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SOBOLEV ORTHOGONAL POLYNOMIALS: THE
DISCRETE-CONTINUOUS CASE*

M. ALFARO!, T. E. PEREZ}, M. A. PINAR}, AND M. L. REZOLA'

Abstract. In this paper, we study orthogonal polynomials with respect to the bilinear form
Ny .
B8O (£,0) = FQ)AG()T + (u, /M) g),

where u is a quasi-definite (or regular) linear functional on the linear space IP of real polynomi-
als, ¢ is a real number, N is a positive integer number, A is a symmetric N x N real matrix
such that each of its principal submatrices are regular, and F(c) = (f(c), f'(c),--.,fN =D (),
G(e) = (9(¢), ¢’ (c),---,gN =1 (c)). For these non-standard orthogonal polynomials, algebraic and
differential properties are obtained, as well as their representation in terms of the standard orthogonal
polynomials associated with w.

1. Introduction. It is well known (see [12]) that the monic generalized Laguerre
polynomials {L%O’)}n satisfy, for any real value of «, the three-term recurrence relation

2L (2) = L) (@) + O LD (2) + 7O L, (),

t“@ =0 @) =1,
where
B =2 +a+1, 7 = n(n + a).

Whenever « is not a negative integer number, we have 7,({1) #0foralln > 1
and Favard’s theorem (see [2], p. 21) ensures that the sequence {L%a)}n is orthogonal
with respect to a quasi—definite linear functional. Besides, if a > —1 the functional is
definite positive and the polynomials are orthogonal with respect to the weight z*e~*
on the interval (0, 4+00). For « a negative integer number, since 'y,({’) vanishes for some
value of n, no orthogonality results can be deduced from Favard’s theorem.

In the last few years, orthogonal polynomials with respect to an inner product
involving derivatives (the so—called Sobolev orthogonal polynomials) have been the
object of increasing interest and in this context, the case {Lg{l)}n with a a negative
integer number has been solved. More precisely, Kwon and Littlejohn, in [5], estab-
lished the orthogonality of the generalized Laguerre polynomials {L%_k)}n, E>1,
with respect to a Sobolev inner product of the form

(f,9) = F(O)AG(0)T + /0 +°O F® (2)g®) (z)e " da

with A a symmetric k x k real matrix, F(0) = (£(0), '(0), ..., f#=Y(0)), and G(0) =
(9(0),¢'(0), . ..,g*~1(0)). The particular case k = 1 had been considered by the same
authors in a previous paper, (see [6]).
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In [10], Pérez and Pifiar gave an unified approach to the orthogonality of the
generalized Laguerre polynomials, for any real value of the parameter a by proving
their orthogonality with respect to a Sobolev non—diagonal inner product. So, they
obtained the following result:

THEOREM ([10]). Let (., .)gN’a) be the Sobolev inner product defined by
N oo
(fag),(g 2) =/ F(z)AG(z) 2% dz,
0

where the (i,j)-entry of A is given by

min{i,j}

. fN—-—p\/N-—p ..

miji(N)= ), (—1)'“(. )( >, 0<4,j <N,
= i-p)\j-p

F(z) = (f(2), f'(2),..., fM(2)), G(z) = (9(z),9'(2),...,9"™(z)). Then, for every
a € R, the monic generalized Laguerre polynomials {L,(za)}n are orthogonal with re-
spect to (., .)(SN"’+N) with N = max{0,[—a]}, ( [a] denotes the greatest integer less
than or equal to ).

‘)SSN,C!-FN)

In the case when « is a negative integer, the inner product (., is the

same as the one considered by Kwon and Littlejohn.

The above results justify the interest to consider such a kind of inner products.
In a more general setting, our aim is to study polynomials which are orthogonal with
respect to a symmetric bilinear form such as

g(c)
11 B8 (f,0) = (F@. £@. . /YD) A | fc) + (u, [V gM),
gD ()

where u is a quasi—definite (or regular) linear functional on the linear space P of real
polynomials, ¢ is a real number, N is a positive integer number, and A is a symmetric
N x N real matrix such that each of its principal submatrices is regular. By analogy
with the usual terminology, we call it a discrete—continuous Sobolev bilinear form.
Recently some properties of the polynomials orthogonal with respect to B(Sl)(., .) had
been considered in [4].

We will emphasize some cases in which the functional u satisfies some extra con-
ditions, namely, u is a semiclassical or a classical linear functional (see [3], [7] and
[9]). A quasi-definite linear functional u is called semiclassical if there exist polyno-
mials ¢ and ¥ with deg¢ > 0 and degy > 1 such that u satisfies the distributional
differential equation D(¢u) = 1pu. Whenever degp < 2 and degyy = 1, the functional
u is called classical. It is well known that the only classical functionals correspond to
the sequences of Hermite, Laguerre, Jacobi and Bessel polynomials.

In Section 2, we give a description of the monic polynomials {@Qy}, which are
orthogonal with respect to B(SN)(., .) in terms of the monic polynomials {P,}, or-
thogonal with respect to the functional w. In particular, for n > N, we have that

%N)(x) = m—f}—\mPn_N(x) and Q%k)(c) =0for k=0,1,.., N —1, while {Q,}\-} are

n=0
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orthogonal with respect to the discrete part of the symmetric bilinear form (1.1) and
they are determined by the matrix A.

By using these results, in Section 3, we give some examples of polynomials orthog-
onal with respect to (1.1), with an adequate choice of ¢, namely, Laguerre polynomials
{L%‘N)}n with ¢ = 0, Jacobi polynomials {Pr(L_N’ﬁ )}n with ¢ = 1, 8+ N not being
a negative integer, and {P,Sa’—N)}n with ¢ = —1, a + N not being a negative inte-
ger. Note that these sequences of polynomials are not orthogonal with respect to any
quasi—definite linear functional.

In Section 4, we give a new characterization of classical polynomials as the only
orthogonal polynomials such that, for some positive integer number N, they have
a N-th primitive satisfying a three—term recurrence relation. In particular, this re-
sult is applied to discrete—continuous Sobolev polynomials which satisfy a three-term
recurrence relation and then it follows that u is classical with distributional differ-
ential equation D(¢u) = tu, and the point ¢ in (1.1) is such that ¢(c) = 0 and
¥(c) = ¢'(c). Hence, the only monic discrete—continuous Sobolev polynomials which
satisfy a three—term recurrence relation are the ones described in Section 3.

The link between Sobolev orthogonality and polynomials satisfying a second order
differential equation is analyzed in Section 5. It is proved that if the sequence {Qn}»
satisfies the equation

$(2)Qn(z) + 0(2)Qy(2) = PrQn(),

where ¢ and ¢ are polynomials with degree less than or equal to 2 and 1, respectively,
and p, are real numbers, then the functional u is classical with distributional differ-
ential equation D(du) = Yu, o(x) = ¥(z) — N¢'(z) and the point ¢ in (1.1) verifies
é(c) = 0 and ¥(c) = ¢'(c). Hence, the only monic discrete-continuous Sobolev poly-
nomials which satisfy a second order differential equation are again the described in
Section 3.

As a consequence of the results in Sections 4 and 5, we have that if » is not a
classical linear functional then the sequence {@y}, does not satisfy neither a three—
term recurrence relation nor a second order differential equation. In order to avoid
this lack in our study, in Section 6, we introduce a linear differential operator F@)
on P symmetric with respect to the bilinear form (1.1). The basic property of this
operator is a relationship between the Sobolev bilinear form and the bilinear form
associated with the functional u. Handling with F") we can deduce explicit rela-
tions between {@p}n and {P,}, as well as a differential substitute of the algebraic
recurrence relations. This is done in Section 7.

2. The Sobolev discrete-continuous bilinear form. Let P be the linear
space of real polynomials, u a quasi-definite linear functional on P (see [2]), N a
positive integer number, and A a quasi—definite and symmetric real matrix of order
N, that is, a symmetric and real matrix such that all the principal minors are different
from zero. For a given real number ¢, the expression

g(c)
21) BN (1,9) = (£, £ (). (VD) A | ° D g,
gD (c)

defines a symmetric bilinear form on P.
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Since expression (2.1) involves derivatives, this bilinear form is non-standard, and
by analogy with the usual terminology we will call it a discrete—continuous Sobolev
bilinear form.

In the linear space of real polynomials, we can consider the basis given by

(22) {(;—'W}M .

For n < N — 1, the associated Gram matrix G, is given by the n—th order principal
submatrix of the matrix A. For n > N, the associated Gram matrix is given by

A 0
Gn—(O Bn—N),

where B,,_n is the Gram matrix associated with the quasi—definite linear functional
u in the basis (2.2).

In both cases, G, is quasi—definite (that is, all the principal minors are different
from zero) and therefore, we will say that the discrete-continuous Sobolev bilinear
form (2.1) is quasi—definite. Thus, we can assure the existence of a sequence of monic
polynomials, denoted by {@y}n, which are orthogonal with respect to (2.1). These
polynomials will be called Sobolev orthogonal polynomials. Our first aim is to relate
this sequence with the monic orthogonal polynomial sequence (in short MOPS) {P, },,
associated with the quasi—definite linear functional wu.

THEOREM 2.1. Let {Qn}n be the sequence of monic orthogonal polynomials with

respect to the bilinear form B
i) The polynomials {Qn}n_0 are orthogonal with respect to the discrete bilinear form

g(c)
(2.3) BM(f,9) = (f(C),f’(C),-u,f(N‘”(C)) al ? EC)
g

it) If n > N, then

(2.4) Q¥ (c)=0, k=0,1,...,N—1,
(2.5) Q;N) (z) = = 'N)' P,_n(z).

Proof. i) If 0 < m,n < N, then Q%N)(z) = Q%V)(m) = 0, and the value of
the Sobolev bilinear form on (Q,,Q.) can be computed by means of the following
expression

B (@, Qum) = B (Qny Qum)

Qum(c)
= (@n(9,@4(@),--, QN V() A Q"j(c) ,
Qﬁ;ﬂv;l)(C)

and therefore they are orthogonal with respect to the discrete bilinear form (2.3).
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1) Let n > N, then from the orthogonality of the polynomial @, we deduce
0
_ ) 1 By _ / (N-1) :
(26) 0=B"(@Qn(a), (= - 9") = (Qn(9), @u(e),- -, QY V(@) A | 1,
0
for 0 < k < N — 1. Thus, the vector

(@n(0,@4(0),, QN ()

is the only solution of a homogeneous linear system with N equations and N un-
knowns, whose coefficient matrix A is regular. Then, we conclude Q%k) ()=0, k=
0,1,...,N —1, that is, Q, contains the factor (z — ¢)V.

In this way, if n,m > N, the discrete part of the bilinear form BgN) (Qn, Q) vanishes
and we get

B,(S'N)(Qna Qm) = (quSLN)QErILV)) = Iz:nfsn,ma ]E?n 75 0.

That is, the polynomials {Q%N)}nz ~ are orthogonal with respect to the linear func-
tional u, and equality (2.5) follows from a simple inspection of the leading coefficients.
0

Reciprocally, we are going to show that a system of monic polynomials {Qn}n
satisfying equations (2.4) and (2.5) is orthogonal with respect to some discrete—
continuous Sobolev bilinear form. This result could be considered a Favard—type
theorem.

THEOREM 2.2. Let {P,}, be the MOPS associated with a quasi-definite linear
functional u, and N > 1 a given integer number. Let {Qn}n be a sequence of monic
polynomials satisfying
i)degQnp=n, n=0,1,2,...,

i) Q¥ (¢) =0, 0<E<N-1, n2W,
i) O (z) = m—f']\mpn_,v(x), n> N.

Then, there exists a quasi—definite and symmetric real matriz A, of order N, such
that {Qn}n is the monic orthogonal polynomial sequence associated with the Sobolev
bilinear form defined by (2.1).

Proof. By using the same reasoning as above it is obvious that every polynomial
Qn, with n > N is orthogonal to every polynomial with degree less than or equal to
n — 1 with respect to a Sobolev bilinear form like (2.1) containing an arbitrary matrix
A in the discrete part and the functional u in the second part.

Next, we show that we can recover the matrix A from the N first polynomials
Qr,k=0,1,... . N —1.

Let us denote

Q@ Qe ... Qe
Q) @ .. "

Qna(©) Q@ . QN (o)
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then Q is a lower triangular and invertible matrix. Let D be a diagonal matrix with
non zero elements in its diagonal.

Define
A=Q'D@".
Obviously A is symmetric and quasi—definite and since
QAQ" =
the polynomials Qq, ..., Qn—1 are orthogonal with respect to the bilinear form (2.1),

with the matrix A in the discrete part. Besides, the elements in the diagonal of D
are the values BgN)(Qk,Qk) fork=0,....N—-1. O

REMARK. Observe that the matrix A is not unique, because its construction
depends on the arbitrary regular diagonal matrix D.

3. Classical examples.

3.1. The Laguerre case. Let a € R, the n-th monic generalized Laguerre
polynomial is defined in [12], p. 102, by means of its explicit representation

n p
(@) _ n+aoa j

(3.1) L) (z) = (-1)™ Z% ‘ (n_j)x, n >0,

where (Z) denotes the generalized binomial coefficient

(32) (5=l

and (a — k + 1), stands for the so-called Pochhammer’s symbol defined by
(3.3) (Bo=1, B)n=0bb+1)...(b+n-1), forbeR, n>0.

In this way, we have

@0 = ol (2 F), nzk

If a is a negative integer number, say @ = —N, for n > N, we have
TSm0y =0, k=0,1,...,N-1,

and, for n < N, we get

(L%—N))(k)(o)zn!<N7:f;1>, k:O,l,...,n.

On the other hand, since the derivatives of Laguerre polynomials are again Laguerre
polynomials, we have

(LMY () = = N),Lg’)N(m) for n > N.
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Therefore, from the previous Section, we conclude that Laguerre polynomials L%_N)
are orthogonal with respect to the Sobolev bilinear form

400
BV (f,9) = F()AG(0)T + /0 FM(z)g™) (z)e " dz,

with F(0) = (£(0), £'(0),..-, f¥~1(0)), G(0) = (9(0),4'(0), ..., "N "(0)), the ma-
trix A is given by

A=Q'D@Q™,
Q is the matrix of the derivatives of Laguerre polynomials L%_N) evaluated at zero
N -1
!
0! ( 0 > 0 . 0

N-1 N-2
N TG I TCr N

(N‘l)!:(%:D (N—l)!(%:g) (N—1)!<8)

and D is an arbitrary regular diagonal matrix. Similar results have been obtained
with different techniques in [5] and [10]. We recover the results in [5] by using a
diagonal matrix D whose elements are (0!)2, (11)2, ..., (N — 1)1)2.

3.2. The Jacobi case. For a and 3 arbitrary real numbers, the generalized
Jacobi polynomials can be defined (see [12], p. 62) by means of their explicit repre-
sentation

e £ (27) (20) G2 TR e

m=0

When a, 3 and a+ 3+ 1 are not a negative integer, Jacobi polynomials are orthogonal
with respect to the quasi—definite linear functional uw(®8)_ This linear functional is
positive definite for « > —1 and 8 > —1.

For a = —N, with N a positive integer, and § being not a negative integer, the
n—th monic generalized Jacobi polynomial is given by
PN (a)
-1 n
_(2n—-N+p n—N n+p _ qyn—m m
(3.4) = ( o ) ZO( o ) (n_m> (z — 1) ™(z+1)™.
m=

In this case, for n > N, z = 1 will be a zero of multiplicity N ([12], p. 65).
On the other hand, since the derivatives of Jacobi polynomials are again Jacobi
polynomials, we have

!
(P M (@) = s PN @), fornz .

Therefore, from the previous Section, we conclude that Jacobi polynomials P,(L_N’ﬂ ),
when 8 + N is not a negative integer, are orthogonal with respect to the Sobolev
bilinear form

BM(f,9) = F()AG1)T + (u@F+N), f(N) gy,
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where the matrix A is given by
A=Q'D(@Q™),

Q is the matrix of the derivatives of Jacobi polynomials

Q= ((P’g_N,ﬂ))(k)(1))n,k=o,...,N—1
which are given by

n! (-N+k+1)p_p
nm=—kln—N+B+k+1)py
and D is an arbitrary regular diagonal matrix.

Of course, a similar result can be stated in the case when o+ NV is not a negative
integer, # = —N, and ¢ = —1.

(PO (1) = 2

4. Sobolev orthogonal polynomials and three-term recurrence rela-
tions. Laguerre and Jacobi polynomials satisfy a three-term recurrence relation even
for negative integer values of their respective parameters (see [12]). In the previous
Section, we have seen that Laguerre polynomials with « a negative integer and Jacobi
polynomials with either o or 3 a negative integer are Sobolev orthogonal polynomials.
In this way a natural question arises: do the Sobolev orthogonal polynomials satisfy
a three—term recurrence relation? As we are going to show, the answer is very re-
strictive, the existence of a three—term recurrence relation for the Sobolev orthogonal
polynomials implies the classical character of the linear functional u associated with
the bilinear form (2.1).

DEFINITION 4.1. We will say that a family of polynomials {Qn}n>0 s a monic
polynomial system (MPS) if
i) deg(Qn) =n, n >0,
i) Qo(z) =1, Qn(z) =2z" + lower degree terms, n > 1.

Obviously, every MPS is a basis of the linear space IP and every MOPS is a MPS.

DEFINITION 4.2. A monic polynomial system {Qn}n>0 satisfies a three-term
recurrence relation if there exist two sequences of real numbers {b,}5, and {gn}S%;,
such that

2Qn(7) = Qni1 (z) + ann(x) + gn@n-1(z), n >0,
Q-1(z) =0, Qo(z) =1

From Favard’s theorem (see [2], p. 21) we can deduce the existence of monic poly-
nomial systems satisfying a three-term recurrence relation which are not orthogonal
with respect to any linear functional. This case appears when some of the coefficients
gn are zero. For instance, Laguerre polynomials with parameter o a negative integer
and Jacobi polynomials with parameters either a or 8 or a+ -+ 1 a negative integer.

PROPOSITION 4.3. Let {Qn}n>0 be a monic polynomial system satisfying a three—
term recurrence relation and let N be a positive integer number such that the system
of monic N—th order derivatives

!
Pala) = o i @in (@), 120,
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constitutes a monic orthogonal polynomial sequence. Then, the polynomials {P,}n
are classical.

Proof. Since {P,}n>0 is a MOPS, it satisfies a three-term recurrence relation

TP (T) = P (2) + BnPa(@) + 1aPn-1(z), n >0,

P—l(w) =0, PO(:B) = 17

with v, # 0,n > 0.

In this way,
n+1 N n+ N
4.1) 2@y (@) = ———QW 11 (@) + 8@y (2) + 7 QM (@)

n+N+1

On the other hand, the monic polynomial sequence {Q, }n>0 satisfies a three-term
recurrence relation

TQniN(2) = QninN41(2) + bny NQniN(T) + gnt NQuiN-1(T).

Taking N—-th order derivatives in this relation, we get
42Q\ v (@) + N[ (@) = Q )+ s N QL () QN1 @)-
(4.2Q,,/v(2) Qnin (@ +N+1 (T) + bniN +N($ + GniN n+N 1z

By eliminating the term fog_)N(m) between (4.1) and (4.2), we obtain

N
NQW W (z) = TINT1 QM 1 (@) +
n+ N
(4.3) + (bnt-N — Br) ng]i)zv(w) + <9n+N - T%) fﬁ-)N 1(2)-

Taking again derivatives in this relation we deduce that each polynomial P, can be
expressed as a linear combination of the derivatives of three consecutive polynomials
in the sequence {P,}, and, therefore, we conclude that they are classical by using
the characterization of classical orthogonal polynomials obtained by Marcellén et al.
in[7]. O

REMARK. This result characterizes the classical orthogonal polynomials as the
only system of orthogonal polynomials having a N—th order primitive (N > 1) which
satisfies a three-term recurrence relation.

THEOREM 4.4. Let {Qn}, be the monic orthogonal polynomial sequence associ-
ated with the Sobolev bilinear form (2.1). If the polynomials {Q,}» satisfy a three-term
recurrence relation, then the linear functional u is classical and the point c in (2.1)
satisfies

(4.4) $(c) =0,

(4.5) P(c) —¢'(c) =0,

where ¢ and 9 are the polynomials in the distributional differential equation D(¢u) =
pu satisfied by u.
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Proof. Let {P,}, be the monic orthogonal polynomial sequence associated with
the linear functional u. From Theorem 2.1, we have

(4.6) Q¥ () =0, k=0,1,...,N -1,
(47) QM (@) = iy Pan(a),

for all n > N. Therefore, using Proposition 4.3, we deduce the classical character of
the polynomials {P,}, and then the classical linear functional u satisfies a distribu-
tional differential equation

D(¢u) = yu,

where ¢ and v are polynomials with deg¢ < 2 and degvy = 1. From Bochner’s
characterization of the classical orthogonal polynomials, (see [2]), we deduce that the
polynomials {P,}, satisfy the second order differential equation

¢(w)Prlzl(x) + 1/)($)PT'L(93) = /\nPn(w)a

for all n > 0.
Thus the polynomials {@,}, satisfy the differential equation

$@QN (2) + (@) QN (2) = Q@ (),

for n > 0. This differential equation can be written in a more convenient way

48) (s @) + (@) - ¢ @)QNy@) = @y (@),
where £, = A, +9¥'(z) — ¢"(z). Integrating (4.8) we get

#(@)QNR) (@) + W () — ¢ (@)Q v (@) = K QTR (@) + pim,

where u, is a constant.
For n > 2, let p be a polynomial with degp < n — 2, then

(w,p [$QIR + @ = #)QWNN]) = (wpsQUR) - (u, (6pQN))
= —(u, (p8)' Qi)
= N gy P =0

Thus, the polynomial ¢Qg_}l) + - ‘75/)@5111)1\[ = anffL—vl) + py is orthogonal, with

respect to u, to every polynomial of degree less than or equal to n — 2, and then it
can be written as a linear combination of three consecutive polynomials P,

"‘ian.Vi_]_vl) + pn = EnPrt1 + $nPn + tnPr-1.
From (4.3) we have that the polynomial ng_;vl) is a linear combination of the three

polynomials P,y;, P, and P,_;, and, since the sequence {P,}, constitutes a basis of
the linear space of the polynomials, we conclude that p, =0, for n > 2.
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In this way, the polynomials {Q,+n}n satisfy the differential equation

(4.9) Y@QIN (@) + (@) — ¢ @)@y (@) = rQY N (@),
for n > 2.
Replacing z = ¢ in (4.9), from (4.6) we conclude
(4.10) $(c) Py (c) + (¥(c) — ¢'(c)) Pulc) =0,
for n > 2.

From recurrence relation

&P (z) = Pot1(2) + BuPr(z) + mPa-1(2),
satisfied by {P,}n and (4.10) written for n + 1, n and n — 1, we obtain
(411)  cp(OPLQ) +[9(0) + () — # (@] Pa(d) =0, >3,
and subtracting (4.10) from (4.11), we get

é(c)Pn(c) =0, n > 3.

Therefore, we conclude ¢(c) = 0 and using again (4.10), ¥(c) — ¢'(¢) =0. 0O

COROLLARY 4.5. The only sequences of monic polynomials which are orthogo-
nal with respect to a Sobolev bilinear form (2.1) and satisfy a three-term recurrence
relation are

a) The generalized Laguerre polynomials L%_N),

b) The generalized Jacobi polynomials P,(,_N’ﬁ ), with 8+ N not a negative integer,

¢) The generalized Jacobi polynomials PT(LO"_N), with a + N not a negative inte-
ger.

Proof. Suppose that the monic polynomials {Q,}, orthogonal with respect to
(2.1) satisfy a three—term recurrence relation. Theorem 4.4 assures that u is a clas-
sical linear functional. If D(¢u) = tu is its distributional differential equation, the
polynomials ¢ and % are given by the following table

| Name | ¢ | P | Restrictions |
Hermite 1 —2z
Laguerre T (a+1)—=z a#—-n,n>1

Jacobi |1-a® [ (B—0a)—(a+B+2z| a#-npB#-n,
a+B+1#-nn>1
Bessel z? (a+2)z +2 a#-n,n>2

Then, conditions (4.4) and (4.5) exclude Hermite and Bessel cases. Moreover, in
Laguerre and Jacobi cases the only possibilities are the following:
- Laguerre case with o = 0 and ¢ = 0.
- Jacobi case witha =0,8# —m,m>1and c= 1.
- Jacobi case with =0, a # —m, m > 1 and ¢ = —1.

Taking into account the results of Section 3, we conclude. 0O

Note that a reduction of the degree of P could occur when either both o
and S+ n or a+ B + 1 are negative integers (see [12], p.64). An interesting open
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problem is to give some kind of orthogonality relations valid for these polynomi-
als. For the particular case @ = [ negative integers, this problem has been solved
in [1]: the corresponding Gegenbauer polynomials are orthogonal with respect to a
discrete-continuous Sobolev bilinear form, where the discrete part is concentrated in
two points, namely, 1 and —1.

COROLLARY 4.6. The monic orthogonal polynomials associated to the Sobolev
bilinear form (2.1) satisfy a three term recurrence relation if and only if the linear
functional u is classical and the point c in (2.1) satisfies ¢(c) =0 and ¥(c) = ¢'(c).

Proof. It follows from Theorem 4.4 and Corollary 4.5 taking in mind that Laguerre
and Jacobi polynomials satisfy a three-term recurrence relation for all values of their
parameters. 0O

5. Sobolev orthogonal polynomials and second order differential equa-
tions. As it is well known (see [12]) Laguerre and Jacobi polynomials satisfy a second
order differential equation for every value of their respective parameters.

In this Section, our aim is to characterize the sequences of monic Sobolev orthog-
onal polynomials satisfying a second order differential equation. We can observe that
if, for every n, the polynomials {Q,}, satisfy a second order differential equation

$(2)Qn () + 0(2)Qr, (%) = pnQn (),
where ¢ and o are fixed polynomials and p, € R, then
degp <2, dego <1
Moreover, if p; # 0 then dego = 1.

THEOREM 5.1. Let {Qn}n be the monic orthogonal polynomial sequence associ-
ated with the Sobolev bilinear form (2.1). If, forn > N, every polynomial Q. satisfies
a second order differential equation

(5.1) $()Qn () + 0(2)Qr (2) = prQn(2),

where ¢ and o are fized polynomials with degree less than or equal to 2 and 1 re-
spectively, and p, € R, then the linear functional v is classical with distributional
differential equation D(¢u) = Yu, o(z) = Y(z) — N¢'(z) and the point ¢ in (2.1)
satisfies

(5:2) ¢(c) =0,
(5.3) (N =1)¢'(c) + o(c) = 0.
Proof. Taking k-th order derivatives in (5.1), from Leibniz rule, we get

#(2)QEH? (z) + (k¢! (z) + o (x)) Q¥ (x)
(5.4) = (pn - @qﬁ"(z) - ka'(x)) QP ().

Let £ = N in (5.4), then we deduce that the polynomials P, orthogonal with
respect to the linear functional u satisfy the second order differential equation

$() P/ (z) + ¢(2) P, (2) = AnPa(z), 120,
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where

P(z) = N¢'(z) + 0 (),

A\n = PriN — —N—(EQ—_—Dd’(a;) — No'(z).

Therefore u satisfies D(¢u) = Yu and deg) > 1. Now, since deg¢ < 2 and dego < 1,
from Bochner’s characterization of the classical orthogonal polynomials, (see [2]), we
deduce the classical character of the linear functional .

Writing equation (5.4) for n = N and k = N — 1 we get

(N = 1)¢'(2) + 0(2)) QY ()

= (- T =D g0 - (v - 0'(0)) Q@)

and by substitution in ¢, since Q%V*l)(c) =0, we deduce
(N —=1)¢'(c) + a(c) = 0.

Finally, if N = 1 writing (5.1) for n = 2, we get ¢(c) = 0 and when N > 2, writing
equation (5.4) forn =N, k=N — 2, we get

3(@) QW) (@) + (N - 2)¢' (2) + 0(2)QW ) (x)

= (v - B0 - (V- 20')) 08 @)

and by substitution in ¢ we deduce ¢(c) = 0. 0
Using the same reasoning as in Corollary (4.5), we obtain

COROLLARY 5.2. The only sequences of monic polynomials which are orthogonal
with respect to a Sobolev bilinear form (2.1) and satisfy a second order differential
equation (5.1) are

a) The generalized Laguerre polynomials N,
), with B+N not a negative integer,
c) The generalized Jacobi polynomials P,S“*‘N), with a + N not a negative inte-
ger.

b) The generalized Jacobi polynomials piN#e

COROLLARY 5.3. The monic orthogonal polynomials associated to the Sobolev
bilinear form (2.1) satisfy a second order differential equation like (5.1) if and only
if the linear functional u is classical and the point c in (2.1) satisfies ¢(c) = 0 and

P(c) = ¢'(c).

Proof. Tt follows from Theorem 5.1 and Corollary 5.2 taking in mind that Laguerre
and Jacobi polynomials satisfy a second order differential equation for all values of
their parameters. a

6. A symmetric differential operator: Properties. In order to obtain ex-
plicit relations between the sequences {Q,}, and {P,}, associated with BgN) and u,
respectively, we introduce a linear differential operator FN) closely related to u. To
do this, u must satisfy an extra condition. This is why, from now on, the functional
w in (2.1) will be a semiclassical one.
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DEFINITION 6.1 ([3], [9]). A linear functional u on P is called semiclassical, if
there exist two polynomials ¢ and 1, with degp =p >0 and degy) = q > 1, such that
u satisfies the following distributional differential equation

(6.1) D(¢u) = du,
or equivalently
(6.2) $Du = (¢ — ¢')u.

Equation (6.2) can be generalized in the following way:

LEMMA 6.2 ([8]). Let u be a semiclassical linear functional, then for every n we
have

(6.3) - ¢™M(@)D"u = P(z;n)u,
where the polynomials (x;n) are recursively defined by
Y(z;0) = 1,
(6.4)  (z;n) = ¢(z)¢' (z;n — 1) + P(z;n — 1) [Yo(z) — ng'(z)], n>1.

Observe that, now, (6.2) adopts the form ¢(z)Du = 9(x; 1)u. Taking derivatives
(n — 1)-times in this formula, we get

65) (D" = Zi: ("7 ) o - (171 o) D

for n > 1, where (:;) = 0 whenever m < 0. Multiplying by ¢"~! and using (6.3),

we obtain another recursive expression for ¢(z;n):

o
- K n- 1) D1 1) - ( i D"-%(w)] " @) (e3)

1

z;n)
n

|
-

o

i=

(6.6)

valid for n > 1.
LEMMA 6.3. In the above conditions, we have

(6.7) " (@) (;)D"u = Y(z;n)Diu, n >,
and consequently

(6.8)  ¢'(@)(z; N —i)DVNIu = ¢ (z)ep(¢; N — 5)DV~'u, 0<i,j < N.

Proof. We will show the result by induction on n. The case n = 1,7 = 0 comes
from (6.3), while the case n = j = 1 is trivial. Suppose that

¢n—1—j(x)¢(w;j)Dn—lu =(z;n — 1)D1"u.,
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holds for all j, 0 < j <n —1. Then,
i) For 0 < j < n — 1, taking derivatives, multiplying by ¢, using (6.4), and the
induction hypothesis, we have

¢" I (@) (23 )D™u = (@)’ (w,n — )DIu + p(a)(z;n — 1)DIH u—
—{(n—=1-7)¢' (@)d(z;5) +(z;5 +1) -
—(z; ))[W(2) = (§ + D' ()]}¢" 1 (@)D" u

= ¢(x)Y' (z,n — 1)DIu + ¢(zx)(z;n — 1)DI 1y —
—{w(x;5 + 1) — (25 )W (x) —ng' ()]} (@)D" u

= {¢(@)¢' (@,n = 1) + (251 = D (z) — ng' (2)]}DIu +
+o(@)p(x;n — D7y — g(z; 5 + 1)¢" 7 (@)D" M

= (z;n)DIu+ ¢(@)(e;n — DTy — la)p(zsn — 1)D7

= o(z;n)Du.

@) If j = n — 1, multiplying (6.5) by ¥(z;n — 1), and using the induction hypothesis,

we obtain the result taking into account (6.6).
Now, from ¢) and 4), we conclude, since the case j = n is trivial. 0

We define a linear differential operator F¥) on the linear space of real polynomials
P in the following way

N
(6.9) FN = (=)@ -y (N) ¢ (@)t (a; N — i) DN,

c i
=0

where D denotes the derivative operator and the polynomials ¢(z;n) are defined as
in Lemma 6.2.

REMARK. In the particular case of a semiclassical linear functional u defined from
a weight function, expression (6.9) can be written in a very compact form

N(g
FO = (=1)N(z —¢) qbl)(—g([;))’v (p(x)D")

where p denotes the weight function associated with the semiclassical linear functional
u.

In the next Lemma, we recall a very useful formula involving derivatives.

LEMMA 6.4 ([8]). Let f and g be n—times and 2n—times differentiable functions,
respectively. Then,

n

FPg™ = 37 (1) (7;) (fg(n+i))(n—i) '

=0

In the following Proposition, we show how the linear operator F&¥) allows us to
obtain a representation for the Sobolev bilinear form (2.1), in terms of the consecutive
derivatives of the semiclassical linear functional w.
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PROPOSITION 6.5. Let B(SN) be a Sobolev bilinear form with u semiclassical and
f, g arbitrary polynomials. Then, for 0 <i < N, we have

B (& = V¢! (@il N = i), 9) = (DN ', fFMg).
Proof. From Lemmas 6.2, 6.3 and 6.4, we get

B (@ — )N ¢ (@)b(; N — i) f, 9)
= (u, (& — )N gi(@)p(a; N — i) f) ™ g™

N _a
=) (-1 (JJV> (u, ((m — )N (z)h(zs N — i)fg(N+j))(N Dy
=0

J

o N . . ‘
=30 (M) (0¥, (o - Vo et N = )£
=0
N
=3 (=¥ (]]V ) (6 (@)b(es N — )DNTu, (@ — )N fgV+)
j=0
N
=S 0N (N) @@ty - oY (o - Y g )
=0
] . N oY .
— (D, f-D)V (@ — VS ( ) ) & @b s NV — )9+
=0

= (DN~ fFMg). O

THEOREM 6.6. The linear operator FN) is symmetric with respect to the Sobolev
bilinear form (2.1), that is

BYV(FM§,9) = B (f,FMg).

Proof. From Proposition 6.5 and Lemma, 6.4, we can deduce
il N N ) )
BMFM ) =Y (-)N ( i ) B (@~ o' @)las N — ) O+, )
=0

ol N —i i
=2 () @00y

N i
=S v (V) (500 mg)
= (u, 0 (709) ™) = B (7, 7). O

Now, we study the degree of the polynomial F)z™ for every n. Observe that F(V)
vanishes on every polynomial with degree less than N.
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PROPOSITION 6.7. For every n > 0, we have
deg (]-'(N)m”) <n+ Nmax{p—1,q},

where p = deg ¢ and q = deg.

Proof. By using the induction method it is very easy to see that deg(z;n) <
n + max{p — 1,q} for all n > 0. Taking into account the definition of the linear
operator F)_ the conclusion follows. 0O

On the other hand, the linear operator (V) never reduces the degree for all
polynomials.

PROPOSITION 6.8. There exists ng > N such that

deg FWM) gro > ng.

Proof. Suppose that deg F™M ™ < n, for all n > N. Then, we can expand
n—1
f(N)Qn = 2 an,iQi-
i=0

Thus, since F) vanishes on every polynomial of degree less than N, using its sym-
metry property, we have

B (FMQa, Q) B (Qn, FNQs)

Qn,i =

=0, i=0,1,...,n—1,

BgN)(Qi, Qi) Bng)(Qi, Q)
and the result follows. |

To study the degree of F(Mz™, we need to know the degree of the polynomials
Y(z; N —4),4=0,...,N in formula (6.9). The following Lemma provides us some
combinatorial identities, that will be useful for our purpose.

LEMMA 6.9. Let a and b arbitrary real numbers. Then for every non negative
integer n, we have

i) (@)= (=1)"(-a—n+1)y,

) SO0 (1)
o Sen()(7)- (7).

where (Z) and (a) are given by (3.2) and (3.3).

Proof. 1) Tt is a direct consequence of the definition of the Pochhammer’s symbol.
i) It can be derived from the power series expansion of the identity

1+2)°(1+2)° =1 +z)+?,

comparing the coefficients.
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i43) This formula can be deduced from ¢) and #). 0O

REMARK. For a and b positive integer numbers, formulas ) and #) can be found
on page 8 in [11].

Let assume that the explicit representation for the polynomials ¢ and %) is given
by

p q
¢($) = Zaizia ap # 07 b Z 07 ¢($) = Zblxla bq ;é 0) q Z 1)

=0 =0

and without loss of generality, we can suppose that a, = 1.
Next Lemma gives us the degree of the polynomial ¢(x;n) and its leading coeffi-
cient in terms of p, g and b,.

LEMMA 6.10. The following assertions are true:
i) If p—1< g, then

Y(x;n) = byz" + lower degree terms,

and degy(z;n) =ng, n>0.
it) If p—1>q, then

Y(z;n) = (=1)"(P)nz™ P + lower degree terms,

and degy(z;n) =n(p—1), n>0.
i) If p— 1 = q, then

Y(@;n) = (—1)*(p — bg)ne™ P~V + lower degree terms.

Therefore,

w.1) If p—by #0,—1,...,—(n — 1) then degy(z;n) =n(p—1), n >0,

#.2) If p—by = —k, k > 0, then deg¥(z;n) =n(p—1), 0 < n <k, and degy(z;n) <
nip—1),n>k.

Proof. These results can be obtained by induction on n. [

As we are going to see, the equality in Proposition 6.7 is true for almost all n, that
is, the action of F(N) on a polynomial of degree bigger than or equal to N increases
its degree exactly in Nt being t = max{p — 1, q}. Therefore, we can write

FWMNgn = F(n; N, t)z™ Nt + ..,

where F'(n; N,t) denotes the leading coefficient of the polynomial F (M gn, We want
to notice that this coefficient can be zero for some specific values of n and in particular
for every n < N.

To prove this, we decompose the operator F' (V) in N + 1 differential operators
defined by

6.10) FN = (=1)N(z — )V (]j ) ¢ (x)(z; N — ) DV, i=0,1,...,N.



DISCRETE-CONTINUOUS SOBOLEV POLYNOMIALS 611

Thus,
N . min{N,n—N}
FO =S"FM and FNMzr= S FNam >N,
=0 i=0

where, for s =0,...,min{N,n — N},

fi(N)z” =(-1)N(@ -V (JZ) ¢t (z)h(z; N — Z)—(n — X; — i)!z"‘N“i.

Let us denote by F;(n) the leading coefficient of the polynomial fi(N)x" and, for
the sake of simplicity, we will put F(n; N,t) = F(n).

THEOREM 6.11. Lett = max{p—1,q}. Ezcept for finitely many values of n > N,
we have

deg FM g™ = n + Nt,
that is,
FMgr = F(n)z™Vt + lower terms degree,

with  F(n) # 0. More precisely
i) Ifp—1<gq, then

Fn) = (~b)"

and deg FN)g" =n + Nt, n>N.
1) Ifp—1>q, then

n!
F(n):(P—n'*'N)N(n—_‘N—)!,

and
deg FMg™ <n+ Nt, N+p<n<2N—1+p,
deg FMgn =n 4+ Nt, N<n<N+p, n>2N+p.
iii) If p— 1 = q, then

F(n) = (o= by = n+ Nw g

and
ii.l) ifp—b,=-k, k=0,1,...,N—1, then

deg FMg" < n+ Nt, N<n<2N-1-k,
deg FMgz™ =n + Nt, n>2N—k,

i41.2) if p— by is a positive integer, then

deg FNz™ < n + Nt, N+p—by<n<2N —1+4p—by,
deg FMg" =n+Nt, N<n<N+p—b;, n>2N+p—b,
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#.3) in another case,
degf(N)z" =n+Nt, n>N.
Proof. To prove the theorem a basic tool will be Lemma 6.10. For this reason,

we distinguish three different cases.
i) Case p — 1 < q¢. In this situation, we have

deg FMam =n+ Ng—i(g— (p—1)), i=0,1,...,min{N,n — N},
and then, deg FMz" = deg F\Mz" =n+ Ng, foralln > N.
The explicit expression for féN)a:" is
FNgn = ()N (z — &)Nep(z; N)DV 2"

!
= (=bg)™ (—n—f'N—)!x"J’N ? + lower terms degree,

and the leading coefficient for F(V) "

F(n) = Fo(n) = (—bq)N(—nﬁLw, n>N.

i) Casep— 1> q. In this case, as p > 2, we get
deg FMam =n+ N(p—1), i=0,...,min{N,n— N},
and then degF™Mz™ < n+ N(p—1), forall n > N. The leading coefficient of
]:i(N)xn is
Fin) = (-1)' (N) () (7_—]’;'—_—2), i=0,1,..., min{N,n — N}.
Taking into account that

min{N,n—N}

(6.11) Fn)= Y F(»n),

=0
and using Lemma 6.9 ii1), we can show that:
If N <n < 2N, since min{N,n — N} =n — N, we obtain

n—N n—N ; N 14N —i
:;Fi(n):n! (p)gN_nZO:(—l) <i)<pn_N_i7,)
=n! (p)QN—n (::;) = (p—n+N)N—(;—_7_iN?

On the other hand, if n > 2N,

F(n) = ZF(”) (n— N)|Z( Dl( P )(p_}v-l_—]\ir_i)

—E!N! p—1—n+2N n!
e G R



DISCRETE-CONTINUOUS SOBOLEV POLYNOMIALS 613

Observe that, since p is an integer bigger than 2, from the definition of the
Pochhammer’s symbol (p —n + N)n, we have F(n) =0if and only if N +p <n <
2N —1+p. Then, there exist exactly N values of n such that deg 7 Mgn < n+N(p—1).
Tn another case, we have deg F)z™ =n + N(p—1).

i) Casep—1=gq.

First, we assume that p—b, = —k, k = 0,1,..., N—1. In this case, by Lemma 6.10,
deg ¥p(z; N—i) = (N—i)(p—1), if0 < N—i <k anddegi(z; N—i) < (N—i)(p—1)
fork+1<N-i<N.

Therefore, for n > N, we have degfi(N).r" <n+N(p—1)wheni=0,1,...,N—
k—1,and deg FMz® =n+ N(p—1) i N—k < i< N. Inthis way, deg FMa" <
n+N(p-1) when N <n<2N -k—-1

For n > 2N — k, we can observe that

min{N,n—N}

Fny= Y. Fin),

i=N—k
where, by Lemma 6.9 1),

R = (-0 (§) OB
=(-1N @7) (i+1-(N- k))N_i(n_—”A;_T)!.

Now, we give an explicit expression of F(n). Suppose 2N —k < n < 2N, then
min{N,n — N} =n — N, and using Lemma 6.9 ii)

n—N

N . n!
F(n) = (_1)Ni=§\/:—k< i ) (+1-(N- k))N—im
a Nt T g n—N
=(_1)N(n—N)! 2 (z) (n—(2N—k)—z’)
n! N! n+k—-N
- 0 (W )
n!
If n > 2N, again by Lemma 6.9 i), we have
N
n) = (=1)N N i — — __n'_
F(n) = (1) =;_k(z)( +1= N = RN

:(_1)Nﬁvid__w§(n—(2§v—k)> (ﬂz)

o )
n!

=(-DV
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Hence, if n > 2N — &,

! n!
r P = (—k—n-i—N)Nm

#0.

Now, we assume that p — by # 0,—1,...,—(/N — 1) and thus, from Lemma 6.10,
degp(z; N —i) = N =-9)(p—-1),7 =0,1,...,N. As in the case p—1 > q, we
have deg F™Mz" = n+ N(p—1), i =0,1,...,min{N,n — N}, degFMzn <
n+ N(p—1), and also (6.11), where

Fi(n) = (—1)i <Z;f> (»— bq)N—z'(n+!_i)!‘, t=0,1,...,min{N,n — N}.

Using the same technique, we obtain

(n—N)V

If p—b, is a positive integer, then F'(n) = 0 if and only if N+p—b, <n < 2N-1+
p—by, that is, there exist precisely NV values of n such that deg F (Mg" < n4+N(p—1),
and for the other values of n > N, F(n) # 0 and hence deg FM g™ =n + N(p — 1).

In another case, deg FMzg® =n+ N(p—1),foralln > N. 0O

7. Recurrence relations and differential operators. As a direct conse-
quence of Proposition 6.5, which relates the discrete-continuous Sobolev bilinear form
BgN) and the one defined from a semiclassical linear functional u, we can establish
some relations between the monic Sobolev orthogonal polynomials {@,}, and the
monic orthogonal polynomials {P,},, associated with the semiclassical linear func-
tional u. In the sequel, for the sake of simplicity, we will denote

Fn)=(p—b,—n+N)n n> N.

kn = (u, P2) #0, Fn=DBS"(Qn,Qn) #0, Vn>0.

PROPOSITION 7.1. The following formulas hold:

n+N(p+1)
i) @@=V (@) Pa(z)= Y. aPQi(x), n>0, (7.1)

i=r

P, FN)
where r = max{N,n — Nt}, af:l)N(p_H) =1 and o™ = M;—Q")
,

n+Nt
i) FMQua)= > BVP@), n>Np+1), (7.2)
i=n—N(p+1)

) 3
where By = F(n), By = mj

Proof. i) Expanding the polynomial (z — ¢)N¢"V P, in terms of the Sobolev
polynomials @,,, we have

n+N(p+1)

@— VN @) Pa(z) = > aMQi(a),

=0
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where, taking into account Proposition 6.5,

o B (@ =NV @) _ (u, PiFMQy)

z 55" (Q:,Qy) ki
From the orthogonality of {P,}, and since FM)Q; = 0 for i < N, we deduce that
a{™ =0 when 0 < i < r = max{N,n — Nt}.

i) Because of Proposition 6.7, the expansion of the polynomial F(V)Q,, in terms
of P, is

n+Nt
FMQu(x) = Z 8" Pi(w).
The coefficients ﬁg") can be computed using again Proposition 6.5, and therefore

(w, RBFMQ,)  BYY (@ — )NV Py, Qn)
(“’ Pz2) - k; '

g™ =

Finally, from the orthogonality of {Q,}, it follows ﬁ§") =0for0<i<n—N(p+1).
O

From the symmetry of the linear operator F("), we can obtain a difference—di-
fferential relation satisfied by the Sobolev orthogonal polynomials with respect to the
Sobolev bilinear form (2.1), where u is a semiclassical linear functional.

ProposITION 7.2 (Difference-Differential Relation). For every n > N, the fol-
lowing relation holds

n+Nt

(7.3) FMQu(z Z 7V Qi(),

BM (Qn, FMQ, )
kr :

Proof. Consider the Fourier expansion of the polynomial (V) Q,, in terms of Q,,
which, by Proposition 6.7, is

where r = max{N,n — Nt}, 'y,(:jr)Nt F(n) and v =

n+Nt
FNQu@) = > A" Qi(w).
Then

m _ BE (FMQn, Qi) _ B (Qn, 7M@)
' BN (Qi,Q)) k;

b

where we have used Theorem 6.6. Notice that 'yz(") =0for 0 <i < N and that the

orthogonality of the polynomials {Q,}, leads to 'y(") =0 for 0 <7 <n— Nt. So the
result follows. O
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REMARK. In formulas (7.1) and (7.3), when r = n — Nt, the coefficients a!™ and

™ can explicitly be given by

o™ = F(r)=2, M = F(r)==.

T

Recall that the values of F'(n) had been calculated in Theorem 6.11.

)

Acknowledgements. First and fourth authors wish to acknowledge the financial
support by DGES project PB96-0120-C03-02 and by Universidad de La Rioja project
API-98/B12. Second and third authors wish to acknowledge the financial support by
Junta de Andalucia, G.I. FQM 0229, DGES PB 95-1205 and INTAS-93-0219-ext.

REFERENCES

[1] M. ALvAREZ DE MoRALES, T. E. PEREZ, AND M. A. PINAR, Sobolev orthogonality for the

Gegenbauer polynomials {C,(L—N_H/Q)}nzo, J. Comput. Appl. Math., 100 (1998), pp. 111-
120.

[2] T. S. CHIHARA, An Introduction to Orthogonal Polynomials, Gordon and Breach, New York,
1978.

[3] E. HENDRIKSEN AND H. VAN RoOSSUM, Semiclassical orthogonal polynomials, in Polynémes
Orthogonaux et Applications, Bar-le-Duc 1984, C. Brezinski, et al., ed., Lecture Notes in
Math. 1171, Springer-Verlag, Berlin, 1985, pp. 354-361.

[4] 1. H. Jung, K. H. KwoN, AND J. K. LEE, Sobolev orthogonal polynomials relative to Ap(c)q(c)+
() ()¢’ (z)), Comm. Korean Math. Soc., 12 (1997), pp. 603-617.

[5] K. H. KwoN AND L. L. LITTLEJORN, The orthogonality of the Laguerre polynomials {L,(fk) (z)}
for positive integers k, Annals of Numerical Mathematics, 2 (1995), pp. 289-304.
[6] K. H. KwoN AND L. L. LITTLEJOHN, Sobolev orthogonal polynomials and second order differ-
ential equations, Rocky Mountain J. Math., 28:2 (1998), pp. 547-594.
[7] F. MARCELLAN, A. BRANQUINHO, AND J. PETRONILHO, Classical orthogonal polynomials. A
functional approach, Acta Aplicandae Mathematicae, 34 (1994), pp. 283-303.
[8] F. MARCELLAN, T. E. PEREZ, M. A. PINAR, AND A. RONVEAUX, General Sobolev orthogonal
polynomials, J. Math. Anal. Appl., 200 (1996), pp. 614-634.
[9] P. MARONI, Une théorie algébrique des polynémes orthogonauz. Applications auzr polynémes
orthogonauz semiclassiques, in Orthogonal Polynomials and their applications, C. Brezin-
ski, L. Gori and A. Ronveaux, ed., IMACS Annals on Comp. and Appl. Math. 9, J. C.
Baltzer AG Pub., Basel., 1991, pp. 98-130.
[10] T. E. PEREZ AND M.A. PINAR, On Sobolev orthogonality for the generalized Laguerre polyno-
mials, J. Approx. Theory, 86 (1996), pp. 278-285.

[11] J. RIORDAN, Combinatorial Identities, Wiley, New York, 1968.

[12] G. SzEGO, Orthogonal Polynomials, Amer. Math. Soc. Colloq. Pub. 23, Amer. Math. Soc.,
Providence, RI, 1975 (4th edition).

el



