‘“]%Ew e=0 % 2 é;’LVN‘E =0

is also Hamiltonian, where Gy is a perturbation series defined by (2.1).

PTOOf. Let ay = A(agaaclra T aaﬁ)Ta BN = (ﬂgaﬂ?a T aﬂ]q\;)Ta AN =
&AL, - 4E)T € T*(My), where the sub-vectors a;, Bi,7i, 0 <4 < N, are of the
same dimension. It suffices to prove that

(2.18) <apn, j}v(ﬁN)[jN,BN]’_yN > +CyCle(0_lN,BNa;YN) =0,

since there is no problem on the linearity and the skew-symmetric property for the
perturbation operator Jy (7in)-
First, based on Lemma 2.1, we can calculate the element in the (¢, 5) position of

the matrix Jiy (An)[Jn () Bn] as follows:
(Jn(An)[In () BN])

1 ai+j—N N o
= — — J'(un, e E e'(J
(i+j— N)! Get+i-N =0 (dn )[l=0 ( N,BN)l]
1 ai+j—N

= —— X
(i+7— N)! getti N‘_o

1 SN J(ay, €)
J'(an,e)| ) € — Br
[lz(; k;l Gkri-N) @V | _, ]
1 a’t-l-] —N
T+ -N) deiN| x

k+l—N 8k+l_NJ(ﬁN,€)

N
(ans e [Z&.N k Z TN Hek+1-N

I=N—-k

)]

e=0

1 81-!—] -N

Tl+i-N) et N |

J (@) [EeN “(I(@,e) +o(h)) B

1 ai—l—j—N ‘ Nek
= — - - UN, 13 J(UN,ﬁ)ﬂk
G+ -N) detti N | _, [kzo )
N §iti—N ( N kJ/( )[ ( ),B ])
UN,E UN,E)Pk
z+g — N)! 9etti-N|__,

k=0
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N 1 9i+j+k—2N ,( )[ ( ) ]
= E — — J (G, € in,€)Be], 0<4,5 < N.
— | §eiti+k—2N
k=2 N— (i) (f+j+k—2N)! Oetti =0

In what follows, let us give the remaining proof for the case of
(2.19) i = 1i(Yo, Y1,t) = mi(z,e2,t), 0 < < N.
Suppose that the duality between cotangent vectors and tangent vectors is given by
(2.20) <a,K >= /]RP oTKdz, z € R?, a € T*(M), K € T(M).
Let us consider the case of x € R without loss of generality. For brevity, we set

Fijk(@n, BN, N, 0z)

N . 0<1,5,k<N,
= (a;’rJ'(UN,é?) [J(an,€)Bk]v; + C}’Cle(ai,ﬂk,’)’j))a SHHES

(2.21)
where 8, = Oy, + €0y, , owing to (2.19), and we assume that the original Hamiltonian
operator J(u,¢) involves the differential operator 8. Then we can have

< an, jz’v(ﬁN)[jNBN]’_YN > +cycle(ay, Bn, )

/ / 1 §iti+k—2N
i+k—2N)! dgititk—2N
002N<l+]+k<3N (Z+.7+k 2N) Oeiti o

OFz‘jk (@n, B, N, Bz) dyodys .
In order to apply the Jacobi identity of J(u,¢€), we make a dependent variable trans-
formation
(2.22) Yo =D, y1 = q+ep,
frc m which it follows that
(2.23) Op = Oy, + €0y, Oq = 0y,
Now we can continue to compute that
< ay, Jy(hn) [jNBN]’YN > +cycle(an, Bn, In)

/ / 1 Hititk—2N
i + j + k — 2N)! feitithk—2N
o0 2N<l+1+k<3N (i+j+k—2N)! Oeits

S S0
— = — /4 q

Fijx(an,Bn,7N,0p) |det N dpdq
op dq

/00 : 1 gitith—2N ‘

= X
1 k _ 9Nl Oeitith—3N
—00 M N it Tk<EN (i+j+k—2N)! Oe =0

[ s, b, 3w, ) dp) do
—00

=/ 0dg=0
—00

In the last but one step, we have utilized the Jacobi identity of J(u,¢).
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The method used here for showing the Jacobi identity can be extended to the
other cases of the perturbations. Therefore the required result is proved. O

Similarly, we can show the following structure for the perturbation symplectic
operators.

THEOREM 2.4. If the operator © = O(e) : T(M) — T*(M) being analytic with
respect to € is symplectic, then the following operator Oy : (M N) = T*(M ~N) defined
by
(2:24)  (pern®)(iin) = On(iv) = [(On (i), ]

J 1,j=0,1,---,N

) 1 AN=i=iQ(iy, ) }
(N —i=j)t 0eN= | o] yvanyxa(nan)
~ N . u 7 ]
= o
1 u%ew) . O(tn,€)|e=0
L O(idn,€)le=0 ’ )

is also symplectic, where Gx is a perturbation series defined by (2.1).

2.5. Integrable Properties. In this sub-section, we study integrable properties
of the perturbation systems defined by (2.7), which include recursion hereditary op-
erators, K-symmetries (i.e., time independent symmetries), master-symmetries, Lax
representations and zero curvature representations, Hamiltonian formulations and etc.
Simultaneously we establish explicit structures for constructing other perturbation ob-
jects such as spectral problems, Hamiltonian functionals, and cotangent vector fields.

THEOREM 2.5. Let K = K(¢) € T(M) be analytic with respect to € and assume
that ® = ®(¢) : T(M) — T(M) is a recursion operator of uy = K(u,e). Then the
operator &y : T(My) — T(MN) determined by (2.15) is a recursion operator of the
perturbation system finy = Kn(iin) defined by (2.7). Therefore if uy = K(u,€) has
a hereditary recursion operator ®(u,€), then the perturbation system fin: = K ~(N)
has a hereditary recursion operator ®n(fin).

Proof. Let Sy = (S3,S7,---,8%)T € T(My), where the sub-vectors S;, 0 <
1 < N, are of the same dimension. By Lemma 2.1, we can compute that

O*® (i, e in )[R il (@ o
(——éé.év—) 0) (BN = 5| @ (an,e) [ YKV
e= = J_O
k kq, K
= gas_k él(ﬁN,S)[K('&N,E:)-l-O(SN)] — a UN,asl[c ('U/N, )] 3 OSkSN7
e=0 -
and
10 3
(l) et (@ k
(K )[SN] ’l,' dei 5=0K (UNM?) [IZ;S Sk]
) Z L OVE'@neS]| oo
(e =) Ogi—d e=0’ T




34 W. X. MA

Therefore, immediately from the first equality above, we obtain the i-th element of
O\ (Mv)[KN]Sn as follows:

(2.25)
(@) RnISw), =3 - _1j)' O (@ (i K@ IS)| o iy

o
= ! Oet=J =0

Based on the second equality above, we can make the following computation:

(2.26)  (Kn(n)[@n@n)Sn]),

% i—k " —
=2 ﬁ ggz——k (K" (@, €)[(@n () Sn)k])
k=0 e=0

L1 g PN RN ik SO
- ,; G=m g k| _ 1 (ame) [;0 k-3~ ek | 5]
L 1 ok (i, e)
= Z Z - K ( NaE) '_'_—" SJ
ey (i = k)l(k—j)! Oet* [ oek=i | __, ]
i 1 az—] ek—i ak—j@(ﬁN E)
= - —K'(in,€) | ——=—F——= S
: | I Loekmi o 9E-id(ty,e)
= - - — K’ U ,E A — Sj
= (i—=g)! 07|, (v )[; (k—=g)! ek~ e=0 ]]
_y L BT O (@m)S; + o]
Tl e |
i i—j e 0 .
_ ' 1 - 0 (K (UNa’ei)_[;{»)(uN,E)S]]) , 0<i<N;
= (i—3)! 5 o
(2.27) (ti> (i) K (4)[Sn])
~ Z 1 8 *d(iy,e) i 1 89K (an,e)[S)]
2 (i —k)! ei—k =0 55 (k—j)! Hek—i eeo
~ i i O *o(an,e)| O IK'(iw,€)[S)]
i G )'(k b LI A P Oek=d =0

i 1 82 J((I)(uN, )K'(’llN,E)[Sj])
2 (=) Oei—k

,0<i<N.
e=0

It follows directly from the above three equalities above (2.25), (2.26) and (2.27) that

8%(%)51\/ + &N (AN [R v ()1 — Ky () [ 8~ () Sn] + @ (iin) K iy (i) [Sw]
=0.
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According to Definition 1.3, this implies that the perturbation operator &y (i) de-
fined by (2.15) is a recursion operator of iy = Kn (7). A combination with Theorem
2.2 gives rise to the proof of the second required conclusion. The proof is finished. O

THEOREM 2.6. Let K = K(e),S = S(e) € T(M) be analytic with respect to €.
For two perturbation vector fields Ky, Sy € T(My) defined by (2.8), there exists the
following relation:

(2.28) [En(in), Sn(@n)] = (Bn) @) Sn(n)] = (Sn)' (3n)[En ()] = Tn (i),

where Tn € T(My) is the perturbation vector field of the wvector field
T(e) = [K(e),S(e)], defined by (2.3). Furthermore we can have the following:

(1) if o = o(e) € T(M) is an n-th order master-symmetry of the perturbed system
us = K(u,¢), then 6n € T(My) defined by (2.3) is an n-th order master-symmetry
of the perturbation system fine = Kn(fn) defined by (2.7);

(2) the perturbation system finy = Kn(7in) defined by (2.7) possesses the same struc-
ture of symmetry algebras as the original perturbed system u; = K (u,¢€).

Proof. As usual, assume that

Si = (S(O)Tas(l)Ta o aS(i)T)Ta ﬁi = (7731,77?; T )T i Z&kﬂk, 0 S i S N.
k=0

By the definition of the Gateaux derivative, we first have

K(d; + 5Z€ks(k),€)

"5:0 k=0

(K (0, ) (8] = o

= 9 K (@ + 65 (1i5,€) + do(e'), €)
96 6=0

= K'(1;,€)[S(1;,€)] + o(e?), 0 <i < N.

Let us apply the equality above to the following Taylor series

ek ORK (1, €)

T k
= k! Oe

K(ﬁ'iae): +0(€i)$ OSZSNa

and then we arrive at

k
K'(4;,2)[S (1, e ]_Z (%ﬁ

Taking the i-th derivative with respect to € leads to

P D\ . \ra .
(229  (K'(w,)18(w,e)])? (@) =((K(w,9)") @S], 0<i < N.
Now it follows from (2.29) that for the i-th element of T we have

(T(u,))) = (K'(u,€)[S (&))" (55) = (" (u, &)[K (u,€)])"? (5:)
= (K(w,)?) 53[5 - ((S@,e)?) K]
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= (Kfv(ﬁN)[SN])i - (va(ﬁN)[KN])ia 0<i<N.

This shows that (2.28) holds. All other results are a direct consequence of (2.28). The
proof is completed. O

The relation (2.28) implies that the perturbation series (2.1) keeps the Lie product
of vector fields invariant. In particular, the second component of (2.28) yields the Lie
product property (2.9) of linearized operators. In what follows, we will go on to
consider Lax representations and zero curvature representaticns for the perturbation
system defined by (2.7). In our formulation below, we will adopt the following notation
for the perturbation of a spectral parameter A:

N
(2.30) A=) e, v = (o, p1s- )T
i=0

which is quite similar to the notation for the perturbation of the potential u. Here
ui, 0 <i < N, will be taken as the spectral parameters appearing in the perturbation
spectral problems. A customary symbol 7\, z € RP, will still be used to denote
the gradient of the spectral parameter A with respect to z.

THEOREM 2.7. Let K = K(g) € T(M) be analytic with respect to €. Assume
that the system u; = K (u,€) has an isospectral Laz representation

(231) { L(u’6)¢ ) /\¢’ (v:c/\ = 0’ T € Rp)v i'e-’ (L(ua E))t = [A(’U,, 6)7L(ua E)],

bt = A(ua E)¢7

where L and A are two s X s matriz differential operators being analytic with respect
to u and €. Define the perturbation spectral operator Ly and the perturbation Laz
operator AN by

(pernB)(iin) = B (fiv)

(/5 /A 1 ai_jB(ﬂN,E)
= [(Bw (i), - [
( )”]iu:o,l,--w =9t 07 ol yvrnyxs(nan)
[ B(in,€)|e=0 0
OB(un,e N
11—!45’%"—1’;0 B(tn,€)|e=o -
o . . .’ A
i ﬁa geuN’ o %4ZB(5'4€NE =0 B(U]V)€)|E=0

where U is given by (2.1). Then under the condition for the spectral operator L that
(2.32) if L'(an)[S(an)] = o(e™), S € T(M), then S(an) = o(eV),

the N-th order perturbation system finy = Kn(fin) defined by (2.7) has the following
isospectral Laz representation

(2:33) (Ln(n))e = [An(in), In(in)],
which is the compatibility condition of the following perturbation spectral problem
{ Ln(in)dn = Adn,

(2.34) R :
ént = An(N) DN,

(Vyo’\ = UpA=-= Vy A = 0),
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or the following perturbation spectral problem
Ln@in)én = Adn,

o (i<
one = An(in)dn,

where the matriz A reads as

,U'0I3
pils  pols
(2.36) A= , Iy = diag(1,1,--- ,1),
| wnls o il pols |

with the spectral parameter p;, 0 <i < N, satisfying

(2.37) > V=0, 0<i<N.
k+l=1

Proof. We first observe that the perturbed system
(2.38) ine = K(in,e) +o(e),

which engenders precisely the perturbation system 7y = Ky (fn) defined by (2.7).
Noting that L(u,¢€), A(u,€) are analytic with respect to v and ¢, it follows from (2.31)
that (2.38) is equivalent to the following

ak

dek

by use of (2.32).
What we want to prove next is that (2.39) is equivalent to (2.33). Let us compute

the elements of the differential operator matrix [An(in), Ly (fin)]. Tt is obvious that
[AN(INn), Ln(in)] is lower triangular, that is to say,

([An(n), Ln(in)])i; =0, 0< i< j < N.

(2.39) ((an, &)~ (Al e), Liaw, o)) =0, 0 < k<N,

e=0

For the other part of [An(fin), Ly ()], we can compute that

R ) A i—k ~
(ANGIN)Ln(in))is =Y G —1k)! i 5:51_?’8)

k=j

1 &K (i—§\ 8k A(an,e)
_(i—j)!kgj(i—k) Oei=k

. 1 6i_jA(ﬁN,€)L(ﬁN,€)
BRG] e

1 8k_jL(’aN,€)
e—o (k=) Dek—i

e=0

k=1 L(’ELN s 6)
c—0 Oek—i

e=0

, 0<j<i<N,

e=0
where the (;) are the binomial coefficients. In the same way, we can obtain
s A . 1 0" L(an,e)A(dn,e)
L A i = —
( N(TIN) N(TIN))H (7, _])| 5ei—J

, 0<j<i<N.

e=0
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Therefore we arrive at

1 ai_j[A(aNa 5)’ L(’&N, 5)]
G9! R

Now it is easy to find that (2.39) is equivalent to (2.33). Therefore the perturbation
system defined by (2.7) has the Lax representation (2.33).

Let us now turn to the perturbation spectral problems (2.34) and (2.35). Ob-
viously, the compatibility condition of the perturbation spectral problem (2.34) is
the Lax equation (2.33), since the spectral parameter A doesn’t vary whatever the
spatial variables change. Therefore let us consider the compatibility condition of the
perturbation spectral problem (2.35). First, we want to prove that

(2.40) AAn(Ain) = An(n)A,

if the spectral parameters p;, 0 < 7 < N, satisfy (2.37). Notice that the condition
(2.37) on the spectral parameters y;, 0 <¢ < N, is required by

(lAn(in), Ln(@n)))ij =

, 0<j<i<N.

e=0

VaAn = o(e" Ze Vi AN = Ze i,

which is a perturbation version of 57;A = 0. Therefore we have
A('aNa g, §$)S‘N = XNA(’&N, &, @z) + O(SIV)‘
This guarantees that

1 o
G =) deii

for 0 < j <4 < N, which exactly means that the equality (2.40) holds. Now we can
compute from (2.35) that

(En(in))edn + Ln(in)An (in)dn = AAn(iin)dn
= An(in)Adn = An(in) Ly (AN) -

It follows that the compatibility condition of the perturbation spectral problem (2.35)
is also the Lax equation (2.33). The proof is completed. O

The perturbation spectral operator Lyis very similar to the perturbation recur-
sion operator ®, in spite of different orders of matrices. Actually, we may take any
recursion operator ® as a spectral operator and the system u; = K (u) can have a Lax
representation ®; = [®, K']. This Lax representation is usually non-local, because
most recursion operators are intego-differential. We also remark that two perturba-
tion spectral problems above are represented for the same perturbation system defined
by (2.7), which involve different conditions on the spectral parameters. For the case
of

1 9
(A(UN’5 v”))‘N) (z— j)! Bei—i

o » (;\NA(ﬂN,E, %))

N N
(2.41) an = Zsini(x,y,t) = Zeim(x,em,t), z € R,
=0 =0

the condition (2.37) can be reduced to

(2.42) por =0, fig + pic15y =0, 1 <4 < N.
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In the following theorem, a similar result is shown for zero curvature representations
of the perturbation systems defined by (2.7).
THEOREM 2.8. Let K = K(e) € T(M) be analytic with respect to €. Assume
that the initial system us = K (u,€) has an isospectral zero curvature representation
{ ¢ = U(u, A, €)9,

(2.43)
¢t =V(u, A €)g,

(’\93 = 0) TE R)7

(2.44) ie, (U(u,A,€))e = (V(u, A,€))z + [U(y, A, €),V(u, A €)] =0,

where U and V are two s x s matriz differential (sometimes multiplication) operators
being analytic with respect to u, A and €. Define two perturbation matriz differential

operators UN and VN by

(pernW)(fin) = Wi (in, i) = W (fin)

. 1 W (an,An)e
= [(WN(HN))iijzo LN = I:(" —) Oei—i
) gl e=0 S(N+1)X5(N+1)
[ W(ﬁN’S\N’e)L_O 0 -
[l | Wi,
T . “
.TVl_f 2 WZ;‘&‘Nj Ao e=0 o %wug’s’—wz e=0 W(ﬁN’ AN’E) =0 -

where W = Uor V, and @iy and An are given by (2.41) and (2.30). Then under the
condition for the spectral operator U that

(2.45) if U'(an)[S(an)] = o(eN), S € T(M), then S(an) = o(e™),

the N-th order perturbation system finy = Kn(fin) defined by (2.7) has the following
isospectral zero curvature representation

> Wny, = Un(in, in)dn,
(2.46) =0

éne = Vi (iiv, i) b,

(247) ie., (Un(n))e = Y T (VN (N))y: + [On(n), Vi (in)] = 0,

=0
where the matriz I1 is defined by

o
(248) I = } , Isy = diag(Ig,- -+, I) = diag(1,--- ,1),
Iinv 0 s(N+1)xs(N+1) N SN




40 W. X. MA

and the spectral parameters p;, 0 <1i < N, satisfy

(2.49) > Bym=0,0<i<N.
k+1=1i

Proof. Note that by use of (2.45), the zero curvature equation
((Uu, A €))e — (V(u, A, €)z + [U(u, Me), V(u, A\ e)] =0

for the system u; = K (u,¢) yields an equivalent representation

(250) (U(ﬁNa ;\Ny E))t - Z ‘gl(V(ﬁNa XN: 5))1}:‘ + [U(ﬁ’Na X1\7a 5)) V(ﬁNa ;\Nys)]

=0
= UI(ﬁN)[K(ﬁ’N)E)] - Z €i(V(ﬁN, :\N,f))yi + [U(ﬁ’Ni ;\N,€), V(ﬁ/Na :\Nae)]
1=0
=o(eV) (mod V)

for the perturbation system 7jn; = K ~N(fin). In order to recover iyt = K (in,e) +
o(e™) from (2.50), we need to keep the spectral property A\; = 8;A = 0 under the
perturbation up to a precision o(¢"V). This requires

r N
éa:;\N = O(EN)i 51 = Zsiayn ;\N = Zsiﬂ'i)
i=0 i=0
which generates (2.49). Similar to the proof of Theorem 2.7, differentiating the above
equation (2.50) with respect to € up to N times leads to the zero curvature equation
(2.47), and conversely, we have (2.50) if (2.47) holds. Therefore the perturbation
system fin; = Kn(fin) has an isospectral zero curvature representation (2.47).
The other thing that we need to prove is that the zero curvature equation (2.47)
is exactly the compatibility condition of the perturbation spectral problem (2.46).
From the first system of (2.46), we have

™

Z ' dnyit = Unidn + Undne.

=0
From the second system of (2.46), we obtain

éNtyi = VNyiéN + VN&N:U“ 0 S i S T.
A combination of the above equalities yields
r . A~ ~ A~ ~ A -~ A ~ -~
(2.51) Z I (Vg &N + VNONy,) = Unedn + UnVNon.
=0

On the other hand, we have

N N
(2.52) Z I'VNény: = Z VNII'¢ny, = VNUnon,
i=0 i=0
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by using IIVy = VnII and the first system of (2.46). It follows from (2.51) and
(2.52) that the zero curvature equation (2.47) is the compatibility condition of the
perturbation spectral problem (2.46). The proof is completed. 0

If we consider the specific case of the perturbation defined by (2.41), then the
perturbation spectral problem and the perturbation zero curvature equation, defined
by (2.46) and (2.47), will be simplified to

5 ) HA =0 i ’A b )
(253) { t7fN + A¢Ny UNEUN AN)ON
one = V(N iN)dN,
and
(2.54) (On(@n))e = (Vn (i) = (Vi (38))y + [On (), Vv ()] = 0,

respectively. The involved spectral parameters p;, 0 < ¢ < N, need to satisfy a
reduction (2.42) of the general condition (2.49).

THEOREM 2.9. Let K = K(¢) € T(M) be analytic with respect to €. Assume
that the initial system u; = K (u,€) possesses a Hamiltonian formulation

= K(u,e) = J(u,e)i—f(u,e),

where J : T*(M) = T(M) is a Hamiltonian operator and H € C®(M) is a Hamil-
tonian functional. Then the perturbation system fine = K ~(Nn) defined by (2.7) also
possesses a Hamiltonian formulation

S(pery H)

(2.55) fine = Kn(iin) = jN(ﬁN)—(S‘A_‘(ﬁN),
N

where the Hamiltonian operator fN(ﬁN) is determined by (2.17) and the Hamiltonian
functional peryH = Hy € C®(My) is defined by

1 8 H(uN, )

(2.56) (pern ) (fin) = Hn(iin) = N1 BN

e=0

The corresponding Poisson bracket has the property
(2.57) {pernHy, pernHa} ;= pern{Hy, Ho}s, Hy,Ho € C™(M).

Moreover the perturbation systems fjn: = Kn(fin) defined by (2.7) possesses a multi-
Hamiltonian formulation

(perNHl) (77 )

fine = Kn(in) = Jin(fin) N) == Jun( N)

if ug = K (u,€) possesses an analogous multi-Hamiltonian formulation

= K(u,¢) = J1(u, 5)(”;[1 (u,e) =---= Jm(u,e)éme(u,e).
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Proof. Assume that y(e) = %(5) € T*(M). Let us observe that

o _ 1 & (J(an,e)y(in,e))
=G Be?

e=0

8]7(12Na 8)

oo ,0<i<N.

e=0

_2": 1 01 J(in,e€)
S Zglii-g)! Bed

e=0
Thus, noting the structure of Jy, we can represent the perturbation system as follows
(2.58) iive = Kn(in) = In(in)in (i),

where the cotangent vector field 4y € T*(My) reads as

1 N7 (apn,e)
oD g

. 1 ONAT(ip,e
n(in) = (m ’yae(er )

1 67T(UN7 )
1 O¢

e=0

T

R T
UnN, 8)|e=0) .
e=0

(2.59)

Let us check whether this cotangent vector field 4 is a gradient field. If it is gradient,
the corresponding potential functional has to be the following

1
/<wmmm>a

1 Ot y( My, )
yTIN—i > dA
/ Z ! Ot oo i
1 aN 1 R ) 1 aN-ﬁ(ﬂN,E)
T N! eV e=0/o <Y, €), iy > dX = 1~ B

The cotangent vector field 4 is indeed a gradient field, because we can show that

S(pery H)

(2.60) N (in) = =5 ().
N
According to Definition 1.1 and using Lemma 2.1, for any 5; € T(M(n;)) we can

compute that

§ (1 0NH(in,e) 1 NH(in,e)|
o ( eN _0)’Si(ni) >= (_N_l 9eN _0) (m:)[Si ()]
1 oV . ; B 1 GN—i o
=N 5N €=0H (n,e)e*Si(m:)] = =9 8|, H'(tin,€)[Si(m:)]
1 9N 6H .
(N —9)! 8eN-i| < E;(uNas);Sz(Tli) >
———i—ﬂ < v(an,€),Si(n:) >
TV i) GeNi |, S T e il

1 8N_17(QN’ 6)
(N —i)! GeN—i

ySi(m) >, 0< i< N.

e=0

=<
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This equality implies that (2.60) holds. It follows that the perturbation system (2.58)
is a Hamiltonian system.
Let us now turn to the property (2.57) for the Poisson bracket. Set v;(e) =

%(s),'yz(s) = %(6) € T*(M). In virtue of (2.60), we can make the computation

. . . d(pernHy) ,. | 5 ,. \O(peryHy) .
{pern Ay, pery By} ;. (in) =< (p TN 1)(17N),JN(7)N)-(P Iy 2)(77N) S
oM 7N
o P N TUVET R S S
2 (N _ 2)' HelN—i =0 N (t+7—- N)'
9N I (<) L "mne)|
Betti=N | o (N=g) 8N |
= i < 1 aN_i’Yl (ﬂNae) l az(J(ﬁN’s)«/?(ﬂN’s)) >
SN BN |, oe! e=0
1 9N X ; ; 1, Ho Y ) (A
= S aw| < M(@w,e), J(@w, e)ralaw, ) >= (pern {Hy, Ha}s)(iw).
: e=0

This shows that the property (2.57) holds for the Poisson bracket.

Further, noting the structure of the perturbation Hamiltonian operators, a multi-
Hamiltonian formulation may readily be established for the perturbation system.
Therefore the proof is completed. O

We should realize that two formulas (2.56) and (2.59) provide the explicit struc-
tures for the perturbation Hamiltonian functionals and the perturbation cotangent
vector fields. The whole theory above can be applied to all soliton hierarchies and
thus various interesting perturbation systems including higher dimensional integrable
couplings may be presented. In the next section, we will however be only concerned
with an a‘upplica’cion of the theory to the KdV soliton hierarchy.

3. Application to the KdV hierarchy. Let us consider the case of the KdV
hierarchy

(3.1) e = K, = K, (u) = (®(uw)"ug, ® = ®(u) =02 + 2u8; " +4u, n > 0.

Except the first linear equation u; = u,, each equation u; = K(u) (n > 1) can be
written as the following bi-Hamiltonian equation [15]

6H, 6Hy—1
=M .
ou ou
The corresponding Hamiltonian pair and Hamiltonian functionals read as

(3.3)  J=08: M= M(u) =03+ 2(0u+ ud,),

(32) U = Kn = J

1
(34) H,= /Hn dz, H, = Hy(u) = / ufn(Auw)dA, fn ="y, n >0,
0

where ¥ = ®f = 92 + 4u — 20 'u,. Therefore each equation in the KdV hierarchy
(3.1) has infinitely many commuting symmetries {K,,}5_, and conserved densities
{Hm}%=0'

The second equation in the hierarchy (3.1) gives the following KdV equation

(35) Ut = Uggg + BUUL,
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which serves as a well-known model of soliton phenomena. Its many remarkable
properties were reviewed by Miura, [17]. In our discussion, we are concerned only with
bi-Hamiltonian formulations and consequent symmetries and conserved densities. The
bi-Hamiltonian formulation of the KdV equation (3.5) can be written down

3.6 =J—=
( ) Uy J ”
with two Hamiltonian functionals
- 1 - 1
(3.7 Hy = /HO de = / §u2 dz, H, = /H1 dr = /(§Uum + u®) dz.
It has also an isospectral zero curvature representation Uy — V + [U, V] = 0 with

0 —u—/\} [ Ug —um—2u2+2/\u+4/\2]

(3.8) U=
1 0 2u — 4\ —Ug

where A is a spectral parameter (see [18] for more information). These two properties
will be used to construct bi-Hamiltonian formulations and zero curvature representa-
tions for the related perturbation systems.

In order to apply the general idea of constructing integrable couplings to the KdV
equations, let us start from the following perturbed equation

(e 9]
(3.9 ug = KP® (u) = Z e’ Si(u),

=0
where a; are arbitrary constants and the S; are taken from zero function and K,, n >
0, so that the series (3.9) terminates. To obtain integrable couplings of the n-th order
KdV equation u; = K,, we need to fix Sg = K,,. Various integrable couplings can
be generated by making the perturbation defined by (2.1). In what follows, we would
only like to present some illustrative examples.

3.1. Standard perturbation systems. First of all, let us choose the n-th order
KdV equation itself as an initial equation:

u = K (u) = Kn(u)

for each » > 1. In this case, the single scale perturbation 4y = Eﬁio e'n;(z,t) leads
to a type of integrable couplings:

(310) ﬁNt = KnN(ﬁN)’ N Z 0’

which are called the standard perturbation systems of u; = K, and have been dis-
cussed in [19, 20]. These systems have the following bi-Hamiltonian formulations
20]

$ 6(perN-E[n)

o &n - - d(peryHn_
(311)  Ane = Kan(in) = $Rive = Jn = iy S Hn)

0NN 0nN
where the Hamiltonian fungtiongls peer{n, the hereditary recursion operator d N
and the Hamiltonian pair {Jn, My} are given by

e=0



INTEGRABLE COUPLINGS BY PERTURBATIONS I 45

[ ®0(m0) 0
R ®;1(m)  @olno)
@N = )
| @n(ov) -0 @1(m)  @o(no) |
0 8, [0 Mo(no) |
) 8, A Mo(no) Mi(m)
JN = . ) MN = . ’
O , 0 | Mo(mo) Mi(m) -+ Mn(nn) |
with
= () = 5.3 : .
(3‘12) M; = Mi(ms) = 000, + 2(0zm; + 7:0z), 0<i<N.

®; = ®;(m:) = 0,002 + 2(8mi8; + ms), =

Moreover they have infinitely many commuting symmetries {Kmn}2_, and conserved
densities {Hmn}P_g-
We list the first two standard perturbation systems of the KdV equation (3.5):

(3.13)
Mt = Mzze + 6(7707]1)3;

Mot = Nozzz T+ 6M07oz,
(314) Mt = MNazze + 6(170771)23
N2t = N2z + 6771771:c + 6(7]0772):0

{ Mot = Nozzs + 6M070c,

The first-order perturbation system (3.13) has the following bi-Hamiltonian formula-
tion

(3.15)

. 0 9 | §(per1Hy) _ 0 03 + 20z + 4100z | §(pery Ho)
. aa: 0 6771 32 + 27702: + 477082: 27]12 + 4-771 az: 6771

with A1 = (10,71)7 and the Hamiltonian functionals

per; Hy = /ﬁm dz, Hor = nom,

~ A N 1
per1 Hy = /Hu dz, Hi; = 5(7707719::: + NozeM) + 37]3771.

The second-order perturbation system (3.14) has the following bi-Hamiltonian formu-
lation

. . (pers H ~ &(pery H, .
(3.16) ot = Jzﬁ)"?—'g = Mz_(_P_;_O_)’ 2 = (770a77117]2)T
02 02
with the Hamiltonian functionals

- . . 1
pergHy = /Hoz dz, Hoy = mom2 + ‘2"7%,
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.. A . 1
pera Hy = /H12 dz, Hi2 = E(nonzm + MMaa + Nozat2) + 377077% + 377(2)772-

Another example that we want to show is the first-order standard perturbation
system of the fifth order KdV equation u; = Ko (u):
Tlot = 70,5z + 1077077073:5:1: + 20770:1:77073.1: + 30773770:1:,
(317) Mt = M,5z + 10m0zz2m + 10M0M122e + 20M022M12
+20M0N12z + 607707703:771 + 30773771:”

where 79,5, and 71,5z, as usual, stand for the fifth order derivatives of 79 and m; with
respect to x. It has the following bi-Hamiltonian formulation

6(perlI:I2) - i (per  Hy)

3.18 =
(3.18) flat = 57 57

)

where theﬁamiltonian function per; 1:11 is given as before and the Hamiltonian func-
tion per; Ha, given as follows

~ 1 1 20 10

per1 Hy = (§ﬂ0zmm771 + 5o Maszs + 3 oMoz + 3 MoMee
5, 10 40 ,

+ 57709;771 + ?77077031;771:; + ?770771)d$-

3.2. Nonstandard perturbation systems. Secondly, let us choose a per-
turbed equation

uy = KP*"(u,e) = K, + aeK,, a = const., a # 0,
as an initial equation for each n > 1. This equation can be viewed as

8(Hn + acH,) §(Hp—1 + acHn_1)
=M
ou ou
6H, 3
J
= (J + aeJ) 5 = (
Therefore the corresponding perturbation systems also have quadruple Hamiltonian

formulations. We focus on the first-order perturbation system under the single scale
perturbation. It has the quadruple Hamiltonian formulation

(3.19) up = KP* (u,e) = J

(3.20)
. j(l)é(perlH ) _ M(1)5(per1ﬁ(l_)1) _ j(z)é(perlflff)) _ M(2)5(Per1Hff_)1)
= 1 o1 1 o1 1 61

01 M1 1 i
namely,

(321) = 0 0] d(per1Ho+afn(m)) [ 0 Mo]d(persHn1+aHn1(10))
' e = 6 0 (5771 M Ml (57]1
_ [ 0 9o J §(per1 Hy,) [ Mo l S(per1Hp—1)

b

3 ad 0 M + oMy oM
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where the functionals per; H,, pery H,_; and the operators M; are defined by (3.12)

and (3.12), respectively. Since two Hamiltonian operators jl(l) and jl(z) are invertible,
we can obtain five hereditary recursion operators for the equation (3.20):

oy« 1 0 [ 1 0

e B P LR ,
a 1 —a 1

P &, 0 e

M ()1 = , M (J)1 =
@1-—-0[@0 @0

dy 0
d +aPy P ’

N . N R ® 0
M )T = P ) = ,
o P
where the operators ®; are defined by (3.12). These operator structures suggest two
classes of hereditary recursion operators for the equation (3.20)

. Bo O . Bo®o 0
3.22 W) = { ] .8 (g) = { ] ,
(322) i (h) B B | ! 8) Bo®1 + Bi®o  fo®o

where 3 = (8o, 41)T with the §; being arbitrary constants. They are really hereditary
operators and recursion operators for the equation (3.20), which can be verified by
direct computation or by viewing them as the first-order perturbation operators of the
initial operators (g + B1€ and By ® + f1€®. Therefore the integrable coupling (3.20) of
the n-th order KdV equation u; = K, (u) possesses two classes of hereditary recursion
operators defined by (3.22). These two classes of operators have the property

(3.23)

BovoPo 0

2" (82 (7) = 2 (8)2{" () = :
Bo¥o®1 + (Boy1 + B170)Po  BoroPo

for any two constant vectors 8 = (8o, 81)T and v = (70,71)T, which also shows that
their product can not constitute completely new recursion operators.
We i also start from the perturbed KdV type equation

(3.24) ut = KP%(u,e) = K, + anKiJ., a = const., a # 0,

where i; is a natural number. Let us illustrate the idea of construction by the following
specific example

(3.25) ug = KP (u,e) = K, + ae®Kpyq (n > 1),
which can be viewed as a tri-Hamiltonian system:
(3.26)
up = KPF = Pt +?;2FI”“) = (J + ae* M) ‘si“ _ py 0 (;;“Ezﬁn).

Therefore, according to Theorem 2.9, the second-order perturbation system of the the
perturbed system (3.25)

not = Kn(no),
(3.27) Me = K3, (mo)[ml,

1 82Kn§a2)
M2t = 2 Be =

. + aKpt1(no)
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possesses the following tri-Hamiltonian formulation

() 6HY SHP .5y 6HY

(3.28) ﬁ2t=j2 57 =j2(2) = o y A2 = (M0, m,m2) T
with a triple of Hamiltonian operators
(3.29)
0 0 & 0 0 & 0 0 M,
M=o 8 0o ,/P=l0 08 o |,/P=|0 M M
6 0 0 0: 0 aM, My M; M,

and the corresponding three Hamiltonian functionals

A (62) = (peraHa) () + o (o),
(3.30) HP (%) = (pery Hy)(%2),
AP (73) = (persHn—1)(72) + aHn (o).

Similarly, the perturbation system (3.27) has also two classes of hereditary recursion
operators:

Bo 0 O
¥MN@B)=| B Ao ,
(3.31) L B2 B Bo
Bo®Po 0 0
$(8) = Bo®1 + B1®o Bo®o ,
| Bo®2 + B1@1+ 5220 BoP1+ Bi1%o BoPo

where the operators ®; are defined by (3.12) and 8 = (8o, 81, 82)T is a constant vector.
Let us fix n = 1 and then the system (3.27) gives an integrable coupling of the
KdV equation (3.5), which possesses the following tri-Hamiltonian formulation

(3.32) fiar = J

with three Hamiltonian functionals

I:-rl(l)(ﬁ2) = [[2(Mom2ec + MMee + Mocan2) + 30075 + 31572
+a(Lnomosses + Endnoss + Snomd, + )] dz,

A (%) = [ [nom2 + 302 + a(3m0m0z= + )] de,

AP (f) = [[L(n0m202 + MMas + Nozanz) + 3non? + 3ngn:] dz.

(3.33)

In order to distinguish the standard perturbation systems defined by (3.10), the
integrable couplings of the n-th order KdV equation u; = Ky, defined by (3.20) and
(3.27), are called the non-standard perturbation systems. Interestingly, each of these
systems has both a local multi-Hamiltonian formulation and two classes of hereditary
recursion operators.
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3.3. 241 dimensional integrable couplings. Thirdly, let us consider a case
of bi-scale perturbations (2.41), i.e.,

N

an = Z&'i’l)i, ni = ni(zvy7t)v y=ex.
1=0

In order to present explicit results for integrable couplings, we take the KdV equation
(3.5) as an illustrative example, due to its simplicity. We recall that the KdV equation
(3.5) has the bi-Hamiltonian formulation (3.6) and the Lax pair (3.8).

Let us introduce the bi-scale perturbation series above into the KdV equation
(3.5) and equate powers of €. As an N-th order approximation, we obtain a 2 + 1
dimensional perturbation systems of evolution equations

Mot, = Nozzz + 6M0Moz,
M, = Mazzz + 3"701;9:1; + 6(770771)1; + 67707]01/7

(3.34) Moty = N2zaa + 3771xzy + 3"70a:yy + 6("70"72)::: + 617101 + 6("]0"]1)1;7
Njtr = Njzzz + IMj-1,0zy + 3Mj-2,2yy + Mj-3,yyy

+6( oo ms—ie + $I5g Milli—i-14)> 3T <N,

This system has been already presented in [20]. It follows from our general theory
that it gives an integrable coupling of the KdV equation (3.5).

In what follows, we would like to propose a bi-Hamiltonian formulation and the
consequent hereditary recursion operator for the system (3.34). To the end, we first
need to compute a perturbation Hamiltonian pair by Theorem 2.3:

0 O
Oz Oy
(3.35) AN — Bz ay 0 ,
8 8, 0 0
r 0 P(E)ls:() i
PE)l=o 4 %5 | _
N 8P 8%p
(3.36) My = P(e)le=0  § 5o o 7 ceo|
2 €) N (g)
_P(5)|s=0 % M;fl I % aazg e=0 _1% 335\15 e=0

where the differential operator P(e) represents
P(e) = (05 +€08y)® + 2[(0; + €0,)in + in (85 + €0y)].

The explicit expressions for various derivatives of P(¢) with respect to € can be ob-
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tained as follows:

( P(e)]e=0 = 83 + 2(8x70 + M00%),
o M};sﬂ o 3820y + 2(8;m + M) + 2(Fyno + M09y),
(337) < LR o™ 30,02 + 2(8umz + 1205) + 2(0ym1 + Mmby),
3 EEE| = 85+ 2(0ems + m150x) + 2AByme + my),
| 3220 | =200+ mde) + 20ymr +10y), 4SSN,

which gives rise to an explicit expression for the Hamiltonian operator M. Secondly,
we need to compute the Hamiltonian functionals for the system (3.34). Note that
8z — O, + €0y, and thus, under the perturbation (2.41), we have

N
Ugy —> Z ¢ (Nizz + 26Nizy + € Miyy)-

=0

Further, by Theorem 2.9, we obtain two perturbation Hamiltonian functionals:

~ N il N
(3.38) pernHo = / / 1 07 Holan) drdy = / / : E ninN—i dzdy,
e=0 2 =0

N!  9eN
1
0 dmdy://['é Z NiNjzz

~ 1 ONH; (in)

=N
1 -
+ > ety D Wlwt Y. mingme] dwdy.
i+j=N—-1 i+j=N-2 i+jt+h=N

Now the following bi-Hamiltonian formulation for the system (3.34) becomes clear:

(340) ANt = jNé-(p—?fv—HQ = MNM,
N ofin

where Jy, My, pern Ho and peryH are defined by (3.35), (3.36), (3.38) and (3.39),
respectively. It should be realized that the 2 +1 dimensional bi-Hamiltonian system
(3.40) is local, because the Hamiltonian pair {jN, My} involves only the differential
operators 9, and 0y.

Theorem 2.5 guarantees the existence of a hereditary recursion operator for the
system (3.34). It is of interest to get its explicit expression. Note that the first
Hamiltonian operator Jn has an invertible operator

Py Pno1 - B
. Pn_1
(341) (JN)_l = . ’
By 0

where the operators P; are defined by

(3.42) o
Py=d7t, Py =028y, -+, Pi=(-1)'0;"710,, «-+, PN = ()N N-1o).
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Therefore, the corresponding hereditary recursion operator is determined by oy =
MnJ 131, but it can also be computed directly by Theorem 2.2:

‘I’(UN |5—0 O
A li“ﬂﬂl @(n)le=o

(343) by = ,
%M ®(a

=0 B LI N)le=o

Here the operator ®(4y) is defined by
B(in) = (8, +€0,)? + 2(iing + €ling) (0 +€0,) ™" + 4y,
and thus its N + 1 derivatives with respect to € are found to be

(3 44)
‘I’(’U,N)| cm0 = =02 + 210,071 + 4no,

T <I>3":N L:o = 20,0y + 2(1e + M0y)0; ' — 200205 20y + 411,

2 ~

—1"8 dé;suiN ’ = 82 + 2(772:3 + Uly)é?;l - 2(771:1: + noy)agzay + 21701.8;362 + 4o,
o*® ) -

1 BéuN I = Zz+] k( 1)J (2"72::: + i1 y)a = 13] +4n, 3<k <N,

\

where we accept n—; = 0.

Let us now show the corresponding zero curvature representation for the 2 + 1
dimensional perturbation system (3.34). By Theorem 2.8 or (2.54), the zero curvature
representation for the system (3.34) can be given by

(345) [th - VN::: - HVN@/ + [f]N7 VN] =0,

where three matrices II, I]’N and VN read as

0
(3.46) II = l , Ioy = diag(l,- -, Ip) = diag(1,--- ,1),
2N 0 Ly vy xe(van) N oN
Uo 0 Vo 0
A Ur Uo A i W
(3.47) UN = . ) VN = . 9
Uv - U U Vw - Vi Vo

with the U;, V; being determined by

0 _n» _M»
(a8 v = L2V ’ ’],09‘51\&
Oe o 8o 0
WV (i, X Tz + 7i-1, Qi
(3,49)14:%%{'\_1\’) _ | e Ly i 0<i<N,
v e e=0 2771 - 4“11 —Thiz — Ni—1,y
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(3.:50) Qi = —Mizz — 2Mi—1,ay — Mi—2,yy — 2 E (mem — e — 2px), 0 <i < N,
k+l=i

where we accept that n_; = n—» = 0, and U,V are defined by (3.8). Of course, we
require the condition (2.42) on the involved spectral parameters p;, 0 < ¢ < N, in
order to guarantee the equivalence between the system (3.34) and the zero curvature
equation (3.45).

In particular, the first-order bi-scale perturbation system

(351) { Tot = Nozzz + 67070z,

Mt = Mzze + 3770:czy + 6(770771)3: + 6770770y>

has a local 2 4+ 1 dimensional bi-Hamiltonian formulation

j S(per1 Hy) i d(per1 Hy) [ o l G- [ 0 0O, l ,

Mt = J1 o1 1 o7 , Th = m 1= 5, 8y
. 0 82 + 2nog + 4100,
1= 3
62 + 219, + 4100, 36§6y + 2112 + 210y + 4m 0z + 41700,

- - 1 1
per; Hy = // nom dzdy, peri Hy = //(gﬂomm + MoMozy + 5MNozz + 3ngm) dzdy.

Here the extended variables no(z,y,t) and m (z,y,t) are taken as a potential vector
f1. Moreover the above Hamiltonian pair yields a hereditary recursion operator in
2 + 1 dimensions

(3.52)

. 02 + 210,071 + 4o 0
@1 (1) = l N

28,8y — 210505 >0y + 2(M1a +Moy)0;* +4m 02 + 20,051 + 40 |

The system (3.51) was furnished in [20], its Painlevé property and zero curvature
representation were discussed by Sakovich [21], and its localized soliton-like solutions
were for=:! in [22]. All these properties show that the system (3.51) is a good example
of typical soliton equations in 2 4+ 1 dimensions.

4. Concluding remarks. We have developed a theory for constructing inte-
grable couplings of soliton equations by perturbations. The symmetry problem is
viewed as a special case of integrable couplings. The general structures of heredi-
tary recursion operators, Hamiltonian operators, symplectic operators, Hamiltonian
formulations etc. have been established under the multi-scale perturbations. The per-
turbation systems have richer structures of Lax representations and zero curvature
representations than the original systems. For example, in the higher dimensional
cases, the involved spectral parameters p;, 0 < ¢ < N, may vary with respect to the
spatial variables, but they need to satisfy some conditions, for example,

Hoz =0a Miz + Bi-1,y =0) 1 < ( < Na
in the 2 + 1 dimensional case of the perturbation

N N
G = Zaim(x,y, t) = Zsim(w, ex,t), ¢ € R.
e

=0
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The resulting theory has been applied to the KdV soliton hierarchy and thus various
integrable couplings are presented for each soliton equation in the KdV hierarchy.
The obtained integrable couplings of the original KdV equations have infinitely many
commuting symmetries and conserved densities. Linear combinations of the KdV hi-
erarchy containing a small perturbation parameter may yield much more interesting
integrable couplings. For example, the KdV type systems of soliton equations pos-
sessing both multi-Hamiltonian formulations and two classes of hereditary recursion
operators have been presented and what’s more, local 2+1 dimensional bi-Hamiltonian
systems of the KdV type with hereditary structures have also been constructed.

Our success in extending the standard perturbation cases to the non-standard
cases and the higher dimensional cases are based on the following two simple ideas.
First, we chose the perturbed systems as initial systems to generate integrable cou-
plings for given integrable systems. The method of construction is similar to that
in [5]. Only a slight difference is that new initial systems themselves involve a small
perturbation parameter, but importantly, such initial perturbed systems take effect in
getting new integrable couplings. In particular, our result showed that the following
non-standard perturbation system

. U = K(u)’
(41) { vy = K'(U)[’U] + K(U))

keeps complete integrability. Therefore, this also provides us with an extension of
integrable systems. Secondly, we took the multi-scale perturbations, by which higher
dimensional integrable couplings can be presented. Indeed, the multi-scale perturba-
tions enlarge the spatial dimensions and keeps complete integrability of the system
under study. A concrete example of integrable couplings resulted from the multi-scale
perturbations is the following system

Not = Nozzz + 6770770:ca
Mt = Moz + Mozay + 6(1071)z + 67070y,

which has been proved to be a local bi-Hamiltonian system.
A kind of reduction of the standard multi-scale perturbations defined by (2.1)
may be taken, which can be generally represented as

N
ﬁN =Z€ij77j, i :ni(yanlay27"' ,Z/mt), Yj zsi;w’ tER, T eRp’ OS’SNa
i=0

where the i;,7; can be any two finite sets of natural numbers. This kind of pertur-
bations can be generated from the standard perturbations (2.1), if some dependent
variables 7; are chosen to be zero and the other dependent variables are assumed to
be independent of some dependent variables y;. They yield more specific integrable
couplings. There is another interesting problem related integrable couplings. Could
one reduce the spatial dimensions of a given integrable system while formulating inte-
grable couplings? If the answer is yes, it is of interest to find some ways to construct
such kind of integrable couplings, i.e., to hunt for the second part S(u,v) with v be-
ing less dimensional than u to constitute integrable systems with the original system
ut = K(u).

There exist some important works to deal with asymptotic analysis and asymp-
totic integrability [23, 24, 25, 26], to which the study of the perturbation systems
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may be helpful. It is also worthy mentioning that our 2 + 1 dimensional hereditary
recursion operators, for example, the operators defined by (3.43) and (3.44), are of the
form described only by independent variables involved. Thus they are a supplement
to a theory of recursion operators in 2 + 1 dimensions discussed by Zakharov and
Konopelchenko [27], and a theory of the extended recursion operators in 2+ 1 dimen-
sions including additional independent variables, introduced by Santini and Fokas [28]
and Fokas and Santini [29]. The other properties such as Backlund transformations,
bilinear forms and soliton solutions might be found for the resulting perturbation sys-
tems. A remarkable Miura transformation [30] might also be introduced for the 2 + 1
dimensional perturbation systems (3.34), which will lead to new 2 + 1 dimensional
integrable systems of the MKdV type. All these problems will be analyzed in a further
publication.
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