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ON A GENERAL CLASS OF INTERIOR-POINT ALGORITHMS FOR
SEMIDEFINITE PROGRAMMING WITH POLYNOMIAL
COMPLEXITY AND SUPERLINEAR CONVERGENCE*

JUN JIt, FLORIAN A. POTRA!, AND RONGQIN SHENGS

Abstract. We propose a unified analysis for a class of infeasible-start predictor-corrector al-
gorithms for semidefinite programming problems, using the Monteiro-Zhang unified direction. The
algorithms are direct generalizations of the Mizuno-Todd-Ye predictor-corrector algorithm for linear
programming. We show that the algorithms belonging to this class are globally convergent, provided
the problem has a solution, and have the best known complexity. We also give simple sufficient con-
ditions for superlinear convergence. Our results generalize the results obtained by Potra and Sheng
for the infeasible-interior-point algorithm proposed by Kojima, Shida and Shindoh and Potra and
Sheng.

1. Introduction. In this paper, we consider the semidefinite programming
(SDP) problem:

(1.1) (P) mn{CeX:4;¢X=0b;, i=1,...,m, X =0},

and its associated dual problem:

m
(1.2) (D) max{¥7y:> yiAi+5=C, S=o0}
=1
where C, X, and A; are symmetric matrices in R*** b = (by,... ,by)T € R™,

G e H=Tr(GTH), and X > 0 indicates that X is positive semidefinite.

SDP arises in many scientific and engineering fields, including system and control
theory, combinatorial optimization, and eigenvalue optimization. Over the last couple
of years SDP has attracted very active research, focusing on the extension of the
existing methods in LP to the context of SDP. Several generalizations of the Mizuno-
Todd-Ye predictor-corrector method for SDP have been recently analyzed by Lin and
Saigal [6], Luo, et al. [7], Kojima, et al. 3, 4], Potra and Sheng [12]-[14], and Zhang
[18]. The algorithm proposed by Kojima, et al. [3] and Potra and Sheng [13] uses
the HRVW/KSH/M direction and has polynomial complexity. Also, Potra and Sheng
[13] proposed a sufficient condition for the superlinear convergence of the algorithm
while Kojima, et al. [3] established the superlinear convergence under the following
three assumptions:

Al SDP has a strictly complementary solution;

A2 SDP is nondegenerate in the sense that the Jacobian matrix of its KKT
system is nonsingular;

A3 the iterates converge tangentially to the central path in the sense that the size
of the neighborhood in which the iterates reside must approach zero, namely,

kl'i)nolo||(X’“)%S’“(Xk)% — (X% 0 Sk m)I| /(X" o S*[n) = 0.
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These were the first two papers investigating the local convergence properties of
interior-point algorithms for semidefinite programming.

More recently, Kojima, et al. [4] proposed a predictor-corrector algorithm using
the Alizadeh-Haeberly-Overton search direction, and proved the quadratic conver-
gence of the algorithm under Assumptions Al and A2, but the algorithm does not
seem to be polynomial. Using the Nesterov-Todd search direction, Luo, et al. [7]
investigated a symmetric primal-dual path following algorithm, which was proposed
originally by Nesterov and Todd [11] and derived differently in [15]. They proved the
superlinear convergence under Assumption Al, while the Assumption A3 is enforced
by the algorithm. In a recent paper, Potra and Sheng [14] proved the superlinear
convergence of the infeasible-interior-point algorithm of Kojima, et al. [3] and Potra
and Sheng [13], under Assumption A1 and the following assumption

A4 limgyoo X*S¥/VXF 0 Sk = 0.

Among these four assumptions, Assumption Al is standard. Assumptions A3
and A4 are similar, but Assumption A4 is a little bit weaker than Assumption A3.
As shown by the example in [3], Assumption A3 or A4 is also needed to ensure the
duality gap being reduced superlinearly. However, Assumption A3 or A4 could be
enforced by proper parameter selection in the algorithm (cf. [7]).

In a very recent paper, Monteiro and Zhang [10] proposed a unified analysis for
a class of long-step interior-point algorithms for SDP. In what follows, we will call
the unified direction the Monteiro-Zhang direction. Using this direction, we pro-
pose a unified analysis for a class of infeasible-start predictor-corrector algorithms for
SDP, which generalize the Mizuno-Todd-Ye predictor-corrector algorithm for linear
programming. By extending the analysis of Potra and Sheng [13, 14], we show that
this class of predictor-corrector algorithms shares similar global and local convergence
properties with one of its members — the infeasible-interior-point algorithm proposed
earlier by Kojima, et al. and Potra and Sheng. In particular we prove polynomial
complexity for general problems and superlinear convergence for problems satisfying
Assumptions Al and A4.

Notation. The following notation is used throughout the paper. R, R}, and
R, denote the p-dimensional Euclidean space, the nonnegative orthant of R?, and
the positive orthant of RP, respectively. The set of all p X ¢ matrices with real
entries is denoted by RP*?. The set of all p X p symmetric matrices is denoted by
SP. For Q € 8P, Q > 0 means @ is positive semidefinite and Q > 0 means @ is
positive definite. The trace of a p X p matrix @ is denoted by Tr(Q) = >4 _, [Q]s:-
The eigenvalues of @ € S?P are denoted by Ai(Q), ¢ = 1,...,p, and its smallest
and largest eigenvalues are denoted by Amin(Q) and Amax(Q), respectively. Given P,
Q € RP*9, the inner product between them is defined as P ¢ Q = Tr(PTQ). The
Euclidean norm of a vector and the corresponding norm of a matrix are both denoted
by || - |I; hence, ||Q|| = max{||Qy]| : |ly]| = 1}. The Frobenius norm of a matrix @ is

IQllr = /35y S0_1[QF%. Q% = O(1) means [|Q||* is bounded, while M* = O(v)
means M* /v, = O(1).

2. The unified direction. Throughout this paper we assume that both (1.1)
and (1.2) have finite solutions and their optimal values are equal. Under this assump-

tion, X* and (y*,S*) are solutions of (1.1) and (1.2) if and only if they are solutions
of the following nonlinear system:

(2.].3,) A,;OX=bi, i=1,...,m,
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(2.1b) iyiAi +5=C,
(2.1¢) ;(_;’zo, X»0, S»0.
We denote the feasible set of the problem (2.1) by
F={(X,y,5) € S xR™ x 8} : (X,y, S) satisfies (2.1a) and (2.1b)}
and its solution set by F*, i.e.,
F*={(X,y,S) e F: X ¢S =0}.

The residues of (2.1a) and (2.1b) are denoted by:

(2.2&) Ri:bi—AiOX, i:l,...,m,
(2.2b) Ri=C-) yiAdi—S.
=1

For any given ¢ > 0 we define the set of e-approzimate solutions of (2.1) as

Fe={Z=(X,y,5) € ST x R™ x 8" :
XeS<e |Ril<e i=1,...,m, |[Rd|l<eé}.

In [18], Zhang defines the linear transformation
Hp(M) = % [PMP™! + (PMP™HT]

for a given invertible matrix P and observes that if P is invertible and M has a real
spectrum, then

Hp(M)=+I iff M=rl.

Thus, the system XS = 0 is equivalent to the system Hp(XS) = 0, since XS is
similar to the positive definite matrix S% X$%. Therefore, (2.1) is equivalent to

(23&) AiOX=bi, i=1,...,m,
m
(2.3b) > yidi+S=0C,
i=1
(2.3¢) Hp(XS)=0, X*>0, S>0.

A perturbed Newton method applied to the system (2.3) leads to the following linear
system:

(2.4a) Hp(US + XV) = érl — Hp(XS),
(2.4b) Ai.UZ(l—f)Ri, i=1,...,m,
(2.4c) D widi +V =(1-¢Rq

=1
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where 7 > 0 is a parameter, and ¢ € [0, 1]. Monteiro and Zhang [10] established
the polynomiality of a long-step path following method based on the search direction
(U,w,V) obtained from (2.4) when the scaling matrix P belongs to the class

(2.5) (W2 :W € 87, such that WXS = SXW}.

Being motivated by Monteiro and Zhang’s work, in this paper we consider the follow-
ing set of permissible matrices associated with (X, S) € 87

P(X,8) = {P: P ¢ R**" is invertible and PXSP~! € §"}.

It is interesting to note that the members of P(X,.S) could be nonsymmetric while
those in (2.5) are only symmetric. We also note that Theorem 3.2 of [16] indicates
that there is a unique symmetric solution (U,w,V) € 8™ x R™ x 8™ to the linear
system (2.4) for every P € P(X, S). The following characterization of P(X, S) will be
frequently used in our analysis.

LEMMA 2.1. Let X, S € 8. Then,
(2.6) P(X,S)={P: X:PTPX% € 87, commutes with X¥SX3}
(2.7) ={P: ST PTPS™% € 8", commutes with S*XS%}.

Proof. The lemma follows from the fact that
(2.8) PXSP'=(PxSp~HT
is equivalent to both

[X2PTPX?|[X25X?) = [X?SX?]|[X?PTPX3)
and
[S~3PTPS 3)[S3X55] =[S X S?][S"2 PTPS 2] .

We mention that the above lemma can also be derived from Proposition 3.4 and
Theorem 3.1 of Monteiro and Zhang [10]. Given a matrix P € P(X, S), let us define
(2.9) J,=X*PTPX%* and J,=S :PTPS 2.

It follows from Lemma 2.1 that J,, Js € S}, commute with X 35X?% and
S:XS 2, respectively.

LEMMA 2.2. For any P € P(X,S), there exist orthogonal matrices Q) and @
such that

P=Q,JiX "} =Q,JEst .
Proof. In view of (2.9), we obtain

JEX-PYUTJix-tp =1
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and
[(JEspYTJEsip~1]=1.

The lemma is proved by taking QI = ch%X"%P‘1 and QT = J,%S%P‘l. 0

Note that J, = Js =T and P = X =% or S% define the directions formulated
by Monteiro {9] which are particular cases of the direction originally proposed by
Kojima, et al. [5]. The direction defined by J, = J, = I and P = S% was derived
independently by Helmberg, et al. [2]. Finally, the case J, = [X 19X %]%, or J; =
[S2XS%]~2 corresponds to the Nesterov-Todd direction [11] (see [16] and [15] ).

3. A class of predictor-corrector algorithms. In this section, we propose
an infeasible-interior-point predictor-corrector algorithm for solving (2.1), which gen-
eralizes the interior-point method for linear programming proposed by Mizuno, et al.
[8]. The algorithm performs in a neighborhood of the infeasible central path:

C(r)={Z=(X,y,5) € S}, xR™ xS}, :
XS=1I, Ri=(r/"R?, i=1,...,m, Ry=(r/™°)RY}.

The positive parameter 7 is driven to zero and therefore the residues are also driven
to zero at the same rate as 7. The iterates reside in the following neighborhood of
the above central path:

N(y,m) ={(X,y,8) € Sf, xR" xS}, : |Hp(XS) — 7I||F < 7}
={(X,y,5) € S}, xR™ x 8}, : ||PXSP™' - 1I||p < 7}

= {(X,y,5) € 87, x R™ x &7 : (Z(Ai(XS) —r)2>§ <1}

={(X,y,5) € ST, xR™ x 8%, : | X38X% — 71||p <7}

where v is a constant such that 0 < v < 1. It is interesting to note that the neigh-
borhood N (7, 7) is independent on the scaling matrix P. Throughout the paper we
use the notation:

(3.1) k = supmin{ky, Ks}

where i, = ||Jz|||J; 2, &5 = || J6]||J;2]|, and the supremum is taken over all matrices
P that are used in our algorithm. The x in (3.1) is known for several important
examples. If P = X~ %, then J, = and s = 1. If P = S%, then J; = I and k = 1.
For the Nesterov-Todd direction, we have J, = (X2SX%)% or J, = (S2XS%) 2,
and thus £ < /(1 + 8)/(1 = B) < /3 for & = 0.19 and 8 = 0.31. More generally, if
Jo = (X28X3%)7 or J, = (S3XS%)7° for o € R, then

< (480 -8 <39l for a=025%37171/2 B =041%3"1/2,

Throughout the paper, we assume that the spectral condition number of J, or
J, is bounded and some upper bound on & is known. The neighborhood size in our
algorithm will depend on the quantity . First, let us choose two positive parameters
«, ( satisfying the inequalities

VRE

g
(323,) mﬁ—)zga<ﬂ<1—_ﬁ<l.
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(3.2b) B—a>Q(1/VR).

For example, a = 0.25/1/k, 8 = 0.41/+/k verify (3.2). We note that the parameter o
defined in (3.2) always satisfies a/k < 0.5 and hence a < 0.5, which will be frequently
used in our analysis.

At a typical step of our algorithm we are given (X,y,S) € M(a, 7) and obtain a
predictor direction (U, w,V) € 8™ x R™ x 8™ by solving the linear system (2.4) with
€ = 0. By taking a steplength 6§ along this direction, we obtain the points

XO0)=X+0U, y@)=y+6w, S@) =5+06V.
Theoretically we would like to compute the step length
(3.3)

n

= max{é €[0,1]: (Z(/\i(X(B)S(G)) -(1- 0)7‘)2> Eg B —8)r, Vo elo, é]}.

i=1
However this involves computing the root of a complicated nonlinear equation. In
Lemma 3.5, we will show that

(3.4) >0

where

(3.5) f= 2 ,
V1+46/(B—a)+1

and

(3.6) 5= 7—1_[|PUVP_1“F.

Actually, 8 is the positive root of 676% + (8 — @) — (8 — @) = 0. In what follows we
assume that a steplength 6 satisfying

(3.7) 6>6>0
is computed, and we define
(3.8) X =X +0U, 7=y + 0w, S=5+6v, r+=(1—6_’)7-.

In case § = 1 (which is very unlikely), it is easily seen that (X,7,5) € F* and
therefore the algorithm terminates with an exact solution. Now suppose that § < 1.
Then X and S are symmetric positive definite matrices since A;(X () ) >@1-
B)(1—-6)T >0,i=1,...,n, V6 € [0,0]. Therefore we can define the corrector
direction (U, w,V) as the unique symmetric solution of the following linear system
(24) with (X,y,5) = (X,3,5), P = P € P(X, §), and 7 = r*. By taking a unit
steplength along this direction we obtain a new point

(3.9) Xt=X+U, y"=g+w, ST=5+7.
Clearly
(3.10) Rf=(1-0)R;,i=1,...,m, R}=(1-0)R,.

Summarizing, we can formally define our algorithm as follows:

ALGORITEM 3.1. Choose (X°,4°,5%) € N(a,70) with 70 = 40 = (X e S%)/n
and set Y° =1. For k=0,1,..., do Al through A5:



Al
A2

A3

A4

A5
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Set X = X* y=yF, S = S* and define Ry = C — > iv  y;Ai — S, R; =
bi—AiOX, 1= 1,... , M.

If max{X e S,||R4ll,|Ri|,i = 1,... ,m} < €, then report (X,y,S) € F. and
terminate.

Find the unique symmetric solution U,w,V of the linear system (2.4) with
€ =0, define X,5,8,7 as in (3.8), and set Yt = (1 —0), for a § satisfying
(8.7). If § = 1, then report (X,7,8) € F* and terminate.

Find the unique symmetric solution U,w,V of the linear system (2.4) with
¢=1, (X,y,8) = (X,3,5), P= P, 7 =71, and define X+ ,y*,S* as in

Set Xkt = X+, Ghtl = ot rhtl = 7+ gk = § yht+!l = gt RE = Ry,
R’-"=R¢,i=1,... ,m.

(2

The following results of Monteiro [9, Lemma 3.3] will be used in the analysis of
Algorithm 3.1.

LEMMA 3.2. Suppose that M € RP*P is invertible. Then, for any E € SP, we

have
(3.11)
(3.12)

(3.13)

Amax(E)

IN

Amax(MEM ™' + (MEM~1)T),

/\min (E)

v

Amin(MEM ™' + (MEM~1)T),

NI N =N =

IEllr

IN

IMEM~! + (MEM~)T||p .

LEMMA 3.3. Let (X,y,S) € N(v,7) for some vy € [0,1/+/k) and 7 > 0. Suppose
that (D, Ay, D) € R*>™ x R™ x R**™ is a solution of the linear system:

(3.14a)
(3.14b)

(3.14c)

Hp(D,S+ XD,) =H,
A;eD, =0, i=1,...,m,

iAyzAz + Ds = 0’

i=1

for some H € R**™. Then, the following three statements hold:
(a) if kg < K, then

(b) if ks < Ky, then

PRt 1 gt H||;
XD, XH|% + 2 x- D, x 4|3 < HIE_
1 1 _1 _1 H|32
580,83 + 7S~ 3D,5 4 < o T

(¢) |PD,D,P~Y||p < YEIAL

B0=Rr)7r

Proof. Let us prove (a). Suppose that &, < ks, then k, < k. Writing

2H = 2Hp(XD; + D,S5)

=PXD,P~'+PD,SP™ + [PXD;P* + PD,SP|T
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=PXD,P~' + 1PD, X 'P™' + PD, X 'P~Y(PXSP~' - 1I)
+[PXDsP~ ' +7PD, X 'P~ '+ PD, X 'P *(PXSP' — DT
=B+ B" + PD,X"'P"Y(PXSP™' - 7I)
+[PD, X 1P Y(PXSP! — )T

where

B=PXD,P ! +rPD X" 'P},

we have
2||H||r > ||B+ BT||r - 2||PD, X *P~Y(PXSP™' — 7])||Fr
>||B+ BT||p = 2||PD, X 1P7Y||p||PXSP~! — 71|
> ||B + BT||p = 297||PD, X 1 P7Y||F.

According to Lemma 2.2, P = Qwa% X2, so that we have
IPD X" P~ = |QuJE X~ D, X2 X 37 2QT |
— 2 XD, X X4
1 1
<2z 21X 3 Dp X~ 3| 5
= VRl X 2D X" 2||p < VE|X T DX
Using Lemma 3.2 with M = PX% and E = X3D,X? + 71X~ 2D, X%, we obtain

B+ BT||p >2|X*D,X? + 7X 2D, X" %||p
=2(|XiD,X?||% + 72| X 2D, X"%||%)? (since D, o D, = 0).

Therefore,
1 —_— g—
1]l 2 5IIB+ Bl = yrlPD.X " P |r
> (1XED, XA+ 72| X 3D X 43} — Ry X 2D X |
> (|X3D,X 3|3 + T2|X 2D, X2 |[3)2 (1 - yk),

which proves (a). We can prove (b) similarly. To prove (c), we may assume kg < K
without loss of generality, and deduce

IPD,D,PY|p = |QuJ2 XD, D, X4 J; ¥QT|1s
= |2 x"4D,D. X} I s
< [Nz ¥0IX % Do DX 3|
< VAT X5 Do X 73| p[| X 5 D X 5| ] /7
< VRGIPIX DX + XD, X/

Vel H||Z
< m (from (a)).
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O
The next corollary will be essentially used in the proof of global and local con-
vergence properties of Algorithm 3.1.

COROLLARY 3.4. Under the hypothesis of Lemma 3.2,

A+ H|F
1= /Ky
| H|lF
(1-vEy) (1 -7)

|X2D,X%||p <

X 2D X2 |F <

Proof. If k; < ks, then the results follow immediately from (a) of Lemma 3.2.
Suppose k; > ks. Then from (b) of Lemma 3.2, we obtain

|H ]|
1=y’

IH|lr

”StiS§”F < '1—-:%

7ISTED,S7F || r <

Hence,
IX3D, X3P = [I[X55)S™4 DS HSEXH]|r

< |IXESE|P|S7ED,S7 8|5

= Amax(X2SX7?)||S™2D,5™ 7|5

~ A+)IH]r

— 1 _ \/E’Y b
rl[X~2S78)SED.SHSTEXH]r
7| X287 |12 D, 83|
1S5 Dy S% |7/ Amin (X 2 SX )
< | H |7 .
(A -VEnA~7)

T|X 2D, X % ||p

IN

0
The next lemma justifies our definition of steplength 8 in the algorithm.

LEMMA 3.5. If (X,y,5) € N(a,7), then 8 € [0,1] defined by (3.3) satisfies § >0
where 8 is given by (3.5) and (3.6).

Proof. By definition, we have

X()S®) — (1 —-6)7I = (X +0U)(S +6V)— (1 —6)7I
(3.15) =(1-60)(XS—7I)+0XS+0(XV +US)+6°UV .

If we set
R(0) = P[X(0)S(6) — (1 - §)TI]P7,
then, in view of (3.15) and (2.4a) with £ = 0, we obtain

R(6) + R(O)T =2(1 — 6)(Hp(XS) — 7I) + 6[2Hp(XV + US)PX*
+2Hp(XS8)] + ?[PUVP~! + (PUVPHT]
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=2(1-6)(X2SX? —7I) + 0*[PUVP~' + (PUVP~I)T].
Therefore,
SIR(®) + B6) r < (1 - O XESXE ~ rll|p + 67 PUVE
(3.16) <ar(l-0) +6%r.

Hence, for any given parameter v € [0,1), we must have X () > 0, S(6) > 0 for all
6 € [0, min(f,v)). Otherwise, there must exist 0 < ' < min(f,r) < v < 1 such that
X (6")S(#') is singular, which means

(3.17) Amin (X (0)S(0') — (1 - 60")7) < —(1—-0")7 .
However, using (3.12) with M = P and E = X (0')S(¢') — (1 — 6')7, we have
Ain(X(0)S(O) — (1= 0)7) = $hwin (BE) + R(E)T)
> —3IIR@) + ROz
> —lar(1—6") + (¢')?67] (from (3.16))
> —-B(1-6"r,

which contradicts (3.17). Since X (6) > 0, its square root X (6) exists and is uniquely
defined. Applying (3.13) of Lemma 3.2 with E = X(0)28(6)X(8)z — (1 — )71,
M = PX(6)2, and noting that R(§) = MEM ™!, we obtain

(Z(M(X(o)sw)) -(1- e)rf) "= X0 SO)X(0)F - (1 - 6)rI|p

i=1
1
< SlIRE) + RO)"|lr
<ar(l—-6) +6%r (from (3.16))
< B(1—6)r, forall§<8a.

Therefore, (X (6),y(8),S(8)) € N(B, (1 — 6)r), for all § € [0, min(d,v)]. If§ < 1 we
can choose v = 8, which gives § > §. Finally, if § = 1, then (X(8),y(6),S(0)) €
N(B,(1—8)7), for all @ € [0, 1), which implies X (1) > 0, S(1) > 0 and X(1)S(1) =0,
and therefore § = 1 =6. O

Before stating our main result let us note that the standard choice of starting
points

X0=ppI, y°=0, S°=pal

is perfectly centered and satisfies (X°,4°,S°) € NV (a, 7°), as required in the algorithm.

We will see that if the problem has a solution, then for any € > 0 Algorithm 3.1
terminates in a finite number (say K.) of iterations. If € = O then the algorithm
is likely to generate an infinite sequence. However it may happen that at a certain
iteration (let us say at iteration Ko), we have § = 1, which implies that an exact
solution is obtained, and therefore the algorithm terminates at iteration Kp. If this
(unlikely) phenomenon does not happen, we set Ko = co.
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THEOREM 3.6. For any integer 0 < k < Ky, Algorithm 8.1 defines a triple
(3.18) (X* y* 5% e N(a, %)

and the corresponding residuals satisfy

(3.19) RE=y*RY, RF=o*RY, i=1,...,m,
(3.20) " = ks,
(3.21) 1—a)r* < pbf=(XFeSF)/n< (14 a)rF
where
k—1
=1, ¢F=][01-69,
§=0

and 87 is defined by (3.7).

Proof. The proof is by induction. For k& = 0, (3.18)—(3.21) are clearly satisfied.
Suppose they are satisfied for some k£ > 0. As in Algorithm 3.1 we will omit the index
k. Therefore we can write

(X,y,5) € N(a, 1),
Ry=vRy, R;=vR)i=1,...,m,
T=91°, (l1-a)r<p<(1+a)T

The results in (3.19) and (3.20) follow immediately from (3.8) and (3.10). From the
fact that (U, 1w, V) is the solution to the system (2.4) with ¢ = 1, (X,y, S) = (X,7,5),
P =P, 7 =171, together with (3.9), we obtain

XtSt -t I=(X+0)(S+V)-1tI

(3.22) XS~-(1-6)rI+XU+US+TUV.

Define
B=P(X*St - P’
Then, (3.22) implies
B+ BT =2[H5(XS) — (1 - 6)7I)
+ 2H5(US + XV)| + [PUVP ' + (BUVP 7]
(3.23) =[PUVP " + (PUVP ).

Since k < Kjp, we see that # < 1 and that X = 0, S > 0. Applying (c) of Lemma 3.3,
we deduce

PP < VEIHP(XS) — (1= 6)7|}
IPOVP s < 0= ==
< VEB(L-O)r

- 2(1-VkB)?
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(3.24) <a(l-0)r=art™  (from (3.2)).

Without loss of generality, we may assume rxz < k5. Hence by applying (a) of
Lemma 3.3 with H = (1 — 6)7] — Hp(XS), we have

|Hp(XS) - = O)rTlr . 6 _
1-VEB)1-0)1 ~ 1-kp
which implies that T +XTX Y - 0, and therefore, X* = X +U > 0. Thus (X1)?

exists. Using (3.22), (3.23), applying Lemma 3.2 with E = (X1)25+(X 1)z —7+1,
M = P(X+)z, and noting that B = MEM~!, we have

—l 1
X *UX *|lr < L

1
I E8*(X*)% ~ ¥ 1||p < 51B + BT||p

= WIPUVE™ + POV [Mlr  (from (3.23))

< |PUVP " ||r
(3.25) <art (from (3.24)).
The above inequality implies that
Amin(XH)ESHAH)E) > (1 - a)r* > 0.
Hence (X+)28+(X+)2 » 0, which gives S* > 0. In view of (3.25), this shows that
(3.18) holds for k + 1. Finally, (3.21) is an immediate consequence of (3.18). O

4. Global convergence and iteration complexity. In this section we assume
that F* is nonempty. Under this assumption we will prove that Algorithm 3.1, with
€ = 0, is globally convergent in the sense that

lim p* =0, lim RE=0, lim RF=0,i=1,...,m.
k—o00 k—o0 k—o00

In the sequel, we will frequently use the following well-known inequality:

(41) [MiMz||p < min{|[M|| ||Me|lF , |[Mylpll[Mz]},  for any My, M, € R™™.

LEMMA 4.1 (Potra-Sheng[13], Lemma 3.2). Assume that F* is nonempty. Then
for any (X*,y*,S*) € F* and (X,y,S) € N(a,T) we have

(4.22) XeS8°+X%eS<(2+a+(nr?,

(4.2b) XeS"+X"eS<((I+a+9y)/(1-9)+(nT
where

(4.3) C=(X"eS"+X*e5%/(X°e5°.

Lemma 4.1 shows that the pair (X*, S*) generated by Algorithm 3.1 is bounded.
More precisely, we have the following corollary, which can easily be deduced from
Lemma 4.1 and Theorem 3.6.

COROLLARY 4.2 (Potra-Sheng [13], Corollary 3.3). Under the hypothesis of
Lemma 4.1 we have

(4.4) 1X2(S°)%||r < /(2 +a+ C)nt®,
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(4.5) 1S3 (X9 < V@ + o+ Onrd,

(4.6) 1X2|lF < 1S°) 2 V2 + o+ {)no,
(4.7) 1S5 ]lr < (X% 2 V2 +a+ nr,
(4.8) X832 = |IX25X 3| < (1+ ),
( 1

-3 3|2 = ||X"3S"1X"3 -
49) XA HP = X b X € e

LEMMA 4.3. Let (X,y,S5) € N(a,7), P € P(X,S). Then,
(i) max{ry, Ky} < 3k;
(ii) for any M € R**", ||[Hp(M)||r < |[PMP!||r < V3&|| X 2 MX3||p.

Proof. In view of (2.9), we have
Jo = [X38%]J,[X2S%)T and J;' =[(X78%) 1Ty X283
Therefore we obtain,
el < 16l IXESF]2 = ||Je] Amax(XESXE) < (14 @)7]| ]I,
1741 < ITHHICEESE) 7Y = (171 Amin(X 28X %) < [1J;7H]/((1 = 0)7).

Hence,

(4.10) ko = || Ja| 11757]] < li?[-HJ 5] < 3Fs.

Similarly we can prove ks < 3k;. Thus, (i) follows immediately. (ii) can be proved by
noting that
|Hp(M)||r < ||[PMP~!|F
= [1Qu 2 X~ *MX 3T 2QT|lp
= XXt
< VRl XTEMXE||p
< V3R||XTEMXE|p.

LEMMA 4.4. Suppose ()Af,ﬂ, §) € F, and denote

T=9¢[X3(S°—5)X? + X 3(X° - X)SX32] - X?S5X3,
T, =X (X" - X)Xz,
T, = X3 (8° - §)X=.

Then the quantity ¢ defined by (3.6) satisfies the inequality:

5‘/—(

/\

T\l + 4V3RITIIE) (1ITellr +3V3RITIIE)
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Proof. Tt is easily seen that (U + (X0 — X), w + %(y° — 7), V +¢(S° —
satisfies (3.14) with H = Hp(M) where

M =9(X(S° - 8) + (X° - X)S) — X5.

Hence, according to Corollary 3.4, we have

-1 S\ y—1 1H]|F
TIXT2 (U +9(X° = X)X 2 ||r < A= Jea)(i—a) <4/ H|lr,
1 _ & xl (1+a)[|H]|r
1 X2 (V +9(S° = 8)X =[|F < 1= Jra < 3|lH]|F-

y (ii) of Lemma 4.3, we have
|H]|r = |[Hp(M)||r < VBH||X 2 MX?||p = v3a]T||F.
Therefore

T X 2UX"#||p < 7| Tollr + 4| H|IF < 7l|Tollr + 4V3&lIT||r,

IXEVXE||p < ||ITllp + 31HlIF < ITsllr + 3v3&]|T] -
Again, using (ii) of Lemma 4.3, we deduce
§ = ||PUVP™Y|/7 < V3&|| X 2UVXZ||p/T

< VBR[T|IXTEUX TR |[F)[|| X BV X 3| 5] /72

< 3% (ALl + 4V3RITIL) (ITle +3V3RITE).

o

LEMMA 4.5. Under the hypothesis of Lemma 4.4 we have
(4.11) § < 3.515 (42.6(2.5 + Q)ndo + 7.8v)°,
where

do = max([|[(X®)7F(X° - X)(X°)"*|p, [|(S°)E(S° - 9)(S°)"%||r).

Proof. Using the notation of Lemma 4.4, and Corollary 4.2, we can write

1Tl < $l1X3(S° — S)X* || + || X5 (X° - SX |+ | X5SX?|p
= || X (%)% (S92 (S0 - 8)($°) 73 (S*)F X |
+l|X~ESTESE(X0)F (X073 (X0 - X)(X0) 72 (X°)2S2 52 X |
+HIXZSX?||p
< P|IXE(SO)F|[1(S°)7F(S° — §)(S°) 3|
I XTESTE| 1S3 (X0) 32| X3 53| [|(X0) 7 (X0 — X)(X°) |
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+V/n|| X3SX 3|

<¢(2+a+€)n70d0(1+ +\/" 1+ a)r
[2(2+a+§)nd0/(1—a)+(1+a)\/—]
7[2(5 + 2¢)ndy + 1.5v/n).

Also,
ITellr < DlIXT257253(X%) 3 (X%) 75 (X° ~ X)(X°) 7 (X°) 25252 X |Ir
< YlIX72S7E]12]|S5(X0) 3| P do
< %2+ a+ nr°

- (1 —a) do
= BL et Oy < 5+ 20)mdo,

and

ITellP < X3 (S%)2(S°)~3(S° — 5)(S°)"#(s%)2 X ||
< 9||X7(S°) |2 dy
<Y2+a+Onmldy = (24 o+ Onrdy
< (2.5 + ¢)nrdp.

Then (4.11) follows from Lemma 4.4. O

According to Lemma 3.5 and Lemma 4.5, it follows that if 7* is not empty, then
the step length 6% defined by (3.7) is bounded away from 0. This implies global
convergence as shown in the following theorem.

THEOREM 4.6. If F* is not empty, then Algorithm 3.1 is globally convergent at
a linear rate. Moreover, the iteration sequence (X*, y*, S*) is bounded and every ac-
cumulation point of (X*,y*, S¥) belongs to F* (i.e., is a primal dual optimal solution
of the SDP problem).

Using Lemma 4.5, we can easily deduce the following result.

THEOREM 4.7. Suppose that F* is nonempty and that the starting point is chosen
such that there is a constant v* independent of n satisfying the inequality

(2.5 + ¢) max(||(X°) "3 (X° — X)(X9) % ||p, |I(S°)"%(S° - 5)($°)~%||F)
<n~iy%,

for some (X,5,5) € F. Then Algorithm 3.1 terminates in at most O(ry/nIn(eo/€))
iterations, where

(4.12) €0 = max{X° e S° ||RY|,|RY|,i =1,... ,m}.

COROLLARY 4.8. Suppose that F* is nonempty and that the starting point is feasi-
ble, i.e., (X°,y°,5°) € F. Then Algorithm 3.1 terminates in at most O(k+/n1n(eo/€))
iterations, where €y is defined by (4.12).
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THEOREM 4.9. Suppose X° = S° = pI, where p > 0 is a constant such that
[1X*]| < p, [IS*]] < p for some (X*,y*,S*) € F*. Then the step length 0, defined by
(3.7) satisfies the inequality

- 1
(4.13) O > W,

where w is a constant such that f — a > w//k.

Proof. According to Lemma 4.1, we have
p(Te(X) +Tr(S)) < 2+ a+ Onr® = (2 + a + {np?,

ie.,

n

> i(X) +Ai(S) < 2+ a+ Q)pn.

i=1
Since X* ¢ S* = 0 we get the relation
(= (5" o X%+ X" ¢5%/(X°05% = (Tx(X*) + Tx(57))/(np) < 1,

which implies

(4.14) X212+ (1SF]2 = S (M(X) + Xi(9) < (3 + a)pn.

=1
It is easily seen that

(4.15) IX°=X*||<p and [|S°—S*|[<p.

Applying (4.14)-(4.15), Corollary 4.2, and Lemma 4.4 with (X',fyv, g) = (X*,y* 5%,
we have

1XH(8° = 59X ||r < IX[HIS° - 87| < 3.50%n,

X3 - X)X H||p = [[(X~#57$)SH(X° - X")SH (52X H)|Ir
< IIXTESTE|ISEXE] IS H X0 - X
= [[XESTIX B IX 3 S X353 [ X° - X7
(4.16) < 6.1p%n.
In view of (4.16)-(4.17) and Corollary 4.2, we obtain

IT)lF < ¢ X3(S°—S*)X2||p+]| X3 (XO - X*)SXE||p+|| XESXE||p
(4.17) < 7[9.6n + 1.5¢/n] < 11.17n,
7| TellF = T9l| X3 (X° - X*)X %[5
= r[(X 7257853 (X0 - X)8H(STEXH)p
(4.18) < Tl|SE|HIXTESTE|PIX0 - X*|| < Trn,
(4.19) ||Tellr = 9||X3(S° — S*)X7||p < 9[|X5[[2]|S° - §*|| < 3.57n.
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Therefore,

\/__
6 < L (HITalle + 4V3aIITIr ) (ITsllr + 3V3RIIT|F) < 889065102,

Consequently,

1

2 1
V1+46/(B—a)+1 ” Vé/(B—a)+1 > 95kn/\/w+ 1

— A

§>6=

In the following corollary we summarize the complexity results for standard start-
ing point of the form X = S° = pI.

COROLLARY 4.10. Assume that in Algorithm 3.1 we choose a starting point of
the form X° = S° = pI, where p > 0 is a constant. Let €y be given by (4.12) and let
€ > 0 be arbitrary. Then the following statements hold:

(i) If F* # 0, then the algorithm terminates with an e-approzimate solution

(X*,y*, S*) € F. in a finite number of steps k = K, < 00.
(i) If p > max{|| X*||,[|S*||}, for some (X* y*,S*) € F* then Kc=0(knln(eg/¢)).
(iii) For any choice of p > 0 there is an index k = K. = O(knIn(eo/€)) such that
either
(iiia) (X* y* Sk e F.,
or,
(iiib) 8 < 1/(95kn/+/w + 1), and in the latter case there is mo solution
(X*,y*,S*) € F* with p > max{||X*||,|1S*||}.

5. Local convergence. In this section we will investigate the asymptotic be-
havior of Algorithm 3.1. Throughout the paper we assume that the SDP problem has
a strictly complementary solution (X*,y*,S*) of (2.1), i.e., X* + S* > 0. For a strict
complementarity solution (X*, S*), there exists an orthogonal matrix @ = (g1, ... ,qn)
whose columns ¢, ... ,q, are common eigenvectors of X* and S*, and define

B={i:¢fX*¢; >0}, N={i:¢fS*q;>0}.

It is easily seen that BUN = {1,2,... ,n}. For simplicity, let us assume that

arxo= (" 9). @msa=() o).

where Ap and Ay are diagonal matrices. Here and in the sequel, if we write a matrix

M in the block form
M = ,
<M21 M22>

then we assume that the dimensions of Mi; and My are |B| x |B| and |N| x |N]|,

respectively.
Lemma 4.4 of Potra and Sheng [13] indicates that we can write

1h_ [ O(1)  OWTH) _1,_ (O 0
1) @T(xHe —(owc) owc))’ a5 ofm):
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1o - [OWVTF) OWrF) ~10 = (0Q/VTF) 0(1)
62 ¢ Q‘(owr_k) o) ) o ie= (G o)

As in [13], we define a linear manifold:
M={X"y,S)eES" xR xS": A;je X' =b;, i=1,...,m,

iygA,» +8 =0,

i=1
¢F X'q; =0ifiorj €N,
(5.3) ¢FS'q; = 0ifior j € B}.

It is easily seen that if (X',y’,S’) € M, then

o= (3 ). oo )

In the next theorem, we provide a sufficient condition for the superlinear con-
vergence of Algorithm 3.1. This sufficient condition will be characterized by the
asymptotic behavior of the following quantity 7

GH =m0 = )OO X - 89X,

where (X*,i*, §%) is the solution of the following minimization problem:
g

(5.5)
min{]|(X*) 7% (X* — X')(S* — §")(X")2||p : (X',4/,8") € M, [|(X',8)||r < T},

and T is a constant such that [|[(X*,S*)||r < T, Vk. Note that every accumulation
point of (X*,y*, S*) belongs to the feasible set of the above minimization problem
and the feasible set is bounded. Therefore (X*,S*) exists for each k.

THEOREM 5.1. Under the strict complementarity assumption, if n, — 0 as
k — oo, then Algorithm 3.1 is superlinearly convergent. Moreover, if there exists a
constant o > 0 such that n, = O((7*)?), then the convergence has Q-order at least
1+ o in the sense that pF+1 = O((u*)1+9).

Proof. By Lemma 3.5, it remains to prove that 6* — 0 as k — oo. For simplicity,
let us omit the index k. It is easily seen that (U + X — X, w+y—9,V+S5-29)
satisfies (3.14) with

H=Hp(X(S-8)+(X-X)S—X85)
= Hp((X — X)(S - 8)) (since X5 =0).

Let

o

(5.6) A=X"3(X-X)(S-95)x3.

=

Then, according to (i) of Lemma 4.3,

(5.7) |7 < V3rl|Allr = V3rnr.
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Denoting
Ay =X FU+X-X)X"%, A, =X3(V+5-8)X3,

and applying Corollary 3.4, we obtain

||1H||r
Ag|lr < <
llallr < T ray @ —ay S 43T
which implies
(5.8) 1Azl < 4V3rn.
Similarly,
(1+a)||H|lr

. Aylp < 02 < .

(5.9) 1Aslr < 1= Jra < 3v3mnr

The fact that (X,#,5) € M, together with (5.1)-(5.2), implies

XX - X)X H||p = I - X 2 XX ¥||p
<|MllF + 11X 2 XX 3|5
= Vi +1QTX "3 QQTXQQTX 2 Q||r
=V + @, 2)QTXQ@E, ..., %) ||F

(5.10) =vn+ Y (@ Xg)&E5"||r = O(1).
i,jEB

Similarly,

(5.11) 1IS73(S — 8)S~%||r = O(1).

Let us observe that

xhuvxt = (x-bux-t) (xivxd)

X393 ( ~3(S )52X2 +A.
Then from (5.7), (5.8), (5.9), (5.10), (5.11) and Corollary 4.2, we have

XUVl < AR Allr + X5 X = D)Xl Adllr
+HIXESEP|AllFISTH(S — 5)S™H|F + | Al
= O0(nT).

Hence, according to statement (ii) of Lemma 4.3 we get,

§ = [|[PUVP™Y|p/r < V3| X 2UVXE||p/T = O(n).
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Therefore, 6¥ — 0 if n; — 0. Finally, if ny = O(7*0) for some constant ¢ > 0, then
we have 6% = O((7%)?). From Lemma 3.5,

1-6<1

2
C1+/1+ 4/ -
_V1+45/(B-a) -1
VI E/(B—a)+1
_ 46/(8 - o)

T (VI+/(B-a)+1)2

<6/(8—a)=0().

Therefore, 71 = (1 — 6*)r% = O((7*)!*”). Recalling (3.21), we obtain p**+! =
O((u*)*+°). 0

Because of Theorem 5.1, the local convergence analysis established in [14] also
applies to Algorithm 3.1 if Assumption A4 is satisfied. We end this section by stating
the following result without proof. For its proof, we refer the reader to [14].

THEOREM 5.2. Under the the strict complementarity assumption and Assumption
A4, Algorithm 3.1 is superlinearly convergent. Moreover, if X*S* = O((7%)°%5+7) for
some constant o > 0, then the convergence has Q-order at least 1 + min{o, 0.5}.

6. Further remarks. We have shown that the class of predictor-corrector algo-
rithms defined by Algorithm 3.1 shares the same global and local convergence prop-
erties with the infeasible-interior-point algorithm of Kojima, Shida and Shindoh and
Potra and Sheng. This result suggests that the practical performance of these algo-
rithms should be similar.

The iteration complexity of Algorithm 3.1 depends on the spectral condition num-
ber of J¥ or J¥. From a computational point of view, the choice of J; = I (where
PTP = S) seems to be preferable (cf. Zhang [18]). However more computational
experiments are necessary before a definitive conclusion is reached (see also [16] for
a comparison between the performance of several Mehrotra predictor-corrector algo-
rithms for SDP).
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