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ASYMPTOTICS FOR POLYNOMIALS SATISFYING A CERTAIN
TWIN ASYMPTOTIC PERIODIC RECURRENCE RELATION*

E. X. L. DE ANDRADE!, A. SRI RANGAT, AND W. VAN ASSCHE?

Abstract. In this paper polynomials satisfying a certain twin asymptotic periodic recurrence
relation are considered. The asymptotic behaviour of the ratio of contiguous polynomials and their
limiting zero distributions are analyzed. Finally, the L-orthogonality relation associated with the
twin periodic recurrence relation is given.

1. Introduction. Polynomials B, n > 0, satisfying the recurrence relation
(L.1) Bnt1(2) = (2 = Bp+1) Bn(2) — any12Bn-1(2), n21,

with By(z) = 1 and By (z) = z— 31 where 8, > 0, ay1 > 0, n > 1, are of considerable
interest for two point Padé approximants and related quadrature rules. It is well
known that the zeros of B, are all positive, distinct and interlace with those of B,,_1.
This result is due to Jones et al. [5]. Let 2™ < 2{™ < --. < 2" be the n zeros of

By, then if 8, = 8, n > 1, it follows from [6] that 2 = B2/ z,(:zl_r. Furthermore, if

also ap = 2 and ap42 = o, n > 1, then the zeros are given explicitly by

S X R N TS S [ RO L

forr=1,2,...,|(n+1)/2] where v{™ =1+ cos(m(2r — 1)/n).
Consider the sequence

an(z) = An+12 = {1-mp_1(2)}mn(z), n>1,

(Z - IBn) (z - ﬂn+1)

which can be obtained from (1.1) where my,(2) = 1 — Bp41(2)/{(z — Bn+1)Bn(2)},
n > 0. It was shown in [9], using chain sequences, that if

By = sup  fn, BN = Bn and Gy = sup aqp,
1<n<N+1 1<n<N+1 2<n<N+1

for any N > 1 then all the zeros of the polynomials By, 1 < n < N + 1, lie inside the
interval [d N1 dy 1] where

JN,l = Bn + 26N + \/(BN +26n)2 — B,

-1
s |1 2an (1 2@N)2 1
e {ﬂN 3 \/ﬁN B ﬂ?\,}

The sequences {B,} and {a,} are non-decreasing and the sequence {Bn} is non-
increasing. Let B, & and £ be the respective limits of these sequences and let

d=fB+2a+1/(6+2a)? - 32
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iz l+%+\/<l+2ﬁ)2_i B
iTEVGtTE) Tml o

then all the zeros of B, (z), n > 1, lie inside the interval [d, J] The idea of using chain
sequences to obtain limits for the zeros is due to Chihara (see [1]) who considered the
recurrence relations associated with orthogonal polynomials. For a very good use of
this idea applied to orthogonal polynomials, see [4].

Returning to our recurrence relation (1.1), the occurrence of the situations

and

~

(1.2) B < oo and a<oo
- and/or
(1.3) 0<f and @< oo,

is interesting. When (1.2) holds then 8 < d < co and when (1.3) holds then 0 < d < j.
Let X = (0,00) \ [d,d] and let Z = C \ [d,d]. Here, C = C U {oo} is the extended
complex plane. When (1.2) and/or (1.3) hold, then X is not empty.

In this paper, we assume that (1.2) always holds, and we consider the behaviour
of the polynomials B,, and their zeros under the asymptotic conditions

(1.4)

lim Bon = B9, lim az, =a®, lim o1 =BY, lim azngr =al.
n—+00 n—00 n—ro0o0 n—o0

Specifically, we give information on the limiting behaviour of the sequences {Bz,—1/
Ban}, {Ban/Ban+1} and {B.,/(nBp)}. A previous study of this nature, with recur-
rence relation associated with orthogonal polynomials, was done in [10].

2. Preliminaries. Together with the polynomials B,, n > 0 we also consider
the polynomials A,,, n > 0, given by

Apg1(2) = (2 = Bng1)An(2) — any1245_1(2), n>1,

with initial values Ag(z) = 0 and A,(z) = 1. For any n > 1, A, is a polynomial of
degree n — 1. As in [5] the following results can be verified.

(2.1) Tn(z) = Apt1(2)Bn(2) = Ap(2)Bpt1(2) = g - - Q412" = pp2™, n>1,
Kn(2) = Bpy1(2)Bn(2) — Bp(2)Brsa(2)
= Brzz(z) + an+lﬂnB121~1(z) + an+lanz2Kn—2(Z), n 2 2,

where Tp(2) = 1, Ko(2) = B2(z) = 1 and Ki(2) = B?(2) + a251B2(z). Hence
Tn(z) > 0 and Kn(2) > 0 for n > 0 and for any real positive z. From this and
(=1)"Bnr(0) = S182 - - - Bn > 0 one can establish that the zeros of By, are positive and
distinct and different from those of A,, and B,—;. Considering

An(2) = XY Baa(e) o~ A

r=1 Z = 2y

r=1% — 2r
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we have
(n) (n) n
B;z(zr ) Kn—l(zr )
and
(n) (n) n
) = Br_1(2r ) 1(2z”) 1<r<n, =1

B (™) _Kmﬂ#%

r=1

Note that 7™ = A™ B2_ (2™)/{(2"™)"pn}.
Now define the non-decreasing (step) function ¢, (¢) = 3 1, AU (-2 where

>
Ut) = 1, t>0,
0, t<0,
we can then write
An(z) _ [¢
= > 1.
Ba(2) © 2t
The above results lead to
(2.3) / t™™ B (t) don (t) = pmds,m 0<s<m, m<n.

Below we sketch a proof of this last result. For more details of this proof and other
related results we again refer to [5]. First, we have from (2.1)

Anti(2)  An(z) _ 2™
Bn+1(z) Bn(z) - Bn(Z)Bn+1(z)’ n > 1.

Since pn, # 0, Br(0) # 0 and Bp4+1(0) # 0, one can conclude that there exist two
sequences {u,}52, and {u_r—1}52, such that

o, +2
o Kl n
40(2) 2 o + o +0((1/2)"*?), z — 00,

(2.4) R
Bn(z
) Z Ber—12" + ,u(_n,),_lzn +0 ("), z—0.

Here ,u% ") = n— ppn, and /‘l’—n-l = pen—1+pn/{Bn(0)Bp+1(0)}. Hencefor 1 <m < n,

the first correspondence property in (2.4) gives

a Am(z) _ GS(2)
[ s - gm0 = T

where G (2) = -A 2 (dipn (t) — dipm (t)). Observe that

d
GO (2)] < /d £ (@ (£) + dpa(D)) = i + 1,
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for any z € A= {z:2=1iy,y > > 0}. Now in the equation
(2.5)
d d
/ Bn®) = Bnl®) (1) — A(z) = g G () Bu(2) [ = Bn®) g0,

z—t z—t

the right-hand side is a bounded function for z € A, which tends to zero as z — oo in
A. However, the left-hand side is a polynomial of degree less than or equal to m — 1.
Therefore, both sides of this equation must be identically zero. The left-hand side of
(2.5) then gives

/Bm En® = Pn gy ), 1<m<n

If we write this equation in the form

1 (P Bu(t) e An(2)
5 ) 2 = [ o]

then the second correspondence property in (2.4) gives the results in (2.3) for 0 < s <
m — 1. For s = m, the required result can be established from the right-hand side of
(2.5).

Suppose that (1.2) holds, then by considering the convergence of the associated
continued fraction we can also show that A, (z)/Bn(2) converges uniformly to a limit
R;(z) on every compact subset of Z. Hence the Grommer-Hamburger theorem [10]
implies that there exists a non-decreasing function ¢ on E C [cz, cf], such that

(2.6) Ry(z) = /E -z—i—t di(t) and /Et"""'an(t) dp(t) = ppdsn, 0<s<n.

Consequently,
[ f0ds0 = S NDFE), for 50 € Pan.
E r=1

Moreover, for every bounded and continuous function f on (0, c0)

n—oo
r=1

lim Z)\(”)f (7)) / £(t) dip(2).

The second equation in (2.6) gives the orthogonality property, or perhaps to be more
precise the L-orthogonality property, satisfied by the polynomials B,, n > 1.

3. Chain sequences and convergence results. From (1.1) the following re-
currence relation can be obtained

Brt1(2) = gn41(2) Bp—1(2) — pnt1(2)Br-3(2), n >3,

where

dn+1 (Z) = (Z - ﬂn)(z - ﬂn+1) - anj_ﬂz — Opy12

- ﬂn—l
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and

1
:Bn—i- z2

_ﬂn 1

Pny1(2) = Y s <3

One can easily verify that for z € X one has %% >0,n >1and ppt1(2) > 0,

n > 3. Since one can write

Bnii(2) | By—3(2)
n+1( ) n—H(z)Bn_?(z)’ n 29,

it follows that gp4+1(2) > 0,n > 3, for z € X. Let

g2(2) = (2 = B1)(2 — B2) — a2z = Ba(z)

(3.1) Int1(2) =

and

'ij—agz = Bg(z)/Bl(

then also g2(z) > 0 and g3(z) > 0 for z € X. From the above recurrence relation one
also gets

g3(2) = (z = B2) (2 — B3) — af

B,-1(2) {1 _ Bri1(2) } _ Pata(?)

n-1(2)Bn—3(2) @n1(2)Bn-1(2) | qn-1(2)@ns1(2)’ n >3,

which for any z € X gives the two chain sequences {a (2)} and {a(1 (%)} where

a(z) = {1 -m{,()mP (), n>1,

with

a(y)( ) p2n+2+ll(z) , n Z 1’

@n+v(2)@2n+2+0(2)
and
B (2)
(v) —1_ 2n+2+v
m, ' (z) =1 , n > 0.

" (2) @2n+2+v(2) Bants (2) -

Since m((, ") =0 forv=0andv = 1, the sequence {mn )(z)} is the minimal parameter

sequence of {an )(z)}. Now under the asymptotic conditions (1.4) we have
i = (2 — B (5 — B — (@ 4 oD i = a©® 51,2
q}l_)ngo an(2) = (2 = BN (z — M) = (&) + a'V)z, nh_)n;opn(z) a%alMy

and
0) (1) 2
lim o) (2) = aat’z ——a(2),
n=300 {(z - BO)(z — V) — (a©® + a(l))z}

for any z € X. Hence, it follows from [1, Thm 6.4, p. 102] that 0 < a(z) < 1/4 and

that the corresponding parameter sequences {m( ) (2)} converge to limits that depend
only on a(z). This means that they both converge to the same limit and consequently,
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Bpi1(2)/Bn-1(2) converges to a limit Ry(z) for any z € X. To obtain this limit we
let n — oo in (3.1) and get

R3(z) — {(z — B8O)(z — M) — (@ + a<1))z} Ry(2) + a®aV 22 = 0.

From this we find

Ra(@) = 3{ (= B0)(z - 59) - (@ + o)z

+ \/ [(z = BO)(z — BD)) — (®) + aM)2]? — 4a(°)a(1)22}.

Since By +1(0)/Bp—1(0) = Bn+18n and Bpt1(z)/Bp—1(z) — 00 as z — oo, the positive
sign gives the desired limit.

Now for z € Z,
By_1(z) _ By-1(2) By,(2) Z (n) g; (n+1)
Bny1(z) Bn(2) ||Bn+1(2)| ~ ‘52

where § = dist(z,[d,d]). This means that the sequence By,_1(2)/Bn+1(2), n > 1, is
uniformly bounded on every compact subset of Z. Therefore, from the Stieltjes-Vitali
theorem (see for example [3]) one gets

THEOREM 3.1. Assuming that (1.2) holds then under the asymptotic conditions

of (1.4)

. Bn+1(z) 2
1 =R, _ u 2 _ 2
lim n—1( ) (2) = {z U1z + ug + \/ u1z + ug) dusz } ,

uniformly on every compact subset of Z. Here, uy = B + 1) 4+ o 4+ o) 4, =
ﬂ(o)ﬁ(l) and uz = a(o)a(l) .
From (1.1) we deduce

Bn+1(z) ( ,Bn+1) Bn (z()) Apt172,

Bn—l (Z)

hence one can also conclude

COROLLARY 1. Suppose (1.2) and (1.4) hold, then

. Byn_1(2) ) z—pL
lim —=2r=i\e) A
60 Ban(2) =R () = Rz( ) +az’
(0)
lim B2n( ) R(O)( ) :8

n—00 Bypy1(2) Ry (z) +a2z’

uniformly on every compact subset of Z.

Since Bpy1(2)/Bn-1(z) is analytic in Z, we can take derivatives in these asymp-
totic formulas to find

i(Bn+1(z)) IB;n+1(Z) B;z—l(z) Bry1(2) “’Rlz(z)

dz \ Bn_1(z) (z)  Bn-1(2) Bn1(z)
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for any z € Z. Thus, from
d (Bn+l(z)> / (Bn+1(z)) _ Buni(d) _ Bia(2)
dz \ B,—1(z) B,_1(2) Boi1(2)  Bn_1(2)’
we obtain

(B BL()) R
(32 gt (Bn+1(z) Bn_l(z)> = Balz)’

for any z € Z.

THEOREM 3.2. Assuming that (1.2) holds, then under the asymptotic conditions
(1.4) we have

lim By(2)

n—00 an(z)

Ry(2) 1 2% — uy 1
= Ri(z2) = - — + -
1(2) 2Ry(z) 2z V(22 —urz +ug)? — dugze® 22

uniformly on every compact subset of Z.

Proof. Consider the Cesaro summation of the odd and even combinations of
the sequence given by (3.2), then it follows that B}, (2)/[nBn(z)] = Ra(z) for any
z € Z. Since B!,(z)/[nBy(z)] is uniformly bounded on any compact subset of Z, the
convergence is also uniform on compact subsets. To obtain the value of the limit
function we take

2R2(z) = z2 —U12 + ug + {(z2 -z + u2)2 - 4U3z2}1/2
and a straightforward differentiation of this gives
2R)(2) = {(22 — w1)2Ra(2) — dusz} [ {(2% — w2 + up)? — dugz?}/*.

Hence, the observation

2usz’ 2 2 2 211/2
-2 — {2 = —4
P 22 —wz +ug — {(2? — w1z + us) usz®}
immediately leads to the required result of the theorem. O
Note that
B.(z) < 1/n /‘f 1
3.3 C = ——dF,(t
(33) e Z;z_zﬁn) At

where the step function nFy,(t) = Y _, U(t — z(n)) represents the number of zeros of
By, less than or equal to t. Hence one can extract information regarding the asymptotic
behaviour of the zeros of B, from the limit function R,. First of all, we can write

1 - B 1) 1
22 \/m\/z—_a\/z— bvz—b
where 0 < a < @ < b satisfy ab = @b = uo, a+b=u1+2\/zT3and&+l~7=u1—2\/if3.
Furthermore, since ab = @b = (9 (1), one also has the decomposition
R(z)—_%\/z—b z—l~)+71\/z—a\/z—d+1
W(z) = 2 _ A =+ —
Z Vz—avz—a 2z /3 _b\z—b
b_g Vz—bVz— ] n [\/z—a\/z—& a&]
aé Vz—avz—a Ve—t/z—b bb

(3.4) Ry (Z)
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where

BOBM 4 qq BOBD) 4+ pp
Yo = P — and N=—=—_-—-
2(bb — aa) 2(bb — ad)
The above relations for R4 indicate that R,(z) is finite and real if and only if z does
not belong to the union [a,a] U [b, b].

4. Integral representations. From the convergence of (3.3), which we have
already established, and the Grommer-Hamburger theorem, it follows that there exists
a non-decreasing function F on E C [d,d], such that

d

lim
n—oo Jj %

itan(t) — Ra(2) = /E zitdF(t),

uniformly on every compact subsets of Z = C\[d, d] and as a consequence F), converges
(weakly) to F. This result also means that for every bounded continuous function f
on (0, 00)

L1 "
Jim 3G = /E £(t) dF(t)

THEOREM 4.1. Suppose that (1.2) and (1.4) hold, and that 0 < BN and
0 < a@a®. Then
/ |z —B| (z+8)/=
T - - BV @ - ) - e
where Ig(z) =U(z—a)-U (a:—&)—l—U (x—b)-U (a: b) is the indicator function of the
set E = B =[a,a]U Eb] 72 = (/8O — /BD)2 + (Va® +VaD)? = (vb - /a)?,
72 = (vBO — /D)2 + (Val® — VaD)? = (f Va)? and B = /BOBD .
Proof. Since 0 < ﬁ(o)ﬁ(l) <ooand 0 < a®a® < o wehave 0 <a<a<b<
b < 0o. Now observe that we can also write
t y
- L ')
27 ) oo \/hts — T @) P

Ig(z) dz

Ig(z)dx

where T'(z) = ¢ — u3 + ug/z. Hence we need to prove that

1 1 T'(2)]
Rle) = 2vr/ et /I — (T

is equal to R4(z). Since z2+/{T(2)}? — dus = \/(z —a)(z —a)(z — b)(z — b), we obtain

after the substitution y = T'(t)

R(=) = 17T /2 / vAuz —
z
2 203 2z — { ur +y) — /(w1 +y)? 4@} 4U3

2z

2” —2,/u3 2z—{ Uy +y)+\/ ug +y)2 —zluz} \/4U3 -y
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Thus
R(z) = L/W 22o(uty)  dy
21 J oz 2% — (U1 +9)z + u2 \fdug — o2
_ _/2\/— 1—(ut+y) dy
T oym T() -y dus —y2
Since,

T S
7r _)\z—y\/)\2—y2_\/z2—)\2 ™ —A\/Xry—?_ ’

for any A > 0, we then have

1 (2o 11— Liu +T(z }+2Z{TZ) y}  dy
R(=) = / - T(z) - Tz —

_ up  T(z) 1 1
_{1_5_ 2z} TR - Tu; 22

Substituting the expression for T'(z) then gives the required result R(z) = Ra(z),
which completes the proof. O
Note that one can also write
1 22— 32 1
Ry(z) = — 4+ =
=2 V=B —v2/(z =B -7z 22

and
@) o) =2 (- B A+ = B — P2 — BY — 773
where 42 = (/80O — /D)2 4 o0 4 o),

Now we consider the convergence of the ratio B,—_1(2)/Bn(z). First we give the
following theorem.

THEOREM 4.2. Leta, b, @, b be such that 0 < a <@ <b < b< oo and ab= @b =
B2. Then for dy = (v/b—+/a), dy = (\/l:)— Va), d < d? and B = [a,d] U [b, )],

D/ %V(ﬁdl,dz,do,é)dt=L(Z;d1,d2,do,5)
57—

where
o 2@ =& + (@ — )’
™ (d2 _d%)Q ,
. _ VBB~ &t (t-B)(t— )
V(t;d1,dz, do,d) = t(t — B)2 — dt 1 It — B
and
L(z;d1, dz,do, 6)
2(z —9)

(2= B)? — 2 — [(d3 = &) — "* 24+ /(2 = B)% — B2/ (z - B)? —
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Proof. For |do| < dy < dy and B = [~dy, —d1] U [dy, ds] we have

2 —
D/ 1 \/d2 w\/w d1|w|dw

-z — d2]

2w
— d ~ (@ — dB)(d} ~ B)"* + uP — =
This result can be verified from [10, eq.(3.6)] where one considers S(G(z;d;, ds,dp); 2)

+S(G(z;d1,ds, —do); 2). Applying the change of variables w = (2 — 8)/+/z and z =
(t — B)/v/t (see [7]) then leads to

D ;——V(t dy,dz,do, B) dt = L(2;d1,ds, do, B).
B

From this the result of the theorem follows since

1 V t d17d27d0a/8) o (,3—6) 1 .
(-0 [ B = O3 [ Tovisduddopar

0
Note that the function V (t;dy,d2,do, 6) is a (positive) weight function on B only
if 4 <6 <b.

THEOREM 4.3. Suppose that (1.2) and (1.4) hold, together with 0 < M) and
0 < a@a®). Then

— Qmin/a® 1

©)(,) — © (4) — 1 A ©)
RO(2) [E Tl = T /B V%70, 89) di

and

— amir /oD 1 1
B 4D () = L= Omin/ j[ Vt; 7,7, ), BD) d
ROG) = [ ae) = 2 [ venna s

where B, and 7 are as in Theorem 4.1, A2 = (1/B© —/BM)? and aumin = min{a(?,
13
all},

Proof. From (4.1) and Corollary 1
(4.2)

Rgo) (2) = 2(z - ﬂ(o))

(z—B)2 = X2z — (a® —a®)z + /(2 = B)2 = 722\/(z = B)2 =7’z
Since this limit can be written as
la(l) — a(o)l — (a(l) — Ck(o)) {(a(l) + a(o)) — Ia(l) — a(ﬂ)l}
+

200 (z - B0) 200 L(z%7,0 89),
the first result of this theorem follows from Theorem 4.2. Similariy, since
(4.3)
Rgl)(z) - 2(z — )6(1))

(2= B = N2 = (@O = a0)z + /= B = 72/(z = B — 72
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the other result of the theorem is obtained by interchanging (o, 8)) and (a(®, 3®).
0

The results of Theorem 4.3 and equation (2.2) also means that for every bounded
and continuous function f on (0, c0)

2n

- (2n) £(,(2n) — ©
fim D7) = [RCERIC
and
2n+1
: (@n+1) ¢/ (2n+1)y _ )
JL‘&;T' (o )~/E(l)f(t)d¢ ().

We now consider some special cases. Note that, even though the coefficients 3,
ant1 (n > 1) are positive, any of their limits, that is any of 8, a(®, () and a(V)
is allowed to take the value zero.

CaAse 1. First we consider the case
a®=aW=a>0 and g9 =p"=5>0.

Thena=b=6,a=p+2a— /(6 +2a)2-p% and b= f+2a+ /(6 + 2a)% - B2

Substitution of these results in (3.4) and Theorem 4.1 gives

11 z4+B8 1 1 148/t
(4.4) R4(z)_§;+—2;\/m\/z—b——2;/a z—t\/b—t\/t——adt'

From Theorem 4.3 it follows that Rgo) (2) = Rgl)(z) = R3(z) where

1
—"—V(tv 0, 2\/&, 0, ﬂ) dt.

R3(z)=z—ﬂ+ (z—ﬂ)2—4az=—2_7a o 2t

Here, (z — a)(z — b) = (2 — B)? — 4az.

CASE 2. Now we consider the case where one of a(®) or a(!) takes the value zero.
We consider (for v equal to 0 or 1),

a® =0, ol =a>0, >0 and B >0.
Then, from (3.4), it is seen that a = @ and b = b. With this we can write

1 22-pOpn  1/2 1/2
22 (z—a)(z—b) z—a z-b

1
Ry(2) = % +

Therefore, F(t) = 3U(t — a) + $U(t — b). Note that if @ = 0 then a = fmin =
min{3©, 3} and b = frmax = max{B®,31}. From (4.2) and (4.3) the following
also hold. If a(®) = o then

z— W BV —a 1 b—4M 1
(z—a)(z—=b) b—a z—a b—a z—0b

RO (z) = and RV (z2) =

1
z— ,8(1)
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If ) = o then

z— B0 _ﬂ(O)_a 1 b—p30 1

M,y —
(z—a)(z—b) b—a z—a b—a z—0b and Ry (z) =

Ry (2) =

PEyON

CASE 3. Now we consider the case where
o >0, o >0, =0 and B =8>0.
It follows that us = 0, and hence,

a=a=0, b=+ (Va® —vVa®)? and b=+ (Va® +Val)

Substitution of these values in (3.4) gives

Ry(z) = 1/2+ 1/2 1+i/b L = dt
‘ Ve—t/e=b 22 2n)i 2=t oi/i—b

and
U:L'—i)) (w~b)

N

F(t) = —U(t)+ —

If o = oM and 8 = 0 then b is also zero.

CASE 4. Finally, we assume that
a¥) =0, " =q>0, 8 =0 and g1 =8> 0.
Thena=a=0,b=b= B+ a and

1/2 1/2
V2, 12
z z—0b

R4(Z) =
This means that F(t) = $U(t) + 3U(t — b). If 8 = a = 0 then F(t) = U(t).

5. Examples. We now give some examples of polynomials that satisfy the re-
currence relation (1.1) for which the coefficients have the properties (1.2) and (1.4).

EXAMPLE 1. For A > 0 and 0 < a < b < oo the polynomials B,, defined by
b
/ B ()Mo — )Vt —a))V2dt =0, 0<s<n-—1,
a

satisfy the recurrence relation (1.1) with

n(n+2XA—1)
CESN G

Bn =0, apt1= n>1,

where 8 = v/ab and a = (v/b— /a)? /4. For a proof of this result, see [7]. This result
is also valid for A = 0 if we take as = 2a. This case has been worked out in detail by
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Cooper and Gustafson [2] and their polynomials Rs, are related to our polynomials
B,, by B, (2?) = 2" Rap(z).

Since 80 = ) = 8 and a(® = a®) = , we are dealing with case 1 of the last
section.

EXAMPLE 2. For 0 < a < b < 0o, we consider the polynomials B,, defined by

1+ Vab/t
Vb—tvt—a

The distribution function here is the one that appears in the limit in (4.4). In [8], it
was proved that these polynomials satisfy the recurrence relation (1.1) with

B = Bln-1/ln, any1 =l —1)Ba, 121,

where £, = [(1+£)" — (1 = £)"¢/[{1+ )"+ (1 =0, £ = /1 + /B, B = Vab and
a = (Vb—+/a)?/4. Since f© = 1) = g and o(? = o) = o, we are again in case 1
of the last section.

dt =0, 0<s<n-1.

b
/ t—’n-l-BBn (t)
a

EXAMPLE 3. For A > 0 we now consider the polynomials B,, defined by
/ B, dpN (H) =0, 0<s<n-1,
0

where ¢V is a step function with jumps

2t (k+X)"le®

N (1) —
d¢ (t)_t+ﬂ k! ’

at the points

bty = 14+268(k+X)+/1+48(k+ )
=tpy1 =

_ _ a2
2T ) and t=t_r_1 =B°/tht1,

for K = 0,1,.... These polynomials are related to the Tricomi-Carlitz polynomi-
als through the transformation considered in [7]. The coefficients of the associated
recurrence relation satisfy

n
= N+ A—1)

Bn =B,

n > 1.

Since 8(® = 1) = B and a(® = a = 0, we now are in case 2 of the last section,
and we have

and Rs(z) = L

1
M=% Y,

EXAMPLE 4. As a final example, we consider the polynomials Bﬁ that satisfy the
recurrence relation (1.1) with

azn =0, azprr =aV, Bo, =@ forn>1 and Ponr =Y forn >0,
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where 0 < 8080 < 00 and 0 < a@aV) < co. Hence the results of Theorems 3.1,
3.2, 4.3 and 4.3 are valid. Since A, (z)/B(z) = Ri(z) where in this case

1 a2 a®)z a® 2 a®z

Rl(z)zz_ﬁ(l) — z—p0 — z_ﬁ(l) - z—,B(O) — z—,@(l) — ..

we obtain from the theory of continued fractions

2(z - BO)
(2= B2 - Nz — (a© —a0)z +/Gz ~ P2~ /(2 — B — 77

Hence, in the same way as in Theorem 4.3, we obtain

Ri(2) =

_ 1 _ 1— apin/a® 1 1 L ©
Rl(z)—Lmd¢(t)— Z—'ﬁ(l) +2ﬂ_a(1)/Bz_tV(ta7,7a/\,ﬁ )dt

where B, «, ¥ and X are as in Theorem 4.3. From this we conclude that, with the
above distribution function ¢, the polynomials B, satisfy

/ B (1) dp(t) =0, 0<s<n-—L
E
Observe that if a(® = a(®) = a then A =7 and

1 Vo—tyt—a [t—pO

Ta t t— 81 dt

d(t) = 3

on B = [a, Bmin] U [Bmax, b] where ab = @80 and a + b = 5O + W) + 4a.
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