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TRANSFORMATION OF POLYNOMIALS
ORTHOGONAL ON THE UNIT CIRCLE

Franz Peherstorfer and Robert Steinbauer

ABSTRACT. Let {an} be an arbitrary sequence of real numbers with |an| < 1
for n € No, and let b1,...,by—_1, bN_j = —b; be an arbitrary symmetric se-
quence of N — 1 complex numbers with |b;| < 1. In this paper, we give a full
and explicit description of the orthogonal polynomials, the measures, and the
Carathéodory functions which are associated with reflection coefficients of the
form {b1,...,bN-1,a0,b1,...,bN—1,01,...}. More precisely, we show that the
orthogonal polynomials generated by such a sequence of reflection coefficients can
be obtained by a transformation of polynomials orthogonal on the unit circle.
Further, they are orthogonal with respect to a measure of the form (w(p)//p(¥)
9 ()) doo (9(p)) where oo is the orthogonality measure associated with {an} and
where the trigonometric polynomials w, p and the function 9 can be constructed
explicitly with the help of the b;’s. In particular, ¥ is a function which maps N
subintervals of [0,27] onto the whole interval [0,27]. On the other hand, it is
demonstrated that polynomials, which are orthogonal with respect to a measure

(w(p)//p(w)¥ (p)) doo(P(p)) where oo is an arbitrary symmetric measure on
[0,27] and ¥ is a function of the type just given, have reflection coefficients of the
above form.

1. Introduction and notation

Let oo() be a positive Borel measure on the interval [0,27] with an infinite sup-
port. Then for every n € Ny, there exists a uniquely determined monic orthogonal
polynomial P, (z,00) = 2™ + - - - of degree n which satisfies

27
/ e P, (e, 00) doo(p) =0 forj=0,...,n—1.
0
It is well known that these monic orthogonal polynomials can be generated by the
recurrence formula
Pn+1(z’00) = ZPn(Z,O'o) _an(UO)P;:(z?UO)a n € Ny, (1'1)

where P}(z,00) := 2"P,(1/%,00) is the reversed polynomial of P,(z,00). Here, the
complex numbers an(09) = —Pp+1(0, 00) satisfy
lan(oo)| < 1, n € Ny,
and are called reflection coefficients or Schur parameters.
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56 PEHERSTORFER AND STEINBAUER

There is a one-to-one correlation between the measure oo and the Carathéodory
function (abbreviated in the following by C-function) F(z,0p), which is defined by

2w i
e’ +z
F(Z, 0'0) .—-A m dO'o((,D), |Z| <1l

F(z,00) is analytic on |z| < 1 and pseudopositive there, i.e., Re F(z,00) > 0 for
|z| < 1. The distribution function o can be reconstructed from F(z,0¢) by means of
the inversion formula

- 4 ,
0'0(90+0)‘;Uo(90 0) — constant 4 lir{1 % Re F(se¥, o0) dup. (1.2)
8—1- 0

Next, let us give the definition of the (not necessarily monic) polynomials of the
second kind Q,(z,09) with respect to oy:

Qu(z,00) =4 Jo €¥—2

F(0,00) ifn=0.
It is not difficult to see that all the Q,’s are of exact degree n with leading coefficient
F(0,00). Furthermore, the polynomials of the second kind satisfy the recurrence
relation similar to (1.1), namely,
Qnt1(2,00) = 2Qn(2,00) + an(00),(2,00), n € Np. (1.3)

Another known and useful relation between the orthogonal polynomials and the poly-
nomials of the second kind is

Py (2,00)%(2,00) + Pn(z,00)2 (2, 00) = 2F(0,00)dn(00)2™ (1.4)

(see e.g., [8, formula (5.6)]), where dy(0p) = H;.:Ol(l — laj(o0)[?) if n > 0 and
do(O'o) =1.

With the help of the C-function and the polynomials of the second kind, the or-
thogonal polynomials can be characterized in the following way.

(Pn(ei"’,ao) - Pn(z,ao)) doo(p) ifn>1,

Theorem 1 (Peherstorfer and Steinbauer [17]). Let oo be a distribution function.
Then a polynomial A of degree n is orthogonal with respect to oy, i.e., A = cPy(-,00),
c € C\ {0}, if and only if there exists a polynomial B of degree n such that
A(2)F(z,00) + B(2) = O(z"),
A*(2)F(z,00) — B*(z) = O(z"*1).
In such a case, B is the polynomial of the second kind with respect to og, i.e., B =
CQn('a 00) .

It is well known (compare the above considerations) that to each sequence of re-
flection coefficients {a,(00)}, there corresponds an orthogonality measure oy and to
the measure oo, a C-function F(z,00) in a unique way. Thus, we have the following
correspondence :

{an(00)} «— oo(p) «— F(z,00). (1.5)

One of the main problems now is to find the corresponding measure oy (respectively,
the C-function F(2,00)) for a given sequence of reflection coefficients {a,(0p)} and
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conversely. Cases where solutions can be found explicitly (i.e., the orthogonality mea-
sure as well as the reflection coefficients can be given explicitly), are very rare: only
the Jacobi weight functions (1 — cos@)*(1 + cos)?|siny| are studied (see e.g., [15,
p.234]) and — from the point of the reflection coefficients — the case of periodic re-
flection coefficients (e.g., see [7, 19]). If one knows the solution for the sequence {a,},
then also one can handle a finite perturbation of the reflection coefficients [16] and
the case when the reflection coefficients are of the form {0,...,0,a0,0,...,0,a1,...}
where there always appear N successive zeros. For instance, by [1, 11, 14, 17], we have
the following correspondence:

{0,...,0,a0(00),0,...,0,a1(00),0,...} «— oo(Np) «— F(zV,00), (1.6)
Ne——r’ Ne——r’
N times N times
assuming (1.5) holds. Moreover, the orthogonal polynomials with respect to oo(N¢y)
where N is taken modolo 2, are explicitly given by 29 P, (2", 00), 5 =0,...,N — 1.
Hence, it is natural to ask (see [21, pp. 142-145] and [11]), whether such a correspon-
dence also can be given for reflection coefficients of the form

{b1,...,bn-1,a0(00),b1,...,bn-1,a1(00),...}

where the b;, j = 1,..., N — 1 are complex numbers with |b;| < 1. For many of the
specialists in this field, a correspondence with a C-function of the form F(Tx(2), 00),
Tn a polynomial, was expected. But this does not hold in general. It will turn out
that it is more natural to study a functional transformation which maps N arcs of the
unit circle onto the whole unit circle, instead of a polynomial transformation. Under
the additional assumptions that the starting-reflection coefficients an(00) are real and
that the inserted reflection coefficients b; are symmetric in the sense that

bj=-by—j, j=1,...,N—1,
we shall demonstrate a correspondence of the following form:

{b1,...,bn—-1,0a0(00),b1,...,bn_1,a1(00), b1,...} «—
e e’ N e

N times N times

W (et®) ., W@ T () — v/R(2) o
VR ") e To TR ™) o

Here the polynomials R, T, and W only depend on the values of b;,...,bx_1, and
the function ¥ is given by

(TG - VEE
dp) = Arg {T(z) T VED }

for detailed description, see the next section.

This paper is organized as follows: In Section 2, we will state some additional pre-
liminary notations and definitions, and in Section 3, we give a full explicit description
of the correspondence in (1.7). We also will show how the resulting orthogonal poly-
nomials are related to the original orthogonal polynomials P,(z,0q). Making use of
the well-known relationship between orthogonal polynomials on the unit circle and on
the real line, our results reprove some known results of Geronimo and Van Assche [9]
but also give some new insights to the reflection coefficients of orthogonal polynomials
on the real line; see Section 4. In Section 5 ,we give the proofs of our results.
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2. Preliminaries

In this section, and for the rest of the paper, we suppose that op is a symmetric
probability measure, i.e.,

2T
doo(p) =1 (2.1)

and
doo(p) +doo(2m — ) =0, or equivalently,

) . 2.2
Re F(¢'%,00) = Re F(/*"=%) gy) a.e. on [0, 27]. @2)

Here, F(e'¥,0y) is considered to be the boundary value lim,_,;- F(se*?, d¢), which
exists a.e. on the unit circle. The symmetry property implies that all the orthogonal
polynomials P,(z,00) have real coefficients, in particular, the reflection coefficients
an(0p) are real as well. Furthermore, F(z,00) takes real values for z € (—1,1).

We start our investigations on (1.7) from the point of view of measures, respec-
tively, C-functions. We will introduce a transformation which leads, as it will turn
out, exactly to the reflection coefficients of the form given in (1.7) satisfying the prop-
erties under consideration. This transformation reproduces the measure oo on several
subintervals of [0, 27], similar to the transformation ¢ — Ny mod 27 from (1.6). In
fact, we will arrive at an extension of this function.

For the exact description of our transformation, some auxiliaries are needed: Let
N be a positive integer and let 7(z) = 7*(2) = az™ +---, |a] = 1, be a self-reversed
polynomial of degree N, whose zeros are all simple and located on the unit circle.
Further, let L > 0 be a real number such that the function |7 (e*#)| — L has exactly
2N zeros (counted according to their multiplicity) on [0, 27)?.

Finally, we define the polynomial R by

R(z) :=T*(z) — L?2" = o222V 4 ... (2.3)

By construction, all the zeros of R lie on the unit circle and are, at most, double.
To the polynomial 7 (respectively, R), we associate the set Ey, defined by

N
En = {]T(ei‘f’)| < L} mod 27 =: U[<p2j-1, P2j]-
=1

Note that the e*#i’s (again counted according to their multiplicity) are exactly the
zeros of R.

Remark. Let us note that for convenience of the reader that we use a slightly different
notation from that in [20]. Here, in contrast to [20], R may have double zeros, i.e., we
have
P1<p2 <3< s <5<+ < PaN. (2.4)
Assuming that exactly N — 1 of the ¢;’s coincide, R can be written in the form
l

R(z) = R(2)U3_,(2) and En=E; = J[2j0)-1, 02i)] (2.5)

v=1

In fact, there exists a Lo > 0 such that all L € (0, Lo] have the assumed property.
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where Un_;(z) = BzN !+ - - isa self-reversed polynomlal and the e*i()’s are exactly
the simple zeros of R, i.e., the zeros of R. Now R, E;, and Uy_; from (2.5) correspond
to R, E;, and Un—; from [20].

Now we are ready to define the function ©, which is essential in what follows, by
O(z) == T(z) = \/m (2.6)
T(2)+ VR@)
Here, the square-root v/R is analytic on C\I'g,,, gy = {€¥ : ¢ € Ex}, and satisfies
7(0) = +/R(0) = a, (2.7
and

m={

(1) +1eiN/2e /IR(e%)], ¢ € [p2j-1,2i], §=1,...,N,

(-1 N2 /IR(E)], ¢ € [p2ro24], G=1,...,N -1
(2.8)

The next proposition gives some important properties of the function ©.

Proposition 1. Let the function ©(z) be defined as in (2.6) and suppose that C\T'g,

is connected, i.e., that T'g, is a strict subset of the unit circle. Then the following
holds.

(a) © is analytic on C\ I'g, and its only zero is at z = 0. Further,
o(z)

-(3)
2N, o 2

(b) © maps C\T'g, onto the interior of the unit disk.

(c) The function
N2 T(2) + /R(2)

NCEIOE L
maps C\I'gy onto the exterior of the unit disk.
(d) |©(e®¥)| = 1 for ¢ € En and ©(e'¥) € (=1,1) for o ¢ En.
(e) The mapping © is continuous and bijective on [p2;_1,¢25), j =1,...,N, with

O(ei#r-1) = O(e2) = 1

and

G(F[Wj-mazj]) =To2m = {lz| =1}
where we used the notation T'ar := {€ : ¢ € M} for M C [0, 2].
(f) Let the (multivalued) function Y be given by

. .n] 2N _ N’T(Z)-F\/R(Z)

Then In|Y (2)| is the Green’s function of C\I'g,, with pole at infinity (for the definition
of Green’s function, e.g., see [24]).
(g) The function

9(p) = Arg©(e*)
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is strictly monotone increasing from 0 to 2m on each interval [pa;_1,po;]. Here, the
argument Argz of a complex number z is always considered to be between 0 and 2.
(h) The following relations hold:

L cos @ =7(p) and Lsinggﬁ = (=1 /]o()|,
@ € [paj—1,p2;], where the real trigonometric polynomials () and p(p) are given by
() := e NDPT () and p(p) := e NP R(e¥). (2.9)

Remark. If T'g, coincides with the unit circle, then 7'(z) = 2V +1, R(2) = (¢ —1)2,
and L = 2. Hence, ©(z) = 2V, and one immediately sees that the parts (a), (d), (e),
(g), and (h) of Proposition 1 remain valid for this case.

Given the measure oy, respectively, the C-function F(z,0¢), we can construct a
new measure o and C-function F(z,0), respectively, via the transformation © in the
following way.

Proposition 2. Let W = —W™* be an antiself-reversed polynomial of degree N van-
ishing only at zeros of R, which has the same sign as \/R(e*?) on the arcs of T'gy
and which is normalized by |W(0)//R(0)| = 1. Then the function

Fz,0) = 22 poz),00) - iTmn, (2.10)

VR()

v :=W(0)/+/R(0), is a C-function where o denotes the associated measure. Further-
more, supp (0) C En and the measure o is given explicitly by

W(e') doo(B(p))

/;'N h(‘P) dO'(SO) = LN h(‘P) /—R(Ci"’) 7'9/(()0)

for every continuous function h.

(2.11)

Remark. A class of neat looking weight functions obtained by a transformation ¥ of
the above form can be described in the following way: Let g : R — R be symmetric
with respect to , i.e., g(¢) = g(27 — ¢), 2n-periodic, nonnegative, and L!-integrable.
Further, let 7(p) be a real trigonometric polynomial of degree N/2 with N simple
zeros in (0, 27), and let L € Rt be defined by

L < min{|7(¢)| : '(¢) = 0}.
Suppose that R and W are given as in Proposition 2. Then the weight function is
given by

(2.12)

\V/V—é%g(?(w)), ¢ € Ey,
0, @ €0,27]\ En,

where 7(¢) := (7/L)7(p), fits into the class of measures treated in this paper. In fact,
define the new weight function as

fo(p) := g(m cos %), p € [0,27].
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Then for ¢ € Ep,

_ W(e) W (') (p)
f(SO) mfo( ( )) \/E(ZiT)g(ﬂ.COS 92 )
_ W(e)

Vol

where the last identity follows by Proposition 1(h).

For some further illustrative applications for constructing new orthogonality mea-
sures by using the transformation ©(z), see Section 4.

3. Main results

In the previous section, we introduced a transformation of measures, respectively,
C-functions. In this section, we will see that these transformations, given as in (2.6),
lead exactly to all the reflection coefficients considered in (1.7).

The following theorem shows how the monic orthogonal polynomials P,(z,oq) and
P,n(z,0) are related to each other.

Theorem 2. Let {P,(z,00)} be a sequence of orthogonal polynomials with respect to
the symmetric measure o, and let the function © be of the form (2.6). Under the
assumptions of Proposition 2, the following relations hold for every n € Ny:

Pur(210) = o (s )n/z{P ©@),o0)(v+ WTC"—))

e 70
+ B0 o0) (- Y )

and the polynomials of the second kind can be represented in the form

Qo (2, 0) = (%)nﬂ{nn(e(z),m) (1 + 7%)

W(z)

VE(2)

+ Q5. (0(2), 00) (1 N——=
n
2n+1fyan :
The formulas in Theorem 2 can be used to derive asymptotics for the polynomials
{Pn(z,0)} from the asymptotic behavior of the original polynomials {P,(z,00)}. To
illustrate this in the following corollary, we consider a measure o in the Szego-class,
ie., doo(p) = p(p)dyp + doos(p) where og s is the singular part in the Lebesgue

decomposmon and where p(go) is a positive integrable function which satisfies Szegd’s
condition

)} +7:Im'7'P2nN(zaU)'

Here, the constant k,, is given by Kk, =

27
Inp(p) dp > —oo.

Then it is known, e.g. (23, Thm.12.1.1] and [8, Thm.21.1], that the orthonormal
polynomials {®,(z,00) = kn(00)z™ + - - - }, normalized such that

27
/0 @0 (e, 00)*doo(@) = 1, kn(o0) > 0,
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satisfy |
lim ®,(2,00) =0,
n—oo
1
i . =— 3.1
nll»ngo q)n(z’ 00) D(Z, 0’0) ( )
uniformly on compact subsets on {|z| < 1} and
. 1
e ()

Here, D(z,0p) is the so-called Szeg6-function defined by

2T iy
D(z,00) = exp {i/ 2 np(y) dw}, 2] < 1.
0

4r ew —z

Corollary 1. Let the assumptions of Theorem 2 be fulfilled and suppose that T'g,
is a strict subset of the unit circle. Further, let {®,(z,0)} and {®,(2,00)} be the
orthonormal polynomials with respect to the measures o and og, respectively. If the
measure og belongs to the Szego-class, then the asymptotic result

o(2) \/W)

n/2
n1-1—>nc1>o 2’7 Re'ya" (W) QnN(z, 0') = D(@(Z), 0'0) ' (7 - W(Z)

holds uniformly in compact subsets on C\T'g, .

Remark. Similar investigations as for Szegé measures oy also can be made for orthog-
onal polynomials with asymptotically periodic reflection coefficients, cf. [2, 3, 10, 20].

If we combine the asymptotic relation in the above corollary with formula (4.2)
below, taking into consideration that the polynomials PS™) and Q™) in (4.2) are
dependent on 7 in a known way (compare Theorem 3 below), then we immediately
get asymptotics not only for the subsequence {®,nx(z,0)} but for the whole sequence
of orthogonal polynomials {®,(z,0)}.

The next theorem gives the announced effects of the transformation © on the re-
flection coefficients of the orthogonal polynomials P, (z,0).

Theorem 3. Let P,(z,0) be the orthogonal polynomials with respect to the measure
o, defined as in Proposition 2, and let o, |a| = 1 be the leading coefficient of the
polynomial T. Then there holds:

(a) The reflection coefficients ag(0),...,an—2(0) only depend on the polynomials
R, T, and W (and not on the measure oo; for calculation, compare the lines after
Theorem 5).

(b) For all n € Ny, we have
anN+j(a)=a2”aj(a), ]=0, 1,...,N—2,

and
o2(n+1) 5 )
a(nt1yN-1(0) = —5 [an(o0)(¥? +1) +4% - 1].

The statements of Theorem 3 simplify if we additionally suppose that 7 is a monic
polynomial, i.e., that ¢ = 1. Let us point out that & = 1 does not imply that 7 is



TRANSFORMATION OF ORTHOGONAL POLYNOMIALS : 63

a real polynomial in general. Then, Theorem 3 says that the sequence of reflection
coefficients {a,(0)} is “nearly” periodic, i.e., we have

e ,9'0(0.)’ R ,aN-2(0.)Ja anN—l(U),?O(U)a ey aN—2(0.)Ja a(n+1)N_1(0'),

v~ ~”

g,o(o'), e, aN_g(a)J, e

v~

where only the a,n—1(0)’s depend on n. In the simplest case, when o = 1 and
v =W(0)/+/R(0) = 1, we further have
a(n+1)N-1(0) = an(00),

i.e., the new orthogonal polynomials arise from the old ones by plugging in the fixed se-
quence ag(0), . . ., any—2(c) between each pair of successive reflection coefficients ay (o)
and an+1(00).

If « = ¥ = 1, one can say even more about the values of the reflection coefficients
ao(a), ceey aN_z(O').
Corollary 2. Suppose that o = 1, and v = W(0)/\/R(0) = 1. Then, under the
assumptions of Theorem 3, there holds:

an-2-j(0) = —a;(o) forj=0,1,...,N —2. (3.2)

Finally, let us show that also the converse of Corollary 2 holds. This will complete
the correspondence in (1.7).

Theorem 4. Let {an(0)} be a sequence of complex numbers with the following prop-
erties:

(1) lan(o)| <1 foralln €N,

2) an-2-j(0) = —aj(0), §=0,1,...,N -2,

(8)  an(0) =anyn(o) forallneNg\{kN —-1:k €N},

(4)  ann-1(o) € (-1,1) foralln €N,
N €N fized. Further, let oy be the measure associated with the reflection coefficients
{an(00)} where an(00) := a(ny1)n—1(0) for all n € Ng. Then there holds:

(i) The orthogonal polynomials {P,(z,0)}, generated by the reflection coefficients
{an(0)}, and the orthogonal polynomials { P,,(z,00)}, generated by the reflection coef-
ficients {an(00)}, are related as in Theorem 2. Furthermore, the measure o is of the
form (2.11).

(ii) The transformation ©, respectively the polynomials R, W, and T, are given by

R(z) = (Py_y(2,0) — 2Pn_1(2,0)) - W(z),
W(z) = Q_1(2,0) — 2Qn_1(z,0),
T(z) = zPN-1(2,0) + Py_1(2,0),

where QN_l(z, o) denotes the monic polynomial of the second kind with respect to o.

4. Examples and some further associated results

Let us give some illustrative applications for constructing new orthogonal polynomials,
respectively, measures by using the transformation ©(z):
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Ezample. (a) The special setting
T()=2"+1, Rk)=@EN-1)?% Wk)=+vVRkE=1-2"
gives ©(z) = zN, and the new polynomials P,y(z,0) are of the simple form
Pan(2,0) = Pu(2N, 00).

Further,

1
a(p) = 77 90(N ),
and, by applying Theorem 1, it is easy to see that the remaining polynomials are given
by
Punyj(z,0) = ZP(2N,00), j=1,...,N—1.
Hence, the new sequence of reflection coefficients {a, (o)} results from the original one
by inserting N — 1 zeros between each pair of successive reflection coefficients ax(og)
and ag+1(00), i.e.,
{an(0)}={..., 0,...,0 ,ax(00), O,...,0 ,ax+1(00), 0,...,0,...}.
N -1 times N—1 times N—1 times

(b) Let po be a positive Borel measure on the real interval [—1, 1] and let {p,(z, o)}
be the corresponding orthogonal polynomials. Suppose that T is a real polynomial of
degree N such that

N
E:={zeR:|T(z)|<1} = U[azj—hazj],

Jj=1
a1 = —1 and aay = 1, is a set of N intervals. Then Geronimo and Van Assche [9]
have shown that the polynomials p,(7(z)) are orthogonal with respect to the measure
V(z)
——= duo(T'(x)), E,
du(z) = { T'(z) #o(T(2)) ze
0, ze[-1,1]\E

where V is a real polynomial of degree N — 1 which has exactly one zero in each
gap [agj,a941], 7 = 1,...,N — 1. Let us consider the additional conditions that
duo(z) = wo(x) dz where wy is of the form wp(z) = @o(az? +b), a,b € R, a # 0 and
that V has only zeros which lie at the boundary points of the gaps. Then it follows
with the help of the well-known relationship o(yp) = p(cos ) between orthogonality
measures of polynomials orthogonal on [—1,1] and on [0,27], respectively (see e.g.
[6, 8, 23]), that uf(cosyp)|siny| is of the form (2.12) where 7(¢) = T(cosy) and
W(e*¥) = eN?sinp V(cosp). Thus the polynomials orthogonal with respect to o
can be represented with the help of the polynomials orthogonal on the unit circle
treated in this paper.

(c) Let us now consider the case that the original polynomials P, (z,00) have pe-
riodic reflection coefficients, say with period M, i.e., an+am(00) = an(0o). Then it is
known, cf. 7] or [19], that oo essentially lives on M arcs

M

gy := {¢¥:p € Ey} where Ej := U[‘ng-la(/’gj]
Jj=1
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and pf < 3 <. < @y

If we transform the periodic measure o in the way as given in Proposition 2, then
the new sequence of orthogonal polynomials {P,(z,0)} has again periodic reflection
coefficients, now with period NM, and

{¢ : p € (supp (0))'} = 7 (Tgp,) =: Ty

consists of NM arcs.

By Theorem 2, we know an exact representation of the subsequence {P,n(z,0)}
of the new orthogonal polynomials in terms of the original orthogonal polynomials
Py (2,00)-

For the description of the orthogonal polynomials Py (z,0), where k is not neces-
sarily a multiple of N, we will need the so-called associated polynomials.

Definition. Given a sequence {P,(z, 1)} of orthogonal polynomials on the unit circle,
then the m-th, m € Np, monic associated polynomials, denoted by P,Sm) (2, ) and
Q;cm)(z, 1), respectively, introduced and studied by the first author [16], are given by
P{™ (2, 1) = O™ (2,4) = 1 and
P (2, 0) = 2B (2, 1) = aaegm (WP (2, 1),
AU (2 ) = 2™ (2, 1) + G m (W™ (2, 1) (41)

k € Nyg. Note that P,SO)(z, 1) = Pr(z,p) and Q,(CO) = Qi (2, 1)/ F(0, ).

To obtain expressions for the polynomials Pn..(2,0), v € {0,...,N — 1}, we
consider the identity (cf. [16, Cor.3.1])

2PuN4u(z,0) = (PnN(za o)+ Prn(z, a))P,SnN) (2,0)
+ (Pan(2,0) = Pin(z, cr))QS,"N) (2,0). (4.2)

By Theorem 2, the expressions P,n(2,0) £ Piy(2,0) can be written in terms of the
original orthogonal polynomials P, := P,(-,09), i.e.,

N/2 \ 7
Pan(s,0) & in(,0) = 5 (3555 ) | @@ am(n + P60

+ Y ) (B = PO
Hence, in order to make use of (4.2) for the explicit calculation of the orthogonal
polynomials P, (z,0), we need information on PS™Y)(z, o) and Q") (2,0), which
are determined by the reflection coefficients anN(0),...,anN+v—1(0). What we are
going to do is the following: Theorem 5 below gives an explicit representation of
PI(J'N) (2,0). If one knows PI(V"N) (2,0), one easily can calculate the reflection coef-

ficients ann(0),...,a(n+1)n-1(0) by using a method introduced by Geronimus 8,
Thm.9.2]: One has

ams1yn-1(0) = =P (0,0) - (4.3)
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and by (4.1)

PG (2,0) + agrinn-1(@) Py (2,0)
2(1 = |a@+1yn-1(0)[?)
Iterating this procedure gives the desired polynomials for their respective reflection

coefficients.

Before we give an explicit representation of Pl(\}1 M (2,0), we prove the following
relationship between the reflection coefficients {a,(c)} and {ar(00)}, which is also
used in the proof of Theorem 5.

P (2,0) = (4.4)

Corollary 3. The following relation holds:
(n+1)N-1 12
H (1= laj(0)?) = —‘—1—(1 —a2(oo))  forallneN.
j=nN
Now we can state

Theorem 5. For every n € Ny, there holds

(nN) _ R(z)
where the constants Yn, On, and A, only depend on the reflection coefficient a, (o)
and are given by

iIm{a"}(an(00) + 1) — yRe {a™y}(an(00) — 1)

Bn= 20m+lyRey
5 = iIm{a"}(an(00) — 1)
" 20m+1 Rey ’
A, = ZRefe™ 1} (an(o0) +1)
20ty Rey
Here, o and v are defined as in (2.7) and (2.10), respectively.
For the calculation of the reflection coefficients ag(c), . . .,an—2(c), we consider two

cases:

e Special case: For ©(z) = 2N, we have aop(o) = a1 (a) =an—2(c) =0, and

hence, Ppn+j(2,0) = 27 Py(2V,00), n €Ny, j =0,...,N — 1 c0mpare Example (a)
at the beginning of this section.

e General case: By Theorem 3, the reflection coefficients ap(0),...,an—2(c) only
depend on 7, R, and W, i.e., only on the transformation ©. In particular, they do
not depend on the measure 0. Or, in other words, for arbitrary oo and &g, we have

2P (2,6) = 2PN (2,0)
_ BN, ) PEM(0,0)PFN* (2, 0)
—[PF™(0,0)|2

where & is the distribution function associated with &¢ by (2.10). Hence, let us take
the simplest distribution oo(p) = ¢, i.e., an(0g) = 0 for all n € Ny. Then Theorem 5
yields

(recall (4.4))

R(2)
Py(z,0) = ﬂoT(z)"'/\oW()
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with
1 1
ﬁo = '2—a and )\0 = —5&:’-.
Using relation (4.4) with n = 0 successively, we obtain the desired reflection coefficients
ao(O'), ooy O,N_.z(o‘).

Remark. (Compare Example (b) at the beginning of this section). Let yo be a mea-
sure on the real interval [—1,1], and let the polynomials T, V and the set E be
such as in Example (b). There we have shown that (under certain additional as-
sumptions) the polynomials p,(z, 1) orthogonal with respect to the measure du(z) =
(V(z)/T’'(z)) dpo(T(z)) can be represented with the help of the polynomials stud-
ied in this paper. Let {a,(1)} and {An (1)} denote the recurrence coefficients of the
orthogonal polynomials {p,(z, 1)}, i.e.,

Pa(, 1) = (¢ — an (1)) Pr—1(, 1) — An(4)Pr—2(z, ).
It has been shown by Geronimo and Van Assche [9, Thm.6, formula (3.7)] that the
ann+1(p)’s, n € No are independent of 1o and that anny1() = @(nt1ynv+1(1). But,
in fact, under the additional conditions posed in Example (b), much more holds.
Indeed, by the well-known connection of the recurrence coefficients of real orthogonal
polynomials and those of the corresponding orthogonal polynomials on the unit circle,
cf. [8, Thm.31.1,p.67], we even obtain, by applying Theorem 3, that

o for N > 2: anni2(),- .., am+1)n (1), n € N are independent of yo and satisfy

anN"‘j(#) = a(n+1)N+j(p‘): .7 = 29 ey N9
o for N > 3: Ann+3(W),- -+ A(m+1)n (1), n € N are independent of po and satisfy

AnN+i (1) = Antiynv+i (), 5=3,...,N.
5. Proofs

Proof of Proposition 1. The analyticity of ©(z) follows immediately from definition
(2.6). Furthermore, by (2.3), we can write

O(z) _ L?

AN (T()+VR@E)

and (2.7) gives the assertion in (a). Part (b), (c), and (d) can be derived from [20,
Lemma 2.1], where one has to take into consideration that the notation in [20] is
slightly different from the one used here; see Remark before (2.6). Parts (e) and (g)
follow from the definition of the polynomials 7 and R and from (2.8). Choosing a
fixed branch of the N-root, the function Y(2) is analytic on C\ I'g,. By the already
proven parts, we know that Y has no zeros on C \ I'g,, that it maps C \ I'g,, onto
{lz| > 1}, and that |Y'(z)| = 1 on T'g,. Now recall that |Y'(2)/z| = O(1) for z — oco.
Altogether this proves part (f). In order to get part (h), let us recall that on the one
hand we have

VO(ei?) = e?¥)/2 = ¢og @ +isin @
and on the other hand

/O = T(e*) - \/WF).

Lei(N/2)e
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Hence, the assertion follows from (2.8) and (2.9). a

Proof of Proposition 2. Let us abbreviate
w
G(z) = ) W)
VE(2)

By the assumptions on W, R, and ©, the function G(z) is analytic on C\I'g,. In
order to see that G(z) — iIm+~ is a C-function, it remains to show that

G(0) —iImy e Rt

F(@(Z),O’o)

and
Re{G(2) —iImy} >0 onlz| <1

Indeed, we will prove the representation

. m W+z
6()—itmy= [ T doly) (5.1)
where o is given as in the statement of our Proposmon. Then
2m
Rey=G(0) —i¢Imy = do(p) >0 (5.2)
0

(this will be needed later in the proof of Corollary 3) and for z = se*®, s € [0, 1),

27 _
Re{Q(z)—z’Im*y}:/o e s

2scos(p — @) + s2
since o is nonnegative and does not vanish identically.
In order to prove (5.1), let us consider the functions

Fi(z) := W(z)

VR(2)
For every fixed s € [0,1), the boundary values F,(e®®) := lim;_,;- F5(te'¥) exist for
all o € [0, 2], except of the poles of W (e'?)/\/R(e*¥) and F, € H, = Hy({|2| < 1}),
p € [1,2) where H,, denotes the Hardy space (see, e.g., [5, Theorem 3.2]). Hence, by
a strong version of Schwarz’ formula, we can write, cf. [13, Chapter I.D and V.B] or
[16, Lemma 2.1],

do(p) >0,

———= F(s0(2),00) —ilm~y, se€[0,1), z€C\Tg,.

R =g | SRR () dp (5.9
2T el 42
:=/0 - das(go), l2] <1,

i.e., the family {os}se[o,1) is defined by

1 ;
os(¢) == %/0 Re Fs(e*¥) dp, 1 € [0,2n].

For all ¢ € (p2;-1,925), j =1,..., N, there holds
W (et*)

VR(e¥)

Re F.(e¥) = Re F(s6(e'), 00) > 0,
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since F(z,00) is a C-function and W (e*)/+/R(e*?) > 0 on (p2j—1,92;). If ¢ ¢ En,
we have

iW (")
VE(e*)
because sO(e*¥) € [0, s] by Proposition 1(d) and F(z, o) € R for all z € [0, 1) Hence,
for 1 € [p2j-1,p2;], we can write

Re Fy (™) = Im F(sO(e'?), 09) =

W (et)

"
9s() = 05(p2j-1) + 5- /<pz,~_1 TR

Re F(s0(e*), o) dip

1 %@ W(e ©) ReF(sei®,q
=as(902j—1)+——/ ( —= ) - (_1 0) dp (5.4)
21 Jo R(e“’j (<p)) (% (’-9j (‘P))
where 95 := 9|{py; 1 001
Next we claim that for all n € Ep, the expression
W (e) R wm) | 1 (5.5)
VR(em) P | /=pm)| (1)

where w(n) := ie~“N/2mW (e1), is bounded on Ey. For that, we write explicitly

9 (n) = (arctan @)

(n)
_ 2si ()~ VPO ) _ () = 20’ ()
72(n) = p(n) 2L2/~p(n)

This means that the term /—p(n) cancels out in (5.5). Now we distinguish two cases
for ¢ € En, namely, if  is a double zero of p(¢) or not:
(i) In the first case, i.e., 7 # p2; = p2j+1, there holds:

p'(m)7(n) # 2p(n)7’ (). (5.6)

Recall that either 7/(n) > 0 or 7/(n) < 0 for all n € (pgj—1,p2;). Hence, if n €
(p2j-1,%25) and 7/(n) > 0, then 2p(n)7'(n) < 0 and p'(n)7(n) > 0, respectively,
20(n)r’(n) > 0 and #/(m)r(n) < 0¥ 7'(n) < O on (paj—1,¢2). 17 = oy or
1 = p2; # P2j+1, then the left-hand side in (5.6) is unequal to zero and the right-
hand side is zero.

(ii) In the second case, i.e., 7 = p2; = P2j+1, it is easy to see that 1 is a simple
zero of p'r — 2p7’. However, then 7 is also a zero of w(yp).

Combining both cases gives the desired boundedness of the expression in (5.5).

According to (1.2), we now can apply Helly’s theorem which gives the existence of
a subsequence oy, , k € N, with s — 1 as ¥ — oo such that

0, — Ooo =: 0 pointwise on [0, 2]

and
2 27

Jm | h(p)dos,(p) = | h(¢)do(p)
0 0

for any continuous function A on [0, 27].
Together with (5.3), (5.4), and (1.2), this proves the proposition. a
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For the proof of Theorem 2, we will need the following.

Lemma 1. Let Q be a real self-reversed polynomial, i.e., Q@ = £Q*, of degree n,
n € Ng. Then,
o ifQ=Q%,
SN

n/2
o) = (35) Q)
is a polynomial of degree nN and Q = Q*
. ifQ=-Q,
N n/2
0= (&) VEDIQ(OGR)

is a polynomial of degree (n + 1)N, Q@ = Q* and Q/R is a polynomial of degree
(n—1)N.

Proof. Let us first consider the case @ = @Q*. We can write Q in the form
2N/
o) = (= f_) O(V/BR) =d Q)= Q)

where we take the “positive” branch of \/©(z), i.e.,
T(z R(z
80 = L&) = VEE) 5.7)

LaN/2

Then Q is again a self-reversed polynomial and contains only even powers of z, i.e.,
Q(z) = Z;:l ban—j (229 +27)+b, 2" where all the b,’s with odd v vanish. According

to (2.3), we have
N2 T(2)+ \/W
Vo) L
and thus

Q(z) =b an/2+nZ—:1b (T(Z) + \/R(z )

() ()]

LzN/? LzN/2 |
el )

LiN/2 L=9)/2] (n_ i

 bon_ .
— nN/2 L —j—2v v
+2§: - )T“ (2)R*(2).

Lr=

v=0

Recall that b, = 0 if v is odd and note that, for even j, the expression

n—j
2v

ZiN/2 Z

v=0

L(n-j)/2J( )Tn-j—ZV(z)R”(z)

is a polynomial of exact degree nN — jN/2. Thus, Q is a polynomial of exact degree
nN. In addition, from the last representation, we get that Q@ = Q*.
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If Q = —Q*, then Q(z) := Q(2?) = Z}:l ban—j(22"~9 — 27) where again b, = 0 if
v is odd. Similarly, as above, we can write

n—j

_jiN/2 L2572
<2u+ 1

Q(z) = —2R(z) Z bann_] Z
v=0

from which the desired assertions follow. O

)Tn_j—2u—1(Z)RV(Z),

Proof Theorem 2. To abbreviate notation, let us write P,(z) := P,(z,00). Then by
Lemma 1, the expression

(N o o VA e oo,
tate) = (Z5) [+ @) - Y2 (7~ RO,

+/O(z) in the sense of (5.7), is a polynomial of degree < nN. Moreover, we claim
that A,y is of exact degree nIN. Therefore, we have to show that the value A}y (0) =
2"N A,n(1/Z)|,_q» which is the same as the complex conjugation of the coefficient of
2™V in A,n, is unequal from zero. Note that

T, o] IZE T N2\ [VRA/Z)| _ VRE)
o) =ewn | Jes| (o) [Wam =W

and that P,, P, have real coefficients (because oy is a symmetric measure). Thus, the
polynomial Ay is of the form

N/2 " =~ [ D* R(Z *
i) = (Zo5) [18r+ RGN + Y2 (P - P) (6,

which yields by Proposition 1 and (1.1) that

20\"

Ty = () (1= anms(o0) 10+ anea(on)] =20 22) 0.

Hence,

1 /L\"
P,n(z,0) = 5 (Za) AnN(z)—z"N+ .

is a monic polynomial of degree nN.

In an analogous way, one can show that Q,n(z,0), given as in the theorem, is also
a polynomial of degree nIN with leading coefficient F'(0,0) = Rey # 0.

Next, we will apply Theorem 1 to show the desired orthogonality property of
P,n(z,0), i.e., we have to verify

Pun(z,0)F(2,0) + Qun(z2,0) = O(Z"N),

as z—0. 5.8
Pon(z, 0)F(z,0) Qon(z,0) = O(an-'-l)’ 55)
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In a first step, let us denote as above

Ann(z) = (%Z))n[’y(ljn+ﬂf)(@(z))+ “W{i(;; (Pn— P*)(@(z))] (5.9)
(2 NV T s v P . _an ot
Buv(@) = ( m) (@ +a5) (00 +77CL (2, - )0 )], 6w
W (2)
g(z) = mF(@(Z)aUO)y

where, again for abbreviation, P, := P, (-,00) and 0y, := Qx(+,00). Then we have

(___V@(z)> " [Ann(2)G(2) + Bnn(2))]

/2
= 20 (1+ Y5 ) TR (©) ) + 20 (147 )
o (o VEDY TG o - orioran/(1—n )
+ B30 (1- Yt ) TR F @) + 95,06 (1-7 27
= W(Z) z Z), O z
= (149722 ) (PO PO, 00 +0n(0(2))
- (1-77% ) (Pr@EnF@E), 0 - 930

= O0(Z") + O(z"tIN) = O(2"N) as z— 0.

For the last identity, we made use of ©(z) = O(z") as 2 — 0 and of the fact that P,
is orthogonal with respect to F(z,0¢); compare Theorem 1.
In an analogous way, one gets

(@)n [45n(2)G(2) — Byn(2)]

N/2

- (:, \I;VR(_?? - 1) (Pn(G)(z))F(@(z), a0) + Qn(@(Z)))

+ (1 +7 \V/VR((L))) (p;(e(z))p(e(z),oo) - 9’;;(®(z)))

= 0(2)0(=") + O(™IV) = O(2"N*1)  as z — 0.

Note that W (z)/+/R(2) is analytic at z = 0 and ¥W(0)/+/R(0) = 1, hence we have
AW (2)/+/R(z) — 1 = O(z). Summing up, according to ©(z)/z" = O(1), we have
shown that )

Ann(2)G(2) + Ban(2) = O(ZnN)’

-0 5.11
Axn(2)G(2) — Bin(2) = O(z"V+1), as z (5.11)
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Now recall that
PnN(z, 0') = "21; (2‘—%) AnN(z)a
Qv (2, 0’) = "2};; ('é%)l’t(BnN(z) + iIm'YAnN(z))a
F(z,0) =G(2) — ilm~.
By (5.11),
1/L\" .
Pun(2,0)F(2,0) + Qun(2,0) = % (55) (Ann(2)G(2) + Bnn(2)) = O(2™),
Pin(0)F(20) ~ Ban(r0) = 3 (32 ) (A5w(0() - Ban() = 0G4,
which is (5.8). (

For the proofs of Corollary 1, Theorem 3, Corollary 2, and Theorem 4, we will need
Corollary 3 and Theorem 5. Hence, we prove them first.

Proof of Corollary 3. By (1.4), the polynomials P,n(z,0) and Q,n(z,0) satisfy a
relation of the form

P;N(z’ U)QnN(za U) + PnN(z’ a)QnN(z’ 0’) = 2Re'y an(a)an (512)

where d,n(0) := [1;‘2’0‘1(1 — |a;(o)[?). Let the polynomials A,y and B,y be defined
as in (5.9) and (5.10), respectively. Then we have
qnt+l
T
4n+1 .
Ton Pan(2,0)Qn(2,0) = Ann (2) Bin(2) — ilmy Ann (2) A7 (2),

i.e., by straightforward calculation (again P, := P,(:,00), Qn := Qn(:,00))

Fan(2,0)Qnn(2,0) = ALy (2) Ban (2) + ilmy Ay (2) Ann (2),

4n+1
T (Prn(2,0)n(2,0) + Pan(z,0)Q 5 (2,0))

= A;N(z)BnN(Z) + AnN(z)B:zN(z)

_ zN/2 2n
=27+7)(Zgm) P+ Pa)(O)
zN/2 2n
= 8Re'ydn(ao)(\/€Tz)) e™(z)  (by (1.4))
= 8Reydn(00)2™N.

Comparing this identity with (5.12) and taking into consideration that by (5.2),
Re~y > 0, we obtain

2n
dnn(0) = (%) dn(00), (5.13)

and the assertion follows by an induction argument. O
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Proof of Theorem 5. From (4.2) we obtain (cf. [16, Thm.3.1]),

1 A A*
PI(\}n‘N)(z,O') = W [P(n+1)N(Z, U)(QnN(Z, 0') +QnN(z’ 0'))

— Qni1)n (2,0) (Pan(2,0) = ;N(%U))]'

Let the polynomials Ay, Bny and Apmi1)n, B(ntnyn be defined as in (5.9) and
(5.10), respectively, and then we have, by Theorem 2,

L2n+1

22n+4d, v (0)amtlyRey 2N

~ Blaron () (@7 Ann (2) - a”»yA:N@))]

Py (z,0) = [A(n+1)1v(z) (@"¥Ban (2) + a"vBn(2))

+ 2 N(a-)an [P(n+1)N(Z,U)< Revy P'nN(z’U) Revy PnN(z7a)>
¢ Im~y

Rer P(n_,_l)N(z 0)(Pan(2,0) — Prn(2, U)].

The second term in the sum on the right-hand side vanishes and a tedious but straight-
forward calculation gives

K zN /2
[0()]"/* "

[Re {a"’)’}{’)’((PnH + Pri1)(Qn +Q7) = (Qni1 — Qia) (P P*)) (©(2))

PJ(\;‘ M(z,0) =

+ Wﬁ(zz)) ((Pn+1 Pri1)(@n + Q) = (g1 + Q1) (P P*))(@(z))}

it " (Prts = P)(@n = 00) = (@i + Do) (Br + B (O12)

YW (2) . X . )
+ o) ((Pn+1 + Pri1)(Qn — Q7)) — (@1 — Qp g ) (P + Pn)) (@(z))}]

where the constant K is given by
L2n+1
22n+3d, N (0)amtyRey

and where P, := P,(-,00), & := Q. (-, 00) with v € {n,n + 1}. Using the identities
[16, Cor.3.1],

K=

2Poi1 = (P + P1)P™ 4+ (P, — PHQ™,

21 = (Qn — )P + (2 + )0,
Pl(") = Pl(n)(~,ao) and Qg") = Qg")(~, 00), we get ,
(Patt % Prya) (@ + Q) = Qs F ) (P — B2) = 2dn(00)2" (P £ A7),
(Pag1 % Prt)(Q — ) — (g F Usy) (P + P) = —2dy (00)2™ (7 F Q7).
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Now the above representation sirnpliﬁes to

2K dn (00) N/ [VRB {omr}(P™(0(2) + P (6(2)))

V0O(2)

+Re{a™y}t—=-

PI(VnN) (Za U) =

\/W n n)*
L (PP e - P 0()

+ilm {0} (27 (0(2)) + 2 (6()))

ritm{an) (0700 - ™" (0(2) |
Further, from
P{V(2) £ P{""(2) = (1 F an(00)) (= £ 1),
2(:) £ 0" (2) = (1 % an(o0)) (= £ 1),
and

N2 JB(G) = T(2) - \/ R(z) , Zg/( 22) _T(2) +L\/ R(Z)’
we get, with the aid of (5.13),
m {Re {a"'y} l:’y(]. — an(ao))T(z) (1 + an(ao)) If/(( )):l
+iIm{a™} [(1 +an(00))T (2) —v(1 - an(ao))W(z)] }
This is the desired result. O

P](\?N)(Z’ o) =

Now we are ready to prove the remaining results of Section 3.

Pr(;of of Corollary 1. The leading coefficient of an orthonormal polynomial ®,,(z, u) =
kn(p)z™ + -+ - can be expressed in terms of the corresponding reflection coefficients
{an()} by the formula

n—1 -1/2 2w
kn(u>=(com)H(l—laj(u)F)) ;)= [ dul) = PO,

Jj=0
e.g., [8, (2.7) and (4.2)]. Using Corollary 3 and the fact that F'(0,0) = Re vy, we obtain
from Theorem 2

VRe®,n(z,0) = ( Z(z)>n/2{‘1’n(9(z),00) (’Y+ %)
+ @7 (6(z), 00) ( - @) },

W (2)
and the assertion follows by (3.1). O
Proof of Theorem 3. (a) Since ©(2) = O(z") as z — 0 and F(0,0p) = 1, the first N
coefficients co(c), ...,cn—1(0) in the power series expansion,
w
F(z,0)= (Z) F(©(2),00) —iImy =: co(0) + 2201 ()77, |z| <1,

VER@) P
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are independent of op. But then, by [8, formula (3.2)], the reflection coeflicients

ao(0), . ..,an—2(c) are independent of oq as well.
(b) We first consider the case that o = 1, i.e., we have to show that
ann+j(0) =aj(c) for j=0,1,...,N—2 (5.14)
and
2 2
an(oo)(7“+1) +7* -1
am+1)N-1(0) = n(oo) 2 ) : (5.15)

In order to see (5.14), it suffices to prove that all the polynomials, P("N) (2,0), n € Ny,

coincide, cf. [8, Thm.9.2]. Here, the nN-th associated polynomials P("N) (2,0) are
given as in (4.1). From the recurrence relation (1.1), one derives that these polynomlals
are explicitly given by

(nN) (Z, ) P(nN) (0 )P(nN)*(Z, )
Z 0,007

(nN)

N

2P5M(2,0) =

Furthermore, by Theorem 5, the polynomials P, are of the form

N R(z
B (00) = B.T() + dmp s (5.16)
where
_ 1—an(00) _ 1+ag(00)
Brn = 5 and A, = oy (5.17)
In order to avoid excessive notation, let us abbreviate
I A
n 1= ~TrnN1 = P (0,0) = Bu+ - (5.18)

Then the identity P (z,0) = P{"T"™(2,0) holds if and only if

(1= lens1?) [PSN(2,0) — en PN (2,0)]
= (1= leaP) [P0 (2,0) = enta POV (2,0)].

Taking into consideration that

niN)* - R(z
P (50) = BoT(2) = S,
the above equality also can be written as
R
(1= lental?) (B0 = en)T(:) + (o + b))

3 R
= (1 - |Cn|2) (ﬂnﬂ(l —cnt1)T(2) + ()‘n+1 + Cn+1)\n+1) —W((zz))>
Hence, for all n € Np, the following relations remain to be shown :

B (1 = lent1?) (1 = cn) = a1 (1 = lenl*) (1 = cnta),
(1 - |cn.|.1|2) ()\n + an\n) = (1 - |cn|2) ()\n+1 + Cn+1/_\n.|.1). (5.19)
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Substituting the corresponding expressions from (5.17) and (5.18), the first identity
in (5.19) turns out to be
2
(1= dhaslon) (4= |y anlew) - )

= (1= a3(e0) (4= (1.~ ansa () - 22200

1+an, (UO)
Y

y

Now note that the function
1+
)= =) (4= 1) - Z2P), pi=1,
from R? to R is symmetric in the sense that h(z,y) = h(y,z). This can be seen easily
by writing
1+y

e) = 0 =a?) (4= [y -0) = 2] |12 -4 )

=(1 —(1,'2)(4—— [2(1 +19) - (1= ) (" + %)D
— (A== )@+ + ).

The setting = an+1(00) and y = an(00) gives the first identity in (5.19). The second
one can be shown in a similar way. This proves (5.14).

The desired representation (5.15) of the reflection coefficients, a(,+1)ny-1(0), 7 €
Ny, follows from

aninn-1(0) = =Py (0,0) = — (B +7An)

= %[(an(ao) = 1) +7%(an(00) +1)]

_ an(oo)(1+) +72 =1
3 .
Let us now consider the general situation that 7(2) = a2z +---, |a| = 1. Then
the polynomials

F(2) = d¥2T(2) =" +--- and R(z) =d"R(3) =22 + ...

where d := o?/", are monic polynomials and the transformation

C:)(z) _ T(2) - \/ﬁ(z)
T (2) + ﬁ(z)

is of the form (2.6). Now the mapping © acts on the set
N

By = [][#25-1, $2]
=1

where ¢, = ¢, + argd. This means that the arcs ' £y generated by the polynomials
R and 7, result from the arcs T En by a simple rotation of the angle argd.
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Further, it is not difficult to show that the polynomials P,n(z,0) and

BN (2,6) == Rn (L/z) {Pn((:)(z),ao) (’y + °AR(z))

NCTD W(z)
o \V B(z)
+ P (0(2),00) | 7 - )

where W (z) := dN/2W (z/d) and &, = L™/2"*1y are related by
Pun(2,6) = anPnN(g).

Here, the measure & is given as in (2.11) by using the transformation © instead of
©. Hence, as pointed out in [19, Remark 4.2], the reflection coefficients {an(§) =
—Pp+1(0,6)} can be expressed in terms of {an(0)} by

an(6) = d~™a,(0), neN. (5.20)

By the proved above part for a = 1, the reflection coefficients a, (&) satisfy (5.14) and
(5.15). Together with (5.20), this proves the theorem. O

Proof of Corollary 2. By Theorem 3, the reflection coefficients ao(c),...,an—2(c)
do not depend on the measure oo. Hence, if we are interested only in the first
N — 1 reflection coeflicients of o, we can consider the simplest case F(z,00) = 1
i.e., doo(p) = dp, which gives

W(z) W(z)
F(z,0) =
(2,0) = ZORAALO
(recall that v = 1) where R = VW. The assertion follows from [22, Ex.6.5, pp. 494—
496]. 0

Proof of Theorem 4. We first show that the polynomials R, 7, and W from the the-
orem fulfill the assumptions from Section 2. By [12, Thm.6.2], all the zeros of the
polynomials
zPn_1(2,0) £ P}_i(2,0) and 20n_1(z,0) — Vy_1(z,0)
are simple and located on the unit circle. Furthermore, the zeros of zPy_1(z,0) —
P_1(z,0) and 2Qn_1(2,0) — QN _;(2,0) separate each other as it follows from [22,
Beispiel 6.6,p.496]. Finally, by [22, Lemma 6.13, p.489], we have
2Pn_1(2,0) + Pj_1(2,0) = 200n_1(2,0) + Qiy_1(2,0).
Using this identity and relation (1.4), it is not difficult to see that
T2%(2) — R(z) = 4dn(0).

All these facts together show that our theory works with the triple (R, 7, W).
In order to prove the theorem, it suffices to show that the C-functions F'(z,) and
F(z,00) are related to each other by

F(z,0) = (f) F(0(2),00), (5.21)

JRG)
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since ¥ = W(0)/4/R(0) = 1. Or, to use different words, we have to demonstrate that
the reflection coefficients corresponding to the C-function at the right-hand side in
(5.21) satisfy (1)-(4). By Proposition 2, the right-hand side in (5.21) indeed gives a
C-function, which we will denote now by G and its associated reflection coefficients by
{b,}. Let us show that b, = a,(c). Since bp,...,by—2 are independent of oo, recall
Theorem 3, we may choose F(z,00) = 1. Then the first N — 1 identities

bp =an(o), n=0,...,N -2,

can be derived from [22, Beispiel 6.5 and 6.6, p.494]. Moreover, Theorem 3 gives
the properties (3) and (4), while (1) is obvious. Summing up, we have shown that
{bn} = {an(0)} which proves (5.21). a
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