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APPLICATIONS OF WEIGHTED LAGUERRE TRANSPLANTATION
THEOREMS*

GEORGE GASPER' AND WALTER TREBELS#

To Richard Askey on his 65th birthday

Abstract. As applications of the weighted transplantation theorems in Stempak and Trebels [16]
we consider (i) the characterization of one-dimensional Hermite multipliers via Laguerre multipliers,
(ii) extension theorems for Laguerre multipliers in the spirit of Coifman and Weiss [3, Theorem 6.5],
and (iii) necessary conditions for Laguerre multipliers via backward differences.

1. Introduction and Notations. The purpose of this paper is to apply the
weighted version [16] of Kanjin’s transplantation theorem [12] for Laguerre expansions
in the following three instances:

(i) We characterize the one-dimensional Hermite multipliers on L?, 1 < p < 00,
via corresponding Laguerre multipliers. As a corollary of the results for Laguerre
multipliers we obtain a sufficient criterion of Hérmander type for Hermite multipliers
which is slightly better than that in Thangavelu [17, p. 91).

(i) Coifman and Weiss [3, Theorem 6.5] related radial Fourier multipliers on
LP(R™) with those on LP(R™*?) via transference methods. We deduce an (improved)
analog for Laguerre multipliers which is in the nature of best possible.

(iii) Necessary conditions for Laguerre multipliers are derived via backward dif-
ferences. Though these are not sharp they nevertheless give the impression that
necessary conditions of Kalnei-type (see [11] for the Jacobi series case, see [8] for the
Laguerre series case) viewed till now as isolated in the framework of known necessary
[5] (sufficient [16]) criteria arise from backward differences.

The paper is of programmatic character: We can show in the integer case that
transplantation theorems reflect the structure of corresponding multiplier spaces, but
fail to extend the result indicated in (ii) to fractional differences at the moment. Also
it is evident that a full range transplantation theorem with general power weights is
needed (i.e. the analog of Muckenhoupt’s result [14, Theorem 1.6] for Jacobi series).

To become more precise let us introduce some notation. Let L%(z), a > —1,n €
No, be the classical Laguerre polynomials (see [18, p. 100]),
n+a) _ Tn+a+l)
n ) Tnh+DM(a+1)’
be the normalized ones. Introducing a forward difference operator A* and a backward
one V* by (whenever the sums exist)

R3(@) = L3(2)/L3(0),  L&(0) = A3 = (

(o) k
A, _ —x-1 A —a-1
Arep = _;_ Aj Cryj, Ve = E Aj Ck—j,

j=0 j=0
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338 G. GASPER AND W. TREBELS

we call into mind two identities [4, 6.15(4), 10.12(39)], essential for the following.
(1) AMRE(z) = Cap 2 RY™(2), >0, A> —(a+1/2)/2,

2) VALEM(z) = LE(z), >0, A€eR.

Using (2) and an interchange of the summation order yields for finite sequences {a}

[ee]

(3) > (Ara) Lyt @) = ZakLk ()

k=0

from which we can conclude

o0 (o]
@ | j;_j akL,‘:”L,,( ) <C|>ok+ 1)’\(A’\ak)Lg”L,,( g A>0,1<p<co.
k=0 w(a k: wl(ax

For, by [2, (3.30)], we have

oo
1> an Lz,
= w(a)

o o~ TE+a+A+1) 2217 a1 \1/P
<c(/0 |/0(1—t)’\ t; (8%ay) L (at) die=*/2 "z )

F'k+a+1)
! ® —Tk+a+r+1) 1/p
<cf (-t *‘1#"(‘”1)/1’/ Ara )L v/2[Pyegy )y
<cf a-y () X Frary @ekwe” y) "dt

when using the 1ntegral Minkowski inequality. Observing that {I'(k4+a+A+1)/(T'(k+
a+1)(k+1)M)} € M., for all p, the assertion (4) follows. Generic positive constants
that are 1ndependent of the functions (and sequences) will be denoted by C. To a

function f € Lw(ﬂ/), where

2= Ifllee

(oo}
o= ([ 1@ paT ) <o}, 1<p<oo,
h 0

one can associate its formal Laguerre series

oo (o 0]
f@) ~ O+ )Y LWW®IZe),  fam)= [ @R do.
k=0 0
A scalar-valued sequence m = {my }ren, is called a (bounded) multiplier on Lz,(v),
notation m € M2, _, if

a”y,

o0 o0
Iy mearLglles | < CIY arlillzr
k=0 k=0
for all polynomials f = (I'(a+1)) ™! Y ax L¥ (which are dense in LZ( ) for appropriate
v — see Poiani [15, Theorem 2] ); the smallest constant C for which this holds is called
the multiplier norm ||m||pz, . We observe the duality property (1/p+1/p' =1)

M3, -1<y<pla+1)—-1, 1<p<oo,

p/
a jap’—vp' [p?
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and, therefore, can restrict ourselves to the case p < 2 in the following.

The weighted transplantation theorem [16, Corollary 4.3] we will apply can be
formulated as follows

26
(5) Mp;a+5=Mg;ﬁ, ﬂ:a**‘m, 1<p<2, aB>-1,

o

provided [ satisfies the condition

(26+2)(%—%)<1 if «,8>0
(6) -1<p8<0 if B<O0anda>g
/6<§9‘_”;+ﬂ2’i;;l if a<O0anda<f.

This relation already indicates the essential role played by transplantation theorems
in the examination of the structure of multiplier spaces. Let us now turn to our first
application, the characterization of Hermite multipliers.

2. Hermite multipliers. The Hermite polynomials are given by [18, p. 106]

d n_$2

H,(z) = (—1)”ez2 (35) e, zeR,neN,.

For 1 < p < oo define the Lebesgue spaces
* 22 1/p
Loty = {f A, = (/_oo |f(z)e /2|”|:v|"d:v) < oo}, N> —1;

~v > —1is assumed to ensure that Hy € Lfv (Hiv) for all k € Ng. Define in the canonical

way Hermite coefficients f (k) of f € qu( He) by

fu) =l [~ some bl = ([ @) = (/R

By Holder’s inequality, the fz (k) exist if ¥ < p—1; for these ~ associate to f € rr (H:)
its Hermite expansion

f@) ~ > fulk)Hy(z).

k=0

We call a scalar-valued sequence m = {my}ren, a Hermite multiplier, m € M I”{; o if
for Tro f ~ S my fer(k)Hy(z) there holds

T fllzs < lmllag, I1lzs
if vy = 0 write M ?I;O = MF,. Since the polynomials are dense in qu( ey —1<7 <
p — 1, (see [15, Theorem 7]) we restrict ourselves in the following to polynomial f.
Now observe that Ha, are even, Ho,41 are odd polynomials so that one can uniquely

decompose f € Lﬁ)( Hiv) into its even and its odd part,

DO | =
N =

fel@) = 5(f@) + f(-2)), fola) = 5(f(z) - f(~2)).
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Then
1 £]lz

and for their Hermite coefficients we obtain

(fe)hH( ) { fH(k) ) Zi‘(;?in , (fo)AH(k) = { ‘())?H(k) , : i‘(;edn

) )

< fellze + || foll , S 2 fllz»

w(Hiy) — w(H;y) w(H w(H;v)

From this it is clear (see [7] in the ultraspherical case) that the M}, ~multiplier norm
of m is equivalent to the multiplier norm of m restricted to the subspace of even
Lw( Hiv) —functions plus the multiplier norm of m restricted to the subspace of odd

LZ( #.y~functions, ie.,
k)

+limll

m P XM
Imllg,, ~ Il | ol

Hi~y

Via quadratic transformations [18, (5.6.1)] one can reduce the Hermite polynomials
to Laguerre polynomials

Him(z) = (=1)™22™mIL-2(22),  Haomy1(z) = (=1)™22™ iz L2 (22);
thus in particular

S monfr(2k) Har(2) = Y mavar Ly /2 (7). ax = (-1)*2% k! fr (2K)
k=0 k=0

o0 o0
S My fr (k1) Hagr (2) = Y magabezly*(z2), b= (=1)* 2%kl fir (2k+1).
k=0 k=0

Since
o 2 co s , i
Il z_:(;mzka(%)sz”quwm = (/ lzm%akL e t(’Y‘l)/?dt) |

it immediately follows that

Homaetlyy |~ IHmadlae,
similarly
ll{m2k+1}||Mp 1L {mortiHlne, Lo
and, therefore,
midlaeg, ~ (Hmaedle,, _,  + maead g, ).

If we now apply the transplantation theorem (5) in the case v = 0, we obtain the
annourced characterization, see part (a) of the following corollary.

COROLLARY 2.1 (a) For 1 < p < oo there holds

Homidlg, ~ (Hmadlage, .+ Hmaesid e, , )
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(b) Defining Agmy = my — myy2 we have for 1 < p < 0o

2N
1/2
1 lagg, < O (lmlle + sup (36 + 1) Agma?) 7?)
N
(c) For 4/3 < p < 4 the following sufficient condition is true
2N

meYlacg,,_,,, < C(llmlle= +sup Z(k+1)|Azmk| ).

p/2

Part (a) and [16, Corollary 4.5] imply (b), (5) for v = 1 — p/2, duality and [16,
Theorem 1.1] give (c) of Corollary 2.1. The two sufficient Hermite multiplier criteria
(b) and (c) contain those of Thangavelu [17, Theorem 4.2.1] for one dimension and
even improve them slightly.

3. An extension theorem in the spirit of Coifman and Weiss. In [3,
Theorem 6.5], Coifman and Weiss have shown the following extension result for radial
Fourier multipliers:

Denote by &y = (&1, -+, &), k € N, a vector in the k-dimensional Euclidean
space R*. If [tl_"(t"m(t))l] t > 0, is a Fourier multiplier on LP(R"), then
m(|€nr2)|) € MP(R™?) and

Im1&n+2)D | ago sy < CI[E T (E"m(2) ]t—|§(n)|||MP(R") » 1<p=oo.

t=|€ny]’

While for p = 1 this result is best possible, it is of course not natural for p = 2
(recall M2(R*) = L*°(R¥)). On account of Zafran’s result [19] one cannot directly
improve it via interpolation. Here we want to give an analog of the Coifman and Weiss
result in the framework of Laguerre multipliers, an analog which is in the nature of
best possible, thus indicating what to look for in the Fourier multiplier case. Having
established the Laguerre multiplier result, on account of Guy’s [10] transplantation
theorem, the corresponding result for (modified) Hankel multipliers is obvious, thus
a result for radial Fourier multipliers restricted to radial functions.

On account of duality we will restrict ourselves to the case 1 < p < 2.

Let us start with the case 1 < p < 2; by (3) we have for finite sequences {ax }reN,
that

(o] o0
I kaakL?HLﬂ,(a) = Z A(mkak)Lg-'-l”Li(a)

k=0
< kZ:(k +1) (Amk) La+1||L , kzomk+l(Aak)Lg+1”Lﬁ(a)

S I{B+D)AmE e, ,,IIZ k

w(a)

oo
+1
+”{mk+1}“M§+1;a“§ AarLy™ e,
k=0

< C(I{(k + 1) Amp}lne,,  + “{mk+1}“M§+l D el ez

where the first estimate on the right hand side follows from [2, (3.30)] and [1, Corollary
2.2] and the second from (3). Hence

Imliaz,, < C(I{(k+1)Amy}lyz

ajoe — atlia

+ I1{ms+1}are +1.,)
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An application of the transplantation result (5) immediately gives

COROLLARY 3.1 Let1 < p< 2;if f = a_fg_p > —1 satisfies (2ﬂ+2)(%_%) <1,
then

mllaz,, < C(HGE+DAme Iz + 1{mesalaz,) -

REMARK 1. Concerning smoothness of the involved multiplier sequences, this
result is in accordance with the necessary conditions in [5, II, Corollary 1.3] and the
sufficient ones in [16, Corollary 1.2]. In both types of conditions the smoothness
of an Mf ;-multiplier sequence is described by the quantities (28 + 1) 11—) — 1) and
(28+2)(L - %), resp.. Increasing the parameter from § to @, a and § as in Corollary
3.1, shoulpd require an additional smoothness of 1 in the necessary conditions as well as
in the sufficient ones; this being true is at once verified since 2a(3 —3)—26(5—3) = 1.
Thus the counterexamples showing that the necessary conditions and the sufficient
ones just mentioned could not be improved within the setting of wbv-spaces can be
taken to show that Corollary 3.1 is best possible.

2. It is clear that a full range transplantation theorem with general power weights
would remove the restriction on 5 — see also Corollary 3.2 below where the case p =1

is discussed and for whose proof no transplantation theorem is needed.

Let us now turn to the case p = 1; consider again a finite sequence {ax} and
assume without loss of generality that ap = 0. By [18, (5.1.14)] we have for a > —1
that

z Z ax L = (1+a) ZakLg - Z(k + 1)(Aax) L,
which implies that

) 13 ek Ly oy, = 1Dk + DALl -

The “<”-direction directly follows by the triangle inequality, (4), and Proposition
3.3 (a) below which discusses the boundedness of the shift operator; the converse
inequality is a consequence of the triangle inequality (from below) and the restriction
result in [6, Theorem 2.1].

COROLLARY 3.2 For a > 0 there holds

lmllage, -,  Hmielagg,. + Gk + D)Amglagy,, -

REMARK 3. The additional assumption « > 0 arises from the circumstance that
the boundedness of the generalized Laguerre translation, hence of the convolution,
has only been proved for these a-values — see [9]; but this property is used in the
proof of (8) below.

Let us start with the “<”-direction. From (7) we have with the aid of (4)
1> mearLytiles < CI D o(k+1)(Ampar) Ll

w(a+1) =
<C “ Z(k + 1)(Amk)akL%||L}v(a) +C ” ka+1(k + 1)(Aak)L,‘é‘”L|1”(a
<C ({mussHlaz,, + I+ DAmeHIag D S +1D(Aar) Ll

<C (I{musatllaz,, + I+ DAmeY e D asLit e

w(a+t1)

)

)
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by (7). For the converse we note that by [6] we have for @ > 0

(8) IlmllM;;,,% sup IIZT meLiley > Imllag, < Climllag

@) aja atliatl

Thus, up to the proof of the fact that the shift of a multiplier sequence is a bounded
operator in the multiplier norm, there remains to estimate uniformly in r, 0 < r < 1,

132 7k + 1) (Ami) Eglle
<SS+ DA m) L e+ 1Y O+ DAL
<N Y mart g iy + Climasa oy, NS (B +1)(1 = r)r g Pl
<C ([Imllagy

atliatl + ”{m""“l}”Mi;a)

a)

by (7) since, when applying [5, II, Theorem 3.1], it turns out that {r¥} as well as
{(k +1)(1 — r)r*} are Laguerre coefficients of L}D( «-functions, whose L'-norms are

uniformly bounded in r; hence the assertion via (8) and the boundedness of the shift
operator which we prove below.

PROPOSITION 3.3 (a) Let @ > —1 and 1 < p < 2. Then

o0 oo
“ ZakLi‘H“LP <C “ Za’“Lz“LP
k=0 vl k=0 wie)

Also, setting L*,(z) = 0, the converse holds:

o0 oo
1D anliall, < CID aLg]lL
k=0 wle) k=0 vl

(b) Let {my} be a scalar valued sequence with mo = 0. Then we have for a > —1 and
1 <p< x that

I{mes1}tlmz, < Cl{metinz,,

Using duality, (b) directly follows from (a), the latter being clear for p = 2 by
Parseval’s formula; thus, by the Riesz interpolation theorem, we have only to show
(a) in the case p = 1. By [18, (5.1.14)] there holds

© T = L) - (14 ) e

and thus

n ZakLkHuLl <c| ZakLk s, * 1 Z P

But by [2, (3.30)] and an interchange of the integration order the last term turns out
to be dominated by a constant times || Y ax LE|| Ly,

For the converse first note that by [4, 10.12(5)]

( +1)

klz®e " LE(z) = ((d/dz)F~te b)) = ((k — 1)1z le 2 L3 (2))'
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and, therefore, since z>+t1e~* Lt (z) = 0 for z — oo,
(10) k/ y*e VLY (y)dy = —z*te "Lt (2).

Now we estimate the left-shift operator. By (9) and the triangle inequality

k
o4 (o4
I ZakLk—lllL}”(a) <y ir oLkl

ag
+l Lyl SCIQ_aLillzy
k+a w(at+l) —

since {k/(k + )} € ML, and the term with L1} can be estimated with the aid of
(10) and an 1nterchange of the integration order.

Proposition 3.3 allows us to reformulate Corollary 3.1 by iterating the procedure
N-times, N € N fixed, to obtain:

COROLLARY 3.4 Let 1<p <2, N€N, and = a— F&. Then

lImllaz,. < ZII{(’H 1) Al mi}llarz

promded that 8 > —1 and (28 + 2)(- —1)<1uwhenl<p<2 andf >0 when
=1.

4. Necessary conditions based on backward differences. Here we want to
indicate how backward differences can be used to deduce necessary multiplier criteria
and how the transplantation theorem leads to improvements. Starting with (1) we
have for A > 0 that

Cz*L)(z) = Lp(0)ANLY(z), = >0,

and hence for a finite sequence {ay}
2 f(2) =2 arLi(z) = C Y ax Ly (0)A RY(z) = C Y VMNarL4(0))LA(x),

or by the uniqueness property for Laguerre expansions
[z} f (2)]5 (k) = CV*(ax L (0)) -

Holder’s inequality gives, with a parameter 6 > 0 to be chosen later,

[es] ; B ;
IVX(ax L2 (0))] < ClIfllze |RY (z)e=*/? | a+o¥' pdz) /7
w(A— 5) 0

When estimating the last integral let us restrict to the case 1 < p < 4/3. Markett’s
[13] Lemma 1, 5th case, leads to the estimate

2
sup | (k + 1) "=/ V@O < CWfllez,,_,» S<g As T+ -3
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This inequality is very suited to derive a necessary multiplier criterion in a trivial
way (in contrast to the procedure in [5]). As in [5, I,(9)], choose the test function
f=oW ), where the Laguerre coefficients of ®(N) are smooth, =1if k < N and =0
if K > 2N. There holds [5, I,(9)]

(V) (a+1)/p'+6/
IEW|gs < C (N + 1)+l

and hence, with a; = mg[®™)]; (k) and m € M., _;, the following result via (5).

COROLLARY 4.1 Letogxg—ﬁg—'+%'—§,055< B B= —2—2_‘5—p, and let
\, B satisfy the first two conditions of (6). Then
sup [V (L2 O)] < Cllmll,_, < Clmlag, <0 <4/3

A=8 —

REMARK 4. The use of the parameter § (near p/6) and the resulting application of
the transplantation theorem (5) yields a definite improvement of a necessary condition
resulting from the choice § = 0 (when no transplantation is needed). Consider e.g.
the case p = 7/6, 0 < § < 1/18 which implies at least A <1 /6. Take as test multiplier
on qu(o) the one corresponding to the partial sum operator, i.e., mgc") =1,0<k<n,
and = 0 otherwise.

Choosing 8 = 0, A = 8 = 0, only gives O(1) as lower bound whereas §=1/18,8 =
0 leads to the admissible A = 2/15 and a divergence behavior of the same multiplier
family on the same LP-space of at least O((n + 1)*/*®). Corollary 1.1 in [5, I}, which
describes a necessary condition based on forward differences with increment 1, gives
for this example the slightly better result O((n + 1)*/7) (with the present backward
differences one can still try to optimize § < p/6). There it is also shown that for
p = 1[5, Corollary 1.1] cannot be improved though it does not yield the correct
divergence behavior of the partial sum operator. In [5, I] it is shown that via the use
of differences with mixed increment 1 and 2 one can obtain the “right” divergence
behavior O((n + 1)3/14).

The example just considered again makes clear the need for a transplantation theorem
with full range power weights.

5. The value of Corollary 4.1 is more to be seen in the fact that it allows one
to integrate the Kalnel-type necessary conditions, which looked a bit isolated in the
framework of those conditions known till now (see [5] and [16]). In [8] the following
sharp criterion is shown:

Let a > 0 and m = {my} be a finite sequence with my =0 for k > n + 1. Then

n
(k + 1)t/
> Iml —7 S Clmllay,, -
2 Iml G e -

Intuitively it is clear that the left hand side is an upper bound for
vetl/2 (anﬁH/ ?(0)), the type of condition occurring in Corollary 4.1. Unfortu-

nately it is not clear to the authors why the difference order is 1 /2 higher than in
Corollary 4.1.
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