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ON THE RESURGENCE PROPERTIES OF THE UNIFORM ASYMPTOTIC
EXPANSION OF THE INCOMPLETE GAMMA FUNCTION

A. B. Olde Daalhuis

ABSTRACT. We examine the resurgence properties of the coefficients c-(n) ap-
pearing in the uniform asymptotic expansion of the incomplete gamma function.
For the coefficients cr(7), we give an asymptotic approximation as r — oo that is
a sum of two incomplete beta functions plus a simple asymptotic series in which
the coefficients are again cm (7).

The method of this paper is based on the Borel-Laplace transform, which
means that next to the asymptotic approximation of ¢r(n), we also obtain an
exponentially-improved asymptotic expansion for the incomplete gamma function.

1. Introduction and summary

Recently it has been shown in many papers that the incomplete gamma function is
the basis function for exponential asymptotics. The asymptotic expansion of I'(a, 2)
as z — oo and a fixed is rather simple. However, in exponential asymptotics, we need
the asymptotic properties of I'(a, 2) as a — oo and z = Aa, A # 0, a complex constant.
In [9] and [11], the uniform asymptotic expansions of the (normalized) incomplete
gamma function as @ — oo are given as

P(c(z,z) 1 rfc(n\/_)

T'(a+ 1) I‘( a,ze” ™) ~ %erfc( %a) + if/iz—;—a Zcr(n)(—a)“ (1.1b)
r=0

-, (1.1a)

where 7 is defined as

D=

=(2(A—1-1n})) (1.2)

and
z
A= = (1.3)

The complementary error function in (1.1b) will give the Stokes smoothing in expo-
nentially improved asymptotics for integrals and solutions of differential equations.
See, for example, §4 of [8].

Our interest will go to the asymptotics of the coefficients c.(n) as r — co. Asin
most uniform asymptotic expansions, the coefficients are rather complicated functions
of their arguments.

Received June 24, 1998, revised September 22, 1998.

1991 Mathematics Subject Classification: Primary 34E05, secondary 33B20.

Key words and phrases: asymptotic expansions, Borel transform, incomplete beta function, in-
complete gamma function.

425



426 OLDE DAALHUIS

ph/\=%7r ph)\=%7r phi=7 phl=

Bl
=
>

I

D=

3

il p

phA =37

N

—_—

P
-
-
-

hA=0
0 p

FIGURE 1. n-plane. The images of rays in the A-plane.

First, we want to help the reader with the definition of 7. Since A — 1 —InA
has a double root at A = 1, we prescribe that n()) is analytic in a neighborhood of
A=1 Wetaken ~\X—1as A — 1. In Figure 1, we give the images of the rays
phA = %ﬂ‘, k= 0,1,...,8. Note that A = 0 is mapped to n = —oo, the half line
0 < A < oo is mapped onto the complete real n-axis, and that the Riemann sheet
0 < ph A < 27 is mapped onto the upper half plane Sn > 0 with a cut at the ‘half’-
hyperbola {n = o+ Bi | af = =27, @ < —/2r}, which is the image of the ray
ph A = 27, and which is the dashed line in Figure 1.

Hence, (1.2) is well defined as a mapping from the Riemann sheets | ph A| < 27 to

N={nec}\{n=a+pilep==22m, o<-vor}. (1.4)

According to [9]-[11], expansions (1.1) hold uniformly in |z| € [0,00), in the domains
|pha| < m — €1 and |phA| < 27 — €2 where €1 and e, are small positive numbers.
This would mean that the mapping (1.2) is defined on the natural A-domain. But, as
is noted in [4], the region of validity of (1.1) is smaller. For more details on the region
of validity, the reader is referred to the introduction of [4].

The coefficients c.(n) are defined by

11 1d Yy
=-=— =—c._ — =12,... 1.
00(77) A _ 1 77’ c"'(n) 77 dnc"' 1(77) + )\ _ 17 T 1) I’ I ( 5)
where the coefficients v, are those appearing in Stirling’s formula
27 hemr &
F )~ —— -\ Z_T 1.6
@~ L (16)
as z — 00.
In [4], a new integral representation is given:
i(=)T(r + ) dz
cr(m) = 2 (L7)

(271')% ax (z=AN)(z=1-In z)’""'%

where the contour of integration is a loop around 1 and A. The authors use this
integral representation to obtain an asymptotic expansion of c.(n) as r — co. This
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result can be written as

cr(n) ~ 1«(21\/—) (277 +2m>_r_% erfc(i 7‘+% [ln <2m+ 1772)] )
n

by ) e T )

3 N3 I'(m+ 3)af, (A
+—I‘\1/—2— {(271'2)’22—( 12m+ )
(z—7) = (r+1)mt:
2 T(m+ 1)an(N)
+ (—2mi)~T—% N2 m 1.8
where
ik in? |\ j-m=3
+)) — 2 (m)
a0 = (n{ZEEN T Sy (o)
i . b,
+eFa™ Y (o) _22_c.(n) (1.9
Y (e et 09
in which the coefficients b§m) have the generating function
- = g 1
(ln(1+a:)) 2 b (1.10)

=0

Note that definition (1.9) for the coefficients aZ contains the (lower-order) c;(n).
Hence, there seems to be a resurgence in the asymptotics of ¢.() as 7 — oo.

To obtain the resurgence, we will study the Borel transform of the divergent series
in (1.1). In §2, we will define the Borel transform, give a representation that is valid
in the whole of \V, and obtain the local behavior at the dominant singularities. These
singularities are poles and branch points. The location of the singularities will depend
on 7, and there will be coalescences of singularities when n = 0, that is, when A = 1.

In §3, we will use the dominant singularities of the Borel transform to obtain an
asymptotic expansion of ¢.(17) as r — co. Our main result will be:

Theorem. For n € N, we have

_1
cr(n) ~ I,(zl\/— (277 +2m) - 211+{'f—,.(r+%’%)

—r—1
(2\/——7') (gn* - 2mi) ™ 211__1,1(1"4-%,%)

4mi

+ Z en(MI(r — n) {(=2mi)" "1 + (2mi)"~"1} (1.11)

n=0

as v — OQ.
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In (1.11), we use the normalized incomplete beta function, which is defined by

L(p,q) = Eﬁ /0 ’ P71 - )7 tdt (1.12)

where B(p,q) = I'(p)T'(q)/T'(p + q) is the beta function. For more details on the
incomplete beta function, see §11.3 in [10].

Hence, we have a simple resurgence relation for the coefficients ¢,(n). Note that
due to cancellations in the divergent series in (1.11), the asymptotic expansion of
¢r(n), with r odd, involves only cy(7), with n even, and the asymptotic expansion
of ¢,(n), with 7 even, involves only cn(7n), with n odd. Since the incomplete beta
function can be computed via a simple continued fraction!, asymptotic result (1.11)
is an efficient way to compute the higher-order coefficients c¢.(n). Thus, to use many
terms in the asymptotic expansions (1.1), the reader can first compute the lower-order
coefficients ¢,(n) and use these results in (1.11) for the computation of the higher-order
coeflicients, which then can be used in the right-hand sides of (1.1).

In the second half of §3, we will discuss the asymptotic behavior of the incomplete
beta functions that occur in (1.11). From these results, we obtain that in the main
part of NV, the coefficients c,(n) are of the order I'(r)(2r)~"~! as r — co. However,
there are two lobes in N in which one of the terms with an incomplete beta function
dominates all the other terms in (1.11), and in these lobes the coefficients ¢,(n) are
of the order (37? + 2mi) "2/ I'(3 — r). This asymptotic behavior also was observed
in [4]. At the end of §3, we give an illustration of this asymptotic behavior.

Finally, in §4, we give an exponentially improved asymptotic expansion for the
incomplete gamma function. The re-expansion is in terms of functions that are more
complicated than the incomplete gamma function itself. This is the reason we omit
the proof of the results in §4.

If we compare (1.8) with (1.11), then it is obvious that there are similarities and
big differences. The main similarity is that in both equations, there are two loose
terms. The loose terms in (1.8) are the error function terms, and they are simpler
than the incomplete beta function terms in (1.11). In fact, one could argue that
since the incomplete beta function depends on three parameters, it is too complicated
to be used as an approximant of c,.(7). But the incomplete beta functions in (1.11)
depend only on two parameters, and one of these parameters is limited to half-integers.
Furthermore, the computation of the incomplete beta functions is not very difficult.
Again, see [3].

The main difference between (1.8) and (1.11) are the asymptotic series. Note that
the asymptotic scales are very different. Furthermore, the coefficients in the asymp-
totic series are much simpler in (1.11).

Due to the different asymptotic scales, it is not possible to obtain (1.8) directly from
(1.11). However, by replacing the incomplete beta functions in (1.11) by asymptotic
expansions as r — oo that are uniformly valid in 7, we would obtain the error function
terms of (1.8). See (3.15).

1For a comprehensive discussion of the computation of the incomplete beta function, see [3].
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2. The Borel transform

Let P be the complex plane with a cut from 0 to —co. We take as the Borel transform
of the asymptotic series in (1.1)

oo
_1
Y& =D e (mT(3—r)t 2. (2.1)
r=0
This series is only convergent for ¢ in a neighborhood of 0. To obtain a representation
in a larger t-domain, we use (1.7) in (2.1) and obtain

_z_?( (2—1-Inz)2
2v2r Sy (2= N(z—1-Inz—1)

In the derivation of this integral representation, we need the restriction [t/(z — 1 —
Inz)| < 1 for all z on the contour of integration. This is not a problem for ¢ in a
neighborhood of 0. This integral representation is, of course, valid in a much larger ¢
domain. Hence, we can replace the restriction |¢/(z—1—Inz)|<1lbyt#2z—1—Inz
for all z on the contour of integration.

We deform this contour of integration to a path that begins at z = —o0, encircles
z = 0 once in a negative sense, and returns to its starting point. In this way, we obtain
the integral representation

y(t, ) = t73 dz.

i /(0_) (z—1-1n2z)?
227 J_oo (2=A)(z—1—Inz—1t) .
which is valid for ph A € (—m,7) and ¢t € P, St € (—m, 7). In the following lemma, we
give a representation that is valid in a larger A-domain.

y(t,\) =t"% dz, (2.2)

Lemma 1. For ph A € (—2m,27) and t € P, we have

S . . .
y(t,A):l T3 (/\—1+27rz—ln)\)2. + (A—l—2m—ln)\)2'
2V2 t—(A=1-InA+2m) t—(A—1-Ink—2m)

1 /= N (t— 27rz')‘% (t+27rz')_%
— o /2(A-1-1
3y 1 nA)z(t—(A—l—lnA+2m’)+t—()\—1—1n)\‘27"i)

+hy(t,A) = ho(t, A) + 54 (8, A) — s_(8, ) (2.3)
where
i A—1+2mi—InA\?
he(t, ) = 2\/2_7F(t—()\—1—1n)\:i:2m')){( t )

o
3
.
[N

A=l-InA \3 1
x1n<1—(ﬁﬁm)2)_(A—l‘ln’\)21n(1‘(‘ z
A—1-— 3 t i

1+ (A5 F2m 1+ (¢

)

(2.4)

1IN
B}
.

~—
Nl

and
1 1

_ =3 o (u+2mi)iu~3(z—1—Inz)? - du
s*(t’”‘%/z—ﬂ/o /C(A) =T —NG-1-ms—w & (29

where the z-contour C(X) is defined in Figure 2b,c.
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FIGURE 2. (a) Contour C; (b) Contour C()\) when ph A € (0, 27); (¢)
Contour C(A) when ph A € (—27,0).

Proof. We start with the restrictions
Rt>0, Ste(-2m2r), phAe(0,7), and ph(A—1-1In])€ (0,3m). (2.6)

The branch point at z = 0 in the integral in (2.2) is integrable. We split the contour
of integration in (2.2) into a contour from ocoe™ to the origin plus a contour from the
origin to coe™™t. We rotate the first contour to the contour from coe®™ to the origin
and the second contour to the contour from the origin to coe~2"¢, During the second
rotation, we encounter a pole at z = Ae 2"’ We note that when ph A € (—m, ), then
(Ae®2m — 1 — In(Ae?™))1/2 = —(\ — 1 F 27i — In \)'/2 where on the right-hand side
we use the usual square root. In this way, we obtain the integral representation

1
T (A—142mi—InA\? 1
vEN = 5( t ) T- (A —1—InA+2m)
o0 _ . 1
+t3 1 / (z—142m 'lnz)2 &
2iv2r Jo (2= A)(z—1+2mi—Inz—t)
1 1 [ (z—1-2mi-Inz)}
-t 2273\/271'/0 (z=N(z—1-2mi—Inz—1t) dz, 2.7

which is valid for ph A € (0,27). To obtain a double integral representation for the
first integral on the right-hand side of (2.7), we use the substitution u =z —1—1Inz
and write £ /(z — A) as a contour integral. For more details, see [2]. We obtain

4 1 /°° (z—1+2mi —Inz)?
2iv2r Jo (z—=XN(z—1+2mi—Inz—1t)

I (u+2mi)Tu~%(z—1—In2)3 - du
B 471'\/2_71'\/0 /c(u—-(t—-27ri))(z—-/\)(z—-1—1nz—u) dzdu (28)

dz




RESURGENCE PROPERTIES OF I'(a,2) 431

where C is defined in Figure 2a. We deform contour C to contour C()A) and obtain

(z—1+42mi —In2z)?
2z\/2_7r/ (z=AN(z=142mi—Inz—1t)
y tTF (u + 2mi)tu3
2iv2r Jo (u—(t—2m))(u—(A—1—1n]))
The integral on the right-hand side of (2.9) can be expressed in terms of elementary

functions. We use the transformation v = 2miv and rotate the path of integration
from the negative imaginary axis onto the positive real axis:

-1
2

dz = sy (t,N)

+(A=1-InX)2

du. (2.9)

t=3 [ (u+ 2mi)du—%
A—1-In))2 d
( nd) 2iv2r Jo (u—(t=2m))(u—(A—=1-1n})) U
t—(A—1=1InA\+ 2mi) dn\/2m
(v+1)' -3
/ (v = 520 (y _ A=) dv. (2.10)

The first term on the right-hand side orlgmates from the pole at v = (A—1—In X)/(27%)
which is due to restrictions (2.6) in the fourth quadrant. The substitution v = 22/1—22
leads to

_ (A—1-InN)itE /°° (v+1)3v~% o
4m/2m o (v—152E) (v— A=

_ (A—1—In))3¢t~%; Ul dz _/1 dz }
V2r(t—(A—1-Inx+2m)) lJo 22 — 3552ds  Jo 22— 2

_ i (A 1+ 2mi ln/\>
T 2v2n(t — (A= 1 —In) +2mi)) t

A=1—In)

1—(m)1/2 A—1—InA\? 1_(—21ri)1/2
[ )] - () [ S )

1/2 t — 2mi 1/2
A—=1—In)
1+ (mﬁﬁ) L+ (=)

(2.11)

where we used (2.6) to obtain the correct contributions from the end-point z = 0.
Combining (2.9)—(2.11) leads to

4 / (2= 1427 —Inz)}
2z\/2_7r (z=A)(z—1+2mi—lnz—1)
L /% (A=lt2mizin) 2m-1n,\)% 2\/—(>‘t1211:11>\)%
“t—(A—142m—-In)) t—(A—1l+2mi—InN)
+hy(t,A) +54(8A). (2.12)

In a similar manner, we can show that

dz

(z—1=2mi—1Inz)?

221'\/2—«/0 (z—)\)(z—l—2m—lnz—t)d
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Nl

%\/g(k—l—?tm'—-ln)\)% %\/’g‘(,\x;&,\)

t—(A—1-2mi—In))  t—(A—1—-2mi—InN)

+h_(t,A) + s—(t, \). (2.13)
Hence, (2.3) follows from (2.7), (2.12), and (2.13). Analytic continuation shows us
that (2.3) is valid for ph A € (—2m,27) and t € P. O

The main property that we need from the Borel transform y(¢, \) is the local be-
havior at the singularities that are nearest to the branch point ¢ = 0. The first two
terms on the right-hand side of (2.3) are rather simple singularities. Notice that in the
second term, the branch point and the pole coalesce when A = 1. Although the defini-
tion (2.4) of h4 (¢, A) is rather complicated, these functions have only one singularity
in P and that singularity is a branch point at ¢ = 0.

The remaining problem in this section is to find the singularities of si (¢, ). We
define for a > 0 the functions

i (u2mi)3u3(z—1—Inz)?
t ) = dzdu. (2.14
s+t 0) 411'\/271'/0 /c(,\) (u—-(t:F27n))(z—/\)(z—1—hlz u) zdu. (2.14)

We note that the functions s4 (¢, A) — s+ (¢, A, @) are analytic for |t F 27i| < a. Hence,
by taking o large enough, the singular behavior at the singularities that are the nearest
to t = 0 will be the same for s4(¢,A) and sy (¢, A\,a). These singularities originate
from the end-point u = 0. We expand the factor 1/(z — 1 —In z — u) in a Taylor series
at 4 = 0 and obtain

NLon—1
sit,\a) = * (ux2mi)zu u/ dz
c

4m \/2—772 U—(t:F27"i) o (z=A)(z—1—Inz)"*+2
(u:l: 2mi)Tun3

2m u — (t F 2mi) (2.15)

n=0

where we used (1.7) to compute the z-integral.
In the next lemma, reg(t — 27i) denotes a function that is regular (or analytic) in
a neighborhood of t = 27i.

Lemma 2.
* (u2mi)3un—d

At n . n—1 .
=7(— — 271). 2.1
vy r=p e du = m(—)"(£27i — )" 2 + reg(t F 2mi) (2.16)

3

Proof.

t=3% du

1
u— 3 2 -1
* (u+ 2mi)Tun—3 dy— /0‘ ( i 1) u"2
o u— (tF2mi) “Jo u — (t F 2mi)

a un—% du 1 a pl w -3 .
= - — _ i w nol
/0 u — (t F 2mi) +2t/ / ({u (tF m)}t +1> u™ "2 dwdu

@ yn—idy
= / m + reg(t F 2m3) . (2.17)
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We use (15.3.1) and (15.3.7) of [1] and obtain

/a wtd ot /1 vt dy
0 U—(t:F27l'i) 27—t 0 l—vt:F—"‘zﬁ

oty 1 3 «a
= Fi(1,n+2m+2;
(F2mi—t)(n+1)° 1( ntgint 2’t:F27rz')
1
(\n R S 13  tF2om
= m(—)"(£2mi — t) 2+n_12F1(1,2 miy T
= m(=)"(£2mi — £)"" % + reg(t F 2mi) . (2.18)
O
Hence,
. o0
L 1 n ; n—% ;
s+(t, ) = 3 Z en(MI(5 = n)(=)"(F2mi — )" 72 + reg(t F 2mi). (2.19)

n=0

3. Late coefficients asymptotics

To obtain an asymptotic expansion for ¢.(n) as r — 0o, we use Darboux’s method.
Hence, we use (2.1) and obtain

o)=Lt / 0 e 3.1)
" E 0@ 1) oo ' ’

The main contribution in the asymptotics of ¢, () as r — co comes from the singularity
of y(t, \) that is nearest to ¢t = 0. In the previous section, we showed that the nearest
singularities are at txx = A — 1+ 27 —In X and ¢4 = +27i. Hence, the dominant
asymptotic behavior in the bounded regions |A — 1 & 2mé — InA\| < 27 when ¢yt is
nearest will be very different from the dominant asymptotic behaviour in the region
A —1+£27mi—1In A| > 27 when ¢4 is nearest. To obtain an asymptotic expansion that
is uniformly valid in ph A € (=27, 27), we use (2.3) in (3.1) and obtain

1 iy
—_ —2-\/—5- _ s —r—1 1 s —pr=1
cr(n) = _—F(%—r)(()\ 142m—InA)""2+(A—-1-27m —InA) 2)
_3V/E0-1-lmN} /(0+> (t — 2mi)~3¢——% o
2mil(3 — ) oo t=(A—=1+42mi —1n))

N /(°+> (t+27ri)‘%t‘_"_% @
w t—(A—1—=2mi—1nA)

1 0+) 1
+ m_—r)/_w (hs(t, ) —h_(t,N))t7" "2 dt

1 (0+) Jyg=r—t 1 (0+) 1
+ — —-r—3 — —_p=1
2mil (3 — ) /_oo s+(B )t at -7) /_oo 5= b

2mil(% 62
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The first two integrals are contour integral representations for the incomplete beta
function. From (11.42) in [10], we obtain

(A=1-In)z /("*) (t-2mi)~hert
2mi —o t—(A—1+2m—InX)

(0+) N—3¢-T—3%

+/ (t + 2mi) i‘t. AN
0 t—=(A—=1=27mi—1n))

= —(}\—1+2m’—ln)\)""'% I,\_l_h},\(%,r—l- %)

—2mi

—(A—1-2mi—In))"""3% I,\_;_;n,\(%,r+%). (3.3)
e

Since the only singularity of h (¢, A) in the bounded ¢-plane is a branch point at t = 0,
the third integral in (3.3) can be estimated by

) L . ~
2mil (] 1= | (e =h ) Hit= 5r—0 (A7) asr oo

(3.5)
where A is an arbitrary fixed positive constant.
For the fourth integral in (3.2), we use (2.19) and obtain
(0+) (2mi™)
T t)\t—"_ dt——— t)\t"_"dt
27er‘( ) / s+(6) 2mil(3 — ) / s+(B AT
T (2mi™)
i e [ eri gt (35)
Note that
(27i™) (o)
L erimrmtimrt = ryrednionrn [Ty o gr
100 o]
= 2(=)"i(—2m)*"B(% —r,7 — n). (3.7)
Hence,

o -r—% cn(n)
2mr( 7 / s+( )72 dE ~ Z (—%—i)ml“(r —n) asr—oo. (3.8)
Slmllarly,

(0+)
27er‘( = / s—(t, )\)t"‘_i dt ~ Z (27:)1571)7&1 I'(r—n) asr—oo. (3.9)
n=0

Since we can absorb the left-hand side of (3.5) into the right-hand side of (3.8) and
(3.9), we have shown that

1

cr(n)N_ 2\/— ((A_1+27rz_lnA)_r_-2-+(A—1—27Tl—1nA) 1‘——)
I'(3 - )

1

-|-1_‘(21 {(,\—1+21n In)\)~"" . SN lnA(2;7'+ 3)

__T) —2mi

+A=1-2m—InXN)""% Iy a7+ §)}
27
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o0
+ 3 ealmT(r - n){(-zm)n—r-l + (zm')"—r—l} (3.10)
n=0
as r — oco. This expansion is valid for ph A € (=2, 27).
When we apply the identity I1_.(q,p) = 1— I.(p, q), we can present the final result
as

er(n) ~ — I‘(21 2) (37% + 2mi)~ 3 I+_,]_(r+% 3)

4mi
V3

1
2772 —2mi)" "2 I (r +1 3 2)

F( -7 ) 41r1,
+ Z en(mT(r — 11){(—27m')“"’”"1 + (27rz')"""‘1} (3.11)
n=0

as r — oo.
To obtain a better understanding of which terms of the right-hand side of (3.11) are
dominant in which sectors of the complex n-plane, we give the asymptotic behavior of
the first term.
In the case —m < phn < %71’ and 7 bounded away from the origin, we have

2\/— 2 —r—1 11

77 + 278) 2 (r+3,3)
P(l ) 1+Z177R 272
1+ L

L/ (1.2 oni\—r—3% p
B SE G s . 2/ Te-t1-nta
I'(z-r) B(zr+3) Jo

2

LT Gream)d el gy
t 2 dt
0

"TE-r) BQE,r+1) " 4mi
F( )( i )—r -1 (312)

as r — 00.
In the case %n < phn < 7 and 5 bounded away from the origin, we use that
I2(3,7 + %) is an odd function of z and obtain
_1]_('r+212)—1 _1,_2_(%’7'4'%)

4mi ~ 4mi

=147 (Tle'"i)z (%,r + %)

=2- I (ne_’”!z (T + 3 2) (3.13)
4mi
Now we can use (3.12) and obtain
1
I‘(l\/—) i 4 om)~r3 1 ﬂ_(r+% 1)
4mi
\/— —'r'—-2- ( ) —r—1
T (1 ) 2 4 2mi) + —=(—2m) (3.14)

as r — 00.
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Finally, in the case of 7 in the neighborhood of the origin we write

2\/—

1"(1 (3n? + 2i)~ r—3 I+-7’-—(T+2’2

47
2 2 —r—- 1
ety
2? 2 T 4ms
2 —r—- o) 1
2\/— ( n? + 2mi) / e_(r+%)ss_%< s >2 ds
1

I'(3-r) B(3:7+3) n(ram 1-e®
2\/_ ( n2 + 2772)—r—_ ® 6_(T+%)88_% ds

TG-7) BGr+D)  Ju(mEm)

P(21\/_) in? + 2mi) r"%rfc((r-l- 1)1/2( 73%%>%) (3.15)

as 7 — oo where erfc(z) is the complementary error function.?

From (3.12), (3.14), (3.15), and the asymptotics of erfc(z) as £ — oo, we obtain
that the first term of the right-hand side of (3.11) is of the same order as the first
term of the divergent series of (3.11), except in the region of the sector %71' <phnp<m7
where the first term of the right-hand side of (3.14) dominates the second term. This
region is given by

{n = —a+fila, >0 and (o + )2 < 16a,87r}. (3.16)

Similarly, the second term of the right-hand side of (3.11) is of the same order as the
first term of the divergent series, except in the region

{n=-a-Bile, 8>0 and (a®+ 6% < 16afr} (3.17)
where we have

m
5 1
1"(21\/—) —2mi)~""2 I a2 (7 +3 )~ I‘(;/——z—r)( —2mi)”"72 (3.18)
as r — oo.

As an illustration of the change of dominant asymptotic behavior of c.(7) as a
function of 7, we give Figure 3. In the example, we take 7 = 11 and 1 = 3exp(6i).
We note that in the sector 0 < 8 < %’ﬂ', the modulus of ¢,(7) is almost constant, and
in the sector %w < 0 < 7, it varies with @ and has a maximum at 6§ = %m

To give a “numerical proof” of (1.11), we use 6 terms in the sum of the right-hand
side of (1.11) (as we noted before, only 3 of the 6 terms are non-zero), and we evaluate
the incomplete beta functions via the continued fractions. The absolute and relative
errors are shown in Figure 3.

41r1.

4. Exponentially improved asymptotics of I'(a, z)

In §2, we obtained the local behavior of the Borel transform y(t,A) at the dominant
singularities. In the previous section, we used this information to obtain an asymptotic

2To obtain a full uniform asymptotic expansion of the left-hand side of (3.15), the reader can use
the first three lines of (3.15) and exercise 6 of chapter 7 of [12].
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FIGURE 3. An example with 7 = 11 and n = 3exp(6i).

expansion for the late coefficients in the divergent series in (1.1). As in [6], we also
can use this information to obtain a re-expansion for the remainder term Ry(a,n) in

V2raeton’ (I‘(a,z) L erfc (n\/_)) zcr ma~" + Ryn(a,n)- (4.1)

r=0

The method will be very similar to the method used in [6]. Thus, we would use the
Laplace transform of y(t, A) as an integral representation of the left-hand side of (4.1),
substitute a truncated version of (2.1) into this Laplace transform to obtain (4.1),
and use Taylor’s theorem to obtain a double integral representation for Ry (a,n). The
deformation of the contours in this double integral will give us

(0+4) e“ty(’r A) N-3
Rn(a,X) = (27”)2/ ]io g Tt (’r) drdt

\/271' —-—N F(z) (J..'N+1’ 1/2 +F(2) a.N+1, 1/2
~ 2mi2? ' omi, A—1—1In\ b _omi,A—1—1In\

2;zN ic”(")[F @ (“’ 27ri> -F (1)( N;J)] (4.2)
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dt

where
/:I:ooi e:t21rittN—'n—1
0 a—t

(1) . N -n
F (“’ +2i )
= —(=a)V"TID(N — n)et?™T(n 4+ 1 — N, £27ia),  (4.3)

+ooi poo 42wit4+(A-1—In )TN, .—2
F@ (g N+ 1L 1/2 =/ / : LT gt
271, A —1—InA o o (a—t)(t—7)

The computation of the hyperterminants F¢+1)(...) is discussed in [5] and [7]. How-
ever, the occurrence of A — 1 —In ) in the F(®) hyperterminants in (4.2) makes the
computation of these double integrals nontrivial. In fact, if we compare the F(2)
hyperterminants in (4.2) with the left-hand side of (4.1), then we see that the F(2)
hyperterminants depend on more (dominating) parameters and are more complicated.
Hence, it is pointless to re-expand the remainder term Ry (a, A) in terms of hyperter-
minants. Other re-expansions in term of other functions might be possible, but it is
very likely that one loses the simple resurgence.

Since some of the functions in the right-hand side of (4.2) are more complicated
than the left-hand side of (4.1), we omit the proof of (4.2).
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