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EXISTENCE AND BEHAVIOR OF SOLUTIONS FOR A WEAKLY COUPLED

SYSTEM OF REACTION-DIFFUSION EQUATIONS

Kiyoshi Mochizuki and Qing Huang

ABSTRACT. We consider the weakly coupled system of reaction-diffusion equa-
tions
ug = Au + |z|710P, vy = Av + |z|72u9,

wherez ¢ RN (N >1),t>0,p,¢>1withpg >1and 0 < o1 < N(p— 1),
0< o2 <N(g—1). Put

2 1

o= —('2'+—)’ ) 1= ) 2 =

pg—1 pg—1 pg—1 pg—1
and let I and I, (a > 0) be the spaces of nonnegative, bounded continuous
functions satisfying

_ e+ o _owptor o o1gtor

)

limsup |z|%€(z) < 0 and liminf |z|*¢(z) > 0,
respectively. At t = 0, initial values (ug,vo) € It X I%2 are prescribed. It is proved
that if max{a + 81,8 + 62} > N or if ug € I, with a < a + 81 or vg € I, with
b < 462, then every nontrivial nonnegative solution is not global in time; whereas
if max{a+61,8+82} < N and (up,vo) € I® x I® with @ > a+61, b > S+02, then
there exist both global solutions and nonglobal solutions. Moreover, we obtain
the asymptotic behavior as ¢ — oo of the global solutions.

1. Introduction

We consider nonnegative solutions of the initial value problem for a weakly coupled

system

us = Au+ [z|710P, zeRNt>0,
vy = Av + |z|72u9, zeRY,t>0,
u(z,0) = uo(z), z€RV,
v(z,0) = vo(z), z € RY,

(1)

where N > 1, p, g > 1withpg>1,and 0< o1 < N(p—1),0< 02 < N(g—1) (if
p=1or g =1, we choose 01 =0 or o2 = 0). The problem provides a simple example
of a reaction-diffusion system. As a model of heat propagation in a two-component
combustible mixture, u, v represent the temperatures of the interacting components.

For given initial values (uo, vp), let T* = T™*(up, vo) be the maximal existence time of
solutions. If T™ = oo, the solutions are global. The global existence and nonexistence
of solutions are studied by Escobedo and Herrero [2] in the case 01 = g2 = 0. They
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110 MOCHIZUKI AND HUANG

consider nonnegative, bounded solutions, and among other things, the following results
are proved there.

(I) If 2max{p +1,g + 1} > N(pg — 1), then T* < oo for every nontrivial solution

(u(t), v(£)) of (1);
(IT) if 2max{p+ 1,9+ 1} < N(pg — 1), then there exist both non-global solutions
and non-trivial global solutions of (1).

In this paper, we shall extend these results to the case 0 < 03 < N(p — 1) and
0 < 02 < N(g—1). Moreover, we shall study the behavior as ¢ — oo of the global
solutions.
Throughout the rest of this paper, we shall use the following notations. We put
oo 2(p+1), 6= 2(q+1)’ 5 = 02p+01’ 5, = J1atoe
pg—1 pg—1 pg—1 pg—1
We set BC' to be the space of all bounded continuous functions in R and for ¢ > 0,
I* = {¢ € BC | £(z) > 0 and limsup |z|*¢(z) < oo},

|z|—o00

I,={¢e€BC|&()>0and llixininf |z|*¢(z) > 0}.

Let L be the Banach space of L®-functions in R" such that

”f"oo,a. = sup (w>al§(x)| < oo
zeRN

where (z)@ = (1 + |z|?)%/2. Then I* C L. The letter C denotes a positive generic
constant which may vary from line to line. We shall use the notation S(¢)¢ to represent
the solution of the heat equation with initial value &(z):

S(t)e(e) = )™ [ el iy,
RN
In the following, we require
(uo(z), vo(z)) € I% x I%, (2)

Asnoted in §2 below, problem (1) has a unique, nonnegative solution (u(-,t),v(-,t)) €
I% x I at least locally in time.
Now the results of this paper will be summarized in the following four theorems.

Theorem 1.1. Assume max{a+d1,8+02} > N. Then T* < oo for every nontrivial
solution (u(t),v(t)).
Theorem 1.2. Assume max{a + 01,08 + d2} < N. Suppose also that one of the
following two conditions holds

(i) ug € I, with a < a+ 61 or vy € I with b < B+ ds;

(ii) uo(z) or vo(z) > Ce=0l=* for some vo > 0 and some C > 0 large enough.
Then T* < oo for every solution (u(t),v(t)).

Under the condition max{ca + 61,8 + 62} < N, we have p > 1+ (2 + 01)/N

or ¢ > 1+ (2+ 02)/N. In the following two theorems, we only consider the case
g > 14 (24 03)/N. Similar results also are obtained when p > 1+ (2+0;)/N.
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Theorem 1.3. Assume max{a+ 8,8+ d2} <N andqg>1+(2+02)/N. Let
(ug,v0) € I* x I*  with a>a+6;, b>p+ 0. (3)
If ||uolloo,a + |lvolloo,s @8 small enough, then T* = oo, and we have
u(z,t) < CS(E) (@)%, v(z,t) < CS(t)(z)™® 4)
in RN x (0,00) where @ < a and b < b are chosen to satisfy

a+2+0

o+ 0, <& <min{N,Np—2— a1}, <b<ag—2—o. (5)

Theorem 1.4. Let (u(t),v(t)) be the above global solution of (1).
(i) If we can choose G =a [or b="b < N] in (4) and if
lim |z|%p(z)=A>0 [or | llnn |z|Pvo(z) = B > 0], (6)

|#]—00
then
/2| u(z, t) — AS(t)|z|™%| — 0 [or t*2|v(z,t) — BS(t)|z|™®| — 0] (7
as t — oo uniformly in RV,

(i) If we can choose b> N in (4), then

tN/zlv(:z:, t)— M(47rt)_N/2e‘|“|2/4t| —0 as t— o0 (8)
uniformly on the set {z € RV | |z| < Rt'/2} (R > 0) where
M= / vo()dz + / / |72 u(z, £)1dedt < oo. ©)
RN 0o JmW

Remark 1.5. We put A = {(d,b) | satisfying (5)}. Then since
min{N,Np—2—o01} —a—6 =min{N —a—6;,p(N -5 —02)} >0,
i+24+01  (pg—1)(@G—a—41) >0

dg—2—o09—
1 p p
A forms a nonempty triangular domain in Rﬁ_. Moreover, since
a+6+2+0
__1p—1 =B+ 02,

for any a, b satisfying (3), we can choose a pair & < a and b < b in the domain A. b
may be larger than N. In fact, we have

min{N,Np—2—-01}¢g—2—-01
=N +min{N(q¢ — 1) =2 — 02, (pg — 1)(N — 8 — 6)}
> N.
Remark 1.6. If both p > 1+ (2+01)/N and g > [ + (2+ 02)/N are satisfied and if

a, b> N in (3), then we have not only Theorem 4 (ii) for v(z, t) but also the following
result for u(z,t):

tN2|u(z,t) - L(4'rrt)'N/2e‘|”|2/4t| —0ast— 0o
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uniformly on the set {z € RV | |z| < Rt}/2} (R > 0) where

L=/ uo(x)d:v+/ / |z|”*v(z, t)Pdzdt < co.
RN 0o JRN

In fact, in this case, we can choose & < a, N < b < bto satisfy (5) and also N < & < a,
b < b to satisfy

b+2 .
22 i ctp—2— 0.

B+ 03 < b < min{N, Nq—2 — 03},
Then since I® x I® C (I& x I%) N (I% x I%), repeating the argument of Theorem 4 (ii)
yields the result.

Through these theorems, we see: (a) the pair (p, ) satisfying max{a+d1,8+d2} =
N gives a critical exponent of blow-up, and (b) the decay rate (a,b) = (o + 61,6+ 9)
of initial values gives another critical exponent of blow-up. The first critical exponent
coincides with Fujita’s classical one [3],p=1+2/Nifp=qgand oy =0, =0. Ifp=gq
and 07 = 03 = 0 > 0, it is reduced to the critical exponent p = 1+ (2+40)/N obtained
by Bandle and Levine [1]. The critical blow-up results for these single equations were
obtained later (see Hayakawa [7], Kobayashi et al. [11], Weissler [16], and Hamada [6]).
Result (a) for our problem (1) is announced in Uda [15] without proof. The critical
blow-up result is, however, not studied there. To show the critical blow-up, we follow
the argument of Escobedo and Herrero [2]. The point is to obtain a priori estimates
for global solutions. However, it seems difficult to generalize their results to our case.
Therefore, we replace them by our new necessary conditions for the global existence.
The second critical exponent is obtained for single equations by Lee and Ni [12] and
for a system of equations with o; = o2 = 0 by Huang et al. [8]. Theorems 3 and 4
generalize results of (8], in which only a very special case of slow decay initial values
is treated by a different method. Note that results similar to the above theorems have
been obtained in Mochizuki [13] for the quasilinear equation

up = Au™ + |z|7uP
with m > max{0,1 — 2/N}, p > max{1,m}, and 0 < ¢ < Nmin{p — 1,p/m — 1}.
The rest of the paper is organized as follows: Some preliminary results, including
the existence for (1), are gathered in §2. A necessary condition for global existence is

summarized in Theorem 2.5. Based on this theorem, we shall prove Theorems 1 and
2 in §3. Theorems 3 and 4 are proved in §§4 and 5, respectively.

2. Preliminaries

In order to show the local solvabilty of the Cauchy problem (1), we consider the
associated integral system

ut) = S+ [ 8= [P ()P (),
o (10)
vm=smm+ésu—m4wmmrw@@.

Define
\Il(u, ’U) = (S’(t)uo + ®,(v), S(t)’vo + Do (u)) (11)
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where

®1(v) = /0 S(t = s)| - |7 [v(s) P~ v (s)ds,

t
Ba(u) = [ S(t =) 1" fule)*u(e)ds
0
and for arbitrary T > 0, consider the set
Br = {(u,v) | [0,T] = LE x LZ | |(u, )|z < o0}

where
l(wv)ller = sup {Jlu)lleo,s, + [0(E)lloo,6, }-
t€[0,T]
Then Er is a Banach space.
Lemma 2.1. Let v > 0 and 0 < § < min{N,~}. Then we have for any t > 0,

IS T < | COFATTHIDDE wheny £ N,
0=\ CU+t) N 2log(2+1),  wheny=N.
Proof. Note that

|2l (t)(z)

e { [ w [ hamy e gy
lyl<lzl/2  Jlyl>|=zl/2
=I+1L

Here I < 2°S(t)(z)°~" and

II< |:1:|Je"|“"|2/32t/ (47rt)_N/2e_|y|2/8t(x —y) "dy
ly|>|=|/2
< Ct/28(2t)(z) .

As is easily seen (cf., [12; Lemma 2.12]),

I15@)() oo < O(1+ t)=mn{Na}/2, when v # N,
7\ C(1+t)~M2log(t+2), wheny=N.
Thus, the desired inequality holds true. O

Lemma 2.2. (i) Let (uo,v0) € I®* x I®. Then (S(-)uo, S(-)vo) € Er for any T > 0,
and we have

I1(S(-Juo, S(- Jvo)llEr < C{lltolloo,s: + llvolloo,s, }-
(ii) Let (u,v) € Er. Then (®1(v), ®2(u)) € Er, and we have
1(®1(v), ®2(w))llzr < CT{II(0, ), + lI(u, 0)IE,. }-

Proof. (i) is obvious from Lemma 2.1 with v =8 = & (k= 1,2).
(ii) Note that

. t
/ S(t—s)l'l‘”v(s)”dsS/ S(t—s)(-)77%Pds sup [[v(s)|1%, ,-
o 0 . s€[0,t] ’
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By a simple calculation, —oy + da2p = §1 < N. Then it follows from Lemma 2.1 with

v = 4§ = 0 that
I1S(t = 8)(-)7**loo,5, < C.

Thus we have

t
/ S(t—s)|-|7v(s)Pds
0
Similarly, we have
t
/ S(t—s)|-|7%u(s)%ds
0

These inequalities conclude the assertion (ii). a

< Ct sup u(9)E s,

00,51 s€[0,

< Ct sup [lu(s)||%

00,02 s€[0,t]

00,01 °

Now we can prove

Theorem 2.3. Assume that (ug,vo) € I® x I%. Then there exists 0 < T < co and
a unique pair (u(t),v(t)) € Pr = {(u,v) € Er | u > 0,v > 0} which solves (1) in
RN x (0,7T).

Proof. (cf. [2; Theorem 2.1]) Let Br = {(u,v) € Er | ||(u,v)l|zr < R}. If R is large
enough and T > 0 is small enough, then using Lemmas 2.2, one easily sees that ¥ is a
strict contraction of Br N Pr into itself. Thus there exists a unique fixed point which
solves (1). Here we have used the fact that Pr is a closed subset of Er. |

Next, we shall obtain a necessary condition for the global existence of solutions.
Let pe(z) = (¢/m)N/2e=¢l=l* | ¢ > 0. For a solution (u(t),v(t)) € Er of (1), we put

Fe(t)=/RN u(z, t) pe(z)dz, Ge(t)=/RN v(z, t)pe(z)dz.

Since —Ape(z) < 2Nepe(z), the pair {2Ne¢, p.(z)} is regarded as an approximate
principal eigensolution of —A in R" (see e.g., Imai and Mochizuki [9]). With this fact
and the Holder inequality we easily have

F!(t) > —2NeF.(t) + Cpe~71/2G(t)?,
GL(t) > —2NeG(t) + Cqe~2/2F(t)9,

where for o/(f—1) = 01/(p—1) or o/(H— 1) = 02/(g — 1),

Cs= (W—N/z /R ) o]~/ @D eF 4z

Let us consider the system of ordinary differential equations
F() = ~2Nef (£) + Coe™" g 1),
g'(t) = —2Neg(t) + Coe £ (1), (13)
£(0) = Fe(0), g(0) = G(0).

We say that (f(t),g(¢)) is not global or blows up in finite time if there exists T' > 0
such that

(12)

—-p+1

lim sup max{f(t),g(t)} = oco.

As an application of the standard theory of ODE, we have:
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Lemma 2.4. (i) Let
Q={(f,9) € R | (C;'2Ne+/2f)1/7 < g < Cy(aNeM+o/2)7 1 .

If (f,9) solves (13) on (0,T) and (£(0),9(0)) € Q, then (£(t),9(t)) € Q on (0,T).
(i) Let (£(0),9(0)) € Q. Then (f(t),g(t)) blows up in a finite time.

Proof. See e.g., Qi and Levine [14; §3] or Galaktionov et al. [4, 5]. O
Note that there is only one equilibrium of system (13) in R?!_, say,
P= (Cle(a+61)/2,02€(ﬂ+62)/2) (Cy, Cz > 0).

P is a saddle point. One of the separatrices starts from 0 and runs to co. Another
one intersects the f- and g-axes at A, and B, respectively. By a scaling argument,
we see that

A = Ale(a+61)/2, B, = Byft02)/2,

Every solution (f(t),g(t)) of (13) with the initial value (f(0),g(0)) lying above this
separatrix runs into ¢) and hence blows up in finite time.
As a result of these arguments and a comparison principle, we have the following:

Theorem 2.5. Let (Fe(t), Ge(t)) satisfy differential inequalities (12). If
F.(0) > Ael@t9)/2 op G (0) > BpelPt32)/2
for some € > 0, then (Fe(t), Ge(t)) blows up in finite time.
3. Proof of Theorems 1 and 2

Throughout this section, we assume 8+ d2 > o+ 1 for definiteness. We shall require
the following auxiliary tools.

Lemma 3.1. Let (up,vo) # (0,0), and let (u(t),v(t)) be a solution of (1). Then there
exist T = T(up, vo) > 0 and constants C > 0, v > 0 such that

w(r) > Ce™1e  and w(r) > Ce VI,
Proof. Obvious (see [2; Lemma 2.4]). O
Lemma 3.2. For o >0 and v > 0, we have
S(t)|z|ee 1o > C,(2t)7/2 (2wt + 1)~ (N+0)/2¢—lal*/2t
where
Cy = (2m)~N/2 /RN leae_la’lzda:.

Proof. We have
S()|z|7e= > (4rrt)=N/2g—lal*/2t /RN |7 e= (I 2t gy

= Cy(2t)~N/2ell"/2t <_1 + o

This proves the lemma. O

)—(N+a)/2

Theorem 1 in the noncritical case §+d2 > N and Theorem 2 are direct consequences
of Theorem 2.5.
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Proof of Theorem 1 (noncritical case). By means of a comparison principle and Lem-
ma 3.1, we can assume vp € L*(RY) and

/ vo(z)dz > 0.
RN

The Lebesgue dominated convergence theorem then shows the existence of g > 0 such
that

G.(0) = (e/m)N/2 fR vo(z)eoF dz > %(e/ﬂ')N/z /R _vo(a)ds

for any 0 < € < €. Since 8+ d2 > N, this implies that the condition of Theorem
2.5 is satisfied if € < €g is chosen sufficiently small. Thus, (Fc(t), Ge(t)) blows up in a
finite time. O

Proof of Theorem 2. First consider the case (i). If ug € I, with a < a+d1 < N, then
we have

F(0) = (¢/m)M/2 / wo(z)e—=" dg = r—N/2 / uo (e~ 2z)e 1" dz
RN RN
Then it follows that
e (@+)/2 () > Ce—(e+01=0)/2=N/2 / lo|~2e 1 dz > 4,
RN
for sufficiently small € > 0. If vy € I with b < 8+ d2 < N, we similarly have
e"(ﬁ+52)/2G6(0) > Bl

for sufficiently small € > 0. Thus, (Fc(t), Ge(t)) blows up in finite time by Theorem 2.5.
Next consider the case (ii). We then have

N2 [ gtermleP gy — o €\
F.(0) or G.(0)> C(e/n) /R e do=0(=)"
Thus, if we choose € = 1 and C > max{A;1, B; }(1 +vo)"/?, the condition of Theorem
2.5 also is satisfied in this case. O

In the rest of this section, we consider the critical case 5+ d2 = N (cf. [2; §4]).
Let (u(t),v(t)) € Er be a nontrivial solution of (1). By Lemma 3.1, we can assume

vo(z) > Ce~H=l’
for some C > 0 and p > 0. Then by a semigroup property of S(t), we have
o(z, ) > S(t)vo(z) > C(dpt + 1)~ N/2e121*/(t+1/m) (14)
Lemma 3.3. We have
u(z,t) > Ct1+or/2(t 4 1)~ No/2g=Io/t,
Proof. 1t follows from (10) and (14) that

w(z,t) > / " (¢ — 8)lal"0(z, 5)°ds
0

i
>CP / (45 + 1/p)~NPI2S(t — 5)|z|rePlel’/ (Ust1/m) g,
0
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By Lemma 3.2 with v = p/(4s + 1/u), we then have

¢ 2 (t - s) —(N+01)/2 2
—Np/2(4 _ g\o1/2[ P —lz|?/2(t—s)
u(w,t)ZC/o (4s+1/p) (t—s) {4s+1/u+1} e ds

2 t/2
> C(2t + 1/p)~NP/2(2/2)71/2¢ 1] /t/ ds.
t/4
Thus, the inequality of the lemma holds. O
Lemma 3.4. We have
v(z,t) > Ct~N2e~1o /tog(t/2a)  fort>a

where a > 0 is a small constant.

Proof. 1t follows from Lemmas 3.2 and 3.3 that
t
o(z,t) > / S(t — s)le|”u(z, )%ds
0

t
> C’/ s(+o1/2a(g 4 1)~NPa/2(¢ _ 5)o2/2
0

x {2q(t - s) + 1}_(N+62)/2e—|$|2/2(t—3) ds
S

t/2
>C(t /2)02/2t—(N+02)/2e—|m|2/t / / s{—N(pa—1)+(2+01)a+02}/2 4
a

for small a > 0. Since
Npg—1)—(2+01)g—02=(pg—1)(N -3 —0d2) +2= -2,

this proves the inequality of the lemma. O

Proof of Theorem 1 (critical case). Let (u(t),v(¢)) € Er be a nontrivial solution of
(1). Then it follows from Lemma 3.4 that

[S@)v(-,9)](0) = O+ log(t/2a) / Sl /gy > Cr-N21og(t/2a)  (15)
RV

fora<t<T.
Contrary to the conclusion, assume that (u(t),v(t)) is global. Then, by Theo-
rem 2.5,

Ge(t) = (¢/m)N/? / oz, t)e—1o"di < ByeP+o)/2
RN
for any ¢t > 0 and € > 0. Thus, choosing € = 1/4¢, we obtain

Grya(t) = [S(t)v(-,1)](0) < B(4t)~(F+9)/2 = B, (4£)=N/2,

This and (15) contradict each other if T' = 0o, and the proof of Theorem 1 is complete.
g
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4. Proof of Theorem 3

First note that condition (3) can be replaced by (uo,v0) € I* x I 5 since we have
I® x I® C I® x I’. Then, to establish Theorem 3, we have only to consider the special

case @ = a and b = b.
Here we repeat condition (5):

a+6; <a<min{N,Np—-2—o01}, at2to

As is easily seen, this condition is equivalent to
a<N, min{N,b}p—a—01>2, ag—b—o02>2.
For the sake of simplicity, we set for v > 0,
(a,8) = S() ().
Lemma 4.1. We have
Na(z,t)™! < Cmax{(z)?, (1 +1)¥/?}.

<b<ag—2-o0s.

(16)

(17)

Proof. First assume that ¢ < 1. As is well known, 7,(z,t) — (z)~* as ¢ — 0 locally

uniformly in z € RN. If |z] > 2,
Na(z,t) > (47rt)_N/2/ e_ly|2/4t(a; —y) %y
lyl<1
> C’(x)_“/ e~ WP/ 4dy > Clz)™°.
lyl<1
Next, let t > 1. Then we have
na(a,) 2 (am) Pl [ 2oy,

If |z|/t*/2 < 1, this shows

Na(Z,t) 2 Ct_a/2/ e_|y|2/4<y)—ady > Ct—e/?,
RN

On the other hand, if |z|/t}/2 > 1, then n,(z,t) > 0, and

ol na(, ) 2 O [ e (ol /812 ol /812 — ) ody
lyl<1/2

—-C e"'y[2/4dy >0 asf— oo
lyl<1/2

Summarizing these results, we obtain the inequality in the lemma.

Lemma 4.2. We have in RY x (0,00),
|27t e (2, )P < {

2|27 (2, 1)7 < O(1 +8)(©2+0=20/ 2, (2, 1).

C(1 + t)(orta—min{Nb}p)/2 (5 1), ifb# N,
C(1 +t)(e1+a=ND)/2[log(2 4 t)|Pn, (z,t),  if b= N,

(18)

(19)
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Proof. We only consider the case b > a. A similar argument can be applied also to
the case b < a. We have by Lemma 4.1:

|z|7 o (2, ) = |2|7 (2, )P (@, 1) a2, )
< Clel™ max{(z)?, (1 +1)*/*}me(z, 1)Pna (2, t).

Since (a + 01)/p < min{N, b} by (17), we can use Lemma 2.1 to obtain (18).
Next, by use of the Jensen inequality, we have

|17 70 (2, )¢ < |27 10 (2, 8)* "m0 (2, )

where r = b/a. Since o2 < a(q— ) = ag — b by (17), Lemmas 4.1 and 2.1 also give
(19). O

We define the Banach space E,, of pairs (u(t), v(¢)) such that

| (w, v)l| £, = lllw/Nalllo + v/l < 00
where

lllwlle = sup  |w(z,1)],
(z,t)ERN x(0,00)

and consider again the integral equation (10) in E,,.
Lemma 4.3. (i) Let (uo,vo) satisfy (3). Then we have (S(-)uo, S(+)vo) € E,, and
1(S(- )uo, S(- )vo)llz, < {lluolloc,a + llvolloo,e}-
(ii) Let (u,v) € Ey. Then we have (®1(v), P2(w)) € E, and
(@1(v), @2(w))llE, < C{II(0,v)I%, + II(w, 0)II, }-
Proof. (i) is obvious from the definition of E,,.
(i) We have from (18):
¢
@10)I< [ 8¢9 1 lu(s)Pds
0

t
< [ stt= et nu(a, Pdslio/mle,
ft(]. +S)(o-1+a—-min{N,b}p)/2ds or
< Cna(e,D)llv/mI { : s
fO (]_ + s)(a'1+a_ D)/ log(2 + s)pds,
and from (19):

t
[®2(0)] < Cn(a,®) [ (14 5) =20 2dslfu/na]I,.
0
Thus, noting (17), we obtain

|21(v)] < Cna(z, llv/mell%s,  122(w)] < Cp(=, t)lu/nalllEs
which imply the desired conclusion. O

Proof of Theorem 3 (the case p > 1). We consider the map ¥ defined by (11) in E,,.
Let [[uollco,a + 90lloos = m > 0 and set B = {(u,v) € E, | ||(x,9)||5, < 2m} and
P, = {(u,v) € E; | u>0,v > 0}. Then since p, ¢ > 1, by means of the above lemma,
we easily see that ¥ is a strict contraction of By, N P, into itself provided m is small
enough, whence the result. O



120 MOCHIZUKI AND HUANG

Next, we consider the case p = 1. In this case, (10) is reduced to
u(t) = T'(t)(uo, vo) + I'(w)

where
t
T(t)(uo, v0) = S(t)uo +/0 S(t—s)| - 1718 (s)vods,

I(u) = /0 S(t—s)|-| /08 S(s — 7)[t|72|u(7) |7 tu(r)drds.

We shall consider equation (20) in the Banach space X with norm |||u/7,]|l,

Lemma 4.4. (i) Let (uo,vo) satisfy (3). Then T(-)(uo,v) € X and
17 ) (w0, v0) /Mallloo < C{l1uoloo,a + leollon,s }-
(if) T’ maps X into itself and
Tl < Clllullls,  forue X.
Proof. (i) As in the proof of Lemma 4.2 (ii), noting (17), we have from (18):

t
IT(2) (w05 v0)| < 7a(2,t)|20|c0,a +/0 St —s)| -7 no( -, s)ds||vollco,p
< Na(@, t){||uol 0,0 + C""’Ouoo,b}-

This implies assertion (i).
(ii) Similarly as above, it follows from (17) and (19) that

t
IP)| < C /0 8t — 5)| - 1" mu(s)dsllu/mallL.
Moreover, it follows from (17) and (18) that

IT(w)| < Cna(, 8)lllu/alll5-

Thus, assertion (ii) is concluded.

(20)

a

Proof of Theorem 3 (the case p =1). We consider the map v — T'(-)(uo, v) + I'(v)
in X. Let ||uollco,a +Cllvolloo,y = m > 0 and set By, = {u € X | |||lu/na|llo, < 2m} and
P = {u € X |u>0}. Then since ¢ > 1, by means of the above lemma, we easily see
that this map is a strict contraction of By, N P into itself provided m is small enough.
Hence, there exists a unique fixed point » € X which solves (20). We substitute this
in the second equality of (10). Then the pair (u,v) solves (10). Note that by Lemma

4.3,

[o@)] < 16(@, )] 00 llc,p + Clllu/mallZ. }

Thus, we conclude (u,v) € E,, and the proof of Theorem 3 is complete.
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5. Proof of Theorem 4

In this section, we follow the argument of Kamin and Peletier [10], who studied the
asymptotic behavior of the heat equation with nonlinear absorption.
We put

up(z,t) = kCu(kz, k2t), vi(z,t) = kY v(ke, kt)
for k > 0 where ¥’ = min{N, b}. Then (u(t), vk (t)) solves
upt = Aug + kOH2HO17YP|g|o1g P
Ukt = Avg 4 kY +2Ho2=0gy 0 (21)
uk(z,0) = kuo(kz), vi(z,0) = k¥ vo (k).
Note that we have assumed a < N and b # N. Then it follows from (4) that
lu (@)oo < K*C ()2 = Ct/2,
k@)oo < K C(K?) Y72 = Ct7Y /2.

Thus, {ux(z,t)} and {vk(z,t)} are uniformly bounded in RY x [4,00) for any § > 0.
As is easily seen from the integral equation (10), the uniform boundedness implies the
equicontinuity of {ux(z,t)} and {vk(z,t)} in any bounded set of RN x [§,00). Then,
using the Ascoli-Arzela theorem and a diagonal sequence method in 9, we see that for
any sequence {k;} — oo, there exists a subsequence {k}} and continuous functions
wi(z,t), wa(z,t) such that

ugy (2,1) = wi(2,8), vy (2,t) > wa(z,t) askj — o0
locally uniformly in RV x (0, 00).
Proof of Theorem 4. (i) We shall first show
wi(z,t) = S(t)|z| ™. (22)
It follows from the first equation of (21) that

/ wk (@, £)C (e t)d — / wi(,0)C(z, 0)de
RN RN

t
- / / (kG + ueAC + K+O1=0P| 7102 ) v (23)
0 JRN

for any ¢t > 0 and nonnegative test function ¢(z,t) € C°(RY x [0,00)). By assump-
tion (6) on the initial value uo,

/ ur(z, 0)¢(z, 0)dz = / koo (ka)C (z, 0)da
RN RN

- / Alz]_ag(m, O)d(L' as k= k; — 00.
RN
On the other hand,

t
| el eogcdsar

K%t
= / / ko1 2|7 o(kx, T)P( (2, k™ 2T) dxdr.
o Jev
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Here,
k*tot|z| y(kz, T)P = [(k|x|)blv(km, 7')] (atou)o/¥
x pP= (oo /¥ jato1)(1=p) | gler—(ator)p
for p > 1. As is easily seen from (7) and Lemma 2.1, (k|z|)® v(kz,7) is bounded in
R x (0,00) and
v(kz, T)P~@ToP/Y < (1 4 t)(FPPrato)/2,
By assumption (17), there exists a p > 1 such that
ap+o1(p—1)<N and bp—(a+a1)p>2.
Then, since (a + 01)(1 — p) < 0, these imply

k%t
/ / ket 2|7 w(ke, )P (2, k™) dedr - 0 as k= kj — oo.
o Jrv

Thus, letting k = k} — oo in (23), we obtain

t
/ wi (z,t){(z, t)dz — / Alz|~%¢(z,0)dz = / / {w1¢ + w1 A }dzdt.
RN RN o JR¥
The uniqueness of solutions of
up = Au, u(z,0) = Alz|~¢,

then gives (22).
The uniqueness result asserts more:

ug(z,t) = AS(@t)|z|™® as k— oo (24)
uniformly in compact sets of RV x (0, co).
Note again (4), that is,
u(z,t) < Ck*S(k%t)|kz| ™.
Let t =1 in this inequality. Then, by the self-similarity of S(¢)|z|~%, we have
ug(z,1) < CS(Q)|z|~°.

This inequality implies that for any € > 0, there exists an R > 0 independent of £ > 1
such that {ug(z,1)} are uniformly less than € in |z| > R. Therefore, it follows from
(24) that

ug(z,1) — AS(1)|z|* -0 as k— o0

uniformly in RY. We let y = kz and s = k? in this relation. Then noting again the
self-similarity of S(t)|z|~*, we conclude that

sa/2|u(y,s)—AS(s)|y|_“|—>0 as §— 0

uniformly in RV,

Relation (7) now is proved for u(z,t). The same argument can be applied also to
v(z,t) if b < N and (6) is satisfied by vo(z).

Proof of Theorem 4 (i) is now complete. O
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Proof of Theorem 4. (ii) As in the above case, we shall show
ug(z,t) — wo(z,t) = M(41rt)e"|w|2/4t as k— oo (25)

locally uniformly in RV x (0,00) where M is as given in (11). It follows from the
second equation of (20) that

/ ok (@, )¢ (3, t)de — / ok (2,0)¢(, 0)dz
RN RN

t
= / / {vrCe + vk AC + KN 2204|228 (L dzdt (26)
0 JRN

for any t > 0 and nonnegative ((z,t) € CP (RN x [0,0)).
Since b > N, condition (3) implies that vp(z) € L'. Then we have
[, v@0(@, 0o = [ w@(ia,00d0 — [ uo(a)dac(0,0)
RN RN RN
as k = k}; — oo. On the other hand,

t k2t
/ gN+2toe—aq |72ui¢dzdt = / / |z|72u(z, 7)9¢ (K~ z, k=27)dzdr.
0 JRN 0 RN
Here (4) and Lemma 2.1 lead to
|z|72u(e, 7)7 < C(1 + 7) (-840 2y (5 )7

for some r satisfying oo < a(q—r). We put r = Np/a. Then, by assumption (17), we
can choose p > 1 to satisfy

alg—r)—02=ag— Np—03 > 2.
Then, since
u(z,7)" < C[S(t)(e)™]" < CS(t)(z) P,
it follows that

(o]
/ / |z|”2u(z, 7)dzdr < o0,
o JrN

and we have

k%t | oo
/ / |z|72u(z, 7)9¢ (k 1z, k~27)dzdT -—>/ / |z|”2u(z, 7)?dzdr((0,0) < oo
o JRN o JRN

as k = kj — oo. Thus, letting k = k) — oo in (26), we obtain

t
/ ws(z,£)C (@, £)dz — MC(0,0) = / / {wsCs + waAC}dadt.
RN 0 JRN
The uniqueness of solutions of
us = Au, u(z,0) = Md(z)

where d(z) is the Dirac §-function, then implies (25).
We put ¢ = 1 in (25). Then letting y = kx and s = k2, we conclude

s“/2|u(y, s) — M(47rs)‘N/2e‘|y|2/4s| —0 as s—o00

uniformly in {y € RY | |y| < Rs/?} for any R > 0.
Theorem 4 (ii) thus is proved. 0O
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